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On the reduction and some new exact
solutions of the non-linear Dirac and
Dirac–Klein–Gordon equations
W.I. FUSHCHYCH, R.Z. ZHDANOV

New ansätze tor spinor fields are suggested. Using these, we construct multiparameter
families of exact solutions of the non-linear many-dimensional Dirac and Dirac–Klein–
Gordon equations, some solutions including arbitrary functions.

In this letter we have constructed new families of exact solutions of the following
equations:

(γµp
µ − λ(ψ̄ψ)k)ψ(x) = 0, µ = 0, 1, 2, 3, (1)[

γµp
µ − (λ1|u|k1 + λ2(ψ̄ψ)k2)

]
ψ(x) = 0,[

pµp
µ − (µ1|u|k1 + µ2(ψ̄ψ)k2)2

]
u(x) = 0,

(2)

where γµ are (4 × 4)-Dirac matrices, ψ = ψ(x) is a four-component spinor, u = u(x)
is a complex scalar function, p0 = i∂/∂x0, pa = −i∂/∂xa, a = 1, 3; λ, k, λi, µi and
ki are constants. Hereafter we use the summation convention.

Solutions obtained by us differ from those already known in the literature [1–8].
These solutions can be useful in the relativistic quantum field theory.

To construct exact solutions of equation (1) we use the following ansätze:

ψ(x) = [ig1(ω) + γ4g2(ω) − (if1(ω) + γ4f2(ω))γµp
µω]χ, γ4 = γ0γ1γ2γ3, (3)

ψ(x) = [G1(ω1, ω2) + i(γµa
µ + γµd

µ)G2(ω1, ω2) +
+ i(γµb

µ)F1(ω1, ω2) + (γµa
µ + γµd

µ)(γνb
ν)F2(ω1, ω2)]χ,

(4)

where ω = ω(x) are scalar functions satisfying conditions of the form

pµp
µω +A(ω) = 0, (pµω)(pµω) +B(ω) = 0, (5)

where fi, gi, Fi, Gi, A and B are arbitrary differentiable functions, ω1 = aµx
µ +dµx

µ,
ω2 = bνx

ν and χ is an arbitrary constant spinor. Hereafter aµ, bµ, cµ and dµ are
arbitrary real parameters satisfying the following conditions:

−aµa
µ = bµb

µ = cµc
µ = dµd

µ = −1,
aµb

µ = aµc
µ = aµd

µ = bµc
µ = bµd

µ = cµd
µ = 0.

Substitution of ansätze (3) and (4) into the initial equation (1) leads to the following
systems of differential equations for unknown functions fi, gi, Fi, Gi:

Bḟ1 +Af1 = λ̃[g2
1 − g2

2 +B(f2
1 − f2

2 )]kg1,

ġ1 = −λ̃[g2
1 − g2

2 +B(f2
1 − f2

2 )]kf1,
(6)
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ġ2 = λ̃[g2
1 − g2

2 +B(f2
1 − f2

2 )]kf2,

Bḟ2 +Af2 = −λ̃[g2
1 − g2

2 +B(f2
1 − f2

2 )]kg2,

λ̃ = λ(χ̄χ)k, ḟi = dfi/dω, ġi = dgi/dω, i = 1, 2,

F 1
ω2

= −λ̃[(G1)2 − (F 1)2]kG2, G1
ω2

= −λ̃[(G1)2 − (F 1)2]kF 1,

G1
ω1

+ F 2
ω2

= −λ̃[(G1)2 − (F 1)2]kG2 −G2
ω2

+ F 1
ω1

= λ̃[(G1)2 − (F 1)2]kF 2.
(7)

Not going into details of the integration of systems (5) and (6) we shall write down
exact solutions of the non-linear Dirac equation (1) obtained through the substitution
of expressions for fi, gi into ansatz (3)

(i) k < 1
4

ψ(x) = ω−1/2k{∓(1 − 4k)1/2(−iC1 + γ4C2) + (C1 − iγ4C2) ×
× [(γb)(by) + (γc)(cy) + (γd)(dy)]ω−1}χ,

ω = [(by)2 + (cy)2 + (dy)2]1/2, Cj = const

(8)

and the condition holds

±(1 − 4k)1/2 − 2kλ̃[4k(C2
1 − C2

2 )]k = 0;

(ii) k > 1
4

ψ(x) = ω−1/2k{∓(4k − 1)1/2(−iC1 + γ4C2) + (C1 − iγ4C2) ×
× [(γa)(ay) − (γb)(by) − (γc)(cy)]ω−1}χ,

ω = [(ay)2 − (by)2 − (cy)2]1/2, Cj = const

(9)

and the condition holds

±(4k − 1)1/2 − 2kλ̃[4k(C2
1 − C2

2 )]k = 0;

(iii) k > 1
6

ψ(x) = ω−1/2k[∓(6k − 1)1/2(−iC1 + γ4C2) + (C1 − iγ4C2)(γy)ω−1]χ,

ω = (yy)1/2, Cj = const
(10)

and the condition holds

±(6k − 1)1/2 − 2kλ̃[6k(C2
1 − C2

2 )]k = 0;

(iv) k ∈ R

ψ(x) = {ig1(ω) + γ4g2(ω) + (f1(ω) − iγ4f2(ω))[γb+ (γa+ γd)Ḟ (ay + dy)]}χ,
f1 = C1 cosh[λ̃(C2

3 − C2
1 )kω + C2], f2 = C3 cosh[λ̃(C2

3 − C2
1 )kω + C4],

g1 = C1 sinh[λ̃(C2
3 − C2

1 )kω + C2], g2 = C3 sinh[λ̃(C2
3 − C2

1 )kω + C4],
ω = by + F (ay + dy), Cj = const,

(11)

where F is an arbitrary differentiable function;

ψ(x) = [ig1(ω) + γ4g2(ω) + (f1(ω) − iγ4f2(ω))(γa)]χ,

f1 = C1 sin[λ̃(C2
1 − C2

3 )kω + C2], f2 = C3 cos[λ̃(C2
1 − C2

3 )kω + C4],

g1 = C1 cos[λ̃(C2
1 − C2

3 )kω + C2], g2 = C3 sin[λ̃(C2
1 − C2

3 )kω + C4],
Cj = const, ω = ay;

(12)
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(v) k = 1/m, m = 2, 3

ψ(x) = (1 + θ2ω2)−(m+1)/2[iC1 + γ4C2 − θ(C1 + iγ4C2)] ×

×
{

[(γa)(ay) − (γb)(by) − (γc)(cy)], m = 2,
γy, m = 3,

ω =

{
[(ay)2 − (by)2 − (cy)2]1/2, m = 2,

(yy)1/2, m = 3

(13)

and the condition holds

(m+ 1)θ − λ̃(C2
1 − C2

2 )1/m = 0.

In the formulae (8)–(13) the following notations were used:

ay ≡ aµy
µ, γa ≡ γµa

µ, γy ≡ γµy
µ, µ = 0, 1, 2, 3,

yµ = xµ + θµ, θµ = const, λ̃ = λ(χ̄χ)k.
(14)

If g2 ≡ f2 ≡ 0, ω = xµx
µ then (3) coincides with the ansatz suggested by

Heisenberg in [1]. That is why exact solutions of the equation (1) obtained with the
help of the Heisenberg ansatz in [2–4] belong to classes (10) and (13).

It was Gürsey who showed that under k = 1
3 equation (1) is conformally inva-

riant [9]. This makes it possible to construct new families of exact solutions using the
solution generation technique (see [6]). As is shown in [6] the formula of generating
solutions by final transformations of the four-parameter special conformal group has
the form

ψ2(x) = σ−2(x)[1 − (γx)(γα)]ψ1(x′),
x′µ = (xµ − αµxx)σ−1(x),
σ(x) = 1 − 2αx+ (αα)(xx), αµ = const, µ = 0, 3.

(15)

Using (9)–(13) under k = 1
3 as ψ1(x) one can obtain multi-parameter families of

solutions of the non-linear Dirac equation (1) which are invariant under the conformal
group C(1, 3).

System (7) proved to be an integrable one. Substituting its general solution into the
ansatz (4) we obtain a multi-parameter family of exact solutions of the equation (1)
depending on four arbitrary functions

ψ(x) =
{
φ1 cosh(φbx) + φ2 sinh(φbx) + i(γa+ γd)[(bx/2φ)φ̇×

× (φ2 cosh(φbx) + φ1 sinh(φbx) + φ3 cosh(φbx) + φ4 sinh(φbx))] +

+ i(γb)(φ sinh(φbx) + φ2 cosh(φbx)) + (γa+ γd)(γb) ×

×
[(φ2φ̇

φ2
− φ1

φ
− φ2φ̇

2φ
bx

)
sinh(φbx) +

(φ2φ̇

φ2
− φ2

φ
−

− φ1φ̇

2φ
bx

)
cosh(φbx) + φ3 sinh(φbx) + φ4 cosh(φbx)

]}
χ,

φ̇ =
dφ

dω
, φ̇i =

dφi

dω
, i = 1, 2,

(16)



On the reduction and some new exact solutions 359

where
γa ≡ γµa

µ, γb ≡ γµb
µ, bx ≡ bµx

µ,

φ(ω) = −λ(χ̄χ)k[(φ1(ω))2 − (φ3(ω))2]k,

φ1, . . . , φ4 are arbitrary differentiable functions of ω = aµx
µ + dµx

µ.
We note that it is not difficult to construct an explicit form of the energy-momen-

tum tensor

Tµν =
1
2
i(ψ̄γµψν − ψ̄νγµψ) + gµνL,

L =
1
2
i(ψ̄γµψµ − ψ̄µγµψ) − λ

k + 1
(ψ̄ψ)k+1

corresponding to obtained solutions. For the solutions (8)–(10) one has

Tµν
ω→+∞∼ θµνω

−(k+1)/k, θµν = const. (17)

If 0 < k < 1
4 (for (8)) or k > 1

6 (for (10)) then Tµν has a non-integrable singularity
in the point xµ = −θµ, in other points of the Minkowsky space R(1, 3) expression (17)
being integrable. In the case k > 1

4 (for (9)) Tµν has a singularity on the cone

ay = ±[(by)2 + (cy)2]1/2

while at other points it is integrable.
Ansätze (3), (4) proved to be very useful while constructing solutions of the

system (2). We shall write down some of the families of exact solutions obtained,
omitting intermediate calculations.

(i) k1 > 1, k1 >
1
4

ψ(x) = ω−1/2k2{∓(4k2 − 1)1/2(−iC1 + γ4C2) + (C1 − iγ4C2) ×
× [(γa)(ay) − (γb)(by) − (γc)(cy)]ω−1}χ,

u(x) = Eω−1/k1 , Ci = const, ω = [(ay)2 − (by)2 − (cy)2]1/2

(18)

and the following conditions hold:

(1 − k1)k−2
1 + {µ1|E|k1 + µ2(χ̄χ)k2 [(C2

1 − C2
2 )4k2]k2}2 = 0,

±(4k2 − 1)1/2 − 2k2{λ2|E|k1 + λ2(χ̄χ)k2 [4k2(C2
1 − C2

2 )]k2}2 = 0.

(ii) k1 = 2/(m− 1), k2 = 1/m, m = 2, 3

ψ(x)(1 + θ2ω2)−(m+1)/2χ[iC1 + γ4C2 − θ(C1 + iγ4C2)] ×

×
{

(γa)(ay) − (γb)(by) − (γc)(cy), m = 2,
γy, m = 3,

u(x) = E(1 + θ2ω2)(1−m)/2, ω =

{
[(ay)2 − (by)2 − (cy)2]1/2, m = 2,

(yy)1/2, m = 3,

(19)

where θ, Ci and E are constants satisfying conditions

θ2(m2 − 1) = [µ1|E|2/(m−1) + µ2(χ̄χ)1/m(C2
1 − C2

2 )1/m]2,

θ(m+ 1) = [λ1|E|2/(m−1) + λ2(χ̄χ)1/m(C2
1 − C2

2 )1/m].

In (18), (19) we have used notations of (14).
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