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Continuous subgroups
of the Poincaré group P(1,4)

W.I. FUSHCHYCH, A.F. BARANNIK, L.F. BARANNIK, V.M. FEDORCHUK

An exhaustive description of the non-splitting subalgebras of the LP(1,4) algebra with
respect to P(1,4) conjugation is presented.

1. Introduction

The generalised Poincaré group P(1,4) is the group of inhomogeneous pseudoor-
thogonal transformations of the five-dimensional pseudo-Euclidean space with the
scalar product (X,Y) = xoyo — 1y1 — x2y2 — x3ys — Tay4. The P(1,4) group is the
simplest one which contains the Poincaré group P(1,3) as a subgroup. Fushchych
and Krivsky [11, 12] and Fushchych [10] have used the P(1,4) group and its unitary
representations to describe particles with variable mass and spin. An arbitrary partial
differential equation which is invariant under the P(1,4) group is also invariant under
the P(1,3) group as well as under the extended Galilei group G(1,3) since G(1,3) C
P(1,4) (Fushchych and Nikitin [13]). The papers of Aghassi et al [1, 2] deal with
irreducible representations of P(1,4) and C(1,4), using the latter in the theory of
elementary particles. Kadyshevsky [16] proposed using the P(1,4) group in field
theory with the fundamental length. The P(1,4) group is the invariance group of the
relativistic Hamilton—Jacobi equation (Fushchych and Serov [14]) and the Monge-
Ampere equation (Fushchych and Serov [15]). These nonlinear equations are invariant
under transformations of the P(1,4) group with the fifth coordinate as x4 = u, where
u = u(xg, 1, T2, x3). So it is important to investigate the subgroup structure of the
P(1,4) group. In particular, these results can be used in the separation of variables
of many important partial differential equations.

The splitting subalgebras of LP(1,4) were described by Fedorchuk [6, 7]. Some
high-dimension non-splitting subalgebras of LP(1,4) were listed by Fedorchuk and
Fushchych [9] and Fedorchuk [8]. In this paper we list all the non-splitting subal-
gebras of the LP(1,4) algebra with respect to P(1,4) conjugation. In the papers of
Lassner [17], Bacry et al 3, 4, 5] and Patera et al [18] all the subalgebras of LP(1,3)
are classified with respect to P(1,3) conjugation, so we consider such subalgebras of
LP(1,4) which are non-conjugate to the subalgebras of LP(1,3). In our paper we use
the method due to Patera et al [16].

2. Some auxiliary remarks
The LP(1,4) algebra is defined by the following computation relations:

[Jas, Jvs) = gas Iy + 98y Jas — GaryIBs — 985 Jay,
[P()zv']ﬁ’}/} :gaﬂP’y_ga’YPﬁa Jﬁa:_‘]ozﬁa [PCwPﬁ} 207

where goo = —gi11 = —g22 = —0g33 = —(J44 = 1, Jap = 0if 75 ﬁ (a,ﬁ = 0, 1,27374).
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Below we shall use the following notation: K, = Jog — Jaa (a = 1,2,3); W =
(X1,...,Xs) is a space or Lie algebra over the real number field R with the generating
elements X1,..., X, V = (Py, P1, P2, P5, Py); 7 is a projection LP(1,4) on LO(1,4);
Ta,...q IS @ projection LP(1,4) on (Py,..., Py).

Lemma 1. Let W be a subspace of V invariant under AdJyp (1 < a < b <4). If
Wa,b(W) 75 0 then Pa,Pb eWw.

Proof. Let X = > x,P, € W and 74(X) # 0. Obviously,
[Jaba X] = il'an - beau [Jab7 [JalnX]] = _xaPa - (Ebe-
Since the vectors obtained are linearly independent, so P,, P, € W and this proves

the lemma.

Lemma 2. If W C V and [Joo, W] C W and if 7o,o(W) # 0, then the subspace W
contains Py + P, or Py — P,.

Corollary. Let W C V and [Joq, W] C W. If mp (W) # 0, then within the conjugati-
on corresponding to the element

diag(1,...,—1,...,1)
———
a+1

from O(1,4) group W contains Py + P,.

Lemma 3. Let W be a subspace of V invariant under Ad (Joq +vJeq), where v € R,
v #0, 0,a,c,d are mutually different. Then W = mg (W) @ s(P,), where s € {0,1},
b¢{0,a,c,d}.

Proof. If

4
X=> aPeW
0

then W contains the elements

X1 = [Joa + e, X] = —0 Py — aq Py + (e Py — aqP,),

Xy = [JOa + 'Yt]cda Xl] =oaoP, + a,Fo + ’72(_04cPc - O‘de)v

X3 = [Joa + Ved, X2] = —aoPs — aaPo + V(= Py + aqPe).
Since X1 — X3 = (v +73)(cPy — agP.) and v # 0, then a.Py — agP. € W whence
Te,d(X ), 70,a(X) € W. Thus, this lemma is proved.

Lemma 4. Let W be a subspace of V invariant under Ad K. If mo4(W) ¢ (Po+ Pa)
then Py + Py, P, € W. If (W) # 0 then Py + P, € W.

Proof. Let W contains the vector X = )" «; P;, then W also contains X; = [X, K,| =
Oéa(Po —|—P4) =+ (Oéo — Oé4)Pa, Xo = [Xl,Ka] = (Oéo — 054)(P0 + P4). If Qg — Oy 7'5 0 then
Py+ Py, P, e W. lf ag — g =0, ag # 0 then Py + P, € W. Thus this lemma is
proved.

Lemma 5. Let W be a subspace of V invariant under Ad (K, —Jy.), where {a,b,c} =
{1,2,3}. Then W is invariant under Ad K, and Ad Jy..

Proof. Let X = K,—Jp., Y € W. Since [X, [X, [X,Y]]] = [Jbe, Y], then [Jpe, W] C W,
[Kq, W] C W. Thus, the lemma is proved.
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Lemma 6. Let F be a subalgebra of LO(1,4) with the generators Jos and K,,
where a covers a subset I of the set {1,2,3}. If A is a subalgebra of LP(1,4) and
m(A) = F, then within the conjugation with respect to the group of translations A
contains elements K, (a € I) and Jos + 61.P1 + 02 P> + 93 Ps.

Proof. Let X, = Ko+ > ;P Y = Joa + >, 6;P; (1 =0,1,2,3,4). By the automor-
phism exp(t1 Py + toPy) the coefficients &g, d4 can be made zero. Since [V, X,] =
—K,+64(Py+ Py) — agPy — g Py, one can therefore consider X, = K, + Py within
the automorphism exp(tP,). Evidently [Y, X,]4+ X, = (da+7)Po+ (6 —7)Ps. li v # 0
then Py + P, € A by lemma 4. Therefore we have Py, Py € A and hence v = 0 within
the conjugation. Thus, this lemma is proved.

Lemma 7. Let A be a subalgebra of LP(1,4), X = Jio+cJoa+0Ps5, Y = Ks+>_ v P;
(i=1,2,3,4;¢>0). If XY € A, then A contains Ks.

Proof. [t is easy to obtain
Y = [X,Y]=(8—cu)Po+ (en1 = 72)Pr+ (¢v2 + 1) P2 + ¢y3Ps + (cva + B) Pa.

According to lemma 3 (8 — ¢y4)Po + (¢ya + B) Py, (cy1 — ¥2)Pr + (cya + 7 )P € AL 1f
~v4 # 0 then lemma 4 yields Py, P, € A. I cy1—7v2 =0, ¢y2+7v1 = 0 then v =2 = 0.
Thereafter using lemma 1 we can put 73 = v = 0. Since ¢y3P; € A one can admit
that v3 = 0. Thus the lemma is proved.

Lemma 8. Let A be a subalgebra of LP(1,4), ¢ = exp(—wK}) (w € R, w #0). If
Po+ Py, Py+w P € A (1 <b<3) then the algebra p(A) contains Py and P;.

Proof. According to the Campbell-Hausdor{f formula we have
1
¢(Po + Py) = Po + Py, p(Po+w 'P) =w P+ §W(PO + Py).

This gives that Py + Py, Py € p(A), therefore Py, Py € ¢(A). Thus this lemma is
proved.

3. The non-splitting subalgebras of the LP(1,4) algebra
Let F be an subalgebra of LP(1,4) such that 7(F) = F. An expression F + W
means that [F,W] ¢ W and F NV C W. As concerns the non-splitting algebras
15+W1,...,ﬁ+Ws we will use the notation F : Wi, ..., Ws.

Theorem. Let «,(3,0,u,w € R, @« > 0, w > 0, p > 0 and this takes place for
all labelling variables. The non-splitting subalgebras of the LP(1,4) algebra are
exhausted by the non-splitting subalgebras of the LP(1,3) algebra and the following
subalgebras:

(Ji2 + aPo): (Ps, Py), (P1, P2, P3, Py);

(Ji2 + Py + Ps3): (Py), (P1, P2, Py);

(Jio+aPs): (Py), (Po+Py), (Po, Py), (P1, P2, Ps), (Po+Fy, P1, P2), (Po, P1, P, Py);

(Ji2 + Po): (Po + Py, P3), (Po+ Py, P1, P2, P3);

<J12 + J34 + OZPO>Z 0, <P1,P2>, <P1,P2,P3,P4>;

<J12 + cJ3q + OZPO>Z 0, <P1,P2>, <P3,P4>, <P17P2,P3,P4> (0 <c< 1),

(Joa + aPs): (Py, Pa), (Py+ Py, Py, Ps), (Po, P1, Pa, Py);

<J12+CJ04+O&P3>Z 0, <P0+P2>, <P0,P4>, <P1,P2>, <P0+P4,P1,P4>, <P0,P1,P2,P4>
(¢ >0);
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)
)

<K3+P2>: <P1>, <P0+P4,P1>, <PO—|—P4,P1—|—wP3>, <P0+P4,P1,P3>, (Py, Py, P3, Py

<K3+P4>2 <P1,P2>, <P0+P4,P1+WP3,P2>, <P0+P47P1,P2>, <P0+P4,P1,P2,P3

(K3 — Jig + aPy): 0, (Py + Py), (P + Py, Ps), (P1,P), (Po+ Py, P1,Ps), (Py+
Py, Py, Py, P3);

(Ji2 + Py, J3a4 + pnPo): 0, (Py, Py), (P1, P2, P3, Py); (J12, J34 + aPy, Py, Pa);

(Joa + aP3, Jig + pP3): 0, (Po + Ps), (Po, Py), (P1, P2), (Po+ P4, P1, Ps), (P, P,
Py, Py);

(Joa, iz +aPs): 0, (Po+ Py), (Po, Py), (P1, P2), (Po+ Py, P1, Py), (Py, P1, Py, Py);

(Ji2 + Po + Py, K3 + pPy); (Ji2, K3 + Py);

(Ji2 + uP3, K3 + Py, Py + Py); (J12 + aPs, K3, Py + Py);

(Ji2 + Py + Py, K3 + Py, Py, Pa); (Ji2, K3 + Py, P1, Ps);

(Ji2 + uPy, K3 + Py, Py + Py, P3); (Ji2 + Py, K3, Py + Py, P3);

<J12 +,LLP3,K3+P4,P0+P4,P1,P2>; <J12+QP3,K3,PO+P4,P1,P2>;
(Ji2 + pPs, K3 + Py, Py + Py, Py, Ps, P3); (Jig + Py, K3, Py + Py, P1, Ps, P3);
(K1 + pPy+ P3, Ko + pPy + BP); (K1, K1 &+ Py, P3);
(K14 Py, Ko+ Py + 3P, Ps); (K1 + Py + P3, Ky + 01 Py + (2P, Py + Py);
(K1 + P3, Ky + Py + 3P, Po + Py); (K1 + paPa + psPs, Ko + Py, Po + Py, Pr);
(K1 + P+ aP3, Ky + 3P3, Py + Py, P1); (K1 + Py, Ko 4 aPs, Py + Py, P1);
(
(
(
{
(
(
(
(
(

)

K1+ P3, Ky + uPs, Py + Py, Pr); (K1, Ky + P3, Py + Py, Py);

K\ + Py, Ko + 1Py + B2 P2, Py + Py, P3); (K1, Ky & P>, Py + Py, Ps);

K1 + PQ +ﬂP3,K2 + 5P3,P0 +P4,P1 +LUP3>;

Ky + P3, Ky + P, Py + Py, P + wPs3); (K1, Ky + P3, Py + Py, P + wP3);

Ky + P3, K9, Py + Py, Py, P); (K1 + Py, Ko + aPs, Py + Py, Pi, Ps);

K1+ Po, Ko, Py + Py, P1, Ps); (Ki + Py, Ky + aPy, Py + Py, Pi, Ps);

Ky, Ky + Py, Py + Py, Py, P3); (K1, Ko + P3, Py + Py, P +wP3, P);

K\ + Py, Ky + uPs, Py + Py, Py + wPs3, Py); (Ky + P3, Ko, Py, Pi, P, Py);

K1+ Py, Ky, Py + Py, Py, P2, Ps); (K3, Jos + aP1, Py + Py, Py +wPs, Pa);

<K3,J04+05P2>3 <P1>, <P0+P4,P1>, <P0+P4,P1 +wP3>, <P0+P4,P1,P3>, <P0,P1,
Ps3, Py);

(K3, Joa + aPs, Py + P4,P1,P2>; <K3, Joa+ a1 Py 4+ Py, Py + Py, Py + wP3>;

(K3, Joa + aaPy + a3P3, Py + Py, Py);
<K3,J12+CJ04+0£P3>2 <P0+P4>, <P0+P4,P17P2> (C> 0);
(K3, Joa + p1 Ps, Jiz 4 paPs): (Po + Pa), (Po + Py, Pr, Pa) (pf + p3 > 0);
(K1, Ko, Jia + aPs); (K1, Ko, Jia + Po+ Py, P3); (K1, Ko, J12 + aPs, Py + P4>;
(K14 P2, Ky — Py, Jig + aP3, Py + Py); (K1 + P, Ky — P1, Jia, Py + Py, P3);
(K1, Ko, J1a + aPs, Py + P4,P1,P2>; <K1,K2, Ji2 + aPs, Py, Py, Py, Py);
(K1, K3, Jia + Py, Py + Py, P1, Py, Ps);
<K1,K27J04+QP1>I <P0+P47P3>, <P0+P4,P1 —|—wP3>, <P()—|—P4,P1 —|—wP3,P2>;
(K1, K3, Joa + aPs): (Py + Py, Py + wP3), (Py+ Py, P, Ps);
<K1,K2,J04+ap3>1 O, <P0+P4>, <P0+P4,P1>, <P0+P47P1,P2>, <P0,P1,P2,P4>;
(K1, K3, Jos + oy PL + aa Py, Py + Py, P1 4+ wPs);
(K1, K3, Jos + a1 Py + a3Ps, Py + Py); (K1, Ko, Joa + 2Py + a3P3, Py + Py, Pr);
<K1,K2,J12 +CJ04+OZP3>Z 0, <P0+P4>, <P0+P4,P1,P2>, <P0,P1,P2,P4> (C > 0),
(K1 + Py, Ko + Py + Py + puP3, K3 + uPy + 0Ps); (K1, Ko £+ P, K3 + 3P3);
(K14 Pa, Ky + 1Py + 2Py + aP3, K3 + 61 Py + 02P2 4 03 P3, Py + Py);
(K1 + Po, Ky + 1Py + BoPo, K3 4 Py + 02 Py + 03P, Py + Py);
(K14 Pa, Ko + 1Py + 2Py, Ko + 1Py + 0 P2, Py + Py);
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<K1,K2ﬂ:P2,K3+ﬂP3,P0—|—P4>; <K1 +P27K2—|—O(P3,K3+6P2+(5P3,P0+P4,P1>;
(K1 + P2, Ko, K3 + 1Py + 3P3, Py + Py, P1);
(K1,K3+ P3, K3+ Py + 6P3, Py + Py, Py); (K1, Ko, K3 & P3, Py + Py, P1);
(K14 P3, K3, K3, Py + Py, P, Pp); (K1, Ko, K3+ Py, Py + Py, P1, Py);
(K14 aPs, Ko, K3 + Py, Py + Py, Py, Pa); (K1 + Py, K9, K3, Py + Py, Py, Py, P3);
<K1 + O[Pl,Kg + O[PQ, J12 — K3>;
(K1 + BP + pPs, Ky — Py + 3Py, J1o — K3, Py + Py) (82 + p? > 0);
(K1 + aPy, Ky — aPy, J12 — K3, Py + Py, P3);
<K1,K2,J12 —K3+QP47P0+P4,P1,P2,SP3> (S:O,l);
(Ji2 + J34, J12 — Jaa, Jog + Jia, Jsa + FPy): 0, (Py, P2, P3, Py);
<K1,K2, Josa + aPs3, Jio + ,UP3>I 0, <Po + P4>, <PO + P4,P1,P2>, <P0,P1,P2,P4>;
(K1, Ka, Joa, J12 + aPs): 0, (Po + Py), (Po + Py, P, P2), (Po, P1, Ps, Py);
(K1, K2, K3+ P3, Ji2); (K1, Ko, K3 + 3P3, Ji1a + Py + Py);
(K1 + Py, Ky — Py, K3+ B8P3, J1a + puP3, Py + Py);
(K1, Ky, K3 £ P3, Ji2 + uP3, Py + Py); (K1, Ko, K3, J12 + aPs, Py + Py);
(K1+Py, Ko— P, K3, Ji2, Po+ Py, P3); (K1, Ko, K3+ Py, Jia+pPs, Po+ Py, Py, Ps);
(K1, Ka, K3, Jia + aPs, Py + Py, Py, P»);
(K1, Ko, K3+ Py, Ji2 + Py, Py + Py, Py, Py, Ps);
(K1, K2, K3, J12 + Py, Py + Py, P, Py, P3); (K1, K3, K3, Jos + aPy, Py + Py);
(K1, K3, K3, Jos + aPs, Py + Py, P1); (K1, Ko, K3, Jos + aP3, Py 4+ Py, P1, Py);
(K1,Ks, K3, J12 + c¢Jo1 + aP3): (Py+ Py), (Py+ Py, Py, P) (¢ > 0);
(K1, K2, K3, Joa + p1 Ps, Ji2 + poPs): (Po + Py), (Po+ Py, P, Po) (pf + p3 > 0).
Proof. The subalgebras of LO(1,4) are classified by Patera et at [19]. For every
algebra Fedorchuk [6, 7] has found invariant subspaces of the space V. Using these
results together with lemmas 1-8, we will find the non-splitting subalgebras of the
LP(1,4) algebra. Below we consider some examples in detail.

Let A be a subalgebra LP(1,4), W =ANV.

Suppose that 7(A) = (J12). Within the automorphism exp(t1 Py +t2P,) the algebra
A contains the element X = Jio + APy + pPs + 0P, (A, p,0 € R). Since

exp(tJos)(APyo Py) = (Acosht — osinht) Py + (o cosht — Asinht) Py

then if Py+ P, € W one can write X = Jia+et(A—0)Py+pPs. Since exp(nJi3)(X) =
—Jia +et(A — o)Py — pPs, we consider A\ — ¢ > 0. If A — o > 0 then putting t =
—In(A—0), we obtain the algebra W & (J12+ Py+pPs). Applying the automorphism
exp(tK3), one can put p=0. If A\—oc =0then A=W B (Ji2 + pP3), p #0.

Let P+ P, ¢ W. If Ps,P, € W then A >0, p=0 =0 1f W= (P) or
W = (Py, Py, Py) then o = 0. Applying the automorphism exp(tJys) we reduce this
case to the following ones A=p=10r A=0, p > 0.

Suppose that 7(A) = (K1, K2, Ji2 + ¢Joa) (¢ > 0) one can suppose that A contains
the elements

4 4
X1 :K1+Z>\1Pi, XQ:KZJFZpiPiy X3 = Jig +cJog +0Ps.
0 0

Obviously, [X1, Xo] = (A2 — p1)(Po + Ps) + (Ao — M) P2 — (po — pa) Pr. It g — Ag # 0
or po — pa # 0 then using lemma 1, we obtain P;, P5,€ A. Therefore Py + Py € A
and one can put \; = p; = 0 for i = 0,1,2. Later, [X3,X1] = Ko — cKj — c\ Py,



484 W.I. Fushchych, A.F. Barannik, L.F. Barannik, V.M. Fedorchuk

[Xg,Xg] = —K1 — CKQ —Cp4P0. Therefore /\3 = p3 = 0, )\4P4 +Cp4(P4 — PQ), —p4P4 +
c\y(Py — Py) € A. The determinant constructed by the coefficients of Py, Py — Py is
equal to ¢(A\2 + p3). I A3 + p2 # 0 then Py, Py — Py € A. So we have the algebra
(K1, K3, Jig + cJos + 0P3, Py + Py, P, Py, sP) (s =0,1).
Let /\() — )\4 =0, PO — P4 = 0, )\3 = p3 = 0. ObViOUSly,

[Xg,Xﬂ = K2 — CKl + )\1P2 + )\QP]_ — C)\()(Po + P4),

(X3, Xo] = =Ky — cKy + p1 Py — pa Py — cpo(Po + Py),

(X3, X1] 4+ cX1 — Xo = (A1 — X2 — p1)PL + (cAa + A1 — p2) P — po(Po + Py),

(X3, Xo] + X1 + cXo = (A1 +cp1 — p2) Pr + (A2 + cp2 + p1) Po + Xo(Po + Pa).
If on the right-hand side of one of the last two equalities some coefficients of P,
P, are non-zero, so by lemmas 1 and 3 Py, P>, Py + Py € A. Let ¢cAy — Ao — p1 = 0,
Ao+ A1 —p2 =0, \y+cp1—p2 =0, Aa+cpa+p1 = 0. The determinant formed by the

coefficients of A1, Ao, p1, p2 is equal ¢2(4 + c?). We obtain Ay = Ay = 0, p; = p2 = 0,
Ao(Po + Py), po(Po + Py) € A and therefore

A:W+<K1,K2,J12+CJ04+O'P3>, W cV.

Let n(A) = (Ji2, J13, Jos, Joa). Because of the simplicity of the algebra (Jia, Ji3,
Josz) one can assume that A contains the elements Jyo, Ji3, Josz, X = Joa + > Vi P
(1 = 1,2,3). Applying lemma 1 to [J12, X], [J13, X], we conclude that > v, P; € A,
i.e. A is a splitting algebra.

When the algebra m(A) coincides with one of the following algebras: (K3, Jo4),
(K1, Ka, Joa), (K1, K2, K3, Jos), one has to apply lemma 6. If 7(A) contains Jia+cJoq,
K,, where a € I C {1,2,3}, then we apply lemma 7. Thus, this theorem is proved.
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