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The symmetry and some exact solutions
of the nonlinear many-dimensional Liouville,
d’Alembert and eikonal equations

W.I. FUSHCHYCH, N.I. SEROV

Multiparametrical exact solutions of the many-dimensional nonlinear d’Alembert, Li-
ouville, sine-Gordon and eikonal equations arc obtained. The maximally extensive local
invariance groups of the equations are determined and invariants of the extended Poi-
ncaré group are found.

1. Introduction

In 1881 Sophus Lie propounded to use the groups of continuous transformations
for finding the exact solutions of partial differential equations (PDE). Later on many
authors exploited Lie’s ideas to study PDE of mechanics and physics (see Ames [2],
Bluman and Cole [5], where a vast bibliography is cited and the historical aspects are
discussed).

The classical work of Birkhoff [4] is devoted to the construction of the exact
solutions of nonlinear hydrodynamics equations with the help of Lie’s methods. Birk-
hoff [4] was the first to formulate the group method to obtain similarity (automodel)
solutions of PDE. Many of the exact solutions have been obtained mainly for two-
dimensional PDE. Lately Ovsyannikov’s book [16] has dealt with the modern develop-
ment of Lie’s theory. Ovsyannikov formulated the method of finding the partly invari-
ant solutions of PDE. To find such solutions one has to enumerate all the non-
equivalent subgroups of the PDE invariance group. It is a very complicated problem.
For example, the five-dimensional d’Alembert equation invariance group has more
than 500 subgroups. Hence it is natural to seek more effective approaches for obtai-
ning the exact solutions of many-dimensional PDE admitting a wide invariance group.

The main ideas we use in our work arc closely connected with those of Birkhoff [4]
and Morgan [15]. The aim of our paper is to find the exact solutions of the following
nonlinear pde widely used in mathematical and theoretical physics:

pupu+ Aexpu =0, (1.1)
Ou + Au =0, (1.2)
puuptu =0, (1.3)
where p,, = ig"”0/0x,, g, is the metric tensor with the signature (+1,—1,...,-1),

pupt = —0%/023 + A= -0, u = u(z), x = (zo,Z1,...,Tn_1), \, k are arbitrary real
constants. We use the summation convention for the repeated indices.

Equation (1.2) plays a special role in the quantum field theory when & = 3 and
x = (zg,...,x3): its solutions may be used to construct some solutions of the Yang—
Mills equation by virtue of the 'tHooft-Corrigan-Wilczek ansatz (see Actor [1]).
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For the solutions of (1.1)-(1.3) we adopt the ansatz suggested by Fushchych [6]:
u(z) = p(w)f(z) + g(z), (1.4)

where ¢(w) is an unknown function of the new variables w = w(z) = {w1(x),...,
wn—1(z)}, the number of which is one less than the number of variables z = (zy, ...,
Zp—1). The new variables w(x) and the functions f(z), g(z) are determined from the
Lagrange equations

dxg  dxq _dry1  du

e b= (L5)

where &* and 7 are the functions from the infinitesimal invariance transformations

ol =, + el (x,u) + O (%), v =u+en(z,u)+ 0 (%). (1.6)
If &# and n have the form
g“ :5”(1’), n:a(l')u—’_b(‘r)a (17)

it implies (1.4).
Having substituted (1.4) into (1.1)-(1.3) one obtains equations for ¢(w) which are
often rather easy to solve.

2. The group properties of (1.1)—(1.3)
[t is evident from the above, that to find the new variables w(x) and the functions
f(x) and g(x) it is necessary to know the functions £#(x) and n(z, u) explicitly. Hence
we shall study the group properties of (1.1)-(1.3).

Theorem 1. Equation (1.1) is invariant under the Poincaré group P(1,n — 1) and
under the scale transformation group D(1). The basis elements of the corresponding
Lie algebra P(1,n — 1) = {P(1,n—1),D(1)} have to form
o 0 v .0

Pu = Zg# a—wyv Juu = TpPv — TuPu, D =ux,p" — 22%- (21)
Theorem 2. Equation (1.2) is invariant under the extended Poincaré group P(1,n—
1), with basis elements of its Lie algebra having the form

0 2t 0

b = ig#”aTv J;AU = TuPv — TvPu, D= -/Eupy + 1_ ku% (22)

Theorem 3. Equation (1.3) admits the infinite-dimensional invariance group. The
infinitesimal operator of this group is as [ollows (we use Ovsyannikov’s [16] notati-

ons):
X =&*(z,u)0/0x, + n(x,uw)0/0u, ©2.3)
& = —bu(u)l'yxu + 2xubu<u)xy + C#V‘TV + du(u)’ n= n(u), '

where by, ¢y, d,, 1 are arbitrary real functions of w and coq = Ca0, Cab = —Cba,
Cop=Cl11="""=Cpoin-1, &, b=1,n—1

Theorem 4. The equation

Ou+ F(z,u) =0 (2.4)



The symmetry and some exact solutions 285

is invariant under the extended Poincaré group if and only if

F(z,u) = A\ expu, (2.5)
or

F(z,u) = \uF. (2.6)

where \1, Ao, k are arbitrary constants, k # 1, the infinitesimal generators are given
in (2.1) and (2.2) respectively.

To prove these theorems one can use the Lie algorithm following e.g. Ovsyanni-
kov [16]. One can make sure that (2.4) with nonlinearities (2.5), (2.6) is invariant
under the group P(1,n — 1) using final invariance transformations.

Note 1. Theorem 4 implies that there is only one equation of the form (2.4) with non-
polynomial nonlinearity invariant under P(1,n — 1), and it is the Liouville equation.

Note 2. If n = 2, equation (1.1) admits the infinite-dimensional Lie group with the
generator X = £°9/0z¢ + £'0/0z1 + nd/Ou, where

&0 = f(zo+ 1) + g(zo — 71), &= flwo+ 1) — g(zo — 21) + 1,

n = co — 0% /00, @7)

f and g are arbitrary differentiable functions, ¢y, ¢o are constants.

Note 3. Equation (1.2) with n = 2 and A = 0 is invariant under the infinite-
dimensional Lie group, as it takes place for the Liouville equation. The two-dimensio-
nal equation of gas dynamics has the same properties (see Fushchych and Serova [10]).
Apparently this property gives the possibility of finding the general solution of the
equations mentioned above.

3. The group P(1,2) invariants

The question of finding of the invariants w(x) is connected with the integration of
the Lagrange system (1,5). Generally speaking, equations (1.5) have infinitely many
solutions according to the various functions £*. Ovsyannikov [16] has proposed to
enumerate all the non-conjugate subgroups of the equations invariance group and to
integrate the system (1.5) for each subgroup. This way, as was previously mentioned,
is connected with the algebraic difficulties.

In this section we shall show the particular case of the group (1.6) for which the
system (1.5) is usually integrated.

Many fundamental equations of mathematical and theoretical physics are invariant
under the group IGL(n, R) of inhomogeneous linear transformations of n-dimensional
Minkowski space or under its subgroups, e.g. the Lorentz group, the Poincaré group,
the Galilei group etc.

It is well known that the functions £ for this group have the form

& =cpa’ +d,, pw=0mn-1, (3.1)
where ¢, and d,, are arbitrary constants.
Let us introduce the notations

dlZEO dﬂ?l o dl‘n_l

e =T

= dt. (3.2)
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Using (3.1) and (3.2) one can write down the system (1.5) in the form
Ty = s’ +d,, pw=0n—1 (3.3)

Equation (3.3) is a system of ordinary differential equations with constant coefficients
and it is well known how to find its general solution. After doing this one has to
eliinate the parameter to obtain the invariants w(x).

If (1.1)-(1.3) are invariant under the group ]-:’(l,n — 1), which is a subgroup of
IGL(n, R), we shall consider the determination of P(1,n— 1) invariants in detail. For
simplicity we put n = 3. According to the conditions between the coefficients ¢,, and
d, in (3.1) we have obtained the following independent solutions of the system (1.5).

1) wi =y’ (Buy”)", wa=uy’ (By”) %
where o, =, Y =0, 5,8 =b#0.
(2) w1 =0y (wy”)  + ey,  ws =y (awy”) 7,
where o, =, ¥ =0, 5,8 =b#0.
(3) wi=MIayy’ +bitan 1A (By) ] we = uyt (),

where a,a” = by 7é 0, 6uﬁu = ’VV’YD = b3 # 0, Oél/ﬁy = Oéu’YV = 61/}/” =0, (ﬁl/yu)2 +
(wy”)? = bs(wa”)~2(1 — baws).

(4) wr=ay’ +npy”,  wr=z"(By") %,

where a,0” = ,6" = 68,7 =77 =0, oy’ =b1 #0, 5,87 = by #£ 0.
(5) w1 =By +wy”’,  w2=PGw +alnay’,

where a, 0¥ =, ¥ =0, 3,08 = —1.
6) wi=By")? —wy”,  wr=PGy +atan[yy" (wy”) "],

where a,0” = 7,7 =b # 0, 8,8 =1, B = v’ = 37" =0, (y)? +
(7 y”)? = bwy.

1 v v 1 v v 1% 1%
(7) w1 =5y P +aby’,  ws= 5wy )? +acwy’ By’ + vy,

where a0 =, 8" = 3,797 =0, v = =B,8" =1y =b#0.
(8) wy; =ayz”, wo = z,7", aya” =b#0.
9) w1 =By ) ewy”) ™l we =y (ewy”)

where o, = ay1, a,BY = aqa, .., WY = ass.
(10) w1 = ap2”, we = B’

where a, ¥ = —6,6" =1, a, ¥ = 0.
In these formulae y, = 2, + a,, 2, = T, + 34, ay, o, By, Yo, a, b, bi, a;; are
constants connected with the group parameters c,, and d,,.
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To find f and g from (1.4) it is sufficient to integrate the equation

(du)/n = dt. (3.4)
(3.4) yields

u(z) = p(w) + g(z), (3.5)

u(z) = p(w)f(z), (3.6)

u(z) = @(p(w) + g(2)), (3.7)

for (1.1), (1.2), (1.3) respectively. Here ® is an arbitrary differentiable function.
The formulae (2.1)-(2.3) yield

g(x) = —2In(x) for (1.1),
(@) = [ ()P0 for (1.2), (3.8)
g9(z) = Ini(x) for (1.3)
Below we present the explicit form of ¢ (x)
(1) ¢(z) = By, (2) ¢(x) = ayy”, (3) ¥(z) = avy?,
(4) ¥(z) = Buy”, (9) Y(x) = a,y”.

In the other cases ¥(z) = 1.

4. The exact solutions of the Liouville equation
Substituting (3.5) into (1.1) and using (1)-(10) and (3.8) one obtain the following
PDE:

(1) a*wipi + dwi(we +a+ 1)p1a + dwa(we — )2 + ala — Dwipr+

+2(3wy —1)pa +2+ Aexpp =0, .1

where \; = \/b, i, = 02/0w;0wy, i,k =1,2.
(2) bonr + dpra — dwnpas — 209 + Aexp o = 0. (4.2)
(3)  [b2 = 1/(bawz — 1)]p11 — 4(bawz — 1)¢p12 + 4w (bwa — 1)p22— 43)

—bg(pl + 2(3[)2&}2 — 1)@2 + 2b2 + )\GXPQO = 0.

(4) 11+ 2(2wa + br) 12 + 4w3 2 — @1 + bwaps + 24 (A/b2) exp o = 0. (4.4)
(5) dwip1r —4apia — p22 +4p1 + Aexpp = 0. (4.5)
(6)  —dwiprr + (aPwit 4+ 1)paz +4¢1 + Aexpp = 0. (4.6)
(7) =11+ 2(w1 + a®)pas + (\/a®b) expp = 0. (4.7)
(8)  bp11 + dwiprz + dwapas + bps + Aexp p = 0. (4.8)
(9)  (anwi — 2a10w1 + az2)@11 + 2(anwiws — a13w1 — a12ws + ag3)Pia+

+(a11w3 — a13ws2 + ass)pes + 2(ajiwr — a12)p1+ (4.9)
+2(a11we — a13)p2 + 2a11 + Aexp p = 0.
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(10) @11 — w22 + Aexpyp = 0. (4.10)

If one obtains at least one particular solution of any of equations (4.1)-(4.10) then
(3.5) gives a solution of (1.1). Let us consider, (4.1) and (4.10) as an example. If one
supposes that dp/dws = 0 then (4.1) is reduced to the ordinary differential equation
for the function ¢:

a*wWip1 +ala — Dwipr +2+ Aexpy =0, (4.11)

the general solution of which has the form

—21In [(f)\/%c%)l/2 wl_l/a sinh (clwi/a + 02)} , Ab <0,
—21n [()\/ch%)l/2 wfl/a cosh (clwi/a + 02)} , Ab >0,
plwr) = (4.12)
1/2 —1/a 1/a
—2In [(—)\/chf) w; % cos (clwl + 02)] , Ab <0,
—2in [(\/263) oV (W} + )] b > 0.

Hence from (3.5) and (4.12) one obtains the solution of (1.1)
u = —2In[yP(z)sinh(c1Q(z) + ¢2)], u = —2In[dP(z)cosh(c;Q(x) + ¢2)],
u=—=2In[yP(z)cos(c1Q(z) + c2)], u=—2In[yP(x)(Q(z)+ c2)],
where P(x) = (a,4") 1%, Q(x) = By (auy”)/2, 72 = —5% = —\/20¢3.

Equation (4.10) is the two-dimensional Liouville equation. Its general solution was
found by Liouville [14]:

(4.13)

(4.14)

o(wi,ws) =1n (—8 filwr +w2) f3 (w1 — wo) )

(w1 +w2) + falwr — ws)]?
where f1 and f; are arbitrary differentiable functions.
Note. The two-dimensional Liouville equation can be solved in other ways, e.g. with
the help of the theory of complex variables. But we believe the simplest way is
to linearise the Liouville equation. Fushchych and Tychinin [12], using non-local
substitutions

4
u=In |:W5Wn (1—tanh2 Cl\/i >:|7 & =20+ 71, n=2xp— T1,

or
u=In[2W:W, /(W + e2)?]

or

w
u=In {WEWW (1 + tan? \;;c?’)}

reduce the Liouville equation to OW = 0, the general solution of which was obtained
by d’Alembert. Using those formulae we obtain the Liouville solution (4.14).
From (3.5) and (4.14) one obtains a solution of (1.1):

= _§ f{(’yufy)fé(éuxy)
v=in ( Alfilpay) + fQ(mv)]z) ’ (4.15)

where v,v" = 6,6 =0, 7,0 = 2.
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The other solutions of (1.1) we have obtained have the form (4.13) with

(a) P(z)= F_l(avyy)a Q(r) = By Flawy”),

(b) P(z)=F""(ouy"), Q(z) = By Flayy”) — In F(awy"),
(c) P(z)=auy”, Q(x) = (yoy")*(ewy”) 1,

(d) P(z)=wi, Qz) =lnwi, wi=(By")* +wy",
(e) P(z)=1, Q(z) =0y’ +alna,y”,

(f) Pz)=1, Q(z) = Buy”,

(9) Pz)=1, Qz) = Buy” + Flawy”),

where F'is an arbitrary differentiable function, a,,0” = o, ¥ =0, 5,8 =b # 0.
Besides, from (4.8) we have the particular solution of (1.1) in the form

u(z) = —1In (%Axwx”) . (4.16)

We have obtained the solutions of (1.1) when n = 3 and they are easily generalised
to more general cases n > 4. For n > 4 some solutions of (1.1) may be obtained in an
analogous way, integrating (1.5) and determining the invariants w(x).

5. The exact solutions of the nonlinear d’Alembert equation
Using (3.6) arid the explicit form of invariants w(z) and function f(x) (1)-(10)
one obtains the tollowing PDE:

(1) a’wipr — dawi (wa — a)12 + dws(we — b)paa+
+ala —1+4/(1 = k)|wio 4+ 2(k — 1) H(3k + 1wy — 2b(k 4 1)]pa+ (5.1)
+2(k +1)(k — 1)"2p 4+ (\/b)p" = 0.

(2) b1 + A1 — dwapan +2(3 + k) (1 — k) lpa + A" = 0. (5.2)

(3) [b2 = 1/(bowa — 1)]p11 — 4(bawz — 1)p12 + 4wz (bowa — 1)+
+ba(3+E)(1 — k)" tor —4(1 — k) Hwab(3 — k) — (1 + k)]t (5.3)
+2b3(1 + k) (1 — k)20 + ApF = 0.

(4) wien + 2wiwa[l — (b1/2bg)w3p12 + wipas + 4(1 — k)~ (wipr+

Funga) + 201+ K)(1 = K) 20 + (\/b2)i = 0. oY
(5) Awipir —4apiz — paz + 4p1 + A" = 0. (5.5)
(6) —dwipnn + (1+ a’wi ) pas + 41 + Ap" = 0. (5.6)
(1) — 11+ (2w + a?)paa + (M /a?)p" = 0. (5.7)
(8) bp11 + dwipra + dwapas + bpa + Ap* = 0. (5.8)
(9)  (anwi — 2a12w1 + a2)e11 + 2(an1wiws — a13w1 — a12ws + azs) P12+

+(a11w§ — 20/13(4)2 —+ a33)<p22 + 2(/@ + 1)(k — 1)71[(0/11(4)1 — a12)<p1+ (59)
+(a11w2 — a13)<p2] + 2@11(]{3 + 1)(/€ — 1)724,0 + )\(pk =0.
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(10) 11— a2 + A" =0. (5.10)
Equation (5.1) when 9y /0wy = 0 becomes the Emden—Fowler one
¥ Vee +26Ve + (\D)EMIVE =0 (5.11)
via the substitution
o= EMVIEDY (), =uy/n (5.12)

We have found some particular solutions of (5.2)-(5.10) and then we have the
following solutions of (1.2):

w=[Boy” + ay” (cz +Ina,y”)* O (5.13)

where a0 =, 3¥ =0, B,8" =b=—iA1—k)?/(1 + k).

) 1/(1-k)
e IR P 6.14)
) 1/(1-k)
u= {2/\ (1= 5% [(Boy")* + yuy”] } : (5.15)
where 3,6" = —1.
. 12 2/(1—k)
u= {czi(l—k( [5)\(1—&—]@’)_1} (ﬁl,y”—l—alnoz,,y”)} ) (5.16)

where a, ¥ = a, ¥ =0, 6,0" = —1.

u=[ea+ (20) Hewy”)? + By ] (5.17)

where a0 =, 8” =0, B,8" = —2A1 - k)*(1 + k).
From (5.13)-(5.17) one can see that all the solutions of (1.2) obtained have the
form

u=[F(y) +G(2)]%, (5.18)
where « takes the values 1/(1 — k) and 2/(1 — k), and
y=(y'....,y"71), z= (4., 2"7Y),

y* = y*(x), 2% = z2%x), a=1,n-1, x € R,

If one searches for the solutions of (1.2) in the form (5.18), then the substitution
of (5.18) in (1.2) leads to the equation for the functions F, G, y*, z*:

(a = 1)A A" + (F + G) (Fapyly™ + Gapzfz" + F,Oy* + G,0z2%) +

5.19
HMa)(F + G2 — o, &1
where
A, = Fuyp, + Gazp, F, = 0F /oy, Fu, = 0%F/0y*oy®,
G, =0G/0z°, Gap = 0°G/02°02°, Y = 0y*/0z,, (5.20)

2 = 02 /0w, p=0n—1, a,b=1n—1.
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Below we list some particular solutions of (5.19):

(@) Fy)=@'+¢)*,  Gl)=22%  y=aua”, =g,
2= ", = 1/(1 - k)a a3 = a,y” = BuB” =1y =0,
20,0 = B,y = Ak —1)%(k — 3)71, x= (2o, ., Tn—1), n > 3.

(b) F(y) =y?p (yl) , G(z) = 2% (zl) , yl =z = a,a?,
y? = Bz, 22 =vy,2", a=2/(1-k),

where ¢ and 1 are arbitrary differentiable functions, satisfying the condition

P = DAk~ 1/ (k4 1),

(5.21)
o =B = oy =B,y =0, BuB” =17 = -1, n > 3.
(c) F(y)=F (y') is an arbitrary differentiable function,
G(z) =21, y! = a, a2, 2t = B,
ad =a,f, =0, BB = —%(k —1)?/(k +1).
So according to (5.18) we have the following solutions of (1.2)
u=[(mz” + )+ B’ vz’ A (5.22)
where a, 8" = a,7” = B,8” =1y’ =0, 200" = B,7" = Nk —1)2/(k —3), k # 3.
u = [Ba"p(aa”) + v laya®) T (5.23)

where OLVOZV — Oé,,ﬂy — OZV’YV — ﬂy,.yl/ — 0’ ﬂuﬂl/ = fy’/’yy — _1’ @2 _|_w2 — %)\(k’ —
1)2/(k +1), k # —1.

u=[Flaya”) + Ba*] (5.24)

where a0 = a, 8, =0, 3,8" = —5(k —1)?/(k+1), k # —1. I in (5.23)-(5.24) ¢,
¢, F are arbitrary functions we have the wide class of exact solutions of (1.2).

Ibragimov [13] established that if k = (n +2)/(n —2), n > 3 (1.2) is conformally
invariant. It is well known that the conformal transformations have the form (see e.g.
Fushchych and Nikitin [8])

T, = o Nz, + cpzLY), u = o "m2/2y, (5.25)

where 0 = (1 + 2c,2” + cxcta,2v), ¢, are constants. Using (5.25) one can produce
new solutions of the equation

Ou + A" T2/(=2) = o, (5.26)
in such a way. Let w = F'(x) be a solution of (5.26) for n > 3, then

w= o /"F((z + cxa’) o), (5.27)
where ¢ = (cg,...,cn—1), Will be another solution of (5.26) and

Ou + M2/ (0=2) — ;= (n+2)/2 (DF L AR/ <”—2>) . (5.28)
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When n = 4, equation (5.26) has the form
Ou + \u® = 0. (5.29)

Its particular solutions are given in (5.15)—(5.17), (5.23)—(5.24). These expressions
give the solutions of Yang—Mills equations after using the 'tHooft-Corrigan—-Wilczek
ansatz.

In the conclusion of this section we consider another nonlinear d’Alembert equation

Ou+ Asinu = 0, A=1, (5.30)

which is known as a sine-Gordon equation. Below we present some exact solutions of
this equation

u = 4tan"* {exp [f(a,2”) + B,x"]}, (5.31)
u/2 d'l/) , ,
g g =) A (5.32)

where f is an arbitary differentiable function, a,, 8, k are constants, o, = a, 5" =
0, 6,8" = —1.

6. The exact solutions of the eikonal equation

The eikonal equation (1.3) is one of the main equations of geometrical optics and
it is the characteristic equation for the linear d’Alembert one. In this section we shall
find some exact solutions of (1.3) by analogy with that done in the previous sections
and show how to generate new solutions using the conformal transformations. Upon
substituting (3.7) into (1.3) we obtain some PDE for the function ¢(w) and we have
solved some of them.

Below we present the final result:

u=®(a,z"), (6.1)
w= (85" + [(By”)? — amy’ ) (6.2)
U= (I)(yuyu/auyy)v (6.3)

where ® is an arbitrary differentiable function, y, = x, + a,, oy, B, au, a are
constants, a,a” =0, 5,8 =a # 0.

One can see from (2.3) that (1.3) is conformally invariant, the conformal transfor-
mations being as follows:

), = o Nz, + cpz,Y), u =, (6.4)

where ¢ is from (5.25). The new solutions uey have the form

w8 = uga((@ + cz,a”) o). (6.5)

In conclusion we formulate the following statement.
Theorem 5. The equation

puup#u = F(U), H= Oa n— 13 (66)
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is reduced to the form
p V'V =1, p=0mn-—1 (6.7)

by the substitution

du
V_/i(F(u))l/Q' (6.8)
Note. Equation (6.7) upon substituting
W(z,V)=0 (6.9)

takes the form

p,Wp"W =0, v=0,n, (6.10)

where W = W (%), Z = (xq,...,Tn-1,2, = V). Equation (6.10) is the eikonal equation
(1.3) in (n 4 1)-dimensional space. With the help of ansatz (1.4), we have obtained
multiparametrical exact solutions of many-dimensional nonlinear Schréodinger (Fush-
chych and Moskaliuk [7], Born-Infeld (Fushchych and Serov [9]) and Dirac equations
(Fushchych and Shtelen [11]).
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Appendix. The reduction of (1.1)—(1.2) to ordinary differential equations

If the function ¢ from the ansatz (1.4) depends on one variable w only it means
that (1.1)-(1.2) are ordinary differential ones.

The Liouville equation (1.1) is reduced to the equation

wyw’ " + 0wy’ +0Og + Aexpgexpp = 0,
via the substitution (3.5) if the conditions
w,w” = P1(w)expg, Ow = tp(w) exp g, Og = ¢¥3(w)expy,

are satisfied.
The equation (1.2) will be reduced to the ordinary differential equation

wyw” f@" + (Bwf + 2w, fV)¢’ +0f - o+ Af*" =0
under the conditions
wyw” =y (w) fF7, Dwf + 2w, f* = Pa(w) f¥, Of = ts(w) f*.
The ansatz (1.4) in this case has the form (3.6).
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