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On some exact solutions of the nonlinear
Schrodinger equation in three spatial
dimensions

W.I. FUSHCHYCH, S.S. MOSKALIUK

1. In 1881 Lie introduced the study of the solutions of partial differential equati-
ons, based, on the infinitesimal transformations of the continuous groups. Afterwards
these methods have been used for finding exact and approximate solutions of the nonli-
near partial differential equations by various authors [1]. In the main these solutions
were obtained in one spatial dimension. In this paper some exact similarity solutions
of nonlinear parabolic partial differential equations, possessing high symmetry, are
obtained, in three spatial dimensions.

Consider the nonlinear equation
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u = u(xg, ), zcR", M = const, A= E a2
:I:.
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Lemma 1.* Equation (1) is invariant under a (n*+3n+8)/2-parameter Schridinger
group if

F(u) = Aulul*™, (2)

where X is an arbitrary constant, n is a number of the spatial variables in eq. (1).

Lemma 2.* Equation (1) is invariant under a (n*+3n+6)/2-parameter transforma-
tion group if

F(u) = \ufu|™, (3)

where A\, m are arbitrary constants.

This group consists of the Galilean group and the one-parameter group of scale
transformations.

Lemma 1 and lemma 2 can be proved by using the finite or infinitesimal transfor-
mations of the Schrédinger group [2]. By means of the Lie-Ovsjannikov method [3]
one can show that the above-mentioned groups are the maximal ones in the sense of
Lie which leave eq. (1) with the nonlinearities (2) and (3) invariant.

In the sequel we restrict ourselves to R3 and consider the infinitesimal transfor-
mations of the Schrédinger group

zy = x0 + Ay + O (£7), z) =z +eA; + O (%),

Lettere al Nuovo Cimento, 1981, 31, Ne 16, P. 571-576.
* Misprints in formulations of Lemmas 1 and 2 are corrected.
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where
Ay = —cxp + 2qwo + b, A = (—cxo + @)z + €ijkrT) + vi%o + a;.

The parameters a;, b, ¢, q, v;, r; are arbitrary real constants. The parameter a;,
represents spatial translations, b represents time translations, ¢ represents invariance
under the one-parameter group of projective transformations, ¢ represents dilatations,
v; signifies Galilean invariance and r; denotes rotation invariance.

2. We need the invariants w!, w?, w® of the Schrédinger group for finding the

solutions of eq. (1). These invariants are obtained by solving the Lagrange equations

dxg dx . dxa dxs

A A A Ay
We will give the explicit form of these invariants.
Case I. cb+ q> # 0:

wl _ \/ Zi%i w3 _ TiZ;
—cxg + 2qro + b Vi (—ex2 + 2qzo + )

Zg/\/ —cxd 4 2qxo + b — 7"2(4]3/‘ VETE, *o dt ()

2 .
w* = |arcsin —A/TIT T 5 o1 1 1
VAT +713) rir) [(@)? = (7)) / et 2t
where Zi =T — ;g — ﬂi,
Uit — gt c(rrar) + q(rery)
! be+ g2 +rymy “(be + q?) (be + q2 + 1)’
5, = bv; — qa; + €55k7 50k . ri(bvg — qayg)
‘ bc + q2 + rimy “(be+ q2) (be + % + 1)
Here and in the sequel the summation convention is being employed.
Case Il. cb+q¢*> =0, c # 0:
1) T3 7& 0:
Wt = \/yiyi’ W = TiYi :
' v ©)
_ 3
w? = |arcsin 5 yQQ/T iad /1 ;lrl a7 | T Tlrl,
((ri +1r3) /mm) [(w')? — (w?)?] T
where
yi:l’i*%T*&Jr%, T = —CTo + ¢,
| (vig + car) + rir (v + ca)]
i = 7~ €ijkVUiTE — \Viq T Ca; TiTE(Vkq T Cag)|,
7 c(ryr)
i =~ —fegr avi 4 car) + (o) ST (B )
i = —F—~|€ijkT QU ca Ti\TLV 5 i — = — a .
c(rr) kT3 (QUE k KUk =g o \ e k

2)ri =19 =13 =0:

wi:%[m—ﬁ—&-l(%—i—ai)] (6)
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Caselll. c=0,q=0,b+#0:

1) rs 7& 0:
o 3 _ _TiSi
w = st’u w - ’_7’[7"[7
_ 3
w2 — larcsin _ 522 (row?)/\/Ti7] i W‘mxo’
V(I +73) [rim) [(w1)? — (w3)?] b
where
2
P PR— 'rO . —_ —xo . .. . _
S =ux; ror) ri(rEvk) Do) [ri(akri) + beijrrjvi]

1
——{Eijk’l‘jak + b[vl — (Zk’l)k)Ti]}.
T

2) 7’127"2:7"3:0:

Vi i,
20 "
CaseIV.c=0,q=0,b=0, vyro+ a; #0:
1) 7”3750,7“2750,7“17&01

wl = Zo, w2 = \/W;W;, w3 =

w'=x; —

W4

VT '

where

Eijk’l“j(’l}kxo + ak)
(riry/(vizo + a;))(viwo — ar) — ik

w; = T +

(there is no summation over 3).
2) 7‘37’50, 7‘2:0, 7‘1:01

1 2

2
w' = x0, w? = x% + x% + T—[(’ngo +az)zy — (V10 + a1) 2],
3

3 . 3T + V2o + a2
w” = (v3xo + as) arcsin

\/(’Ul.’L'o +a1)? + (vexog +a2) + 7’§W2

3) rir=rog=1r3=0:
wl =z, w? = x1(v2x + az) — 2 (V170 + a1),
w3 = x1(v3To + az) — z3(viTo + ay).

Case V.c=q=b=0, vizo +a; =0, r; #0:

wl = 2o, w2 =\ TiTy, (.4.}3 =

T
NG

Now we construct the solutions of the eq. (1) of the form

uz(p(wl,wz,w3) f(IOam)a F(u) :)‘u|u|m

(7)

®)

(9)

(10)

(11)

(12)

(13)
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Substituting (13) into eq. (1), we require the functions ¢ and f to satisfy the non-
coupled equations. In accordance with this requirement the following equations are
obtained:

1
. Of 1 1 2 3
L4 - Af= m 1
iz T gap A = ST W0, (15)
wiiw’;i = |f|mwlk(w1,w27w3), (16)
ik ALk f+ Lok fe, = FIfImR (W, w2, w?) (17)
z0 oM M i T ) ’ ’
where
Pt = Gk Putel = Hokaut’ Yo = Ty

In fact, the nonlinear equation (15) with the additional conditions (16) and (17) is the
inhomogeneous linear Schrodinger equation which one can easily integrate. Substituti-
ng the solution of eq. (15) into eq. (14), we obtain for ¢ a nonlinear partial differential

equation. Thus the solution of eq. (14) is a function of only three variables w?!, w?,

3
w?.
3. Let us consider some exact solutions of eqs. (14)—(17).
For the invariants (4) and the nonlinearity F' = Aulu[*/3, the functions f and ¢
take the form (c # 0)
—cxg + q — +/be + ¢? v
—cxo +q++/be+ ¢?

1M —cxg+ q— \/cb+ ¢> M ]

f= (—cx% + 2qxo + b)_3/4 [

) i ame b T Ty (e

X exp

@ = [ﬁ (g — BQ)FM (@)% = ("] exp [iBw?]

where
24/bc + ¢2 M

VT P P= 4+/ch + ¢>

For the invariants (4) and the nonlinearity F = Ap|p|™ the functions f and ¢ take
the form (¢ =0, ¢ #0)

B= [2(vifBi) + basa;) — c(BifBi))-
f = (2qzo + b)—1/77L+ip exp {zM(azzz) + %(aiai)mo} ,

o= [t (=) et - ) e ),
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where

2q M
B = s = —[2(v; ;) + b 0i3)].
Tp 9= 280+ b))
For the invariants (12) and the nonlinearity F = Ap|p|™ the functions f and ¢
take the form uy = fo1, us = fipa:

11’TL — m
f = explici] AN R N a
= expl|icy|, Y1 = 2)\M XT;T; ,

m

Acg' m ror:)2
Y2 = ngal exp 7 3 xaerl i Tili — ( 4 z) 7
m—1 2x0

where ¢; = const, ¢o = const, ¢3 = const.

Remark. We have considered only a part of the exact solutions obtained by the same
method for the invariants (4)-(12) and the nonlinearities (2) and (3). Three-spatial-
dimension exact solutions of Liouville, eikonal, Hamilton—Jacobi and Navier—-Stokes
equations are obtained by this method too [4, 5].
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