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On the new invariance algebras of relativistic
equations for massless particles

W.I. FUSHCHYCH, A.G. NIKITIN

We show that the massless Dirac equation and Maxwell equations are invariant under
a 23-dimensional Lie algebra, which is isomorphic to the Lie algebra of the group
Cys ® U(2) ® U(2). It is also demonstrated that any Poincaré-invariant equation for
a particle of zero mass and of discrete spin provide a unitary representation of the
conformal group and that the conformal group generators may be expressed via the
generators of the Poincaré group.

1. Introduction

Bateman [1] and Cunningham [3] discovered that Maxwell’s equations for a free
electromagnetic field were invariant under conformal transformations. Nearly fifty
years ago the conformal invariance of an arbitrary relativistic equation, for a massless
particle with discrete spin was established by Dirac [4] for a spin-3 particle and by
McLennan [20] for a particle of any spin.

Until now the question of whether the conformal group is the maximally extensive
symmetry group for the equations of motion for massless particles remained unsettled.
A positive answer to this question has been obtained only in the frame of the classical
Sofus Lie approach (Ovsjannicov [24]), but as has been found recently, Lie methods
do not permit the possibility to obtain all possible symmetry groups of differential
equations.

The restriction of the Lie method is that it applies only to those symmetry groups
whose generators belong to the class of differential operators of first order. Using the
non-Lie approach, in which the group generators may be differential operators of any
order and even integro-differential operators, the new invariance groups of relativistic
wave equations have been found (Fushchych [6-9]). It was demonstrated that any
Poincaré-invariant equation for a free particle of spin s > 12 possessed additional
invariance under the group SU(2) ® SU(2) (Fushchych [6, 7]); that the Kemmer—
Duffin—Petiau equation was invariant under the group SU(3) ® SU(3), and that the
Rarita—Schwinger equation was invariant under the group O(6) ® O(6) was demi-
nstrated by Nikitin et al [23] and by Fushchych and Nikitin [10]. The non-Lie approach
was also used successfully to obtain the symmetry groups of the Dirac and Kemmer—
Duffin-Petiau equations describing the particles in an external electromagnetic field
(Fushchych and Nikitin [12]). Other examples of symmetries which cannot be obtai-
ned in the classical Lie approach are the symmetry groups of the non-relativistic
oscillator (Levi-Leblond [16]) and of the hydrogen atom (Fock [5]).

In the present paper, we have found the new symmetry groups of the massless
Dirac equation and of Maxwell’s equations using a non-Lie approach. These groups
are generated not by the transformations of coordinates, but by the transformations
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of the Dirac wave function ¥ and the vectors of the electric field E and the magnetic
field H of the type

or 92U
r_
U _f<\I/, axa’amaaxb""> (1.1)
OE 0H 0%E 0*’H
E > E = FH — — — —— ...
g( T Oy’ Oy Oxg0y’ 0401 )’ 1)

y OE 0H O°E 0°H
H—H =h (E’ H, 0x, Oz4 0,01y Oxo0p )
where the functions f and g, h may depend on any order derivatives of ¥ and E, H
respectively.

[t is demonstrated that Maxwell’s equations are invariant under the group U(2) ®
U(2); the explicit forms of the functions g and h in (1.2), which generate the transfor-
mations of such a group, are found. It is also shown that the Dirac equation (with
m = 0) and Maxwell’s equations are invariant under a 23-parametrical Lie group,
which is isomorphic to the group Cy ® U(2) ® U(2). The results obtained admit
immediate generalisation to the relativistic wave equations for massless particles of
any spin. The conformal group generators which leave the Weyl equation and the
massless Dirac equation invariant are expressed in a form which is transparently
Hermitian. It is demonstrated that any (generally speaking, reducible) representation
of a Poincaré group, which corresponds to zero mass and discrete spin, may be
extended to the conformal group representation. The explicit expression for the ge-
nerators of the conformal group Cy via the generators of the Poincaré group P(1,3)
has been found. We therefore give a constructive proof of the statement that any
relativistic equation for a discrete spin and zero-mass particle provides the unitary
representation of the conformal group (for Maxwell and Bargman-Wigner equations
this has been demonstrated by Gross [13]).

2. The Hermitian representation
of the conformal group generators for any spin
The conformal invariance properties of any relativistic equation of motion for
a particle of zero mass and of discrete spin may be formulated by the following
statement.

Theorem 1. Any Poincaré-invariant equation for a zero-mass and discrete spin
particle is invariant under the conformal algebra Cy*, basis elements of which are
given by the operators P,, J,, and

1
D= _§[POPQ/P2;JO(1]+,

1
K, =-

=g ([Po/P?, [Jobs Jubl+)+ — [Pu/ P2, JopJobl+) + gy (P /P?) (A2 - —> ;

where P, and J,, are the basis elements of algebra P(1,3),
1
[A, B]y = AB + BA, P?= P} + P+ P2, A= §5ab0JachP0_1

*We use the same notation for the groups and for the corresponding Lie algebras.
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and D, K, are the operators which extend the algebra P(1,3) to the algebra Cy.

Proof. Inasmuch as the operators P, and J,, by definition satisly the algebra

[P;MPV]— :Oa [J;UMPA]— :Z-<gl/)\Pu_gu)\PV)a

: (22)
[J/Ll/y J)\o]— = Z(gl/>\‘],u.(7 + g/uﬂ]l/)\ - g[L)\Jl/O' - guat]p)\>7

the theorem proof is reduced to the verification of the correctness of the following
commutation relations:

J/wyK)\}— = i(gVAK;L - Q;L,\Ky),

[
{KN, P, = 2i(guD — Ju), (2.3)
[

D,P,|- =iP,, [D,K,|- =—iK,,
K, K- =0, [Juv, D]- =0,

which determine together with (2.2) the algebra Cy (see, e.g., Mack and Salam [19]).
It is not difficult to carry out such a verification, bearing in mind that for the set of
solutions of any relativistic equation for a particle of zero mass and of discrete spin
the following relations are satisfied:

P,P* =0, W, WH =0, W, =AP,, (2.4)
where W, is the Lubansky-Pauli vector

1
WH = iguupa"]uppa-

So the formulae (2.1) have determined the explicit form of the conformal group
generators via the given generators P,, J,, of the group P(1,3). The theorem is
proved.

We note that the generators K, and D are written in a transparently Hermitian
form, and hence they generate the unitary representation of the conformal group. The
constructive character of theorem 1 will be demonstrated in the next section.

3. Manifestly Hermitian representation of the conformal group
generators for Dirac and Weyl equations
The results given above may be used to find the explicit form of the generators of
the conformal group representation, which is realised on the set of solutions of any
relativistic equation for a massless particle. In this section we shall demonstrate it by
the examples of the massless Dirac equation and of the Weyl equation.
1

The Dirac equation for a massless particle of spin 5 may be written in the form

0
0z’

0
LY =0, L =1i— — Y9YaPa, Py = —1 (3.1)

ot

where «,, are the four-row Dirac matrices.
{QA} denotes the set of the generators of some Lie group G. Equation (3.1) is by
definition invariant under G if the operators Q4 satisfy the relations

[La QA]— = FALa (32)
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where F4 are some operators which are defined on the set of the solutions of equa-
tion (3.1).
A well known example of such operators is the set of Poincaré group generators

Py = H = v9YaPa> Py = pas
1 (3.3)
Jab:-rapb_xbpa+5ab> Joa = Z0Pa — i[xayH]Jm
where
1,
To = t, Sab = EZ(Va’Yb - ’Yb")/a)'

According to theorem 1, the representation (3.3) may be extended to the represen-
tation of Lie algebra of the conformal group. Substituting (3.3) into (2.4), one obtains
the operators

1
Dzi[x#,Pﬂ], (3.4)

v 1 v
Ky = [Jpw, "]+ + §[lexl/$ J+

which satisfy the invariance condition (3.2) (where F4 = 0) and the commutation
relations (2.5). The operators (3.3) and (3.4) are transparently Hermitian under the
usual scalar product

(Wq,Uy) = /d% viw, (3.5)

and therefore generate the unitary representation of the conformal group.
Let us note that on the set of solutions of equation (3.1) the generators (3.3) and
(3.4) may also be written in the usual form (see e.g. Mack and Salam [19])

. 0 3.
Pu:pu:lg;w%a szpp“-kia

1,
JHV =TuDy — TPy + ZZ[PY,UJ’YV]*) (36)
1
K, =2z,D — CU;LCU“PV - 555“[71/,%]—,
which is not, however, manifestly Hermitian.

The Weyl equation for the neutrino,

0
1£ = 0aPa P, (37)

where o, are Pauli matrices, is equivalent to the equation (3.1) with the Poincaré-
invariant subsidiary condition

(14 iv4)¥ =0, V4 = Y0Y1V2Y3- (3.8)

The exact form of the Hermitian generators of the conformal group which are provided
by equation (3.7) may be obtained from (3.3) and (3.4) by the substitution

1
Po — OaPa, Sab - Zi(aaab - Ubaa)- (39)
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Finally, if P, and J,, are the generators of the irreducible representation of
the Poincaré group in Lomont—Moses [18] form, then the formulae (2.1) give the
conformal group generators in the form of Bose and Parker [2].

4. The additional symmetry of the Dirac equation with mass m = 0
Some years ago the new invariance algebra of equation (3.1) was found (Fushchych
[6, 7]); this is different from the algebra of the conformal group generators. The basis
elements of this algebra have the form

1 . . R
Bab = Sap — 5 (’Yapb - ’pra) (1 + ’Yapa) 5
X , (4.1)
Y = 3%+ 57413@ (14 vopp) »
where
~ _ 1/2
Pa=pap,  p=(2+pi+02)"7,  ab=1,23

The operators (4.1) realise the representation D (3,0) ® D (0, §) of the Lie algebra
of the group O(4) ~ SU(2) ® SU(2), but do not form the closed algebra together with
(3.3), (3.4) or (3.8). Below we will obtain the 23-dimensional invariance algebra of
equation (3.1), which includes the Lie algebras of the groups Cy and U(2) ® U(2).

Theorem 2. The Dirac equation (3.1) is invariant under the 23-dimensional Lie al-
gebra, which is isomorphic to the algebra of generators of the group C4@U (2)QU (2).
The basis elements of this algebra have the form

0

Py = [ Pa: a:—' R Ja:a - a Sa7

b =10 =15, D Zama b= TaPb — TbPa + Oab

H . A & oy

Joa = ToPa — TaPo — %(1 — V)Y Whp + Xoa, D =zupt +1,
Ky = (=22 + JapSapp™ +p72) pu + 2 [ + (1= 80) (1 = %0)Spe] D, (4.2)
. 1. R & H
Soe = 5 (Pa + Y0 SabPs) » Y5 = s

XA:ab = _EabC_EOCa E6 = 13 a,b,c = 1;273a
2 p
Proof. Let us transform equation (3.1) and the generators (4.2) to a representation

in which the theorem statements may easily be verified immediately. Using for this
purpose the operator

1 .
1+ Yo + (]- - PYO)Eachabpc] (43)

_ -1 =
V=vTt=C|

one obtains

0
Lv'=o0,  W=VW  L=VLV' =iz —iup, (4.4)
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P, = VPVl =P, Jy=VIaVh = g,

a
Jbo = VooV = 2opa — Tapo + %’Wo%,

D'=VDV~! =D =ug,p"+i,

K, =VK, V™' = —z,5"p, + 2z,D’, (4.5)
= VIV = Su, S, = VEWV T = Linov,

SL=VEsV =iy,  S=VV 1 =3,

It is not difficult to be convinced that the operators (4.4) and (4.5) satisfy the invari-
ance condition (3.2):

P = (T = (1,5 = (L, 54]- =0,

(L, K§)— = 2i [zo + (¥apa — i)inap ] L, [L',K!]_ = 2i(z4 + ipawoya) L,
[L,> D]* = ile [L,> J(/)a]7 = 741311-[/,
and the commutation relations for @’y C {P;/u s K, D' fl:w, E’a}
[PLJPIL]_ :Oa [P;Z,?Jl//)\]— :Z(gHAPL _gV/\P;i)a
s Dol = 1(Gpodin + 9und)ie — Gurdye — Guodyn),
[P, D'l =—iP,,  [K, D] =iK,  [J, D] =0,
[P;/NKII/]— - QZ(J[/LI/ - i,/uu - gl“’D,)a
s Zhl= = 20 Bhol- = i0u0Sn + 9uaShs — 903500 = groXin),
[Eiunp)l\]* = [ZA:;uﬂD/]* = [2;V7K3\]7 = [2;76214]* =0.

The algebra (4.6) is isomorphic to the algebra of generators of the group Cy ®
U(2) ® U(2). The theorem is therefore proved.

We note that the subsidiary condition (3.8) is not invariant under the transforma-
tions which are generated by the operators iW. Therefore the Weyl equation (3.7) is
not invariant relative to the whole algebra (4.2), but is invariant with respect to its
subalgebra Cj.

[t should be emphasised that the generators (4.2) belong to the class of nonlocal
integro-differential operators, and therefore one cannot obtain them in the classical
Lie approach.

5. The symmetry of Maxwell's equations
The Maxwell equations for a iree electromagnetic field have the form

oFE

oH
E=i— H=—i—
p X i , p X vl 5.1)

ot
pE:Oa pH:O>

where E and H are the vectors of the electric and magnetic field strengths.
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Equations (5.1) are invariant under the conformal group. It is well known that
these equations are also invariant under the transformations (Heaviside [14], Lar-
mor [15])

Ea - Haa Ha - _Ea (52)
and under the more general ones (Rainich [25])

E, — FE,cosf + H,sin#,

5.3
H, — Hycos — Egsinb, (5.3)

We now demonstrate that the summetry of the Maxwell equations is more exten-
sive, namely that the equations (5.1) are invariant under the set of transformations
which realise the representation of the group U(2) ® U(2) and include (5.3) as a one-
parameter subgroup. The theorem about such an invariance of the Maxwell equations
in the class of transformations of kind (1.1) and (1.2) had been formulated by one of
us (Fushchych [9]) without showing the exact form of the functions g and h. Below
we give the explicit transformation laws for E, and H,.

Theorem 3. The Maxwell equations (5.1) are invariant under the transformations

in 6
H, — HC/L = H,cos0 + [iDabEb(gl — 5abcﬁb(H093 + iDchdeg)] Sl;l ,
00 (5.4a)
E, — E! = By 080 + [iDay Hyf — apepy(Eeds + iDogHabs)] %;
" __ . ~ sin A
Ha - Ha = Ha COS A — [ZeabcprcdeAl + Dade)\Q - Ea>\3] B\ )
iy (5.4b)
E, — E = Eycos A+ [icapeiy DeaEali + DaaEals — Hos] %;
H, — H!" = H, cosn — eqpeppEcsinn, (5.40)
Ac
E, — E! = E, cosn + eapepp He sinn;
Ha H//I/ — . Ha,
- a exp(z¢) (5.4d)

E, — E!" = exp(i¢)E,,

where

Daq = [(P2p2 + aph — PoP2) Saa + P1P2P3 (PoOcd + Pedba — Paba)] L7,

b

1
L=V2[(p} = p3) ps + (7 — p3) p3 + (03 — 3) P

and where (a,b,c) is a cyclic permutation of (1,2,3);

1/2

A=(24+22+02)7 0 o= (024 02+02)" 7

0a, Ao, n and ¢ are real parameters. The transformations (5.4) realise the representa-
tion of the group U(2) @ U(2).

Proof. One can be convinced by the direct verification that E/, H}, E!, H/, E!/,
H!' E!" H!' satisfy equation (5.1) as well as the non-transformed vectors E and
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H but a more elegant and constructive way, which shows the method of obtaining the
group (5.4) is to transform the equations to a form for which the theorem statements
become obvious.

Let us write equations (5.1) in the matrix form (Fushchych and Nikitin [10, 11],
Nikitin and Fushchych [22])

z%llf = Qup. Y, 03S4apa ¥ =0, (5.5)

where U is an eight-component wavefunction
v :COlumn(HlvH23H37¢17E11E27E37¢2) (56)
and ay, S4, are matrices of the form

Qg = 2027—a7

Q
(V]
Il
~
7N
~, O
|
=L
~_
Q
w
|
7N
(e
I
~
~
S
Il
7N
o
o
~
—_
ot
\,
N

0 0 0 i 0 0 i 0
%;00—1'0 %1000@'
1= 0 i 0 0 | 279 =i 0 o0 0 |

- 0 0 0 0 —i 0 0

0 —i 0 0 A
1]l i 0 0 o0 (S O
T3_§OOOZ7 S4a_(0_514a)7

0 0 —i 0

0 0 0 i 0 0 0 0
A 0 0 0 0 . 0 0 0 i
Su=1| 9 00 0| Se=1| 9 ¢ o 0 |

—i 0 0 0 0 —i 0 0

00 0 0
. 00 0 0
Sis=110 0 0 i

00 —i 0

0 and I are four-row square zero and unit matrices. The matrices Sy, and

N 1 /4
Sab = 5 (540 + 2710) Eabc

realize the representation D (3,1) of the algebra O(4). Writing equations (5.5) by
components, one obtains the usual form for the Maxwell equation (5.1) and the

conditions for ¢; and ¢o:

¢1 = Ch, @2 = Ch,
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where C and Cy are constants which may be equated to zero without loss of genera-
lity*.
Using the unitary operator

S _
U = exp (—i aPa o1 P ) , (5.8)
D D1+ p2 +ps3

where

. . . g on1/2 Spe 0

DPa = Pb — Pe; p:(p§+p§+p§)/, sa:< b 5 )
one reduces the equations (5.5) to the symmetrical form

.0 1
L'1<I>:O, Lll:ULlUT:Za*ﬁ(Oé1+OéQ+Oé3)p;

1
%(541 + Sa2 + Saz), & =UV.

The operator (5.8) also transforms the helicity operator S, = Syp.p~' to the sym-
metrical matrix form:

(5.9)
Lo =0, L,=ULU!=

US,Ut = (Sy + Sy + S3)/V3.
The invariance condition (3.2) for the equations (5.9) takes the form
(L), QU] = FALY + fiLh, (L5, Q4] = AL, + FAL5. (5.10)

The conditions (5.10) are obviously satisfied by any operator which commutes with
the matrices

A= (a1 +as+a3)/V3 and B = (Siy + Si2+ Sa3)/V3. (5.11)
We choose the complete set of such operators in the form
Q1o = (S1 4 52+ 53)/V/3, Q33 = 1Q12Q%1,

b= (Sb— Se)p2 (p} — p2) L7/ V3,
Q51 Eaj(b )wa (ph —p2) L7/ 512)

10
Qﬁla:Ang Q%:Aa Q%(T()(O j_>

Of course this is not the only possible basis set of the operators commuting with
(5.11). However, we prefer the operators (5.12) because they are invariant under the
permutation

Sa_)Sba Pa — Pb; avb:17233'

*The analogous “Dirac-like” formulation of the Maxwell equations (but using a four-component wave
function and subsidiary condition different from (5.5b) has been proposed previously by Lomont [17] and
Moses [21].
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The operators (5.12) satisfy the invariance condition (5.10) (with f} = f3 = f} =
f3 =0) and the commutation relations
[Q;cl’ Q;nn]— = 21(5/?7?1@;71 + 5”7«@;(5777, - 5an2m - 6lmQ;cn)7
[QZ’)’Q;QZ]— = [Q/GaQ;fl]— = [ngQ/G]— = 0.
These operators also satisfy the conditions
(Qu)*® = (Q5)*® = (Qp)*® = @,

i.e. they realise the representation of the Lie algebra of the group U(2) ® U(2) and
Q) form the representation D (0,3) ® D (3,0) of the group SU(2) ® SU(2).

It follows from the above that equations (5.9) are invariant under the arbitrary
transformation from the group U(2) ® U(2):

(5.13)

1 1
d — P =exp (iieach;b95> O = (cos@ + 52'9_15(11,6@:11)96) o,

O — & = exp(iQ),\a)® = (Cos)\ + iS4a)\aSH;)\) D, (5.14)

= @ = exp(iQ50)® = (cos ¢ +iQ% sin ),
F — " — eXp(iQ%ﬁ)‘I) = exp(in)®.

Returning with the help of the operator (5.8) to the starting ¥ function one obtains
from (5.14) the following transformation laws:

1
U — ¥ = (C089 + %sachab sin 9) U,

U 0 — <cos)\ 4 §Q4a)\a sin )\) v, (5.15)

U — 0" = (cos ¢ + iQ5sin ) ¥,
U — 0" = exp(in)P.
where
Qri = W' QuW, Qx=W'Q\W, A=5,6,
Q12 = SaPa, Q23 = 01 F, Q31 = 101S.P F,

1 R .
Qia = 5025bpb5achbCa Q5 = 025D, Qs =1,

(5.16)
F=L""! ( > [(0Er2 +pipi — pip2) (1= S2) + P1papspaSsSe] —
a#b#c

—Ppp1p2p3 {1 - (Saﬁa)QD-

Substituting (5.6) and (5.16) into (5.15), we obtain the formulae (5.4). The theorem
is proved.
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So we have found a new eight-parameter symmetry group of the Maxwell equati-
ons which is given by the transformations (5.4). The main property of such transfor-
mations is that they are carried out by the nonlocal (integro-differential) operators.

[t is necessary to emphasise that the transformations (5.4) have nothing to do with
the Lorentz ones, inasmuch as they realise the unitary finite-dimensional representa-
tion of the compact group U(2) ® U(2). If Ay = Ay = 0, the formulae (5.4b) give the
Heaviside—Larmor—Rainich transformation (5.3).

The transformations (5.4) are unitary under the usual scalar product (3.5). Sub-
stituing (5.6) into (3.5), we discover that the transformations (5.4) do not change the
quantity

Sz/d?’x (E* + H?),

which is associated with the full energy of an electromagnetic field.

If the parameters 6,, \,, 7 and ¢ in (5.4) are the complex ones, the transformations
(5.4) realise the representation of the group GL(2)Q GL(2). Such transformations also
leave the equations (5.1) invariant, but are, of course non-unitary.

Using theorem 1, we can show that equations (5.5) provide the Hermitian repre-
sentation of the Lie algebra of the conformal group. The basis elements of this algebra
have the form

PO:a'pa Pa:pa7

Jab = TaPo — ToPa + Sap = XDy — Xppa + ﬁcA,

1 1 1
§[XG>P0]+a D = —[xmpah—tpo = _E[XUMPH]+’ (5.17)

Joa:tpa_ 2
v 1 v 9 1 9
K#:_[J,ul/aX ]++§[PH,XUX ]Jr—P# A +Z /p ,

where

1 . _
XO =x9 =1, A= §€achabpcp 17 Xa =4+ Sabpbp 2-

But the generators (5.17) together with (5.16) do not form the closed algebra. The
symmetry of equations (5.5) under the 23-dimensional Lie algebra, which includes the
subalgebras Cy and U(2) ® U(2), is established in the following theorem.

Theorem 4. Equations (5.5) are invariant under the 23-dimensional Lie algebra,
basis elements of which are the operators (5.16) and the generators
Pu=Pus Iy = TPy — Py,
AM /M 0o ' A7 ’ /l; ’ 7 (5.18)
D=z, p"+1, K, = -z, "p, + 2z,D,

where
xH = o,
!y = xq + (Sp — Se)(V3p — p1 — p2 — p3) + Sapa(V3ha + 1)+

+(po — pe)(S1 + S2 + S3){p[3p + v3(p1 + p2 + ps)]} .
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The proof may be carried out in full analogy with the proof of theorem 2 (but
using the operator (5.8) instead of (3.3)). The operators (5.18) satisfy the algebra
(2.2) and (2.3) and commute with (5.16).

[t is not difficult to generalise the statements of theorem 4 to the case of “Dirac-
like” equations for massless particles of any spin (Fushchych and Nikitin [11], Nikitin
and Fushchych [22]).

We note that the generators (5.16) and (5.17) are nonlocal (integro-differential)
ones. This means that the invariance algebra of the Maxwell equations which we
have obtained in principle cannot be obtained in the classical Lie approach, where,
as is well known, the group generators always belong to the class of differential
first-order operators.
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