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On the new invariance group
of Maxwell equations
W.I. FUSHCHYCH, A.G. NIKITIN

It was Heaviside [1] who first called attention to the invariance of Maxwell equa-
tions under the transformations

E → ±H, H → ±E.

Then Larmor [2] and Rainich [3] generalized this fact and demonstrated that Maxwell
equations well invariant under the one-parametrical group of transformations of a kind

E → E cos θ + H sin θ,

H → H cos θ − E sin θ.

It is well-known also, that Maxwell equations are invariant under 15-parametrical
conformal group C4, which includes 10-parametrical Poincaré group and 5-parametri-
cal conformal transformations [4].

Within the framework of Lie approach [5] the 16-parametrical group of the above-
mentioned transformations is maximally extensive symmetry group of Maxwell equa-
tions.

It was demonstrated in works [6, 7] that all relativistic motion equations possess
an additional (non obvious) invariance which in principle could not be found by the
classical Lie method. Specifically in [7] there was formulated the theorem about the
additional invariance of Maxwell equations

p × H = −i
∂E

∂t
, p × E = i

∂H

∂t
,

p · H = 0, p · E = 0, pa = −i
∂

∂xa
,

(1)

under the group U2 ⊗ U2. This group is generated not by the local co-ordinate
transformations, but by the transformations of vectors of electric and magnetic fi-
elds of the kind

E → E′ = f

(
E,H ,

∂E

∂xa
,
∂H

∂xa
,

∂2E

∂xa∂xb
,

∂2H

∂xa∂xb
, . . .

)
,

H → H ′ = g

(
E,H ,

∂E

∂xa
,
∂H

∂xa
,

∂2E

∂xa∂xb
,

∂2H

∂xa∂xb
, . . .

)
,

(2)

where the functions f and g in general depend on any-order derivatives of E and H
and on eight arbitrary parameters. However the explicit form of the functions f and g
had not been found in [7].

The aim of the prevent work is to find the explicit form of the transformations (2),
by which eqs. (1) remain invariant, and which form the representation of the group
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U2⊗U2. The result will be obtained with the help of non-Lie method for investigation
of the group properties of differential equations, which has been proposed and develo-
ped in [6–10].

We shall prove the following assertion:

Theorem 1. The Maxwell equations (1) are invariant with respect to the eight-
parametrical transformations

Ha → Ha cos θ1 + iDabEb sin θ1,

Ea → Ea cos θ1 + iDabHb sin θ1,
(3a)

Ha → Ha cos θ2 + iεabcp̂bDcdEd sin θ2,

Ea → Ea cos θ2 + iεabcp̂bDcdHd sin θ2,
(3b)

Ha → Ha cos θ3 − εabcp̂bHc sin θ3,

Ea → Ea cos θ3 − εabcp̂bEc sin θ3,
(3c)

Ha → Ha cos θ4 − iεabcp̂bDcdHd sin θ4,

Ea → Ea cos θ4 + iεabcp̂bDcdEd sin θ4,
(3d)

Ha → Ha cos θ5 + DabHb sin θ5,

Ea → Ea cos θ5 − DabEb sin θ5,
(3e)

Ha → Ha cos θ6 + Ea sin θ6,

Ea → Ea cos θ6 − Ha sin θ6,
(3f)

Ha → Ha cos θ7 + iεabcp̂bEc sin θ7,

Ea → Ea cos θ7 − iεabcp̂bHc sin θ7,
(3g)

Ha → Ha exp[iθ8], Ea → Ea exp[iθ8], (3h)

where

Dad =
[(

p2
ap2

b + p2
ap2

c − p2
bp

2
c

)
δad + p1p2p3(pbδcd + pcδbd − pap̂d)

]
L−1,

L =
1√
2

[
p4
1

(
p2
2 − p2

3

)2
+ p4

2

(
p2
3 − p2

1

)2
+ p4

3

(
p2
1 − p2

2

)2
]
,

p̂a = p0/p, (a, b, c) is the cycle (1, 2, 3), θk are arbitrary real parameters,

p =
(
p2
1 + p2

2 + p2
3

)1/2
.

Proof. The invariance of eqs. (1) under the trivial phase transformations (3h) is
obvious. It is not difficult to make sure by the direct verification, that eqs. (1) are
invariant also under the rest of the transformations (3a)–(3g), and that the infinitesi-
mal operators of transformations (3) satisfy Lie algebra of the group U2 ⊗ U2. But
such a way is too cumbersome. More constructive approach, which gives the method
for finding the explicit form of transformations (3) consists in reduction of the eqs. (1)
to such a form, for which the theorem statements become obvious.
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Let us write eqs. (1) in the form [11]

L1Ψ = 0, L1 = i
∂

∂t
− σ2S · p,

L2Ψ �= 0, L2 = σ2S · p,

(4)

where

Ψ =
(

H
E

)
, σ2 =

(
0̂ −Î

Î 0̂

)
, Sa =

(
Ŝa 0̂
0̂ Ŝa

)
,

Ŝ1 =


 0 0 0

0 0 −i
0 i 0


 , Ŝ2 =


 0 0 i

0 0 0
−i 0 0


 , Ŝ3 =


 0 −i 0

i 0 0
0 0 0


 ,

(5)

Î and 0̂ are the three-row square unit and zero matrices.
Following the main algorithm of non-Lie approach of investigation of differential-

equation group properties [6–10], let us transform the eqs. (4) to the canonical
quasi-diagonal form. Using for this purpose the operator

W = exp
[
(σ2 − 1)DS · p̂ π

4

]
exp

[
−i

Sap̂a

p̃
arctg

p̃

p1 + p2 + p3

]
, (6)

where

p̃a = pb − pc, p̃ =
(
p̃2
1 + p̃2

2 + p̃2
3

)1/2
,

D =

{ ∑
a�=b�=c

[(
p2

ap2
b + p2

ap2
c − p2

bp
2
c

) (
1 − S2

a

)
+

+p1p2p3SaSbpc] − pp1p2p3

[
1 − (S · p̂)2

]}
L−1,

(7)

and taking into account the relations

DS · p = −S · pD, D (S · p̂)2 = D, S · pD2 = S · p (8)

one obtains from (5) the following equations:

L′
1Ψ

′ = 0, L′
1 = WL1W

−1 = i
∂

∂t
− Λp, Ψ′ = WΨ,

L′
2Ψ

′ �= 0, L′
2 = WL2W

−1 = Λp, Λ =
1√
3
(S1 + S2 + S3),

(9)

Equations (9) by definition are invariant with respect to the transformations Ψ′ →
Q′

kΨ′ if an operator Q′
k satisfies the conditions

[L′
1, Q

′
k]Ψ′ = [L′

2, Q
′
k]Ψ′ = 0. (10)

Conditions (10) are obviously satisfied by the matrices

Q′
a = σaΛ, Q′

a+3 = σaΛ2, Q′
7 = Λ, Q′

8 = I, a = 1, 2, 3. (11)
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The operators (11) satisfy the commutation relations

[Q′
a, Q′

b] = [Q′
a+3, Q

′
3+b] = iεabcQ

′
c,

[Q′
b, Q

′
3+b] = iεabcQ

′
3+c, [Q′

7, Q
′
k] = [Q′

8, Q
′
k] = 0,

(12)

i.e. form the Lie algebra of the group U2 ⊗U2. Since (Q′
k)′Ψ′ = Ψ′, the operators Q′

a,
Q′

3+a the representation D
(

1
2 , 0

)⊕D
(
0, 1

2

)
of the group SU2⊗SU2. It is not difficult

make certain to show, that formulae (11) give the complete set of numerical matrices,
satisfying the conditions (10).

It follows from the above, that eqs. (9) are invariant under an arbitrary transfor-
mation from the group U2 ⊗ U2

Ψ′ → exp [iQ′
kθk] Ψ′ = (cos θk + iQ′

k sin θk) Ψ′, (13)

where θk is an arbitrary parameter, and Q′
k is any generator, given by formula (11)

(no sum over k!). Returning with the help of the operator (6) to the initial Ψ-
representation one obtains from (13) the transformations, under which eqs. (4) remain
invariant

Ψ → (cos θk + iQk sin θk)Ψ, (14)

where

Qk = W−1Q′
kW, Q1 = σ1D, Q2 = iσ2S · p̂D,

Q3 = S · p̂, Q3+a = σ2S · p̂, Q7 = σ2S · p̂, Q8 = I.
(15)

Substituting (15), (8), (6) into (14), one comes to formulae (3). The theorem is
proved.

So we have found new eight-parametrical symmetry group of Maxwell equations,
given by the transformations (3). These transformations are unitary with respect to
the scalar product

(Ψ1,Ψ2) =
∫

d3xΨ†
1Ψ2. (16)

Substituting expression (6) for the function Ψ into (16) and claiming for the E and H
to be Hermitian, one comes to the conclusion, that the transformations (3) preserve
the value

E =
∫

d3x (E2 + H2),

which determines the energy of an electromagnetic field.
The main property of the transformations (3) is that they are carried out by

nonlocal (integro-differential) operators (the only exceptions are the phase transfor-
mation (3h) and the transformation (3f), which coincides with Heaviside–Larmor–
Rainich one). It is to be emphasized, that tin transformations (3) have nothing
to do with Lorentz transformations, since they realize unitary finite-dimensional
representation of compact group U2 ⊗ U2.

In analogy with theorem 1 it can be demonstrated, that the first couple pair of
Maxwell equations

p × E = i
∂H

∂t
, p × H = −i

∂E

∂t

is invariant under the group U2 ⊗ U2 ⊗ U2.
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Let us note in conclusion that transformations (3) do not form a closed group
jointly with ordinary local Lorentz and conformal transformations. But the represen-
tation of the comformal group C4 on the set of solutions of eqs. (1) may be realized
also in the class of nonlocal integro-differential operators [12]. In such a way the
following statement may be proved [10]:

Theorem 2. Maxwell equations (1) are invariant under 23-dimensional Lie algebra
of group C4 ⊗ U2 ⊗ U2.

We do not give here the explicit form of this algebra basis elements.
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