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On the invariance groups of relativistic
equations for the spinning particles
interacting with external fields

W.I. FUSHCHYCH, A.G. NIKITIN

All relativistic free-particle motion equations, including the Dirac and Kemmer-
Duffin-Petiau (KDP) ones, are invariant under the Poincaré group P; 3. But such
a group does not exhaust symmetry of the relativistic equations. It has been shown
in [1] with help of non-Lie method, that any Poincaré-invariant equation for a free
particle with spin s > % has additional invariance under SUs ® SUs group. The same
invariance group is possessed by Maxwell equations [2].

[t has been shown in [3, 4], that the free equations of KDP (for s = 1) and of
Rarita-Schwinger (for s = ) have more extensive symmetry group than the group
SU; @ SUs. It follows from the results of these papers, that any relativistic equation
for a free particle of spin s > 1 possesses SUs symmetry.

In this note, which is an extention of the paper [4], the invariance groups of the
Dirac and KDP equations for the particles, interacting with an external field have
been established.

Theorem 1. The Dirac equation with the Pauli-type interaction
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A, is the vector potential of electromagnetic field, F,, = —i[r,,m,]_, is invariant

under the Lie algebra of the SU,® SU, group. This algebra basis elements Q,,, have
the form

Quu = 1YY + E(l + 274)(7u77u - ’Yuﬂ'u)- (2)

Proof may be carried out in a way, which has been described in [4]. The theorem
validity, i.e. that the operators @, satisfy the invariance condition of eq.(1) [4]

)
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and the commutation relations

[Q,uu; Q)\a]f = Qi(gpAQua’ + gan,u)\ - gpaQu)\ - gu)\Q,uo')
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may be established by the direct verification. Putting in (1), (2) A, = 0, one comes
to the invariance algebra of the free Dirac equation, which has been obtained in [4].

Theorem 2. The Dirac equation for a particle in a constant inhomogeneous magnetic
field

mop = Ho, H = yYaTa + Y0m, (3)
where
o = Po, T3 = P3, 1 :p1*€A1($1,1’2)7 7T2:p2*6A2(9317$2)

is invariant under the Lie algebra of SUy ® SUsy group. The basis elements ¥y, of
this algebra have the form

_ 1Y3Y0%aTa _iya(y3m + p3)
Yo = W, Y = W’
H 8 (4)
223 = iZnggl, 24(1 = Wzbc, o = 1,2, (a,b, C) s Cykl (1,2,3)

Proof. Let us use the canonical transformation method. Passing to the new wave
function ¥’

V-V =Wy, H—H =WHW™!, (5)
where
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Vs = (V3 ) = (m+ g3 +73p3)[2q3(g3 + m)] /2
one obtains the equation
0
iE\I/’ = ivy17Y2 (m2 + 72— i’yl’ng) V2 g, (6)

Equation (6) is obviously invariant under the transformations ¥ — 3}, ¥’, where

Yy = 378 Y5 = 3 Yo = 37473, Y, = 57172Ebc~ (7)

Operators (7) satisfy commutation relations of the Lie algebra of the Oy ~ SU; ®
SUs group. The exact form (4) of these operators in the initial U-representation one
obtains by the inverse transformation, 3, = W*12§ClW. The theorem is proved.

Remark 1. An analogous theorem takes place also for the Dirac equation, which
describes the particle in alternating the electric field with the fixed direction (say, in
a field, which is directed along the third co-ordinate axis). Such an equation may be
written in the form (3), where

7o = po — eAo(t, z3), T = P1, Ty = Pa, 73 = p3 — eAsz(t,x3). (8)
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The exact form of the SU; x SUs-group generators is given by the following formulae:

g _hemmrt o iva(yem  po)

— A=0,3
12 31 )
] (p3 +m2)"*

in (WMT)‘ — Yo — M)
limi (AT — a2 — m)|
These operators as like as (4) ones, are integrodifferential operators, in contrast
with (2), where @, are differential ones.

Let us consider the KDP equation for a particle of spin s = 1 charge e and
the anomalous magnetic moment &, which interacts with the constant homogeneous
magnetic field H

Y3 = i%1283, Yyo = Yhe-

k
(@mﬂ +m+ :—mSWF””> v =0, (9)

where
To = Po, T = p1 — €Hxa, Ty = P2, T3 = P3,
S,ul/ = i(ﬁuﬁu - ﬁuﬁu)7 SH,VFHV = 2S12H.

Theorem 3. Equation (9) and (10) have six independent constants of motion Q
which form the Klein group. If k = 1, eqs.(9) and (10) are invariant under ten-
dimensional Lie algebra Ayy, which contains subalgebra Oy.

(10)

Proof. Let us reduce egs.(9) and (10) to the canonical diagonal form, for which the
theorem statements become obvious. Multiplying (9) from the left by

- Seapt 1/2
Vl = exp |:ZS/\p:| )‘ = 0733 Ps = (pg 7p§) / ) (11)
ps 2
gives the equation
(iB5p5 — BaTa + kwSi2 +m)¥ =0, U= 171\11, w= %. (12)

This equation may be written in the equivalent form

Pl = {S&Xﬂ'a 4 iBs N — M Boma s (ﬁawa _ M)} a

. . (13)
(1+ 32 (ﬁ,ﬂa n M) V=0, M=m+kwSm,  [|ko|#m.
With the help of the transformation ¥/ — & = Vo VW', where
f/2 = exXp {*Milﬁaﬂ'aﬁg] =1- Mﬁlﬂ(ﬂaﬁg,
Vs=1+p2|1+ btz ;
\/E (2E+ [H, %]+) (14)
E+ »xH

Vit=1+p82 1+ ,

\/E <2E+ A, %]+)
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I:I:iﬁg, (ﬂaﬂ'aMilﬂaﬂ'a—M) , M =m + wSis,
E=|H|=VH?  x=8a+ifs(1-5%), |wl#m,
one reduces eq.(13) to the diagonal form

ps® = HCD, H¢ =S5 (m2 + 772 — 2wS19 + w2)1/2 +

m2m2 + 2k%w? 12 15
m2 — k20,2 ) ’ (15)

+iﬁ5512([€ - 1)(,() + 105 (1 - sz) <m2 +
(14 82)® =0, 72 = 7% 4 73.

Equations (15) are obviously invariant with respect to transformations ® — Q4 ®,
where Q4 are arbitrary matrices, which commute with g5 and Si5. The complete set
of such matrices may be chosen in the form

Q1 =105 (1 + S12 + 5%2) ) Q3 =i (1 - S12 — 552) )

Qs =1ifs (1 —25%) , Q340 = 185Qq, a=1,2,3.
The operators (16) obey the relations

[QZMQIB]* =0, (Q;‘)ZQ) =9, Q:zQ;) = /c?

Qé+aQ/3+b = /c7 Qé-}-aQZ = Q§,+c7 a 7”é b 7’é c 7& a,

i.e. form the six-dimensional Klein group.
If £ =1, there exist ten linearly independent matrices, which commute with H¢
and (5. These matrices may be chosen in the form

(16)

Ni;=(1— Qﬂg)S%Qﬂgv N3y =ifs {22’ N3y = N3, Niy,

Nia :i65S12Nl§c’ Bi :Zﬁ5 (175%2)7 Bi+a:Qg+a‘
Operators Bj, commute with Bj, and with NJ,,, and the operators N}, form the
representation D (3,0)@D (0, 3)®6D(0,0) of the Lie algebra of the group SU>®SUs.

The exact form of the operators @ 4, Nk, N in the original W-representation may be
obtained by the formulae

Qa=W'QaW, Ny = WIN,, W, B, =W™'B,W, (17)

where W = V;V, V3 and Vi, Va, Vs given in (11), (14). The theorem is proved.

Remark 2. The analogous theorem may be proved for the KDP equation, which
describes the motion of a charged particle with anomalous moment in a constant
homogeneous elwctric field £. Such an equation has the form (9), where

mo = po — Bxs, 1 = Pp1, T2 = P2, T3 = P3, S F" = —2ESp3.

Let us consider the equation for a particle with an arbitrary spin [5]

H,U(¢t,x) :i%‘ll(t,:c), (18)
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where U(t,x) is a 2(2s + 1)-component wave function,

H,=oym+osp ¥ (-DMA, + (1+ 01)p(t,z),
o N (19)
'p - 1/2
A =11 (——V> (n=0)"" p= ),
nAv P
S, are generators of the direct sum D(s)®D(s) of the irreducible representation of the
SU, group, oy and o3 are 2(2s+-1) x 2(2s+1)-dimensional Pauli matrices, commuting
with Sg, ¢(t, ) is an arbitrary potential. If ¢(¢,2) = 0 eq.(18) coincides with the one
obtained in [5] and describes a free motion of a relativistic spin-s particle.

Theorem 4. Equation (18) is invariant under SUs algebra. The basis elements of
this algebra have the form

Za = Obc = Ulsa + (1 - Ul)paS . Pp_2~ (20)
Proof. Using the transformation

H, - VHV ' =om+op+ (1+01)p(t,z),

1
T, - VE V=5, V=v-l= 3

1 +0'1 + (1 — 0'1) i: (_1)[D]AV] )

V=—s8

one reduces the Hamiltonian (19) and the operators (20) to such a form, that the
theorem statements become obvious.

For s = 5 eq.(18) coinsides with the Dirac equation with a semirelativistic potential
(1+01)¢ = (1+70)¢. The SUs-invariance of such equation has been established in [6].

Theorem 5. The Tamm-Sakata—Taketani equation with a semirelativistic potential

2 2 . 2

is invariant under the Lie algebra of the SUs group. The basis elements A of this
algebra have the form

Ao = [Oap, Oacl+5 Az4a = Oy, A7 = (023031012 — 012023031),

Ag = —%(012023031 + 023031012 — 2031012033),

where Ogy, are given in (20).

We do not give the proof here. The analogous theorem may be formulated for the
KDP equation with the potential 8y(1 + Bo)p(t, x).

In conclusion we note that the obtained invariance algebrae may be used for

deriving of new solutions of the equations considered above, if certain partial solution
of these equations is known.
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