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On the non-relativistic motion equations
in the Hamiltonian form

W.I. FUSHCHYCH, A.G. NIKITIN, V.A. SALOGUB

The Galilean-invariant equations for particles with arbitrary spins have been obtained,
which describe properly the spin-orbit and the Darwin interactions of a particle with an
external field. The Hagen—-Hurley non-relativistic equations have been reduced to the
Hamiltonian form.

1. Introduction

It has been noted in many books and papers (see e.g. [2, 8, 10, 12, 13, 16])
that the Galilean invariant non-relativistic equations for particles with spins do not
give the complete description of the particle movement in external electromagnetic
fields, because such equations (of Pauli, or Levi-Leblond [16], of Hagen—-Hurley [10,
12, 13]) do not take into account the spin-orbit and the Darwin interactions. It is
generally accepted to think [16] that such interactions are truly relativistic effects,
and, for instance, if the particle spin s = 1/2, only the Dirac relativistic equation
describes them naturally. In our just published paper [7] this widespread opinion has
been refuted, i.e. the Galilean invariant equations for the particles with the lowest
spins s = 1/2,1,3/2 had been derived, which lead to the spin-orbit and to the Darwin
interactions by the standard substitution p, — 7, = p, — eA,,. In [6] the analogous
equations have been obtained for a non-relativistic particle with any spin.

Peculiarity of such equations is that they have not redundant (unphysical) com-
ponents unlike other known non-relativistic equations for arbitrary spin particles [10,
12, 13]. The wave function in the equations [7] has only 2(2s + 1) components, and
the energy operator has both positive and negative eigenvalues.

The present work has the two principal aims: first, to obtain the Galilean invariant
equations for the particles with any spin in the Hamiltonian form without negative
energy eigenvalues, which naturally describes not only the dipole, but also the spin-
orbit and the Darwin interactions; and secondly, to establish the Hamiltonian form of
the non-relativistic Levi-Leblond—Hagen—Hurley (LHH) equations.

2. The Hamiltonian form of the equations with redundant components
Galilean-invariant first-order wave equation for the particle with spin s = 1 had
been obtained by Levi-Leblond [16]. Then Hagen and Hurley [10, 12, 13] have obtai-
ned such equations for arbitrary spin particles.
[t is convenient for our purposes to write the LHH equations [10, 12, 13] in the
form

[/B/Apu + (1 = Bo)2m] ¥(t,¥) =0,

i, 0 2.1)
#_07152737 pa_zaxaa pO_Zav
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where W(t,Z) is the (6s+1) component wave function, and 3, are the matrices having
the following structure:

I 00 ) 0 S, K
Bo=| 0 0 0], B.=- S. 0 o0 |, (2.2)
00 0 S\ K—-a 0 0

and I is the (2s+1)-dimensional unit matrix, S, are the (2s+1)-dimensional matrices,
which realize the irreducible representation of the algebra O(3), K, are the matrices
with (2s — 1) rows and (2s + 1) columns, satisfying the condition

S.Sy + K;Kb = i8€apeSe + 526ab- (2.3)

The peculiarity of equations (2.1) in comparison with the Dirac relativistic equation
is that even for s = 1/2 the matrix (y is singular. Therefore some difficulties arise in
reducing the LHH equations to the Hamiltonian form. The analogous problems take
place also in the relativistic Proca, Kemmer-Duffin, and Bhabha equations [1, 11, 15,
18, 19].

In works [1, 11, 15, 18], the Kemmer-Duffin equation

(Bupu + m) v =0, (2.4)

where 3, are (10 x 10)-Kemmer-Duffin matrices, has been reduced to the form

iD= w1 = (ofa— full) pa+ B, (2.5)
[(1 - Bg) m+ Bapaﬁ}ﬂ U=0, a=123, (2.6)

where H is the Kemmer-Duifin particle Hamiltonian, and (2.6) is the subsidiary
condition, which removes the redundant components of the wave function W.

The form (2.1) of the non-relativistic equations [10, 12, 13] shows that the methods
of works [1, 11] may be used to reduce the LHH equations to the Schrédinger form

0
is V= HU. 2.7)

Our task is to find the exact form of the Hamiltonian H.
The matrices By and (1 — By) are the projectors on the subspaces of upper and
lower components of the wave function W. They satisfy the conditions

ﬂg = /607 (1 - ﬂO)ﬂa = ﬂa/ﬁo- (28)

In order to reduce equation (2.1) to the form (2.7) we first multiply (2.1) by (1 — Bo).
Using (2.8), one obtains

_ Bapa

(1— o)V = - BoV, (2.9)

or after the multiplication by py,

BaPa
2m

(1= Bo)po¥ = — Bopo V. (2.10)
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On the other hand, multiplying (2.1) by (o, one obtains

Bopo¥ = —BoBapa¥. (211)
Substituting (2.11) into (2.10) and adding the result to (2.11), we come to the equation

.0 o (ﬁapa)Q

Zg‘l’ = |(1- ﬁo)w = Bapa — (1 = Bo)2m| V. (2.12)

Equation (2.12) with the additional condition (2.10) is completely equivalent to (2.1).
Thus we have reduced the LHH equations to the Hamiltonian form.

3. Transition to the diagonal representation
Equations (2.12), (2.10) as well as equation (2.1) are invariant with respect to
the Galilei group G. Indeed, on the set {¥} of the solutions of these equations the
following representation of the algebra G is realized:

.0 .
POZPOZZ_a Pa:pa:_l Jab:-xapb_xbpa'i'sabv

ot 0x,’

. (3.1
Go = tpa — mxq + Aa, Aa = —%@ﬂo,

where the matrices S, realize the direct sum D(s) @ D(s) ® D(s — 1) of the algebra
O(3) representations. One can readily see that the generators (3.1) are non-Hermitian
with respect to the usual scalar product

(Uy,Uy) = /d% wiw,. (3.2)

The aim of this section is to transform equations (2.12), (2.10) and the operators
(3.1) to such a form that the wave function U(¢, &) has only 2s+1 non-zero components
and the generators of the Galilei group representation are Hermitian with respect to
(3.2). It is achieved by the transformation to the new wave function

UV =V, V=exp (—i&> . (3.3)
m

The transformed generators (3.1) take the form
P =VP VY Jy =VIaVt = Jup, (3.4)
Pi=VRV l=py, G, =VG,V ' =tp, —max,. '

These operators are apparently Hermitian in the scalar product (3.2). Equations (2.12),
(2.10) after the transformation (3.4) have been reduced to the diagonal form

2
Pa 51 g /
—Qm\I! = zat\I/ , (3.5)
(1—50)¥" =0. (3.6)

It follows from (3.6), (2.2) that the wave function ¥’ has only 2s + 1 non-zero
components. Thus condition (2.10) (which is equivalent to (3.6) serves to remove 4s
redundant components from the (6s + 1) component wave function ¥(¢, Z).
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One can use the operator (3.3) to construct the positive definite scalar product on
the set of the solutions of equations (2.12), (2.10). Indeed, it follows from the hermitici
of the operators (3.4) with respect to (3.2) that the generators (3.4) are Hermitian
with respect to

(U1, ) = /d% UMW, (3.7)

where

- —

C - 2y N
M=Viv=1_ %(/\ﬁ_ M)+ M (3.8)

For the case s = 1/2 the transformation operator (3.3) and the metric operators
(3.8) have the form

2 - =
I i+ 2) 22
V= 5.5 . M= mo (3.9)
_ar g G0
p
m ——= I
m

where o, are the usual Pauli matrices.

[t follows from the above that the transformation (3.3) may be considered as the
non-relativistic analog of the Foldy—Wouthuysen transformation [3].

Equation (2.10) is not the only Gallilean invariant condition which can be added
to (2.12) in order to remove the redundant components of the wave function ¥. For
instance, one can use for this purpose the subsidiary condition of the form

. N 2 —-1/2
1 (8P)* (8p)? _
+

Equations (2.12), (3.10), as (2.12), (2.6), are Galilean invariant and can be reduced to
the diagonal form (3.5), (3.6) by the unitary transformation
_ 2m+ (1= 260)fapa

4m? + (Bapa)?

On the set of the solutions of equations (2.12), (3.10) the Galilei group generators
have the form

U U, U (3.11)

0
POZi_; Pa:pa:_i ) Jab:xapb_$bpa+5ab7
ot Oz (3.12)

G, = tpg, — mX,, X, zxa—k[UT,xa]_U.

The generators (3.12) are Hermitian with respect to the usual scalar product (3.2)
but, in contrast to (3.1), are non-local (integral) operators.

4. The Hamiltonian equations without redundant components
In this section we obtain new (different from (2.1)) equations for arbitrary spin
particles, which are invariant under the Galilei group G. The main property of these
equations is that the wave function of a particle with spin s has 2(2s+1) components.
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It allows to establish the direct connection between our equations and the relativistic
equations without redundant components.
We shall start from the following representation for the generators of the Galilei

group

.0 . 5
Py =i Py =py, = —i Jab:xapb_xbpa"‘sam

ot’ 0z,

¢y (4.1)
Ga = tpa —mx, + j\ay 5'ab = ( OC S, ) 5 (a7b7 C) = (17273)a

where the matrices S, realize the irreducible representation D(s) of the group O(3),
and A, are arbitrary numerical matrices which have to be such that the generators
(4.1) satisfy the algebra G. It can be shown that the most general (up to equivalence)
form of the matrices \,, satisfying such a requirement, is

1 N
Aa = k(al + iU2>Sa; Sa = §5abcsbcy (42)

where o1, o9 are the 2(2s + 1)-dimensional Pauli matrices which commute with S,
k is an arbitrary constant.
To obtain the Galilean invariant equations in the form

L®(t, &) =0 (4.3)
we must find the operators Ly satisfying the conditions
[P,UJLS}— = [JabaLs]— - [Ga7Ls}— =0. (44)

Thus our problem has been reduced to the solution of the commutation relations (4.4).
In order to solve relations (4.4) we reduce the generators (4.4) to the diagonal
representation

B
Po=VPV =i,  P,=Vp,V !=p,,
" ’ ot Y P (4.5)
Jop = VIV = zapy — TpPa + Sas, Gl =VG, V™ =tp, — ma,.

The transition operator V' has the form

V =exp <z&> . (4.6)
m

We require that the wave function of the spin-s particle has, in the diagonal
representation (4.5), 2s + 1 non-zero components. This requirement may be written
in the form of the Galilean invariant condition

(1+03)®" =0. 4.7)

Another natural assumption is that each component of ®' satisfies the non-relativistic
Schrédinger equation

2
O g Pogr (4.8)
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One can write (4.7) and (4.8) in the form of the single equation

Lo = 1(0 +i09) ig—pg —i—l(a —i03)2m| ® =0 (4.9)
T VT e 2m)) T2t R e '

Equation (4.9) is Galilean invariant inasmuch as the following relations are satisfied
[L’S,Plﬂ_ =[L., Jw)- = [L,Gl]- = 0. (4.10)

To obtain equation (4.9) in the representation (4.1) it is sufficient to use the transition
operator (4.6). Making the transformation

- d=V"1d, L. - L,=VILV, (4.11)
one obtains equation (4.3), where

k2 (gﬁ)z
ot 2m 2m

) + (o1 —ioa)m + o3k(Sp).  (4.12)

Thus we have found the Galilean invariant equation (4.3), (4.12) for the 2(2s+1)-
component wave function. For s = 1/2, k = 1/s ((4.3), (4.12)) coincide with the
Levi-Leblond equation [16].

Equations (4.3), (4.12), as well as equation (2.1), may be reduced to the Hamil-
tonian form. Indeed, multiplying (4.12) by ios, one obtains from (4.3), (4.12) the
following expression:

[BOB — BuBo + (1= fo)2m| @ =0, (4.13)
where
9 p2 | K*(Sp)? > 1 5
B=iz—ox o Po=5(+03),  fo=—koiSe (4.14)

The matrices Sy, Ba satisfy thereby relations (2.8) as the [y, (,. Repeating the
computations (2.9)—(2.12) one easily obtains from (4.13) the equations

2

y 2 (ppst Popa) | .
Docme, i eGP G B, @15)
m 4m

- Bapa
2m

(1—050)® = Bo®. (4.16)
The system of equations (4.15), (4.16) is completely equivalent to (4.3), (4.12).

Thus we have obtained Galilean invariant equations (4.15), (4.16) for a particle
with arbitrary spin s, moreover, the wave function has 2(2s + 1) components. As in
Section 2, the subsidiary condition (4.16) is not the only one which can be added
to (4.15) in order to remove the redundant components of the wave function ®. For
instance, it is possible to postulate that the wave function ® satisfy instead of (4.16)
the following equation

~ _ 2y —3
R 1 pa | (kSP)? pa | (kSp)?
=07 =—- KH-—*% H - - .(4.17
¢ » £ 2 { 2m + dm ’ 2m + 4m (4.17)

+
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Equations (4.15), (4.17) are Galilean invariant. On the set of the solutions of these
equations the following representation of the algebra G is realized

.0 . N
Po=po =i, P, =pg = —1 Jab = TaPb — TvPa + Sab,

ot 0xy’
G, = tpgs — mX,, Xo =24+ [UT,2,)U, (4.18)

U= (1 T 545) (2 T Bué+ 554)71/2 . Ba=2Bp—1.

The generators (4.18), as (3.12), are Hermitian with respect to the usual scalar
product (3.2).

5. The non-relativistic particles in an external electromagnetic field

It is known from the relativistic equation theory that the equation of motions
which are mathematically equivalent in the case of a free particle, leads to different
physical consequences after the introduction of an interaction. It means that various
mathematically equivalent representations for the equations are physically non-equi-
valent. The classical example of such a situation is the equation for an electron in
the Dirac and in the Foldy—Wouthuysen (FW) [3] representations. If one introduces
the minimal interaction into the free equation in the Dirac representation, the result
is obtained which is in a good accordance with experimental data. If, however, one
introduces the interaction into the free equation in the FW representation, any sensi-
ble result will not be obtained. Another example is the Kemmer—Duifin equation
which does not lead to the spin-orbit and to the Darwin couplings by introducing
the minimal interaction into the original free equation, but describes these couplings
if one introduces the interaction into the mathematically equivalent equation in the
Hamiltonian form [9].

It turns out that the analogous situations takes place also for the non-relativistic
equations. We shall see, that equations (2.12), (4.15) in contrast to (2.1) and (4.3),
(4.13), lead to the spin-orbit and to the Darwin couplings.

First we consider equation (2.12). After the replacement p, — m, = p, —eA, one
obtains

iy =@ = {1~ )

In order to obtain from (5.1) the equation for the 2(2s + 1) component wave
function it is necessary to remove the “odd” terms B,m, in (5.1), i.e. to diagonalize
the operator H (7). In the presence of the interaction such a problem may be solved
only approximately as in the relativistic case [3]. We shall solve this problem up to
terms of order 1/m? with the help of a set of successive unitary transformations.
After the first transformation

(ﬂaﬂ'a)z

2m

— Bamq — (1 — Bo)2m + EAo} v, (5.1)

Uy = exp <54 /82&;:) ; Ba=208y—1 (5.2)
one obtains
o (W) (=) — - (Bama)® _
H(7®) — HW(7) = U H(®)U{ = (1+ Ba) im m(1l — 84) + eAg
) ) (5.3)
1 1
e P0uED) — gl ML + s (Bem* +0 ().
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04y O0A,

Ea = - )
Oz, ot

where O(1/m3) possesses the terms of a power 1/m3.
After the second transformation

Us = exp (-4%(5@&)} (5.4)

the operator H(?) (%) becomes

2
1) = BHOEUS - (148 BT ) tedgt
' (5.5)
1 3 € 1
15,73 (BaEa)’® = g5 Bamas BuEy)- + O (w) _
At least, with the help of the operator
! 3
Us = exp |:24m3 ﬂ4(ﬂa7ra) :| y (56)
one obtains the final form of H®)(7):
2
HO@) = U @)U = 1+ o) L)
4m
' 1 (5.7)
e
—(1=By)m+edo — w[,@aﬂa,ﬂbEb]7 +0 (ﬁ) )

It follows from (2.2) that the Hamiltonian H(®) (%) is a completely even (commuti-
ng with 34) operator. On the set of ¥, satisfying the condition

%(1 Jrﬂ)\IjJr — \I,Jr’ (58)

the Hamiltonian H®)(7) has the form

HO (7)™t {;—7;‘1 ey +eAp—
—S;fzsﬁ(ﬁxﬁ—ﬁxﬁ)—%divﬁ}qﬁ, (5.9)
?
Ha = _igabc[ﬂ-bﬂrc]—-

Thus, starting from the non-relativistic equation (5.1), we have obtained the

SH
approximate Hamiltonian (5.9) which describes not only the dipole (—62—>, but
ms
_ e
m2s
raction of a charged particle with an external electromagnetic field. For the spin

also the spin-orbit < S(#x E—E x 7?)) and the Darwin (_8% div E) inte-
m
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s = 1/2 particle the Hamiltonian (5.9) coincides with the one, obtained by Foldy and
Wouthuysen [3] from the relativistic Dirac equation.

Now we appeal to equation (4.15) and introduce to it the minimal interaction
pp — myu. It leads to the Hamiltonian

— —

~ 2 ~ 3 2 ~ ~ ~
H(7) = ;—m - Bo (ﬁ;:j) - ﬂoin—TZ + Bama + (1 — [o)2m + eA,. (5.10)

This Hamiltonian, as well as (5.1), cannot be diagonalized exactly. By the analogy wi-
th (5.2)-(5.7), one can diagonalize (5.10) approximately with the help of the operator

U = exp(iB3) - exp(iB2) - exp(iBy), (5.11)
where
~ ~a/7'ra/ ~ ~
Bi= T G a1, (512)
m
BaEa
BQ = 76W, (513)
By= 5 { L Bu(Buma)? — [Burar 2]
3 — 8m3 L 4\PaTa aTasTq|— (5 14)
ek? - ek? -~ < '
—T[ﬂaﬂa,Sbe]— - T[(ﬂaﬂ'a)aﬂ4(stb)]— :
As a result one obtains
21 = (kS®)?  k? - eSH
PRI IS N i ML ) L
2m 2 2m 2 m (5.15)
~ 1€ o 2, 2= 1 '
—(1—,64)m+€140— Wk [ 7T7S ], +O <ﬁ) .
On the set of ®+ = 3,®* this Hamiltonian takes the form
2 3 i 2
@ ()t = 4 Ta _ 2,50 _ ik ez R +
HY (7)® {Qm k € im +eAy Z8m2[ T, SE|_ » ®T. (5.16)
Using the identity
Yo j OE,
157, SE|_ = _%(:z,[sa,sb]+ — 2s(s + 1)) 5%~
, , a (5.17)
—%s(s +1)divE — %g(ﬁ x @ —7xE),
one can rewrite equation (5.16) in the form
2 3 i 2
@) (7)ot — d Ta _ g2 _ Ko 0F._
H (71')(1) { om ek am + GA() 24 Qab aqu
(5.18)

2
—24;2k23(5+ 1) divE — Z S(Ex 7 — 7 x E)}¢>+,
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where
Qub = =5 {3S0: So]+ = 20uss(s + 1)} (5.19)

is the tensor of the quadrupole interaction.

Thus the non-relativistic equation without redundant components (4.15) allows us
to obtain the description of a motion of the spin s particle in an external electromag-
netic field. Such a description is in a good qualitative accordance with experimental
data. For s = 1/2 (5.18) coincides with the FW Hamiltonian if one puts an arbitrary
constant k =1/s.

6. Conclusion

So we have demonstrated that the non-relativistic Hamiltonian equations (2.12),
(4.15) give the consistent description of a charged particle of any spin in external
fields. Thus we have shown that the spin-orbit, the Darwin and the electric quadrupole
interactions are not the truly relativistic effects but may be considered within the
framework of the non-relativistic mechanics.

It is interesting to compare the obtained results with the ones predicted by the
relativistic theory. One can make sure that there is not only the qualitative but
also the quantitative accordance between them. We have demonstrated this fact for
the case s = 1/2. If one puts into (5.18) k = £2, the resulting equation completely
coincides with the one obtained in [5] from the relativistic equations for arbitrary spin
particles without redundant components [4, 17, 20]. In the particular case k = +2,
s =1, equation (5.18) possesses all terms, predicted by the Kemmer-Dufifin equation
[9], but additionally takes into account the quadrupole electric interaction of a particle
with a field. At least, if one puts into (5.18) k = 1/s, the coefficients in the terms
representing the spin-orbit, the Darwin and the quadrupole interactions are the same
as calculated in [14] starting from the Feynman—Gell-Mann relativistic equations.

Note, that equations (4.15) and equation (2.12) with the redundant components
lead to different physical consequences (see (5.9) and (5.18)). The analogous situation
takes place in the relativistic case [9, 14].
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