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On the equations of motion for particles with

arbitrary spin in nonrelativistic mechanics
W.I. FUSHCHYCH, A.G. NIKITIN, V.A. SALOGUB

It is well known that the electron motion in the external electromagnetic field is
described by the relativistic Dirac equation. In this case, in the Foldy—Wouthuysen
representation, the Hamiltonian includes the terms corresponding to the interaction
of the particle magnetic moment with a magnetic field (~ (1/m)(c’H)) and the terms
which are interpreted as a spin-orbit coupling (~ (o/m?){(p—e.A) x E)). Apart from
these constituents the Hamiltonian includes the Darwin term (~ (1/m?2)div E) [1].

Such a description is in good accordance with the experimental data.

[t was shown by Bargman [2] that it is possible to introduce the particle spin
in the nonrelativistic quantum mechanics by performing the central extension of the
Galilei group. In connection with this Bargman result the problem of finding the
motion equations, which are invariant with respect to the extended Galilei group G,
arises naturally.

Such a problem has been considered in [3-5]. The equations obtained in [5] have
redundant components and, besides, these equations do not describe the spin-orbit and
the Darwin couplings if one makes the replacement p, — 7, = p, —eA, in them.

The aim of this note is to find such motion equations for a particle with spin which
are invariant relative to the group G, have no redundant components and describe the
spin-orbit and the Darwin couplings of the particle with the field. It is reached by the
supposition that the free nonrelativistic particle Hamiltonian has two energy signs
just as the Dirac Hamiltonian. This is equivalent to the requirement that the theory
(equations) be invariant under such a transformation:

t — —t, TU(t,x) = 7TV (—t, x), (1)

where 7 is some unitary matrix. In terms of group-theoretical language this means
some extension of the group G to the group G O G, which includes the transforma-
tion (1).
In order to find the motion equations in the Schrodinger form

0

U = H,U(t, ), 2
5 ¥ =MH:V(t, @) 2)
which are invariant under the group G and the transformation (1), we have used the
method of the work [6], where the same problem has been solved for the full Poincaré

group. Equations (2) with an unknown operator function H will be invariant under
the group G i the Iollowing relations are satisfied:
[Hs, Pu] = [Hs, Jar] = 0, (s, Gal = iPa, [Ga, Gy] =0,
[P, Gy| = i€dapm, [Jab, Ga] = 100Gy — 105cGa,s 3)
[Jabs Jea] = i(8acTba + ObaJac — dadSbe — Obead),
e, P.] = [e, Jap) = [6,Ga] = 0,
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Py

[T, Jw) = {T,e} ={T,G.} = [T, P,] =0, 62@’

where P,, Py = Hs, Jup and G, are the generators of the Galilei group, T is the
operator of time reflection.

To determine all possible (up to unitary transformations independent of the particle
momentum) operators H,, which satisfy relations (3), we use the following realization
of the generators P, and Jg:

Pa =—1 ) Jab :-Tapb_xbpa'i'sabz
Oz,
) 0 (4)
_ ab _
Sab< 0 Sab)’ a,b=1,2,3,

where sq are the generators of the irreducible representation D(s) of the O3 group.
We require the Hamiltonian H to be the differential and Hermitian operator with
respect to the usual scalar product

(0, W) = / @ WL (1, @) Tat, @), (5)

where U is the 2(2s + 1)-component function, which satisfies eq. (1).
Expanding the operator H, in a complete system of the ortoprojectors

o S _ Si2p3 + S31p2 + Sazp1
AT_ /];I , T/7T7 Sp_ |p| ) (6)

r #r
and using the results of the work [6], we have obtained that the Hamiltonians H
which satisfy conditions (3) are represented by the formulae

2

2 2 S
Hi=p1|m+ LA sin? 61 ) + pgp— sin 2601 + p3\/§—p sinf1, (7)
2 2m  m 2 2m 2 s 2

2 2 2
Hi=p1 |m+ L @ sin? 6| + P2 (Sp) sin 2607 + pgﬁ@ sin 01, (8)
2m s2m 2ms? s

2
p) sin? 9§:| +
m 2

_|___

{ {——51n293 — ibln@sq/ 9 — sin? 9%} + (9)
1 . Sp .
—|—2 Sp [8 293——311103,/ —s1n29%}}+p3\/§?p51n9%,

2
3
Hszpl (m+p_>7 S>§7 (10)

2m

where 6, are arbitrary parameters, p, are the 2(2s + 1)-dimensional Pauli matrices.
The Hamiltonians (7)-(10) are the square roots of the operators

4

H2=m? +p?+ 2 1)
4m?
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The operator H, is the nonrelativistic analogue of the Dirac Hamiltonian for an
electron. As will be shown in what follows, the parameters cos 26s must be interpreted
as the anomalous magnetic moment of the particle.

If 6 =7/4, eq. (2) with the Hamiltonian (7) may be written in the compact form

4
[m + v, p" ] = ¢74;’—mx1/, (12)

where «,, are the 4 x 4 dimensional Dirac matrices

.S
Y0 = P1; 7a22p2?, Y4 = P3-

The operators H; and H% are the nonrelativistic Hamiltonians for the particles
with spins s = 1 and s = 3 respectively.
The Hamiltonians (7)-(9) are not diagonal. They may be diagonalized by the

unitary transformation

He — H, = UHUT, (13)
where
E+ p1H, p’
U=>_ A E=ypimia g

v \/2E(E+m+%( —QSLfsiHQQS))

For the case s > % the only trivial Hamiltonians (10) which result in no spin
effects are possible in our statement of the problem.

The description of the behaviour of the nonrelativistic particle with spin in the
external electromagnetic field is made by the replacement p, — =, in eq. (1). In
order to preserve the explicit Hermiticity of the Hamiltonians it is necessary to

symmetrize previously the formulae (7)-(9) using the identity

1
Palb = §(papb + PvPa)- (14)

After such a symmetrization and the replacement p,, — 7, in (7)-(9) we obtain

2 2
Hs=p1 |m+ T _ (Sﬂ-) sin® 0, + M sin? Os| + ep+
2m ms2 2ms?

(15)

2 2
+p2 asﬂ-_ + bs (Sﬂ-) - e(SH) bs + pS\/ES_Tr sin 93,
2m 2ms? 4ms? s

where H, = i€ape|[Ta, 7c] is the magnitude of the magnetic field,

:sin%%, b1 =0, ap =0, b, = sin 20,

1
2
1 3 [ 1
3 = ——sin20s — —sinfsy/1 — = sin®0s,
2 8 2 4 2 9 2
9 3 [ 1
bs = —sin20s — —sinfs /1 — —sin?fs.
2 8 2 4 2 9 2
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For s < 2 it is impossible to diagonalize the Hamiltonians H, for the interacting
particles exactly. The diagonalization of the Hamiltonians (15) to terms of the power

1/m? is made by the unitary operator

U = exp [i(B3)] exp [i(B3)] exp [i(B3)] ,

where
B = _2\7/739 sin 05 po(S),
Bs = p34—;2 |fl(ﬂ'l'2 +b, (»5:21')2 B ebs2(;5'27'() L€ 2?1193 SE|.
fﬁjﬂ(sﬂ):} —ieas[w?, o] — ZZZ [(SW)Q,w]] :

After the transformation (16) the Hamiltonian (15) takes the form

2
S
Hs:pl[m+ﬂ_+e< H)

2m 2m.s? 4m?2s 452

ev/2b, sin 0 V/2eb sin 6,
2453 24m?2s3
.2 .2 .2
esin“ 6, esin“ 6, esin“fs o ..
Sm2s2 S(rxE—-Exm)— 192 QuvVaEy — TomZs? S°.divE,

9 ev/2sin O [ bs]
sin“fs| +ep+ —— |—as + X

xS(mx H—Hxm)+ QusVaHy — s* . divH+ (7)

where Qg is the tensor of the quadrupole coupling [7]
e
= — — 1)].
Qab 2m2 [B{Sa; Sb} 5(1()3(5 + )]

To elucidate the physical meaning of the constituents which are included in (17) we
consider in detail the case s = % Substituting into (17) the spin matrices from the
representation D (1) and using (15), we obtain

He =1 -, (18)

where

2 —
HEW _ ) <m+ﬁ—+e(iH)>+e(p+€S(7TXE 2E><7r)

€ .
9 ~ div E(19)

4m

is the Hamiltonian which has been previously obtained by Foldy and Wouthuysen [1]
by the diagonalization of the Dirac Hamiltonian, and

e(SH)

S E—-F
H/:plTCOSQGS+e (Trx Xﬂ-)

4m2
ev/2sin f, sin 20,
2m?2

cos 20+

(20)

+-5 cos20, divE + S(m x H —H x ).
8m?2
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It follows from (18), (20) that the parameter cos 26, plays the role of the anomalous
magnetic moment of a particle. Choosing in (18), (20) cos20s = 0 one obtains the
operator which differs from the Foldy—Wouthuysen Hamiltonian by the existence of
the additional constituent eS(w x H — H x m)/2m?, which describes the magnetic
spin-orbit coupling of the particle with the external field. The analogous situation
takes place for the spins.

The Hamiltonian (17) for s = 1, % includes the constituents which correspond to
the electrical quadrupole (v/2b, sin6,/24s%) x Q. V4Hyp and the magnetic quadrupole
(—(1 — cos? 05)/245%) X QupV4Ep couplings.

Equation (1) with the Hamiltonians (15) can be solved exactly for many important
classes of external fields. Thus the energy spectrum of the particle with spin s = 1

2
in the homogeneous external magnetic field, has the form

2 2\ 2 2
m2+§2+p§+<§ +p3) +<€H> —

E=4
2m 2m

‘ ey &)
—05— | m?cos? 20—p§ cos 20 + €% + (pB) ] ,
m 2m

2= (2n+1)eH.

Thus, within the framework of the nonrelativistic quantum mechanics, when one
uses the equation in the form (1), the successive description of the particle with the
spin s < 2 movement in the external electromagnetic fields is obtained which includes
the dipole, quadrupole and the spin-orbit couplings of the particle with the field.
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