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On a motion equation for two particles
in relativistic quantum mechanics
W.I. FUSHCHYCH

Breit [1] was the first who proposed to describe the motion for two relativistic parti-
cles by means of a semi-relativistic Dirac-type equation. The wave function of this
equation has sixteen components. The possibility of covariant description of a system
of particles interacting m quantum mechanics was proved by Thomas and Bakamyji-
an [2] and Foldy [3]. In quantum field theory the two-body problem is described
by means of the Bethe—Salpeter equation or the Logunov-Tavkhelidze-Kadyshevsky
equations [4].

The purpose of the present note is to propose, in the framework of relativistic
quantum mechanics, a new Poincaré-invariant equation for two particles with masses
my, mo and spin s; = s9 = % It is a first-order linear differential equation for the
eight-component wave function. With the help of this equation the description of the
motion of two-particle systems is reduced to the description of one-particle systems
in the (1 + 6)-dimensional Minkowski space which can be in two spin states (s =0
or s =1).

At first we derive the equation for two noninteracting particles. To this end we
shall pass from the momenta of two particles p,, p, to the new canonical variables

P = (P, P, P;) = p1 +py, K = (K, K3, K3).

The connection between the variables K and p,, p, is rather complicated (see, e.g.,
[5, 6]) and we do not equate it here. The total energy of the two-particle system in
the variables P and K has for our discussion a very convenient structure [5, 6]

1/2

E=(P*+M)Y2  M=m2+K>)""+ (m2+K?) (1)

The square energy for the case when m; = mgy = %m takes the very simple form
E’=pi+pis+m’,  pa=FPa  pars=2K, a=123 2)
The square root from this expression is the equation for two particles
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where

H(p1, P2, - -+ 06) = Fol'apa + Lol ay3Pats +Lom,
d d 4)

Pats = —1i
axaa a+

the 8 x 8 matrices I'g, 'y, ['443 obey a Clifford algebra, and has such a representation:

pa:_i
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IT'o=o03®1, Ty =2i0o ® g, Lot = 2i01 ® T4, (5)
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The o, are the Pauli matrices.

The two-particle equation (3) will be defined completely in that case if we deter-
mine both the Hamiltonian and the Poincaré generators [7]. The generators of the
Py 5 group on {¥} have such a form:

Po:H(ﬁl,...7ﬁ6):FOFA]A)A+F0TI'L, Pa:pav A:1727"'767
Jab = Map + map + Saba aab =1,2,3,

@ (6)
1 H (S b +mab)pb
Joa = tpa — ~ - a
b = tho = gl Tr) = e
where
May = ZaPo — LoPas  Mab = Tat3Pb+3 — To+3Pa+3, Sap = S + 52
7 7

SC(L})) = Z(Farb —Tpl), S,g) = Z(Fa+3rb+3 —Iyalags), e

[Ta,Db]_ = i0ab, [Tat3, Po3]_ = i0ap,

[izaw%b]f = [jawfjaJrS]f = [-’i\?a+37i’b+3}f = 07 [j;avﬁb+3]f = [ia+37ﬁb]7 = 0

It can be immediately verified that the operators (6) satisfy the Poincaré algebra. It
follows that eq. (3) is Poincaré invariant. If we perform the unitary transformation

(E4+M+Tpe)(M+m+Teis3pets)

U= 3 (ME(E +m)(M +m)}/2 ®
on the operators (6), then we obtain
Ps=UPU' =TyE,  P¢=p,, ¢ =UdapU' = Jap,
MabPo + SabPb ©)

1
- — —(xoPS + PS¢ -I
Joa = tPa Q(xa o+ Poa) 0 E+ M
The transformed generators (9) have canonical form [2, 3]. The position operators X,
and X,13 on a set {¥} look like

: S(i)
Xo = UlaU = 24 + ——a 22 _
Tall =Tt BE 10

Dy A Ta Pal'cpe m~+Ley3pess
—a _ 10
* (2E 2E2(E+M)) w10



280 W.I. Fushchych

2 .
51(1423 b+3Pb+3 | ilags
M(M + m) 2M
Pa+3lcr3pess . DPa+3

- 2M2(M + m) Y7 IVE Lepe(m + Tetapets).

Xa+3 = UTxa+3U = Tg43 +

(11)

An interaction Hamiltonian for two particles, in the absence of external fields, can
have the form

H =ToTapa + Do{m? + V(r)}/2, (12)

where V/(r) is an arbitrary function depending on r = \/x2 5. In the special case

when V(r) = e*/r? the interaction Hamiltonian can be written as

2
e
H=TT(p, + 7rgw>r96) + Tom, (13)

where the 16 x 16 matrices 1“616), FSG), F(716) satisfy a Cifford algebra. An external

electromagnetic field is introduced in eq. (3) in the following way:

Pa — Taq = Pa — €Aa(t,$1,$27$3)7 Pa+3 — Ta+3 = Pa+3 — €Aa+3(t7$47$5,$6)-

An extraction of the positive solutions from eq. (3) is realized by means of the
subsidiary condition

T "
(1—L>\IJ:O or 1-— Hp \11207 N:0;1727"'76'
VH? ,/pﬁ

It is evident that these conditions are invariant under the Poincaré group.
[t should be noted that the function V(r) may be of arbitrary form, therefore the
relative velocity V, 3,

Va+3\l’ = —i[Xa+3,H]\I/ = Va+3\I/7 (14)

with respect to the centre-of-mass may be arbitrary. To do V,;3 smaller than the
photon velocity it is necessary to impose the condition

V2=V +Vi4+Vi<Ll

These questions will be considered in more detail in another paper.
Finally we shall find the equation for two particles with mass my # mg. Let us,
with Kadyshevsky et al. [8], represent M in such a form
mi + mo

M = W(mlmg + K,2)1/2, (15)

where

2
2 mimsa



On a motion equation for two particles in relativistic quantum mechanics 281
In the variables P and K’ formula (2) can be rewritten as
2
propry UMl e )2, (17)
mimso
[t follows that the equation of motion for the two particles is
,8\Il(t,x1,...,x6) R mq +m2 R
— 5 = lolapa + ——=Tol'at3pa
( ot 0P+mo +3Pa+3t
—|—(m1 +m2)F0}\II(t,x1,...,x6), (18)
0 - 0
bo = —in—y Doty =K, = —i .
p Z@:ca Pa+3 z@xa+3

In this equation ¥ is also an eight-component function.
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