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IlepeamoBa

Binbresom lnnia @ympa OyB i 3a/mImaeTbest /Iy 2Ke IIOMITHOIO 31PKOIO Ha CBITOBOMY
maremaTnaaomy Hebocxmii. HeBromunit i mpucrpacHuit fOCTiTHUK, BiH 3a/IUIINB Ha-
VKOBY CIQJIIIIHY, siKa, 0€3yMOBHO, IEPEBUIILYE MOKJINBOCTI HABITDH Ay2Ke 001apOBAHOL
soauHu. Bin OyB TakoX YuureseM (3 BEJHKOI JTEpH), IO 3yMiB 3alaJuTy JIIOOOB
JO0 MaTEMATUKH Y YUCJIEHHUX YYHIB 1 IIOCJIIJIOBHUKIB.

3a TOl, Ha XKaJib, HE JIy:Ke JOBIHUil Yac, 0 WOMy HojapyBaJja oJjisi, Bimbreabm
Iiutia BeTur 3pobutu CTibKH, M0 MOTJIO 6 BUCTAYUTH HA AN HAYKOBHUI IHCTUTYT.
Bpaxae naBite kinpkicHuit mepesik iforo TBopdoi cuaamuan: 9 Mornorpadiit Ta moHa
300 HAayKOBUX CTaTeil, 3HAYHA YaCTUHA 3 AKUX OIyOJIKOBaHA B IPOBIIHUX MiKHAPO-
JIHUX KypHaJjax (MOBHUI MepeiK HayKOBUX POBGIT HABEJEHO B JaHil KHIKILG). AJe
1me OiIbIle BparkKeHHsI CIPaBJIAE KiJIbKICTh JOCJIITHUKIB BUINOI KBaJIipIKaIlil, SKUX BiH
MiITOTYBAB JIJTsl HAIIOL JIEP2KABH 1, TAK CTAJIOCH, IO 1 [Tt OaraThox iHmux mepxkas. [1im
00 KEpPIBHUIITBOM HAIMCAHO 1 YCHINTHO 3aXUITeHo 47 KaHIUIaTCHhKUX JucepTariit, 13
3 $loro y4HiB CTajIu AOKTOPAMU HAYK.

Binbreasm L ¢cTBOpUB yKpaTHCHKY MIKOJY TPYIOBOTO aHAMI3y JdudepeHIriaib-
HUX PiBHsIHB, K& CHOTOJIHI 3afiMa€ OJHE 3 MPOBIIHUX MICIb y CBITOBi#l MaTeMaTH-
qHiil cribHOTI. Baromum iHaInKaTOpOM BU3HAHHS i€l MIKOJIM MOXKE BBaXKATHUCS HaJI-
3BUYAiiHA MOIYJIAPHICTH cepil MixkHapomuux koHbepentiit “Symmetry in Nonlinear
Mathematical Physics”, zamouarkoBanoi Bismbreasmom Lmiwem y 1995 p. Ocranms,
Il’ara, xomdepewnriis, mo Biadyaacs B depsui 2003 p., 3ibpasa 256 yuacHukiB 3 38
kpalf cBiry. Ille 6iibIe npeacTaBHUNBKOIO 00insie 6yTu ueprosa, [1locra, kKoHbepeH-
IIis, IO IJIAHYETHCS IIBOTO POKY.

Binbreasm Lmmia 6yB Bcebiuno 061apOBAHOIO JIIOANHOIO: TAJAHOBATUM IOCIIiTHHA-
KOM, 9yJIOBUM II€JIaroroM 1 BMisimM opra#izaTopom. CTBOpeHE HUM TIPOJIOBKYE KUTH
micyst ioro cMepTi, i 1e € HaKpaIuil miJICyMOK KUTTS JIJIS TBOPYO]1 JIIOJIMHU.

V KopoTKiit mepeMoBi Mu cripobyeMo oxapakTepudyBaTu Binbrensma Limiga @y-
94, HaCAMIIEPE]T, siIK HAYKOBIIA 1 Y YuTe s B HayIi. 3 HOro BEJIKOI 1, MOYKHA HABITH
CKa3aTH, KOJOCATILHOI HAyKOBOI CITAIIIUHN MU BimiOpasn jumre 29 crareit 10 i€l 36ip-
K1 BUOpaHuX mparib. Bci i mparii aicTtaau riaHy omiHKy ¢BiTOBOI HAYKOBOI CIILJIBHOTH 1
IUATYIOTHCS B IPOBIIHIUX KYypHAJIax 3 MaTeMaTUdHOI (Pi3UKHU, ajie BOHU JIAIIE YaCTKO-
BO BiZI0OpazKaroTh Ti PI3HOMAaHITHI Ta pi3HOILIAHOBI pe3yabratu Binbrenbpma liriva,
0 3aJIUIIAJIA BArOMUH CJtij y MareMaTudHiit ¢isumi. Mu xorisau 6 1me pa3 mojsiky-
BaTH MiXKHAPOJIHUM BUJIABHUIITBAM 3a JIIO0’sA3HUI JO3BLI HA MEPEIPYKYBaHHS IIPaIlb
Binbressma Liutiva. Mu gyzke Bagani Oubai Isanisui @y, apyxuni Bigbreabma
Inniga, 3a crorajau, BK/IIOYUEH] IO TaHOT KHUTH.

Binbresasm Lnstia BosiofiB pifKicHOIO SKICTIO, Ky OIS JAPYE TiIbKHA CIIPABXKHIM
BYEHMM, — YMIHHsIM BUOMpaTH ICHO BasKJIMBI 3aJ1a4i 3 TOrO HECKIHUYEHHOI'O Iepe-
JIIKYy TpobJjieM, IO CTAlTh HA IIJISXY KOXKHOI'O aKTHBHO IPAIIOIYOrO JTOCJIiTHUKA.
Came 1eit gap [103BOJIMB HOMY OTPUMATH HU3KY HAYKOBUX PE3YJIbTATIB, K1 BUSBUIIM-
cs TIepeJIBiICHUKaMU HOBUX HANPSAMIB y cydacHiit maremaru«uniit ¢disumi. Heski 3 nux
Pe3YJIbTATIB 3ra IyI0ThCs JAJIi.

o maykoBux inTepecis Bisbressma Litida Hajtexkam KBAHTOBA T€OPist OJIsI, 300-
paxkennst rpyn i amrebp JIi, miarpymosa crpykrypa rpyn JIi, TeopeTuko-rpymnoBumii
aHaJi3 audepeHIiaabHIX PiBHIHDL TOIMO. AJie OCHOBHA TeMa HOTro Mpalb — Ie CHMe-
Tpis B MaTeMaTHIHIN Di3uIli.



Hampukinmi 60-x pokis mumysoro cropigus Bimeresmsmonm Limivem @yrmmaem mpo-
KJIacu(iKOBAHO i KOHCTPYKTUBHO OMUCAHO HE3BiIHI 300paykeHHs y3araJbHeHOl IPyIIn
IIyankape P(1,4) — rpymu pyxis (1 4+ 4)-Bumipsoro mpocropy MiHKOBCBKOro, a Ta-
KOK IIOOYJOBaHO DIBHSIHHS PyXYy, iHBapiaHTHI BinHOCHO 1iel rpynu. Tpoxwm miznimre
HUM pa3oM 3 B.M. @PenopuykoM MOBHICTIO OIMCAHO MiATPYIOBY CTPYKTYDPY Iii€l rpy-
nu i mpoksacudiKoOBaHO BCl HeCHpsi2KeHi Tigaaredbpu Biamosiauol aaredopu JIi.

i pesysnbraru (TeXHIYHO Jy2Ke CKJAJHI) CHOYATKY 3IaBaJIUCh JAJIEKUME Bif MO-
JKJIMBUX 3aCTOCYyBaHb. AJjie iCTOPisl MOJAJIBIIOIO PO3BUTKY MaTeMaTUYHOI 1 TeopeTu-
9HOI (Di3UKU MATBEPU/IAa BUKIIOUHY BaXKJIUBICTh ITUX JOCTiKeHb. Tak, Maiike Bci
cydacui Mozesi KBaHTOBOI (cymep)rpasitaiil 6a3yloThCs Ha CyTTEBOMY DPO3IIMPEHHI
(14 3)-Bumipnoro npocropy Minkoscbkoro. ITpu npomy 306pazkenus rpyu P(1,4) ra
P(2,3) i Biguosinui inBapianTHi piBHAHHS BIIIrparoTh KJIIOYOBY DPOJIb I BUHHKAIOThH
AK B PE3YJIbTaTi PeIyKIl MOJEIbHUX PIBHAHB Yy IIPOCTOPI BUIUX PO3MIpHOCTEN, TaK
i mpu MOOYTIOBI MoJTe el 6e3MocepPeTHbO y IECUTEPIBCHKOMY U1 aHTUIECUTEPIiBCHKOMY
IIPOCTOPaX.

Y 70-x pokax XX cropiuus Bimpreapmom Ltidem Tta itoro yuusamu moGymoBaHO
PEISATUBICTCHKI XBUJIBOBI PIBHSIHHS JIJIsT YACTUHOK 3 JIOBIJIBHUM CITIHOM, sIKi JIO3BOJISI-
g HOPMYTIOBATA KOHCTPYKTUBHI MOJIE/ JIJIT TAKUX YACTUHOK i3 PI3HUMM THUIIAMU
B3aeMoJIil. 3ajiaua 1MoOyI0BU TaKUX PIBHSIHB 3JaBajiacs aDCTPAKTHO MaTeMaTHIHO,
OCKLJIbKU CTabLIBHUX YACTUHOK 31 CIIIHOM, He PIBHUM HYJIEBI UM OJWHUIN, HA TOI 1Yac
dizuku e He Bigkpuwin. AJie JJOCUTH MBUIKO, Y 3B’I3KY 31 CTPIMKUM PO3BUTKOM CY-
[IEPCUMETPUYHAX TEOPiil, MOIMUT HA PIBHAHHA JJjI YACTUHOK 3 IHIMUMU 3HAYEHHSIMA
CITIHY CTaB OJIHI€I0 3 OCHOBHUX TEHIEHIIIH CYIaCHOI MaTeMaTUIHOI (Di3UKH.

Benuky yBary npumgings Binbrenbm Litia gocitimKeHHSIM PIBHSIHD, iHBapiaHTHUX
BigrocHO rpymnu Lasmisest. 31aBasocs 6 iHTEpeC /10 TAKUX PIBHSHB € Jy2Ke IPUPOIHUM,
OCKLIIbKK abcosmoTHa GlbimicTs dhiznunux (a Takoxk XiMivHUX, 610/I0rYHIX Ta IHIIUX,
HAIPUKJIA, COIAIBHUX ) SBUII, 110 JOCIZKYIOTHCS 3 BAKOPUCTAHHSIM MATeMATHIHIX
MoJiesieit, BiOyBalOThCs 3a MIBUIKOCTEM, HAbAaraTo MEHINX 3a MBUIKICTE cBiTia. 1le
O3HAa4Yae, 0 3Tra/laHl sIBUINA OBUHHI 33 J0BOJIbHSTH IPUHIAI BigHOCHOCTI [asties:, a
BiIoBiiHI MOJies1i — OyTH IHBapiaHTHUMU BiJIHOCHO IepeTBOpeHb lajtijiest.

fK 1me He MUBHO, y CydacHiii TeopeTWdHi# isuii mommpene MmeBHE HEXTYBAHHS
BUMOT'OIO TaJieiBcbkol imBapianTHOCTI. [Ipr mobymoBi MaTeMaTuIHUX MOJETE Taka
IHBapiaHTHICTh BUMAra€ThCS JIy2Ke PIJIKO — 3a3BUYail, BOHA BUHUKAE SIK I'DAHUYIHUIMI
BUIIQJIOK PEIATUBICTCHKUX TEOPIiil.

Binsreasm Lnnia mo6pe po3ymis, 10 HacIpaBIi yMOBa raJiljieiBCbKOI iHBapiaHTHO-
CTi € BaXKJIMBOIO 1 KOHCTPYKTUBHOIO, 60 TO3BOJISIE PI3KO OOMEXKUTH BHOID MOXKJIABUX
Mojiestelt i3 BUKOpUCTAHHAM (DI3MYIHO OOTpYHTOBAHOI BUMOTH. ¥ cepil mpaib HUM Oy-
JIO TTIOOYIOBAHO PIBHAHHS PYXY YaCTHHOK i3 JOBLIHLHUM 3HAMEHHSM CIIiHY, iIHBapiaHTHI
BiIHOCHO TIepeTBOpeHb lastiyesi. BusiBuiocs, 1o 3HaiijieHi piBHsIHHS 100p€e OIUCYIOTh
BCl OCHOBHI BJIACTHUBOCTI TaKUX YaCTUHOK, — He Tipiuie Bix pisuanns lipaka (3 po-
3yMHAME OOMEXKEHHIMM Ha IBUIKOCTI YaCTUHOK ). BiTHOCHO HEABHO Il pe3ysbraru
6yJI0 HiJIXOIUIEHO KaHAIChbKUMHU JociigaukaMu 3 Anbepreskoro yuisepcurery (Kana-
1), Mo Mae 1o6pi Tpajmii B TOCTiKeHH] iHBApIaHTHUX XBIJILOBUX DiBHSHb.

IlikaBi pe3ynbTaTH, SKi aKTUBHO NMUTYIOTHCS, OTpuMaHo Bisbreasmom Limitvem ripu
JOCTIIKEeHHI HeTHIITHNX pIBHAHB APYTOro MOPAJIKY, IO AOIMYCKaloTh Ipyiy Lasmimes.
B misiomy MoxKHA IPOTHO3YBATH IOJAJIBINE 3POCTAHHS iHTEPECY IO PE3yJIbTATIB J10-
CJTI/T?KEeHb, TIOB’SI3aHUX 13 Ta/IIEIBCHKOI0 CUMETPIETO.



Onna 3 naiiyaobsenimux (1 Haitbiibnn wiinaux) izeit Bimbreasma Ltiva nossrana
B TOMY, IO JudepeHIiaabal piBHAHHSA MOXKYTh JOIMYCKATH HAOATATO IHUPIM KIaCh
cuMeTpiit, Hi2K Ti, MO MOXKyTb OyTH 3HaiIeHi B KiaacuyHoMy minxomi JIi. Ilsg imes
HaIuxaJ1a 1oro Ha po3poOKy HOBUX METO/IIB JOC/IITPKEHHSI CUMETPIfTHNX BJIACTHBOCTEIR
JudepeHIiabHIX PIBHsIHD, sIKi JIiCTa/Iu 3arajibHy Ha3BY HEJIIBCHKUX.

HeniiBepki cumeTpil B 3arajgpbHOMY BUMAJIKY HE YTBOPIOIOTH ajuredp um rpym Jli.
Aute icHye BaxKJIMBUI HiIKJIAC TAKUX CUMETPIi, IO YTBOPIOIOTH 3rafaHi CTPYKTYPH.
Binbreasmowm Limivem moBeeno, 1o moioni cumeTpil mpuTaMaHHi Maiizke BCiM piBHs-
HHSIM PEJISITUBICTCHKOI KBAaHTOBOI Teopil. 30KpemMa, BCTAHOBJIEHO, 110, OKPIM PeJIsiTH-
BiCTCBHKOI Ta, KOH(MOPMHOI IHBApIaHTHOCTI, piBHsAHHST MaKCcBeJLIa JOIMyCKAat0Th BOCHMU-
mapaMeTpudHy rpyiy J1i, remeparopu Kol € iHTerpo-audepeHIiaJIbHIMI OIIepaTOPa-
MH.

Barowme wmicrie B nocaimkennsax Binbrenmsma Limtiva 3aiimantu cumeTrpii, 1o peastizy-
OThCs TubepeHIliaJIbHIMI OlepaTOPpaMU BUINUX MOPsiKiB. Taki cuMerpil BiairpaioTsb
BaKJIUBY POJIb IIPU OIHUCI CUCTEM KOOP/JMHAT, B SKUX ICHYIOTH PO3B’SI3KM 3 PO3ijie-
HAMM 3MIHHUMU. B ocTaHHI POKH JTOCJII/KEHHS TAKUX CHMETpPiii HaOyaum ocoOmBOL
MIOILYJIIPHOCTI ¥ 3B’S3KY 3 HOIVIMOJEHUM BUBYEHHSIM MIPODOJIEMU CYIIEPIHTErPOBHOCTI.
BaxkausuM X 3aCTOCYBaHHSIM € TAKOXK MOOYI0Ba 3aKOHIB 30€peKeHHs, HE TIOB I3aHNX
3 cuMeTpiero BigHOocHO rpym JIi.

Cepe 6araTbox BaroMux pe3yJibTaTiB, orpuManux Bimbreasmom Litivem mpu omu-
ci cuMmeTpiit BigHOCHO mudepeHiaJbHAX ONepaTOPiB BUIMUX MOPSIKIB, BiI3HAYTIMO
MIOBHUI OIMC cUMETPiil TpeThoro mopsaky misa piBusuuas IlIppoginrepa 3 morenIia-
JIOM i 3aKOHIB 30eperKeHHs PYToro MOpsaky s piBHaHb Makcsesta. 1li pesymbra-
THU JIICTAJIN TOJAJIBINNNR PO3BUTOK y MPAISgX YKPATHCBKUX Ta 3aKOPJIOHHUX aBTOPIB i
AKTUBHO BUKOPHUCTOBYIOTHCS B HAII YaC.

Husky dbynnamenransaux pesysbraris Binbreasm litia orpumas y 3arambHiit Teo-
pii possiienns 3minaux. ¥ cruiBasropersi 3 P.3. 2K nanosuwm i [.B. Pesenkom HUM po3-
pobJieHO OpuriHAJIBHUI I KOHCTPYKTUBHUM IiJXi/T 10 ONUCY PiBHAHB, IO JOIYCKAIOTH
PO3B’sI3KM 3 po3iijeHuMHu 3MiHHUME. [leit miaxin, 30Kpema, J03BOJIUB CYyTTEBO PO3-
MMAPUTH KJIACH TMOTEHIIIAJIB, Juid akux piBHanas [IIphojinrepa JomycKae po3ieH s
3MIHHUX.

IITe omauM i, MOXKINBO, HAMBAXKIUBIIIIM TI0JIeM JisabHOCTI Binbreasma Limiaa Oy-
Jia, TIO0Y/TOBa TOYHUX PO3B’SI3KiB CKJIAHUX PIiBHAHb MarTeMaTudHol ¢dizuku. I1ix itoro
KEPIBHUIITBOM 1 IIpu #oro 6e3rmocepeHiil ydacTi 3HaiieHO TOYHI PO3B’SI3KM PiBHSHBb
PyXy YacTHHKH JIOBITBHOTO CIiHY, MO B3aemozie 3 mojeM Kyrona, mojem ITOCKOI
XBUJI, CXPEIMIEHNMH MOCTIHIMHU €JIeKTPUIHAM Ta MArHITHAM MOJsiMA. Po3B’s3aru
BIJITOBIJIHI CKJIaJIHI CHCTEMU PIBHAHB BJIAJIOCS 3aBJISAKH ITUPOKOMY 3aCTOCYBAHHIO K
KJIACUYIHUX JITBCHKUX, TaK 1 BUIMUX cuMmeTpiit. Binbresmbmom Liridem orpumano HU3KY
dyHIaMEHTAIBHIX Pe3yJIbTaTiB 100 TOYHUX PO3B’sI3KIB HEJIHIHHUX GaraToBUMIip-
HUX JudepeHIiajJbHUX PIBHSHB T CUCTEM TaKUX PiBHsIHBb, 30Kpema, piBHsHb Jlipaka,
Hag’e-Crokca, Bycinecka, l'amimprona—Ako6i, lprominrepa, lamambepa, piBHSHB
HeJIHIHOT aKyCTHKH, PiBHAHD peakiii—maudy3il Tomo. Bin Ttakoxx 3pobus Barommii
BHECOK y MOOY/IOBY HOBUX METO/[IB 3HAXOKEHHs TAKUX PO3B’A3KiB, fKi CYyTTEBO PO3-
MIUPUJIA MOKJIMBOCT 1 MeK1 KJIACHYHOI'O I'PYIIOBOTO aHAJII3Y.

Cam Binbressm litia BBaxkaB HafiBaroMinmmmm cepej CBOIX pe3yJIbTaTiB CTBOPEHHS
MeTory yMOBHOI cuMeTpil. OCHOBHA ijiest IbOTO METOJLY MOJISATAE B TOMY, IO CUMETPist
DIBHSIHHS MO2Ke OyTU PO3NINPEHA, SIKIO HA MHOXKHWHY HOro pO3B’sI3KiB HAKJIACTHU Je-



SIKY JOJATKOBY yMOBY, CyMicHY 3 Buxijnum piBasuuam. Il nomarkosa cumerpis (1o
JicTajia Ha3By YMOBHOI CHMeTDIl) MOXKe JI03BOJIMTH 1I0DYyBaTU TOYHI PO3B’A3KH, K1
B IIPUHIAIN HE MOXKYTb OyTH 3HAN/IEH] 3 BUKOPUCTAHHAM KJIACUIHOrO mminxomy JIi.

OueBuIHO, IO IEPETBOPEHHSI YMOBHOI CUMETPil HE TIEPEBOISITh Oy /Ib-AKN PO3B’si-
30K BHUXIJIHOI'O PiBHSIHHSI B PO3B’sI30K. AJie iCHy€e Taka I IMHOXKHUHA PO3B’si3KiB, BU3HA~
9eHa JI0JIATKOBOIO YMOBOIO, JIJIst SIKOI TIEPETBOPEHUI PO3B 30K € 3HOBY PO3B’SI3KOM.

Ak me gacro OyBae, MUIAX Bix 3araabHOI imel 10 11 KOHCTPYKTUBHOI peaJizariii Bu-
SIBUBCS Jy»ke HeTpuBiaabauM. [lo-miepime, Tpeba 6ysI0 CTBOPUTH aJrOPUTM HOOYIOBU
TaKUX JIOJIATKOBUX YMOB, sIKMif O rapaHTyBaB iX CYMICHICTD i3 BUXiTHUMU piBHAHHSI-
MM 1 BOJHOYAC IIPUBOJMB JI0 po3mmpeHHsi cumerpil. [lo-apyre, po3s’s3ku, orpuMaHi
3 BUKOPHUCTAHHSAM YMOBHOI CUMETPil, 9aCTO CIBIAJAIOTh 3 KJIACUIHIMU I'PYIOBUMU
po3B’si3KamMu, i 6aXKaHO MaTH anpiopHi OIMIHKU, KOJH Ie MOXKe cTaTuch. Ajye Biib-
reapM Liwiia Ta ogomosana num xkomanna (P.3. 2ZKnanos, M.I. Cepos, I.M. Iudpa,
B.I. Yonwuk Ta iH.) yCHimIHO 370J1a/11 TOJIOBHI HEPEIKOIM, CTBOPUBIIN HOBUIi [OTY-
JKHUH METOJI, 3HAXOPKEHHSI TOYHUX PO3B’S3KiB CKJIAIHUX HEJIHIHHUX CUCTEM.

Binbrenswm Liutia 3pobus Baromuit BHECOK TaAKOXK y PO3ZBUTOK KJIACUYHOTO TPYIIOBO-
ro anauizy. TBopuo Bukopucrosytoun Hagbanus Codyca JIi Ta itoro mocsi10BHUKIB,
BiH 3yMiB CYTTEBO DPO3IMMPHUTH MEXKi 3aCTOCYBaHHS I'PYIOBOTO aHAJI3Y 1 onmmcaTu cu-
MeTpil U moOyIyBaTH TOYHI PO3B’A3KM JjIsI 0AraTboX BasK/JIUBUX PIBHSHD CYyIacHOL
mareMaTnyHol dizuku. [Ipu nepesiky BiAIOBiTHUX pe3yIbTaTiB MaiizKe BCIOAU Tpeda
BXKUBATH CJIOBO “BIiepiie”’, HABITh y TakKiil 3arajJibHOBIIOMI IAPUHI SIK KJIACUIHUIT IPy-
noBwit aHati3 Pymudy Ta O90JIOBAHIM HUM YIHSIM BJIAJIOCS 3AJIUIIATU JTyKe 1 TyKe
momiTHuit ciin. Ile crocyerhes 6araThox PO3IIIiB rPYyIIOBOrO aHAJIIZY, 30KpeMa, Teopil
nudepeHIiaIbHUX 1IHBapiaHTiB, peasizamiit aaredp JIi BeKTOpHUMU HOJSMU, MiATPY-
IIOBOTO aHAJII3Y (YHIAMEHTAJIHHAX T'PYH MATEMAaTUIHOI (Di3UKHU, OMKCY IIiIMOJIe el
PiBHSIHb MeXaHiKM 1 (pizukn.

IloBue esrekTponne 3ibpanus pobit Bimereapma Dmiva @ymumaa, dororpadii 3
ciMmeitHoro apxiBy ciM’l QymugiB Ta iHNTY iHdOpMaIio MOXKHA 3HAWTH Ha IHTEpHET-
cropinmi www.imath.kiev.ua/~fushchych/. CrnomiBaemocs, IO I CTOPiHKA PO3BU-
BATUMETHCS T JOIMOBHIOBATHMEThCA 1 Halasti. Takok BipuMo, 110 HAIII IPUKJIAJT HAIAX-
He iHIT HAyKOBI KOJIEKTUBU HA CTBOPEHHS MOIIOHUX IHTEPHET-PECYPCIB JJIsl IPOTIaraH-
JIM JTOCSITHEHDb BUJATHUX YKPAIHCHKUX YYEHUX Ta YKPATHCHKAX HAYKOBUX IIKIJI.

T'onosue, mo cTBopena Bimbreasymom Linmivem OymmdaeM mkoJia — MOTYKHAN TBOP-
97l KOJIEKTHUB, JIPYKHE KOJIO OHOIYMINB 1 JIPY3iB, OCEPEIOK SIKOTO 3HAXOJUTHCS B
Kuesi B Incruryri maremarnkn HAH Ykpalau, mpoJioBXKy€ *KUTH CHITBHUME 11esIMU,
PO3BUBATHUCS 1 TOMOBHIOBATHCS MOJIo 0. Crio/iiBagMocst, 10 3aKJajieHe 1 posrnoJare
Binbreasmom LiriveM mpuMHOXKUTBCSI HOBUMU JIOCATHEHHSIMU KUIBCHKOI IMKOJIU CH-
MeTpiifHOrO aHami3y.

Pedaxuitina xonezis



Croraan npo Binbreapma @ymnimya

Ounvea Isaniena @YIITHY

Y CcBOIX KOPOTKHX CIIOTaJlaX sI HAMAararoCch JIOHECTH 1 MOKa3aTH, MO0 HayKa, dKa
JIEXKUTb B OCHOBI BCHOT'O TOT'O, IO CTBOPEHO 1 BIJIKPUTO JIIOJCTBOM, — II€ IIIKaBO i
TAJAHOBUTO, & BYEHI BAPTi TOTO, m00 PO HUX 3HAJMU, AK IIPO JIIOJIEH, sIKi CTAHOB/IATH
IHTeJIEKT HAaIlil, JIOJIell IMOHANRIIINPIIO] ePY/INILil, 3 JIepKaBHUM MUCJIEHHSIM, 3IaTHICTIO
J10 TiepenbatdenHs MafibyTHIX 3MiH He TIIBKU HAyKOBUX, ajie # CYCIIJIbHUX MPOIIECIB.
VdeHuit y cycmiibCTBI TOBUHEH 3afiHATH CBOE MiCIie SIK MHUCHbMEHHUK, SIK XYJIOXKHUK,
SAK TOJIITUK YU apTUCT.

Bisnbresm nanexkuts came 1o rakux Y UEHU X, yuennx 3 BestuKoi Jitepu, 3 BesIu-
Ye3HOI0 CUJIOI0 BOJI, TUTAHITHOI IPATE3JaTHOCTI, KU MaB Jlap OXOIJIIOBATH 1 KOOp-
JUHYBaTHA JIYMKOIO Iy CYKYITHICTH ITpobJ/eM, HEBTOMHO TeHepyBaTH HOBI izel, Bmimo
OpraHizyBaTy HayKy, IIOEIHYBATH JIap HOMYJISPU3ATOPA HAYKU 3 XUCTOM CIIPABKHBOTO
JTOCJIi THUKA..

4 mamaraTuMmycss KOpOTKO pO3Ka3aTu PO KUTTEBHU 1 TBopuwmil nuisax Binbreabma
sIK TIpOdeCcioHasIa BUCOKOTO TaTyHKY, TAJAHOBUTOI 1 ICKPaBOI OCOOMCTOCTI 3 BJIACHOIO
BIZIMOBI/TATHHOIO TIO3WITIEI0, SIKOIO BiH KePYBaBCS y CBOEMY KHUTTi, SKUU aKTUBHO 1
ILUTITHO BIiB HAYKOBO-JIOCJITHUIBKY Ta HAayKOBO-OPTaHI3aIitHy, TPOMaJChKY Ta Iefa-
roriuny mistibHiCTH. BiH caMm cBo€ro mparieio 37100yB aBTOPUTET, MTOBATY CEPEJI YIHIB,
KOJIET, YIeHHUX i TPOCTO I'POMAJISH.

IIpakTuano Bce TpymnoBe )kuttsd Binbresmsma 6yito o’ s3ane 3 Kuesom, 3 [nctuTy-
tom mMarematuku HAH Ykpainu, jie BiH npaioBas mpoTsiroM 37 POKIB, ITPORIIOBINN
MJIAX Bif acmnipanTa 70 npodecopa, dieHa-kopectnongenta HAH Ykpaluu, 3ainxyBa-
9a Bifmiay, 1 HeMaJsio 3poOuB /I IEPETBOPEHHS BIIJIIY B OJMH i3 KPAIUX, B AKOMY
VCHIIITHO TTPOBOANUINCH HAYKOBI JOCTIIXKEeHH 3 HeJTIHIHHOT MaTeMaTnIHOI (Di3uKM.

Binbreasm @y — 1e Kpaca i riHicTh yKpalHChKOT HayKu, OyaiBHramit oiHiel 3
MMKLT YKPaiHCHKUX MaTEMATHUKIB — KON CUMETPIHHOr0 aHamizy AudepeHIiaIbHIX
PiBHSIHb MaTeMaTUYHOI (Pi3UKU, STKUIl CBOIMU HAYKOBUMH JIOCSITHEHHSIMH 1 HOBaTOP-
CTBOM 30araTuB MaTeMaTUIHy HAyKy XX CTOJITTS.

Bin 6yB y4eHuM, OCBITSHUHOM, I'POMAaJICHKUM JisT9eM, B aKTUBI sIKOro 9 MOHOIpa-
diit, 6impmre 300 HAYKOBUX cTaTeil, megaroriaaa pobora monas 15 pokis y KuiBcbkomy
HarioHasbHOMY yHiBepcuTeTi im. Tapaca Illesuenka i HamionaasnoMy memaroriaaomy
yuiBepcuTeTi im. Muxaitna IparomanoBa, CTBOpEHHsT HAYKOBOI IITKOJIN B TaIy3i MaTe-
MaTudHOI (i3uKwm, opraHizariisi HoBoro xkKypaaJy “Journal of Nonlinear Mathematical
Physics”, zanouarkysanHst cepil MizkHapoaHUX KoHMepeH i “Symmetry in Nonlinear
Mathematical Physics” B 1995 p. Ta yuactb y pobori MixkHApOIHOrO KOMITETY 3 IIH-
Tanb Hayku i Kysabrypu npu HAH Vkpainu Bij gHs #oro 3acHyBaHHS.

Binbressm mapomusest Ha 3akaprnarti. Bif majiko JobuB #Oro KaMeHi, JIicH, CHITH,
toro roJioc i ayy Hapoay — micHi. Bimbreabm 6yB cHHOM CBO€T /IepKaBH 1 CBOET €IIOX,
dKa 3MiHIOBaJIacAd B T'POMAJICBKOMY, IOJITUYHOMY i IICHXOJIOTiYHOMY po3yMiHHi. Bin
JKWB y TOI 49ac, KOJIM YKPaTHI[ HAIIOJIETJIUBO TOOMBAJINCh HE3AIEXKHOCTI, 1 TaKi JIFO/IH,
K Bigbregabm, Oysm cepes HUX HaHaKTHUBHIITIMA.

BinbreasMm npucBATHB yce CBOE JKUTTS HayIll, BUXOBAHHIO MOJIOJOTO OCBIYEHOTO
[TOKOJTIHHSI, MOJIOJIUX YIE€HUX Ha Osiaro YKpainu, a Birak — i HAIlOHAJIHFHOMY Bipo-
JI2KEHHIO Y KpaiHu.



8 O.1. ®ymua

Heski mirpuxu 3 6iorpadii. Binsreasm napomuses 18 rpyaus 1936 p. B ce-
ai Cinere Ipmascbkoro paitony 3axapraTchbKol 00J1acTi, sika B TOH 9ac BXOAWIA 0
ckaany Yexocnopauumnau. bareko, Impko Muxaitinosud, 1905 poky Hapomkenns, OyB
CEeJISTHUHOM. Y MOJIOJII POKH BIIPOJIOBXK KLJIBKOX POKIB ITPAIIOBAB y BYTIJIbHUX KOIAJIb-
Hsax PpaHriil, e 3apobuB rpoi, 3a sKi micias nmoBepHerHss B Cliblle KyIUB 3€MJIIO,
BUHOTPATHUKH, Mara3uH i oapykuscs 3 Mapieio IBaniBuoro Iseremt, 1908 p. napomxe-
uus. Mapis sapommia y 1928 p. noubky Lanny, y 1932 p. — cuna Muxaiina, a B 1936 p.
— naiimostommoro Binbressma (Bisist). Barbko 1 Mmatu 6ysn iy»ke nparnpoBurumu. Po-
60Ta Ha 3eMJIi, y BJACHOMY Mara3uHi i Ha BUHOIPAJHUKAX JAaBajIa MOXKJIUBICTD KUTH
ciM’T 3aMOXKHO 1 B JIOCTATKY.

Barbko OyB BUMOrIMBHM, CTPOrMM, PO3YMHHUM, IUPUM, JTOOPO3UUIMBAM i Yec-
yOCOBJIEHHSIM TIOC/TiIOBHOCTI 1 wecHOCTI meper coboro i moapmu. Bin Mpiss ma-
TH CBOIM JiTAM OCBITY, 1100 BOHH y MailOyTHHOMY 3MOIVIM IIPOJOBXKUTHU CIPABY, JJId
3all0YaTKyBaHHs sIKOI oMYy, OiHSIKY, CEJIsTHCBKOMY XJIOIIEBl 6e3 rporra, 6e3 Koja
NPURATILIOCS TsI?KKO TparoBaTu y OpaHIiil i BTpaTuTu 3/10pOB’si: ¥ KONAJbHSIX 0ATHKO
3aXBOPIB HA TYOEPKYy/Ib0O3, AKWil CTAB MPUINHOK fioro cmepti B 1946 p. JlikyBauus y
Yexii ta y kynanbusax Cunska (3akapuarcbka 00JI.) HE JOIOMOIIU BiJIHOBUTH BTPa-
qene 3710poB’a. He3Barkaioun Ha BaxKKy XBOPoOy, 6ATHKO OaraTo mparoBaB, aKTHBHO
i BMiJIo KepyBaB cBoiM rocrogapcTBoM. Matu Binbreabma — yHikaibHA KiHKa, sIKa
JKWJTa 110 COBiCTi, bararo i yecHo npartoasia. B Hiit 6ysia minHa, HeoOXigHa jyist Gop-
MyBaHHS XapaKTepy JiTeil YacTKa rOpJIoCTi, Mipu, 6JIaropoJicTBa, JIIOASHOCTI, 1HTeTi-
TEeHTHOCTI Ta eHepriitHocTi. Barpko i MaTu — 1€ ABI pO3yMHI, TPAITBOBUTI, MUPOJIIOOHI,
tBepai B gocsraerni cBoel metu [IOCTATI. Bouu i 6ynn BusHav9abHIME B PO3YMiHHI
Binsreasmom CBITY.

Ilicns cmepti Oarbka, KoM Ha 3akaprarTi, siK y CBiif yac Ha Ykpaldi B 30-x
pPOKax, PO3MOYAJIOCh PO3KYPKYJIIOBAHHS 3aMOYXKHUX CeJisiH, y Marepi Binbreabma, Ha
PyKax sKOI 3aJIUIMUJIOCS TPOE miTedl, BiiOpasm Bce — 3eMJII0, MAra3uH, BUHOTDAIHI-
KM, a ciM’I0 3apaxoBaJjiu JI0 KyPKYJIiB 1 3amiaHoBam BucegnTn i3 3akaprarts. Tiab-
Ku HecamoBuTa BijBara Mapii IBaniBuu, 1T BMiHHS HAJIArORKYyBaTH JOOPi CTOCYHKH i
BI/IIIOBi/IHI 3B’s13KU 3 HEOOXITHUMHM JIJIsi I[HOTO JIFOJIBME BPSTYBAJIU CIM'I0 BiJl PO3KYP-
KYJIFOBAHHS 1 BUCEJIEHHSI.

HHUM

IIpo sike H6ararcTBo Moria iitu Mmosa? Bii posnosizas, mo iHoai He Oys10, 10 IcTH,
sIK 1y 6ararbox ciM’sX y Ti IIOBOE€HHI poku. Ajie ciM’st Apy»KHO TpuMaJsiacs. Jlitu Bau-
Jiacs 1 jonomMarajiy MaTepi caguTi KapToILI, KyKYPYA3y, KBacoJI0, KOIaJIu, 301MpaJin
ypokail Ha Tiif JiapHUIN 3eMull, Ky M 3asummian. Mapis IBaniBaa pobuiia Bce MO-
KymBe, moeb IiTaM JaTu ocBiTy. BoHa BCTymmia [0 KOMTOCIY 1 TS?KKO IIPAIIOBAJIA,
OTPUMYIOYHN 33 CBOIO IPAII0 HA TPYIOAHI Mi3epHY ILIATHIO. BOHA YKWjIa CBOIMHU i-
ToMH. JliTr pagyBasm 11 CBOEIO CIYXHSAHICTIO, MPAILOBUTICTIO, YCIIIMHICTIO B IITKOJII.
Ile namasaso Tit cusin 6oporucs 3i CKPyTOIO.

He Tax 6araro :kiHOK, gKi 3aaumminch micasa 1947 p. npakTudaHo 6e3 3acobiB 10
iCHyBaHHS, MOXKYTh ITOXBAJUTHUCS TAKUM IepOI3MOM — BUXOBATH JiTell, 1aTh IM OCBITY,
SK TIPO Tie MpigB i1 gosoBik lbKo, 1 BUBeCTH X y JIIOIN.

Ilicns 3akinyenHs cepegupol mKoau y M. Ipmasi I'anna nocrynuniia B negaroriune
yuammie y M. Xycri, a Muxaiio — na dinancosi piuni kypcu y M. Hepnismi. Bi-
JIi IPOJIOBKYBAB HABYATUCS Y CEPEIHIN TTKOJI, MOAHS JOJAI0uH TimKu 5 KM. [arnHa
MicJIA 3aKiHYeHHS MedyJusInIna ayk JI0 BUXOAY Ha IEHCII0 MpaIfoBaja YIUTeTIbKOIO
MOYATKOBUX KJjaciB y pimaomy cemi Curbmi. Muxaitio micas cay:k6u B apmii 3akin-



Cuoraym ipo Binbresnma @yrmaa 9

quB JleHIHrpaICbKe MOpeXi/iHe YUIWIUINe 1 Ha mpoTs3i 6araTbox POKIB MPAIIOBAB HA
MOPCHKOMY (hJIOTI.

Ilicna 3akinvyenns cepesubol mKosmm y M. Ipmasi B 1953 p. Binbrensm mocrynus
JI0 Y2KIOPOJICBKOI'O JIEPYKABHOTO yHIBEPCUTETY Ha (PI3UKO-MATEMATHIHUIN (PaKyJIbTeT.
ITo6 Bisi mir moixaTu B ¥Y2Kropo/ Ha BCTYIIHI iCIIUTH, MATH TO3WYNIIA IPOII, KYIILIa
gemosa i gasta 100 kpb, micss woro ckazasta: “Bisi, a 1o Oyie, Ko T He MOCTY ITHIIT !
Sk Mu moBepuemo rpormi?” Bassimm 3 coboro, kpim demomany i 100 kpb, mie i jgeski
xapdi, Bini BimnpaBusca B Ykropoj. Icnuty BiH ck/iaB ycrimuo i 6yB 3apaxoBaHmii
Ha nepIuii Kype (pismKo-MareMaTuvIHOro (paKyIbTeTy 3a CIEiaJIbHICTIO (pi3uKa.

Ilin wac Bcrymuux icnmTiB 3 Bimi crasocss gekijibka KyMeTHUX MPUTOM, ONHY 3
SIKUX sI He MOXKY He mpurajaru. Bimio gayke 3axorinocs ictu. A TyT ofuH 3 abiTypi-
€HTIB 13 3aMOXKHOI ciM’T morrpocuB Bimis cKjacTu 3aMicTh HHOTO 3a IMMIMATOK KOBOACH
icnutn 3 disukm i maremaruku. Bimi srogmees. CrodaTtky ckiaB (i3uky Ha I1'ITh
3a cebe, a HACTYIHUN JIEHb — TeXK Ha II'9Th 38 TOrO XJIOIMI(S, IPUYIOMY TOMY CAMO-
my Bukiaagady (Bym). o peui, 3romom By Bukianas y Binis saranbay disuky
Ha meprroMmy i apyromy kKypcax. Hacrymaum icnimrom Oysia maremaruka. [lpuitman
toro Bukaamad Xigi. Ilepiri Bunmyckanku iznko-MaTeMaTuIHOTO PaKyJabTeTy J100pe
aM’gTaloTh IIBOT'O JOOPOCOBICHOIO, MYHKTYAJIHHOI'O, CyMJIIHHOTO, BAUMOIVIUBOI'O BU-
KJIaJjaqa MaTeMaTUYHOro anamuizy. Ti, KoMy BiH 4MTaB JI€KIil, MOXKYTh KOHCTATYBaTH:
HoMep, gKuil npoimos y Bimig 3 Bymowm, 3 Xiui me mir npoiitu. Bini ckias icniut 3
MaTeMaTHKU Ha 11 ATh, a 33 TOI'O XJIOMIS HE OB, BiMOBHUBCS, TOBEPHYBCs BXKe BiJl
JBepeit, mobadIuBIIM, MO B ayAUTOPil CHAUTH TON CAMUil BUKJIAJAT, IO MPUIMAB y
HBOTO iCIIUT y TIOMEpesHiN TeHb, X04Ya 3 MUCHMOBOIO PODOTOIO JTOMOMIT, CUIASIYIN Oiist
wboro. Ceprie mizkasaio Binito He pobutu mporo, 60 Moxke crarucsi 6ija — BIIi3HAE
ioro Buksasgadal I mo roxi 6yne? Ilpomasaii yaisepcurer! Baykanust yaurucsa B yHi-
BEPCUTETI BUSBUJIOCS] CHJIBHIIINM Bij| OaskaHHs 3'ICTH IMMaTOK KOBOACH.

Vuisepcurer, Biakpurnit B 1945 p., B 1953 p. 6yB masouncensaum. Koxken Kypc
6ibiocTi dakynapreTiB HapaxoByBaB Osim3bKo 25 crymentiB. Haiibineimn 6ararovn-
cebHUM (DaKyabTeTOM Ha Toil yac O0yB memmununit — 200 ocib ua Kypci. Ilix gac na-
BUaHHs B yHiBepcureTi Bisi x)uB y ryproxkurky Ha MockoBebKiit HabepexkHiit. [lepri
TpU KypCH — Y KiMHATI, B sKifl, KpiM HBOT'O, ITPOXKUBAJIO TIe 29 CTYIEHTIB 3 Pi3HUX
dakysbTeTiB — MeamdHOro, Giosoridnoro, ¢isosorivHoro, Gi3UKO-MATEMATHIHOLO.
IIpoxkuBanus B Takiil “koMyHaJIbHIH’ KiMHATI Ta TOBAPUCHKUN, KOMIAHINCHKHIT Xapa-
krep Bijist 3pobusu #oro 3HAHUM Cepejl CTYIEHTCTBA yHIBEPCUTETY.

BpaxoByroun, 1m0 B rypTOKUTKY BUYATHUCS MTPAKTUIHO He OyJI0 MOXKJINBOCTI, Bisi
nparfoBaB y 6i0sioreri. XapdyBaBcs B CTYAEHTCHKIN I1aIbHI HA TAJOHU, AKi KyIIyBaB
i3 crumenil 3pa3y micis i1 orpumanns. [loBepraBcs B ryproxkuToK misno, Oims 23-1
roguHU. | Tak MogHS, KpiM BUXIIHUX, KOJHM BCi XJIOMI rpaan y dyTOoJI, BOIEit00II, a
BedopaMy XOJWJIM Ha TaHIl B KJyO yHiBepcurery. Bini rpas y dyrbos i Boseiibos 3a
36ipHy dizuko-mareMarndHoro GakyabreTy, a mj 9ac podoru B yaisepcureri (1959—
1960 pp.) — 3a BoseiibOIbHY KOMAHIY BHUKJIQJAYiB YHIBEDPCUTETY, Ky TPEHYBaB 1
OYO0JIIOBAB BiIOMMIT BOJIEHOOJIICT, y MUHYJIOMY “WieH 30ipHol YKpainu 3 Boseiibosry, Bu-
kJa1a4 GizKynpTypu YKropojcbkoro yHiBepcurery Ckpsibin. I11o6 skoch momomortu
marepi dinancoBo, Bii mig vac KOXKHUX KaHIKYJ IIPAITIOBAB.

CrymeHTChKe XKUTTS X04Ua 9epe3 MaTepiajbHi TPYIHOII OyJI0 HE JIETKUM, aJje JIyKe
I[IKABUM, BECEJIUM, IACTUBUM, CBITOMIM, HAIIOBHEHAM MPisIMU, HOBUMU 3HAHHSAMU HE
qmre 3 Gi3ukn i MaTemMaTukn, aje i 3 dimocodil i giTeparypu, HACUIEHUM KYIbTYP-
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HUMU 1 JyXOBHUMHY IIIHHOCTAME Ta HOBUMH 3HaffoMcTBaMu. Bii BYMBCA Ha BiAMIHHO.
IIe B cTymenTchKi pokn mpu 3ycTpidi Japysi Bitamucs 3 aum: “Ilpusit, mpodecope!”

Bini mpisB 3aitustuca mHaykowo. Bee mogasocs 3 Bepecas 1955 p., ko B YKro-
POJT IpUIXaB BUMYCKHUK acmipanTypu ®Pizuwanoro incruryry im. Jlebenesa AH CPCP,
kaHzuaaT bis.-MaT. HayK (a 3romoM JOKTOp (bi3HKO-MaTeMaTHIHUX HAyK, Tpodecop)
FO.M. Jlamcazze i ogosiuB Kadeapy Teoperndnol ¢izuku. Bijist 3axonmim iforo Jje-
KIIil, ceMiHapH, I/l BIINBOM sIKAX BiH i BUDIIINB ITOB’SI3aTH CBOE XKUTTs 3 HAYKOIO,
obpagrm co0i 3a creniajabHICTh TeopeTndHy i3nky. BiH mepeKoHaBCsi B IPABUIBLHO-
cri Bubopy micist moi3aku B MockBy Ha BUPOOHHYY TPAKTHKY B MOCKOBCHKMIT yHi-
BEPCUTET, B SIKOMY BUKJAJAJUA Bimomi BueHi (isumku-teopernxku. Bim meomHopas3oBo
PO3IIOBiIaB CBOI ciM’T IPO If0 MPAKTUKY Ha Kadeapi TeopeTnyHoi (i3nuku, sSKa mIpo-
XOJIUJIA IPOTSIFOM OJHOI'O CEeMeCTPY ICJisl 4eTBePTOro Kypcy. BiH i mie cemepo itoro
OJTHOKYPCHHKIB BifBimyBam jekrii akagemika JI.JI. Jlammay 3 KkBanTOoBOI MeXaHiKM
ta akajgemika [.LE. Tamma 3 Teopii esleKTpOMaraiTHUX SBUIMN. 3 MEBHUMH TPY/IHOIIA~
MU BOHH ITPOOUBAJINCH Yepe3 iCHYI0Uy TOi MPOIYCKHY CHCTEMY Ha HAyKOBI ceMiHapn
B Incruryr disuunux npobiem AH CPCP Tta ®@isuunwmii incruryT im. Jlebenera, je
JacTO JOIOBIIa/IN BCECBITHBO BiZIOMI ydYeHI B rasy3i KBaHTOBOI Teopil moss i Teopil
eJIeMEHTAPHUX YaCTHHOK, sIK PAJSHCHKI, TaK 1 3aKOP/IOHHI.

YV 1958 p. Bini 3akinuus Kadepy TeopeTudHOl (Di3uKu YIKropoJChbKOIro YHiBep-
curery. FO.M. Jlamcamze, momituBmu y Bimist Taki puch, sik TparHeHHs 10 3HAHbD,
[LJTECIPSMOBAHICTD, XUCT J0 HAYKOBOI pOOOTH Ta BiIMIHHI 3HAHHS, 1aB HOMY PEKOMEH-
pario B acuipanTypy. OaHak depes nesHi obcrasunu (Ha Heil 9ac Mu OyJiu OJIpY2KeHi,
a s me BumiIacs) Bini supimms nonpaigosatu B yHiBepenTeri. ToMy micis 3akiHIeHHsT
yHiBepcuTery nBa poku (70 1960 p.) mpaioBas Ha BUKJIaJAIBKIA pobori Ha Kadenpi
TeoperuvHOl izuku. Posymitoun, mo iMOBIpHICTE Ha 0aHHS 3HAHB y CTOJIHUIN Yepe3
HasBHICTb BiJIOMUX yYI€HUX, HAYKOBUX INKLJI, IyJ0BUX 6IOII0TEK HAbOAraTo BHUINA, HiXK
B Yxxropoxi, Bini y smcronani 1960 p. moctynus no acuipantypu lucturyry mare-
MaTuku Akajiemil Hayk YKpainu. BijbresabMma st 3ycrpijia e B CTYIEHTChbKI POKU Ha
dizuko-MaTeMaTuIHOMY (PAKYJIHTETI, CTYJIEHTKOIO SIKOTO 1 TaKOXK Oysia. Mpiroun 3 Bi-
JIi TIPO HAyKy B CTOJINII, sl HE 3allepedyBaJia 1Moo ioro i i34y no Kuesa. HaBnakm,
3’sBIJIACH HAJid HA Te, IO 3 YaCOM, siK TIJIbKHU IMJIPOCTE TOYKA, 0 MOEMY mepel3si
110 Kuesa s1 TakoK 3MOXKyY BJIAINTYBATUCS B OJUH 3 iHCTUTYTiB AKamemil Hayk. Hama
Mpis 30ymmacsa. 4 3uaiina B Kuesi ymobieny podory B IncruryTi nmpobiem marepia-
siosHaBcTBa HAH VYkpalnu, B SIKOMy IIPaIfO0 1 CHOIOJIHI, 3aXMCTUIa KAHIUIATCHKY
JIMCEPTAIIiI0, BUKOHAHY IIiJ] KEPIBHUIITBOM Bizmomoro ydeHoro akajaeMika HAH Vkpai-
o I.M. ®@enopuenka. Y Kuesi npoxkuna 3 Bini i gitemu, Mapiannoio i Bormanom,
BEJINKY 1 KpaIlly YaCTUHY CBOTO >KUATTS.

Ilicna 3akinvyenns acmipanTtypu 3 aucronaga 1963 p. Birbreabm mparioBas MOJIO-
muM, a 3 cigasg 1965 p. — crapmum HayKOBUM CIiBpOOITHHKOM [HCTHTYTY MaTeMaTuKn
AH VYxkpaiumn.

VY moromy 1964 p. ButbreabM 3aXUCTUB KAHIMJIATCHKY JTUCEPTAIIO HA TeMy “AHa-
JIITUYHI BJIACTUBOCTI aMILTITY/T HAPOIKeHHs K (pyHKIIT mepemanoro immyabey’. Kan-
JUJIATCHKY JucepTartiio BiibrebM BHKOHAB IIiJ] KEPIBHUIITBOM BUJIATHOTO YUEHOTO,
YIeHA-KOpeCoHeHTa (3rogoM akajemika) AH Ykpaiuu, nokropa disuko-marema-
tuaanx Hayk mnpodecopa O.C. ITapaciooka. Ocran CrenanoBud — 3ipka B Hayti. Bin
HaMaraBCs BKJIACTH y CBOIX YVYHIB Te, IO 3 HBOTO CAMOIO OWJIO JI2KEPEJIOM: BHUCOKY
JIYMKY, 3HAHHS 1 BeJinKy haHTas3ito mpu BUKOHaHHI JocaiKeHb. Ocran CrenmaHoBuY
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IPEKPACHO 3HAB BCIO HAYKOBY Jiireparypy (i He TLIbKM) Ta HAMAraBCs OPUIIEIIATH
CBOIM yYHSAM JIFOOOB 0 KHHUT, JIO JUCITYTIB, [0 BUHUKAJIN Ha HAYKOBUX CeMiHapax, siki
BiH IIPOBOJIUB IIOTHUKHSA 1 HA SKUX HAPOJKYBAJNUCh HOBI ijel 1 MJIsAXu 1X peaJsiizailiii.
IIponyckaTn HayKoBi ceMinapu 6€3 TTOBaXKHOI IPUIHHU HE JIO3BOJISIOCH, 00 ceMinapu
st Ocrama CrenanoBuda Oy/ind CBATOK clipaBor. Bisibresbm mepeitass Big Ocrara
CrenanoBrYa 1710 JIIOOOB 10 KHUT, 0 HOBUX 3HAHb, METOIU poboTu 3 yuasmu. o Kin-
st )KuTTA Bie OyB Bimmanuit ceoemy Y HUTEJIFO, sobus i mamnyBas iioro, mocTiiino
CITIJIKYBaBCs 1 PaJIUBCA 3 HUM.

VY xsitHi 1971 p. BisibressMm Ha BYeHi paji [HCTUTYTY MaTeMaTHKH 3aXUCTUB JI0-
KTOPCBHKY JUCepTaIlio Ha TeMmy “TeopeTnko-rpymnoBi OCHOBHU y3arajbHEHOI PeJISTUBICT-
CbKOT KBaHTOBOI MexaHiku i P-, T-, C-iepeTBopeHHs”, KOHCYJIBTAHTOM SKOI OyB aKae-
umik O.C. ITapactok. OdiniiHuMu OnOHEHTaAMU JIUCepTaIlil OyJInd: YJIeH-KOPECIOHICHT,
nokTop disuko-mareMaTndHux Hayk, npodecop B.II. Hlesecr (M. Kuis, ITO AH
Yxpaiuu), mokrop disuko-maremarnaaux Hayk, npodecop O.0. Boprapar (m. Jo-
wenpk, ®TI) i mokrop disuko-maremarnanux Hayk, npodecop B.I. Kanumescokuit
(M. Hy6na, OIAI). ¥V noKTOpCHKil aucepramil migcyMOBAHO PE3YyJIbTaTH, OB d3aHi
3 kiacudikalien He3BiAHUX 300pakeHb y3arajgbHeHux rpyn llyamkape B H6aratoBu-
MIpHEX TPOCTOpax, 30Kkpema, y mpocropax jge Cirrepa. Ha ocnoBi mux nocimxkernb
MOOYI0BAHO MATEMATUIHI OCHOBU KBAHTOBOI MEXaHIKN J/IsT YACTUHOK i3 3MIHHOIO Ma-
coro.

3 1978 p. mo KiHmg cBOro KUTTs Biimbressm OyB 3aBigyBadeM BiIIiIy TpUKIa-
JHUX fociikenb lneruryty mMarematuku HAH Ykpainu. 3Banns mpodecopa oMy
npucyazkeso y 1980 p.

4IK1mo Ha oYaTKy HayKOBOI JTisJIBHOCTI KOJIO HAyKOBUX iHTepeciB Bimsreasma cra-
HOBIJIN TTPOOJIEME KBAHTOBOI Teopil moJisi, To mounHaiodu 3 70-X POKiB OCHOBHOIO Te-
MOIO HOTO MpaIpb CTa€ TEOPETUKO-TPYIIOBUIl aHAJII3 PIBHSIHb MATEeMATUIHOI (Di3uKm Ta
kBaHTOBOI MexaHiku. Came B 70-x pokax Binbresbm mas po3s’s30K (hyHIaMEHTATHHOT
IpobIeMU MaTeMAaTHIHOl (Di3UKHU, HAJ IKOIO PAHIIle MPAIIoBaIN TaKi BUJIATHI BUEHI
cBity, sk Birunep, Baprman, [IIBinrep Ta in., sika moJiAra€ B MOIIYKYy Ta OIHUCI CHC-
TeM nudepeHIiaabHuX Ta IHTerpo-audepeHIiiaJlbHIX PIBHSIHD, IHBAPIAHTHUX BiTHOCHO
rpyu lamines i [lyankape. st po3s’ss3amus i€l mpobsieMu BiH 3aIIpOIIOHYBAB HeJla-
TpaHKeBUH MMIXi 10 TOOYIOBH Ta JOC/IIIKEHHSI PiBHSAHDb PYXy B KBAHTOBIH Teopil.

Be3 mepebinbiienns MoXKHA CTBEP/KYBaTH, M0 BigbresbM 3pobWB 3HAYHUIT BHE-
COK y HOBHUH PO3IiJ CydacHOI MareMaTUdHOI (bi3WKM, SIKUI CIIEIiaJiCTh Ha3WBAIOTH
cuMeTpiitHM aHaji30M audepeHIiaJIbHuX PiBHsIHb. Taki 3araJbHONPUITHATI Terep
TepMiHH, K HeJIIBChbKa CHMETpisd, HeJOKAJbHA CHMETDisl, HeJIIBChbKUM IMiIXi/, HeJi-
HitHa MaremaTndHa ¢izuka Brepine BBemeno B mpargax Oymmaa. Komm 3’asummch
repmri mparti BisbrenbMma 3 cuMerpiitHoro anasizy B HAyKOBUX KypHaJax, TO Oara-
THOM 3/IaBaJIOCh, 110 BOHU He OYIyTh MaTH IIMPOKOIO IPOJIOBXKEHHsI, 60 BCl creria-
JIICTU 3HAXOUJINCS TiJT BIIMBOM JIOC/III?KEHb 3 TeOPil CUMETpill, BUKOHAHUX DPAaHiIITe
TaKUMU BCECBITHRO BioMuMu BueHnMu, sik Annsoepr Enmreitn, Aupi [Tyankape, [Tosn
Hipak, Codyc Ji Ta in., i mo Tx pe3yabrataMu Il TpoOJIEMHI yKe BUYEPIIaHi.

Tlomanwbmi mpami Binbreabma Ta y9HIB HOro MIKOJIW B Ii# rajysi mokasasu, 1o
Qy1ud 3aIportoHyBaB HOBI ITiJIX0/IN JIO JTOCIiJI2KEHHST CUMETPil PiIBHIHb MATEMATUIHOL
i TeopeTUIHOT Pi3UKHU, SIKi 3HANIIIN PO3BUTOK B IPAISIX BYCHUX OAraTboX KpPaiH CBITY.
Hayxkosi pesynabratun Bigeresapma i fioro yumiB y rasysi Teopiit cuMmeTpiii, HA MOIO
JYMKY, € 3HAYHAM JOCATHEHHAM yKPaiHCHKOI MaTEMaTHIHOI HAYKH.
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Coir miakpecanTH, Mo JjIs TOTO o0 TPOXKUTH B TAPMOHIT i 3/1aroi 3 I0J0BIiKOM-
VIE€HNM, AKHUil MMOBHICTIO BiAIaeThcst poboTi, Tpeba floro po3yMiT i pa3oM 3 HUM BiJI-
qyBaTHU BCE Te, IO BidyBae BiH y Kpallli U1 Tipiiri MOMEHTH CBOTO YKUTTsI, OO y CIIpaB-
JKHBOTO YIE€HOTO BUXIJIHUX, CBAT i 8-TOJAMHHOTO poOOYOro JiHs, & JacTo it Biammyckn,
pocTo HeMae. € yiobiena pobora, poboTa i 1ie pa3 poboTa, € yUHI — CTYIEeHTH, aclli-
paHTH, JTOKTOPAHTH, HAYKOBI CIIIBPOOITHUKH, SIKAX BiH y9IUB IMPOBOAUTH (DYHIAMEH-
TaJIbHI JIOCTIIZKEHHS 1 38 IKUX BIH IIepeKUBaB K 3a CBOIX PIIHUX JiTell, mepeiiMaBcs
IXHiMI TTpOOJIEMAMK K CBOIMH.

Kpim “miteit-yanis” (Bcix yunis Binbresbm Hasusas JiThMu), y Hac 3 Bim jgsoe
mireit — Mapianna (tenep Mapianna Oiiiep), 1961 poxy, i Borman, 1972 poky zapos-
KeHHsi. Bimi 06uB cBOIX jiTeif, muimaBcs HEUMU 1 miaTpuMmyBaB iX. Bin OyB 3aBkmau
M IpyTOM i TTOPaIHUKOM, PO3YMIB IIHHICTH OATHKIBCHKOTO BHXOBaHHsI, 60O caMe BOHO
dopmye auTuHy FK 0ocobucTicThb. Bin Hikosm He 3abyBaB PO HEOOXiTHICTH €MOITiii-
HOT, MOpaJIbHOT HMIATPUMKHY JiTell i 1po 1x moTpeby B camoBupazkerHi. CiryKuB J1iTsM
MIPUKJIAIOM Yy MIJISIXeTHOCTI, OyB JJIsi HUX BEJIUKUM aBTOPUTETOM.

it O6yau cBigKaMy HAITOl MOBATM OIWH JI0 OJHOIO, TMOBArW 0 HUX AK 0COOH-
crocreit, rapmownii B cim’i. [apmonis Mik miTbMmu 1 6aTbKaMu 3piBHIOE CBIT Tak Camo,
JK TIIOC 1 MiHyc, m00po i 3710, 6ise i wopue. Ile momomorso BUXOBaTH X UUCTHMMU,
[IUPUMU, JTOOPUMU, PO3YMHUMHU, 30V/IUTH 1 IPHUIIENATH B HUX 3 JUTHHCTBA, 3aMOJIO-
Jy JIyXOBHi 1 JTIOACHKI saKocTi. Binmi mamarascs He TUCHYTH Ha JiTeil, HE HAOJ/IATAB, a
TITBKU 3JI€TKa HAIIPaBJIAB 1 KepyBaB HUMU. BiH MaB JOCTATHHLO TBEPAWX MPUHIIAIIB,
o6 cchopMyBaTH IiTeil CBiAOMUMN YKpPaIHISIMHU, CIIPABKHIMHA ITaTpioTaMu, BUXOBATH
y HEUX IOIIAHY J0 POy, PO3BUHYTU B HUX JIyXOBHICTD.

Komm y Bisist rparuisiincs Baxkki curyariii, st i JiTu OysIu 3aBK /11 MOPsT 1 3aKTHKa-
Ji floro JI0 CIIOKOIO, /IO IMOCMIIIKY, 3rYPTOBYBAJIACH 1 BIpUJIA, IO Pa30M 00OB’S3KOBO
MTOJTOJIAEMO TPY/IHOIIII.

Bini 3ymiB mpumenutu aiTsaM JI060B 10 MaTEMaTHKH, 0 HayKH, g0 mparti. Mapi-
aHHa 3aKiHumia dizuko-maremarnyny mkoiay Ne 145 npu KuiBcbkomy yHiBEpcuTeTi
B 1978 p., a B 1983 p. — MexaHiKO-MaTeMaTHuIHH (PaKyIbTET IIHOrO XK YHIBEPCHTE-
Ty. AcmipanTypy 3akimumiaa npu [HeruryTi maremarukn HAH Vkpainu. Y 1988 p.
3aXUCTWIA JUCEPTAI0 HA TeMy “3aCTOCYBAHHA aCHMITOTHYHUAX METOMIB 0 PO3B’s-
3aHHS JACIKUX HEeJIHIHHNX XBUJILOBUX PIBHSHDL 38 CIEIAJLHICTIO “mudepeHIiaTbHi
piBHgHH:A 1 MaTemaTuvHa (izuka’ i oTpuMaa HAYKOBY CTYIIHDb KaHIUIATa (Di3UKO-
MmareMaTnyHux Hayk. 3 1997 p. npamtoe y IlIBenii B Texunosoriunomy yHiBepcuTeTi
M. Jlysea Bukiagadem maremaruku. borgan y 1988 p. 3akinuus (izuko-MaTeMaTuIHy
mkosy Nt 145 npu KuiBcskomy yHiBepcureri, a B 1993 p. — MexaHiKO-MaTeMaTuIHAN
dakynbrer Toro x yuisepcurery. Pik napuascs y Miosenbep3bkomy kosteski (CIIA)
i pik — B acuipanTypi lapsapscekoro yuiepcurery (CHIA). ¥V 2000 p. 3akiH4uB 10pu-
anaenil dakyiabrer Kuiscbkoro yHiBepcurety. IIparioe B crpaxoBomy 0Oi3Hec.

Cnoragmu Mapianau i Borgana. “Y mac ckiajacs Taka JQyMKa, 10 Oyiab-sKi
HaykoBi mpobsemu 3 ydacTio Barbka po3B’sa3yBasuch Ha HaliBuimomy piBai. Harma
maM’siTh PO HBOTO — IIe BiYHA AMCKYCist 3 HUM Ta BiUHE OUIKYBAHHA MITPUMKN Ta
IIOpa/IX BiJI HHOTO, 3ra/IKU IIPO Pi3HI MUTI WOr0 YKUTTH, BUIIAJIKHU 1 CJIOBA.

Ilepekonani, mo Barpko OyB 3paskoMm Jmnapcbkoro ciayxiaas lcruni, dobpy,
Haymi, Yxpaini i cBoIM KHTTsIM 3aBOIOBaB movecHe 3BaHHs — Jliogmua. Bipumo, 1o
BCe Te, IO 3aJNNUB BaTbko B Hayti, iM's sKOl HesiHifiHa MaTemaTnyHa di3uka, 3a-
JINIIIUTBCS JJIsI MaliOyTHIX 1moKojIiHb. CroaiBaeMoch, 1o y4uHi Barbka OyayTh Hamgasi
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CIIPUSITH TONIAPEHHIO 0r0 HAYKOBUX, CYCIIBHUX, MOPAJbHO-eTUIHUX 171eil Ta ITpUH-
muris.”

HaykoBa po6ora. Binbrensm sobus lucturyr maremarnku, OyB npus’s3aHuit
J0 HBOTO. BiH maHoOIMBO i 3 TTOBATOI0 CTABUBCA JO BCiX CIIBPOOITHUKIB iHCTUTYTY
He3aJIeXKHO Bijl ocaju, sKy BOHHM ODiiiMaJii, B TOMY 9HCJI i /10 cBOiX y4HiB. B iHcTH-
TyTi BinbresbM 3HAXO/IUB KUTTEMANHNIT KOBTOK CBi?KOTO TIOBITpsI, SKNI KUBUB HOTO
JyILy i ceprie.

BinbresbM BBazKaB, Mo HayKoBa poboTa — Iie ocobsmsa mpodecist. Momy momoba-
JIOCh YYUTH MOJIOJIAX CIIEIHAJIICTIB i CBOIX yUHIB, TBOPUTHU PA30M 3 HUMH HOBi popmy-
Jid, PiBHSAHHS, SIKi BUIIEPEKAJIN Jac. BiH 9acTO MOBTOPIOBAB, IO yIeHUN-TIEIAror —
e mpeKpacHa mpodecist, AKifl mpuTaMaHHiI PUCH TBOPIS, KUl KPOK 33 KPOKOM ‘‘Te-
11e”, HEMOB CKYJIBIITOD, HOBUX yYEHUX.

IIparioroun 3 yuasimu, GoOpMyIoUn iX K yieHuX, BijibresbM oTpuMyBaB BeJIHKe, Hi
3 UMM HE3PIBHIHHE MOpaJbHe 33/10BojIeHHs. HaykoBa TBOpUicTh cTasia it Biibresb-
Ma HOro YKUTTsAM, IIPO MeXaHi3M sKOl BiH ckazap Tak: “CrovarKy MOYMHAK XBOPITH
HOBOIO 171€€10, HOBOIO 33/1a9€I0, TIOTIM 3arIu0JIIOI0Ch y HEl, CIUPAIOYNCh Ha, MTOIePEe/IHi
pe3yabTaTH, a MOTIM PO3B’a3yIo 11 3 yUHAMH, ICIsd T0TO BHAYXKYI0. I dacTo OyBae
TaK, IO HAPO/PKYETHCS HECIIOJIIBAHO JIJI BCIX HAC IEPINOKJACHUN pe3ysabTaT i BiH
BHUJIAE€THCA BCIM HAM MPUTOJIOMIIIJIUBUM 1 HEOUiKyBaHUM.”

Binbrensm HiKOJIM KOPCTKO HE PO3MOBJISB 3 CBOIMU YYHSIMH 3 IIPUBOJLY 1X HAYKOBOI
poboTu, ajie BUMaras BiIoBigaabHOCTI Ipu 11 BuKOHaHHI. /[Bepi itoro KabiHeTiB ymoma
i B iHCTUTYTI 3aBXK 11 Oy/n BinkpuTuMmu. Bis pobuB 3 yuHsIMU OJIHY CIIPABY, TOMY HOTr0O
CIJIKYBAHHS 3 HUMU HEMOXKJIUBE OyJI0 O€3 JIOBIPJIMBOrO TOHY; Mi2K HUMU 3aBXK U OyJin
J00pi, IucTi, 9ecHi, JIIOACHKI CTOCYHKH.

Momnorpadii i HayKoBi cTaTTi — I1€ TBOPUHIl IMiICYMOK HAIIPAIFOBaHb Bilbreabma
3 YIHAMU, AKUN 00’€/ITHAB yUIUTeIs 1 yIHIB, KEPIBHUKA 1 criBpobiTHUKIB. ¢ mam’sraro,
K BOHU, IPAIIOI0YHN Pa30M, HAPOJKYBAJIM HOBi, OiJBIT JOCKOHAJ pe3ysibTaTu. | i
MuUTTI Oy/JM y HUX MPEKPAcHi 1 HeNmoBTOpHi. 3apaau HUX Bijibrejbm KepTByBaB y
JKUTTI 6araTo IuM.

Opnak, HayKa, SK 1 OyIb-sKa TBOPUICTh, Oy/yeThes Ha ronopuctocti. Tomy Bims-
reJibM He 3aBK/U OYB 33JI0BOJICHUIT pe3yIbTaToM. AJjie He 3acMydyBaBcs, 60 pO3yMiB,
0 HAJI OJIEPKAHHSIM BAroOMOI'O Pe3yJIbTaTy IIOTPIOHO OAraTo mpalioBaTH, 3HAB, IO
JlesIKi Pe3yJIbTATH HEMOXKJIMBO OTPUMATHU IIBUJIKO T JIETKO, SIK 3IA€THCH Ha MEPIIHi
roristy. “Irmest 10Bro 3pie, HAKOMUIYETHCS BCEPEIUHI 1 B OJIMH MIPEKPACHUM JIEHb TTPO-
pUBaETHCsI,” — TaK TOBOPUB BiH.

Binbrenbm 3aBxkau Hamarapcsi 30eperTu i IPUMHOXKHUTU BUCOKUN TBOPYHUIl TIOTEH-
miaJt i HaykoBy aTMocdepy KOJIeKTHBY, SIKIM BiH KepyBaB I TPY/IOBUMHE Oy IHIME SKOT'O
2KUB, CTBOPIOIOYH YMOBHU TBOPUYOI B3a€MOil MixK criBpobiTaukamu. [1lupora HaykoBux
inTepeciB Binmbrembma Ta mocTiliHe MKIYBAHHS MPO MOJOIb BIIMHYJIO HA CKJIAT Ta
AKICTD BIJUILTY IPUKJIQTHUX JTOC/TIPKeHb [HCTUTY Ty MaTeMaTUKH, SKUH BiH OY0JIIOBAB
MalizKe JIBa, JECATKA POKiB.

Binmatouncs nayni, mopunaoydn B poOOTY IIJIKOM i TOBHICTIO 6€3 3aJIUIIKY, HA MOIO
JyMKy, Binbreabm OyB i yUYHIB NPHUKJIAJIOM CAMOKPUTHIHOCTI 1 MpaIe3IaTHOCTI,
J0OpOTH 1 MUPOCTI, CIIPABEIIMBOCTI 1 JIFOJSHOCTI.

Hayxosuit mopobok Binbrensma i fioro yuuiB — e, 6e3yMOBHO, 4iauil c6im, NoAsy
AKO20 CNPUMUHUNG 0COOAUBA 8006000 — c80600a MBOPUMU HOBT 3GKOHU CUMEMPITHO20
AHANI3Y, HOBT PIBHAHHA, HOBT MEOPEMU HEATHITHOT Mamemamuwhol Bi3uky, Po3pobas-
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mu 1081 Memodu kaacugirxauii pienaney. 2KoaHa KHATA, KOAHA pobOTA HE 3alepedye
iHmIol i B KOXKHIN Bigpas3y yHi3HAETHCI HAayKOBa ITKOJIAa, CTBOpeHa Bimbreabmom.

IIpo 3HaunmicTs oTpuMmanux BimbresbMoM i #OTO IITKOJIOI0 pe3yabTaTiB Hallkparre
CBIJIYaTh JIDYKOBaHI IIpalli, IepeiK sIKUX HaBEJIEHO B I1ili KHU31 i 3 IIOBHUM TEKCTOM
SAKNX MOXKHA O3HAHOMUTHUCS Ha iHTepHET-CTOpiHI www . imath.kiev.ua/~fushchych/,
a TAKOXK IUTYBAHHS ITUX PE3yIbTaTiB TPOBIIHUMHU BUYCHUMU CBITY.

3 HAyKOBHMU IPAISIMU Ta poOOYMME MaTepiajaMu JI0 HuX, OiorpadiuauMu J0Ky-
MEHTaMH Ta JIOKYMEHTaMHU IIPO BUEHOTO, JIOKYMEHTAMH PO JisJIbHICTD, TUCTYBAHHSIM,
doTomoKyMeHTaMI Ta JAPYUME HAJIIACAMEA MOXKHA MTO3HailoMuTHucs B lHCTHTYTI ap-
xiBoznascrsa HAH Vkpainu (doug Ne 315, onuc Ne 1 3a 1956-2001 pp.).

Ilepgaroriuyna po6ota. IIpuposma puca Binbrembma — 1€ moTar 0 CIiIKyBaH-
Hsl 3 HAyKOBOIO MOJIOJJIIO, sIKa 3aBXKJU itoro orodysasa. ToMmy cBOIO HayKoBy poboTy
Binbreasm noemuysas 3 nemarorivnoro. IIporsarom 6aratbox pokiB BiH 4MTaB Kypcu
JIEKIIIi 3 MaTeMaTH4IHOI BI3UKN Ha MeXaHiKo-MaTeMaTudHoOMy dakynbreri KniBebko-
ro HarjonajbHOro yHiBepcureTy im. Tapaca IlleBuenka Ta bi3mKO-MaTEMATHIHOMY
dakynabreri HamionanpHoro nmegarorignoro yuisepcurery im. Muxaitma JIparomaro-
Ba.

Binprenpm 3aBku HaMarascs HaJaroJUTH 3 IEPIIOrO pa3y Te eHepriline, eMo-
TiifHe CHiJIKyBaHHS MPOdECOP—CTYICHT, BiJl IKOTO 3a/ie2KaB YCIiX IXHBOI poboTn —
poIieC HaBYaHHA. Bubip Marepiay JIEKIiil HAJIEKHOK MIpPOI0 BU3HAYABCS aKTYaJlb-
HAMW TTUTAHHSIMA MaTeMaTuIHOl (Di3uKM, 30KpeMa TeOPiei 300paxKeHb IPYyII 1 airebp
JIi. Pozywmitoun 3nadenns ix 3acToCyBaHHS /10 3a7a4 (Di3uKU, TOPSIT] 3 IHITUMEA TeMaMn
BiH BMKJIa/IaB OCHOBH TeOpil rpyI i anredbp Ta ix Kjacudikariiio.

Ha cBoix nekmisx i ceminapax Binmbreabm Hamarascst JaTH MaKCUMAJIBLHO HEOOXiT-
HY KUJIBKICTh 3HAHB, O3HAWOMUTHU CTYJ/CHTIB 3 OCTAHHIMU JIOCATHEHHSIMU B MaTeMa-
Ui Ta Gisui, siki He MOXKHA OyJIO IIPOYNUTATH B HABYAJIBHUX IOCIOHMKax. AHamis i
BUBYEHHS HOBITHIX PODOIT JOIMOMArajid CTyIeHTaM MOTJIUOUTH CBOE PO3yMiHHSI TpodJie-
MM, OIIAHYBATH CYyJaCHUI MATEeMATUIHUI alapaT, SKUil HAJAJI BOHU MOTJIA YCIIIITHO
BUKOPHUCTOBYBaTH B HayKOBiil poboTi. BimbresbM m1aBaB MOXKINBICTD CTy/IeHTaM Opa-
TH aKTUBHY y4acTb y ceMmiHapax B Incruryri maremaruku HAH Ykpaiuu, siki BiH
IIPOBOJIUB ¥ CBOEMY BiJIJIiJIi IPUKJIAIHUX JTOC/IIJI2KEHb i3 CBOIMH YYHSIMU — HAYKOBH-
MU CITIBPOOITHUKAMU, aCIipaHTaMu, JOKTOPAHTAMU, KAH/IMIATAMHY 1 JOKTOPAMU HAYK.
Ha mux ceminapax cTymeHTH Majn MOXKJIMBICTH ONAHYBATH HOBI 3HAHHS, SKi BOHU
3aCTOCOBYBAJIN JI0 PO3B’SI3yBaHHS 33124, IIOCTABICHUX BlIbresibMOM I JTUIIJIOMHIX
qu JucepTariinnx pobiT. Xouy BiazHaUMTH, 1m0 3 OiLIbIICTIO acnipanTis Biabrenbm
IIPAIIOBAB IIe 3 CTYACHTCHKOI JIABH.

Bisbresibm BUUB CBOIX CTYJIEHTIB JOMUTINBOCTI, IIJIECIIPSIMOBAHOCTI, YMIHHIO TIPO-
BOIUTH (PYyHIAMEHTAJbHI TEOPETUYHI JOCIII?>KEeHHsI, TBOPUTU HOBI MaTEeMATUJHI 3Ha-
HHsI 1 e(DeKTUBHO IX 3aCTOCOBYBaTH, 60 OyB MEPEKOHAHUN, IO MATEMATHKA, — 1€ TOU
KJTIOY, 3 JOIIOMOTOI0 SIKOTO BiIKpUBAIOTHCA JBEPi 0 OArarhox, IacoM 30BCIM HOBUX
rajiy3eil IPUPOJIHUYNX 3HAHb.

Mixxknaponna mHaykoBa AisiibHicTb. Crpapxkuiit @ymud 3asBuB 1po cebe B
npargx 70-x pokis. BibrespM ocTaTouHO YTBEPAUBCS K HOBATOP y BHOpaHiil ramysi
MareMaTudHOI pizuky y 80-1 pOKM, KOJIU IIPUIAIIOB JI0 HAYKU 3 OPUTIHAJIBHUMHU POOO-
TaM# PO YMOBHY CHUMETPII0, gKi iIHTEHCUBHO IMUTYIOThCA. BiH cTae 3HAHUM y HAYKO-
BOMY CBITi, HOr0 3aIPOIILYIOTh HE TLIbKY POBiAHI HaykoBi nenrpu Pocii (O6’c¢nnanunit
imcTuTyT simepHux nociiazkensb, Maremarnguuii incruryT iMm. Crexsosa PAH), 3 siku-
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vu BiibresibMm 10 KiHIE YKUTT MATPUMYBaB TiCHI HAYKOBI KOHTAKTH, aje i Bimomi
YVHIBEpPCUTETHU CBITY.

Binbresbm orpuMye 3anporinenns Ha y9IacTh Y MiXKHAPOTHIX KOHI'PECAX, CUMITO31y-
Max, KOH(EPEHIiIX Ta ceMiHapax Bij MPOBIIHUX HAYKOBUX IEHTPIB CBITY J/IsT BUCTY-
B i 0broBopeHHsT HAWOIMBINT aKTyaJbHUX MIPOOJEM i 3a/1ad ¥ TEOpEeTUutHii i MaTema-
TuuHil ¢izuni. Bin po3ywmis i ycBizioMm/oBaB, HACKIJIBKI Ba2KJIUBOIO 1 TIEPCIIEKTUBHOIO
CIIPABOIO € yYaCTh y TAKUX MPEJICTABHUIILKUX MIKHAPOJHUX (HPOpPyMax, 1€ IPOBOIU-
JIM aHAJI3 JOCATHEHb Yy MaTeMaTH4Hii i Teopernyniit disui i mijcymMoByBan podory
YUIEHUX 38 MAHYJIAN EPI0Jl, OKPECTIOBAIICS HANDIIBIN IEPCIEKTUBHI HAIIPSIMU TTPOBE-
JIEHHS JIOCJI/IZKEHb. ¥ 9acTh ¥ po0oTi Takux hopyMiB J1aBasia MOXKJIUBICTH TO3HAKOMU-
TUCH 3 HAYKOBUMHU JOCITHEHHSIMY TPOBITHNX HAYKOBUX IIKLJI 1 BOJIHOYAC IIPOIIAryBaTH
pesynbraTu, orpuMani B [ucturyri maremarnku HAH Vkpaiun.

Binbrenbma coyxasm B HaykoBux menTpax Amepuku, Auriil, Himeuunnu, [Isemnil,
Aunownil, ITisperno- A dppukancskol Pecirybutiku ta in. Temu nexiiit 6ysu taki: “ITpo Hosi
cumetpil piBasgHb, “Teoperuko-rpymnosi Meroau y maremarnaniit dizumi”, “Cumerpis i
TOYHI PO3B’sI3KU OaraToMipHUX HEJIHIRHUX XBIIHOBUX piBHAHB Jarmambepa, Jliysims,
MIpsoxinrepa, Hipaka”, “I'pyna JIi i Touni po3s’sisaku piBusub Jamambepa, Jliysimis,
IIproninrepa, lipaka”, “IIpo #HOBi Ta ctapi cumerpii piBusgus Makcsesia i ipaka”,
“Cumerpist 1 TOUHI pO3B’sI3KM HeJiHiHUX piBHsgHb lamambepa i [lipaka’, “Cumerpis
i TouHI PO3B’sI3KM HEIHIAHUX piBHsAHDb MaremMarwdHOl dizurn”’, “Cumerpist i TOUHI
PO3B’SI3KM CIIIHOPHUX HEJIHIAHUX PIBHAHB', “YMOBHI cuMmeTpil He/JHIWHUX DIBHSIHB
akycrukn’, “Cumerpis i To9HI po3B’st3kn HGararoMipHux HesiHiiHUX piBHAHD Jlipaka
i [lpbomiarepa”’, “Cumerpist i TOYHI PO3B’A3KU HEJIHIAHUX DPIBHAHB JJIsl CIIIHOPHUX
i BekTopHux 1ojiB”. Ile Juiie YacTuHA 3 BEJIMKOrO IEPENIKY JIEKINiid, TPOYUTAHIX
Binbresmsmowm i gac #oro moismpox.

Iloizaku Bisnbresbma B HayKOBi IIEHTPH CBIiTY CIIPUAJIM BCTAHOBJIEHHIO TiCHHX Ha-
YKOBUX KOHTAKTIB 3 HAYKOBUMH IITKOJAMU, AKi 3aiMAJINCh AHAJOTTIHOIO TEMATHKOIO.
Ocb 1o mutie wpo 1e Binbreasm: “Y Tenepimuiit gac y cygacHiit MmaremaTnaiit dizu-
Il CKJIAJIacs TaKa CHUTYallis, KOJau 6araro HayKOBUX KOJEKTHUBIB ¥ CBiTI pO3pOOISIIOTH
6smm3bKi TeMu. OCHOBHI HAIIPSIMU IUX JOCJII?>KEeHb — HeJIIHIAHI Ipo0JIeMu MaTeMaTHd-
Hol i Teoperuynol dizuku. Hacto 6yBae Tak, IO OJIUH 1 TOH 2Ke Pe3yaIbTaT OTPUMYIOTH
HE3aJIE’KHO Pi3HI aBTOpHU pi3HUMH MeTojaMu. 1ToMy BUHHWKAE HarajbHA HEOOXiTHICTH
oTpuMaTh iHMOPMAIO PO OCTAHHI JOCATHEHHS HANKOPOTIIAM IIJISXOM, 3 MEPIITIX
PYK, TOOTO BiJl TUX yUE€HUX, sIKi 1€l pe3y/IbTAT OTPUMAJIN BIEPIIE, a He YeKATH PiK—
JIBa, KOJIU 3’sIBUTHCS CTATTS PO Il JOCJI/?KEHHsI B HAYKOBill jTiTepaTypi. ¥ 0ararnox
HAYKOBUX IEHTPAX BEJIYThCs iIHTEHCUBHI 1 MUPOKOMACIITaOHI JOCITiI2KEHHST 3 HEJTiHiH-
HUX MpobJIeM MaTeMaTHIHOI 1 TeopeTndHOl (bizuku. [le mop’s3aH0 3 TUM, IO peasibHi
IIPOTIECH KBAHTOBOI (DI3UKU € HEJIIHINHUMY, TOMY MaTEMATHIHUN OIUC [TAX SBUII, TOBU-
HEH MOJIEJIIOBATHCS HEJIHIHHUMY nudepeHriaJIbHIMy 1 iIHTerpaJbHIMU PIBHAHHSIMUA.
JliHiitHuUil onuc TakuxX MpONECiB y OaraThoX BiIHOIIEHHSIX HE3aJIOBLIbHHUIL. 3 el XK
npuunHU B Takux jepxkaBax, sik CIIIA, Anriis, ®PH, Kanana, crBopeHO HayKOBi
[IEHTPH 3 MATEMaTUYHOTO JOC/II/IPKEeHHsI HeJIHIHUX MporeciB y diszutl, ximii, 6iosio-
rit.”

CuinkyBanus Binbresibma 3 NpoBiIHUME yI€HUME CBITY $K Ha MiKHAPOJIHHUX (DO-
pyMax, Tak IiJl 9ac MOI3/IOK y Pi3HI HAYKOBI IEHTPU 3aCBLIIWIIN, O 3aCTOCYBAHHST
meromiB JIi, Teopil mpencrasiens anaredp JIi Ta iHmux Teoperuko-aaredpaidTHUX METO-
JiB J10 HEeJIHIAHUX PIBHIHD MaTeMaTHIHOI (Pi3UKM i KBAHTOBOI TEOPil MO € KOHCTPY-
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KTUBHUM HAIPSMOM Yy CyJacHiit MaTeMaTwdHiit i Teopermuniit ¢iszumi. Ileit mampsm
IIIIPOKO 1 IHTEHCHBHO PO3BUBAETHCH TAKOXK y 0AraThOX 3aXiJHUX HAYKOBUX IEHTPAX.

Hageny nBa npukianyu HayKOBUX 3B g3KiB Bisibresibma i3 3apy0i2KHIME HAYKOBIMHI
mkojiamu: 3 [acTuryrom Teopernanol dizuku Texuiunoro yuiBepcurery m. Kiaycrasin
(®PT') i ocobucro 3 fioro aupekropom, npodecopom I'JI. Hoiibrepom, ke po3noda-
Jock y kiami 70-x pokis, Ta Ilitepom OsBepom, npodecopom lacturyTy MaremaTukn
yuiepcurery M. Minnecora (CIIIA). Ha nepruux nopax e cuiBpobiTHHITBO Gyi10
3a0YHHM 1 TOJIATaI0 B 0OMiHI iHMOpMAaIli€io 3a pe3yIbTaTaMu JTOCTiKEHD.

Ocobucre 3naitomcTBo Binmbrensma 3 [loitbrepom Bifbystocss B jucromam 1984 p.
it gac fioro moizaku B Kitaycrass na 3anpormtenns oitbuepa. Ocsk 1o Hamnucas J1oi6-
mep Bimbresbmosi: “A 3ampormyo Bac Big imeni Teoperuunoro imcruryry m. Kiay-
crasb BinBizaTn nac. Bei BuTpaTn, mos’s3aHi 3 MpOXKUBAHHAM Y HAC, OYIyTh OIIa<deH]
Incruryrom. Mu BBaxkaemo Bamr Bkiayg y Teopito cumMerpil pi3sHOMaHITHHX pO3B’a3-
KiB HeJTIHIMHUX PIBHAHb y YACTUHHUX HOXIJHUX K HANROLIbII BayKJUBUi 1 icToTHUI.
Ili muranus cTaHOBIATH JJIs HAC Beaukuil inTepec. Mu cnomiBaemocs, mo Bamr npu-
1371 TTOKJIaIe TOYATOK LTI THOMY CIIBPOOITHUIITBY i3 3aCTOCYBaHb TEOPETUKO-TPYIIOBUX
METOZIB [10 HeTHIfTHIX mpobsem. Y JUIHI y HAC BiAOyIeThCst Mi2KHAPOIHA KOHMEPEH-
nig “®izuka Ha HeCKIHYEHHOBUMIPHUX MHOTOBH/IAX i3 CHEIAIbHIMHI 3aCTOCY BAHHSIMU
JIO TigpomuHaMikm’, siKa, MOXKJIMBO, TAKOXK 3allikaBuTb Bac. Bynb Jacka, 1mosimom-
Te MeHi Barmi manu sikHalickopimre. I3 ceppmeunum BitamusiM 0 Bac. Iupo Barnr,
npodecop I'./1. Joiibmep.”

Binbreaswm mig gac miel moizaku y ®PH Bigsimas Incturyt Teoperuvnoi disuku B
M. Bonni Ha 3anpoinenns qupekropa npodecopa Konpama Broitnepa i mosnaiiomuscs
3 Or0 HAYKOBOIO pOOOTOIO.

Binbrensm OyB BpakeHuii opraHizalieio MpOBEAEHHS TOCTKeHb: /s mBuaKo-
ro OoOMiHy HAyKOBHUMHU JOCATHEHHSMHU B YHIBEPCHTETI I KEpPIiBHUIITBOM Ipodecopa
I.JI. Hoiibrepa opranisyrorbest mopiuno Hesesuki (3040 9010BiK) KOJIE€KTHUBH, sKi
TICHO IIOB’si3aHi 3 I[eJaroridyHuM IIPOIECOM yHiBepcuTeTy. [H(dopMaIliio mpo ocraHHi
JIOCSITHEHHSI BOHU OTPUMYIOTD, sIK IIPABUJIO, IIiJ] 9aC y9acTi B PI3HUX KOH(EPEHINAX i
3a PAXyHOK OCOOMCTHUX KOHTAKTIB. UnTaHHS JIEKIN i 3HAHOMCTBO 3 JOCJIYKEeHHIMH,
K1 BeIyThCA B yHiBepcuTeTax Kiaycrans i Bornna, miaTBepmKyOTh BasKJIMBICTH i
AKTYyaJbHICTh IHTEHCUBHOTO PO3BUTKY TEOPETHKO-AJITeOPAIIHIX METOIB ¥ MaTeMaTH-
qniil dizuni. OcobIMBO 1€ CTOCYEThCs HEJIHITHIX 6araToBUMIpHUX JndepeHIiaIbHIX
PIBHSIHB ¥ YACTHHHUX MOXiTHUX. [IoTpiOHO GBI IHTEHCMBHO PO3BUBATH B HAIIIiil Kpa-
Tai MeToMu udepeHIiaabHOI reoMeTpil Ta X 3aCTOCYBaHHS JI0 TPOOJIEM MATEMATHIHOT
¢izuku, omepaTuBHIIIE OTPUMYBATH iH(MOPMAIIIIO ITPO OCTAHHI JTOCATHEHHS 38 KOPIO0-
HOM, BCUISIKO MATPUMYyBaTH MIPOIO3UILI PO MPOBEJIEHHS CIIBHAX HAYKOBUX POOIT
i koudepenriit. PozymHO mpoBonTu HeBeNMMKI KOH(MEPEHTIIT M0 BYy3bKUX HAIIPAMKAX,
JacTille 3alpolryBaT 3apyOi2KHUX yUIeHUX JJIsi pOOOTH B HAIMUX IHCTUTYyTax Ha 1-2
micsi”.

CuipobitaurirBo 3 [HcTHTyTOM Teopernmunol dizuku i nmpodecopom loitbHepom
0COOMCTO TPOJIOBAKYBAJIOCH [0 KiHig Binbreabmoro )kutTsd. BoHO TpOSBISIOCH B
ydacti Binpreapma mpakTHyHO y BCiX cuMmIosiymax, Hapajax, KOH(MEPEHIidaX, fAKi
npoBoauB [HeTuTyT Teopernunol disuku M. Kitaycrans mig kepisaurrrsom 1. Hoii-
6uepa. BukopucroBytoun pesyiabratu Bimbremswma, I.JI. [loiitbuep y cmiBaBTOpCTBI 3
IA. Tonuinom (Rutgers University) 3anpornonysas piBHsHHS, sIKi Telep HOCATH HA3-
By “Doebner—Goldin equations”. 3a pexkomenmarieo Binbreanma loitbuep mpuitHss
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Ha 2 poku Ha pobory B [HcTUTyT Teopernunol dizuku im. A. 3ommepdesbaa gk cru-
nengiara douay ['ymboabaa MOIOIOTO HOKTOpa (Di3MKO-MAaTEeMATHIHUX HAYK, VIHS
Binbrenmsma Penara 2K manoBa, 110 Ja/10 MOXKJIMBICTH 3ilCHIOBATH OLJIBII TiCHE CIIiB-
pobiTHuITBO Mixk nBoMa ImKosgamu. IIpodecop IJI. loitbuep TicHO cmiBmparroBas
3 Bisbrespmom iy BugaBHUYiil poboTi, BiH OyB 9WIEHOM PEIKOJIEril MiKHAPOIHOIO
xKypuaay “Journal of Nonlinear Mathematical Physics”, 3anouarkosanoro Binbrenn-
mom. Ha zampomennst HAH VYkpaluu Hoiibuep BifBinas jexkisbka pasis lucruryry
maremaruku HAH Vkpainun 3 MeTO0 BUCTYIUTH Ha HAyKOBHX CeMiHapax, OpraHizo-
Banux BinbresbMoM, i TOAIIMTHCS OCTAHHIMU HOBUMU PE3YIbTaTaMU, OTPUMAHUME Y
M. Knaycraib.

Ocobucre 3naitomcrBo Binmbremsma 3 mpodecopom Ilirepom OmBepom Bindysocs B
1989 p., kosu Bisbressm na 3ampornents aupekTopa [HeTuTyTy MaremMaTuku mpode-
copa A. ®pigmana i npodecopa II. Oneepa BizBimas yHiBepcurer y M. Minuecora.
Hexkinpka ciais 3 mporo 3anporrenss: “Illanosuuit npodecope, IHCTUTYT MaTeMaTHKH
npu yHiBepcuTeTi MinHecoTa 3aificHIOE Tporpamy 3 JOC/TIXKEeHHs HEJIHITHUX XBUJIb
nporsarom 1988-1989 pp. Bin imeni Koopaunaniitnoro komitery 3amponryemo Bac B3s-
TH yJacTb y miii mporpami. [lara i TpuBasicte Bammoro Bizuty MoXKyTh OyTH Bimko-
pekToBaHi Tak, ik Bam Oyme 3pyuno. [mcrutyT 6epe Ha cebe Bci BuTparu 3 Barmroro
nepebyBannst B CIITA, Britouatoun BHyTpiliHi aBianepessoru. Mu Takox 3abe3nedu-
Mo Bac npumiteHssM 17151 poOOTH 1 JOIIOMOro0 B IiI0BOACTBI. Haitbiabir bakaHum
nepiogom Baroro Bisuty € ociab 1989 poky, OCKUIBKE B 1€l 9ac ocobmBa yBara oye
[IpU/IJIEHA IHTErPOBAHUM CHCTEMAM, 30yPEHHSIM 1 MOYJISIisM.

Ha Toit wac Binbresmbm 3 yansmu Brepine mooyayBaB MIUPOKI KJIACH TOYHUX PO3-
B’s13KiB HGaraToBuMipHuX HesiHifiHuX piBHaHb Jlamambepa, Iproainrepa, lipaka i gi-
TKO IIPOJIEMOHCTPYBaB e(peKTUBHICTL MeTO B Teopil rpyn JIi mpu mocsimKenHi HeJTi-
HIHUX mporeciB. 3MicT JiekIiit i BucTymiB Biibresbma 0yB moB’s3aHuit came 3 IuM.

IlepebyBanns B yuiBepcureri M. Minnecora e pa3 mepekoHasao Bigbrenbma B
TOMY, IO HEJTIHIHI TTPOTIECH € TOJIOBHUM HAIIPSIMKOM Y MaTeMAaTHIHIN (Di3ull, Ha SKuit
y CIIA Buminserbest HaitbiIbIma KiIbKICTD Jozeit 1 3acobiB. Ha mymky Binbresbwma,
came Ieil HaIIpsIMOK HeoOXinHO po3BuBaTu B lHcTuTyTi Mmaremaruku HAH Ykpalau i
IIUPITEe TPEJCTABIATH Ha MI)KHAPOIHUX KOH(DEPEHITIsSX.

IIpamg B 6i61i0oTekax pu yuiBepcurerax y CIITA mokasasa, Mo pajsHChKI CIeri-
asizoBani 6i6/1ioTeKkn 3HAXOIATHC Ha piBHI H0-X pokis. Tomy, na nymky Binbremsma,
HEOOXI/IHO BXKWUTHU TEPMIHOBI 3aX0/M 3 KOMILIEKTYBAaHHs HAIUX CIEIiaJi30BaHuX Oi-
6J1i0TeK MIXKHAPOJIHUMU YKYPHAJIAME Ta, KOMII'IOTEePHOIO TexHikoo. HaykoBi konTakTn
Binbresbma 3 yuenumu AMepUKU TPUBAJIU BIPOIOBXK ioro x)urts. Oasep OyB dje-
HoM pejikosierii kypuasty “Journal of Nonlinear Mathematical Physics” i 3a 3amporre-
uusaM Axazgemil nayk YKpalau BinBimas [HcTuTyT MaTemaTnku, Ha ceMiHapax siKOro
BUCTYIIUB 3 IUKJIOM JIEKITIH TIOJIO JIOCTI/IZKEeHHsT HeJIIHIHHNX PiBHSAHDB. Binbresbm Heo-
JIHOPa30Bo 3ycrpivascs 3 Ilitepom OsiBepoM Ha MIXKHAPOJHUX HAYKOBUX (POPyMAax.

Xouy 3a3naunTH, MO BigbresbM TiICHO CHiBIPAIIOBAB II1€ 3 OJHUM AMEPUKAHCHKIM
yuaenum, rpodecopom B. Baxapi (losapucekuit ynisepcurer). Boru yacro sycrpiva-
sinch y CIITA i B Ykpalti Jjisi 00roBOpeHHsI OTPUMAHUX PE3yJIbTaTiB, aKTUBHO JIUCTY-
BaJINCsI, OOMIHIOIOUUCH PE3YIbTaTaMU JOCII2KEHb.

I'pomagceka ta cycmisnbHa pobora. Cepes HU3KHM HAWKPAIIUX PUC OCOOUCTOCTI
Binsreasmosi 6yB npurtamanuuit narpiorusM. Biibressm 6yB gesieraroM yCTaHOBYIOTO
3’i3ay Hapommoro pyxy Ykpainu 3a 1nepebyaoBy, sikuit Bindoyscs 8-10 Bepecust 1989 p.
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y koudepeni-3aai Kuiscskoro nomirexuianoro incruryry. [Ipesumiero HAH Vkpainu
B IIPUCYTHOCTI Apyroro cekperapsi micbkomy mnapril KIIY 6ymno npwuitasto pimenns
PO HEJIOMYCTUMICTh ydacTi wieHiB i cruiBpobitaukis HAH VYkpaiau B poboti 3’131y
(3a ix cioBamu, 3’131y HamjoHasicris). Hespaxkaroun Ha 1ie pillleHHs, CBiOMa 9acTH-
Ha yYeHUX, sIKi He MaJId 3alpPOIIeHHsI 1 He MOTJIU IIOMACTH JI0 3aJid, HiaATpuMasa 3131
cBoero mpucytHicTio mepen oymmakom KIII mporsirom Beix muiB #ioro poboru, yBa-
2KHO CJIYXAI09d TPAHCJIAIIIO0 BUCTYIIB 1 CyIPOBOMKYIOUH X OyPXJIUBUME OIJIECKAMH.
Hamaranms Braan posirnatu 1ie BesuKe 3i0paHHs JTIOAeH-TaTpioTiB He MaJo yCIixXy.
Binbrensm pazsom 3 akajgemikamu HAH Ykpaiuu A.B. Ckopoxomom i O.I. Citenkom
SIK JIeJIeTaTH 3’11y CTaju CBiJIKAMH II0YAaTKy HOBOI epy B icTopil YKpaiHn — HOYaTKy
BCTAHOBJICHHS HE3AJIEZKHOI JIEPXKABH.

ITam’siTaro, sk mmicjs 3akiHYeHHsI poOOTH 3’131y HOro YYACHUKU ININKU IIOIPSIMY-
Bautu ripocriekToM Ilepemorn, a mgasi — 6yabBapoum Illesuenka o nam’sitauka Tapacy
ITeBuenky. 1li xBrtror04i MOMeHTH TTepEKINKAOThHCA 3 omisymu [Tomapamaesoi Peso-
Jiforiil, HibM roBopsTh cami 3a cebe: “Hac bararo i Hac He momosatu! Mu tebe, Biao,
He 60imocst!”. Tlicis 3"i3my gesiki wienn HAH Ykpaiuu nigxomuimu g0 Bigbresasma 3i
cioamu: “4 He mymad, uro Ber (win Th1), BuubresbM, Takoil HeCEpbe3HBIH YeJIOBeK.
PasBe moxuO mocemars Takue cbopurna?’ Ajie micss 3m00yTTs YKpalHOIO He3ae-
2KHOCTI I1i BUEHI MBUIKO epedapOyBaich y KOBTO-OJIAKUTHAI KOJIP, 1100 I1e BUIIE
i IHATHUCS CJIy2KO0BOIO IPAOMHOIO 1 HE HEXTYBAJIA BUCOKIMU YPsTOBUMU HATOPOIAMU.
I mymy 3a3Ha4uTH, 1110, HA TPEBEIUKHUI KaJb, IM 1€ BJIAJIOCH.

IIpu Bciit 3aitusaTocTi Haykoio Binmbressma sik marpiota YKpalHu 3aBK/IU XBUJIIO-
BaJIO HAIllOHAJbHe NUTaHHd. BiH O6paB aKTUBHY ydYacTh y MiKHAPOJHUX HAYKOBUX
KOH(EPEHIIisiX 1 KOHI'Pecax, IMPUCBSYeHNX UM uTandsaM: y [lepriiomy KoHrpeci MixK-
Hapouol aconiaiil ykpainicris (Kuis, Bepecenn 1990 poky), y Mizkaaposmiit HayKoBiit
koudepennil “Ykpaiuceki Kapuaru: ernoc, icropig, Kyabrypa” (YKropom, cepreHb
1991 poky) Ta in.

Ilix wac Ilepmroro mikmapoamnoro 3’i3ay ykpaimictiB y Kuesi, B ImcturyTi maTe-
MaTHKH OKPEMO Biji0ysacs 3ycTpid ydacHUKIB 3131y i3 3akapmarts, [Ipsmmismmnn
(Cnosaxist), Boitosoguan (FOrocaagist) Ta BUXiAIIB 3 mux KpaiB, M0 XKUBYTh 38 OKe-
adom (y CIITA ta Ascrpasii). Opranizaropom 3ycrpiui 6y Binbressm. Binbysnacs
HapaJia CTOCOBHO BiJIDOJ2KEHHsI 3aKaplarTs Ta CHOpiaHeHuX cuiabHOT B FOrocmasil
it UexocaoBagyuHi, 0OrOBOPEHO MUTAHHS I0JI0 BUHUKJIOTO “DycHHCTBA’ B 3aKapIiaT-
Ti Ta CIpob JEAKHMX JIIOAEH MPOCYBATH KOHIIEIIIIIO OKPEMOI “pyCHMHCHKOI HAPOTHOCTI”.
Bumesrazany xoudepentio B Ykropoai 1991 p. npoBeneHo 3a yxBaJjo 3ycTpidi B
Tacturyti marematuku. Ha Tperbomy 3’13111 3aKapnaTchbKUX yKPATHINB, sIKAH BijgOyB-
csa 25-27 Bepecusa 1992 p. B oceni im. OJsbxkuua B JliraitTowni, Binbresbm roBopus
PO TiTHECEHHsT HAI[IOHAIBHOI CBiJOMOCTI HACEJIEHHSI CBOTO KPAlo — 3aKapIaTTs, PO
HeoOXi/IHICTh CHPUSTHHS BHIIii OCBITI Yepe3 po30ymoBy ¥ KIOPOJICHKOTO IePKABHOTO
VHIBEPCUTETY, PO 3aCY/ZKEHHS UyKHX 1 MITYYHO MiITPIMYBAHUX 3aXO/IB 3 PO3KOJLY
3aKapIaTCbKOI0 eTHOCY OamuiaMy PyCHHI3MY, IPO KYyJBTYPHI i HaykoBi mpobJeMu
3akapuarTs.

Binsrensm 0yB narpiorom Ykpainu i 3a i1 mexkamu. I1in yac nepebyBaHHs B HAyKO-
BUX BIIpPsIZKEHHSIX 33 KOPJOHOM I1ie 3a 4ac icayBanHss CPCP Binbrenbm sycrpiuascs
1 aKTUBHO CIILIKYBABCS 3 YKPATHCHKOIO JIIACIIOPOIO 1 BYUSHUMHU 3 YKPAIHCHKOI JiacIopu:
npodecopamu 1. @izepom, B. Mapkycem, P.P. Auapymxkisom, P. Boponkor, B. Ile-
rpurmuanM, O. Beapiem, O. Binaniokom, A. Kinoro, I. Kamowm, A. Tapacem, P. Kynewm,
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1. Jamxom, JI. Maiicrpenxom, JI. Anronosmuem, FO. Tapesmdaenm ta im. YKpaiHCbKy
Jacropy B JAJIEKOMY 3apyOi2KaKi MiKaBUJIO BCe, IO CTOCYBAJIOCS MOl B YKpalHi.
Temoro crinKyBanHsa 9 BUCTYIIB Binbresabma B Ti poku Oysia po3oBifs TPO €IHICTD
BCIX YKPalHIiB, IIPO IOSIBY B3a€MHOI JIOBIpU MiXK yKpalHISIMU, BJIACHOI'O CUJIBHOI'O Ha-
IIOHAJIBHOI'O JIyXYy, BipU y BJIACHI CHJIM, HEOOXIIHICTh ITOCJIJIOBHOI YKEPTOBHOI IpAIIi,
60poTHOM 1 BHpA3HOI BOJI HApOLy YKpalHW JI0 BCTAHOBJIEHHsI HAIIOHAJBHOTO ijea-
JIy — 37100y TTsI HE3aJIEXKHOCTI Ta CTBOPEHHS MOJIITUIHOTO CrpsMoBaHoro pyxy HPY,
Mo 3/IaTE€H JI0 BUTBOpeHHsT Hezasexknol Ykpaiuu. Ilicis possamy CPCP Bimbreasm
PO3IIOBiIaB TIPO CBOE OadeHHsT PO30YI0BU HAIIOHAJIBHOI JIEPXKAaBU Ta BiPOJZKEHHS
TIOJIITUIHOTO, KYJIBTYPHOTO, CYCIIIBHOTO Ta €KOHOMIYHOTO YKUTTS B Y KpaiHi.

B nesamexniit Ykpaini Binbrenbm OyB moctitinum wienoMm MizKHApPOIHOTO KOMi-
TeTy 3 muTaHb Hayku i Kyabrypu npu HAH VYkpainu i Hamarascsi BTIINTH B 2KATTSI
ijel, 3a,yMu 1 Mpil HAyKOBOI CHIiBIpAaIll i3 yYeHUMHA 3 JIIaCIIOPH.

IITo6 xparre 3po3ymiTu craBieHHst Bibresbma 10 BChOro yKpPalHCHKOTO, HABEMLY
VPUBKH i3 crora/iB ocib, gKi ioro mobpe 3HAIN.

Ypusku 3 jucra Jianu Craciok (renep Hiana Ilapke), ska npoxusasa no cycii-
CTBY 3 HaMmu, OyJsia IpyroM ciMm’1 i mogpyroro Hammol qoubku Mapiannu: “Ilicas 35 moix
HaflKpalux PoKiB Ha Mol piguiit 3emuti s mepeixasa B CIIIA, ne Memkas Miii 90JI0BIK.
Hernorsi we crano Binmbrensma Litiga, sskoro s 3Hasa Bce MO€ CBijoMe KuTTs. Ajte
JIOPOTHUil MOEMY CEPITIO YKPATHEIb 3aIUIINBCS JJI MEHe YKUBUM, TLIBKU JECh JTAJIEKO,
Je 10 OoJIto BCe pime — 3eMulsd, COHIlE, BiTep, BWINHI, BUIIUBAHI PYIIHUKA 1 JIIOOWiT
KuiB 3 TakuM cMadIHIM yKPATHCHKAM XJI1IO0OM.

€ Jrojiu, 3yCcTpiv 3 SIKUMU JIy2Ke BaxKJjimBa. TAKOIO JIIOJAWHOWO JIjist MeHe OyB Binb-
reapM Litia. Tpymap Hayku. YdeHuit — BejleTeHb y MareMaTwuiii. Bce xurrda, 6e3
repebiibIiieH s, mam’ starumy itoro. IlparfoBaTu, nparrosaTu, npaoBaTu — 1e 0yJI0
WOro TPaJUIiHHIM BiTaHHSIM Tpu 3ycTpidi. | BiH mparfoBas fj1d CBOET HAyKH, JIJIT Ma-
TEMATHKH, fKy Bil 106uB. Vloro mpari — KHIKKH, CTATTi — caMi FOBOPATD IIPO Te,
KpaIlie 3a MeHe.

VuaHi, 9KUX BiH 3aJIMIINB 110 BCbOMY CBiTy 1 HaitbinbIe Ha pimmiit 3emuti YKpaiui,
BIIEBHEHA, CKAXKYTb CJIOBA MOJSAKU TiHl IyI0Biit JItoanHi. YUHi, /I SKUX BiH 3aBXKIN
MaB 4ac i Jymry, mob JOMOMOTTH, HiIEPTH, PO3’ICHUTH, 3’sCyBaTH, BUOITATH, Bi Y-
KaTH, TOI3BOHUTH 1 Oy TH TEILINM Ta YKUTTEPATICHUM, aJie BUMOIJIUBUM 1 IPUHIIAITOBAM
BOZHOYAC.

Barbko, sxoro momykaru. CuibHuil, Myapuii, po3yMHUIi, aje TePILISIuil, 1o0puit
i cipaBeymBwii. I HemozkmBo Oys10 6 roBopuTH po Binbremsma Limiva i mpomosuaTn
3a Te, IO € JJId MeHe JIy’Ke BayKJIUBUM, IO OyJI0 BayKJMUBUAM 1 JjIst HROTO. 3a Te, 1o
BBaXKa€ThCs y BeJIMKIil JiiTepaTypi 32 000B’s130K 1 Yectsh Jmnapis. Le Oyia joguHa —
ITATPIOT. ITATPIOT, ne xoxkua Jitepa Besuka. Ilarpior Ykpainu! $ sramana se-
JIUKY JiiTeparypy, HiOn 6epyun i1 B momivnuiti, 60 9oMych YKpaiHi BiJIMOBJIEHO B THX
BEJIMKUX ijeasaX i MipKax, B IKAX MaifKe yciM iHIMUM HapogaMm, a OCODJIMBO POCisi-
HaM, He BimmoBseHo. Ile mouyTTs 060Bi i TOPIOCTI 3a CBOIO MOBY, iCTOPif0, 3a CBOE
KOpIiHHSI, 32 CBOIO 3eMJIi0, TpocTo Tomy, 1o T CUH mniel kpainn.

Benuka nroguHa Kujia KATTIM MPOCTUM, ajie TOBHUM 3MICTy, YKUJIa OTHUM IIO-
JIUXOM i3 CBO€IO KPalHOIO, sIK& TIMbKHU MiJHIMAEThCA Ha HOTU, KOJHU TH TaK TAXKKO i
bararo xTo Oakae, MO0 BOHA BHaJa. BiH J00MB 10 HECTIMHU CBOIO PigHy YKpainy,
JIIOOMB B yCi Yacu i He3ro/u, KoJiu 1e OyJI0 1 € 10 IHOro Yacy He [0 BIOA00M OAraThOM.
IlouyTTsam dncTuM i YecHUM.
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o pedi, gecnictb i HecxubuicTe Bimbresmpma Lumiga Tex 3aciyroByroTh Ha Te,
o6 cKa3aTh 38 HUX 0co0MBO. UecHICTh y HayTIl, YeCHICTh ¥ CTOCYHKaX Ha poboTi, y
ciM’1, 9eCHICTh y BEJIUKOMY 1 MaJIOMy, y TOIVISaX 1 CTOCyHKax. BrieBHeHa, 1o axbu
man Binbrenbsm He 6yB Takum, To 3a yaciB CPCP Bin mocsrnys 6u HabaraTro BUIIOTO
comjajabHOro cTany. Ajie BiH 6yB HECXMOHUM 1 IPUHITUIIOBUM, SICKPABUM 1 CUJIBHUM Y
Hay1i, y mobosi g0 YKPATHIL.

Tana Tobi, mame Binmbreanme, Bix TBo€l 3emuti. Boma, BucTpazkmana 3eMiist Y Kpa-
Tam, 3uae, mo TU i1 sobus, gk mixro. Tu, mane Binbrenbme, kuBemt y MOeMy cepiii.
Moutouii i cunbauit. CioBHeHMI po3yMmy, Ji060Bi, cun i Tema. Teria, sike MaB 70
CBOIX JIpy3iB, 3HAHIOMUX, CYCiJIiB.

Binbreasm Lmmia — me somuHa, 3ycTpid 3 ko0 podouTh Hac Kparmumu. lle cun
VKpalnu, skuM Y KpalHa MOyKe MUIIATHC.”

Hagemy e xinbka psakiB i3 crorafis mpo Binbreabma, sik mpo JIIOAUHY 1 JITOTU-
Hy-TIaTpioTa YKpainu.

Bikrop I'puropoBra MapTuHIOK, iHXKEHED-TEIJIOEHEPIeTUK, PE3UIeHT OaIMiH-
toruOoro Kiyoy “Omimm’™ “Bimbressm Linmia, abo gk Mu #0ro BCi JIACKABO 1 3 BEJIUKOIO
IOBaro0 Ha3WBaJM MPOocTo Bisst, 6yB [/ HAC B3iprieM KyJIbTypH, MIISIXETHOCTI i mo-
panHocti. IlosnafioMuiincs MU 3 HUM Ha 0aJIMIHTOHHHX KOPTaX, fKi CIIOPY/?KEHO Ha
Pecnybutikancbkomy crajioni 3a Moel ininjarusu i yuacrti. OgHaK 0COOUCTO /15T MEHe
Binsg 6yB He npocro mapTHep mo 6ajMiaTOHY. BiH OyB MOpaJHUKOM i B CIIOPTUBHUX
CIIpaBax, i B moOyTOBUX, 1 B MOITUYIHUX, 1 B JijioBux. Mu Bci 6aamiaToHiCcTH, 1 51 0cobu-
cT0, 0€32KaJIICHO BUKOPUCTOBYBAJIN HOro IVIMOOKI 3HAHHA HE TIIbKH 3 IMUTAHb HAYKH,
a i3 Tux, 9acoM He JIy>Ke KPUTUYHUX, CUTYaIlil, sKi y KO2KHOI'O MOXKYTb BUHUKHYTH.
Bins mikomy He BinMoBuB. 3aBXKIU 3rajyi0 OIWH TPUBOXKHUI JjIsi MeHe Jac 1 Biio,
KU MEHE BPSATYBaB CBOEIO MIPArMaTUIHOIO TIOPaI0t0. Bins — enuna JrronuHa, 3 sSKOIO
1 CHIJIKyBaBCs yKPalHCbKOI0 MOBoIO. Bin 6yB BesmmkuM narpiorom Ykpainu. Iinpocso
HOBE TIOKOJIIHHS 0aIMIHTOHICTIB, ajie MU, BETEPAHM, 3 BEJIMKOIO TEIJIOTOIO i TI0BAroio
3raIy€MO HAIIIOTO CIIOPTUBHOTO KoJjery, mpodecopa Bimo Oymmmga.”

BacunbeBn: “3 1971 poky mMu Kuiau mo-cyciichku 3 cim’ero Binmbressma @yrm-
4Ja. 3 caMoro Mo4arTKy MU BIAUy/IH, IO Ie CiM’sl OCBIYE€HUX, KYJIbTYPHUX, [IPUBITHIX
VUIEeHUX-IHTETITeHTIB, MUPUX yKpalHIiB-3akapnaTiiB. Hac nmpuemuo Bpasmiio, 1Mo Bo-
HU CIUIKYIOThCA YKPalHCHKOI MOBOK. BijibrejnbMm HamaraBcs IPHUIIENUTH JIFOOOB 0
Vkpainu b6aratboM, 3 KM BiH croijKyBaBcs. Bin rosopus: “Ilporec smroncbkol cBimo-
MOCTI PYXa€ThCs MOBIJIbHIIE, HI?)K PYXa€ThCA TPOrPEeC HAYKH, TOMY JepKaBa 1 Hallis
MOXKYTh OyTH 3HAHUMU Y CBITi TiIbKU 3aBIAKH 1X BUJIATHUM JIOCATHEHHSIM y PI3HUX
rajy3sx Hayku . Bin jro0uB yKpalHCbKY HAIIO i BUXOBYBaB YKPAlHCbKUX YU€HUX, J10-
CATHEHHSIMU SIKUX TPUMHOYKEHO BKJIAJT Y MATEMATHUKY, & UYepe3 Hel 1 BUBHAHHS JIeprKaBU
VYkpaiau”’ .

Y Bupi Hampy:keHux OyIHIB, iHTeHCHBHOI pOOOTH HA HAYKOBIil, MeJAroridHiil i
CyCHIIbHO-TPOMAJICHKilt HuBI Bisbresbm He mopuBaB 3B’s3KiB i3 pimamm 3akapnar-
TSM, IIKABUBCA KUTTAM 3€MJIAKIB, JOITOMAaraB IuM Mir' y PO3B’si3aHHi TpobJyieM Kparo,
30KpeMa, ¥ PO3BUTKY HAYKH, MiTOTOBII HAYKOBUX Ka/IPiB.

Binprensm OyB maTpioToM cBoro YKropojcbkoro yHisepcurery. Bin Hikonm He 06-
xoauB #ioro croponoro. i yac mepebyBanHs B Y2Kropoii 3aBK/M BiJIBiyBaB pijgHi
tomy mMarTemarwdHuil i dizwarnit dakyapreru. [licist MOI3M0K y NpecTHzKHI yHIBED-
CATETH CBiTY i yJacTi B Mi>KHAPOJIHUX KOHIPECaX, CUMIIO3iyMax, KOH(MEPEHITIX BiH
3aBXK/IU 3HAXO/INB MOXKJIMBICTH MOJIIJINTHICS HOBUMU PE3YJIbTATAMU, OTPHUMAHUMHU Pi3-
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HAMW HAYKOBUMU IKOJaMu. BijgbrebM 0OroBOpIOBaB 3 APYy3sSMU-KOJIETaMU TOTEHITI-
aJbHI TeMU JUCEPTAIiHAX POOIT, MePCHEeKTUBHI HAYKOBI HAIIPSIMKH, TPODJIEMU, TEMH,
SKi MOXKYTb OyTH YCIIIHO BUKOHAaHI Ha (akyabrerax. [linTpuMmyBaB mopagoio MoJI0-
JIUX CIEIaJIICTIB Ta acHipaHTiB.

Binbresnsm 3ampormyBaB apy3iB — KoJier 3 Y KIOPOJCHKOTO YHIBEPCUTETY — IIPU-
xmxatn B KuiB Ha ceminapu B [HCTHTYT MaTeMaTnky Jijisi 0OrOBOPEHHSI OTPUMAHUX
pPe3y/IbTaTIB, MPEJICTABISAB Ha BUeHil paJi [HeTuTyTy MaTreMaTwku ix poOOTH 10 3a-
XUCTY, BUCTYIIAB OIIOHEHTOM 1X KAHJIMJIATCHKUX 1 JOKTOPCHKUX pPOOIT HE TUIBKU B
TncturyTi MaTemarukn, aje it B inmux incruryrax HAH Vkpainn.

Binbreasm OyB iminiaropom yTBopeHnHsi ToBapuCTBa 3aKapIIaTINB, sIKi MPOXKUBa-
oTh y M. Kuesi, i craB pazoM 3 yjeHoM-kKopecnongenTom HAH Ykpainu, npodecopom
Outekcoro Mutrannyem mepriuM #oro criBrosioBoto. Ilepiie 3ibpants 3eMISKIB Bii0y-
socst 8 rpyans 1994 poky B Bymunky Buenux (Bysa. Bosomumupcebka 45), Ha gKOMY
6ymu mpucytHi 6am3bko 200 wosoBik. CHiIKYIOYNCH, OOMIHIOIOYNACH BiTAHHSIMHU, BO-
JiHOYAC OOrOBOPIOBAJIN TTUTAHHS, BayKIUBI st 3akapruarts: 120-piads Hapo/KeHHsT
Aprycruna Bosommna, 55-piuus nogiii y Kapnarcekiit Ykpaiui B 6epesni 1939 p.,
50-piuust BO33’€iHAHHS 3aKapraTTs 3 ¥YKPalHOIO.

3amovyaTKyBaBId BUJAHHS MiKHapogHoro KypHaiay “Journal of Nonlinear Ma-
thematical Physics” i cTaBmm itoro roJoBHUM peIaKTOPOM i BUIaBIEM, Bigbrenbm
3pOoOUB BarKJMUBHUIl BHECOK Y TOMY/ISIPU3AINIO JOCATHEHb YKPAIHCHhKUX YUIEHUX CEpeJ
CBITOBOI HAyKOBOI CILJIbHOTU. BijbreibM yCBiIOMIIIOBAB, 110 30€peKeHHS 1 PO3BUTOK
HAayKOBOT'O MOTEHITIATY HAIOl YKpalH! — OJWH i3 CTPATEriYHAX HAIPIMKIB 11 TOTITH-
K1, OO JepKaBa, B fAKiil He PO3BUBAETHCA HAYKA, HE MAE IIEPCIEKTUBU i 3AJIUIIATHCSH
Ha y30iudi rmBismizarrii.

Ko Harmionasibua akajgemis HayK YKpaiHu, Jie CKOHIIEHTPOBaHI MOTYKHI HAYKOB1
CIJTH, ONIMHIJIACS B KATacTPO(IIHOMY CTaHi, BIH CTaB OJHUM 3 OPraHI3aTOpPiB MpOBe-
JIeHHsT 3arajbHuX 300piB Bimmimenns maremarnku HAH Ykpainu. Yaacuuku 360piB
3BEPHY/INCS 3 BiAKpuUTUM JucToM 710 I[Ipe3umenta i rosoBu Ypsay YKpainu i3 3akim-
KOM HEraffHOTO 3/IifiCHEHHSI Psi/ly Kap/IMHAJBHUX 3aX0/IiB, CIIPAMOBAHUX HA PO3BUTOK
ITOTEHITIAJTY HAIOI Jep:KaBu, 30KpeMa, Ha 30epeKeHHsI BUCOKOI0 MIXKHaPOIHOIO Hay-
koBoro piBusg HAH Vkpainu, skuil € 3araJilbHOBU3HAHUM y BCHOMY CBiTi.

Binbresasm crnoBiyBaB yKpaiHCTBO, IIpAIliOBAaB HA HAIIOHAJIBHY i7€I0 Uepe3 BUXO-
BaHHsI TIOKOJIIHHSI YKPATHChKUX YUIEHUX.

ZKuTTst — 11e TIOIIYyK TOYKM OTopH, abu 3 Hel MPU HAro/i MACTPUOHYTH i BCTUTHY-
TH BXOIIUTU CBOE IIACTH. BIIEBHEHO MOXKY CKa3aTH, IO TAKUMU TOYKAME OIODPH JIJIs
Binbrenbma Oyiin Tpu 9yI0Bi JIFOJUHUA, TIPEKpacHi BUeHi i nemaroru: mpodecop FOpiit
Mimironosuu Jlamcanze, akagemik HAH Ykpaiuu, npodecop Ocran Cremanosuy Ila-
paciok i akameMik Pocificekol akagemil Hayk, mpodecop Bomomumup Teopriitopua Ka-
JIMIIIEBCHKUMA.

Came siekiii FO.M. Jlamca3e i yac HaBYaHHS B Y )KI'OPOJICBKOMY YHIBEpCUTET1
3 KBAHTOBOI MEXaHIKM, KBAHTOBOI €JICKTPOINHAMIKHA, KBAHTOBOI T€OPil MOJ Ta PAILy
IHIUX creniaJbHUX KypCiB, HaBYajbHI Ta HaykoBi ceminapu Ocrama CrenanoBuua 3
HafOIIBIT DyHIaAMEHTATBHIX, KAIOYOBUX MPOOIEM TEOPETUIHOI i MaTeMaTHIHOl dhi-
3UKHI CTaJu OCHOBOIO popMmyBaHHA Binbressma sik HAyKOBIS.

A ocb kpyTi migitomu B Hayi i KutTi BibreibMOBI IPOTITOM BCHOIO HAYKOBOTO
KUTTS JOIOMAraB JoJiaTu BupaTHuii yaenuit Pocii, mpodecop, akamemik Pociitcbrol
Axanemil Hayk, nupexkrop O6’enHAHOTNO IHCTUTYTY siepHUX Jociiaxkensb (M. lybHa



22 O.1. Oymua

Mockosebkol obacti), wied [Ipesunii PAH B.I'. Kagumescokuii. Buibreanm mosuaiio-
MUBCs 3 TOA 11e MoJioauM npodecopom Kasmmescbkum (Bosogumupom, sik Biid fioro
HasuBas) y 1971 p., kosu noixas y dybuy B OISI[ nomnosicTu pesyiabraTi IOKTOP-
ChbKOI nucepranii Ha HayKoBoMy ceminapi JIaboparopil Teoperndnol disuku, Ky B TOI
qac ouositoBas ujen-koppectonnenT AH CPCP, npodecop .1. Baoxiamnes. Crapmum
OJITHAM 3 OTIOHEHTIB JIOKTOPCBHKOI juceptairiii, Boysiogumup uHajgaai craB Binbreabmosi
JPYyTOM, sIKUIl 3aBXKJM B CKPYTHI Jjid Bitiga MOMEHTH »KUTTs MiJCTaBIISAB CBOE ILIEYE,
JIONIOMATraiovu IOpaJIoio, CJI0BOM i gioM. JlocuTh cka3aTu, Mo He3BaXKAI0YIN Ha 3ailHs-
TicTh, Bosogumup 3aBK/IM 3HAXOIUB 4Yac 3aTesePOHYBATH I MOPAJIBHO IiATpUMATH
i migbampopuTn Binis (ocobiauBo mij uac iforo xsopobu). Bin akTHBHO mifTpuMyBaB
HayKOBY Koy BinbrespMma i itoro yunis, npuizkkas y Kuis onmonyBaTu JOKTOPCHKI
i KaHIMIATCHKI auceprariil, 3a mo Bisbressm O0yB fioMmy ayke Basaauii. B ners, kosm
ue crajio Bisbresanma, Bonogumup mepebysas y [lapuxki, ase gepes cexkperaps O,
JKUM BiH B TOH Yac yKe KepyBaB, IEpeIaB CBOIO Oilb 3 IIHOT0O MPHUBOAY 1 MPUUIUHY,
3 gKkol BiH He Mmozke npuixaru. llicas nmosepuenns 3 Ilapmxka Bosiogumup crerniaabHO
npuixaB y Kuis, mo6 3i mHOM0 nobyBaru Ha Morwmii Binbrenbpma. 1 Tak 6yBae mopasy,
KOJIN BiH mpuizKkae B Kuis.

Haropoau. Pobora Biibresibma BigzHadeHa pisHUME HATOPOJAME, B TOMY YHCJI 1
YPAIOBAMHU. 32 YCHIXH B PO3BUTKY MaTEMATHIHOI HAYKH Ta AKTUBHY y9aCTb y IPOMaJI-
CcbKOMY KHUTTi ykaszoMm Bif 28 rpymams 1984 p. Bimbressm maropomxkenunit I'pamororo
IIpesuzuii Bepxosuoi Pagun YPCP. 3a muka pobit “AHajiTudHi METOIU HOCIIiI?KEHHS
juHaMivHuX cucteMm’ IIpesuis akajemil Hayk Ykpaincbkol PCP ykazom Bi 29 ciuns
1987 p. npucynuna Binmsrensmy npewmito im. M.M. Kputosa.

Tigaum BusHaHHSM 3acjyr BijgbresbMma mepes HAyKOK CTaJIO HOro OOpaHHS djie-
HOM-KOpecIoHfeaToM HarionaipHol akaeMil Hayk YKpainu B ciuai 1988 p. 3a 3uau-
HUU BHECOK y PO3BUTOK MATEMATWIHOI (PI3WKU 1 MATOTOBKY CIENiajiCTiB HAWBUIIO-
ro ratyuky Binbressm y Bepecui 1994 p. crae CopociBecbkuM mpodhecopoM, OJHUM i3
MIEPINUX JIECATH CepeJl MaTeMATHKIB YKpaluu. 3a nukJ MoHorpadiit “@yHKII0HATLHO-
AHAJITUYHI Ta TPYIOBI METO/M CydIacHOI MaTeMaTndHOI (izuku’ ykazoMm lIpesumenTa
Yxpaiuu Big 3 rpyaus 2001 p. Binbreasmy npucyspkena (nocmeptro) Jlep:kagHa mpe-
Mig Ykpaiau B rasy3i Hayku i Texuikm 2001 p.

B oany i3 cBoix ocranmuix pobit “Illo Take MBUIKICTD €IEKTPOMATHITHOTO TOJIs!”
Binbrensm BkIaB Bech HakomMdeHWi TonepeHiit mocsin y napuni disukun. Bim na-
MaraBCs MaTEMaTHYIHO JIOBECTH, IO IMBUIKICTh €JIEKTPOMATHITHOTO IIOJIsI ¥ BaKyyMi,
sKa JI0 I[OI'0 Yacy BBaxKaeThes nocriitnoo BeamdnHooo (300000 xkM/c), HAcHpaBai €
aMinHOO. Yac mokazke, uu 1e Hacupasii Tak. Jdons YUHEHOI'O uyu fioro Biakpurrst
He 3aBXK/IU € jierkuMu. AJrke iHOMI Tpeba, IMob MUHYIHN JeCATUPIYYs, [IOKHU JIFOICTBO
YCBIIOMUTB, 1[0 BUCYHYTa yIEHUM TiOTE3a MiATBEPIKYETHCsI B IPUPO, abo peasti-
3y€ThCs HA TTPAKTUIIL.

Binsrensm y cBoi 59 pokiB He po3ryOMB IOHAILKOTO 3aIajy, 3JaTHOCTI WTH HOBU-
MU, HE3BITAHUMH TIJISTXaMu, WTH BIIEBHEHO HA3yCTpid HeBimomomy. Bin mpomosxkyBas
UTH HAa3yCTPid HEBIZIOMOMY TaK caMO BIIEBHEHO, sIK BIIEBHEHO BHiXaB jiiToM 1953 p. 3
Cinblist 10 Y2Kropoja, 1mob BCTYIUTHA B YHIBEPCUTET; sIK CTYJIEHTOM BHOpaB 3a CIelli-
aJIbHICTD TEOPeTUYHY (PI3UKY IC/Isl MOsBU Ha (PizndHOMY (PaKyIbTeTi MOJIOJOrO KaH-
aumaTa HayK, TPeKpacHoro (haxiBiis, OJUCKYYOro memarora i mpeKpacHOro y9IeHOro,
BUITyCKHUKA 1 acripanta Pisuanoro incruryty im. Jlebenesa AH CPCP HO.M. Jlam-
canze; gk v 1960 p. Buesneno Buixas y Kuis, mo6 mocTynuTu B acmipanTypy, e J0JIsd
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OT0 3BeJa 3 UyJIOBUM, NUBOBIKHUM, BUIATHIM ydeHuM, itoro yauresaem O.C. Ilapa-
CIOKOM, B SIKOT'O TIOYYTTs, IITKOJIA, PO3YyM, CEPIle IIPUCYTHI Yy MMOBHOMY KOMILIEKCI i 3
YPOKiB siKoro Bigbrenbm BUHIC MTOCH 0CODJINBE, YHIKAJILHO 0COOUCTE, IO JO3BOJIHIIO
HOMY CTaTH HE MPOCTO HAYKOBUM CIIIBPOOITHUKOM, & yIE€HUM, SIKUH JTUBUTLCS BIIEPE/T.

VermaakyBaBiny Bij CBOIX OATHKIB OCHOBHI »KUTTEBI NMPUHIMIIM — HIKOMY HE PO-
O6uTH 3j1a, CTAPATUCS YKUTHU 10 COBICTI, bararo i YecHo mparoBaru, Bijgbresasm cras
JIFOJTAHOIO TYIIEBHO IIE/IPOI0, BIIKPUTOIO, YUCTOIO i 3BOPYILINBOIO, JIIOJUHOIO, AKA BU-
MIPpOMiHIOBaJIa TOTYKHMI TOTIK mo3uTuBHOI exeprii. oasa me cremuna Bigbreabmosi
ITiJT HOTW M’ KWl KUJINM, aJjie BiH, 0OpaBIIIN CBOIO JOPOryY, He 3ifiIoB 3 Hel, X04a J0BO-
JIAJIOCS JIOJIATU KPpyTi mimiiomu. I came 3aBagKu TIiif HAIIOJIETJIUBOCTI, TPAITLOBUTOCTI
BiH 1 JIOCAT TAKUX BUCOT.

Tskko xBopwmit, Bisbrenbm He 3a0yB CBiif KOJEKTUB, BiH 3BEPHYBCS JIUCTOM 10
[IOYeCHOrO i sifogoro gupekropis lacruryry maremaruku akajgemikis HAH Vkpainu
FO.O. Mutrponosbscbkoro i A.M. CamoitjieHKa 3 MpOXaHHAM 30eperTu BiJIiJI IPUKJIaI-
HUX JIOCJIJI2KEHDb Ta 10r0 HAyKOBUI HAIIPAMOK 1 TPU3HAYUTUA KEPIBHUKOM BiJLIiTy IOr0
yunst npodecopa A.T'. Hikirina. 3rigHo 3 pineHHsAM BY€HOT paju i qupekiiil lncruryry
MaTeMaTUKU B TIPUKJIAIHUX JTOC/TII2KEHb 30€PeKEH0, 3a IO 1M BEJUKA MOMIAKA.
ITix kepiBauTBOoM AHaTosis [niborya Hikitiza Biia mpogoBKye yCOinHO mpario-
BaTH 33 TEMATHUKOIO, 3al109aTKOBAHOIO BigbresbMoM, 1 pO3BUBATH CBOIMU HAYKOBUMU
IIparsgMu KOHIENII] CUMEeTPIHHOro aHajisy, 3anpornonosaHi Bigereasmom. A Basuna
MPOBiAHUM yYeHUM [HCTUTYTY MaTeMaTUKH, gKi 3aBXKJIM MiaATpuMyBaau Biibreabma
SIK YUEHOTO 1 HaJ1aJ1i T ATPUMYIOTh Horo Koty — akajgemikam HAH Ykpainu 1.O. JTy-
koBcbkoMy, 1.B. Ckpunauky Ta im.

Binbreasm o6mB cBoOO pigHy 3emitio, CBiit Hapos, CBiif JiM, CBOIO CiM’10, CBOIO
poboty i yunis. Bin 0yB sickpaBuM yueHUM dK 3a 00/]apOBAHICTIO, TaK i 3a JIIOACHKH-
MU SIKOCTSIMU, CIIJIABOM JIIOJISTHOCTI 1 BIJIKPUTOCTI, SIBJISIB COOOIO yHIKAJIbHY HAYyKOBY
IHTMBIAyaJIbHICTD.

Binbrensm Burpadas cebe 6€30TIISHO 1 MEeIpO, 3AJIAIIAIOYNCH BIDHIM CBOIM iTea-
JtaM coBicTi. X09YeThCs 3aKiHIUTH Tei KOPOTKHUIT JOMNUC KUTTEBOTO MIIAXY Birbresn-
Ma HapoHOIO My/apicTio: “He mapemmo mpokuB CBiff BiK TOit, XT0O 30y/1yBaB OYINHOK,
IIOCaJIUB JIEPEBO, BUXOBaB JiTeil”. Bisbresbm 30y/1yBaB i 001aITyBaB BEJIUKY HAyKO-
By oOceJifo, iM’st IKOI — yKpalHCbKa IIIKOJIa CUMETPIHHOrOo aHaji3y. Bin BuxoBas 47
KaHIuaTiB, 13 #oro y4HiB cTaiu goKTOpaMu (Gi3nKo-MaTeMaTHIHUX HayK. | 3pocin,
3aIBLIM Ta AU CBOI IJIOAW JepeBa 3HAHD, IO MOCaauB iX Biabrembm.

Hanirocw, mo yuni, BuxoBani Bigbrenbmom, OyayTh mam’aTaTh CIBIPAIO i3 CBO-
iM YunreseM, He 3a0y/IyTh fOro JIONOMOI'Y y BHUPIIIeHHI IXHIX IpoOJeM, HiITPUMKY,
JII00OB, 00O, Mpale/fo0HICTb, BUMOIJIUBICTD, IMPUHIMIIOBICTh, TBOpYE HATXHEHHS,
TaJIAHT, 3aB3sITiCTh, €HEPIii0, sIKi BOHU YePIaJI BiJ HbOTO, 30aradyvnch JIyXOBHO Ta
iHTeJIeKTyaJIbHO, 1 Oy/IyTh aM ATaTH, IO POKHU, IIPOBEJIEH] MOPsT i3 CBOIM ¥ dnTesieM,
Oy/Ii OIHWMU 3 KPAIUX POKIB B IXHBOMY KUTTI.

Ak ykpaincpkuit yuennit-marpior Binbreabm gobpe 3HaHui 38 MeKaMu Y KpaiHu.
Bin rigxo nic cBiToM ecradeTy craBeTHUX YKPAIHCBKHUX YYEHUX 1 IPUMHOXKHUB CBOIMHI
parsgMu cjiaBy YKpalau y cBiti. ClomiBaroCh, M0 TaKUM MIEPUM, TaJAHOBUTUM, Bip-
HAM CBOIM i/ieajiaM, CBOI#l COBICTi, ICTHHHAM METPOM YKPalHCHKOI HAYKU 3aJIAITATHCS
Binbreasm y mamiit mam’saTi.

JIroruit 2005
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O ponosmHUTENBHOIT MHBAPUAHTHOCTU
PEJATUBUCTCKIUX YPABHEHUN JIBUKEHUS

B.HA. oyIn4d

The additional (implicit) symmetry of equations invariant under the full Poincaré
group is studied. It is shown that relativistic equations are invariant under the homo-
geneous de Sitter group O(1,4) (or O(2,3)) and the matrix group O(4).

Vsyuena JonosHuTesnbHasl (HesiBHASI) CUMMETPHsi YDABHEHUI, MHBAPUAHTHBIX OTHO-
cuTebHO oNTHOM rpynmsl [lyarkape. ITokazaHo, 9TO pEIATUBUCTCKUE yPABHEHUST WH-
BapUAHTHBI OTHOCUTEJIHHO ofHopoAHoi rpynnsl ne Currepa O(1,4) (wim O(2,3)) u
MmarpuaHoit rpynust O(4).

XoponIo M3BECTHO, U9TO HEKOTOPBIE YPABHEHHs JBUYKEHNS KAK B HEPEJIATHBUCTCKOM,
TaK ¥ B PEJIATUBUCTCKON MexXaHuKe O6JIaJaloT JOIOJIHUTENbHON cuMMeTrpueii (uH-
BapuaHTHOCTBIO). Hanpumep, ypasrenne IlIpeaumarepa mjisi aTomMa BOJOPOJA HESIB-
HO MHBAPHMAHTHO OTHOCUTEJIHHO UeTHIPEXMEPHOI Tpymmnsl BpareHuii [1]; ypasHeHus
Maxkcgesuta, Jupaka (jjig Hy/JaeBOW MaCcChl) MHBAPUAHTHBI OTHOCATENHLHO KOH(POPM-
HOIt rpynubl [2].

B macrosmeit paboTe MoKa3aHO, UTO PEIATHBACTCKUE YPABHEHWUS, ONMCHIBAIOIIAE
CBOGOJTHOE JIBUZKEHWE 9ACTHUI, (M AHTUYACTHI]) ¢ HEHYJIEBOH M HYyJIE€BOH MaccamMu M
¢ TPOU3BOJBHBIM CIIMHOM S, WHBAPHAHTHBI OTHOCHTEIBHO OIHOPOJHONW TI'DYIIILI JIe
Currepa O(1,4) n marpuunoii rpymnsr O(4). Hafien siBHBIN BUI OlepaTopos, siB-
JIAIOIMUXCst 6a3UCHBIMU dj1eMenTamMu ajreOpet Jlu rpymmbt O(4) U KOMMYTHPYIOIIUX €
rammibToRnaHoM JIupaka.

1. JdomosHureabHass MHBAPUAHTHOCTH YPaBHEHUIA
JJId 9aCTUIlbl C HEHYJIEBO MacCOu

1. st yCTAHOBJIEHUS JOIOJHUTEIBHON CUMMETDHH yPAaBHEHW, HHBADHAHTHBIX OT-
HOocuTebHO TpyHnbl P(1,3), ymo6HO HCXoAuTh U3 ypaBHeHnl B KAHOHUIECKOH dhopme.
PensituBucTckoe ypaBHeHue, OnuchbIBaroIiee CBOOOIHOE JIBUYKEHNE YaCTUIIbI 1 aHTHIa~
CTHIIBI CO CIIMHOM § M MAaCCOH M, B KAHOHUYECKOM IIPEJICTaBIeHnU umeeT Buj, |3, 4]

00(t,)
ot

1 0
70—(0 _1), E1:\/p%’+p§+p§+m2,

= H(P(D(t, CB), H(I’ = ’YOEla
(1.1)

rjpe ¢ — posHOBast ByHKIWMs YacTUIBL, Meomas 2(2s + 1) koMmnonenT; 1 — ezu-
HUYHAsT Marpura pasmepHocTu (2s + 1) x (2s + 1). Ha mHoxkectBe pemtennit {®}

Tlepeneuarano u3 Teop. mar. dpusuka, 1971, 7, Ne 1, C. 3—-12 o pa3penreHuo peaKoJLIernu
© 1971 Usnarenscro “Hayka”
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ypasuenus (1.1) peasusyercsa HENPUBOAUMOE NpECTABICHHE MOJHOM rpynbl [Tyan-
kape P(1,3) (Bkirovaromeil IpocTpaHCTBEHHO-BpeMeHHble oTpazkenust). OuepaTopbl
Kasumupa rpynmer P(1,3) aa MHOXKecTBe {®} KpPATHBI € MHUTHOMY OLEPATODY

1
W2 =W,W* =m?s(s+1), P?=P,P*=m? W,= Eeawpﬁﬁ&, (1.2)

rae P,, Jos — remeparopsl rpymner P(1,3). Ha muoxkectBe {®} sTu remeparopsr
umeror By [3, 4]

0
Py =H® =y F, Py =pa=—izg— a=123,
¢ " (1.3)
ablPb

+_ OE1+m’

< [ Sw 0
Sab - ( 0 Sab )7 (14)

rae Sqp — (25 + 1) X (25 + 1)-mMarpunpl, peaausyioliue HeIPUBOIUMOE IIPEJICTABIICHIE
anre6per O(3) (rpynmsl U UX aaredpsl 0003HAYAIOTCS OJIMHAKOBLIMI CHMBOJIAMH).

WuBapnantHOCTh ypabHeHus (1.1) oTHOcHmTenbHO NpPeOOpPA3OBAHWI W3 TPYIIIBI
P(1,3) 6buta gokasana B [3, 4]. D1oT dakT siBIsieTcsl CIEACTBHEM TOrO, UYTO JUIS
npoussoibaoro ® € {®} puimonmsercsa ycrosue

[z’g —H‘I’,S]_szo, (1.5)

L xa,'Hﬂ

Jab = TqPb — TbPa t+ Sab; JOa = Z0oPa — 9 [

ot

rue €& — yo6oii ssieMenT u3 obeprhiBatoleii anredbpsl £ (1, 3) rpyunst [lyankape P(1,3)
(orHOCHTENBHO OGepThIBatoIeit anre6per £(1,3) eum. [5]).
Tenepb T0KaxKeM CJIEIYIONIEE yTBEPKICHUE.

Teopema 1. Vpasuenue (1.1) unsapuarmuo omuocumensvro 00ropoodnoti epynnos de
Cummepa O(1,4).
HdokazaTesabcTBO. PaccMorpum orepaTop

1
T2

npuHaaIexRanuil obeproiBatomeii anrebpe £(1,3). Omeparop R,, ymOBIeTBOpsieT Ta-
KM KOMMYTAIIMOHHBIM COOTHOIIEHUsIM (CM., HApuMep, [5, 6, 7, 8]):

R, R,)_ =iP%J,,,
iz 2

(
[Ryss Japl- = i(guaRp — gupRa), (1.8

(

1

R, (P*Jpa + Jua PY), (1.6)

[Ra, Pul- = i(gauPQ — PoPy),

P,,R%*_ =2iP’R,, R®>= R.R%, 10
Iz iz
L RY_ =0, JRY_ =—i T + Jua RY). 1.11
Jyw, R? R,, R? P*(R*J 0 + JuaR®
Omnepatop

Jus = R, /VP? (1.12)
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BMECTe C OIepaTopaMu J,,, YZOBIETBOPSET KOMMYTAINOHHLIM COOTHOMICHHSIM ajre-
6pnt O(1,4), 1oCKOIBKY

[J,u4; Ju4]— = Z‘J;u/a V= 0, 172737 (113)
[J,uu; Jaﬂ]— = i(gpﬁJua - g,uow]l/ﬁ +gua<]pﬂ - gl/,(i‘J;La)~ (114)

Tak kak omeparop .J,4 npunajexkur aure6pe £(1,3) (V P? Ha pellenusx ypabHe-
aust (1.1) KpaTeH eMHIYHOMY OIIEPATOPY ), TO TEM CAMBIM T€OPEMa JIOKA3aHA.
Bameuanne 1. Oneparop R, Buepsbie paccmarpusas FO.M. Iupokos [6]. B na-
CTOsITTIee BPEMsI TAKOH OIepaTop 9acToO UCIOIB3YETCs Il TOJMYIeHUsT CIIEKTPa Mace
9JIEMEHTAPHBIX YACTHUI] B TEOPETHKO-TPYIIIOBOM T107x0/e [7].

3ameuanue 2. YpaBHEHUs] BUIA
W2U(t,z) = m?s(s + 1)U(t, x), (1.15)
P*VU(t,x) = m*¥(t, ) (1.16)

MHBAPHMAHTHI, KAK 3TO CJIeJyeT u3 Teopemsl [8], orHocuTessHo rpymmsl O(1,4).

2. B ciyuae, korma P? = —n? (n — neiicreuTenbublii napamerp), rpymia P(1,3)
uMeeT KaK yHHTapHble, TaK U HEYHHUTADHBIE IDPEJICTaBIeHus [3|, mpuueMm Bce yHU-
TapHble OpejcTaBieHus (10 CIMHOBBIM HHJEKCaM) GECKOHEYHOMEDHbBI, 8 3HAYUT, U
YDaBHEHUS JIBUYKEHUsI, HA MHOYKECTBE DeIeHN!l KOTOPBIX PeajiM3yercs IIpejcTaBIe-
uue P(1,3), 6yxyT 6eckoneanokommnonenTHbl. Kak nokasano B [9], quis npeacrasienuit
kiacca 111 (P? < () kaHOHIYeCKOe ypaBHEHHE “/IBUKeHHs” UMeeT BU

0D(t, )  ~ ~
—g——— — P.®(t
? ax3 3 (7:1:)7
ﬁg = fioEg, E3 = \/p% —p% —p% + 772, (117)

- _ (1 0 _ 9
Yo = o —i )’ Po = a
Buech B(t, ) — yHKIWS, IPeoOPA3YIOMALCs 10 HEIPUBOAMMOMY [PEICTABICHUIO
nosiHo# rpymmsr P(1,3), 1 — epuHmaHbI oreparop.
Ha muO)ecTBe {®} rereparopsr rpynnst P(1,3) umetor sup [9]
Po=po, Po=pas, Ps=P3=7E; a=12,
Jab = ZTaPb 7xbpa+S;ba b= 1a25

1. =~ S, oy + 1550
T3 = 0 — =|Za, P Zabl® T "Fa3ll
30 = 3P0 — 5lTa, Bsly + =20

Qi
Joa = ToPa — TaPo — Z83117 To =t,

)

(1.18)

1 ~ _ iSh.pa
J30 = x3po — §[$07P3]+ - VOES—H]»
3

or (;b 0 5?/ _ Séa 0
o =70 s, ) H= 0 s, )

rae omepaTopsr S.,, 5%, Pealn3yIoT HeIPUBOAUMOe IpencTasienne anrebper O(1,2).
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Yenosue tuna (1.5) B 9TOM CiIydae nMeer BUJ

~ .0 ~

Ecau Tenepb mOBTOPUTD Te Ke PACCYKJICHUS, YTO U IIPH JIOKA3aTEIbCTBE TEOPEMBI 1,
TO TPHUIEM K TAKOMY yTBEPKIECHUIO.
Teopema 2. Vpasnenue (1.17) unsapuarmmuo omuocumenvro epynnu O(2,3).

3ameuanue 3. Teopembl 1 u 2 oueBHIHBIM 00pPa30M OOODIIAIOTCS W HA yPABHEHUS,
UHBapUAHTHBIE OTHOCUTENLHO rpyimbl P(n,l) — Bpamenuit u rpanciaanuii B (n + 1)-
MEPHOM TIPOCTpancTBe MUHKOBCKOTO.

3. B srom nyHKTE mOKaXKeM, 40 ypasaerue (1.1), HOMUMO MHBAPHAHTHOCTH OTHO-
curesnsHo rpynn P(1,3) u O(1,4), vHBapHAHTHO OTHOCUTEIBHO peobpasoBanuii (110
CIIMHOBBIM HWHJIEKCAM, KOTOPBIE HE CBA3aHbI C MPOCTPAHCTBEHHO-BPEMEHHBIMHU IIpe-
06pa30BaAHUSIMU )

AD = ', (1.20)

rue A — npousBosibHasg MaTpuna pasMepuoctu 2(2s+ 1) x 2(2s+ 1), npunasyrexaimas
MaTpuaHoii anrebpe O(4).

IIpexx e Bcero ormeTnM, 91O, Kak ciaeayer u3d upeacrasiaenus Poaaun—IIlupoxkosa
(1.3), Ha pemenusix ypasaenus (1.1) peasmsyercst mpsiMasi CyMMa, JIBYX HEITPUBOJAMBIX
npesicraBiaenuit anre6per O(3)

D(s) @ D(s). (1.21)

D10 03HAuUAeT, YTO HA MHOXKecTBe {P} MOXKHO peasn30BaTh IPIMYIO CYMMY JBYX
HENPUBOJMMBIX TIpejicTaiennii anre6psr O(4)

D(s,0) & D(0, s). (1.22)

Ha muO)ecTBe {@} GasucHble aseMeHTsl aiarebpsl O(4) uMmeroT Bu

S Sab 0 o gabc‘s’bc 0
Sab B < 0 Sab > ’ S4a B ( 0 _gabcsbc > (123)

(a,b,c =1,2,3), npuuem
[gklagrn]— = Z‘(gknglr *grkgln +glr§kn *glngkr; k,’f‘,’ﬂ,l = 1323374' (124)

IToCKOMBKY MaTpuibl Sup, Siq KOMMYTHUDYIOT ¢ TaMuibTonnanom H®, ypasnenme
(1.1) maBapuanTHO oTHOCHTENBHO Irpynbl O(4). TakuM 06pa3oM, TPUXOIUM K CJIEIY-
IOIIEMY YTBEPIKJICHUIO.

Teopema 3. Vpasuenue (1.1) unsapuarmmo ommocumenvro epynnu, O(4).

Crenyer mom4epKHYTh, UTO W3 MHBapuaHTHoCTH ypasHeHus (1.1) oTHOcHTEIHHO
rpymbl O(4) BBITEKaeT, 9To, IOMUMO OpOUTATIbHOrO MoMeHTa M = & X P CIIMHOBOTO
MOMEHTa S, IOJPKEH COXPaHAThLCA ele oau MoMeHT S’ . KoMIoHeHTHI BeKTOpoB S 1
S’ onpenensiorcs yepe3 Sj; COOTHONIEHUSME

1~ = 1~ =
Sa = E(Sbc + S4a)a S(/L = §(Sbc - S4a)a (125)

a,b,¢c — muxx (1,2,3).
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BoO3HEKHOBEHHE eIlle OTHOTO MOMEHTa S’ HOCHT, TO-BUIIMOMY, IHCTO MATeMaTH-
JecKuil xapakrep, cBazaHublil ¢ P-, T-, C-unBapuanraoctbio ypasuenus (1.1). Kak
GydeT BUIHO HU¥Ke, Jls ypaBHEeHUs Beiis momosnuTenbuelii MomenT S’ He BO3HUKa-
eT, B TO BpeMsl Kak Jisl ypasHeHust Jlnpaka ¢ Hys1eBoit Maccoii (6e3 J0moIHATEIBHOTO
YCJIOBHS1) OH MOsIBJIsieTcsi. He BO3HUKAET JONOJIHUTEIBHBI MOMEHT (110 OTHOIIEHUIO K
CIIMHY ¥ U30CIIUHY ) U JIJI YeTHIPEXKOMIIOHEHTHOrO ypaBHeHus: Jlupaka B NsTHMEPHOM
Ho/Ixo/ie, KOTopoe, Kak ussectHo [9|, C-HemHBapuaHTHO.

2. JlomosiHUTEbHAsT THBAPUAHTHOCTh YPABHEHUIA
JIJTsl 9acTHIBI C HyJIeBoii maccoii (P? = 0, W2 #£ 0)

1. Paccmorpum fiBa TuIla ypaBHEHUH, OMUCHIBAIOMINX CBOOOTHOE JIBUKEHUE TACTUIIHI
C HYJIEBOII MAacCOil, “HEIPEePBHIBHBIM ¥ JUCKPETHBIM CIUHOM. B 3TOM ciydae ymo0HO
UCXOJIUTD U3 CJIETYIONINX yPABHEHI:

W WeU(t, x) = p*U(t,z), P P*¥(t,x)=0, (2.1)

/e p?— mapaMeTp, XapaKTepU3yIOMHii HePHBOIIMOe TIpejicTaBaenue rpymst P(1, 3),
KOTOpBIiT (MO06HO Macce muis ipescTasaenuii Kaaccos 1, 111, korma P2 # 0) moxker
IPUHAMATH KaK T0JIOKHTEIbLHbIE, TaK ¥ OTpHIATeIbHbIe 3HadeHnda. Bcmu p? = 0,
To ypaBHeHHus (2.1) onmcbiBaOT CBOGOIHOE JBUYKEHNE YACTHIBI C HYJIEBOI Maccoii u
JUCKPETHBIM CIIUHOM (HeATpuHO, (hoToH U T.11.). MOXKHO, KOHEIHO, UCXOAUTH U U3 JPY-
IUX ypaBHEHHMI JBIZKEHHs, HO TOCKOJIBKY JTOObIe IpYrue ypaBHEeHHs, Ha PermeHnax
KOTODBIX Pealin3yeTcs HelpuBoauMoe npejcrasienre P(1,3), yHuTapHo sKBUBAJIEH-
THBL cucTeMe (2.1), TO JOCTATOYHO YCTAHOBUTH JIONOJHHUTEIbHYIO WHBAPUAHTHOCTH
Jtst ypasHennit (2.1).
I ypasaenwuii (2.1) umeer mMecto Teopema.

Teopema 4. Vpasnenus (2.1) das 02 > 0 uNeaPUAHMHMBL OTHOCUMENLHO 00HOPOIHOT
epynnu de Cummepa O(1,4).

JokaszaTeabcTBo. B ToM ciryuae, xKorya P2 = 0, onepaTop R,, ynosieTBopseT TaKuM
KOMMYTAIIHOHHBIM COOTHOIeHUsIM (M. cooTHomenus (1.7)—(1.11)):

[Ru, Ry]- =0, (2.2)
[RI“ JOCB]— = i(guaRﬁ - guBRa)a (23)
R, Po)— = iP,P,, (2.4)
[RQ,P#], = [R2a Jaﬁ]* = [R27R’Y]* =0. (2.5)

U3 coorrontenuii (2.2) u (2.3) Bu#O, 4T0 oneparopsl Ry, u Jos — Ga3uCHbIE 3I€MEHThI
anre6pnr Tima [Tyankape R(1,3). Onepatop W2 B 9TOM cirydae cOBIaaer ¢ ornepaTo-
pom R?, xoTopsiit, mo1o6H0 oneparopy P? B anrebpe P(1,3), aBisercs omnepaTopoM
Kasumupa asnrebpsr R(1,3). Bekrop tuna [Maynmu—Jliobanckoro anrebpst R(1, 3) umeer
BU/L

1
Vo = §sa575Rf’JW5 : (2.6)
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Omnepatop V? = V,V* — sropoii oneparop Kasumupa anre6per R(1,3). Paccma-
TPHUBAs OIIEPATOPDHI

e
1
F, = i(Ro‘J,m + JMO[RO‘)7 (2.8)

7 OYKBAJILHO [TOBTOPsAS PACCYKIEHNUS, IPUBEIEHHBIE IIPY JOKA3ATEIHCTBE TEOPEMBI 1,
MBI 3aBepIaeM J0Ka3aTeIbCTBO TEOPEMHI 4.

ITpoBo/Ist aHATIOTUYHbIE PACCYKICHUS JIsl cydas p° < 0, IPUXOAUM K yTBepIKIe-
HUIO.

Teopema 5. Vpasuenusa (2.1) daa p? < 0 uneapuanmmv. 0OmHOCUMENLHO 2PYNNbL
0(2,3).

Cucrema ypasuenuit (2.1) B ciydae p? = (0 WHBADHAHTHA OTHOCHTEIHHO IPYIIITHI
0(2,4) D O(1,4). Dror pe3yibrar Cielyer U3 TeOpeMbl 0 KOH(DOPMHOI MHBAPUAH-
THOCTHU YpaBHEHUH, OMUCHIBAIOMINX CBOOOTHOE ABMKEHIE TACTHUIL C HYJIeBOH Maccoi u
JIACKPETHBIM CIIMHOM [2].

2. Tor daxr, uro upu P? = 0 u W2 # 0 oueparopst R,,, Jog yIOBIETBOPSIOT al-
rebpe tuna [Tyankape R(1,3) (eum. (2.3), (2.4)), no3Bossier paccMaTpUBaTh UX KAK OIle-
PATOPHI “deTHIpeXMepHOro mMITysIbca” B mpocTpancTse dyukmmit {®F(yo, y1,v2,93)},
rjie

R,uq)R(y07y17y27y3) = T,U,(I)R(y07y1>y27y3)> (29)
9 1,2,3 (2.10)

’I"—'L_ Tq = —1 a=1,2z,9. :

‘ ayO 8ya

Kanonuyeckoe ypasHenue jpmkenus (s p? > (), ”HBAPHAHTHOE OTHOCHTEIHHO
asrebpel R(1,3), umeer Bu

0P (yo, y)
;92" Woy)
ayo

=B (y,y), Ef = \/r% +712 412 4 p2, (2.11)

rae ®(yo,y) — 2(25 + 1)-KoMmonenTHAS BOMHOBas (DYHKIIHSL.
Ha mmuoxkectse pemennit ypasnerus (2.11) {®F} oneparopsr Kasuvupa amre6por
R(1,3) KpaTHbl €MHIYHBIM OLIEPATOPAM, T.€.

R2®% = R*R,®% = p?0R, V2ol = vy, off = p?s(s + 1)0". (2.12)

Basucnbre amementsl anre6per R(1,3) na {®f} umeror sun (1.3), rae ciaemyer
COBEPIINUTDL 3aMEHY

0 0 0 0

= E ER,
ot Oy, 01, Oy,

P, — R,,

VYpasuenre (2.11), kak u (1.1), uEBapuaHTHO OTHOCHTENbHO Tpynubl je Currepa
O(1,4) n marpuanoii rpymsr O(4).

TaxuMm 00pa3oM, IapaMeTpPhl p U §, XApAKTEPU3YIOIUe HEIPUBOAUMBIC IIPEICTAB-
nenns anre6psr R(1,3), B ®F-pencrapnennn ciieyeT HHTEPIPETHPOBATDH KaK “Maccy
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7 cnuH’ 9acTUIbl. DTO O3HAYAET, UTO IMPECTaBIeHUSM rpymnnbl [lyankape, mis Ko-
Topeix P2 = 0 mw W? # (0, MOJKHO HPHJATH BIOJHE SCHBIH CMBICH, €CIH B KauecTBe
HOJTHOrO HabOpa KOMMYTHPYIOIIUX OIIEPaTOPOB BRIOPAThH omepaTopsl I, m ofmHy u3
KOMIIOHEHT V,,, HanpuMep V3. BasKHO OTMETHTB, YTO B IIPOCTPAHCTBE IIPEJICTaBICHMIT
rpynnst P(1,3), rae oneparopsr R, A@aroHaJbHbI, Ol€paTOpPsl P, HeMaroHabHEL.

3. OO0 umBapmaHTHOCTM ypaBHeHusi /lupaka

1. B sToM myHKTE HaiifileM SIBHBII BUJI OIIEPATOPOB, SIBJIAIONINXCST OA3UCHBIMY 3JIEMEH-
ramu aiarebpol Jlu rpynusl O(4), KOMMyTUPYOMIKX ¢ raMuiibroHnanoM Jlupaxa.
Ypasuenne upaka
O (t,x)
o\
ot

rocyie Tpeodpa3oBaHUsA

= (’YOfYapa + VOm)\Ij/(t’ :I:), a=1,2,3, (31)

U1 = %(1 — 74), (32)

IIPUHUMAET BUJL
O0Y(t,x)
g—1 7

ot
U = Ul\I/l, P4 =M.

=HU(t,x), H= , k=1,2,3,4,
( ) YoVkPk (3.3)

Jos mammx nesieii 6yer yuo0HO ucxoquTh u3 ypasaenus Jupaka B dhopwme (3.3),
9TO MO3BOJIMT IIPOBECTU OJHOBPEMEHHO Bce paccMoTpeHust s m > 0 um < 0.
Ypasuenue (3.3) mocse npeobpazoBanust

1 TyH] 1 YoH _
Upe=g)=eo{ P 2o (1 0F). Bevhi=R 69

IIpuMeT KaHOHUYeCKU BUJT

0D(t,x)

T HPD(t,x), H® =E, (3.5)

rjie Yo — derbipexpsiinas Marpuna Jdupaka (em. (1.1)).
Teneparopsr rpynmst P(1,3) na muOox)ecTBe {®} BBRINIAAAT Tak (UpencraBieHne

(3.6) cripaBeIIMBO He TOJIBKO Jisl CIMHA § = 1/2, HO U JIsl IPOM3BOJILHOTO CIIUHA §):

Py = Hq> =vE, Pi=ps Jab=TaPp— TpPa + Sabs

B 1 o 5;abpb + §a4p4 (3.6)
Joa = 20Pa — 5[Ta, H7]4 —Y0—F—
2 E
~ i ~ )
Sk = Z('Yk’)’l — M%), Sox = Z(Vovk — YY0),
(3.7)

~ ) ~ )
Ssp = —— Sos = 0.
5k 2%7 05 270
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Marpuriet §kl — reneparopbl rpynnbl O(4) u, KpoMe TOro, KOMMYTHDPYIOT C Ia-
vsrorranoM H® B mpescrastennu ®. 1o n o3HauaeT, uTo ypasHenue (3.5) momos-
HUTEIHHO HHBAPUAHTHO OTHOCUTEIHHO MaTpU4HOii asre6pet O(4). C raMuIbTOHHaHOM
H?®, oueBHIHO, KOMMYTHPYET ¥ MATPHIIA g()f,.

Yro6Bl HEOCPECTBEHHO MOKA3aTh, UTO ypaBHeHHe (3.3) MHBAPUAHTHO OTHOCU-
TesibHO anrebpbl O(4), T0CTATOYHO HAWTH OIEepaTophl THIA §kl, KOTOPBIE KOMMYTH-
poBaJin OBI ¢ orrepaTopoM H. DTHU orepaTopbl HETPYIHO HANTH, €CJIU BOCIIOIb30BATHCS
YHETApHEIM omeparopoM U ~!, cBaspiBaromuM mpecrapiaenns @ u U.

MozxHO HEmOCpPEICTBEHHO TPOBEPUTH, UTO OIEPATOPSI

~ ~ 1 ~ ~ 21S5,Dr
Sy =U"1SuU = Sy + E(Sf)kpl — S5ipk) (1 - %p) ,
» (3.8)
v 19 g Bt

KOMMYTHUPYIOT C oriepaTopoMm H.

Takum obpasoM, ypasHenue (3.3), a 3HauuT, u ypasHenue (3.1), Kak /st HeHy-

JIeBOIl, TaK M JIs HyJIEeBOI MacChl MHBAPUAHTHO OTHOCHTEJNHHO anrebper O(4). dror
Pe3yJIbTAT SIBJISIETCS YACTHBIM CIydaeM 0ojiee OOIEero yTBEPKICHNS, JOKA3AHHOTO B
. 3, pa3uena 1. _
_ Cuemyer oTMeTHTDb, ITO HMOCKOJBKY C Yo KOMMYTHPYIOT TOTbKO MATPHILI Sk H
Sos (MaTpunbt Yo Syn, Sy Skn — JuHeNHbIe KOMOMHATIUH Sk, U Sps), TO anrebpa Jlu,
TIOPOXKJICHHAS UMHU, SIBJISETCA MAKCUMAJILHON aarebpoit, OTHOCUTEIFHO KOTOPOH ypaB-
Henre (3.5) MHBAPUAHTHO.

JomomauTebHAasS cCUMMeTpusl ypaBHeHus /lupaka MeromaMu, OTJIUIHBIMA OT Ha-
KX, HCCJIe[0BaIack B paborax [10].

Pau nosrHOTHI n3i102KeHNS IPUBEJIEM SBHBIM BUJI OIIEPATOPA KOOPIUHATHI B IIPEI-
crapyiennun ¥

3 gskpk gabpb + §a4p4

1
X\P =U! alV = Lg = a a .
o =U"z,U x+E Sas + T2 P = (3.9)
2. JIByXKOMIIOHEHTHOe ypaBHeHue Beiis
Ox(t, x
z% = opppX(t, ), (3.10)

KaK M3BECTHO, YKBUBAJEHTHO ypaBHEHHUIO Jlupaka [Jjis HyJIeBOW MacChl C JOIIOJIHU-
TeJIbHBIM YCJIOBUEM, T.€. 9KBUBaJICHTHO CHUCTeMe ypaBHEHMI

U
z% =YYV (t, ), a=1,2,3, (3.11)
(1 —ivg)¥(t,z) =0. (3.12)

HemocpeicTBeHHOil TPOBEPKOil MOXKHO yOeqUTHCs, HYTO JOHOHUTEIBHOE YCIOBHE
(3.12) HeMHBAPHAHTHO OTHOCHTEJILHO ONEPATOPOB S}, T.e.

[747 g]\clll]* 7& 0.

Urak, cucrema ypasuenuii (3.11), (3.12) ne obiiaiaer JONOJIHATENLHOM cuMMeTpUeit
orHOCHTEIHHO Ipynisl O(4).
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Ecsn naz ypasaenuem (3.10) coBepinuth npeobpazosanue tuna Posu—BoyTxoii-
zena [11]|, ToO OHO HpUMeT KAHOHMYECKUIl BUJL

o0(t,
z% =03E®P(t,x), E =/p?+p3+p3 (3.13)

Ypasuenue (3.13) yKe $IBHO HHBAPUAHTHO OTHOCHUTEJILHO [1PEOOPA30BAHMSL
P — 039, (3.14)

cilefioBaTesIbHO, ypasHenue Beits (3.10) 1onoHATEIbHO HHBAPUAHTHO OTHOCUTEIHHO
rpymmst O(2).

3. U3 mpeapiaymero myHKTa sICHO, YTO JIOIOJHUTEIbHAS NHBAPHAHTHOCTD yYpaBHe-
HU JBU2KEHUI 3aBUCUAT OT KOMIIOHEHTHOCTH BOJIHOBOU dyHKiuu. Huxke Oymer ycra-
HOBJIEHA 3aBUCUMOCTbD JIOTIOJHATEHHON CHUMMETPUHU yPABHEHU OT Pa3MEePHOCTH IIPO-
crpaHcTBa MUHKOBCKOIO, B KOTOPOM OHU 3a/[aHbI.

Paccvorpum B missTuMepHOM TIpOcTpaHCTBE MUHKOBCKOTO JIBA HEIKBUBAJIEHTHBIX
ypaBHeHHs THuna Jlupaka, MHBADHAHTHBIX OTHOCHUTEJIBHO HEOJHOPOHON T'DYIIBI e
Currepa P(1,4):

Z_ﬁllli(t, T, 24)
ot
0

=—i—, k=1,2,34
pk Zaxk7 ) ) b )

rje U — 9eThIPeXKOMIOHEHTHBIH CIIMHOP, » — IIOCTOSIHHAS BeJMInHA. [IpoBoJs st
ypasHeHnii (3.15) rakoil ke aHanmu3, Kak u JJisi (3.3) (¢ HEKOTOPBIMH OYEBUIHBIMHU
M3MEHEHHsIMH ), MOXKHO TI0Ka3aTh, 4To ypasHeHue (3.15) st dyukmn U (nam ¥_)
JIOTIOJIHATEJIEHO MHBAPHAHTHO OTHOCHTEILHO rpymisl O(4).

HTax, 4eThIpeXKOMIIOHEHTHOE ypaBHeHne Jlupaka B IATHMEPHOM [IO/IXOJIE, IIOMIMO
MHBApMAHTHOCTH OoTHOcUTENbHO rpyni P(1,4) nu O(1,5), vHBApHAHTHO OTHOCUTEIHHO
marpuanoii rpynmst O(4). W3 aroro pesysbrara, B 9aCTHOCTH, CJIEJYET, 9TO CIUHOBbIH
U U30CIUHOBBIA MOMEHTBI B IISITUMEPHOI CXeMe KBAHTOBOJ MEXAHWKH COXPaHSFOTCS.
OTO M CJIENOBATIO OXKHUJATH, HMOCKOJBKY Majoii rpymmoit rpymmner P(1,4) sBasercs
rpyuna O(4), koropas jokaiabuo uzomopdua rpyume SU(2) x SU(2).

Ocobennoctoio ypasaerns (3.15) mst dbyukunn ¥ (uim ¥U_) sBasgercs To, 4TO
OHO B OTJIMYMe OT OOBIYHOIO ypasHeHUsi Jlupaka HEMHBAPUAHTHO OTHOCHTEIBbHO C-
npeobpasopanuii (Gosiee jeTaibHO cM. [9]). B nsiruMepHOM mojxoe npocTefnmmM cr-
HOpHBIM P-, T-, C-uHBapUaHTHBIM yPaBHEHNEM sIBJISETCS BOCBMIKOMIIOHEHTHOE yDaB-
Henwue [9]

0¥ (t,x,x4) YoVk 0 Y 0
) + U(t,x
ot 0 o )P 0 —0 )~ (@, 4),

v=( 3 )

sBJIsiIoNIeecst O6beIuHeHNeM JBYX ypasHenwuii (3.15).

st 3TOr0 ypaBHeHusl CIpaBeUINBO CJEYIONee yTBep K/ IeHne: ypasHerune (3.16)
MHBAPMAHTHO OTHOCUTEJHLHO MAaTpHIHON anrebpel O(6). Yrobe! moka3aTh 3T0 yTBEp-
JKJIEHUE, CJIe/lyeT npeacTaBuTh ypasuenue (3.16) B opme

OU(t, @, )
ot

= (YovkPk + Y020) V1 (L, x, 24),
(3.15)

(3.16)

= (Lolkpr + Lox)V(t, @, 24), (3.17)
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rie BocbMupsizabie Marputisl ['g, I'y u I's, I'¢ — Oa3ucHbie 3/1eMEeHTH BOCBMUMEPHOH
anrebpsr Kmuddopma, a moToMm mMOBTOPUTH pacCyKICHNsI, TPUBEICHHBIE B TTyHKTE 1.

U3 upusenennoro ananusa ypasrenuii (3.3), (3.10), (3.15), (3.16) BbITekaer, 4To
JIOTIOJTHATEJIbHAST MHBAPHAHTHOCTD YPABHEHUHN JIBUKEHUIl, MHBAPUAHTHBIX OTHOCHTE-
JIBHO HEOJIHOPOHBIX TPy Tuia P(1,n), 3aBUCAT Kak OT Pa3MEePHOCTH IIPOCTPAHCTBA
MuHKOBCKOTO, TaK ¥ OT KOMIIOHEHTHOCTH BOJIHOBBIX (DYHKITHIA.
Sameuyanue 4. Eciau B ypasHenun (3.15) nosnoxkuts 3 = 0, oHO Gy/eT ONUCHIBATH Ya-
CTUIy W AHTUYACTHUILy C IIEPEMEHHOI Maccoil \/173 n (UKCUPOBAHHBIM CIIMHOM
s =1/2[9]. Ypasrenrue (3.5) (st 5 = 0) ”HBAPHAHTHO OTHOCHTEIBLHO Ipynmbl O(2, 5),
cojiepzKalieil B KauecTBe MOArpyInbl KoudopMuayio rpymmry. Ciegyer OTMEeTHTb, 9TO
obbraaoe ypasuenne Jlnpaka ¢ (pUKCHPOBAHHON MacCcOl HEMHBAPUAHTHO J1arKe OTHO-
CUTEJIFHO KOH(MOPMHOI TDYIIIIHI.

Astop BeIpakaer Giarogapaocts A.JI. I'puinienko 3a TpoBepKy HEKOTOPBIX Gop-
MYJI HACTOSAIIEH PabOTHI.
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On the Galilean-invariant equations
for particles with arbitrary spin

W.I. FUSHCHYCH, A.G. NIKITIN

In our preceding paper [1] the equations of motion which are invariant under the
Galilei group G have been obtained starting with the assumption that the Hamiltonian
of a nonrelativistic particle has positive eigenvalues and negative ones. These nonrela-
tivistic equations as well as the relativistic Dirac equation describe the spin-orbit and
Darwin interactions after the standard replacement p, — 7, = p, — eA,. Previously
it was generally accepted to think that the spin-orbit and the Darwin interactions are
truly relativistic effects [2].

In [1] equations for particles with the lowest spins s = %, 1,% have been obtai-
ned. What puts the equations [1] in a class by themselves is that the transformation
properties of a wave function are rather complicated (nonlocal) and it is difficult
to establish their invariance under the Galilei transformations after the replacement
Pp — Ty

In the present note equations for arbitrary-spin particles are obtained which pos-
sess as good physical properties as the equations [1].

Moreover the related wave functions have simple transformation properties in the
case of the equation describing interaction with an external field and in the case of
the absence of interaction as well.

We shall start with the assumption that under the Galilei transformation

r—x' =Rx+Vt+a,

1
t—t =t+0b, v

the 2(2s + 1)-component wave function ¥ (¢, ) transforms as
(L) - W(E,a’) = explif(t, @) D*(R, V)U(t, ), (2)

where D*(R, V') is a numerical matrix, depending on the parameters of transforma-
tion (1), explif (¢, «)] is the phase factor [3]

f(t,x) =mV - Rx + %vat. (3)

The generators of Galilei group G, which correspond to transformation (2), have the
form

0 0
Py=i—, P,=ps=—i=—, Jap=TaDb— TvPa + Sap,
0 Zat’ P Zaxa b = TaPb — TbPa + Oab

Ga =1tpg — MTy + )\a7 Sab = ( Sgb 80(, > ’
a

(4)

where sqp are generators of irreducible representation D(s) of group O(3), A, are
some numerical matrices, which have to be such that the operators (4) satisfy the

Reprinted with permission from Lettere al Nuovo Cimento, 1976, 16, N 3, P. 81-85
© 1976 Societd Italiana di Fisica
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commutation relations of algebra G. It can be shown that the most general (up to
equivalence) form of the matrices A\, satisfying this requirement is

1
g = k(dg + iUQ)Sa, Se = ieabcsbm (5)

where o9, o3 are the 2(2s + 1)-dimensional Pauli matrices which commute with S,p,
k is an arbitrary constant.
To find the motion equations for arbitrary-spin particles

2wt ) = H.(p. )0, 2) (6)

it is sufficient to construct such operator (Hamiltonian) H(p, s) that eq. (6) be invari-
ant under the Galilei group G. Equation (6) will be invariant with respect to G, if
the following conditions are satisfied:

[Hs(p,s),P,]- =0, [Hs(p,3),Jw]- =0, [Hs(p,s),Ga]- =—iP,. (7)

Thus our problem has been reduced to solution of equations (7). The analogous
problem has been solved in the relativistic case in [4]. Lately the method of the
work [4] has been further developed in works of R.F. Guertin [5].

In order to solve relations (7) we expand H; in a complete system of the ortho-
projectors and Pauli matrices

Hy(p,s) =Y oualA,, p=0,1,2,3, ®)
L,
where
. !
1\7':H81)/7p/r7 7‘,7‘/:—8,—84-17...,8’
oty r—r

and o is the 2(2s + 1)-dimensional unit matrix, a¥(p) are unknown coefficient func-
tions. Substituting (8) into (7), using the relations [4]

SabDb v PaS-p
2N, — A1 — A — -t =
2p2 ( s r+1 s 1) + 2p (Sa D p

[AT7 Sab] = Pa [ATv T'b] — Db [Ara za]a

and taking into account the completeness and the orthogonality of the orthprojectors,
we have found that, up to equivalence, the general form of the Hamiltonian H(p, s),
satisfying (7), is given by the formula

Ay, zq] = ) (Apy1 — Avq),

9)

2 2
H, = mg + osnm + 7 o_ 012inhS -p — (o3 + iog)nk2M, (10)
2m m
where 7 is an arbitrary constant.

Formula (10) gives the free nonrelativistic Hamiltonian for a particle with an arbi-
trary spin. Equation (6) with the Hamiltonian (10) is invariant under the group G.
For the spin % particle (when s = %, k = —i, n = 1) equation (6) can be written in
the following compact form

2

p
(VP! +m)W = (1 + 94 — 70)%‘15 (11)

where ,, are the Dirac matrices.
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The Hamiltonian (10) and the generators (4) are non-Hermitian under the usual
scalar product. They are, however, Hermitian under

(Uy,0y) = /d% UMW, (12)

where M is positive-definite metric operator

2
M= 1+ [i(k — k)os — (k + k)oo) 2B + 2k P(1 + o) (%) . (13)

m

Besides, if 7, k satisfy the condition nk = (nk)*, the Hamiltonians are Hermitian also
in the indefinite metric

(T, Ty) = /d% Ulew,, (14)

where

é__ 03, if T]*:Ua k*:k7
o if pt=-m, k= -k

With the help of the transformation

A
Hy— H =VHV™', V=exp [z mp} , (15)

the Hamiltonian (10) can be reduced to the diagonal form

2
H. =mg+ ognm + 2p_m (16)

It is interesting to note that the condition of Galilei invariance admits the pos-
sibility to introduce two masses: the rest mass, or the rest energy (1 = mg + nm,
g2 = mo — nm) and the kinetic mass (the coefficient of p?). Below we consider the
case when mg = 0, n = 1, i.e. the rest mass is equal to the kinetic mass.

To describe the motion of a charged particle in an external electromagnetic fields
we make in (6) and (10) the replacement p,, — 7, (symmetrizing preliminarily the
Hamiltonian in p, [1]). This leads to the equation

0
za\ll(t,w) = Hy(m)V(t, ), (17)

2 2k2 1
H, () = ogm + ;—m + 12ik(S - p) + — (05 +i02) | (S - m)*+ 5 (S - M) |, (18)

where H, = iggpc[mp, Tc]— are components of the magnetic field vector.
It is important to note that eq. (17) is still invariant with respect to the Galilei
transformations (1) and (2), if the vector potential is transformed according to [2]

A— A'=RA, Ay— A, = A+ VRA. 19
0
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To prove this statement it is sufficient to use the exact form of the matrix D*(R, V)
in (2)

s _ ) D3(R) 0
D(R,V)—(l—i—z)\-V)-( 0 DS(R))’ (20)
where D*(R) the matrices from the representation D(s) of the group O(3).

As in the case of the Dirac equation [6] the Hamiltonian (18) cannot be diagonali-
zed exactly. We shall make the approximate diagonalization of the operator (18) up
to the terms of power 1/m? with using of the operator

V(w) = expliB3] exp|i B3] expli Bi], (21)
where
S-p 0A, 0A,
B = ioqk B, = —Zfe _la
R Oza 01
s S-m 7. (S w?-3S-H _ S-E
By = —oih = — ok — ok (22)
2 a2 . "H 21§ . )2 e A
B = gty (527 Lyl S Hly KIS m)7 eAo]
3 m 3 mS
As a result we obtain
2 S-H
V() (m)V ™ () = ogm + 2~ + Ay + Ko -
§ 2 . 2 OE,
*WS‘(ﬂ’><E*EX7T)+W5(s+1)d1vE+WQaba—xa+ (23)
k3 1 k%  0H, 1
+WS(WXH_HXﬂ)_ngab—axb+O<ﬁ)’

where @, is the tensor of quadrupole interaction
Qap = 3[5,17 Sb]+ - 2(5(11,8(8 + 1) (24)

It is readily seen from (23) that —k? can be interpreted as the dipole magnetic
moment of the particle. If s = %, —k? = 1 (it corresponds to the “normal” dipole
moment), the first seven constituents of the approximate Hamiltonian coincide on
the set ®+ = %(1 + 03)® with the Foldy—Wouthuysen Hamiltonian, which had been
obtained from the relativistic Dirac equation. The last two terms in (23) can be
interpreted as the magnetic spin-orbit and the magnetic quadrupole interactions of
the particle with the field.

In conclusion we note that we have not required the invariance with respect to the
time reflection for eq. (6). This invariance has been ensured if one doubles (brings to
4(2s 4 1)) the number of the components of the wave function and assumes that the
particle energy can take both positive and negative values. An analogous situation
takes place in the relativistic theory [7].

As in the relativistic theory, it is possible to construct for the particle with spin s
the nonrelativistic wave equations with another (different from 2(2s+1) or 4(2s+1))
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number of components. For instance, the spin-one and spin-zero particles can bo
described by the Galilean-invariant equations

B-p)?

2
(B —m)¥ = | By —+ 5 , (25)

where 3,, are the 10 x 10- or 5 x 5-dimensional Kemmer-Duffin-Petiau matrices. These
equations will be considered in another work.

Note. The equations obtained in [1] and in the present paper can be considered as
those with the broken Lorentz symmetry. Actually, equations (12) from [1] and (11)
from the present work have the form of the Dirac equation with the additional term
which is noninvariant under the Poincaré group, but is Galilean invariant. The second-
order equations with this broken symmetry have the form

(pup" — m*)¥ = BV, (26)

where B = p*/4m? for the equations of ref. [1] and B = m(1 + 203) + p?o3 + p*/4m?
for the equations from the present paper (if mo = m, n =1).

1. Fushchych W.I.; Nikitin A.G., Salogub V.A., Lett. Nuovo Cimento, 1975, 14, Ne 13, 483-488.
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3. Bargman V., Ann. Math., 1954, 59, 1;
Hamermesh M., Am. of Phys., 1960, 9, 518.

4. Fushchych W.I., Grishchenko A.L., Nikitin A.G., Teor. Mat. Fiz., 1971, 8, Ne 2, 192-205 (in
Russian); Theor. Math. Phys, 1971, 8, 766 (in English).

5. Guertin R.F.; Ann. of Phys., 1974, 88, 504; 1975, 91, 386.
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*It was apparently the first paper where it was demonstrated that spin orbit coupling can be
described in the framework of Galilei-invariant approach. Editors’ Remark.



On the new invariance groups of the Dirac
and Kemmer—Duffin—Petiau equations

W.I. FUSHCHYCH, A.G. NIKITIN

In works [1-6] the canonical-transformation method has been proposed for inves-
tigation of group properties of differential equations of quantum mechanics. This
method essence in that the system of differential equation is first transformed to the
diagonal or Jordan form and then the invariance algebra of the transformed equation is
established. The explicit form of this algebra basis elements for the starting equations
is found by the inverse transformation.

The main distinguishing feature of this method from the classical Lie approach [7,
8] is that the basis elements of invariance algebra of the corresponding equations do
not belong to the class of differential operators, but are as a rule integrodifferential
operators. The new invariance algebras of the Dirac [1, 2] (the results of the work [2]
have been generalized by Jayaraman (J. Phys. A, 1976, 9, 1181) to the case of the
equation without redundant components for any spin, see also [1]), Maxwell [2], Klein—
Gordon [3], Kemmer—Duffin—Petiau (KDP) and Rarita—Schwinger [4] equations have
been found just in the class of integrodifferential operators.

The aim of this note is to describe invariance algebras of the Dirac and KDP
equations in the class of differential operators. The theorems given below (which es-
tablish new group properties of the Dirac and KDP equations) are proved using the
canonical-transformation method.

To establish an invariance of the equation

.0
L(po, p1,p2,p3)¥(zo,x) = LY =0, Pu = ’@ (1)

under the set of transformations ¥ — ¥’y = Q47 is to found a set of operators
Q ={Qa} such that

[L,Q4]-¥Y =0, VQac€Q, (2)

where ¥ is a function which satisfies eq. (1). Condition (2) can be written in the
operator form

[L7QA}7 =F-L, (3)

where F' is some set of operators, which are defined in the space of equation (1)
solutions.

Theorem 1. The Dirac equation
LW = (yup" +m)¥ =0 (4)

is invariant under the 16-dimensional Lie algebra Aig, whose basis elements are

‘

2

Reprinted with permission from Lettere al Nuovo Cimento, 1977, 19, N 9, P. 347-352
© 1977 Societd Italiana di Fisica

. D
P,u =Pu = Z%a Juu =TuPy — TuPu + SV Vo (5)
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Quv = 1w + E(l +072) (YuPr — WPu)s Y4 = Yo17273- (6)
Proof. The theorem validity can be established by direct verification. Indeed, one
obtains by direct calculation that @, satisfies the invariance condition (3)

1 1 )
[Quw L%}, = F‘MQVL%a F‘;Lzl/ = E('Yppu - IYVpM) (7)

and form together with P,, J,, the Lie algebra
[P/uPu}f =0, [PMJ;W}f :Z’(g)\upu_gkypﬂ)a [P)\aQ/»w]f :07
['];w; JAJ]— = i(gu)\t]uo + gwf']u)\ - gua']u/\ - gu/\Jua)a (8)

[QMIM J)\U]* = %[Q,LLV?Q)\U]f = i(.gp«/\Quo' + guo'Qp,)\ - ganV)\ - gl/)\Qp,U)'

A more elegant and constructive way, which shows the method to obtain operators (6)
is to transform eq. (4) to the diagonal form. After such a transformation the theorem
statements become obvious.

Such transformation can be carried out in two steps. First, eq. (4) is multiplied by
the invertible differential operator

1 1
_1_ = W - . m
W=1-—aup” — 55 (1+ iva)pup”, o)
1 1 .
W=1+ E'y”p“ — m(l — iva)pupt.

As a result we obtain the equation

WL% ¥ =0, (10)
which is equivalent to the starting eq. (4). Then using operator
1 ) 1 )
V =exp [%(1 + m)m?“} =1+ 5 (1 +iya)yp" (11)

we reduce eq. (10) to the diagonal form
=
Le=V(WL )V 'd= {A*m + = (pupt —m?)| ® =0, (12)
m

where ® = VU, AT = L(1 L ivy).
Equation (12) is equivalent to the starting eq. (4) and contains the only matrix 4.
So it is evident that the matrices Q;“, = 17,7, commute with the operator L. These

2
matrices satisfy the commutation relations of the Lie algebra of the SUs ® SUs group
and satisfy the relations (8) together with the generators P/i = VPMV_1 = P, and

/ -1
S =V V== Ju.
To complete the proof it is sufficient to find the explicit form of the matrices
L in the starting W-representation. Calculating Q ., = vt 'V, one obtains the
operators (6). The theorem is proved.

Corollary 1. If one makes in (4), (9)—(12) the substitution
e

D) Yu Vv F}w 5

'Yupu - Yu = (pu - eA/L)V/u P/Lp“ - ﬂ-/tﬂ-#
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where A,, is the vector potential, and F},,, is the tensor of the electromagnetic field,
the transformations (9)—(12) establish the one-to-one correspondence between the
solutions of the Dirac and of the Zaitsev—Gell-Mann equations [9].

Corollary 2. The above founded operators (), can be used to find the constants
of motion for the particle interacting with external field. For instance the operator
the Q = €apcQue(m)(H, — iE,) is a constant of motion for a particle moving in the
homogeneous constant magnetic field H and the electric field E(Qp.(7)) is obtained
from (6) by the change p, — m,.

Corollary 3. In theorem 1 the invariance condition of eq. (4) is formulated in terms
of Lie algebras. A natural question arises: what kind of group transformations is
generated by Q.7 Using the explicit form of the generators (6), one obtains these
transformations in the form

U(z) — U'(z) = expliQapbap] ¥ (x) = (cosOup — Yayp sinbap) ¥ (z) +

1 o o (x) oV (x)
+ E(l + i74) sin Bgp (% oy Vo oz, )

U(z) — V' (z) = expliQoabap) ¥ (z) = (cosh Oy, — isinh Opav07a) ¥ (x) +

+ L (14 i) sinh o, <’Yo oUz) 8@(”) ,

0x, * dxg

) ) 1 . .
x, — xit = exp[iQapbab) Ty exp[—iQapbap] = x, + — (1 + iy4) sin by X

(13)

3

X ('Yag,ub - 'ngua)(cos Oup — Ya7Yp Sin aab)v

x, — xit = expliQoaboalx, exp[—iQoaboa] = z, + E(l + i7y4) sinh By, X

X (Y09ua — Yaguo)(cosh Ogq — i7v9Ve sinh Oy, ),

where 0, = —0,,, are transformation parameters (there is no sum over a, b). Trans-
formations (13) together with the Lorentz transformations form the 16-parameter
invariance group of the Dirac equation.

In quantum field theory not only the Dirac equation (4) but the system of two four-
component equations for functions ¥ and V is considered. Such system is equivalent
to one eight-component Dirac equation

(Tup" +m)¥(xo,z) =0, (14)

where I', are (8 x 8)-dimensional matrices, which satisfy together with I'y, I's, I'¢ the
Clifford algebra (for details see, e.g., [5]).

The system of eq. (14) has a more extended symmetry than the four-component
Dirac equation. It is shown in [5] that the additional invariance algebra of eq. (4) is
the Lie algebra of the group O(6). This result admits the following strengthening:

Theorem 2. Equation (14) is invariant under the 40-dimensional Lie algebra Ayg.
The basis elements of this algebra have the form

)
J/w = ZTuPv — TvPpu + _F/LFV7

P/L:pu:i D)

0
ozr’



New invariance groups of the Dirac and Kemmer—Duffin—Petiau equations 67

Qun = i0 T + — (1+1F6)(F T —Tulm), myn=12...5,

~ 1
an = I's+ — (1 + ZFG) ana

where, by definition,

8\11(1'07 )
axa-&-?)

Pat3¥(zo, T) = 0.
Proof can be carried out in full analogy with the proof of theorem 1. We only draw
attention to the fact, that @,,, satisfies the Lie algebra of the group SU,.

Let us now consider the group properties of the KDP equation, which describes
particles with spin s = 1. This equation has the form

Ll\Il(anw) == Oa Ll = B;Lpu + m, (16)

where (3, are the ten-row KDP matrices.
It follows from the above that the KDP equation has to possess a more extended
symmetry than eq. (4). This conclusion is supported by the following

Theorem 3. The KDP equation is invariant with respect to the 26-dimensional Lie
algebra Asg, whose basis elements are differential operators and have the form

.0 )
P/t:plt :Z%ﬂ J,uu :xupu*mupu“i’z[ﬁuvﬂu}—
Aa = [Cab,CacM, Aat3 = Che, A7 = *i[012623631 - 023031612],
)
Ag = *%(612023631 + ca3caiciz — 2€31€12€23),  Asta = CabCob, (17)

Mita = Coq;, A5 = (C12€23C02 — C23€31C03),
1
A6 = ﬁ<012023002 + Cc23C31C03 — 2€31€12€01),

where
1
Cuw = 1By, Bu]- + E(a#py — a,,p#), (a,b,c) — cycl (1,2,3), )
18
ay = 7;[557 ﬁu]f + iﬁu7 Bs = Ep,upaﬁuﬁuﬁpﬁa

Proof. First we shall show, that the operators Ay satisfy the invariance condition (3).
By direct verification one obtains

[Cuu; Ll]f = FﬁyLla F (Ll - 2m> (ﬁupz/ 511?;1)- (19)

It follows from eq. (19) that the operators ¢, (and hence all ) satisfy eq. (3).

The operators (17b) satisfy the commutation relations of the Lie algebra of the
SU3 ® SU3 group. This fact can be verified directly, but a more simple way is to make
previously the transformation A — VA,V ~! = )\}, where

V =exp {%aup“} , Cuy — c = VCWV7 =18, Bv]-. (20)
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Using eq. (20) it is not difficult to make sure that the operators )\} and p,, =
Vp, V=t =p,, I = VJwV~t =J,, form a Lie algebra. The theorem in proved.

In conclusion let us note that the main part of the theorems 1, 2, 3 (i.e. the
invariance of egs. (4), (14), (16) under the corresponding algebras) can be proved also
by the transformation Ly — VL,V 1, where V is the integrodifferential operator

S. aPa Sa c
V =exp [i4—p arctg 2} exp [i arctgh B} . (21)
p m p E

The preference of this transformation is that it can be easily generalized for the case
of an arbitrary spin, but the basis elements @), of the new invariance algebra have
to be integrodifferential operators (as like as (21)). Thus, for the Dirac equation one
obtains

. i o a
Qab = VeV + E(’Yapb - 'pra)(l +i74€);,  Qoa = €Qbe,

where £ is the integrodifferential operator of energy sign

HD 2 2 1/2
= |HD| ~ (YoYaPa + Yom)(m?* + p?) /2.
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Ilyankape-unBapuaHTHBIE
anddepenimaababie ypaBHEHU
JJI 9acTHUIl IIPON3BOJILHOTO COMHA

A.I' HUKHUTHH, B.U. oVII[HY

The first and the second order differential equations have been deduced which describe
the motion of relativistic particle with arbitrary spin. On the basis of these equati-
ons, the problem of the motion of the arbitrary spin particle in the homogeneous
magnetic field has been solved exactly. The covariant position and spin operators
have been obtained which are distinct from the Newton—Wigner and the Foldy—
Wouthuysen operators. The approximate diagonalization of the Hamiltonian of the
particle interacting with the external electromagnetic field has been carried out.

Buisenennbt nuddepeHnmaibable ypaBHEHUs IEPBOr0 U BTOPOTO MOPSIAKA, OMUCHIBA-
[OIlMe JIBVXKEHHME PEJISITUBUCTCKON YacTUIBI C MPOU3BOJIbHBIM crnimHOM. Ha ocHoBe
9TUX ypPaABHEHUN TOYHO PEIleHa 33/1a9a O JBUXKEHUU YACTHUIIBI ITPOU3BOJBHOTO CITH-
Ha B OJHOPOIHOM MAarHUTHOM moJie. HalieHbl KOBapHaHTHBIE ONEPATOPHI KOOPIU-
HaThl U CIIMHA YACTHUIIBI, OTJUYHBIE OT U3BECTHBIX onepaTopoB HeioroHa—Burhuepa u
Donmu—Bayrxoitzena. OcyimecTBiiena mpubIMKEeHHAS UATOHAIU3AINS TAMUTHTOHU-
aHa YACTUIBI, B3AMMOIEHCTBYIOMEA ¢ BHEIIHUM 3JIEKTPOMATHUTHBIM TI0JIEM.

BBenenue

Bo Bcex siBHO KOBapHAHTHBIX PEJIITUBUCTCKUX YPABHEHUSIX IEPBOIO HOPSIJIKA, OIUCHI-
BAIOIIMX JIBIDKEHHE YACTHUIL CO CIMHOM § > 1/2 BosiHOBasi DyHKIWMs uMeeT GOJIbIIe
KOMIIOHEHT, YeM IHCJIO BO3MOXKHBIX 2(25+1) cocTostHnit cBOBOIHOM CHCTEMBI YaCTUIIA—
AHTHIACTHUIA. DTO “U3JIUAIIECTBO” SIBJISIETCs, BUJMMO, OJTHONW U3 MPUIWH MOSBJICHUS B
ypasuenusax Kemmepa—sdduna [1] (s = 1), PapurerIIsunrepa [2] (s = 3/2),
OTIMCHIBAIOIIIX MTOBEJICHNE YACTUI BO BHEITHUX JIEKTPOMATHUTHBIX TIOJISIX, PEIIEHNIT,
COOTBETCTBYIOIIUX JIBU2KEHUIO YACTHUI[ C HEHYJIEBOI MAaCCOW CO CKOPOCTBHIO OOJIBIIEi,
YeM CKOPOCTb cBeTa B BakyyMe. K HacTosiiemy BpeMeHu TOJIbKO ypasHenue Jlupaka,
HE UMEIOIee JUIMHAX KOMIIOHEHT, He TPUBOAUT K YKA3aHHBIM HeDUIUIECKUM CJIE]I-
CTBUSIM.
Taxoe MCKIIOUUTENbHOE TOJIOXKEHUe ypaBHeHnsi Jlupaka HOCTyKUI0 CTHMYJIOM

JIJTsI TIOCTPOEHUST YPABHEHUHN JIBUKEHUS BUJIA
.0 .0

Z_\I/(tvm) ZH(p,S)\I’(t,:E), Pa = =15 — (01)

ot 0z,
JITSL 9ACTHUIBI C MPOU3BOJILHBIM CIIUHOM, Ijie BOJHOBas (yHKIWsa W mMeeT TOJHLKO
2(2s 4+ 1) xomnonent [3, 4]. Ocobennocts ypasuenuii (0.1) cocrour B TOM, 4TO ra-
muibronnan H(p,s) upu s > 1/2 asisiercs unrerpo-nuddepeHIuaibHbIM OllepaTo-
poMm. TpeboBanme OTCYTCTBUS JUNTHUX KOMIIOHEHT y BOJIHOBOM (DYHKIMHU U YCJIOBUE

Ilepeneuarano uz Teop. mart. dpusuka, 1978, 34, Ne 3, C. 319-333 110 pa3penieHu0 peaKoIErnu
© 1978 Uznarenscro “Hayka”
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9PMHUTOBOCTH TaMHIJIBTOHUAHA U JIPYTUX reHepaTopoB rpynnbl [lyankape orHOCHTETB-
HO OOBIYHOIO CKAJISIPHOTO ITPOU3BEIEHIS

(U1, Ty) = / P Wl (t, @)Uy (t, ) (0.2)

IPUBOJAT K HEJIOKAJIbHBIM ypaBHerusM Jsuzkenus (0.1) B kondurypanuonsom mpo-
CTPAHCTBE. DTO OBCTOATENBCTBO (HEJOKAJILHOCTh COOTBETCTBYIONIMX TaMUJIBTOHHA-
HOB) CHJIBHO 3aTPY/IHSIET IPUMeHeHne ypasHernit sua (0.1) fuist onncanust moBeaeHnst
YACTHUI[ CO CIMHOM § > 1/2 BO BHENIHUX 3JIEKTPOMATHUTHBIX MOJIsix. B [4] HA ocHO-
Banuu ypasaenuii (0.1) pemiena 3amada 0 B3aMMOJEHCTBAN YACTHUILI TPOU3BOJILHOIO
CIMHA C BHEIIHUM IIOJIEM B ITPEJITONOKEHIN, ITO MUMITY/IHC YaCTUIBI MAJ 10 CPaBHe-
HUIO C €€ MAcCOi TIOKOsI, T.€. TIOJIy9eHO KBA3UPEIATHBACTCKOE OIIMCAHNE TACTHIIHI BO
BHEITHEM TI0JIE.

K anajornaubIM TPYIHOCTSAM NIPUBOAAT ypaBHEHHUs, oyueHHble Busepom, Xam-
MepoM, I'ynom [6] 1 MaTbrozom ¢ coaBropamu [7]. OCHOBHOE OTJIMIMe 9TUX ypaBHEHMT
OT ypaBHEHUIA, IOJYIEHHBIX B [3, 4], COCTOUT B TOM, 4TO ypaBHeHU [6, 7| olpeieseHs
B IIPOCTPAHCTBE CO CKAJISAPHBIM ITPOU3BEICHUEM

(U1, Ty) = /d3x\IfJ{(t, )My (t, x), (0.3)

rme M — HeKOTOpbIit HHTEerpo-anddepeHnuaIbHbIil METPUIECKUIT OITepaTop, 3aBUCS-
U OT UMILYJIbCA W CIIMHOBBIX MATPHIL.

Tyeprun [8], passusasi mogxox [3, 4], soiBen ypasaenus suga (0.1), ncnosnb3ys
UHJICHUHUTHYIO METPUKY. DTU YPaBHEHUs JJid S > 1 TakXKe SBJSIOTCI WHTErPO-
b depeHITnaTbHBIMA.

Hacrosimas pabora siBjsiercs npojojekenueM crareii [3, 4]. Mexons u3 rpeGoBanus,
yT06b1 ramMusbronnan H (p, s) B (0.1) 6611 nuddepeHnuaibHbIM OIIepaTopoOM EPBOro
WJIN BTOPOTO TOPSIIKA, HANIEHBI BCe BO3SMOXKHBIE (C TOYHOCTHIO J0 MpeobpasoBaHmii
9KBUBAJIEHTHOCTH) IIyaHKape-MHBAPUAHTHBIE YPABHEHUsI JIJIsl PEJISITUBUCTCKOM JacTu-
bl TIPOM3BOJILHOIO CIMHA, JIOMYCKAONe, Kak U ypaBHeHue Jlupaka, craHaapTHOE
BBEJICHIE B3aNMOJEICTBUsI ¢ BHEIIHUM moJieM. BosHoBas dbyHKus B auddepeHtiu-
AJLHBIX YPABHEHUAX BTOPOIO HOPsijiKa umeeT TOJIbKO 2(2s + 1) kommonent. s nu-
JKaNmMX 1esbix cnuHoB (s = 0,1) 9T ypaBHEHUST COBIIQJAIOT ¢ U3BECTHBIMU yPABHE-
ausivu Tamma—Caxarsi—Takeranu (TCT) [9]. IIpu srom, kak u B dpopmanusme TCT,
ramusibronunan H(p, s) ue spmuTos ornocuresibuo (0.2), HO 3PMUTOB B IIPOCTPAHCTBE
¢ nHAebUHUTHON MeTpuKoii. TakuMm 00pa3oM, HHACPUHATHOCTH METPUKN — ITO IIEHA,
KOTODPYIO IPUXOAUTCH IUIATUTH 3a TO, 4To ramusibronnan H(p,s) B ypasaenun (0.1)
sBisiercs auddepeHnrasIbHbIM 01IepaTopoM, a BoiHosas dbyukius V(t, ¢) e nmeer
JIUIITHUX KOMIIOHEHT.

C ucnosb30BaHMeM TIOJIYyYEHHBIX YPABHEHUI TOUYHO pelleHa 3ajada O JBUKEHUN
PENATUBUCTCKON YACTHIBI ITPOM3BOJBLHOIO CIMHA B OJHOPOJHOM MATHHTHOM IIOJIE.
ITokazano, 9TO HaliJIeHHbIE YPABHEHUS HE NMPUBOAAT K IIAPaJIOKCY HAPYIIEHUS PU-
YMHHOCTH, CBOWCTBEHHOMY, HapuMep, ypasaennto Paputer—IlIsunrepa [2].
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1. IlocranoBka 3amadn

Huddepennmranbabie ypaBHEHNUs IBUKEHUS TIACTUIBI TPOM3BOJBHOIO CIIMHA IOJIY-
MM, HCXOJIsl U3 CJIELYIOIIEro peJICTaB/IeHust reneparopos P, J,,, rpymust P(1,3) [5]:
0
Oxg’

R):Hsv Pa:pa:_i
(1.1)

1
Jab = TaPb — TpPa + Sab; Joa = ToPa — §[xa7Hs}+ + )\aa xo = t,

rie [A,B]y = AB + BA, H; — Hen3secTHbIH 10Ka nuddepeHIMaIbHBIN OIepaTop,
BKJIIOYAIONTHl TIpon3BoiHbIe 10 O/0T, HE BBIIE BTOPOro MOPSJIKA,

Sup =S, = ( 'S(;C S’O > ,  (a,b,¢) muku (1,2,3), (1.2)

S, — TeHepaTOpPBI HEIPUBOAUMOTO IPEICTABICHA D(s) rpymust O(3), A\, — HEKOTO-
DBbI€ OIIEPATOPBI, SIBHBIH BU KOTOPBIX ONPEIEIsIeTCsI TPEOOBAHNEM, UTOOBI TEHEPATODI
(1.1) ynosaersopsizin anrebpe Ilyankape P(1,3).

Dopmysnnt (1.1) samator cambiit obmuit Bus rereparopos rpynusl [Iyankape, co-
OTBETCTBYIONIUX JIOKAJIBbHBIM npeobpazoBanusaM 2(2s + 1)-KOMIIOHEHTHOH BOJIHOBOI
GYHKIIMA CHUCTEMBI “9aCTHUIA + AHTUIACTUNA TPU MOBOPOTE CUCTEMBI KOODINHAT.
Ipencrasienns suga (1.1), rme Hs upu s > 1 npuHA/UIEKUT KIACCYy UHTErPO-Aud-
epeHImaIbHBIX OIIEPATOPOB, PACCMATPUBAJIUCH paHee B [8].

Omnpepenenne. Bydem zosopumv, wmo ypasnenue (0.1) nyanxape-uneapuanmmo u
onucwHeaem c60600H0e JSUNCEHUE HACTNULDL C MACCOTE M, U CNUHOM S, €CAU ONEPAMOPYL
Pu, Ju (1.1) u eamunvmonuan Hy ydoeaemeopaom komMmymayuonibm coommouse-
Huam arzebpo. P(1,3):

(P, Po)- =0, [Py, Juwl— = i(guw Pr = guaPy), (1.3a)
Juvs Iaol= = i(guoJur + 9urJpo — gurdve — Guodun)s (1.36)
P, P"=H2—p2=m? (1.38)
W, WY = m?s(s + 1)V, (1.3r)

ede [A,B]_- = AB — BA, g, — mempuueckult mensop, g, = (—1,1,1,1), W, —
sexmop Jlobarckozo—Ilayau

1
W, = EE#VUAJVUPA' (1.4)

W3 ckazaHHOrO CIeyeT, 9TO eCcIu HailneM Bce TaKue oIepaTopsl Hg U A,, 1718 KOTO-
PBIX OYyT yIOBIETBOPATLCA cooTHommenus (1.3), To TeM caMbiM OyJIeT pelieHa 3a1a4a
0 HOCTPOEHUY [IyaHKape-MHBapuaHTHbIX ypaBuenuil Buga (0.1). HeficrBurensHo, ecin
YZOBJIETBOPSAIOTCs cOOTHOIIEHUs (1.3), TO BBINOJIHSIIOTCS YCJIOBUSI UHBAPUAHTHOCTU
ypasterus (0.1) ornocurensbHo anrebpsl [lyankape P(1,3)

[i%—HS,QA}\II:O, (1.5)

rje ()4 — Ipou3BOJIBHBI reHepaTop rpymisl P(1, 3).
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2. uddepennmnaabubie onepaTopbl H
BTOPOTO TIOPSJIKA

Pemrenne marmeit 3ajauu npuBeieM B BUIE CJAEIYIONIEH TEOPEMBI.

Teopema. Bce 6oamodicrvie (¢ mounocmvio 0o npeobpazosanuti sK6UCAACHMHOCTU,
OCYULCTNEAACMBLT HWUCAOCHIMU MATMPULAMU) OUGHEPEHUUANBHBLE ONEPATNOPHL 6MOPO-
20 nopadka Hs, ydosaemsopsarowue anzebpe P(1,3) (1.3), sadaromea dopmyramu

1 .
Hy =01m+o03kiS-p+ %(01 —ioy) [p* — (k1S - p)?] (2.1)
p2 i 2 2 1 2
Hy=o01|m+ om )~ %02[17 +2k2(S - p)7] + 3 ka(kgy —1) (S - p) 7(2.2)
p* =i+ +13,
2 2 .
D (k3S - p) i
Hy =0, |:m + % — T +03k35~p—%02 [p2 + (kg — 2)(5 'p)2],(2.3)
9 .
p ik 2 9 9 1 2 2
Hy /oy = L I p)2_2 K21 2.4
3/2 = 01 (m+ 2m> +3, 02 [(S p) 1P ] ta- ki —1osp”, (2.4)
2 ksS - p)?
H3/2:o'1 |:m+2p_m_%:| +O'3]€5S'p—
(2.5)

-5 07 095

20e 0, — 2(2s+1)-padnve mampuyve Ilayau, xommymupyrougue ¢ Sq, ki (1=1,2,...,
5) — npouseosvHbe KOMNAEKCHbE NAPAMEMPDL.

JokazarenbcrBo MOXKeT ObITh IPOBEIEHO 10 CXeMe, IOAPOOHO ONUCAHHON B [3-5].
Pagn kparkoctn MBI ero omyckaem. IIpuBemeM TOJTBKO SIBHBIM BUI OTIEPATOPOB Ag,
npu KoTopeix rereparopsr (1.1), (2.1)—(2.5) ynosmeropsitor cootrormenusm (1.3) (B
YeM MOYKHO YOEJUThHCH HEIOCPEICTBEHHON IIPOBEPKOIA ).

B ciyuae, xorga ramuwibronnad Hg umeer Bug (2.1), noayaum

Ao = (1 - %) [wgsa - %(01 —ioa)(p % S)a] . (2.6)

B ciyuae, xorpa H 3amaerca onuoit u3 dopmyi (2.2)—(2.5), umeem

) Hy . .
Ao = FBS {pa <2+ [F‘,ol} _) —2x,H, —E[;z:a,crl]_} +

H, i
m [Sabpb — E—Bssabpb(fflE + Hs):| )

(2.7)
_|_

rae By = 2F + [H5701]+7 E= (p2 +m2)1/27 p= (p% +p% +p§)1/27 A = i[HS7A]—'

Bameyanune 1. 13 dbopmyn (2.1)—(2.5) BujgHo, uro coorHomenus (1.3) ompemess-
0T TaMUJIBTOHUAHBI PEJISITUBHCTCKON YACTHIIBI C TOYHOCTBIO JIO ITOCTOSHHBIX KOM-
wrekcneix guces k; (I = 1,2,...,5). Ypasuenne (0.1) ¢ TaKuMH raMHIBTOHAAHAMI
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MHBAPUAHTHO OTHOCUTEJIHHO ITpeobpa3oBaHus “‘cuabHOrO orpaxkenus’ O = C'PT, Ho,
BOODIIE TOBOPsI, HE MHBAPUAHTHO oTHOCUTEbHO P-, C- u T-npeobpasosannuit. Uusa-
puanTHOCTH ypasHeHus (0.1) oTHOCHTEIBHO JIIOOOI0 U3 ITUX IPEOOPAZOBAHMIA MOXKET
OBITH OBecIIeueHa CrieralbHbIM BBIGOpoM uncedn k;. Hanpumep, ecoin B hopmyie (2.1)
Jutst cimia § = 1/2 nosoxurs ki = 1/s, B dopmynax (2.2)—(2.5) moaoxkurs kg = 1,
ks =0, kg =1, ks = 0, To moxyaum P-, C-, T-uHBapuaHTHbIE TAMUJIBTOHUAHBI BUIA

2 2
_ R e
Hy=04 <m+ 2m> 102 o’ (28)
H1/2:O'1m+20'3S'p, (29)
2 S . p)2 2
Hymon (mt 2 ) sioy (SR 27 (2.10)
2m m 2m
2 2 2
B P . [(S-p)* Bp
Hj/o =0 (m—l— Qm) + ioo [ S S |- (2.11)

Omueparop (2.9) coBuagaer ¢ rammibrornanoM JIupaxka, a oneparopsr (2.8), (2.10) —
¢ ramusbrornanamMu TCT [9] g wacrur co comoMm s = 0,1. Oneparop (2.1) s
cimHa § = 1/2 paccmarpusasics paree B [10].
3ameuanne 2. Bcee reneparopsl rpynust P(1,3), onpenensiemple dopmysaamu (1.1),
(2.1), (2.6), upunamiexxar Kiaccy nuddepeHImaibHbX oneparopos. Ilpu k; =
rerepatops! Jo, (1.1), (2.6) npurnMmaroT ocobo mpocroit Bus [3, 4]

Joa = Topa — %[xa,HS]+. (2.12)
Sameuyanne 3. Pammiabronmansr (2.1)—(2.5) u ocranbuble rereparopst (1.1), (1.2),
(2.6), (2.7) rpymmsr P(1,3) MoryT GbITh IPUBEJIEHB! K KaHOHNIECKOH dopme Dosn—
IMIupokosa [11, 12] u [3, 4]. D10 mocTUraercs MOCPEICTBOM H30METPUYECKOTO IIPE-
obpa3oBaHUST

Py—Pt=VPV'=0E P,—P:=VPV!=p,,

Jab — Jb =V IV = 2apy — 2oPa + Sab,
SavDb (2.13)
E4+m’

_ 1
Joa — J(I)Ca = VoV ' = LoPa — i[xavpécbr — 01

E = (m? + ),

TJe orepaTopsl V' mMeIoT BuJL

S .
V=nWmV;, Vi=exp <01 p arth £> ,
P E

_ L

V2 2m

[EAT +mA™ —2000" S - pl,

1 1
Vs = — o AT (ky —2)S - M=+
= oxp | goh (a — 28 5] X = (14 0a),
JIs raMuIbTOHMAHoB (2.1) u

V = (E+oH,) (2B + E(H,,00]4) """

JUTsl TaMIUIBTOHUAHOB (2.2)—(2.5).
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3. uddepennmajibublie TAaMIJIBTOHOBBI YPaBHEHUS
MEPBOTO TOPAIKA

ITo anasioruu ¢ reopueii JTupaka jijis 3JIeKTPOHA IIOCTYUpyeM, uro B ypasaenun (0.1)
ramusibTonnan H, PEeJISTUBUCTCKON YaCTHUIIBI C IPOU3BOJILHBIM CIIMHOM sIBJIsi€TCS -
depeHnraIbHBIM OLIEPATOPOM, BKJIIOYAIONUM B Ce0s1 IIPOU3BO/IHBIE 110 IIPOCTPAHCTBEH-
HBIM TIEPEMEHHDBIM He BBIIIE MTEPBOTO MOPSIKA

H, =T"p, + f‘(()s)m, (3.1)
e f‘ff) — HEKOTOPBIE YUCJIOBBIE MATPHIILL.

TenepaToph! mpeCcTaBIeHns] TPYIIbI [lyaHKape, KOTOPOe Deam3yeTcsl Ha pelre-
uusix ypasHerns (0.1) ¢ ramuibrornanom (2.1), BeibepeM B Buje

N 0
Py=H,, Py=p,=—ti5—

ox.,’ J“V = Tyupy — TyPp + S/LV7 (3.2)

rae Sy, — MaTpHIbl, 0Opas3yIollie KOHEYHOMEPHOE IIpeicTaBeHne (B 00IIeM cirydae
npusogumMoe) anre6pst O(1,3). @opmyas! (3.2) 3amar0T caMblil 06U BUj TeHepa-
TopoB rpynnbl P(1,3), cOOTBETCTBYIONHI JOKAJIBHBIM IPEOOPA30BAHUAM BOJHOBOI
DyHKIHN.

OmpeiennTh BCe BO3MOXKHBIE FaMIJIBTOHUAHBI Bia (3.1) o3HauaeT HalTH BCe Ta-
KUe MaTPUILBI f‘ff) i Sy, 910 oneparopsl (3.1), (3.2) yaosaersopsior anrebpe Ilyan-
kape (1.3).

ITokarkeM, 9TO NCKOMBIE YPABHEHUS JBUKEHIS JACTHUIB CO CIIMHOM § M Maccoi m
UMEIOT BUJ

0

HY =i 0, M, = T, + T m, (3.3a)

: : 1 ) [p(s

Pw =0, P=P+5—(1-1¢)[10p P (3.36)
1

Po=[Sh—2s(s —1)], Sh= Z SabSabs (3.38)

S
rjae I‘L ), Sap — 8s-psifIHbIE MATPHUIIBI, 38J]aBAEMbI€ COOTHOIIEHU MU

) T = 20, T8V =i TITSITS, S = T + G

)

[T,uuaj)\a]f =0, 7= FELS)PSIS)7 Jab = Jes  Joa = ija; (3.4)

[a» 3b]— = ije, Zya— (+1)=s(s—1),

N

T.e. MaTPHUIIBI Fff), Kak U B ciy4ae ypaBHeHusi Jlupaxa, yIOBJIE€TBOPSIOT aJjirebpe

KJII/I(b(bOp,ILa a MaTPHITET S, ABIAIOTCA T€HEPATOPAMN IpPeICTaBICHIA [D (%, O) ®
D (0,1)]®D (s — 3%,0) rpynust O(1, 3). Heiicreurensho, ucroubsys (3.4), HerpyaHo
y6em/1TI>CH 4TO raMuiIbTOHUAH (3.3a) 1 reHepaTopsl (3.2) YIOBIETBOPSIOT YCIOBUSIM
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(1.3a), (1.36). Yro xe kacaercs ycmosus (1.3r), To cormacHo (1.4), (3.2)—(3.4) ero
MOXKHO 3ammcarb B Buje (3.30)

% [%WMW“ —s(s — 1)} U=PU=0,

rie Ps — omepaTrop MpOeKTUPOBAHUS Ha ITOAIPOCTPAHCTBO, COOTBETCTBYyOMIEe (pUKCH-

poBaHHOMY criuHY S [5].
Wcnonb3yst TOK/1€CTBO

1 s
(1 n Fff)) Py = =[S " — 4s(s = 1) (1 + FE;)) ,
s
ypaBHeHus (2.3) MOXKHO 3allucaTh B sIBHO KOBApUAHTHOMN (hopme

(Ffﬁpﬂ - m) U =0, (3.52)

(FS’p’* - m) (1 + rfﬁ) [, S" — ds(s — 1)U = 16msT. (3.56)

B cuity uznoxkeHHOro Boiiie ypasaenus (3.5) IlyaHKape-UHBADUAHTHLI U OIIUCHIBA~
10T CBODO/IHOE NBUKEHNE YACTUIBI C (DUKCHPOBAHHBIM CIIMHOM S M MAacCOi m.

Bameuanue 1. Ypasuenus (2.5) oupezenennt u jjst ciaydas m = 0. Hanaras upun
3TOM Ha BOJIHOBYIO (GyHKIMIO ¥ IIyaHKape-HHBAPHAHTHOE JOIOJHUTEIHHOE YCIOBHE

(1 — Fff)) ¥ = 0, nostyuaeM u3 (3.5) ypaBHEHUsI IBUXKEHUS JJIsi 6E3MACCOBBIX YaCTHIL
IPOU3BOJIBHOIO CIIMHA, KOTOPbIe Opu § = 1/2 sKBUBaJIHTHBI ypaBHeHuto Beiiis st
Heiitpuno, a npu s = 1 — ypaBueHussM MakcBesia Jjist 3JIeKTPOMArHUTHOTO OJIsST B
Bakyyme [13].

3ameuanue 2. [Tocpeacreom npeobpazoBanus ¥V — & = WU, e
F(S) :
W =exp ( a_Pa arctg L exp (1"((35)M arth B) ,
p m P E

ypasuenus (2.3), (3.5) MoryT ObITh UPUBEJIEHBI K JUArOHAIbHON hopme

.0 s
i ®= r\"E®, P.®=0.

Ha pemennsix ypasuenwuii (3.6) remeparops! rpyumbst P(1,3) uMmeor KaHOHHYECKYIO
dopmy (2.1).

OrmernM, a0 B [14] Takxke mnpearaauch 8s-KOMIOHEHTHbIE juddepeHImanb-
HbIE YPaBHEHHUsI MEPBOTO TOPSKa, ONHMCLIBAIONINE JBUYKEHUE CBOOOJHON YACTHIBI C
IPOU3BOJIBHBIM CIIMHOM §. DTu ypaBHenus, B oriaudaue or (5.1), (5.2), cranossrcs
HECOBMECTHBIMHE ITIPH YUYETE B3aUMOJCHCTBHA YACTHIBI ¢ BHEITHUM IOJIEM.

4. KOBapI/IaHTHBIe orrepaTopbl KOOpAWMHATBI 1 CIIMHA

IIpu mepexose K HOBOIT MHEPIUMAJIBLHON CHCTEME OTCUYETA OIEePATOPHI (PUINIECKUX Be-
smand N; (KoOpAUHATBHI, CIIUHA U T.11.) IPeobpasyioTcs CIeAYIONM 06pa3oM:

Nz’ — Nl/ = exp(in(‘)l)Ni exp(—iQZQZ),
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rae @Q; (I =1,2,...,10) — reneparopsl rpyumnst [lyankape, §; — napamerpsl peobpa-
30BaHUA.

OjHa 3 TPYIHOCTEH, ¢ KOTOPON HPUXOUTCS CTAJKUBATHCS B MPEJCTABICHUSIX
tuna (1.1) (xorma rerepaTopst Jo, HeJIb3sl 3aIUCATH B BHJE CYMMBI KOMMYTUDPYIO-
X “CHUHOBON’ 1 “OpOuTAIbHON” YacTeil), COCTOMT B TOM, YTO OIEPATOP &, HMEEeT
HEKOBAPUAHTHBIN 3aKOH MPeo0pa30oBaHusi, IPU KOTOPOM HE COXPAHSIETCS BEJIMINHA
unreppana, 3 — 22 # (x))% — (z),)%. CrenoBarensno, T, HeIb3s HHTEPIPETHPOBATL
KaK KOBAPUAHTHBIN OMepaTop KOOPMHATHI.

Huzke onpesiesinm KOBapHMaHTHBIH OIEPATOP KOOPAMHATHL B mipecrasiernn (1.1),
(2.1). Tem cambiM B npuHIUIE OyIeT pelieHa 3a1a4a JJisi IPOU3BOJILHOIO IIPEICTAB-
aenus (1.1), (2.6), nockoabKy reaeparopsl Jo, (2.12) u (1.1), (2.6) cBazamsl npeobpa-

30BaHUEM SKBHBAJICHTHOCTH Joq, — V JooV ™1, e
V = (01 —i02)(2 — k )—1
ex o 1o S - .
p 1 2 ) p

IepeiigeM K npeacTaBIEHUIO, B KOTOPOM TeHepaTopbl Jo, (2.12) umeror jiokaabHo-
KOBapPUAHTHYIO (POPMY

5 ) .0
Joa = ToPa — TaPo + Soa, Soa = 10354, Po =i (4.1)
8.’170

DT0 IOCTUTAETCST IOCPEICTBOM TIPe0Opa30BaAHMUST
A _ 7 .
Joa =VJo VT, V =exp 7%(02 +1i02)(2S - p—po)| - (4.2)

B mpencrasennn (4.1) KOBapUAHTHBII OLEPATOP KOOPAUHATHI X, MOXKHO BBEIOPATDH
B Busie X, = x,. C momorpio npeobpasoBanus, 006paTHOro (3.2), mosydaeM sSBHBI
BUJI 9THUX OIEPATOPOB B MCXOIHOM IipejicTaiennn (2.12)

A N - 1 1
1 .
Xu =V XMV =Ty + E(ZUI + U2)§ua o =840, &= §U3~ (4~3)
IIpm mepexo/ie K HOBOI MHEPIUAILHON cuCTeMe KOOPAWHAT onepaTopsl X, mpeobpa-
3yIOTCS KaK KOMIIOHEHTBHI Y€THIPEXBEKTOPA U YOBJIETBOPAIOT KAHOHUYECKUM IIEpecTa-
HOBOYHBIM COOTHOIIIEHUSIM

[p;mXu}— = iguua [XuaXz/]— =0. (44)

Bee s10 mosBosisier caenars BbIBox, 9To X, (4.3) MOXKHO HHTEPIPETHPOBATH KaK KO-
BAPUAHTHLIN OIEPATOP KOOPMHATHI YACTHUIIBI.
B ciayuae s = 1/2 onepatops (4.3) IpUHAMAIOT SIBHO KOBADUAHTHYIO (HhOpMY

)

Xp=z,+ 2_(1 +74)Vu» (4.5)
m

rIe Y4 = 03, Yo = 01, Vo = —2i02S5, — Marpunsl upaka. B cuiny usjioxkeHHOro

BbiIIe oreparop (4.5) MOXKeT ObITh BHIOPAH B KAYECTBE KOBAPUAHTHOIO OIIEPATOPa KO-

OPIUHATHI UPAKOBCKON JacTUIlbl. VIHTEpeCHO OTMETUTD, ITO IIPH TAKOM OIPEaeICHUN

KOODJIMHATHI OIIEPATOP CKOPOCTH

KXo = =ilHyj2, Xal- = (Lt 7)500 "
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(rme Hy /o — ravmmbronnan JTupaxa (2.9) ) mMeeT CIUIONIHOM CIIEKTP | Y0BJIeTBOPAET
COOTHOIIIEHUIO [Xa,Xb] = 0. IIpu srom, oHAKO, [H]_/Q,Xa]_ #0.

IoxuepkueM, 9To oneparop (4.5) CyIIECTBEHHO OTIMYAETCS OT OEPATOPOB KOOD-
JIUHATBI, OpejyIoyKeHHbIx panee Hbioronom u Burnepom [15], @osau u Bayrxoiize-
HOM [16] 1 MHOrHME mpyrumu [17]. DTo oTmune cocTouT B TOM, UTO omeparop (4.5)
JIOKAJICH U IIPeobpa3yeTcst KaK KOBAPUAHTHBINA YETBIPEXBEKTOD, B TO BPEMs KAK OIle-
paTOpBl KOOPMHATHI, IPeJIO’KeHHbIe B [15-17|, IpHHa/JIesKaT KIacCy HeJOKAJIbHBIX
uHTErpo-1udPEPEHITIATBHBIX ONEPATOPOB ¢ HEKOBAPHMAHTHBIM 3aKOHOM ITpeodpaso-
BaHUS.

IIpuBeseM sIBHBIA BHJ KOBAPDHAHTHOIO OIIEPATOPA CIIMHA X, YaCTHIbI, OLUCHIBA-
emoii ypasaenueM (0.1) ¢ ramuiabronnanom (2.1):

1
Yab = Sab + %@01 + 02)Scdpda (aa b7 C) = (17 2, 3)7

) 1 .
Yoq = 103Spe — E('LUI +02)[28 - p — po, Spe+-

ITo amamoruu ¢ (4.1)—(4.3) MOKHO IIOKa3aTh, ITO OIEPATOPHI 2, IPEOOPA3YIOTCS KaK
KOBAPUAHTHBI TEH30p BTOPOTO PAHIa, a OIepaTop g, KOMMYTUDPYET ¢ MaMUJIBTOHU-
AHOM W SIBJII€TCS] HHTETPAJIOM JIBUKCHHUS.

OTMeTnM erme, 9TO OIEpaTop KOOPAMHATHI JACTHILI, ONUCHIBAEMON ypaBHEHIAMUI

(3.5), MozkeT OBITH Moty deH u3 (4.5) ¢ MOMOIIBIO 3aMEHbI Yj — I‘E:).

5. YpaBHeHUe AJis 3apsizK€HHOI YacCTUIlbI
BO BHEIITHEM 3JIEKTPOMArHUTHOM II0JI€e

MO2KHO TI0Ka3aTh, 9TO BBEICHUE MUHUMAJIHLHOTO 3JIEKTPOMAIHUTHOIO B3aUMOJIECTBUS
HEIOCPEJICTBEHHO B ypasHeHust (3.3) min (3.5) IpUBOIUT K TOMY, UTO KaK ypABHEHHUS
(3.3), Tak u ypaBHenus (3.5) CTAHOBATCH HECOBMECTHBIMU. ITOOBI IPEOIOJETH ITY
TPYAHOCT, 3anuineM (3.3) B Buje OIHOIO ypaBHEHUsI

A R
{Ps (ZE —Hs> +%(1—PS>] v =0, (5.1)
rjie » — TPOM3BOJIbHBI napamerp. DxrsusaseHTHOCTH (5.1) u (3.3) caenyer us coo-
THOIIIEHUN

o . . . .
{ZE—HS,PS] =0, P,P,=P,.

SIBHO KOBapuanTHasi cucrema (3.5), B CBOIO 09epe/ib, MOXKET ObITh 3allUCAHA B BUJIE

{BS (r§f>p# - m) — (1 Bs)] U =0, .

B = 16% (0w +m) (14 T8 [S 8 — 4s(s = 1)),

IIOCKOJIBKY

[BS,FIQS)pH - m] U =0, B,B,=B,.
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Crenaem B (5.1), (5.2) 3ameny p, — m, = p, — €A, rne A,, — BeKTOp-IOTEHIIIAI
9JIEKTPOMArHUTHOT'O 110151, ¥ IIOKaxkeM, 9To B pesynbrare (5.1) n (5.2) cBojgares K cu-
cTeMe sIBHO KOBAPUAHTHLIX JuddepeHInalbHbIX yPaBHEHN  IepBOro MopsKa, OIlu-
CHIBAIOINX TIPUYUHHOE JIBUYKEHWE 3apsIZKEHHON YaCTUIBI IPOU3BOJIBHOTO CIMHA BO
BHerHeM 1ogie. IlockonbKy ypasHerust (5.1) u (5.2) B KOHEYHOM HUTOre IIPUBOJAT K
OJIMHAKOBBIM PE3yJIbTaTaM, PACCMOTPHIM TOJIBKO ypaBHeHue (5.1), KOTOpoe IPUHUMAET
BU/T

{Pu(m)mo — Hy(m)] + (1 = Py(m)]} w =0, (5.3)

S 5 s - 1 S 5
Hy(m) = T T m, + T m, - Py(m) = Pt 5 — (1 — 1§ >> [Ffjw, PS} (54)

Vuuoxkas (5.3) va Py(7) u [1 - Ps(7r)} U UCIIOJIB3YsT TOXKIECTBA

3
o
\
F>
a
o
a
JTG)
I

1 s s 1 (s s >
- Rrg >(1 —1§ >)(;S,w —irIr§ >)F,is(w),

Ps(ﬂ-)Ps(ﬂ-):ps(ﬂ-)a Ful/:_[ﬂ'uaﬂ'y]—7

IIPpUXOJIUM K CUCTEMe ypaBHeHI/Iﬁ

i D w(t, @) = B.(m, Ag)U (L, @),

at
Hy(m, Ag) = TSTOm, + T m + ey + (5.5)
L () ) 1 ,
+ T4 (1—r4 ) —Syu =T F,
Lo @Y [p),m _
{P3+ o (1 T ) [FH 7r ,PSL U =0, (5.6)

KoTOpasd, Kak u (3.3), MOKeT ObITh 3alKMCaHa B BHO KOBAPUAHTHOM (hopme
() rr Lo (ts, —aeor©)r, |v=0 5.7
p T m + % ! ; pr — WLy 124 - ( . )

(m + FLS)TK'“) (1 — I‘ff)) (S S* —4s(s —1)] ¥ = 16ms¥P. (5.8)

ITokaxkem, uro ypasuenusi (5.7), (5.8) He UPUBOAAT K HADYIIEHUIO IPUIUHHOCTH.
Jlis sToro cuemaeM 3aMeHy

— — (s) 1 s L
U(t,z) = VU(t,z), V =exp {(1—11 )%FLW]. (5.9)
Ioncrasus (5.9) B (5.7) 1 yMHOXKUB PE3yJIbTAT CJIEBa HA OIEPATOP

an 1 1 o
F=m-+ 5 <F/S)W# — %SMVELV - Wﬂlﬂr“> (1 _FEL )) )



IIyankape-unBapuanrubie auddepennnaabHble YPABHEHUS [1JIs1 YACTHUIL 79

e Sap = Saby Soa = 1Spe, TPHUIEM K yPABHEHUIO

(Wr“ m? — S,WFW) d(t, ) = 0. (5.10)

U3 (5.8), (5.9) noaygaem ponosHuTenbHOe yeaosue mig @ B Buze
1
P =0 mm 2d=s5(s+1)0. (5.11)

Dopmyisr (5.10), (5.11) obobmator ypasuenue aiinesa—Peitnmana—Tem-Marna
[18] nust s = 1/2 Ha caryuail 9acTHIBI IPOU3BOJILHOrO crinHa. Pemennst P(t, x) aroro
yPaBHEHUs, KaK u3BeCTHO [19], onuchiBaroT NpuYnHHOE PACIPOCTPAHEHHE BOJIH (C 70-
CBETOBOIi CKOPOCTHIO). TAKOBBI 2Ke, 0ueBHHO, 1 cBolicTBa pemenuii W(t, ¢) ypaBueHuit
(5.7), (5.8), cBasannbix ¢ ®(t, ) upeobpaszosaueM sxkBuBaIeHTHOCTH (5.9).

Takum 06pa3oM, MbI TOKa3au, 9To ypasaeHus (5.7), (5.8) onuchBaIOT JBUKEHAE
3apSKEHHON PEIATUBUCTCKON JACTUIBI ¢ TPOM3BOJILHBIM CIIUHOM BO BHEITHEM 3JIe-
KTPOMArHUTHOM II0JI€ U HE HPUBOJAT K HAPYIIEHUIO IPUHIMIA IpuIuHHOCTH. OTMe-
TuM erme, 9yro ypasaenus (5.7), (5.8) gomyckaior jarpamzxkeBy dbopmynuposky. Jeii-
CTBUTEJILHO, BBIOEPEM TUIOTHOCTD Jarpamkunana L(z) B Bume

5 v’
L(z) = (m¥' + oV P (1 + rfﬁ) (S, 8" — 4s(s — 1T ov
a (913\
o . (5.12)
JrzaxA 118, 9" — 4s(s — 1)) (m\Il’ +il() 8%) + 16msP'

rie

¥ = ( v ) = WP,
X

U u y — 8s-KOMIIOHEHTHbIE (DYHKIINU, & F S w — MaTpHIbl pasMepHocTH 165 X 16s:

Fo (D0 po _ [T 0

k o 1 )00 o -1y )’
po_ (0T g ( s, >

5 ng) 0 ’ 1% 0 Sl“’

Vcronb3yst NpUHIAI MUHAMAJBHOTO JeiicTBus, nonydaeM u3 (5.12) ypasuenust (3.5)
s byakimy U u ypaBHEHUs, KOMILIEKCHO-conpszkennbie (3.5) myia dyuxmun . Cue-

0

naB B (5.12) MUHNMAJIbHYIO 3aMeHy I — ——+ieA,, upuiigem K ypasaenusm (5.7),

T, Oz,
(5.8).

6. Pagzsioxkenne 1o crenensim 1/m

Famuabronnad (5.5) MOXKET UMETh KaK II0JIOKUTEJbHBIE, TAK U OTPUIATEIbHbBIE COO-
crBernble 3HadeHns. C IOMOIIBIO CEPUU TIOC/IEIOBATEIBHBIX TPEOOPA30OBAHUIN TTOJTY-
guM u3 (5.5) ypaBHEHME JJIsl COCTOSIHUIL € IIOJIOXKUTENILHOI SHeprueil Mogo6H0 TOMY,
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Kak 910 6buI0 cuenano Posau u Bayrxoiizenom [16] ays ypasuenus Hupaka. Ilpun
3TOM OIIepaTOp H’S(w, Ap) Gyzer upejcTaBiieH B BUjE PAl@ 110 cTeneHsaM 1/m, ymob-
HOM JIJIsl BBIYUCJICHUN 110 TEOPUU BO3ZMYIICHUNA.

OcHoBHag TPYAHOCTH 1IpHU JuaroHamu3anuu ypasaenuii (5.5), (5.6) cocrour B TOM,
9TO HEOOXOIUMO HAWTH IMPeodpa30BaHUs, OJHOBPEMEHHO MTPUBOISINNE K JIMATOHAb-
HOIt hopMe JIBa pas3NIHbIX ypaBHenus. CHada a JIMaroHaIn3upyeM JOMOJTHATETEHOE
ycaosue (5.6), a 3aTeM, HCIIOJIB3Ys OLEPATOPBI, KOMMYTUPYIOIIUE € IPe06Pa30BaAHHBIM
ypasaerneM (5.6), IpuBoMM K JmaroHasbHoil dopme ypasaerue (5.7).

Toxsepraem osHOBY0O dyHKIWO ¥ (¢, ) npeobpasosanuio ¥ — U = VU, rae
1 S S
V =exp [— (1 — Ffl )) (ng)ﬂ'a — leé )Saﬂ'a)] . (6.1)
2m
IozeiicrBoBas omneparopom (6.1) caesa va (5.5), (5.6), moaydum ypasHenue st ]

H,(m, Ag)¥ = 25 Hy(m, A) =Tm + kTS +

ot
1 1 (6.2)
+—r¥ (1 - rﬁﬁ) {H — (k1S -p)?+ -S(H —iE + ik, E)| ,
2m s
-~ 1. ~ -
PV =V wumm 3 Ww¥ =s(s+1)T, (6.3)
rne H, = —i|mp, 7.]- m E, = —i[mp, o] — HAIPAKEHHOCTH MATHUTHOTO U JIEKTPHU-

4yeckoro mnoJseit, Ps — npoexrop (3.38).
U3 (6.3), (3.4) 3akimouaeM, 4ro BostHOBas yHKIms ¥ nmeer 2(2s + 1) ommaHbIX

S S
OT HyJIst KOMITOHEHT. MaTpuiibl S, 1 KOMMYTHDYIONIHE ¢ HUMUA MaTPUIIHI F(() )7 Fi ) na
MHOXKECTBE TaKUX (PYHKIUI MOYKHO IIPEJICTABUTH B BHJIE

se 0 s 0 I s I 0
SabNSc:(g Sc>aré)’“01=([ 0>5F£1)N0-3:(0 _I)7(64)

rje s, — reeparopsl npejcrasienust D(s) rpymust O(3), I u 0 — (2s + 1)-psaambie
enuHUYHAs U HyJeBasi Marpunsl. [loxcrasus (6.4) B (6.2), nOIydnM raMUIbTOHUAH
Hg(m, Ap) B bopme

1
HS(TF,A()) = 01m+k1035 ST+ %(O’l — i(jg) X

(6.5)
x {r? = (ln S m)? + gs. H —i(1— ki )E] | + edp.

Dopmyia (6.5) 0600maeT raMIuILTOHIAH CBOOOIHON YaCTUIIBI IIPOU3BOJILHOTO CIIU-
Ha (2.1) Ha ciay4ail B3aMMOJENCTBUSI ¢ BHEIIHUM JIEKTPOMATHUTHBIM I0JieM. Takum
00pa30oM, UCXOJld U3 sIBHO KOBApHAHTHBIX ypasueHuil (5.7), (5.8), Mbl mosy4mian pe-
LIENIT BBEJIEHUS B3aUMOJIECTBHS B IIyaHKape-NHBapPHAHTHBIE yDAaBHEHU 0€3 JIMITHIX
KOMIIOHEHT, HaliJIeHHbIe B pa3jeiie 1.

IIpeobpasyem (6.5) k auaronasnbuoit dpopme. Kak u B ciayuae ypasuenus lupa-
ka [16], 970 MOXKHO OCYIIECTBUTH TOJIBLKO HpUO/MKeHHO st 7, < m. Cosepmrast
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CEpUIO TIOCJIEeI0BATEIbHBIX ITPe0bpa30BaHUit

Hy(m, Ag) — VsVaViH,(m, Ag)Vy 'V 'Vt = H (m, Ao),

k1S -
Vi =exp (—iog ! ﬂ-) ,
m

1 1
Vzexp{mog {WQ(kls-ﬂ)zES-HJrie(gkl)S-E}},

(6.6)
7 1
Vg = exp {_ﬁ |:E(k’]_s . 77)3+

+Hﬁ2—(kls-w) __s H+ (1—sk1)5 E”O}H

u npereGperas 4ieHaMu nopsaka 1/m3, momygaem

2 eS-H
H! Ag) = — —
(ﬂ— 0) = 01<m + 2m 2sm

>-|—6A0 T6m 22(5 Exm—S wx E)—

e
 24m2s?
ie(2s — 1)
8m?2s?
Qub = 3. Sb)s — 2aps(s +1).

Ha wmHo)kecTBe DyHKITHH, yI0BIETBOPSIONINX JIOMOJHUTEILHOMY YCA0BUIO 01 P = @,
raMIIbTOHUAH (6.7) OJOKUTETIBHO ONPEJIENIEH U co,uepmHT cnaraeMbIe COOTBeTCTByIO—

{ Qab + s(s+1)div E] 6.7)

e 0H,
(S'TI'XH—S'HXTF)-FWQUJ)%,

e
II1Ie UIOIBHOMY (——2 S H ) , KBa/IPYIIOJIbHOMY < 18522 Qab ) CIIMH-0POH-
s2m

AJTBHO —
TAIbHOMY ( 16777,282 245m?2

B3aUMOJIEHCTBIAM YACTUIBL € T10s1eM. JIBa nocaennux wiena B (6.7) MOKHO HHTEPIPE-
TUPOBATH KaK MATHUTHOE CIIUH-OPOUTAIBHOE M MATHHUTHOE KBAJPYIIOJIbHOE B3aMMO-
JIeICTBUS.

Ipubsukennslii ramuisToHnan (6.6) coBmajaer ¢ moaydeHHBIM B pabore [20],
B KOTOPO#l B Ka4eCTBe MCXOHOIO HCIIOJIB30BAJIOCH ypaBHeHue 3aiineBa—DeitHMana—
Tes-Manna (5.10). B ciygae s = 1/2 (6.7) coBuagaer ¢ rammibronnanom Posin—
Bayrxoitzena [16], mosy4yennsiM u3 ypasHenust Jlupaxa.

(S-Exm—8-7x E)) 7 TADBUHOBCKOMY <M divE>

7. ToumHoe penieHne ypaBHEHUl JBU>KEHUS YACTHUIL
IIPpOM3BOJIBHOTO CIIMHa B OJHOPOJAHOM
MAarmmTHOM I1I0JI€e
Paccmorpum cucremy ypasaenwuii (5.5), (5.6) [y ciiydast 4acTHIBL B OJHOPOIHOM Ma-
rauTHOM noje. He ymasss o6IIHOCTH, MOYKHO CYMTATh, YTO BEKTOP HAIIPSZKEHHOCTH

sroro noJisi H mapaJsiiesieH TpeTbeil MPOeKIMI UMITYJIbCA YaCTUILI p3. Toriia KOMITO-
HEeHTBI TeH30Pa 3JEKTPOMArHUTHOTO 1oyid F),, paBHEI

FOCL:EGZO, F23=H1:0, F31:H2:0, F12:H3:H. (71)



82 A.T. Hukurun, B.1. Oymuy

U3 (7.1) cremyer, 910 T, MOXKHO BHIODATh B BHIE

.0
m =p1 —eHxy, m =py, m3=ps, To = tgn (7.2)

Toncrasus (7.1), (7.2) B (5.8), nonyuum Hg(w) B dbopme
S S H S S . S S 1
Hy(m) =TT, + T m + %rg ) (1 —1§ >) <zr§ ) — ;512> . (7.3)

Ipeobpasyem H(7) K Takomy Buiy, 9TOOBI OH COJEPIKAJ TOJNBKO KOMMYTHDY-
FOIle BeJIMYKMHBI. DTO IIO3BOJINT HaM, He pemnas ypasHeHuil nsuxkenus (5.5), (5.6),
OIIPEIEJIUTh CIIEKTP COOCTBEHHBIX 3HadYeHuil ramMusbronnana (7.3). leficrBuresbHo, B
pesyabTare mpeodpa3soBaHms

H(w) — H\(w) = VH, V™!, Py(n) — Py(mw) = VP(7)V 1, (7.4)

rae
1 1/2
V=xt+& N ITPVH,(r), €= (772 — SiH + m2> ,
1 1
-1 1 (- () +_1 (s)

vTl=— ()\ £+ Hy(m)AT ) X =2 (1iF4 )

IIOJIy 1aeM
1 1/2
Hl(m)=T{ (m2 +7%— g512H> , (7.5)
1
P =& wm 20 =5(s+1)®, &=V, (7.6)

Omneparopbl F(()s), Sio 1 T2 KOMMYTHDYIOT APYT C JPYrOM ¥ HMEIOT CJIeIyIOIue

CcOOCTBEHHbBIE 3HATCHMUS:
I‘és)CI) =ed, e=41, Sp® =539, s3=-s,—s+1,...,s, (7.7)
™® = [(2n+1)H +p3] @, n=0,1,2,.... (7.8)

Dopmyst (7.7) caeayior menocpecrsenHo u3 (3.4), (7.6), a coornorrenue (7.8)
pUBEJIEHO, HApUMeED, B [21].

Ksazgpar ramusbronunana (7.5) u oneparops (7.7), (7.8) umeror obirgyro cucremy
co6eTBeHHBIX DYHKIMA Pppys,py. OTciona u u3 (7.7), (7.8) 3axmouaeM, 4To cobCTBEH-
Hble 3HAYECHWs TaMUJIbTOHNAHA (7.5) paBHBI

Eepssps =€ [m® + (2n+ 1 — s3/s)eH + p3] V2 (7.9)

Coorromtenne (7.9) obobmiaer nspectHyo opmyiy [21] miist ypoBHeit sHEprun 1€~
KTPOHA B OJHOPOTHOM MATHUTHOM II0JIE Ha, CJIYYail YACTHIBI C IPOU3BOJIBLHLIM CIITHOM
s. Kak Bumno w3 (7.9), 3HaYeHUs SHEPTUU TAKOH YACTUIBI JEHCTBATETHHBI TIPU JTIO-
ObIX s, B TO BpeMs Kak ypasHenus Papurni—IllBunrepa mig s = 3/2 upu perienun
AHAJIOTMIHON 381491 PUBOJIAT K KOMIUIEKCHBIM 3HAUEHUSIM SHepruu [2].
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IIpuBenem 171 OTHOTHI BHJ, COOCTBEHHBIX MYHKITHN Pppsyps:
(I)anSg,pg = (I)E(I)S3(I’npga (710)

rae ®,,, — cobcTBeHHBIE DYHKIMN OIEepaTopa, 72 [21]:

D,p, = exp(ip121 + ipsx3) exp [—g (:cz + %)] H, [\/ﬁ (:cg + %)} , (7.11)

H,, — monmuuomel Dpwmuta, a $., 5, — cobcTBeHHBIE QYHKIUE OIEPATOPOB Fés) u
S12, ABHBII BT KOTOPBIX MOYKET OBITH JIETKO HAIEH JJIs JII0OOr0 KOHKPETHOTO TIPE/I-

craBjieHust Marpui [’ és) u Sis.

1. Tsai W., Yildis A., Phys. Rev. D, 1971, 4, 3643.

2. Velo G., Zwanzinger D., Phys. Rev., 1969, 186, 2218;
Seetharaman M., Prabhakaran 1., Mathews P.M., Phys. Rev. D, 1975, 12, 458.

3. ®ymmu B.U., 'pumenko A.JI., Hukutun A.T., TM®, 1971, 8, 192; Preprint ITF-70-89E, Kiev,
1970.

4. Fushchych W.I., Nikitin A.G., Rep. Math. Phys., 1975, 8, 33;
Hukurua AT, YPIK, 1973, 18, 1605; 1974, 19, 1000.

5. @ymuy B.U., Hukurun A.T., Tuddepennunanbable ypaBHEHUsT JBUXKEHUSI IIEPBOT'O U BTOPOTO
MOPAAKA [JIsl AaCTHI] C IPOU3BOJBLHLIM cruHoM, [Ipenpunt UM-77-3, Kues, NucruryT MaTe-

maruku AH YCCP, 1977, 48 c.
6. Weaver D.L., Hammer C.L., Good R.H., Phys. Rev. B, 1964, 135, 241.

7. Mathews P.M., Phys. Rev., 1966, 143, 978;
Jayaraman 1., Nuovo Cim. A, 1973, 13, 877; 1973, 14, 343.

8. Guertin R.F.; Ann. Phys., 1974, 88, 504; 1975, 91, 386.

9. Tamm U.E., JAH CCCP, 1940, 29, 551;
Taketani M., Sakata S., Proc. Phys. Math. Soc. (Japan), 1940, 22, 757.

10. Guertin R.F., Preprint Rice University, Houston, 1975.
11. Foldy L.L., Phys. Rev., 1956, 102, 568.
12. IIupokos FO.M., 2KOT®, 1957, 33, 1196.

13. Lomont I.S.; Phys. Rev., 1958, 111, 1710;
Moses H.E., Nuovo Cim. Suppl., 1958, 7, 1.

14. Lomont I.S., Moses H.E., Phys. Rev., 1960, 118, 337;
Dowker 1.S., Proc. Roy. Soc. A, 1967, 293, 351.

15. IlIseGep C., Beenenne B peIsiTUBUCTCKYIO KBAHTOBYIO Teoputo nosist, JI, 1963, c. 69.
16. Foldy L.L., Wouthuysen S.A., Phys. Rev., 1950, 78, 29.
17. Durand B., Phys. Rev. D, 1976, 14, 1554.

18. Baiiues IA., 2KOTD, 1955, 28, 524; /IAH CCCP, 1957, 113, 1248;
Feynman R.P., Gell-Mann M., Phys. Rev., 1958, 109, 193.

19. Hurley W.1., Phys. Rev. D, 1971, 4, 3605.
20. James K.R., Proc. Phys. Soc. (London), 1968, 1, 334.
21. Axwuesep A.U., Bepecrenkuii B.B., KBanrosasi sanexkrpoaunamuka, Hayka, 1969, C. 142.

*For further progress in description of relativistic particles with higher spins refer to [Niederle J.,
Nikitin A.G., Relativistic wave equations for interacting, massive particles with arbitrary half-integer
spins, Phys. Rev. D, 2001, 64, N 12, 125013; hep-th/0412213]. Editors’ Remark.



On the new invariance algebras of relativistic
equations for massless particles

W.I. FUSHCHYCH, A.G. NIKITIN

We show that the massless Dirac equation and Maxwell equations are invariant under
a 23-dimensional Lie algebra, which is isomorphic to the Lie algebra of the group
Cys®U(2) ® U(2). It is also demonstrated that any Poincaré-invariant equation for
a particle of zero mass and of discrete spin provide a unitary representation of the
conformal group and that the conformal group generators can be expressed via the
generators of the Poincaré group.

1. Introduction

Bateman [1] and Cunningham [3] discovered that Maxwell’s equations for a free
electromagnetic field are invariant under conformal transformations. Nearly fifty years
ago the conformal invariance of an arbitrary relativistic equation, for a massless
particle with discrete spin was established by Dirac [4] for a spin—% particle and by
McLennan [20] for a particle of any spin.

Until now the question of whether the conformal group is the maximally extensive
symmetry group for the equations of motion for massless particles remained unsettled.
A positive answer to this question has been obtained only in the frame of the classical
Sophus Lie approach [24], but as has been found recently, Lie methods do not permit
the possibility to obtain all possible symmetry groups of differential equations.

The restriction of the Lie method is that it applies only to those symmetry groups
whose generators belong to the class of differential operators of first order. Using the
non-Lie approach, in which the group generators can be differential operators of any
order and even integro-differential operators, the new invariance groups of relativi-
stic wave equations have been found [6-9]. It was demonstrated that any Poincaré-
invariant equation for a free particle of spin s > % possess additional invariance under
the group SU(2)®SU(2) [6, 7]; that the Kemmer-Duffin-Petiau equation is invariant
under the group SU(3) ® SU(3) 23], and that the Rarita—Schwinger equation was
invariant under the group O(6) ® O(6) [10]. The non-Lie approach was also used to
find symmetry groups of the Dirac and Kemmer—Duffin—Petiau equations describing
the particles in an external electromagnetic field [12]. Other examples of symmetries
which cannot be obtained in the classical Lie approach are symmetry groups of the
non-relativistic oscillator [16] and of the Hydrogen atom [5].

In the present paper, using a non-Lie approach we find new symmetry groups
of the massless Dirac and Maxwell’s equations. These groups are generated not by
transformations of coordinates, but by transformations of the Dirac wave function ¥
and the vectors of electric field E and magnetic field H of the type

ov 9%V )

(1.1)

"0z, OxaOxy’

Reprinted with permission from J. Phys. A: Math. Gen., 1979, 12, P. 747-757
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oFE 8_H 0’E 0’H
axa , aiL'a B _8xa5'mb ) 3xa(9xb yeeo |y

E—>E’:g<E,H,—
5 9 (1.2)
HHH':h<E,H,8_E,3_H,8_E,3_H7...>
Ory’ O0xyg O0x,0xp Ox,0xp
where functions f and g, h can depend on any order derivatives of ¥ and E, H
respectively.

It is demonstrated that Maxwell’s equations are invariant under the group U(2) ®
U(2); the explicit forms of functions g and h in (1.2), which generate the transfor-
mations of this group, are found. It is also shown that the Dirac equation (with
m = 0) and Maxwell’s equations are invariant under a 23-parametrical Lie group,
which is isomorphic to the group Cy @ U(2) @ U(2). The obtained results admit direct
generalisation to the relativistic wave equations for massless particles of any spin.
The generators of conformal group which keep the Weyl equation and the massless
Dirac equation invariant are expressed in a form which is transparently Hermitian.
It is demonstrated that any (generally speaking, reducible) representation of Poin-
caré group, which corresponds to zero mass and discrete spin, can be extended to
the conformal group representation. The explicit expression for generators of the
conformal group C4 via generators of the Poincaré group P(1, 3) has been found. We
therefore present a constructive proof of the statement that any relativistic equati-
on for a discrete spin and zero-mass particle provides the unitary representation of
the conformal group (for Maxwell and Bargman—Wigner equations this has been
demonstrated by Gross [13]).

2. The Hermitian representation of generators
of conformal group for any spin

The conformal invariance properties of any relativistic equation of motion for a parti-
cle of zero mass and discrete spin can be formulated as the following statement.

Theorem 1. Any Poincaré-invariant equation for zero-mass and discrete spin par-
ticle is invariant under the conformal algebra C4*, basis elements of which are given
by operators P, J,., and

1
D= _§[P0Pa/P27JOa]+a

2.1)
1 1 (
Ku=35 ([Po/ P, [Job, Jubl+)4 = [Pu/ P2, JovJov)+ ) + (Pu/P?) (A2 —)»
where P, and J,, are basis elements of algebra P(1,3),
2 2 2 2 1 —1
[A,B] =AB+ BA, P°=P/+P;+P;, A= gsachachPO

and D, K, are operators which extend algebra P(1,3) to algebra Cy.
Proof. Inasmuch as operators P, and J,,,, by definition satisfy the algebra

[PM7PV}— =0, [JHU’P/\}_ :Z.(QVA ;L_gu)\Pu)a

2.2
[J,U,V)JAU]f :i(gVAJya+ngJVA _g;LAJuU_gua'J,u)\)a ( )

*We use the same notation for the groups and for the corresponding Lie algebras.
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the theorem proof is reduced to the verification of correctness of the following com-
mutation relations:

[J/wa KA]— = i(gVAK/L - g,u)\Ku)a [K/u Pu}— = Qi(g/U/D - J/LV)7
[D,PH], =3P [D,KM], = —K [KM,KV], =0, [J D], =0,

) ) iz

(2.3)

which determine together with (2.2) the algebra Cy (see, e.g., [19]). It is not difficult
to carry out such a verification, bearing in mind that for the set of solutions of any
relativistic equation for a particle of zero mass and of discrete spin the following
relations are satisfied:

PPt =0, W,WHt=0, W,=AP, (2.4)
where W, is the Lubansky-Pauli vector

1
WH = Eeuupo‘]l/ppo"

So the formulae (2.1) have determined the explicit form of the conformal group
generators via the given generators P,, J,, of the group P(1,3). The theorem is
proved.

We note that the generators K,, and D are written in a transparently Hermitian
form, and hence they generate the unitary representation of the conformal group. The
constructive character of theorem 1 will be demonstrated in the next section.

3. Manifestly Hermitian representation
of generators of conformal group
for Dirac and Weyl equations

The results given above can be used to find the explicit form of generators of the
conformal group representation, which are realised on the set of solutions of any
relativistic equation for a massless particle. In this section we shall demonstrate it for
the massless Dirac and Weyl equations.

The Dirac equation for a massless particle of spin % can be written in the form

0
0z,

0
LY =0, L=i— —Y"YPa, Pa=—1 (3.1)

ot
where 7, are the four-row Dirac matrices.
Let {Q 4} be aset of the generators of a Lie group G. Equation (3.1) is by definition
invariant under G if operators )4 satisfy the relations

[L,Qa]l- = FalL, (3.2)

where F'4 are some operators which are defined on the set of the solutions of equa-
tion (3.1).
A well known example of such operators is the set of Poincaré group generators

POZH:’VO'yapa» Pa:paa
(3.3)

1
Jab = TaPb — ToPa + Sapy  Joa = ToPa — §[me]+v
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where

1.
w0 =t,  Sap = 71(Ya% ~ WYa)-
According to theorem 1, representation (3.3) can be extended to the representa-
tion of Lie algebra of the conformal group. Substituting (3.3) into (2.4), we obtain
the operators

1 v 1 v
D= Q[xu’Pu]’ Ky = [Juw, 2¥]4 + E[wavx I+ (3.4)

which satisfy the invariance condition (3.2) (where F4 = 0) and the commutation
relations (2.5). Operators (3.3) and (3.4) are transparently Hermitian under the usual
scalar product

(U1, Ty) = /d% viw, (3.5)

and therefore generate the unitary representation of the conformal group.
Let us note that on the set of solutions of equation (3.1) generators (3.3) and (3.4)
can also be written in the usual form (see, e.g., [19])

. 0 3.
P,=p,= WGy 5~ D = x,p" + b

v

1.
J;ux = TPy — TPy + Zl[’ﬂu’)/l/]77 (36)

1
K, =2z,D —x,2"p, — 596“[%,’)’#]7

which is not manifestly Hermitian.
The Weyl equation for the neutrino,

0
% = oupats (3.7)

where o, are Pauli matrices, is equivalent to the system including equation (3.1) and
the Poincaré-invariant subsidiary condition

(1+iv)¥ =0, 71=7M773- (3-8)

The exact form of the Hermitian generators of the conformal group which are provided
by equation (3.7) can be obtained from (3.3) and (3.4) by the substitution

1
Do = TaPas Sab — Zi(aaab - O'bo'a)- (39)

Finally, if P, and J,,,, are generators of the irreducible representation of Poincaré
group in the Lomont—Moses form [18], then the formulae (2.1) give generators of the
conformal group in the form of Bose and Parker [2].
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4. Additional symmetry of the Dirac equation
with m =0

Some years ago a new invariance algebra of equation (3.1) was found [6, 7]; which
differs from the algebra of conformal group generators. The basis elements of this
algebra have the form

1 . R N
Yab = Sap — 5 (’Yapb - pra) (1 + fYapa) ,
(4.1)

1 1. X
Y = 3747 + 574Pa (14 vps)

where

. _ 1/2
Pa = PaP 17 p:(p%+193+p§)/ ) aab:13233'

Operators (4.1) realise the representation D (%, 0) ®D (07 %) of the Lie algebra of
the group O(4) ~ SU(2) ® SU(2), but do not form closed algebra together with (3.3),
(3.4) or (3.8). Below we will obtain 23-dimensional invariance algebra of equation
(3.1), which includes the Lie algebras of groups C4 and U(2) ® U(2).

Theorem 2. The Dirac equation (3.1) is invariant under the 23-dimensional Lie al-
gebra, which is isomorphic to algebra of generators of group C4 @ U(2) ® U(2). Basis
elements of this algebra have the form

0
P = :.— Pa: a:—.
0= Do Zat’ p ?

or.’ Jab = ZqPb — TpPa t+ Sab»
a

Joa = ToPa — TaPo — %(1 — iY4)Ya VDb + Xoa, D =z p" +14,

K, = (=2, + JapSapp 2 +p72) pp+ 2 [y + (1 = 6,0) (1 — 70)S,wPs] D, (4.2)

- 1 R R - H
Yoe = 54 (Pa +v0Sabbp), X5 = —,
p
~ 1 H - .
Zab = §5abc_2007 26 = 17 CL,b,C = 1a2a3'
p

Proof. Let us transform equation (3.1) and generators (4.2) to a representation in whi-
ch the theorem statements can be easily verified. Using for this purpose the operator

1 R

V=v-l= 3 [14+ 70 + (1 = 70)€abeSabPe) (4.3)
we obtain

L'V =0 V=VV L=VLV = i% — ivap, (4.4)

a

PL=VPV ' =P, J,=VJIaV ' =Ju,

_ 1
J(/)a =VJoV t= ToPa — TaPo + 5'70'70,7

D' =VDV™'=D=ux,p"+1,
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=VK, V' =—z,2"p, + 2z, D',
i;b = va:ab‘/_1 = ab; 26@ = Viabv_l = %WO’YOU (45)
= V25V71 = 174, 2% = Vi(;V*l = 26,
It is not difficult to make sure that the operators (4.4) and (4.5) satisfy the invariance
condition (3.2):
(L P =L, )= =L, E]- = [, ] =0,
[L', K} = 2i [:Eo + (2apa — i)imp_l] L', [L,K!]- =2i(zq + ipazoys) L,
[le D]— = iL/? [le J(I)a]— = 74ﬁaL/

and the commutation relations

(P, P)l- =0, [P, J)\]- = i(gua D), — guaF)),

(s Il = = 1(Guodyr + 9rd)io = Gurdie = Guod)in);

[ D'_ ZP/ [K;,DI]_ = Z’K:L, [J;W, D'_ =0,

[P K'] = 2i(J}, = X} — g D),

[ v \ol— [Z;_LLH /a]* = i(gwflﬁ,,\ + gu,\iim - gu,\i‘,fm - gl/aiil,,\)a
(S Pl = [E, D)= = [, KAl = [24, QU= =

Algebra (4.6) is isomorphic to the algebra of generators of the group C4 @ U(2) ®
U(2). The theorem is proved.

We note that the subsidiary condition (3.8) is not invariant under the transforma-
tions which are generated by operators 3. uv- Therefore the Weyl equation (3.7) is not
invariant with respect to the whole algebra (4.2), but is invariant with respect to its
subalgebra Cj.

It should be emphasised that the generators (4.2) belong to the class of nonlocal
integro-differential operators, and therefore cannot be obtain in the classical Lie
approach.

5. Symmetry of Maxwell’s equations

The Maxwell equations for a free electromagnetic field have the form

oFE

OH
xE=iZ" 7=
P ! at (5.1)

ot’
p-E=0, p-H=0,

px H=—i

where E and H are vectors of the electric and magnetic field strengths.
Equations (5.1) are invariant under the conformal group. It is well known that
these equations are also invariant under the transformations [14,15]

kE,—H, H,— —F, (5.2)
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and under the more general ones [25]

E, — E,cos0 + H,sin#,

5.3
H, — H,cosf — E,sin6. (5:3)

We now demonstrate that the symmetry of the Maxwell equations is more ex-
tensive, namely, equations (5.1) are invariant under the set of transformations which
realise a representation of the group U(2) ® U(2) and include (5.3) as a one-parameter
subgroup. The theorem about such an invariance of the Maxwell equations in the class
of transformations of kind (1.1) and (1.2) had been formulated by one of us [9] without
showing the exact form of functions g and h. Below we give the explicit transformation
laws for £, and H,.

Theorem 3. Mazwell equations (5.1) are invariant under the transformations

in
Hy — H;, = Hycos0 + [iDay Epb1 — €apePp(Hebs + iDeaFqbs)] %’
0 (5.4a)
E, — E!, = E,c080 + [iDay Hy01 — avepp(Eob3 + iDogHabs)] %;
" . ~ sin A
H, — H = Hgcos A — [icabePoDeaHal + DadHada — Eq)s] o
- (5.4b)
B, — E" = B, cos A+ [i€abeps DeaEali + DaaEats — Hos] %;
H, — H!" = H, cosn — eapeppEc sinn, (5.40)
E, — E! = E, cosn + eapcPppHe sinn; e
H, "= &) H,,
— H;" = exp(i¢) (5.4d)

E, — E;" = exp(i}) Eq,
where

Daq = [(P2p2 + paph — PoP2) Sad + P1P2p3 (Po6ed + Pedba — Paba)] L7,

1
L=5v2((0} - p3) w5 + (v} — p3) v + (03 — ) ]

)

and where (a,b,c) is a cyclic permutation of (1,2,3);

1/2 1/2
A= (2422402 0= (02+02+02)"7

0a, Aa, 1 and ¢ are real parameters. Transformations (5.4) realise a representation of
group U(2) @ U(2).

Proof. One can be convinced by direct verification that E, H., E" H! E! H!',
E' H!" satisfy equation (5.1). But a more elegant and constructive way, which
shows the method of obtaining the group (5.4) is to transform the equations to a
form for which the theorem statements become obvious.

Let us write equations (5.1) in the matrix form [10, 11, 22]

.0
za\Il = aqpaV, 0354ap.¥ =0, (5.5)
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where VU is an eight-component wavefunction
U = column(Hy, Ha, H3, ¢1, E1, B2, E3, ¢2) (5.6)
and oy, S4, are matrices of the form

Qg = 2097,,

Q
()
Il
~
7N
~, O©>
\
O ~
~__
Q
w
|
N
O~
|
~> =
~_
N
Il
7N
=Pl
sh o
~__
—
ot
-

0 0 0 i 0 0 i 0
%100—1'0 %1000@'
=91 0o 4+ 0 o> 2 2| = 0 00|

—i 0 0 0 0 —i 0 0

0 —i 0 0 A A
%liOOO g, — @ O
3_2000274a_6_514a?

0 0 —i 0

0 0 0 i 0 0 0 0
R 0 0 0 0 A 0 0 0 i
Su=1| 9 000l ®2=|¢ 0 00|

—i 0 0 0 0 —i 0 0

00 0 0
R 00 0 0
Sis=10 0 0 i

00 —i 0

0 and [ are four-row square zero and unit matrices. The matrices Sy, and

N 1 /-
Sab = 5 (S4c + 2720) Eabc

realize the representation D (%, %) of algebra O(4). Writing equations (5.5) compo-
nentwize we obtain the usual form (5.1) for the Maxwell equation and the conditions

for ¢y and ¢o:
$1=C1, ¢2=Cy,

where C and Cs are constants which can be reduced to zero without loss of genera-

lity ™.
Using the unitary operator
S5 -
U = exp <—i a~pa tan ™ P ) , (5.8)
D P1+p2+p3

*The analogous “Dirac-like” formulation of the Maxwell equations (but using a four-component
wave function and subsidiary condition different from (5.5b) has been proposed previously by
Lomont [17] and Moses [21].
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where

B 5 ~ ~ oy 1/2 Sbc 0
Pa=po—Der D= (Pi +P5+P3) . Sa:<() §bc)’

one reduces the equations (5.5) to the symmetrical form

01
Li®=0, L)=ULU = i~ E(al + as + as)p;

1
ﬁ(&u + Sao + Sa3), @ =UV.

Operator (5.8) also transforms the helicity operator S, = S,p,p~! to the symmetrical
matrix form:

(5.9)
Lhd =0, Ly=ULU' =

US,UT = (81 + Sy + S3)/V/3.
The invariance condition (3.2) for equations (5.9) takes the form
(L1, Ql- = fALy + fALy,  [Lo,QU)- = FALY + fALS. (5.10)

The conditions (5.10) are obviously satisfied by any operator which commutes with
the matrices

A= (a1 +as+a3)/V3 and B = (S + Sz + Su3)/V3. (5.11)
We choose the complete set of such operators in the form
Qo = (S1+ S2+ S3)/V3, Qb =iQ),Q%,

L= S, — S, 3 2_5 -1 :
Q3 za:( b )P (pb p)L /\/§ (5.12)

I0
Qha =AQhs Q5 =4, Qg=o00=( » - |
0 I
Operators (5.12) are invariant under the permutation

Sa - Sba Pa — Pb, aab = 15273'

Operators (5.12) satisfy the invariance condition (5.10) (with f} = f2 = f} =
/3 =0) and the commutation relations
[Q;ch Qfmn]— = 2i(5ka;n + 5l’ﬂQ;cm - 6’“1@2771 - 5lmQ;i:n)7 (5 13)

[QIS7Q;CZ]7 = [Q%aQ;cl]* = [Q‘I%Qéi]* =0.
These operators also satisfy the conditions
(Q)*® = (Q5)*® = (Qp)°® = @,

i.e. they realise a representation of the Lie algebra of group U(2) ® U(2) and @}, form
the representation D (0, %) ® D (%, O) of the group SU(2) ® SU(2).
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It follows from the above that equations (5.9) are invariant under an arbitrary
transformation from the group U(2) ® U(2):

1 1
® — d' =exp <§i5ach;b96> o = (cos9 + iiﬂleachgb90> D,

b — (I)” = exp(inlaAa)@ = (COS/\ + ’L.S4a)\a¥) (I), (514)

F - " — eXp(iQI5¢)(I) = (COS(Z) + ’LQ/5 sin qﬁ)‘I’,
P — " — exp(ngn)Q) = exp(in)d.

Returning with the help of operator (5.8) to the starting function ¥ one obtains from
(5.14) the following transformation laws:

1
U — U = (COSQ + %gachab sin@) \117
U — ¢’ = (CQS)\ + %Q4a)\a sin )\) v, (515)

U — 0" = (cos ¢ +iQ5sin ) ¥,
U — 0" = exp(in) ¥,

where

Q=W 'QuW, Q\=W'Q\W, =256,

Q12 = SuPa, Qa3 =01F, Q31 =1019.P.F,

1 R A
Qua = §U2prb5achbC7 Qs = 025Dy, Qe =1,

(5.16)
F=L"" ( > [(02p2 + p2pi — pip?) (1= S2) + p1p2pspaSeSe] —
a#b#c

— PP1P2Ds3 [1 - (Saﬁa)2:| )

Substituting (5.6) and (5.16) into (5.15), we come to the formulae (5.4). The theorem
is proved.

So we have found a new eight-parameter symmetry group of the Maxwell equations
which is given by transformations (5.4). The main property of such transformations
is that they are carried out by the nonlocal (integro-differential) operators.

It is necessary to emphasise that transformations (5.4) have nothing to do with the
Lorentz ones, inasmuch as they realise the unitary finite-dimensional representation
of the compact group U(2) ® U(2). If Ay = Ay = 0, then formulae (5.4b) give the
Heaviside-Larmor—Rainich transformation (5.3).

Transformations (5.4) are unitary under the usual scalar product (3.5). Substi-
tuing (5.6) into (3.5), we discover that the transformations (5.4) do not change the
quantity

Ez/d% (E* + H?),

which is associated with the full energy of the electromagnetic field.
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If the parameters 0,, Ay, 7 and ¢ in (5.4) are the complex ones, the transformations
(5.4) realise the representation of the group GL(2)®@GL(2). Such transformations also
keep equations (5.1) invariant, but are, non-unitary.

Using theorem 1, we can show that equations (5.5) provide a Hermitian represen-
tation of the Lie algebra of the conformal group. The basis elements of this algebra
have the form

R):a'pv Pa:pav
Jab = TaPb — ToPa + Sap = XaPb — XpPa +ﬁcAv

1 1 1
JOa:tpa_g[XaaPO]Jra D= a[xmpa]«k_tPOE—§[XH,P“]+, (517)

1 1
Ky =—[Ju, X"+ + §[PmXuXV}+ - P, <A2 + Z) /P,

1
Xo =m0 = t, A= Egabcsabﬁcp_la Xo=Tq + Sabpbp_Q-
But generators (5.17) together with (5.16) do not form a closed algebra. The
symmetry of equations (5.5) under the 23-dimensional Lie algebra, which includes

the subalgebras Cy and U(2) ® U(2), is established in the following theorem.

Theorem 4. FEquations (5.5) are invariant under the 23-dimensional Lie algebra,
spanned on operators (5.16) and the generators

ﬁu = Pu; j,uu = w;pu - x/yp;u (5 18)
.D = x/#p” —+ 7:7 K;/L = —{E;x’ﬂp# —+ 2.’E‘Iub, .

where
xy = o,
!y = x4+ (Sp — Se)(V3p — p1 — p2 — p3) + Sapa(V3pa + 1) +
+ (py = pe)(S1 + S2 + S3){p[3p + V3(p1 +p2 +p3)]}

The proof can be carried out in full analogy with the proof of theorem 2 (but with
using operator (5.8) instead of (3.3)). The operators (5.18) satisfy algebra (2.2) and
(2.3) and commute with (5.16).

It is not difficult to generalise the statements of theorem 4 to the case of “Dirac-like”
equations for massless particles of any spin [11, 22].

We note that generators (5.16) and (5.17) are nonlocal (integro-differential) ones.
This means that the invariance algebra of the Maxwell equations which we have
obtained in principle cannot be obtained in the classical Lie approach, where the
group generators always belong to the class of first-order differential operators.
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YpaBHeHUd ABUKEHUS JIJIsI 9YACTHI]
IIPOU3BOJILHOT'O CIIMHA, NHBAPUAHTHDBIE
OTHOCHUTEJIbHO Ipynnbl I'annies

A.l' HUKHUTHH, B.U. oyIIIUY9

The first and second order differential equations are derived which are invariant under
the Galilei group and describe a particle with arbitrary spin. These equations admit
the Lagrangian formulation and describe the dipole, spin-orbital and Darwin couplings
of a particle with external electromagnetic field which are considered traditionally as
pure relativistic effects. The problem of the motion of spin 1/2 nonrelativistic particle
in homogeneous and constant magnetic field is exactly solved.

BroiBenennr cucrembl quddepeHInanbHbIX yPaBHEHUH TEPBOTO U BTOPOTO MOPSIIKOB,
WHBapUAHTHBIE OTHOCUTEJILHO IPYIIbI ['anies n onuchBalonue IBUKEHHE YaCTUIbI
C TPOU3BOJIBHBIM CIIMHOM. DTH yPABHEHUsl JIOMYCKAIOT JArPaHKeBY (HOPMYIUPOBKY
¥ ONKCBHIBAIOT JUIOJILHOE, CIUH-OPONTAIBHOE U JAPBUHOBCKOE B3AMMOIEHCTBUS Ya-
CTHIIBI C BHEIIHUM 3JIEKTPOMArHATHBIM I10JIEM, KOTOPbIe TPAJUIIMOHHO CIATAJIACH YU-
CTO penssTuBUCTCKUME 3 derTamu. [IpuBenensr mpuMepbl 6ECKOHETHOKOMITOHEHTHBIX
ypaBHEHU, THBAPUAHTHBIX OTHOCUTEIbHO rpynnsl [ammnes. Touno perrena 3agada o
JIBUKEHUU HEPEJIATUBUCTCKON YACTHUIIBI CO CIIMHOM § = 1/2 B OHOPOIHOM MarHUTHOM
noJie.

BBenenne

Penarusucrckue ypaBHEHUS JBUKEHUS JJI YACTHI] C IIPOU3BOJIBHBIM CIITHOM BBI3bI-
BAOT GOJIBIION U yCTOWUIMBBIN nHTepec GU3NKOB U MaTeMaTuKOB (cM. [1] u nuTupye-
MYIO TaM Jiureparypy). I B TO ke BpeMs UMeeTCsl yIUBUTEJIHHO MAJIO IIyOJIUKAIW,
ITOCBSIIIIEHHBIX YPABHEHUSIM, HHBAPUAHTHBIM OTHOCATEIHHO rpynnbl Lammtes. Mexmy
reMm emte B 1954 1. Baprman [2] nokaszas, 4ro ¢ mOMOIIBIO IEHTPAJILHOIO PACIIUPEHKS
rpyunsl l'annies noHATHE COIUHA YACTHUIBI MOXKET OBITH IOCJIEI0BATEHHO BBEIEHO U
B HEPEJIITUBUCTCKYI0 KBAHTOBYIO MEXAHUKY.

B [3, 4] mosydeHsl rajmieeBCKU-UHBApUAHTHBIE uddepeHIalbHble yPaBHEeHUs
[IEPBOI'0 MTOPSIJIKA, OIUCHIBAIOIINE JIBUKEHNE HEPEJISTUBUCTCKON YaCTUIII IIPOU3BOJIb-
HOTO CIWHA. DTH YPABHEHUS OIUCHIBAIOT JIUIOJHHOE B3aMMOJIEHCTBAE YACTHUIIBI C
BHEITHUM TIOJIEM, HO HE YYHUTHLIBAIOT TaKWe XOPOINO M3BECTHBIE (pusmdeckue 3pde-
KTBI, KaK CIIMH-OPOUTAIBFHOE U JTAPBUHOBCKOE B3aUMOJIENCTBUS.

B Hacrosiieii paboTe ¢ UCIOIb30BAHUEM METOJMKH, paspaboTantoit B [1, 5, 6] mius
BBIBOJIA IIyaHKape-NHBAPUAHTHBIX YPABHEHUI, IOJTy Y€HbI T/ INIe€BCK-UHBAPUAHTHBIE
YPABHEHUS JIBUKEHUsI JJIs IaCTHUIBI C TPOU3BOJIbHBIM CIITHOM S, [TO3BOJISIIOIIIE OTIH-
caTh YKa3aHHbIE B3AUMOJIEHCTBHA. DTO JOCTUTHYTO C MOMOIIBIO PACIINPEHUS TPYIIIBI
Tlasuies G po rpynnbl G*, BKITIOYAIONIEH peobpa30BaHne OJIHOBPEMEHHOTO OTpaskKe-
HUsI KOODJUHAT U BpeMeHU. [lojrydyeHHbIE ypaBHEHUSI UMEIOT MIPEIUHIePOBY (hopMy

o¥(t,x) 0

ZT = H,(p)V(t,x), pa= _Za_xa

Ilepeneuarano uz Teop. mar. dpusuka, 1980, 44, Ne 1, C. 34—46 1o pa3penieHuo peaKoJIernu
© 1971 Usnarenscro “Hayka”

(0.1)
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(rme Hs(p) — wmexoropblil puddepeHiuaibablii onepaTrop BTOPOro mnopsjika, ¥ —
2(2s+1)-komuoHeHTHAST BOJIHOBast (DYHKIMS ), JIOIYCKAIOT JAIPAHKEBY (DOPMYIUPOB-
Ky ¥ OIIACBIBAIOT JMIIOJILHOE, CIIUH-OPOUTAIBHOE, JAPBUHOBCKOE U KBAIPYIIOJLHOE
B3aUMOJEHCTBHIS YACTHUIIBI CIIMHA, S C BHEITHUM 3JIeKTPOMATHUTHBIM TI0JIeM. DTO O3Ha-
YaeT, B YaCTHOCTH, YTO NEPeINCICHHbIC B3aUMOICHCTBHA, KOTOPbIe O0BIYHO BBOISTCS
KaK PEJISTHBACTCKAE TIOTIPABKU, MOTYT MOCJIE0BATEILHO PACCMATPUBATHCS B PAMKAX
HEPEeJIATUBACTCKON KBAaHTOBOU MEXaHUKH.

B pabore mosydennl TakKe TaaneeBCKU-WHBApPUAHTHBIE TuUddepeHInaaIbHbe
yPaBHEHUsT TIEPBOTO TOPSIIKA, ONUCHIBAIOIINE JBUKEHNE YACTHUIBI C MTPOU3BOJIbHBIM
crmaoM. Ilociie MUHEMAIBHON 3aMeHbI p, — P, — €A, 9TH ypaBHEHHsI TaK’Ke OIIH-
CBHIBAIOT CITUH-OPOUTAJILHOE U JAPBUHOBCKOE B3AUMOJICHCTBIS YACTUIILI € TIoJieM. [Ipu-
Be€JIeH TpUMep GECKOHETHO KOMIIOHEHTHBIX YPABHEHNH, NHBAPUAHTHBIX OTHOCHTEIHHO
rpyums Lammest.

1. OcHoBHBIE orpegeJsieHnd U IIOCTaHOBKa 3aJda4n

I'pymmoit Tanuiess G Ha3bIBaeTCs COBOKYITHOCTH HPeOOpA30BaHMil KOODIMHAT X,
(a=1,2,3) u BpeMeHU ¢ CIIeAYIONIErO BUA:

Ty — T = Rapp + Vot +ba, t—t =1+ by, (1.1)

rie R, — omepaTop TPeXMepHOTO HOBOPOTa, V, 1 b, — IPOM3BOIBHBIE JIeHCTBUTEh-
HbIe TAPAMETPHI.

IIpeacrasienue rpynibl G OJIHO3HAYMHO OIPEIESETCS 38 [AHUEM sIBHOTO BUJIA MH-
dunnTesnManbHbIX oneparopos P, J, 1 G, COOTBETCTBYIOMIUX CABUTAM, IOBOPOTaM
U COOCTBEHHO TaJIUJICeBCKUM IIPE0OPA30BAHUSIM KOODIUHAT.

Onpepenenue. Bydem 2osopums, wmo ypaswenue (0.1) unsapuanmmo ommocumens-

Ho epynnuv, Lanrunes, ecau eamunsvmonuar Hy = Py u eenepamopw Py, J,, G, ydos-
AEMBOPAIOM, KOMMYMAUUOHHDIM COOTHOWEHUAM

[Pa, P} =0,  [Pa, Jb] = icac P, (1.2a)
[Ga,Gb] =0,  [Ga, Jp] = i€avcGle, (1.26)
[P, Gy = i6apM,  [M, P] = [M, J,] = [M,Ga] = 0, (1.28)
[Hy, Po] = [Hs, Ja] =0, (1.2r)
[Hy,Go] = iPy, a,b=1,2,3, u=0,1,2,3. (1.21)

Coorromtennst (1.2) onpenensitor anre6py Jlu rpynnsr anuiest, KoTopasi umeer
TPU MHBAPUAHTHBIX oneparopa (oneparopa Kasumupa)

OMCy =2MPy — P,P,, Cy= M,

1.3
CS = (MJa - gabchGc)(MJa - EadePdGe)~ ( )

Cobcrennbie 3nadenns oneparopos C1, Cy u C3 acCOUUPYIOTCA ¢ BHYTPEHHEH SHEP-
rueii, CIIMHOM U MAaCCON YaCTHIIbI, OIIUCHIBAEMOIl HHBApUAHTHBIM ypasHeHueM (0.1).
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3aJauy HAXOXKEHUs BCEX BOZMOXKHBIX (€ TOYHOCTBIO JI0 9KBUBAJEHTHOCTH) IaJid-
JIEeBCKU-UHBApUAHTHLIX ypaBHenuil Buja (0.1) pemmm B 1ByX, BooOIIe roBOps, He-
9KBUBAJEHTHBLIX MTOAx0omax. B momxome I 3agata dhopmynmupyercs ciaemyronmM obpa-
30M: HailTH Bce Takuwe raMuTbToHuanbl HY, 4To6er omeparopb

d
PI:H; P;:pa:*i_a
i O (1.4)
JL= (& xp)atSe, Gl =tp, —mz, + A,

yaoBjeTBopsiian ajirebpe Jlu pacmumpenuoii rpynust lanmies (1.2). 3unecs

Sc

S, = ( %‘ 0 ), (a,b,c) — muka (1,2,3); (1.5)

S¢ — TEHEPATOPHI HEMPUBOAUMOrO npejcrasienust D(s) rpymmner O(3), m — mapa-
MeTp, 3a/AIONMMIl MaCCy YacTHIB, AL — HEKOTOpBIe YHCIIOBbIE MATDHIILI, SBHBIH BHJL
KOTODBIX ONPEJIETINM HUKE.

Dopmyast (1.4) 3a7ar0T 006Ul BU T€HEPATOPOB IPYTIBI L anies, COOTBETCTBYO-
IUX JIOKAJBHBIM IpeobpasoBanusaM 2(2s + 1)-KOMIOHEHTHOH BOJIHOBOH (QYHKIMN TIpH
nepexojie K HOBOH cucreme koopyuuar (1.1),

U(t,x) — V(' x') = explif (t, )] D*(Rap, va) ¥ (¢, ), (1.6)

rje D®(Rap, vq) — HEKOTOpasl YUCJIOBas MATPHUIA, 3ABHUCAINAs OT I1aDAMETPOB IIpe-
obpazosanus (1.1), f(t,x) — da3oBblit MHOKUTETD [2]:

1
f(t, @) = mug Rapxy + 5MVava- (1.7)

Hwmxke ybemumcsi, aTo omeparopbl H é BCerja MOT'YT ObITH BBIOPAHBI TAKUMU, ITOOBI
ypasuenue (0.1) ObLIO HHBAPUAHTHO TAKKE OTHOCUTEJILHO AHTHYHUTAPHOIO IIpeobpa-
30BaHMS OTPaKEHUs KOOPJWHAT M BPEMEHHU:

U(t,x) — r U (—t,—x), r?=1, (1.8)

rie r1 — HEKOTOpas MaTPHIIA.
B noaxome Il s3amaua cBOAUTCS K ONPEIEIEHUI0 BCEX BO3MOXKHBIX TuddepeHIiu-
aJTbHbIX orepaTopos H | Takux, 4To6BI reHepaTophI

0
0zq’ (1.9)
JI = (z x I _ _ 11

a p)a + Sa7 Ga - tpa O3MITq + Aa

I _ II I _ _ :
'P()_Hsv Pa = Pa = 1

yaosisersopsizin anrebpe (1.2). 3neck 03 — onHa u3 marpur, [layin

I 0 0 I 0 -1 I 0
00:<0 I>7 01:([ 0)7 02:(1 0 )7 03:(0 _I)7

11
I u0 — (2s + 1)-psigable KBaJpaTHBIe €MHIYHAS U HyJIeBas MaTPHIBI, A, — HEKO-
TOpBIE OLEPATOPBI (B OOLIEM CJlydae 3aBHUCHAIIUE OT P, ), KOTOPbIe HAM TaKXKe IPei-
crout HaiiTi. MoxKHO oKa3arh, 410 dhopmysbl (1.9) 3anaror obLIMil BIL FeHEPATOPOB
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rpyuisl G, npu koropom ypashenue (0.1) MHBAPUAHTHO OTHOCUTEJLHO YHUTAPHOIO
upeobpazosanus V(t, x) — roW(—t, —x), ro = 09.

Iorpebyem, aTo6bI reHepaTopbl (1.9) GBLIM SPMUTOBBI OTHOCUTEIBHO OOBITHOTO
IIPUHSATOI'O B KBAHTOBOW MEXaHWKe CKAJIIPHOIO ITPOU3BEIeHUS

(U, Ty) = /d% Uiw,. (1.10)

CymecrBerHoe ormmuane npejacrasienust (1.4) or (1.9) cocrout B TOM, YTO TeHe-
patopsr H!, G mespmurosnr orrocuremsro (1.10), HO SPMUTOBBI B THIBGEPTOBOM
IIPOCTPAHCTBE CO CKAJISIPHBIM IIPOU3BEIEHUEM

(U1, Ty) = /d% UiNIW,, (1.11)

rae M — HEKOTOPBIN TOJIOXKUTETHLHO-0IIPE/IeIEHHBIH arddepeHInaabHbIil omepaTop,
HJIM OTHOCHTEJIbHO HHIepHHUTHOM MeTpuky, Korna M B (1.11) — HekOTOpAs UUCTOBAS
LI0JIO?KHTE IbHO-HEOIIpe Ie/IeHHAs. MaTpuia. SIBHbLil By M Oyaer HaiieH Huxke. Takum
00pa3oM, yCJIOKHEHHE METPUKHA — 9TO Ta IE€HA, KOTOPYIO MPUXOIUTCS IIATATH 33
JIOKaJIbHbIE 1IpeobpazoBanust (1.6) BosHOBOI (hyHKIuYN. AHAJIOIUYHAS CUTYAIMS UMEeT
MeCTO U JIUISI PEJIATUBUCTCKUX ypaBHeHuit [1].

[oTpebyenm, utobbr HY ynosmersopsn yenosuto

(H) = (m+p?/2m)*. (1.12)

9TO 9KBUBAJIEHTHO TPEOOBAHUIO, YTOOBI BHYTPEHHSS SHEPIUs YACTHIIBI COBIIAIAIIA C
€e Maccoil.

Takum 06pazoM, 3a]a4a HAXOXKIEHNsT TAINIeeBCKU-NHBAPHAHTHBIX YPABHEHUH BU-
na (0.1) cBomuTCs K peIIeHnio cucreMbl cootHomenuit (1.2) st omepartopos (1.4)

u (1.9).

2. ZBHbIE Bug ramMuiabTOHMaHOB H

Pemrenne zamacu I mpuBenem B Buje CIeayIoNnieil TeOPEMBbI.

Teopema 1. Bce 603modichbie (€ TOUHOCMDI0 00 IKGUBAACHTIHOCTIU,) 2GMUALTNOHUL-
nor HY, ydosaemeopsrowue cosmecmmo ¢ zenepamopamu (1.4) xommymayuonnwim co-
omnowenuam (1.2), (1.4), sadaromes dopmyaamu

1
H! = o3npm — 2inko, S - p + 2—Cabpapb, a,b=1,2,3, (2.1a)
m

2
H = o1ijm + é’—m — k(s — i03)S - p, (2.16)

2de Cop = daqp — 20k> (03 +102) (S Sy + S654), 1, k u k— NPOU3EOALHBLE NAPAMETMPDL.

Hoxkazarenbcrso. Onpesieinm cHavasta ssubit sug Matpur AL s (1.4). Us (1.26)
nosrygaem jia AL ciesyronume ypasnenust:

AN =0, (AL S =icapeAl,  [Sa, Sb] = icapeSe. (2.2)
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U3 (1.5), (2.2) 3akmouaen, 970 MaTpHIB AL, He ymansas obmuaocTH, MoxkHO TipeicTa-
BUTH B pOpMe

Xy = k(0 +i02)S,, (2:3)

rie k — IpOM3BOJIbHBIN KOI(DDUIHEHT.
Haitnem obmmit Bu ravumbTornana HY B mpeacrasaenmm, te AL = 0. ITepexor k
TAKOMY IPEJICTABJIEHHIO OCYIIECTBIISIETCS ¢ TOMOIIBIO orepaTopa 7]

V =exp (i)\l -p/m) =1+ p/m. (2.4)
Ucnonbsys (2.4), noiayyaem

(H) =VHIV-', (P)=VPV-'=p,

2.5
J=VJV-t=1], (Gg) =VGLV~! =tp, — mz,. (2:5)

s (2.5), (1.2) 3akarogaem, 9To obmuii BUJL ollepaTopa (Hg)/ 3as1aercst popMyJIoi
(Hi)l =p*/2m+ A, A=o,a"m, (2.6)

rae @, — IPOU3BOJIbHLIC KO3(M@UINEHTEI, IIPHYIeM, He yMaJldd OOIIHOCTH, MOXKHO II0-
JIOXKUTH ag = 0.

Mo2KHO TTOKa3aTh, ITO C TOMOIILIO TTPeoOpa30BaHMil, He N3MEHATOIIAX OOIIEr0 BUIA
AL (2.3), marpuna A (2.6) cBommTest K ofiHO# U3 cierytomux hopM:

A=o3nym wm A= oiqm. (2.7)

Hozncrasus (2.7) B (2.6), ¢ nomompo npeobpasosanus, obparuoro (2.5), upuiimem
K dopmysam (2.1). Teopema mokazana.

Dopmyibt (2.1) 337a10T HEPEISITUBUCTCKAE TAMUJIBTOHUAHBI JJIs YACTHIL C [POU-
3BOJIbHBIM CIIMHOM. B cityuae s = 1/2, k = —i, n = 1 ypasnenue (0.1), (2.1a) moxer
OBLITH 3aIlMCAHO B KOMITAKTHOI (popMme

2

(Y = m) = (1 + 74— 70) 2 (2.8)

2m ¥,
rjie Yo = 03, Ya = —210254, Y4 = 70717273 — Marpuisl J{upaka.

OrmeTnM, 9TO Bee raMuIbTOHMAHB! (2.1) mpuHaamexar knaccy auddepeHmansb-
HBIX OIIePaTOPOB BTOPOI'O HOPAIKa, UTO allPHOPU He TpeboBaIoch. B paMKax rpyIbl
Ilyankape raMHJILTOHUAHBI YACTHUIIBI C TPOM3BOJIBHBIM CIIMHOM OBIBAIOT, KAK ITPABUIIO,
unaTerpo-auddepenImaILHBIMA oneparopamu |1, 5.

IMapamerpst k, 1 u 7] Bcerga MOXKHO BbIOpaTh TakuMu, 4To0bl ypasuenus (0.1), (2.1)
ObLIM MHBAPUAHTHLI OTHOCUTEILHO AHTHYHATAPHON OIEPAIU OTPAYKEHIA KOOPJAUHAT
u Bpemenn (1.8). HeoGXOMUMBIM U JIOCTATOUHBIM YCJIOBHEM TAKOW MHBAPHAHTHOCTH
SIBJISIETCA OJIHOBPEMEHHOE BBIIIOJIHEHNE COOTHOMIEHUIT

n"=4n, k*=4+k wm 7 =47, k*=k, (2.9)

npu 3ToM 1, = o1, ecmu n* = —n, k* = —kwm n* =n, k* =k, ry = A, ecim
!/

n=nk*=k A= < AO AO, >, rae A’ — MaTpHIBI, ONPeIeIseMbIe ¢ TOTHOCTHIO

210 dasbl cooTHOIIEHUSIME [§]

A's, =—s:A, (A)? = (-1)%.
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TaxuMm 06pa30M, IIpU OTPAHUYEHUSX HA MAapaMeTphl 1), 7] 1 k, 331aBaeMbBIX (POPMY-
aamu (2.9), ypasaenus (0.1), (2.1) uHBApUAHTHBI OTHOCUTEILHO PACIIUPEHHON I'PYII-
ubl Nasmres:, Briiogalomieit npeobpasosanus (1.8).

Tamusbronnansl (2.1) u oneparopst (1.4), (2.3) HEIPMUTOBBI B CKAJSPHOM IIPO-
uzBegenun (1.10). Ozmnaxko sTu oneparopnl 3pMuToBbl B Merpuke (1.11), rae M —
MOJIO?KATETHHO-OIPEEIEHHDBIA OEepaTop

M=V "V =14i(k—k)os — (k+k*)oa]S - p/m + (2.10)
+2(k*k)(1 + 01)(S - p)?/m2.

Kpome Toro, eciu 1, k u 7] ynosiersopsitor ycjaosusm (2.9), ramuibronuansbt (2.1)

5pMuTOBbL B uHaedbunuTHON Merpuke Buza (1.11), korma

M:£:{0'37 €caa 1 :nak__kvl

-,
oo, ecaunt =—n, k* 1 (211)

, ==

Ecsu Beimosasierest (2.11), to ypaerernust (0.1), (2.1) mMoryT GbITH TOJyYeHBI ¢
HOMOIILIO BAPUAIUOHHOrO npuHiuia. COOTBETCTBYIONIHE JIAIPAHKUAHBI UMEIOT BUJ

i (0¥ OV

ov  Ov 100 | ov (2.120)
-k (WolSaa . 8%015@\1/) o2m Oz, P ozy’

korma H! zamaerca dbopmyioit (2.1a), n
o oV -
L(t,x) = {\IJE - E\P — 2immVUoq ¥ +
oV 9T 1 00 3\1/(2'126)

20k Mo o) o 5o (ox ioSov |} -5

ecan raMuiibTOHHAH uMeet Buj (2.16). 31ech U= \IITf.
Jlarpanzxuanpt (2.12) gBisiorcs cKaasipaMu OTHOCUTEIBHO 11peobpazosanuii (1.1),
(1.6), roe
D*(Rap, Vi) = (1 + il -v) D*(Ray), (2.13)
rje D?(Rgp) — MATPHIBI, PEATU3YIONUe IPSIMYI0 CYMMY JIBYX HEIPUBOJUMBIX IIPEJI-
cragaenuit D(s) @ D(s) rpynost SO(3).

3. “Bnbni Bua ramMuiabronnaHos H'

Permum zamaay 11, t.e. maitmem muddepeHInanibHble OMEPATOPHI, Y/IOBIETBOPSIOIINE
coBmMecTHO ¢ (1.9) coornormenusim (1.2), (1.12).
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Teopema 2. Bce 603mooichvie (¢ mounocmvio 0o npeobpadosanuti SK6UEANEHMHOC-
mu) Juddeperyuarvnvie onepamopv, HY, xomopuie spmumoss 6 mempure (1.10) u
ydosaemsopsrom ycaosusm (1.2), (1.9), (1.12), zadaromes dopmyaamu

2 SaSy + SpSa)Pa

gy [ - (S S }
) (3.1)

p

2m  4m

S -
+ 09V 2sin 0, —= L o1 [as (5 Sp + SpSa )papb]

20e

a1/2 = Sin291/27 bl/Q = O7 ay = 1, b1 = Sin2617

1/2
5 1 3 1., /
CL3/2:bg/g——Sln293/2:——Sln293/2——811193/2 1 — —sin 93/2 s
4 8 4 9
as=bs=0,=0, s>3/2,
a 012, 01, 0372 — npoussoavivie JelicMEUMENLHBIE NAPAMENPDYL.
JokazaresbcTBo. [Ipex/ie Beero mokazkeM, 9To omepaTopbl H' moryT Brmouars
N
IIPOM3BOJIHBIE He BbIe BTOPOTO mops/ka. Jlefictsutensro, myets HY = Y H;, rae

i=0
H; coumepKuT NpOM3BOAHBIE TOJIBKO i-I'0 HOPsiiKa, Torga u3 (1.12) nosydaem

HNHN:HJ'V*'HN:O nm Hy =0, ecm 2< N <oo. (3.2)

[pencrasum uckombie mudbddepermuanbanie omepatopsl HI! B Bume pasnoxkenus
[0 CIIMHOBBIM MaTpunaM u 2(2s + 1)-pagusiv Marpuriam aymm (1.9):

it - s s (S-p)?
H‘S:Z am—i—b +CSp+dT UM’ (33)
pn=0
rme ay, by, ¢, d;, — nponsBosbHbIE JeficTBuTenbHbIE KodhDduumenTsr. Venmombsyst
onepaTopH OPTOrOHAJILHOIO IIpoeKTUpoBanusd [1, 5

S . -1 _ 7
A, = H (1))#7 rr'=—s,—s+1,...,s,

r/Z#r r—r
S-p\'
A -AWZCS ’y ArZI, TlA =<—),
LTI YLD WS €7
H!! moxnO mepernucarh B BujIe
HIY = Z Z {a m+ ( bs +7’2ds) — Jrrpc } o\ (3.4)

p=0r=—s

Oueparopsl (3.4), oueBuaHo, yioBiaerBopsior yejaosusaM (1.2r), (1.10). Ilorpebyem,
41006 BboHsIoch yeosue (1.12). IMogcrasus (3.4) B (1.12), ucmosnssyst opToro-
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HAJILHOCTH OIEPATOPOB A, U NPUPABHUBAsI HE3ABUCUMBIE CJIAraeMble, MOJIyIaeM, ITO
ay,, by, ¢, dj, TOJZKHBL yJIOBIETBOPATH OJJHON M3 CJIEJLYIONMX CHCTEM ypPaBHEHHII:

T 3 3 (35)
Zrcf (b + r?d;) =0, Zrcial =0, Z (b7 + TQdf)2 =1,
i=1 i=1 i=1
ayg=by=dy=c5=0
wim
ag=by=1, di=c¢=a]=c¢=d; =0, 1=1,2,3. (3.6)

Ob6miee pemenne ypasuenuii (3.5), (3.4) (¢ TOYHOCTBIO 10 IpeoOPa30BaHMT SKBUBA-
JIEHTHOCTH, OCYILIeCTB/IAEMBIX YHC/IOBBIMU MaTPULAMK) U 3auaercd dopmytamu (3.1).
MoxkHO nokasaTh, uTo pemmenue (3.6) Hecopmectro ¢ (1.2a), (1.26) u (1.27).

st 3aBepleHns! JOKa3aTeIbCTBA TEOPEMBI JIOCTATOYHO TelePb YKA3aTh sIBHBII
Bus1 onepatopos ALl mpm xoTopom omepaTtopst (1.8) YIOBIETBOPSIOT COOTHOMIEHHSAM
(1.26), (1.21). Herpymmo y6equrhes, ato A moxkro BRIGpaTh B hopme

A= [U,032,UT, (3.7)

rjae

1 1
U= <E+03H£I) /\/2E <E+ §H£103+503H;I), E=m+p2/2m, (38)

— oImeparop, JAuaroHajausymomuii ramuibronnansl (3.1) u reneparopsr (1.8):

UTHMU = 03B, U'G,U = tp, — o3ma,. (3.9)
Teopema mokazana.
B ciuyuae 01/, = /4 ypasuenme (0.1), (3.1a) npurumaer ocobo HMpPOCTOI BHI
(cp. (2.8)):
p?
(yup* +m) ¥ = Z"Y4%‘I’- (3.10)

VYpasuenue (3.10) ormyaercs 0T PeIATUBUCTCKOrO ypapHenus Jlupaka ToJbKO Ha-
JINYUEM CJIAraeMOor'o B IIPABOil YaCTH, KOTOPOE, OYE€BHUIHO, HAPYIIAeT HHBAPUAHTHOCTD
OTHOCHUTELHO rpytb! [lyarnkape, HO COXpaHseT THBAPUAHTHOCTH OTHOCUTEIBHO IPYII-
bl Lagnmes.

4. HepengaruBucrckas 4acTulia
BO BHEIITHEM 3JIEKTPOMATHUTHOM II0JI€e

st Toro, 9TO0OBI IEPEeTH K ONMCAHWIO JBUXKEHUS 3aPA2KEHHON IaCTUIBI BO BHEIITHEM
JIEKTPOMArHUTHOM II0Jie, caesiaeM B ypasuenuu (0.1) oObIuHyIO 3aMeHy

Py — Ty =Dy — €Ay, (4.1)
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roe A, — UYeTLIPEXBEKTOD-IIOTEHINA BHEIIHEro [OoJsd. B pe3yiabraTe IPUXOLUM K
yDABHEHHIM

0 o

i U(t,x) = HX(mw, Ag)¥(t, ), oa=ILII, (4.2)
e HY(mw, Ag) — OIMH M3 raMHJIBTOHHAHOB, HMOJTydeHHBIX u3 (2.1), (3.1) 3amenoit
(4.1):

2
Hi(ﬂ', Ap) = ognm + ;r_ — 2inko1 S -+ eAg —
m

) (4.3a)
— (o —l—ia)ﬂ (S-ﬂ')2+leS-H
3 2 m 2 )
~ 7'r2
Hg(ﬂ',Ao) :Ugﬁm+%7277]6(0272'0'3)8'71'4*6140, (436)
2 L2 CH
HY (7, Ag) = 03 {m + ;T—m - % sin?6, — e S s? sin? 05} +
2 (S s (4.38)
+ 01 |as— + by + eby +02\/_ T sinf, + eA,.
2m 2ms? 4m
B stux dpopmynax H, = —i€qpcTpTe — HAIPSIKEHHOCTH MATHUTHOTO TIOJISI.

VYpasuenus (4.2), (4.3), 09€BUAHO, MHBAPUAHTHBI OTHOCUTE/IHLHO KAJTUOPOBOUHBIX
upeobpazoBanuii. Kpome Toro, Kak u /10 BBeJeHUs B3aumoeiicTsus ypapuenus (4.3)
¢ ramuibToHnanaMu (4.3a), (4.36) uHBaApHAHTHBI OTHOCHTEILHO IPeobpa3oBaHmil n3
rpymmbl Lammmes (1.6), (2.13), ecim BeKTOpP-IOTEHIIAT TPeOGPa3yeTcst 10 3aKoHy |3

Ap — A} = RypeAe, A9 — AL = Ag + vaAq. (4.4)

Ananus ypasrennii (4.2) yJ06HO IPOM3BOJUTH B IPEJICTABIEHUN, B KOTOPOM OIle-
paropbl (4.3) KBa3UIMArOHAJIBHBL (T.€. KOMMYTHUPYIOT ¢ OHOI u3 o-marpui). Kak u
B ciiydae ypasHenus Jlupaka, raMuiabToHUAHBL (4.3) MOTYT OBITH JUATOHAIU30BAHDBI
TOJIBKO TIPUOJIIKEeHHO. Hrzke OCyIMecTBUM TaKylo JMATOHAJM3AIAIO M TPEICTABAM
raMIIBTOHUAH YACTUIBI € TPOU3BOJIBHBIM CIIMHOM B BHJE PsJa MO CTeleHsM 1/m,
YZ0OHOM JIJIsI BBIYUCJIEHHI C MCIIOAB30BAHUEM TEOPUH BO3MYIIEHUH.

Jlmaronamsanmst TaMHJIbTOHAAHOB (4.3) ¢ TOYHOCTBIO JI0 “JIeHOB Topsiaka 1/m?
OCYIIECTBJISIETCST ¢ TTOMOIIBIO OMIEPATOPOB

V* =exp (zC’a = ) exp (iBY)exp (1AY), a=1, 11,
Ve = exp ( ) ( ) exp (zfl?) ,
rae
S - 2sin 6
A£ = —iogk 7\'7 AE = —01\/—&5 -, 7’1 =1, 77H =1,
m 2ms

k 1 e
Bl=g—{—[S. N+ ik[2(S - )2 -H|+-8-E
S 012m2{2n[5 m, ) +ik[2(S - w)° +eS ]+775 },
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k2 2ik
Chmris {28 m o ieklS .8 H]. + (8wl
b ev2sinf
II 2 S 2 s
. i 2
CE_ ) 1 V2 sin 6 S.ﬂ_,ﬂ_Q_eblIl HSS-H B
8m3 s 52 .
44/2sin® 6, . iebg
—T(s«ﬁ—washmol—5—2[<s~w>2,Ao]},
- . ST ~ k :
Ai = 72]'{}(0'2 — 203) m s Bi = Qan (02 — ZO’3)S . E,
ik . 2 o 4 i OB
C, = Tim? (o9 —io3)[w*, S - ] ST ot

HeHOCpe,ZLCTBeHHI)IM BBIYTHUCJICEHHUEM IIOJIyYdaeM

2
[H (1, Ag)]' = VEH(m, Ag) (V) ™! = A%m + B® (;‘—m + eAO> +

-H
tosece S B L € pog (nx B— B xm)+ - Fos(s+ 1) div B+
m 4m? 6m?2 (4.6)
1 OF, n® L%e 0H, 1 ’
GQ, — S H-H Q=2 -,
+12m2 Qb@xb+m2 (m xm) + m2Qb8xb +0(m3’>
~ l . o\ —1 2 1
{Hi(w,Ao)} =Vv'a! (VI) = o3im + Ty eAog+o| — |-
2m m3
rie
AI = o031, BI = ]-, CI = —77]92,
(4.7a)
—-D'=F'=G" =k, n'=-3L'=nk?,
AU gl _ Ccll — pll — _pll _ _ ;11 _ sin”
-7 T 7T - T 22
I — V2sin 0 —a, + b_& ’ I — \/§bs Sin@s, (4.76)
2s 452 2452

Qab = (€/2){3[Sa; Sp)+ — 20aps(s + 1) }.

Ouneparopsr  (4.6), (4.7) comepxKar cJjaraemble, COOTBETCTBYIONIME JUIOJHHOMY
(~S-H), cuun-opburambaomy (~ S - (w x E — E X 7)), KBaIPYIOJbHOMY
(~ QuOFE,/0xp) u napsunosckomy (~ div E) B3amMomefcTBUSIM HYACTHUIBI C IIO-
aem. JIpa nocnennnx ciaraembix B (4.6), (4.7) MOXXHO MHTEPIPETHPOBATH KakK Ma-
FHUTHOE CIMH-OPOUTAJIBHOE W MArHHTHOE KBaJIpYIOJbHOE B3anmMmojeicTsus. AHaJIo-
TUYHYTO CTPYKTYPY UMEIOT TPHOJINKEHHBIE TAMUJIBTOHAAHBI, TTOJIyI€HHBIC U3 PEITH-
BHUCTCKUX ypapHenwuit [5, 6]. B ciywae s = 1/2, n = 1, k? = —1, 6, = 7/4 cemp mep-
BbIX c1araeMbix B (4.6), (4.7) coBuagaior ¢ rammisrornanom Posmu—Byitrxoitzena [9),
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HOJIyYEeHHBIM IIPH JuaroHanu3anuy ypasaenus upaka. Takum o6pasom, B mpubin-
wennn 1/m? mepenarusucrckue ypasuerns (4.2), (4.6), (4.7) ommceBaor nBuKenne
YACTHIBI CO CIUHOM § = 1/2 BO BHEIIHEM 3JIEKTPOMATHATHOM IIOJI€ C TOf 2Ke TOYHO-
CTBIO, ITO M PEJISITUBACTCKOE ypaBHeHue Jlupaxa.

OrmeTnM, 4TO JijIsi HEKOTOPBIX KJIACCOB BHENIHUX MoJiell ypasHeHus: (4.2) moryr
GbITH peneHbl ToYHO. [IpuBeseM 6e3 JI0Ka3aTeNbCTB COOCTBEHHBIE 3HAYCHHS] TAMILIb-
ToHnaHa (4.36) JUIst YACTHIIBI CO CIMHOM, B3ANMOJEHCTBYIONIEH ¢ IOCTOSHHBIM OZHO-
POJIHBIM MarHUTHBIM mosieM [10]

11
H1/2(7T7 AO)\Ilsssnpg = Esse,npqu553np3a

(52+p§>2+(@)2

Eesynps =€ m? + & +pi + 4m? 2m

_|_

0172 1/2

H 24 p2

—|—5—e 3 1 m?2 cos? 201/2+§2+ 4(5 pg) ,
m 4m?

e &2 = (2n+ 1)eHs, Hy = Hy =0,n=0,1,2,..., e = +1, s3 = +1/2.

5. YpaBHeHHUs II€epBOro MopsakKa

OcTanoBUMCs BKPATIIE HA 33/ia9€ ONMUCAHUS TAJIMICeBCKU-UHBAPUAHTHBIX auddepeH-
IUAJIbHBIX YPaBHEHUI BUJIa

FU =0, F=p0p"+pFm, p,—10/0z,, (5.1)

rae By, f5 — HEKOTOPBIC YHUCJIOBBLIC MATPHIIEL.
VYpasuenre (5.1) 110 ompe/e/IeHII0 HHBAPUAHTHO OTHOCUTEJHLHO TPYINbI Lasmiest,
€CJIN BBITIOTHAIOTCS COOTHOIIEHUST

[FaQA]:fAF7 A:1727"'7107 (52)

rue gepe3 4 obozHadeH npousBosibHbLA rereparop rpyunbl G : {Qa} = { Py, Pa, Ga,
Ju}, fA — HEKOTOpBIE OMEPATODHI, ONMPEIETCHHBIE HA MHOXKECTBE DEIeHWi ypaBHe-
aust (5.1).

IMonarast f4 = 0 u BeIGupas reseparopst P, J,, G, B dopme (1.4), rae S, m g —
IPOU3BOJIbHBIE MATPHUIBI (UTO COOTBETCTBYET JIOKAJIBHBIM MpeobpasoBanusM Lajmies
(1.6) mng dynkuun ¥), noayuaem u3 (5.2) CIELYIOIYIO CUCTEMY [I€PECTAHOBOYHBIX
COOTHOIIECHUN [JId MATPUIL By, B4, Aay Sat

[Sav ﬂ5] = [Saa 60} - 07 [Sa7 ﬁb] = isabcﬂcv
[)\cu ﬁ5] = iﬁaa [)‘Um 617] = i(sabﬁ07 [)‘CH /60] = 07

rje Aq, Sq — MaTPHILBL, YIOBJIETBOPSIOIINE COOTHOIIEHUIM (2.2).

Takum 06pa3oM, 3a/a49a ONUCAHUS TaJIIeeBCKI-UHBAPUAHTHBIX yPaBHEHUH BUIA
(5.1) cBomuTCA B Halleil MOCTAHOBKE K HAXOXKICHUIO MATPUIl Sg, Ag, 05, Ba, yIAOBIIE-
TBOpsiOIuX ycsosusam (2.2), (5.3).

IIpuBenem yacrroe penterre cucreMbl (2.2), (5.3), M03BOJILIONIEE IOy IUTD YPaB-
Henus Buja (5.1) U1 HEPEJISITUBUCTCKUX YACTHIL IPOU3BOJILHOIO criuHa. O603HAYNM

(5.3)
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qepe3 Sk, k,l = 1,2,3,4,5,6, reHepaTOphl HEIIPUBOAUMOIO MPEICTABICHUS T'DYIIIIbI
SO(6). Torma marpuist
Su = SeueSher Na = ~(iSa + Ssa) 1,2,3
a = 7 EabcPbe a = 506a a)y @=1,4,9,
5 Eabeb 5 (196 5 (5.4)
Ba = 2844, Bo =186+ Sas, 5 =2(I +iSss — Sus)

YZOBJIETBOPSAIOT KOMMYTAIMOHHBIM cooTHolmeHusM (2.2), (5.3), r.e. dopmyist (5.4)
JIQIOT PEIeHre MOCTABJICHHON 3a,1a9H.

Honarast B (5.1), (5.4) Sw = (i/4)[ve, v1], Sek = 57Vk, A€ Y& — SPMHUTOBBHI He-
THIpEXpPsAHbIe MaTpUIbl JIupaka, MoaydaeM ypaBHEHHE, SKBUBAJICHTHOE YPABHEHUIO
Jlesn-Jlebnonza [3] mis gactunsl co cumHoM s = 1/2. Bribupas nHble IpecraBie-
uust asrebper Jlu rpymsr SO(6), noxydaem us (5.1), (5.4) ypaBHeHus i 9acTury ¢
JIDYTUME 3HAYEHUSIME CIIUHA.

VYpasuenust (5.1), (5.4), Kak 1 ypaBHeHUsI BTOPOT'O IOPsiJIKA, PACCMOTPEHHBIE BBIIIIE,
TIO3BOJIAIOT ONHUCATH CHUH-OPOUTATLHOE B3AUMO/ICHCTBIE YACTHUIIBI C BHEITHEM TOJIEM.
Hampumep, momarast Sy = [ﬂk,ﬁl] Ser = B, rae By — IeCATHpSIHbIC MATPH-
upl Kemmepa—/ledbduna—Ilerse (KoTopble MOryT GbITh BBIODAHBI, CKazKeM, B opMme,
npuBejennoii B Monorpadun [12]), u memas B (5.1) sameny p,, — m,, Ule T, = Da,
To = po — €A, TOIydaeM Mocje HeCI0KHBIX, HO HeCKOJBLKO TPOMO3IKUX BLIUUCJICHUI,
ypaBHEHUE JIJIsi TPEXKOMIIOHEHTHOH BoJHOBOM dynkiun W)

2
9@ HU®, H=m+ " 1eA AL
ot 2m 2m
rae S, — cuuHOBble MaTpuIsl Jg s = 1. IlocpencTsoM npeobpasosanus H — H' =
VHV =L rne V = exp(iS - w/m), ramumsronuan (5.5) npusomures k hopme, anaso-
ruanoii (4.6),

(5.5)

, w2 1
H :%—FBAo—sW[S'(ﬂ'XE—EXTF)—

1 9B, 4 1
S0 CdivE — ).
3@y, ~ 34 }+O<m3)

Oueparop (5.6), kak u (4.6), (4.7), comep:KuUT cjiaraeMble, OIUCHIBAIONINE JIaPBU-
HOBCKOE, CIIMH-OPOUTAILHOE B KBAJIPYIOJILHOE B3aMMOICHCTBUSA YaCTUIIBI ¢ BHEITHUM
9JIEKTPUIECKHUM II0JIEM.

(5.6)

6. 3akJouuTeJibHbIE 3aMeYaHnus

1. Beimte nosyuenst cucreMsl uddepeHImaIbHbIX yPaBHEHU T II€PBOro U BTOPOI'o Io-
PSLIKOB, KOTOpbIE MHBAPHAHTHBI OTHOCHTEJILHO Ipeobpa3oBannii I'anmies u Kaauopo-
BOYHBIX IIPEOOPA30BAHMIT U ONUCHIBAIOT JUIOIBHOE, KBAJIPYIIOIbHOE, CIINH-OPOUTAIb-
HOE M JAPBUHOBCKOE B3aMMOAEHCTBUSA YACTUIBI IPOM3BOJIBHOIO CIHMHA C BHEIIHUM
9JIEKTPOMATHATHBIM TIOJIeM. llepednciieHHble B3anMOJIeCTBAs, TaKUM 00pa3oM, He
SIBJISIFOTCSL IMCTO PEJISITUBHCTCKUME (MdeKTaMu ¥ MOTYT [OCJIE0BATENBHO PacCMa-
TPHUBATHCSI B PAMKaX HEPEJIATHBUCTCKON KBaHTOBOM MexaHuKH (cM. Takzxke [10, 11]).
2. Vpasuenus (2.8), (3.10) uMeror Takyio CTpYKTYpy, 9TO JieBas 4acTh UX COBIIA-
JIAeT C PEIATHBUCTCKAM ypaBHeHueM Jlupaka, a B IPABOH 9aCTH COAEPKATC TJIEHDI,
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KOTOpBIE HAPYIIAIOT CUMMETPUIO OTHOCUTEbHO rpynnbl Ilyankape u obecreunBaior
MHBAPUAHTHOCTD YPABHEHNUS OTHOCUTEIHHO Tpynnbl [ammres. Takoit cmocob mapyrtire-
HUs [IyaHKapPe-CUMMETPUU SIBJISETCS OJHUM U3 BO3MOXKHBIX IIOJIXOI0B JIJIs IOJTy Y€HUS
raJInIeeBCKU-NHBAPUAHTHBIX YPABHEHUH JIBUKEHUST YACTUIL C IPOU3BOJILHBIM CITITHOM.
Tak, ucxo/is1 U3 PEJATUBACTCKUX YPaBHEHNN 0e3 JIMIMHUX KOMIIOHEHT, BBIBEICHHBIX B
[1, 6], c moMoIIbIO JOGABIIEHNS YWICHOB, HAPYIIAIOIIUX [IyaHKAPe-MHBAPUAHTHOCTD, HO
COXPAHSIONIUX CUMMETPHUIO OTHOCUTEJBLHO rPpyIIibl £(3), MOXKHO IOy YUTh yPABHEHUS
(1.2), (2.1a).

3. VYpasrenus suga (0.1) u (5.1), KOHEUHO, HE NCUEPIBIBAIOT BCEX BO3BMOXKHBIX JIA-
HeHBIX nddepeHIaIbHbIX YPABHEHNH, MTHBAPHAHTHBIX OTHOCUTEIBHO IPyIbl [a-
smsest. Harpumep, Jj1st ONUCAHUS JBUKEHUST HEPEJISITUBUCTCKOM JACTUIBI CO CIITHOM
s§ = 1 MOXKHO UCIIOJIb30BATDH TaJIUJICeBCKI-NHBAPUAHTHBIN aHaor ypaBHeruit [Ipoka

(2mpy —p?) ¥, =0, v=0,1,2,3, m¥—p,V,, a=1,23.

4. HespmuToBocTh reneparopos (1.4) 0THOCHTEIBHO OOBIMHOTO CKAJISIPHOIO [IPOU3-
Begenus (1.10) oByciioBiieHA HEIPMHUTOBOCTHIO KOHEYHOMEPHBIX I[IPEICTABJIECHUI aj-
re6por (2.2) (koropas mzomopdua anrebpe JIu rpynmer Eskmmna F(3)). Aramorma-
Has CUTyalldsl MMEeeT MECTO W B PEJIATHMBUCTCKON TEOPUH, TIe Ha PEIICHUSX KOHe-
YHOMEPHBIX 110 CIIMHOBBIM UHIEKCAM yPaBHEHWI JBUKEHUs BCErJa PeaiM3yIoTCs He-
yYHHATApHBIE TIPEJICTABIECHUS OJHOPOIHON IPyIIIBl JIopeHna, a TpeboBaHue yHUTApHOC-
TH 3THUX TPEJCTABJICHUN NMPUBOJIAT K OECKOHEYHO KOMIOHEHTHBIM ypaBHeHHsM. Ilo-
9TOMY MPEJCTABISET MHTEPEC PACCMOTPETH GECKOHEYHO KOMIIOHEHTHbIE YDABHEHWS,
MHBapUAHTHBIE OTHOCUTEJILHO rpynnsl ['ammies. Ilpusenem npumep Takux ypaBHEHHIA.

O603HaTNM Uepes S w (1, v =0,1,2,3,4,5) reHepaTopsl yHUTAPHOIO GECKOHEYHO-
mepHoro npeacrasienus rpymbl O(1,5). Torpa ypasuenue B dopme (5.1), (5.4), rue
Sii =S (k,1=1,2,3,4,5), Sek =50, MHBAPHAHTHO OTHOCHTE/ILHO TPYIIIbl Lasmies.
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The Galilean relativistic principle
and nonlinear partial differential equations

W.I. FUSHCHYCH, R.M. CHERNIHA

The second-order partial differential equations invariant under transformations of
Galilei, rotation, scale and projection are described.

1. Introduction

From the mathematical point of view the Galilean relativistic principle (in a restricted
sense) is nothing other than the requirement of the equations of motion to be invariant
under the linear transformations

t—t' =t 14—, =24+v4t, a=1,2,3,

v, being transformation parameters (the inertial reference system velocity v compo-
nent). These transformations form a three-parameter Lie group. In order to construct
linear and nonlinear partial differential equations (PDE)

LU(t,x) =0, x=(T1,...,2p)

(where £ is a linear or nonlinear operator, which is invariant under the Galilean
transformations) it is also necessary to give the law of transformation for the depen-
dent variable of U(t, ). Under different transformation laws of the function U(t, x)
we obtain different classes of PDE.

As is well known, the linear heat equation in the (n 4 1)-dimensional space

AU =Ny, A=0%/023+ - +0%/022, U=U(t,x),

(1.1)
Uy=U, =0U/0t, X\ = const

is invariant under the following transformations:

t—t' =t 1z, =z,+vst, a=1,n, (1.2)
, A 1
U—-U =exp —§va Tq + ivat U, (1.3)

v, being the transformation parameters.

(1.3) defines the transformation law for the dependent function U (¢, ) under the
Galilean transformations (1.2).

The %(n? + 3n + 6)-dimensional algebra with the basic elements

1
Gy =10, — 5)\$QU3U, 0, = 0/0xq, Oy =0/0U, a=1,n, (1.4a)

Jap = 240y — 04, a#b, a,b=1n, (1.4b)

Reprinted with permission from J. Phys. A: Math. Gen., 1985, 18, P. 3491-3503
© 1985 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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I = t?0; + tx,04 — <i)\|x|2 + %nt) Udy, |z|* = zaza, (1.4c)
D = 2t0; + 2,0, + kUOy, k = const, (1.44d)
Py=0;, Po=20, (1.4e)

(where the repeated indices imply summation) is maximal in the Lie restriction invari-
ance algebra (IA) of (1.1).

The set of operators (1.4) forms a Lie algebra, which will be noted by the symbol
SLi(1,n), i.e. the special Lie algebra. This name is natural because in the previ-
ous century Lie [10] (see also [13]) was the first to calculate the maximal TA of the
two-dimensional U (¢, ;) heat equation. The maximal IA of the (3 + 1)-dimensional
Schrodinger equation, which coincides with (1.1) (differing only by constant coeffici-
ents), was calculated by Niederer [11]. For some more details on this, see, for example,
[6, 7].

From the group-theoretical point of view (1.3) defines the projective representation
of the group (1.2). Apart from the projective representation (1.3) the group (1.2) has
another representation, the infinitesimal operator of which

G, =10,, a=1,n (1.5)

being different from the G, operators (1.4a).
The operators (1.5) generate the following transformations:

t_>t/:t, xaex;:xa—kfuat, U—-U =U. (16)

We call (1.2) and (1.3) the projective Galilean transformations (PGT) and (1.6)
the Galilean transformations (GT).

Equation (1.1) admits operators (1.4a) but does not admit operators (1.5).

In § 2 we describe the nonlinear second-order PDE

F(t,,U,Up,U,U) = —AU + A(t,z, U)U; + B(t,z,U,U) = 0, (1.7)
I I I

where
[{ = (U1,...,Un), IUI' = (U11,U12, -, Unn),
U, =0U/0x,, Ud = 0*U/0x,0z, a,b=1n,

F, A, B being arbitrary differentiable functions, invariant under the PGT (1.2) and
(1.3) as well as projective and scale transformations generated by operators (1.4c)
and (1.4d).

In § 3 we construct the most general nonlinear PDE of the form

F(t,z,U,Uy,U,Uo, U, ..., Uon, U) =0, 9*U/0tdz, = Up, (1.8)
I IT

which are invariant under the GT (1.6) and the translation group generated by the

operators (1.4e). In particular, it is established that a set of equations of the form

(1.8) does not contain linear equations (except, obviously Uy = 0, Upy = 0) invariant

under the GT (1.6) and the group of time and space translations.
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In the final part of § 3 we give several examples of Galilei invariant equations in
independent variables (¢, x1) space, for which general solutions are constructed.

It should be noted that equations of the class (1.7) are widely used to describe
nonlinear diffusion, heat and other processes. In particular, this class includes diffusion
equation of the form

- 2 (ewi)

as well as nonlinear Schodinger equations (if U is a complex function) and Hamilton—
Jacobi equations. The group classification of (1.9) for the one-dimensional case was
carried out by Ovsyannikov [12] and for the three-dimensional case by Dorodnitsyn
et al [3] and Fushchych [4].

2. Equation invariant under the projective
Galilean transformations
First of all in this section we are going to find the conditions to be imposed on the

functions A and B under which (1.7) is invariant under the PGT (1.2) and (1.3). The
complete solution of this problem is given by the following theorem.

Theorem 1. Equation (1.7) is invariant under the PGT if and only if

At 2,U) = £t w), (2.1)

Blt,2, U, ) = Ugltsw,wn, .- wn) + (f(t) = ) (f”tU AﬁfU) (22
where

w = Uexp (Aft'?) .2 = 2aza, (2.3)

B AL q A|x|?
Wa = (U“ Ty U) eXp( 4t

and f, g are arbitrary differentiable functions.

) . a=Tn, (2.4)

Proof. To prove the theorem let us use the Lie method (for a modern account, see

[1, 13]). According to Lie’s approach, (1.7) is considered as a manifold in the space

of the following variables: ¢, z, U, U, U. (1.7) is invariant under the transformations
11T

generated by an infinitesimal operator

0 B)
X =€“(t,a:,U)87 +n(t,x,U)%, =01
%

when the following invariance condition is fulfilled:

2 2
XF = X(—AU + AU; + B)|r—o = 0, (2.5)
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2
where X is the second prolongation of the infinitesimal operator X, i.e.

2 0
X=X+p" (t.’L‘UU)W—‘rJMV(t(EUUU)

= 2.
(9Um, /“1’7 v 07 n? ( 6)

pIL:nN—i_UNnU_Ul(gL_FUMg;])? i:O,TL,

otV = Nuv + U}/”?;LU + Uy,nl/U + UquT]UU + Ul“/nU — U'L(EZLV + Ul’g,liLU) _
= UuUi(&p + Unépy) — Unil&) + Unéyy) —
Uin (€}, + ULEl) — U Uiy, i =0,n.

Substituting (2.6) into (2.5), we obtain
0A 0B 0A 0B
—(oMt o™ g <—Uo )+17(—U0+—>+

Oz, Oz, oU oU 2

0B
+p" A+ p° —]
0x,
F=0
After explicit expressions for p#, o*” have been substituted into (2.7) and the

obtained relation being split into separate parts for coefficients at Uy, and Uy, a # b,
the conditions for £ are found:

€0 =06"/0x, =0, & =0¢"/0U =0, & +& =0,

- _ 2.8
a#b, ab=1,n pn=0n. (28)

After taking into account (2.8) the invariance condition, written in its complete
form, is given by

DA OB 9A 8B
lg*‘ (—Uo + ) +77< Uo + ) + (o +nulo — Uuéh) A+

oz, ° " oz, au ° " 30
). OB
+ (Na +nuUq — Ubga)W —An—=UUsnuu — (2.9)

—2Ugnau — MuAU +2Ug,E5 + U, ALY =0.

F=0

In our case, taking into consideration the explicit form of the operators (1.4a), the
coefficient functions £#, n of the operator X are written in the form

1
50 =0, fa = gat, N = _5)\gaxaU7

where g,, a = 1, n are arbitrary parameters.

Having used the explicit form of £* and 7 as well as the arbitrary nature and
independence of the parameters g,, (2.9) is reduced to the following linear differential
equation system, which enables one to find the functions A(t,z,U) and B(t,z, U, [I])

0A 1
ta—xa - éAxaU

a4
ou

:0, a = 1,TL, (210)
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2 0B 0B 0B 0B 0B
Moz, “Var Van, ~weUigg — T SaUngg ¥

(2.11)

—|—acaB—§Ua(A—)\) =0, a=1,n

Thus, the proof of the theorem is reduced to the construction of the general solution
of the strongly overdetermined system (2.10) and (2.11) consisting of 2n equations
for the functions A and B.

Now let us proceed in using the standard method to find the solutions of the
first-order PDE (see, e.g., Courant and Hilbert [2]).

Let us write the system of characteristic ordinary differential equations (ODE)
corresponding to the system (2.10)

dz, dU

=——7-, a=1,n. 2.12
t —%)\xaU ( )

From (2.12) we obtain two invariants necessary for the construction of the general
solution of the system (2.10):

A 2
w=Uexp (%tl) , wo=t. (2.13)

Consequently, the general solution of (2.10) is determined by invariants (2.13) and
has the form

A(t’xv U) = f(w7w0)7 (214)

where f is an arbitrary differentiable function.
Now let us write the characteristic system of ODE (2.11):

Cdw, dU  dU, AUy dU.
2Nt 2,U U+ a,Us  zoUi  2gUsq
@/t = * Fatl Yalla-l (2.15)
C dUpp dU, dB T
 wUspr oz, U,  z.,B+ 2/ (X — f(w,wp))Uy,’ o

In (2.15), contrary to all the previous ones, the repeated indices do not mean sum-
mation.

Having solved the system (2.15) we obtain the following system of invariants
necessary for the determination of the function B:

A 2
szeXp(i>, wy = t,

4t
= (U + 2y exp (A2 ~1 (2.16)
wa - a 2t € p 4t 9 a = ’n, *
_ 2 Uy Nz|? A|z|?
I= {B-ﬁ-(x\—f(w,’on)) (T—FFU)]QXI)(T .

The function B is, consequently, determined from the functional equation

d(w, wo,wy, ..., wy, 1) =0 (2.17)
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which gives us the general solution of (2.11):

o Uy MNz|?
B = Ugla,wn,w. ) + (o) =0 (054 2000) 0 (2a)
where ¢ is an arbitrary differentiable function.
Thus, we are able to construct all the equations of the form (1.7), which are
invariant under PGT, completing by this the proof of the theorem.

Consequence 1. If one supposes the coefficient B in (1.7) to be independent of the
derivatives U, then
T

AU = \Uy + Ug(w, t) (2.19)

is the most general equation, invariant under the PGT, g being here an arbitrary
differentiable function.

A class of equations (1.7) with coefficients (2.1) and (2.2) contains as a subclass a
set of equations which are invariant under the operators (1.4b) of the rotation group.
The complete description of (1.7) which admits both operators (1.4a) and (1.4b) is
given by the following theorem.

Theorem 2. Equations from the class (1.7) are invariant under the operators (1.4a)
and (1.4b) if and only if they have the form

a a )\ 2
AU = f(w,0)U; + Ug(w, wawa, t) + (f(w,) — A) (f‘ tU EZ' U) . (2.20)
where
B U [ Az|U\? Az|?
Wewe = |UgUy + /\xaUa? + < o > exp <7 .

This theorem is proved in the same way as the first one. The only difference is
that one should substitute into the invariance condition (2.9) the coefficients A and B
from (2.1) and (2.2) and the values of £, n from (1.4b).

It should be noted that equations of the form (2.19) are obtained as a particular
case of (2.20), i.e. when the function B in (1.7) is independent on the derivatives
U. Invariance under PGT automatically implies here invariance under the rotation
éroup.

The further restriction of the class of equations (2.19) is achieved by the require-
ment for the equations to be invariant under the projective operator II (1.4c) and the
operator of scale transformations D (1.4d). The two following theorems are proved in
quite a similar way to the ones above.

Theorem 3. Among equations (2.19) only equations
AU = U, + L (1772 2.21
=AU + 29 w), (2.21)

where g is an arbitrary differentiable function, admit the operator IT (1.4c).
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Theorem 4. Among equations (2.19) only equations

B

U U

AU = \U; + Alg , "2 = = x const,
t2 \e(t,x) €

(2.22)

A1 = const, [3 = const,

where

o= [1(2) ] o (252) o

is a fundamental solution of (1.1), admit the operator I1 (1.4c) and the operator

D =2t0, + 2,05, + (2/8 —n)Udy. (2.24)
Note 1. If one implies 5 = 0 in (2.22), the obtained equation has the form

AU = \U; + \U/t? (2.25)

which may be reduced to (1.1) by means of the local substitution

U=WI(tz)exp <%> , AF£D0.

Note 2. The coefficients of all classes of equations constructed above contain (expli-
citly or implicitly) the fundamental solution &(¢, x) of (1.1). This is apparently due to
the fact that (¢, z) (with an approximation to an arbitrary constant) is the complete
solution of the system

A = \U,,
(2.26)

1
G.(U) =tU, + 5)\9:aU =0, a=1,n.

Note 3. The above theorems may be generalised for the systems of equations of the
form”

AU = A(F) (¢ W gmyy®
U (,:E,U yoo, U )Ut + (2.27)
+B® (t,z, UMD, ..., UM, k=12,...m
In particular, amongst the equations (2.27) only equations

AUR = )\Ut(k) + U® gk (t,w(l), .. ,w(m)) , k=1,2,...,m,

where w®) = U®) exp ()\|x|2 / 4t), g™ are arbitrary differentiable functions, are inva-
riant under the Galilean transformations with the infinitesimal operators

0 1
= _ = (1)
G, t@xa 2)\xa <U

0
DY (m) =
BTi) +---4+U 8U(m)> , a=1n.

*For more details see Fushchych W.I., Cherniha R.M., Ukr. Math. J., 1989, 41, Ne 10, 1349-1357.
Editors’ Remark.



116 W.I. Fushchych, R.M. Cherniha

3. The second-order equations, invariant
under the Galilean transformations

In this section we shall construct all the equations of the form

Uy =C(t,x,U)AU + K(t,2,U,U), (3.1)
1

where C(t,x,U), K(t,z,U,U) are arbitrary differentiable functions, invariant under
I

the operators G. (1.5), generating the GT (1.6). Also we shall distinguish all the
second-order equations of the form (1.8) which admit the following operators:

G,=tP,, P,=0,, Ph=0;, a=1n. (3.2)

These operators satisfy the commutational relations
[Gay P} =0, [Py, P]=0, [Go,Po]=—Pu. (3.3)

It turns out that the class of such equations is rather broad. In particular, it contains
the many-dimensional Monge-Ampere equation (see Fushchych and Serov [8]) and the
non-relativistic analogue of the latter. All these equations are considerably nonlinear,
and as a rule they cannot be reduced to the form containing a linear plus a nonlinear
term.

The following statement gives the solution of the first problem, which was posed
at the beginning of this section.

Theorem 5. (3.1) is invariant under the GT (1.6) if and only if
C(t,z,U) = f(t,U), (3.4)
K(t,z,U, (I]) =g(t,U, (I]) —z,U,/t, (3.5)

where f, g are arbitrary differentiable functions.

To prove this theorem one should repeat the same procedures used in proving
theorem 1, with the only obvious difference that the coefficient functions of the G,
operator, i.e.

50:07 ga:gat, a:]'?n’ TIZO

should be substituted into (2.9).
Now let us formulate several more statements, giving the complete description of
the equations of class (3.1), invariant under G,, Ju, and the operators

Il = t20; + 240, , (3.6)
D = 2t8; 4 x40, (3.7)
Theorem 6. Among the set of equations (3.1) only the equations given by

Ut = f<t7 U)AU + g(ta U7 wnJrl) - xaUa/ty

(3.8)
Wpy1 = UgUq

are imvariant under the operators G, and Jqup, a,b=1,n.
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Theorem 7. (3.8) is invariant under the projective transformations generated by the
operator (3.6) if and only if

f(tv U) = f(U)v g(tv U, wn+1) = t_2§(U7 t2wn+1)v (3‘9)

where ]7, g are arbitrary differentiable functions.

Theorem 8. Amongst equations of the form (3.8) only equations

U = F(U)AU + UUG(U) — 2/t (3.10)

are invariant under the projective and scale transformations generated by the operators
(3.6) and (3.7).

Theorem 9. The mazimal IA of the simplest linear equation from the class (3.10):
Uy = NAU — 2,U, /t, X\ = const (3.11)
is an algebra SLi(1,n) with basic operators:

Go =180,  Jap = 2a0y — 2400, 1L =120, + t140,,, 1= Udy,

B2ty + 200, Poeon +0r B (oY
- t La Tg a — Yz, 2)\t7 t — Ut 2t 4)\t2 .

Note 4. (3.11), by means of the local substitution

2
U =Wt z)t"?exp (%)

or, in the equivalent notation,

W(t,z) 1/ a\]" A2
= tx)= =2 -
U=t <& [2 <7rt> KLy
may be reduced to (1.1) for the function W (¢, x).

Note 5. The classes of equations given in theorems 5 and 6 can be obtained from the
equations given in theorems 1 and 2. For this purpose it would be enough to apply
the above substitution from note 4.

Note 6. Equations invariant under GT (1.6) (see theorem 5) can be transformed by
means of the substitution of the independent variables

t=0t), xo=00t)z,+09), a=T1,n,

where 0(t') # const, (), a = 1,n being arbitrary differentiable functions, to the
equations given by

Ul = f’(t',U')AU’+g’(t’,U’,lIJ’),

where

U ) = Ulta), T U) = SO R0, U,
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0
/ ! n _ 77 ! / !/ ! —1

(a) (4
+ (Lo - oo ) v

In particular if

o)y =t, 09t)=0, a=Tn
one obtains the equations
UL, =t'2f(t, UAU' + g(t', U U't™).
T

Consequence 2. It follows from the theorems given in §§ 2 and 3 that the nonlinear
diffusion equation (1.9) is invariant neither under PGT (1.2) and (1.3), nor under
GT (1.6). It means that the Galilean principle of invariance is not satisfied by (1.9).
Nonlinear equations, invariant under PGT and x and ¢ translations, are obtained by
Fushchych [5].

Now let us proceed in solving the second problem: to describe all the second-order
equations

F(zo,21,U,Uo, U1, Uno, Uo1, Ur1) = 0 (3.12)

in the two-dimensional space (z¢, z1), which are invariant under GT and translations
generated by operators (3.2).

Theorem 10. Amongst the set of equations (3.12) only the equations given by
Fi(wD, w0 U U, Uyp) =0 (3.13)

are invariant under GT (1.6) and translations. (3.13) contains the following notation:

() — U Ui ar _ Uoo Uni
w —det< Up Up ), w —det< Ui Upy ) (3.14)

of the determinant of matrices, the elements of which are the first- and second-order
derivatives of the function U. Here Fy is an arbitrary differentiable function.

Proof. The invariance of (3.12) under translations, i.e. operators Py, P, is equivalent
to the requirement
oF OF
Z 27 3.15
83:0 63:1 ( )
Taking into account (3.15) we obtain the following expression for the action of the

2
twice prolonged operator X on the manifold (3.12) (see (2.6))

=0, uv=0,1. (3.16)

OF OF OF )
F=0

IE L ok v
(”aU e, T au,,

The coefficient functions of operators {G,} are given by

f=n=0 ¢ =t (3.17)
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The coefficient functions {p*} = {p°, p'}, {o*} = {69, 0%, 010, o1t} are determined
from the formulae given in § 2. Taking into account (3.17) we obtain

oV =-U;, pt=0, ¢ =20y, o =0c"=-Uyy, olt=0. (3.18)

With the help of formulae (3.17) and (3.18) the invariance condition (3.16) can
easily be reduced to the following linear PDE for the function F":

oF oF oF
U o2, LUy — = 1
! oUy ot 0Uyo H oUy 0, (3.19)

which can be readily solved. The general solution of (3.19) is an arbitrary differentiable
function

F =F(wD I U U, Upy)

which depends on five variables. The theorem is proved.
Theorem 10, without any substantial complications, is generalised for the case of
(n + 1)-dimensional space
F($O,$17 AR 73:7“ U7 U07 U7 U007 U017 MR UO’rL; U) - 07
T IT
(3.20)
U:(Ul,...,Un), U:(U117U12>"'3U’ﬂ7l)
T IT
i.e. we have the following theorem.

Theorem 11. Amongst equations of the class (3.20) only equations given by

Fi(w, w0 U U, U)=0 (3.21)
11T
are invariant under GT (1.6) and zq,x1,...,z, coordinate translations, where
Up U -+ U, Uoo Uo1 -+ Uon
w) = det Uo Ut -+ Ut w) = det Uo Ui -+ Uin (3.22)
Upo Uni -+ Upn Uno Uni = Unn

Note 7. In the specific case when
F=w") =det(U,,) =0, Uy, =8°U/dx,0z,

a many-dimensional Monge—Ampere equation is obtained, the group properties of
which have been studied by Fushchych and Serov [§].

Note 8. In the case

Fr=w® —-X=0, X=const (3.23)
the maximal TA of this equation is generated by an operator
0] 0
X ¢t 7 —
& ow, Tan
¢ =Coot +do, & =Capmy + fa(t), a,b=T1n, (3.24)

Coo+2(C11+ -+ Chp)

=CU+d, C=
n +a, 1

)
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where Cog, Cup, do, d are arbitrary constants, and f,(t), a = 1,n are arbitrary diffe-
rentiable functions.

It means that the maximal IA of (3.23) is infinitely dimensional. In particular, this
algebra contains operators of the form

Ozos Oz, Ou, Tp0z,, aFb, ab=1n, (3.25a)
U
Dy = 1904, + n—HaU’
o oU (3.25b)
D, = o _— s ey Dn = In0Ug, 1 )
1 x181+n+18U .’L‘a,L+n+18U
X1 = f1 (t)@ll, ey Xn = fn(t)awn (325(3)

Note 9. It is possible to construct a general solution for the two-dimensional equation

w?) :det< Uool UUlll ) =0. (3.26)

To prove this, we represent (3.26) as follows:
9 () _,
81'1 UO

and then we obtain the general solution

U = F(fEl =+ G(.’Eo)),

where F' and G are arbitrary differentiable functions. Direct verification shows that

U=F(Lyxqa+ G(zg)), a=1,n, L,=const

is a particular solution of (n + 1)-dimensional equation (3.23) under A = 0.
Note 10. Equations

Uy U,
wh =] D0 e = R, (3.2
UnO Unn

where F'(U) is an arbitrary twice differentiable function, can be reduced to (3.23) at
A =1 for the function W(zy,...,z,) by the substitution

W = /[F(U)]—1/<"+1>dU.
Note 11. Maximal IA of the equation
wD = F(UU,), UU,=U?+---+U? (3.28)

is generated by the basis operators (3.25¢) and

82703 ama7aUa Iaazb - mbaxaa a 7é b, ab= I,_Tl,
D=(1-n)0z, + x40, +Udy.



The Galilean relativistic principle and nonlinear partial differential equations 121

In particular, in the case n = 1 for equations of the class (3.28)

Up Ui 2
=U 3.29
’ Uwo Un b (8.29)
U Ui 3
=U 3.30
’ Ui Un 1 (3.30)

one can obtain the general solutions, namely U = F(z1e”" + G(x¢)) is the general
solution of (3.29) and ¢(U, zoU + G(x¢) — x1) = 0 is the general solution of (3.30)
written in an implicit form, F'; G, ¢ being arbitrary differentiable functions.

In conclusion, we note that among the Galilei invariant equations (3.21) one can
distinguish a class of equations

Uo = MU, U)AU + Q(U, U) — w1 /i1 (3.31)
1 1
0 U1 e Un Ull e Uln
WD — Uow Un - U WD = Upi -+ Uy ’
UnO Unl e Unn Unl e Unn

A, @ being arbitrary functions.

As to the structure, equations of the form (3.31) are diffusive type nonlinear equati-
ons with a strongly nonlinear addition. The properties of (3.31) will be studied by us
in a further paper”.
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Kak paconmputh cuMMeTPHIO
anddepeHImaabHbIX YPaBHEHM !

B.U. oyIIn4q

IIpenoxken mpocToit crrocod paciiupeHusi cuMMeTpun JTudepeHInaTbHBIX YpaBHe-
HUI.

1. JIueBckuii KpuTepuii MHBAPUAHTHOCTH. PacCMOTPHUM B I€THIPEXMEPHOM
upocrpancrse R(1,3) cucremy Hesumueiinbix guddepennuanbubix ypasaenuil (V)
B YACTHBIX TPOU3BOJHBIX

L(x7u,11¢,12¢7...,17f) =0, (1)

_ — (Ou Ou Ou du _
rjie BeKTOp 4 = (U1, uy,...,Uy,), € R(1,3), u= (O—M, Bot B 0_13>7 u, k=11 —
COBOKYIIHOCTb BCEBO3MOKHBIX IIPOU3BOHBIX T-T'0 MOPSJIKA.
Corytacuo JIu ypasaenue (1) MHBAPUAHTHO OTHOCUTEIHHO OIIEPATOPA

0 0
ngu(xau)a_mu—i_nk(mau)a—ukv (2)

€CJIN BBIIIOJIHAETCA CJIeIyroliee yCJI0BHue:

=0, (3)

QL = )\o(x,u,llt, .. .,%)L wm QL T

e () — COOTBETCTBYIOIIEE YNCIIO Pa3 IPOLOIKEHHBIH orepartop Q, Ao — IPOU3BOIIb-
Has juddepenimanbaas GyHknus (6osee moapobHO cM., Hanpumep, [1-3]). Yeio-
Bue (3) HA30BEM JIMEBCKMM KpuTepreM MHBapuanTHocTu ypasHenus (1). Bosee obmee
olpeJieJieHre UHBAPUAHTHOCTU BBeZEHO B [4, 5|, KOTOpoe najio BO3MOXKHOCTH OOHADY-
JKUTh HOBBIE cUMMeTpun ypasHennit Makcsesuta, Tupaka, Jlame [6].

XOPpoIIo U3BECTHO, YTO €CJIM ypaBHEHUEe 00JiajaeT HeTPUBHAJBHON CUMMETpUE,
TO 9TO CBOWCTBO CYIIECTBEHHO JJIsi SIBHOTO IIOCTPOEHMS MIUPOKMUX KJIACCOB TOYHBIX
perieHuil HeJMHEHHBIX AUMDOEPEHITNATBHBIX YPABHEHUH B YACTHBIX MTPOU3BOIHBIX
(AYUII). Muorue IYYII umeror 10BOJIBHO y3KYIO IpyIily uaBapuanTHocTu. [TosTo-
My BeChbMa CYNIECTBEHHO YKa3aTh KOHCTPYKTUBHBIE CITIOCOOBI PACIITHPEHUS] CHMMETPUN
yPaBHEHUN.

B Hacrosiiiee BpeMsi MHTEHCUBHO Pa3BUBAIOTCS JIBA HAIIPABJIEHWS PEIeHUsl ITOMN
pobJstembl. OIHO U3 HUX COCTOUT B pa3pabOTKe HOBBIX METOOB HCCJIEJOBAHUS CHMMe-
rpuiinbix csoiicts LY YII (em. 6ubmauorpaduio B [6]), mo3Bossomux obHAPY KATH KAK
JIOKAJIbHBIE, TAK U HEJIOKAJIbHBIE cMMeTpud. JIpyroe HampaB/ieHIe HAMETHIIOCHh B Pa-
6orax [3, 6-10], re uzyuaercst cuMmmerpust He Beex perternii JIY, a TOJIBKO HEKOTOPBIX
ITOJIMHOXKECTB pellieHuii. B HesIBHOM BHUJE, KAK TEIEPb CTAJIO sICHO, 9Ta Hes 3aJI03Ke-
Ha, B 9aCTHOCTH, B METOJIe Pa3/IeIeHIil IePEMEHHBIX U, KOHEYHO, UCIOJIb30BAJIOCH 0e3
MIPUBJIEYEHUs] TEOPETUKO-AITeOPANICCKUX METOJ0B MHOTUMU UCCJIEOBATEJISIMUA TTPO-
JT0ro BeKa. Himrke mMEHHO 3TO BTOpOE HaIpaB/eHne OyaeT 00CyKIaThCH.

IlepenpykoBano 3 “CuMMeTpusi U pEIIeHHs HEJIUHEHHBIX YPABHEHUN MaTeMaTUIecKON dusnkn’,
Kues, Uucruryr maremaruku AH YCCP, 1987, C. 4-16 3a mo3B0JiIOM
© 1987 Iucturyt maremaruku HAH Vkpainu
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Ha koukpernbix mpumepax OyeT ykasaH crocob pacrmupenns cumverpun IV YUIT.
Kak 6ymer Buano u3 maabHEHIero, OH 09eBUHBEIM 00pa30oM 0000IaeTcss n Ha, ApyTrue

PINA

2. ¥YpaBuenue MaxkcBesa. Paccmorpum cucremy ypasuenuit Makcsesia

. 9H .
E =rot I{7 W = —rot E‘7 (4)

E, H — BeKTOPHI HAIIPSI?KEHHOCTEN JIEKTPOMATrHATHOTO TOJIS.
Omneparopsl, TOpozKmaloIe mpeodbpa3oBanust JlopeHia, UMe0T BU

0
ox,’

0
JOazmopa_xaPO'i_SOaa 1:)0:Z ) Pa:_i
ai[,'o

()

Soq = 1S, — 6 X 6-MaTPUIIBI, PEATU3YIONME COOTBETCTBYOIIEE MIPEJICTABJIEHHE AJlre-
6pst JTu rpynner SU(2) [6].

Sanucas Marpunnl S, depes Ey, H; u 8;?3;6’ aiHl u upencrasus (4) B Buze (1) [6]
Lo=0, L=2 _ins.P (6)
= = 5; —1020q1L7,
) at 2
MOYKHO YOEIUThCS, ITO
JoaL # XL wm  JooL L;é 0, a=1,23. (7)

B (6) Bexrop-cronber, U= (E1, Ey, Es, Hy, Hy, H3). s ypasuenus (4) Joo = Joa.
Yenosue (7) o3madaer, 94ro cucreMa (4) HEMHBAPHAHTHA OTHOCHTEIHHO OIIEPATOPOB
{Joa}, & cenoBarenbHO, ypasHeHne (2) He HHBAPMAHTHO OTHOCUTENHHO TPy JIo-
perna O(1, 3). Heficreue oneparopos {Jo,} Ha L MOXKHO 3amucarh B BHJe

QL = Mo(z,u,u1, ..., ur) L+ A (2, u,u1,. .. ur )Ly, A #0, (8)

e () — so6oii u3 oneparopos {Jo1, Joz, Jo3 - OTCrofa BIIHO, YTO eCiiu Ha MHOXKECTBO
pemeHHﬁ HaJIO?KHUTHh AOIIOJIHUTEJIbHOE YCJIOBUE

Ly (z,u,uq,. .., up) =0, 9)

To cucrema (4) Gymer MHBAPHAHTHA OTHOCHTENBHO orepaTopoB {Jog}. ost cucre-
MBI (4) 9THU JOIIOJIHUTEJIbHbIE YCJIOBUA UMEIOT BU/L

div E =0, divH=0. (10)

Takum 06paszom, ypasHenus (4) B COBOKYIIHOCTH C JOIOJHUTEIbHBIMU ycaoBusivu (10)
UHBapUAHTHBI oTHOCHTEIbHO asrebpsl Jlu AO(1,3) rpymust O(1,3). O606mias 1moHs-
THe WHBapMAHTHOCTH, BBeJeHHOe B [6—10] u mpuBeeHHbBIE TOJBKO UTO PACCYKICHUS,
H.. CepoB u aBTOp BBEJIM HMOHSTHE yCJIOBHOI nHBapranTHOCTH JIVY.

Omnpenenenne. Cucmemy ypasuenud (1) nazosem ycao6no uneapuanmMmol, ecau oHa
UHBAPUGHMHA OMHOCUMEALHO onepamopa Q) npu donoarumenvhom ycaosuy (9) u

QLl = >\2(x7u7u17 cee 7uk)L + )\3(1’,’&, Upy .- 7uk)L17 (11)

2de A1, Ao — mpoussoavtbvie duddepenuupyemoie GYHKUUL.
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B janHOM onpeziesieHnn, KOHEYHO, mnpejosaraercsd, aro cucrema (1), (9) coBme-
craa. OueBHIHO, YTO He BCAKOE JIONOJHUTENIbHOE ycjoBue (ypaBHEHHE) DACHIMPSeT
CUMMETPHUIO UCXOJHOTO ypaBHEHUs. [103TOMY BaXKHO HAYYUTHCsl CTPOUTH TaKUE J0-
HOJTHUTE/IbHBIE YCJIOBUS, YTOOLI CUMMETPUSA BCEH CHCTEMBI ObLIa IIUPE, 9eM CUMME-
TPHsI MCXOJHOrO ypaBHeHus (1).

3. YciioBHasi ”HBAPUAHTHOCTh CUCTEM TrUIIepOoJinvecKoro u mnapaboJsiu-
qeckoro tunoB. Cucrema runepOboNIecKnX ypaBHEHU BTOPOTO TOPSIIKA

L. 92
OFE =0, E={E, Ey)E), O=2_ _A,
{E1, Es, E3} pre (12)
0H =0, H={H, Hy, Hs}
HMHBaPHAHTHA OTHOCUTEILHO KOH(OPMHBIX OIIePaTOPOB
K, =2x,D — x,2"P, +22"S,,, D =ux,P"+2i, (13)

rae Sy, — MATPHIBI, peaansylonue npencrasienne aaredbpot AO(1, 3).

Onnako cucrema (12) ycaoBHO MHBApHAHTHA OTHOCHTENHLHO omeparopos (13).
B srom ciydae jgonosnnuresnsHoe ycuaosue (9) sBisiercs cucreMoil ypasHenuit Makc-
sesuta (4), (10). IogpoBHoe nokazaresnbCTBO 3TOro (haxTta JaHo B [6].

PaccMoTpuM cucreMy JMHEHHBIX ypaBHEHUH apaboIiecKoro THIA

LU =0, L[=p,— Ll
2m
5 5 (14)
:.— a:—'—7 :17273.
Po=igo—s P igpr @

U ={U,,V,,...,V,} — Bekrop-byHKIHs, M — IaAPAMETP.
VYpasrenust (14) yCJI0OBHO HHBAPHAHTHBI OTHOCHTENHHO OTIEPATOPOB M3 PACITUPEH-
HOit anre6pbr Tamnes AG(1, 3)

Ga =tpe — MZg + qa,

) 1, . . (15)
A=tD—t p0+§mx —qz, D =2rpy—Zp+ qo,
ecin Ha pernenust W MOJIOKUTH JIOMOJIHUTEIbHBIE YCIOBUST
LW =0, L0 =0,
3. @ s o o (16)
LSZCIO—?—E7 Ly=qi +q; +q;-

B (15), (16) marpuusl qo, ¢ yAOBJIETBOPSIOT KOMMYTAIIMOHHBIM COOTHOIIEHUSIM

[da- @) =0, [qo0, Ga] = iqa-

B [7] nokaszaHo, uro ypasHeHus (16) siBistoTCst HEOOXOJUMBIME M JOCTATOYHBIMU
YCJIOBHSAME TOTO, 9TOOBI crucreMa (14) Oblila MHBApHAHTHA OTHOCHTEIHLHO ONEPATO-
pos (15).

4. Pacimpenne cumMerpuu ypasHenus JanmamGepa. XopoIo n3BecTHO, 9To
MakcuMasibHO (B embicsie C. JIu) JOKaJIbHO!M IpyNnnoli HHBAPUAHTHOCTU JIMHEHHOIO
BOJIHOBOTO yPaBHEHUSsI

DU("E):Ov $:($0,$1,...,$n), (17)
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apigerca koudopmuas rpynna C(1,n). B [11] nokazano, uro eciu Ha pemenus u(x)
HAJIO?KUTH YCJIOBUS
ou Ou

—_ 77 _ 1
Oz, Ozt 0, (18)

To mepeonpesienennas cucrema (17), (18) nHBapMaHTHA OTHOCHTENHLHO GECKOHETHO-
MepHOil ajreGpel ¢ OepaTopamu

0 0
QZ&M(w’u)(’)T“—'_n(w’u)@_u’ (19)

f“ = Co0Ty + c,w(u)x” + du(u)a 77(357 u) = 77(“)7

rze coo(u), ¢y (), n(u) — npousBosbHbIE rIajKue (GYHKIUHA OT 3aBUCHMON IIepeMeH-
HO#t u(x).

Urak, ypasaenue /lajsambepa yCJIOBHO MHBAPUAHTHO OTHOCUTEIHLHO GECKOHEUHO-
MepHoOit anre6psr (19). Takoe CyMECTBEHHOE PACITUPEHIE CHMMETPUE BOJTHOBOTO yDaB-
HEHUs UPUBOJAMUT K YHUKAJIBHOMY CBONCTBY HesmHedHO# cucrembr (17), (18): ecsn
u; — pemtenue (18), (19), To u npousBobHAs IVajKas (QYHKIUS OT STOIO PeIleHHs]
®(uy) = ug sBasiercss pemennem (17), (18).

5. Ycii0BHAasi MHBAPUAHTHOCTh yPaBHEHHUsI 4€TBEPTOrO MOpsaka. Paccmo-
TPUM ypaBHEHHE

(%OM) (%A)u—o. (20)

Ipumensis meron JIu Kk ypasHeHuio (20), MOXKHO IOKA3aTh, YTO OHO HEMHBAPHAHTHO
ornocuresibHO anrebpor Lamures AG(1,3). Ypasuenue (20) asisierca auddepenim-
AJILHBIM CJIEJCTBAEM yPABHEHUS TEILIONPOBOIHOCTH

(5%0 — A) u=0, u=u(x), (21)

KOTOPOE, KaK M3BECTHO, MHBAPUAHTHO OTHOCUTEIHLHO Tpeodbpa3oBannii [amunes. [Tpu-
YMHA Cy’KeHusl cuMMerpru ypasHenust (20), 1o cpaBHeHuUto ¢ ypasHeHueM (21), ces3a-
HA C TeM, 9TO MHOXKECTBO perteHuii ypaprenust (20) mupe, ueM MHOXKECTBO pelleHnii
ypasuenus (21). Oxnako, eciu Ha u(2) HAJOXKUATDH JOIOJHUTEIHHOE YCJIOBUE B BUJIE
ypasHerus [amuiabrona—Akobu

ou Ju Ou

— 4+ =——=—=0, a=1,2,3, (22)

Oxg Ox, Oz
To cucrema (21), (22) Gymer MHBAPUAHTHA OTHOCUTEJIHLHO TAJMJICEBCKUX OLEPATOPOB
BHJIA

1
Ga = UPq — §xap0'
OTrMeruM, 9TO TU OIEPATOPHI MOPOKIAIT HEOObIYHBIE TpeobpasoBanust [amuest.
Urak, ypasuenue (20) yCJIOBHO MHBAPDUAHTHO OTHOCUTENHHO asreOpbl [asmsies.
Bosee moapo6HO 3TOT BOmpoc n3yteH B [12].
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6. Pacuimpenune cuMMeTrpun HEJIWHEWHOrO ypPaBHEHUS TEILJIONPOBO/IHO-
ctu. Henumeitnoe ypaBaenme

ou 0 ou

— + —<c(u)z=— =0, c(u)+# const, (23)
Oxg Oxg Oz,

HEMHBAPMAHTHO OTHOCHTEJILHO Ipeobpasosanuii lanmites, a cie10BaTeabHO, 1 HETO

He BBINOJIHAETCs] IPUHIUI OTHOCUTeIbHOCTH Lasmmes [9], T.e. ypaBuenue (23) HewH-

BAPUAHTHO OTHOCUTEJILHO OLEPATOPOB

9, 0
Go = xoa—xa + u(u)xaa—u, a=1,2,3, (24)

rie p(u) — mpousBosbHAS TyajKas GYHKIUSA OT u(x).
YT00BI pacHIMPUTh CHUMMETPHIO HEJIMHEHHOro ypaBHEHHS TEIIONPOBOIHOCTH JI0
rpyuet Fajmes, qocraroano gonoiaauTh (24) ypasaenunem tuia Lamuibrona—dkobu

ou 1 Ou Ou

il — =0, 25
Oxo + 2u(u) 0xq 0x4 (25)
npuaemM
u
= . 26
) = ot (26)
AnajornuHbeIM cI0cO60M MOYXKHO PACHIIPUTL CUMMETPUIO ypaBHEeHUI
0%u
8_33(2) = C(x, u,?)Au, (27)

KOTOPOE IHUPOKO IIPUMEHSIETCSI B HEJIMHEHHOM aKyCTUKe, B TEOPUU HEJIUHEHHBIX BOJIH.

Boutee oapobHO 9TH pesyabTaThl OyayT 00CYKIATHCS U OIyOJIUKOBAHBI B paboTe
H.. Ceposa u aBTopa.

7. O HEKOTOPBIX HEPEIIEHHBbIX 33J[a4ax. B 3TOM IyHKTEe yKayKeM HECKOJIHKO
3aJ1a4, KOTOPBIE IIPEJICTABJISIIOTCS aBTOPY BaXXHBIME JIJIsi PA3BUTUsI U IIPUMEHEHUsI
TEOPETUKO-AJITeOPAMIECKIX METOJIOB.

1. Omucars puddepennuaibabe ypaBHeHUs (IONOJIHATEIbHBIE YCJIOBUS) IEPBOrO
U BTOPOTO TTOPSIIKA

Fl(xvuaqu/ag’va/_tquO)v U:U($0,$1,$2,$3)7 (28)

KOTOpbIe PaCHIUPAIOT CUMMETPUIO ypaBHEHUA

a,ul/(x,uvzf) +F0(£L’,u,11i) =0 (29)
no rpymm O(1,3), P(1,3), C(1,3), P(1,4), C(1,4). Fy, Fi, ay, — raajakue GyHKINNA,

PaccMoTpers OTJenbHO CIydail [ByMepHbIX ypasHenuit {x = (zg,21)} u onmcars
Bece ypaBrenus (28), (29), uHBapUAHTHBIE OTHOCUTEIHHO GECKOHEYHOMEPHOI ajarebph
¢ OIEPaTOpPOM

0

@ = {fwo+ 1) + glao — 21)b 5+ {F(ao + 1) = glaro — 1)} -

e f u g — npou3BOJIbHBIE (DYHKITHIH.
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2. NccnenoBaTh rpyIIIoOBbIE CBOMCTBA U IIOCTPOUTH PENIEHUS CIEAYIONNX YpaBHe-

HHU:

Ou + Fo(z,u,tlb) =0, (Kuu)(K*u)=A\,

1 (30)
K, =2x,D—xz,2"p, +X\1, D= i(a:ap’JZ +p%xa) + Ag;

Ou + Fo(z,u,u) =0,
' (31)
(‘]MVU)(J/LVU’) = A3, Jul/ = TuPv — TvPu,

rje A1, A2, A3 — IPOU3BOJIbHBIE KOHCTaHTBL. Paccmorpers BosiHOBoe ypashenue (30)
¢ JIOTOTHATEIBHBIM yetopueM D2u(z) = A.

3. Onucarh CHUCTEMBI JOIOJHUTEIHHBIX YCAOBUN (ypaBHEHUI) EPBOrO IIOPSAIKA,
PACHIUPSIONIAX CAMMETPHIO yPABHEHUH TapabOINIECKOro THIa

ou 0?u
— + O (u, u) =——— + Fy(u,u) = 0. 32
DU+ Cinlust) gt + Fofu ) (32)
PaccMoTrpers B KadecTBe JIOHOJHATEILHOTO YCJIOBUS yPABHEHHE IIEPBOrO IOPs/IKa
Ou ou ou
) -+ ) - + b ) a. —
ag(x,u) o ap(x u)a o k(z,u) D,

4. UccnenoBarh IPYINOBbIE CBOMCTBA U MOCTPOUTDH CEMEHCTBA YaCTHBIX PENTeHUit
HeJimHeTHOTO ypaBHeHus upaka

0 = F(T0)D (33)
COBMECTHO C OJTHUM W3 CJIeLyIONTUX JOMOJHUTEIbHBIX YCIOBHIL:

a®¥ + b0y ¥ =0, (34)

a(Uy,¥)? + b(Vys47,0)? = 0, (35)

A(TW) O(VV) (U, ¥) O(Ury, W)
a +b
Ox, Ozt oz, OxH

=0, (36)

@, b — IIPOU3BOJIBHBIE [IOCTOSHHDIE.

Paccmotpers coryaan: F(UW) = m = const, F(¥W) = 0, ¥ — 9eTHIPeXKOMIIOHEH-
THBIA CIIMHOD.

5. UccmennoBaTh CUMMETPUIO M IOCTPOUTH TOUHBIE DEINeHNsI yPaBHEHUI

_ ov
O + (F(\II\II), —> =0 (37)
Oz,
C JOIIOJTHUTEJIbHBIMU yCJ'IOBI/IHMI/I
aa(‘lm‘l’) n ba(\p%wp)
oz, Oz,

=0, (38)

a(UW) + b(Uy,¥) = 0. (39)
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6. [IpoBecTn TeoperuKo-aaredpandecKuil aHAJN3 CUCTEMBI yDABHEHUH

(Ypwh + why,)¥ + F(UU)¥ =0,
w}J« = {’U)o,’u_i} = {’LUO,U}l,U)Q,U)?,}, Wo :ﬁj:pljl +p2J2 +p3J37
Ji = €irtdp, W =poJ — (PxN), N = (Jo1,Joz, Jos),

7

4

(40)

qu =TuPy — TPy + S;u/a Sul/ = (,YN’YV - '71/’7,11«)'

7. OnucaTh myaHKape-uHBAPUAHTHBIE U KOH(DOPMHO-MHBAPUAHTHBIE ITEPBOI'O M BTO-
poro syt cnmaopa W, mpeamosaras, 9To TOK

Ju = a(\I/'yH\I/) + b(\i/’y(yu\lf) + c(\inH\I/) + d(\f/wﬂll')

VIOBJIETBOPAET yPaBHEHHUIO HEIPEPBLIBHOCTHU %‘; = 0, a, b, ¢, d — upousBoIbHBIE
KOHCTAHTBI.

8. UccnemoBaTh rpynmoBbie CBOMCTBA U MMOCTPOUTH YACTHBIE PEIICHUSI CUCTEM de-
ThIpex auddepeHnaIbHbIX yPABHEHNH TEPBOTO TOPSIKA

Yy U + NPT =0,
)
Juw = Tupy — TPy + Spws S = Z[’Y,uv'yu}'

9. ITocTponuThb CeMeNCTBa TOYHBIX PEIICHU YPABHEHHI BTOPOTO HOPSIIKA
ov v

—— v

Oz, Ozp

C JOIIOJIHUTEJIbHBIM yCJIOBUEM

O =F (w

\i"y“pﬂllf = a(PV) + b(\il’yH\IJ)Q + c(\ilmyyu‘ll)z,
(\T/w#\I!)(\Ilw”\I/) = )\(\I!\Il)
Paccmorpers coayuam: F = —m?2, F = (\TI\II)T, m, T, b, ¢ — IPOU3BOJIbHBIE KOHCTAHTHI.
10. C momormpio cremyomux Horentuanos (B, ¢):
F.=K,B,-KDB, K,=2x,D—2x,2"p,+ A,
F/,J,V = Juvp, Jp,u = ZTuPv — TuPu, Ui = 5ilile07

IMOCTPOUTH CEMEHCTBA TOYHBIX PEIeHUl yPABHEHUH JJIsT SJIEKTPOMATHUTHOTO TIOJIST U
Jtst mogist Ditnepa—Hapre—Crokca

o Yo,

+AAu; =0, iki1=123.

11. Onucarn an3amnl BUIA

u= f(z)e(w)+9g(z),
KOTOpBbIE PEeJyIUPYIOT yPaBHEHUs BTOPOI'O HOPAIKA

9%u
0x,,0z,

Wy (0, 1) + F(z,u,u) =0 (41)
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K oObikHOBeHHBIM JIY. Baxkno paccMorpers citydau, korja ypasuenue (41) ne unba-
puanTHO HU oTHOcuTesabHO rpyi P(1,3), C(1,3), Hu OTHOCUTENHHO HOAPYIII STHX
rpymn. HerpusnanbHble mpuMepbl TAKUX ypaBHeHuUit pusesenst B [9, 10].

12. NccnenoBaTh CUMMETPHIO M TTOCTPOUTH KJIACCHI TOUHBIX PEIICHUHN CJIeTyIOTIIX
CHUCTeM yDaBHEHUIA:

DtE_" =rot ﬁ, DtH' = —rot E,

0 0 0
D, E H
=5 + A 5 D + A2 5 San
0 0
DIJF,U,V_O? Du—a_xy"'Fl/a%a /J'_Oa?’v

D.F,, +D,F,.+D,F,, =0.

Paccmorpers caydan, kKorma Ay = Ao = 15 Ay = 1, Ao = 0; Ao = 1, Ay = 0. IIpuse-
JIEHHBIE YPaBHEHUsI MOXKHO PacCMATPUBATL KaK HeJIMHEHOe 000DIeHne ypaBHEHM
Makcsenna. IIpu srom, konewdno, cienyer J1006aBUTH K IEPBOIl CHCTEME ypaBHEHUT
yciioBre HepaspbiBHOCTH: div E = 0, div H=0.

13. IIpoBecTn mOApPOOGHO TEOPETHKO-AITEOPANIECKUI AHAJIN3 [I€PEOIPEIEIEHHBIX
ypaBHEHU

Ou + Fy(z,u, 11L) =0, (42)

{byw(z,u)J + cu(x,u) Py + dy(z,u) K, + e(x,u) D} Fo(x,u) = 0, (43)

Ou + F3(z,u, tlb) =0, (44)
ou Ou

a’MV(‘T u) axu 81:” F4($7 u)7 (45)

w = ig;w%a
1
K, =2z, —xz,2"P,, D= Q(x#P“ + P,at).

Ommcars Gyukuun Fi, Fo, F3, Fu, Gy, by, ¢y, dy, €, IPU KOTOPBIX ypaBHeHHst (42)—
(45) urBapuanTHb oTHOCUTEABHBHO rpymn C(1,3), C(1,4), P(1,3), P(1,4) u ux nox-
rpymn. Ecnu ynacres npu HeKOTOPBIX KOHKPeTHBIX (ByHKImaAX Fb, by, ... pemnTs
ypasuenue (43), To 9T0 JaCT HAM aH3AIbI JJIs PEIIeHUs HeJIMHEHOTO BOJIHOBOIO yPAB-
Henus (42), KoTopble He MOIYT ObITH IOJIy4deHbI ¢ moMolbio Merona C. Jlu. B Tom
cilydae, Korjia ypaBHenne (42) MHBapHAHTHO OTHOCUTENIBHO 01eparopoB Py, Ju., K,
D, a dynxuun by, ¢, d,,, € SBISIOTCH TIOCTOSIHHBIMA, ypaBHeHne (43) naeT HaM Jin-
€BCKUEe aH3aIlbl JJI HAXOXKJICHUsI MHBAPUAHTHBIX pelnenuii ypasuenus (42). Pemenus
ypaBueHus (43) IpUBOAAT K HEJIMEBCKUM aH3allaM JIJId BOJHOBOIO ypaBHeHus (42).
IIpu sroM, KOoHEYHO, HEOOXOAUMO, 4TO0BI cucreMa (42), (43) Gblia COBMECTHOIA.

14. UccnenoBarh CAMMETPHUIO M TIOCTPOUTH IIEPBBIE MHTEIPAJIBI J1J1si OOBIKHOBEHHOM

cucteMbl quddepeHInalbHbIX ypaBHeHu
dz _ _ )
d_: =z, F1 (2, 00) + (U, V) F5(x, &),

v, PPU = Fy(T0) 0.
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Ipusenennas cucrema OJLY onuchiBaeT ABUKEHNE KJIACCUYECKONH YaCTUIIBI B CIIMHOD-
oM nojie ¥ . Pacemorpers ciyuait, korma F3(¥W) = m = const.
15. Omucats Bece cucrembr OJ1Y Buza
L o= =.dU I . L o= o
m(0, E, H)dt ZF(z,0, E,H) + 0Fy(x,0, E, H) +

+ EF3(z,7,E,H) + HF,(z,7,E, H),
MHBapUAHTHbIE OTHOCHUTEJIBHO IDYIII P(l 3), G(1,3) u ux pacmmpennii (C(1,3),
P(1,4), C(1,4), G(1,4)). B (46) v = dt, x = (t,x1,22,23), U = (v1,v2,v3), B, H —

BEKTOPBI 3JIEKTPOMArHUTHOI'O TOJIS.
16. CymrecTBy1oT /i HETPUBHUAJIBHBIE PEIIEHUsT JjIst CIUHOPHOT'O TIOJIsT

pup'V + F(OW, Uy, p" W)U = 0,

JJId KOTOPBIX

OF,, - =

633# = )\\I/’YI_L\IJ, Fyu = )‘1\:[![7#771/]\:[}’

OF,, OF,a 0Fs,

=0

2. | 0z, | 0z,
nam

Pap® Ay + pu(p,A”) = mQAu + A F(RD), A, = Ty, T
nam

pap®u = m*u+ F(u), u=A(TD),

re A\, A\ — IPOM3BOJIbHBIE TAPAMETPHI.
17. UccnenoBarh cumMeTpuiiHble CBOMCTBA U IIOCTPOUTDH PEIIEHUs] UHTErpo-aud-
depeHIMaIbHOr0 ypaBHEeHUs [IJIsl CIIUHOPA

po® = (p? + p2 +p2 +m?) 2w + F(I0)w (47)
C JOIIOJITHUTEJIbHBIMM HeJIMHEITHBIMA yCJIOBI/IHMI/IZ
Uy, ph W = NBU, (1 —y)¥ = 0. (48)

Paccmorpers otnensuo caygait F' = 0, A = m. B satom ciaydae pernienust JUHEHHOTO
ypasuenus {upaka (¢ moJI0XKUTEILHO SHEprueii) yIoBIeTBOPAIOT ypasHeruio (47) u
HepBOMY HeJInHeRHOMY ycsoBuio (48).

18. UccnenoBars mpocTpaHCTBA ¢ TAKUMU METPUKAMHE:

ou 0%u ou 0%u
S /J/ B — _— =
(mu g . Azxyamu(%”) (x Ao+ A ) Fi(z,u),

U — CKaJigpHasi (pyHKIHSI,

] () ] ()
{$u+/\1‘117u‘1’+)\2 o, } {!E“+>\1\I’7“\I’+>\2 Ey = Fy(x, V),

(T + MYV + Aoep ) (2 + My U + Aoph W) = F3(z, T0).
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Pacemorpers ciyuam: Fy = const, Fy = const; Fy = 2 £ u?, Fy = 2? + (VV¥),
F3 = 2% £ (00).
19. Uccie0BaTh CHUMMETPUIO ¥ OCTPOUTH KJIACCHI TOUHBIX PEIIEeHUI CHCTEM:
puptur = Fi(u, ua),
puptug = Fo(uy, uz),
(puu1)(p*ug) = const,
ppuiptur = mi,  ppuzptus =ma, ppurptus = ma.
20. IIpoBectu meTabHBIN TEOPETUKO-AJIT€OPANIECKII aAHAIN3 YPABHEHUH
1 e Iz 1 v yaf
E(fy#w + why,)¥ =T, w, = isﬂmgP J¥,
{7, P" 4 My, (Bw" @)} = 0,
IIpoananusupoBars ciaydait, korja ¥ marpuma 4 X 4. O6praao ¥ — crosbern n3 4

dyHKIWMIA.
21. UccreioBaTh CUMMETPHUIO U IIOCTPOUTH perenust uddepeHiaabHbIX Hepa-
BEHCTB:

(pow)® — (Patt) (part) > 0,
pou > {(p1u)* + (p2u)* + (pgu)Q}l/Z, pou > 0.
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On the new invariance algebras
and superalgebras of relativistic
wave equations

W.I. FUSHCHYCH, A.G. NIKITIN

We show that any relativistic wave equation for a particle with mass m > 0 and
arbitrary spin s is invariant under the Lie algebra of the group GL(2s + 1,C). The
explicit form of basis elements of this algebra is given for any s. The complete sets of
symmetry operators of the Dirac and Maxwell equations are obtained, which belong to
the classes of the first- and second-order differential operators with matrix coefficients.
Corresponding new conservation laws and constants of motion are found.

1. Introduction

The classical Lie approach is the main mathematical apparatus used for the analysis of
symmetry of partial differential equations [1, 30]. This approach was used to prove that
the Poincaré group is the maximal symmetry group of the Dirac equation [2, 22] and
that the maximal symmetry of Maxwell’s equations is determined by the conformal
group replenished by the Heaviside-Larmor—Rainich transformation. However, in spite
of its power and universality, the Lie approach does not make it possible to find all
symmetry operators of the given equation. Actually it gives possibility of finding only
such symmetry operators which are the first-order differential operators.

Using the non-Lie approach [5, 6, 8, 9], in which the group generators can be di-
fferential operators of any order and even integro-differential operators, the new invari-
ance groups of a number of relativistic wave equations have been found. It has been
demonstrated that the Dirac equation is invariant under the group SU(2) x SU(2) [5,
6, 12| and that the Kemmer—Duffin—Petiau equation for vector field is invariant under
the group SU(3) x SU(3) [29, 12]. The non-Lie approach enables to find an additional
symmetry of the Dirac and Kemmer—Duffin—Petiau equations describing the particles
interacting external electromagnetic field [13, 27]. The hidden symmetry of Maxwell’s
equations has also been found which is described by the eightparameter transformati-
on group including the subgroup of Heaviside-Larmor—Rainich transformations [13,
14, 15, 17].

In this paper we continue to study symmetries of the Dirac, Weyl and Maxwell
equations and of relativistic wave equations for any spin particles. The main results
obtained here can be formulated as follows.

(i) We found that any Poincaré-invariant wave equation for a particle of arbitrary
spin s and mass m = 0 is additionally invariant under the 2(2s+1)(2s+1)-dimensional
Lie algebra which is isomorphic to the Lie algebra of the group GL(2s + 1,C). The
explicit form of basis elements of this invariance algebra is found for any value of s.

Reprinted with permission from J. Phys. A: Math. Gen., 1987, 20, P. 537-549
© 1987 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Thus the additional symmetry of an arbitrary relativistic wave equation is descri-
bed whereas previously one studied, as a rule, the symmetry properties of specific
equations.

(ii) In our earlier work we restricted ourselves to studying symmetry operators
of relativistic wave equations which belong to a finite-dimensional Lie algebra [17].
Here we also consider the symmetry operators belonging to the classes of first and
second-order differential operators with matrix coefficients which, generally speaking,
are not basis elements of any finite-dimensional Lie algebra, but are closely connected
with conservation laws. The complete set of symmetry operators of the Dirac equation
in the class of first-order differential operators with matrix coefficients (class 9;) is
found. We also obtain the symmetry operators of the Weyl and Maxwell equations
which form a basis of the Lie superalgebra.

(iii) The new conservation laws and motion constants, which are connected with
hidden symmetry of the Dirac and Maxwell equations, are found.

The results of this paper supplement and in some sense complete those ones obtai-
ned by us and expanded by other authors [3, 31, 24, 32| by studying the additional
symmetry of Poincaré-invariant wave equations.

2. Additional symmetry of Poincaré-invariant

wave equations for arbitrary spin particles
In this section we demonstrate that any relativistic wave equation for a particle of
non-zero mass and spin s = 0 has more extensive symmetry than Poincaré invariance,
and describe this additional symmetry exactly.

Let us write an arbitrary linear (differential or integro-differential) equation in the
following symbolic form

Lip =0, (2.1)

where L is a linear operator defined on a vector space H, ¢ € H.
Let @ be an operator defined on H. We say that () is the symmetry operator of
the equation (2.1), if

L(Qy) =0 (2.2)

for any v satisfying (2.1).

Definition. Equation (2.1) is Poincaré-invariant and describes a particle of mass m
and spin s if it has 10 symmetry operators P,, Ju., p,v = 0,1,2,3, which form a
basis of the Lie algebra of Poincaré group, and any solution i satisfies the conditions

PPy =m?y, W,WH = —m?s(s + 1)1, (2.3)

where W, is the Lubansky-Pauli vector

1
Wi = 5Euwpo " P°. (2.4)
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Below we consider only such equations (2.1) which satisfy the given definition and
so can be interpreted as equations for a relastivistic particle of spin s and mass m.
The symmetry operators P, J,.,, of such a equation satisfy the commutation relations

[PH7PU} =0, [Pua']ua] :i(guupa —g,wPu),

‘ (2.5)
[J,ul/; J)\U] = Z(g[l.O'JI/)\ + gu)\J,ua' - g,LL)\Jua - guch;L)\)

which characterise the Lie algebra of the Poincaré group P(1,3). The eigenvalues of
the corresponding Casimir operators P,P* and W,W*# are fixed and given by the
relations (2.3). Let us emphasise that we do not make any supposition with regards
to the explicit form of the operators P, and J,,, — they can be differential operators
of first order and non-local (integro-differential) operators as well.

Theorem 1. Any Poincaré-invariant equation for a particle of mass m and spin s is
invariant under the algebra® GL(2s +1,C).

Proof. Let P,, J,, be symmetry operators of the equation (2.1) satisfying the
commutation relations (2.5). Then in accordance with definition (2.3) the following
combinations

1
t = — [ewpe WP P £i(P,W, — P,W,)] (2.6)

py T2

are also the symmetry operators of these equations.
Using (2.5) and the relations

Wy, Pl =0, [Wy, W] =ieupe P’'W? (2.7)
can make sure that the operators (2.6) satisfy the conditions

[ /j,l,:l/7 Qi\ta] = i(gHUQL:F)\ + gV)\Qia - gHAQljl:O' - gVUQ;:i:)\)m_4(PHPM)27 (28)
1
C1 = Q™ = —m*WAW* P, P?,

1
Co = Zs,wp(,cgﬂwcgﬂtf” = Fim ‘W, W*"P,P°.

It follows from (2.3) and (2.8) that on the set of solutions of equation (2.1) the
operators (2.6) satisfy the commutation relations

[ in Q;\ta]w = i(guUQ,:/t)\ + guAQiy - guAQfa - 9»0@5)% (210)

which characterise the Lie algebra of group SL(2, C). From (2.3) and (2.9) one obtains
the eigenvalues of corresponding Casimir operators

1
Crp =5 (G+E—-1) ¢, O =ilohy, (2.11)

where Iy = s, I; = £(s+ 1).

So we have demonstrated that any Poincaré-invariant equation for a particle of
non-zero mass and spin s # 0 is additionally invariant under the algebra SL(2,C),
the basis elements of which belong to the enveloping algebra of the P(1,3) and are
given exactly by the relations (2.6). According to (2.11) operators (2.6) realise the

1We use the same notation for the groups and for the corresponding Lie algebras.
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representation D(lo,l;1) = D(s, £(s+1)) of the algebra GL(2, C'). Now we see that this
invariance algebra can be extended to a 2(2s+ 1)-dimensional Lie algebra isomorphic
to GL(2s 4+ 1,C). Namely, basis elements of the algebra GL(2s + 1,C) have the
following form

Antkn = ank(Q;& - QE)Z)P;’ Anntk = aknPﬁG(Q;S + QE)Z),

2.12
A n — Ql)\mn; ( )
where
Q12_5_1+n/ Eabe
P? = _
" 711;[n n —n » G@i= 2s(s +1) 350 4 1) Q0n Qe

mn=12,...,2s4+1, k=0,1,...,2s—n
and ag, are the coefficients determined by the recurrent relations

apn =1, a1, =[n2s+1- n)]_l/Q,

xp = AA—1nQr—1ntr-1, A=2,3,...,25 —n.

Actually the polynomials of the symmetry operators Q given by the relations
(2.12) manifestly are symmetry operators of equation (2.1) Operators (2.11) form
the basis algebra GL(2s + 1, C) inasmuch as they satisfy the following commutation
relations

[)\ab; Acd] = _[S\abv >\cd] = 5bc)\ad - 5ad)\bc7

- - - 2.13
[)\ab; Acd] = 6bcAad - 6ad>\bca a, ba C, d= 17 27 cee 723 +1 ( )

which characterise the algebra GL(2s + 1,C). The relations (2.13) are satisfied on
the set of solutions of the equation (2.1).It can be verified by direct calculation using
the equivalent matrix representation for the basis elements of the algebra SL(2,C)
(which is evaluated according to (2.11))

Q:b = €achca Qg_a = _Sa-

Here S, are the matrices which realise the representation D(s) of the SO(3) algebra
in the Gelfand—Zetlin basis [21]. Thus the theorem is proved.

So if equation (2.1) is Poincaré invariant and describes a particle of spin s and
mass m > 0, it is invariant also under the algebra GL(2s+ 1, (), the basis elements of
which belong to the enveloping algebra of algebra P(1,3). Operators (2.12) together
with the Poincaré generators P, and J,,,, form a basis of the 10+2(2s+1)-dimensional
Lie algebra isomorphic to the algebra P(1,3)® GL(2s+1,C). The last statement can
be easily verified by moving to the new basis P, — P, Ju — Juw —Quuvs Amn — Amn,
Amn = Amn, Where

Q12 = Z(S -—n+ 1))\mn7 QOS = Z(S -n+ l)S\mna

n n

Q23 = Z i()\nn—&-l + Mgin), Q31 = —i[Q12, Qa3),
Qo2 = i[Q23,Qo3], Qo1 = —i[Q31, Qo).
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The theorem proved has a constructive character since as it gives the explicit form
of basis elements of the additional invariance algebra via the Poincaré generators.
Starting, for example, from the Poincaré generators for the Dirac equation
, i
T 4
where v, are the Dirac matrices, one obtains from (2.6) the additional symmetry
operators of this equation found earlier by Fushchych and Nikitin [12]. In an analogous
way to formulae (2.6) and (2.12), the additional invariance algebras of the Kemmer—
Duffin—Petiau and Proca equations can be obtained (see [12, 17, 19, 20]) and even the
invariance algebra of infinite-component wave equations [18] can be found.

Let us note that relativistic wave equations for a particle of spin s > 0 also possess
such additional invariance algebras which belong to the class of integro-differential
operators [5, 8, 9, 16, 17, 29, 27] and, generally speaking, are not numbered among
the enveloping algebras of the algebra P(1,3).

Pu =Pu = Juu = TuPv — TvPu + [’7,11«a’71/]a (2'14)

3. Symmetry operators of the Dirac equation
in the class 9t

Here we consider in detail the symmetry properties of the Dirac equation

Ly = (v"py —m)p = 0. (3.1)

It is well known that the symmetry of equation (3.1) which can be found in
the classical Lie approach is exhausted by invariance under the algebra P(1,3), the
basis elements of which are given in (2.14), and under a corresponding group of
transformations, i.e. the Poincaré group.

Theorem 1 gives the possibility of extending the set of symmetry operators of
the Dirac equation. Actually, using formulae (2.6), (2.14) and (3.1) one obtains the
additional symmetry operators [12, 17]

L _ 0 i :
Qi = 7w Wl + 5~ by = 1pu) (1 £ iya). (3.2)
m

The operators (3.2) are the first-order differential operators with matrix coefficients
(i.e. belong to the class 9t;) and so they cannot be found in the frames of classical Lie
approach. But these operators (with fixed sign =+) form the basis of 16-dimensional
Lie algebra together with the Poincaré generators (2.14). It follows from the above that
the Dirac equation is invariant under the 16-parameter group including the Lorentz
transformations (generated by P,, J,,) and the transformations which are generated
by the operators (3.2). Specifically these transformations have the form

, . 1 . . 0 0
P — ' = exp(2i0Q)1h = (cos 0 — 172 5in )y —(1 F iyy) sin @ ’Yl—w—’m—w
m axg 8%1
if Q = Q% ete [12].

It can be interesting to know whether the operators (2.14) and (3.3) exhaust all
symmetry operators of the Dirac equation in the class 91;. It turns out that this is
not so.
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Here we find the complete set of symmetry operators @ € 9, for equation (3.1)
which, however, do not form the basis of Lie algebra.

Theorem 2. The Dirac equation has 26 linearly independent symmetry operators
Q € My. These operators include the Poincaré generators (2.14), identity operator
and fifteen operators given below

) 1.
Nu = 1274(27;1 - m%), Wpy = mSuV + 57'(7;1171/ - ’Yypu)v (3 3)
Ay =wpa’ +2¥wy, — 1y, B =iv(D —myuat),
where
. 3. 1. '
D =« Pu + 527 SMV = ZZ[’V;M'YUL M,V = 0,1,2,3. (33 )

Proof. To find all linearly independent symmetry operators of the Dirac equation in
the class 9y it is necessary to obtain the general solution of the following operator
equations

(L, Q] = fqL, (3-4)

where L = y#p,, —m, @ and fg are unknown operators belonging to 91;:
Q:A#pu'*'éa fQ:éupu'i'Da

flu, B,“ éu and D are 4 x 4 matrices depending on z = (z¢, x).

Relations (3.4) mean that the operators on the RHS and LHS give the same result
acting on arbitrary solutions of the Dirac equation. On the set of these solutions
operator pg can be expressed via the operators p, with matrix coefficients: pgy =
Hvy = (yYom~+70YaPa)?- In other words it is sufficient to restrict ourself by considering
symmetry operators of a form such that

Q=B p+G, (3.5)

where B and G are 4 x 4 matrices depending on x. For the operators (3.5) the
invariance condition (3.4) reduces to the following form:

[p()*HaQ]:fQ(pofH)a (36)

where fg = 0 insofar as the commutator on the LHS cannot depend on po.
An unknown operator (3.5) can be expanded via a complete set of the Dirac
matrices

B=1d"+ i74d1 +nn? +5,m + Yayb”,

Y , V V (3.7
G =1Ia" +iysa +yC +Sul/fu +Yanwg”s

where d°, d', n¥, m*, b, a°, a', ¢, f*¥, ¢ are unknown functions on z.
Substituting (3.5) and (3.7) into (3.6) and equating coefficients by the linearly

independent matrices and differential operators one comes to the following system of

partial differential equations:

b = iggped’

“ 3.8
mga = i(sabA()? mgb = EabCA17 a, b> c= 17 27 33 ( )

n® =b =0, nf=icmp.d>

c
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gar oy odr  odl
dry, Oz, Or, Oz’

a#b, mdiv d’ =0, mdivd" =2imad',

. 1 . 1 i . . .
d2:—§rot &, 4= srotd’, d = —grad A, divd =34 i=0,1,
1 1 1
¢ =—=(rot d?),, ' =—-=divd®+mA°, ¢°=>divd®
2 3 3 (3.9)

1 1 3 .-
g* = —§(rot d*), — imd., a° = —51' divd®, grada® = —§id0,

1 ) 1 . 3 .
al = —52' div d1 + gm div d?, grad a' = —md2 — §z'd17
1. 1

1. . 1
Oa _ =30 _ —, 1 ab: it - 0 2
= 2da 1 (rot d™)a, f Eabe 21d6+ 4(rotd e +mdzZ |,

where the dot denotes the derivative on xy and there is no sum by the repeated indices.
The symbol d" denotes a vector with components (dY, d4, d%) (analogous notation is
used for other vector quantities).

The first line in (3.9) gives the equations in the Killing form. Using this circum-
stance it is not difficult to obtain the general solution of the system (3.9) for m # 0:

d=xxn+pro+v, d' =¢+X e, d>=xzxe+¢(,

& =ecro+pxr+o, =0 ¢°=—im(, +A\z,),
1 1
an = ipav fab = §5abc(2ch - 776) + m(.’EaSb - iL'bEa), (310)

A=—pu-—mlp-x+x), =% A'=-p.-x— x

Al = Mo +w, =0, o= —gi/\.

Here the Greek letters denote arbitrary constants.

So the general solution of the system (3.9) depends on 26 arbitrary numerical
parameters. Substituting (3.7), (3.8) and (3.10) into (3.5) and using equation (3.1),
one obtains a general expression for the symmetry operator Q € 9t; for the Dirac
equation as a linear combination of the Poincaré group generators (2.14), identity
operator and the operators (3.3). The theorem is proved.

So we have obtained the complete set of the symmetry operators Q € 91, for
the Dirac equation with m # 0. Besides the Poincaré group generators (2.14) this
set includes four operators which coincide on the set of the equation (3.1) solutions
with Lubansky—Pauli vector (2.4), six operators wy, = 3( 4, +Qp,), trivial identity
operator and five symmetry operators B and A,, i = 0,1,2,3, which belong to the
enveloping algebra generated by the Poincaré generators.

The operators (3.3) satisfy the following commutation relations

. 1. 1 ,

[Bv P/_L] = _27’77;“ [an,u} = _iz(Plt + mA,u)v [Alm Pl/] = E[Wﬂ»ﬂu] = _2“"}#1”

However these operators do not form the basis of the Lie algebra inasmuch as the
commutators [wy.,,wxs] do not belong to the class M;.

One of the most interesting consequences of the symmetry described in theorem 2

is the existence of new conservation laws for the Dirac equation. Corresponding new
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conserved currents have the form

1/ ov oy _
vw = o (7/1’)’471/@ - %%’Yﬂb) + mya S,
1.0 o W O O
Wypr = ZZ (%Sl,uw + ’L/JSVP@ — @/JSI,M% - %Suy’w) =+ (311)

1 -
+ §m¢[5;w,%\]+¢, B, = 21'”77/11/’ Ap,u = kawu)\u-

The tensors 7., wypw, Ay, and the vector B, correspond to the symmetry operators
Ny, Wpp, Ay and B. All quantities (3.11) satisfy the continuity equations

pynuu =0, pywupu =0, pVA;uz =0, pVBV =0

and so generate conservation laws.

4. Additional symmetry of the Weyl
and massless Dirac equations

Here we study the symmetry of the Weyl equation

ot'pup =0, (4.1)

where ¢ is the two-component spinor and ¢* the Pauli matrices. Putting

Y= ( i((ij _‘p;) ) (4.2)

one can rewrite this equation in the Dirac form

Ypuh =0, (4.3)

where v# are the Dirac matrices in the Majorana representation. So we consider the
symmetry properties of equation (4.3) in order to obtain the results which are valued
as for the Weyl equation as for the massless Dirac one.

Theorem 3. The massless Dirac equation has 46 symmetry operators QQ € M. These

operators are

P., Ju, K., D, F, FP,, FJ,,, FK,, FD, I, (4.4a)

AH = ‘:),uuxu + 331/(:}/1,1/ — Yus (IJ/“, = YuPv — TvPpu, FA/,H (44b)
where K,, = 2z, D — p,x, 2" + 25,27, F = iy4, P,, J,, and D are given in (2.14)
and (3.5").

Proof. This can be carried out in full analogy with the proof of theorem 2. The
general solution of the system (3.8) for the case m = 0 has the form

1
d* =xx - p* + Eluo‘ (x% fazz) +x xn®+ v+ proxr + A + wxy,
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a=0,1, dQ:wstrfa:foOJr(p, d®=x x &+ ox+exg+

1
AY = — w.uo‘x0+§po‘ (23 + @®) + v¥z0 + w @ + x| ,
3.
a® = 752 (m : ua + pax() + 6a) 3 CO =0, % = —€a, gO = 53 (45)
1
9" = —Car  [" = (=0 + P w0+ pgmo + w3),

1
f = —5Eave(Heo + pre +we + g

and includes 46 independent parameters denoted by the Greek letters. Substituting
(3.5) and (4.5) into (3.7) and using equation (4.3) one obtains a general expression
for the symmetry operator of the massless Dirac equation in the form of a linear
combination of the operators (4.4). Thus the theorem is proved.

Among the operators (4.4) there are exactly fourteen symmetry operators, which
do not belong to the enveloping algebra generated by the conformal group generators
P,, Ju, K,, D and by the operator F' = ivys. These essentially new symmetry
operators are given in (4.4b).

Operators (4.4) transform the real wave function ¢ (4.2) into real wave function
' = Q1 and so they are also the symmetry operators for the Weyl equation (4.1).
Incidentally the linear transformations of ¢ (4.2) generate linear and antilinear trans-
formations of a two-component Weyl spinor.

The operators (4.4) do not form a basis of the Lie algebra. However, one can
consider different subsets of the operators (4.4) which have the structure of the Lie
algebra or superalgebra. Thus the operators (4.4a) form the basis of 32-dimensional
Lie algebra including the Lie algebra of the conformal group. The operators J,,,,, @,
F and A\, = F'P, satisfy the following commutation and anticommutation relations:

[("A-),uua (‘D)\O']-‘r = —22'[]“”71))\1)0] = 2(gu>\pupa + GvoPuPx — GuoPvPx — gu/\pupa)a
[J,u,zu ‘IJ)\U] = i(g,ua(zju)\ + gu)\a}uo - gu)\@ua - gua‘:)p,)\)v F2 = Ia (46)
["DMV’)‘/J]-i- = [WHWF]-"- =0, [)‘uv)‘u}-‘r = 2pMpV’ [)‘M’F]-i- = ZPW

where the symbol [A, B] denotes the anticommutator [A4, Bl = AB + BA.

It follows from (2.5) and (4.6) that the set of symmetry operators { Py, J,., pupv, I,
F,)\,,&u} form the basis of the Lie superalgebra (which includes ten symmetry
operators p,p, not belonging to the class 91, ).

5. The symmetry and supersymmetry
of Maxwell’s equations

We shall write Maxwell’s equations for the electromagnetic field in vacuum in the
following form [17]:
Ly = (10/0xg + 028 - p)yp =0,
L3 = (pa — S - ppa)y = 0.
Here

0 -1 o sqe O
0'2—Z<1 0 ), Sa—z< 0 Sa>7 (5.2)

(5.1)
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where 1 and 0 are unit and zero 3 x 3 matrices, s, are the generators of irreducible
representation D(1) of the group SO(3) with the matrix elements (S4)pe = i€abc. The
symbol ¥ denotes the six-component function, ¢ = column (FE1, B2, E5, H1, Ho, H3),
where F, and H, are the components of the vectors of electric and magnetic fields
strengths.

It is well known that the Maxwell equations are invariant under the conformal
group C(1,3) and under the group H of Heaviside-Larmor—Rainich transformations.
Moreover it was found [14, 15, 16, 17] that these equations also have the additional
hidden symmetry in the class of integro-differential operators which is determined by
the algebra GL(2,C). It was demonstrated also that GL(2,C) is the most extensive
invariance algebra of the Maxwell equations if one supposes the symmetry operators
do not depend on z.

Here we study the symmetry of the Maxwell equations in quite another aspect. The
requirement that the symmetry operators belong to a finite-dimensional Lie algebra is
very important if one is interested in studying the symmetry groups of the equations
considered. However for many applications (e.g. for constructing conservation laws)
this requirement is not essential. So we do not require that the symmetry operators of
Maxwell’s equations should belong to a finite-dimensional Lie algebra but restrict the
class of operators considered by the second-order differential operators with constant
matrix coefficients. In other words we consider the symmetry operators of a form such
that

Q = dabpapb + cvpy + g, a, b= 1a 2a 37 (53)

where dgp, ¢ and g are 6 x 6 numerical matrices. The operators (5.3) do not depend
on po inasmuch as one can always pot) via 025 - p1p according to equation (5.1). Let
us denote the class of the operators (5.3) by the symbol 9.

We shall see that the Maxwell equations have non-trivial symmetry operators in
the class My which do not belong to the enveloping algebra of the conformal group
generators. On the other hand the analysis of more extensive classes of the Maxwell
equation symmetry operators is very complicated and cannot be carried out within
the framework of the present paper.

The invariance condition for equation (5.1) under the operators (5.3) can be wri-
tten in the following general form [17]

(L1, Q) = ah Ly + BY'LS, [L3.Q] = ag'Ly + 85" L3, (5.4)

where in our case alQ = a?Q“ = 0 since the commutators on the LHS cannot depend
on pg, and
2a,d d , ;
BY" = ghpepe + fipo + 1, Bo" = gppope + f&pe + WY, (5.5)
where gF , f#, h* are numerical matrices, k = a or k = a,d.
Any of the matrices in (5.3) and (5.5) can be represented as a linear combination
of the matrices D} and GY;, where

Dlp/ = UVSCa Zd = Uu(écd — 8.5 — SdSc)-

Here o, are the 6 x 6 Pauli matrices commuting with S, of (5.2). Calculating the
commutators in (5.4) and equating the coefficients by the linearly independent mat-
rices and differential operators one can prove the following statement.
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Theorem 4. The Mazwell equations (5.1) have ten linearly independent symmetry
operators Q € My which do not belong to the enveloping algebra of the Lie algebra of
the group C(1,3) ® H. These operators have the form

Qab = 01Y4ab; C?ab = 034ab; (56)

where
Gab = [(S X P)a, (S x P)u] — P*6av,  P* = pi + p3 + 3.

Proof. The proof can be carried out in full analogy with the proofs of theorems 2
and 3 and so can be omitted. We note only that equations (5.3)—(5.5) are satisfied by
the 46 linearly independent operators given below:

00, igopav 00PaPb, UOS D, ipas D, ia?a

2 . . s (57)
0%Pa, 102DPaPy, 025 P, 102p.S P, Qap,  Quabs

where Qq, and Qg are given in (5.6). All operators of (5.7) with the exception of
Qub and Qg can be expressed via P,, S -p = %aleJabPC and oo, where J,;, and P,
are the Poincaré generators given by the formulae (2.14) with %i[%,%] — Eapede,
o2 is the matrix of (5.2) (which is the generator of the Heaviside-Larmor—Rainich
transformations).

Note 1. From twenty operators (5.6) exactly ten are linearly independent in so far
as

(Qi1 + Qa2 + Q33)Y = (Q11 + Q22 + Q33)¢ = 0,

where 1) is an arbitrary solution of equations (5.1).
Note 2. The operators aé?, ﬂé" and oz%a from (5.4) which correspond to the symmetry

operators (5.6) are zero matrices. For ﬂéca’j and ﬂgf;f one obtains by direct calculation

200 = iy 05 = —01804l(S X P)as (S X P)o]+-

So we have determined the complete set of the Maxwell equation symmetry ope-
rators in the class 9,. Using the notation given in (5.2) and below formula (5.2), it
is not difficult to represent the transformations ¥ — Q1 and 1) — Qa1 generated
by operators (5.6), in the terms of the electromagnetic field strengths

E.— gSiHy, H.— g5Eq, (5.8)
Ec - g;gEdv Hc - _qtcngdv (59)
where

95t = pupbOed — PaPeObd — PoPebad + P> (acObd + Obedad — dabded)-

The invariance of Maxwell’s equations under transformations (5.8) and (5.9) can be
easily verified by direct calculation.
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The operators (5.6) do not form a basis of a Lie algebra. However, one can consider
subsets of the operators (5.6) which can be extended to the Lie superalgebras. One
of these subsets includes the following operators:

1 1 -
Ql = §5abcCach7 Q2 = §5abccach7

1 (5.10)

QS =8 D, Q4 = §Cacbpapb; QS :p27
where ¢, are arbitrary numbers satisfying the condition ¢,¢, = 1. The operators (5.10)
satisfy the relations

Q% Q%1 = 26, (QY)?, (@) = (@)% =Q° = (Q* - Q*)°,
@)%y =Q%, [Q%,Q"=[Q%,Q"=[Q,Q° =0

and so form the basis of the Lie superalgebra together with the operator Q°. This
superalgebra can be extended by adding the operators Q%+ = 02§ - pQ®, Q°t* =
i028 - p(Q*)? and Q2T = p?(Q*)?, a = 1, 2, 3, which satisfy the relations

[Q0F, QFFP] L = 26,Q12T0,  [Q%T, Q4 = 26,,Q%T?,
[t QP = [Q'**,QP] =0, B=1,2,...,15.

In conclusion let us give the explicit form of the motion constants of the electro-
magnetic field which correspond to the symmetry operators (5.6). Due to the Maxwell
equations the following bilinear combinations do not depend on x( and so are conser-
ved in time

I = /dgx DT Qupt) = /dsa: [(rot H)y(rot H)p — (rot E),(rot E)p +

+ Easzb - Haszb} ) (5 11)

Ty = / BT Qutp = / & [Eup?Hy + Hop*Ey —
— (rot E)4(rot H)p — (rot H)y(rot E)p] .

In contrast with the classical motion constants (energy, momentum, etc) the integral
combinations (5.11) depend not only on E and H but also on the derivatives of these
vectors.

So starting from the symmetry operators (5.6) found above we obtain ten new
constants of motion for the electromagnetic field in vacuum given by relations (5.11).
These motion constants, in contrast to the Lipkin ones [25, 4, 23, 26], have nothing
to do with the Lorentz or conformal invariance of the Maxwell equations inasmuch as
the corresponding symmetry operators (5.6) do not belong to the enveloping algebra
of the algebra C(1,3) ® H.

Acknowledgment. We would like to thank the referee for his useful comments.

Note added in proof. In the formulation of theorem 3 we have omitted six symmetry
operators of the massless Dirac equation, which have the form @Q,, = —Q., =
[K,,A,]. So this equation has 52 linearly independent symmetry operators Q@ € Mt
All the symmetry operators @@ € 91y for the Dirac equation with m # 0 belong to the
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enveloping algebra of algebra P(1, 3) inasmuch as operator B (3.3) can be represented
as Dy = %S#VPGJ”VJPU’(/J on the set of the Dirac equation solutions.
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On a reduction and solutions of non-linear
wave equations with broken symmetry

W.I. FUSHCHYCH, I.M. TSYFRA

A generalised definition for invariance of partial differential equations is proposed.
Exact solutions of the equations with broken symmetry are obtained.

Let us consider the non-linear wave equation

Du—f—Fl(u):O, U:U(xoamlax%x?))v

O0=03—-0}—05—-0%, 0,=0/0x,, nw=0,1,2,3,
where Fi(u) is an arbitrary smooth function. The ansatz

u= f(z)pw) +g(x) (2)

suggested by Fushchych [5] was used to construct the family of exact solutions of
equations (1). f(z), g(x) are given functions, ¢(w) is the function to be determined
and w = (w1, ws,ws) are new invariant variable. Wide classes of exact solutions of
equation (1) have been constructed by Fushchych and Serov |7, 8], Fushchych et al
[10] and Fushchych and Shtelen [9]. It is important to note that Poincaré invariance
of equation (1) was used.

The possibility of using an ansatz of type (2) to find exact solutions of the non-
linear wave equations with broken symmetry naturally arises in connection with the
fact that many equations of theoretical physics are not invariant with respect to the
Poincaré, Galilei and Euclidean groups. A more specific formulation of this problem
is as follows: are we able to construct the solutions of wave equations not invariant
with respect to the Lorentz group, for example, but nevertheless with the help of the
Lorentz-invariant ansatz?

The present letter suggests an affirmative answer to this question, i.e. we construct
the many-dimensional non-linear wave equations with broken symmetry. The multi-
parametrical exact solutions of these equations are found with the help of ansatz (2),
previously used to find exact solutions of Poincaré- and Galilei-invariant equations
only. It is obvious that ansatz (2) cannot be applied to the equations with arbitrary
breakdown of symmetry, which is why the equation with the breakdown of symmetry
should have some hidden symmetry. The set of equations with such symmetry was
considered by Fushchych and Nikitin [6]. We do not deal with the symmetry of all the
solutions of the equations but only with a definite subset of solutions, which may be
much wider that the symmetry of the equation itself. This idea will be used below.

Let us consider the wave equation with broken symmetry

LuzDu—FF(:c,?iL,u):O, (3)

Reprinted with permission from J. Phys. A: Math. Gen., 1987, 20, L45-1.48
© 1987 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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where F(a:,vib, w) is an arbitrary smooth function, depending on x = (xg, z1, =2, z3),
u= (Ou/0xo, Ou/dx1, 0u/Oxs, du/Ox3). Following Fushchych [4] we generalise the Lie
definition of invariance of equation (3).

Definition. We shall say that equation (3) is invariant with respect to some set of
operators Q@ = {Qa}, A=1,2,...,N, a number of linearly independent operators, if
the following condition is fulfilled:

QALU‘Lu =0, =0, (4)
{Qau} =0
where {Qau} = 0 is a set of equations
QA’U,:O, .DQAA’U,:O7 DQQAUZO, ey D”QAu:O, (5)

where D is an operator of total differentiation. Condition (4) is a necessary condition
for reduction of differential equations.

Definition (4) is a generalisation of the Lie definition (see, e.g., Ovsyannikov [12])

Qalu =0, (6)

u=0

where Q4 are a number of first-order differential operators forming a Lie algebra.
To demonstrate the efficacy of definition (4) and to find exact solutions of equa-
tion (3) we choose the function F' in a form

A 2 2 A\ 2 2 Ao\ 2 2 A 2 2
P (D) (2w (M) (2 (A2 () (A (2
i) axo T 6301 X9 6372 X3 8$3
where ), are arbitrary parameters and x,, 7# 0.

Theorem. The mazimal local (in the Lie sense) invariance group of equations (3)
and (7) is the two-parametrical group of the transformations

2

r,=¢"z,, v =€ and u =u+ec, c¢=const, (8)

where a is real parameter.

The proof of the theorem is reduced to application of the well known Lie algorithm
and we do not present it here. One can make sure that non-linearity breaks the
rotational and translational symmetry.

Now we show that the Lorentz-non-invariant equations (3) and (7) are reduced to
an ordinary differential equation with the help of the Lorentz-invariant ansatz

u=pWw), w=z,7" =1} 15— 13 (9)
Substituting (9) into (3) and (7) we obtain the ordinary differential equation

d? d do\?
wwﬁwfv(f) L AZ=22-02-2- )2 (10)

Solving equation (10), we obtain

p(w) = =2 (=22) " arctg [w (-42) ], a2 >0, (11)
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22
o(w) = (>\2)_1/2 In (%) ., =M <o. (12)

Thus the Lorentz-non-invariant (in the Lie sense) equations (3) and (7) are reduced
to an ordinary differential equation.

Formulae (11) and (12) give a Lorentz-invariant family of solutions of equations (3)
and (7). It means that the following set of conditions is fulfilled:

Ju(z) =0, p,v=0,1,2,3, (13)

Joo = To=— +Ta=—, Jap=Ta=— —xp a,b=1,2,3 (14)

O0x, Oxo’ 014

for the set of solutions (11) and (12).

The operators (14) generate Lorentz transformations. Equations (13) are the con-
crete realisation of the first equation of (5). In this case the index A varies from 1
to 6.

Thus, equations (13) pick out a Lorentz-invariant subset of the set of all solutions
of equations (3) and (7). In other words, equations (3) and (7) are Lorentz-invariant
in the sense of definition (4).

Now let us consider the equation

0%u 9 1,
It is simple to verify that equation (15) is not invariant with respect to Galilean
transformations, generated by operators

G, =t 0

p +ma,, a=1,2,3. (16)

In this case equations {Qsu} = 0 are

ou
Gou = t@xa —mx,u =0, (17)
0
E(Gau) =0. (18)

Thus equation (15) is invariant under transformations generated by operators (16) in
the sense of definition (4). It means that the subset of solutions of equations (15) picked
out by means of conditions (17) and (18) is invariant under Galilean transformations
while equation (15) is not invariant under these transformations.

The Galilean-invariant ansatz has the form

u=p(t)+m(zi+a3+23)/2t, w=t, f=1 (19)
Substituting (19) into (15), we obtain

PO 0 o wmm(adtadad) 2+ AL+ C 20

9 u=m (z] + x5 +x3) /2t + At + C, (20)

where A and C are arbitrary constants.
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A generalised definition of the invariance (4) can be applied to the system of partial
differential equations.
Let us consider, for example, a non-linear Dirac system of equations:

V0" + g [20(2,0M) ) — (22 /cax®) (e, 0" )] M~ () () /3y = 0,
M(x) = 2(caz®) 1S, ct BV + P, (21)

1.
S,U«V = ZZ(WH’YV _PYV’YIL% /'La v, & :07172737

where g, 8, c, are arbitrary parameters.
Equation (21) is not invariant under conformal transformations. Nevertheless, it
is reduced to the system of ordinary differential equations

, do _
i S+ a(pe) P =0 (22)
w
with the help of the conformally invariant ansatz (4)

d(x) = [t /(@) p(w), w=Buatfa®, 2#0, a? =zt #0, (23
where p(w) is the four-component spinor depending on a variable w. The general
solution of equation (22) is the vector function

b
¢ = exp —l’ﬁ—Qg(XX)l/gw X (24)

where y is a constant spinor.
Equation (21) is invariant under the transformations generated by the operator
c, K" on a set of solutions of the equations

cuKMp =0, K, =2(cx)(x0) — 2%(cd) + 2(cz) — () (). (25)

In conclusion we note that an idea like the one set forward here was used by
Bluman and Cole [2]|, Ames [1], Fokas [3] and Olver and Rosenau [11], as was kindly
indicated by the referee. We are grateful to the referee for his valuable remarks.
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On approximate symmetry and approximate
solutions of the non-linear wave equation
with a small parameter

W.I. FUSHCHYCH, W.M. SHTELEN

The concept of approximate symmetry is introduced. We describe all nonlinearities
F(u) with which the non-linear wave equation Ou + Au® + eF(u) = 0 with a small
parameter ¢ is approximately scale and conformally invariant. Some approximate
solutions of wave equations in question are obtained using the approximate symmetry.

Let us consider the non-linear wave equation
Ou + \u® +eF(u) = 0, (1)

where O = 9,0" is the d’Alembertian, u = 0,3; X is an arbitrary constant; ¢ < 1 is
a small parameter; u = u(x), ¢ € R(1,3); F(u) is an arbitrary smooth function. By
means of Lie’s method (see [5, 4]) one can make sure that when F(u) # 0 and F(u) #
u?, equation (1) is invariant under the Poincaré group P(1,3) only, because the term
eF(u) breaks down the scale and conformal symmetry of the equation Ou + \u3 =

Below we describe all functions F'(u) with which equation (1) is approximately
invariant under the scale and conformal transformations.

Let us represent an arbitrary solution, analytic in &, of equation (1) in the form

u=w+ e, (2)

where w and v are some smooth functions of z. After substitution of (2) into (1)
and equating to zero the coefficients of zero and first power of £ we get the following

system of partial differential equations (PDE):
Ou + Aw® =0,

2 _ 3)

Ov + 3 \w?v + F(w) = 0.

Definition. We shall call the approzimate symmetry of equation (1) the (exact) sym-
metry of the system (3).

Theorem 1. Equation (1) is approzimately scale invariant (in the sense of the above
definition) if and only if

2Xb A
k——HU3 + %ug +au®* % k#£0,-1,
22bu? + 3w’ lnu + au?, k=0, (4)
22bud lnu — 3hcu? + aud, k= -1

F(u) =

(k, a, b, ¢ are arbitrary constants), with the generator of scale transformations having
the form
D =20 — wdy, + (kv + bw + ¢)0,. (5)

Reprinted with permission from J. Phys. A: Math. Gen., 1989, 22, L.887-1890
© 1989 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Proof. Using Lie’s algorithm [5, 4] we find from the condition of invariance that the
generator of scale transformations should have the form

D = 20 — wdy + 7% (v, w)0,
provided (following from the invariance of the second equation of system (3)) that
Ny =M =12y =0 = 72=kv+bw+te,

r 6
22bw? + 3hew? + (2 — k) F — wj—w =0. (©)

The general solution of equations (6) is given in (4). Thus the theorem is proved.
In particular, as follows from Theorem 1, the equation
Ou+ M 4+ eu=0 (7)

is approximately scale invariant and the corresponding generator has the form D =
20 — w0y, + vd,. This statement holds true even if A = 0.

Theorem 2. Equation (1) is approzimately conformally invariant if and only if
F(u) = =3)\pu?* + au® (8)
with the generator of conformal transformations having the form
K = 2cx[x0 — wdy — (v — 3)0,] — 20, (9)

where 3, a, ¢, are arbitrary constants.

The proof of Theorem 2 is performed in the same spirit as that of Theorem 1.
Suppose that in (2)

v = f(w), (10)

where f is an arbitrary differentiable function. In this case the system (3) takes the
form

Ow + Aw® = 0, (11)

w,wh f + Owf + 3w f + F(w) =0, w, = dw/dz". (12)
From the condition of splitting of equation (12) one has to put

wuw = A(w), (13)

where A is some function of w. Equation (13) is compatible with (11) if A(w) = Aw?,
ie.

wywt = At (14)
(For more details see [1, 2|.) Taking account of (11) and (14) we rewrite (12) as
Mw?f —wf+3f) + w 2F(w) = 0. (15)

So, if we find function f(w) as a solution of equation (15), we thereby obtain by means
of expressions (2) and (10) approximate solutions of equation (1). It will be noted that



On approximate symmetry and approximate solutions 151

a subset of such solutions of equation (1) is approximately conformally invariant since
the corresponding approximate system (11) and (14) is conformally invariant [1, 2].
Solutions of equation (15) for functions F'(w) given in (4) have the form

a K b c
L L S A . |
e +aY R R FPEOL
= 1
f(w) —clnw — bw — 5(20—1— a/N), k=0, (16)
—w(a/2X + blnw) + ¢, k=-1

The solution of the system (11) and (14) is the function
w =4[\, +a,)(@” +a”)] V2, (17)

where a, are arbitrary constants.
When A = 0, the non-trivial condition of splitting of equation (12) compatible
with the equation Ow = 0 is

wyw! = 1. (18)

So, in this case we find approximate solutions of equation (1) by means of expressions
(2) and (10), where function f(w) is determined from the equation

f+Fw)=0 (19)
and w, in turn, is determined from the system
Dw=0, wyw'=1 (20)

The system (20) is invariant under the extended Poincaré group P(1,4) and has
solution [1]

w=oazr+a, o, =1, (21)

where a, «, are arbitrary constants.
In particular, equation

Ou+eu=0 (22)

is approximately invariant under the group P(1,4) on the subset of solutions

L 3
u=w=e|gw +aw+ay |, (23)

where w is given in (21) and aq, as are arbitrary constants.

In conclusion, let us note some generalisations of the concept of approximate
symmetry studied in this paper. First of all, obviously, one can consider higher orders
of approximation of u in ¢, i.e. u = w + ev® + 20 + ... and can study the
symmetry of the corresponding approximate system of PDE for functions w, v,
v@ | and so on. Secondly, one can expand in e-series not only dependent variables,
but also independent ones, e.g. o =t = x +e2() +22(2) 4 ... and can construct in
this way the corresponding approximate system and then study its symmetry. Another
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approach to the study of approximate symmetry it to use some special approximati-
ons, say the two-point Padé approximants

-1

UZZ€kfk Zsjgj , m,n < oo, (24)
k=0 3=0

where functions f, g; are determined from the condition: when ¢ — 0 expression (24)
coincides with the expansion

u:U(O)-"-EU(l)—‘rEZ’U(Q)-‘r"', ekl
and when € — oo (24) coincides with the expansion
u=w® 4 e w® e 2@ 4.0 1.

We also note that the symmetry of a system of PDE which approximates the
non-linear wave equation was studied by Shulga [6]. Using symmetry properties, Mi-
tropolsky and Shulga [3] obtained some asymptotic solutions of the non-linear wave
equation.

Note added. Readers who are less well acquitted with work in this might refer
to the related work of Winternitz et al [7] which is also concerned with this type of
non-linear wave equation from a symmetry point of view.
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YcioBHass MHBAPUAHTHOCTb M PeIyKITIS
HEJIMHEHOTO YpPaBHEHUS TEILJIONPOBOJHOCTHI

B Y. oylud, HHU. CEPOB

The conditional symmetry of the nonlinear heat conduction equation has been stu-
died. Some exact solutions of the equations are obtained.

PaccMoTpuM HeMHeHHOe ypaBHEHUe TeIlIONPOBOIHOCTH
uo + up; = F(u), (1)

rie u = u(r) € Ry, x = (z0,71) € Ro, ug = Ou/dz0, u11 = 0*u/0x3, F(u) — rnagxas
dyHKIWSs, HONMHEHHO 3aBUCSIIAs OT U.

B pa6orax [1, 2] npu nomornu merona C. Jlu [3] uccienoBana nHBAPHAHTHOCTD He-
JIMHEHHOrO ypaBHEHNs TeNIONPOBOHOCTU. 13 pe3yibTaToB 9TuX paboT CJIeAyeT, 9To
ypasterue (1) MoxkeT OBITh HHBAPMAHTHO TOJIBKO OTHOCUTEJIBHO CJIEIYIOIIAX Ollepa-
TOPOB:

0o, 01, G=€"(O1+mziud,), D=2x000+x101+M(u)0y, X=e"ud,, (2)

rie m = const, M (u) — Hekoropas 3ajianHas QOyHKIHSL.

B nacrostimeit pabore nccsieioBaHa yCJIOBHAsI HHBAPUAHTHOCTH (6osiee mogpoGHO
cM. [4]) ypaBuenusi (1). OnepaTopbl yCIOBHOH MHBADUAHTHOCTH HMCIIOJIB30BAHBI JJIsI
PEJYKIMU UCXOJHOIO yPaBHEHUs K OOBIKHOBEHHBIM JuddepeHnagibHbIM YPaBHEHN-
sIM, & TAK¥XKe JJisl HAXOXKJIEHHUs €r0 TOYHbIX DelleHMii.

IIycTs

Q = A(z,u)0y + B(z,u)01 + C(x,u)d,, 3)

e A, B, C — rajikue GyHKIMA CBOMX apryMeHTOB, JuddepeHaIbHbli OIepaTop
[epBOro HOPsijiKa, AeHCTBYIONMI Ha MHOroobpasun (z,u).
Teopema 1. Vpasnenue (1) Q-ycaosro unsapuarmmo (cm. [4]) omuocumenvro one-
pamopa (3), ecau dynrwyuu A, B, C ydosaemsopsiom caedyrowet cucmeme duge-
PEHUUANOHOIT YPASHEHUT].

Cayuati 1. A # 0 (ne ymasas obwHocmu, Moxrcro nosodrcums A =1) :

Buu=0, Cuu=2(Biy+BB,), 3B,F=2(Ci,+B,C)—(By+B11+2BB),

_ (4)
CFu - (Cu - QBl)F = CO + 011 + 2031

3decvy u gesde nuoice undexc 6HU3Y 603ae PYHKUUU 03Hauaem Juddeperyuposare
N0 COOMBEMCMBYIOULEMY GP2YMEHY.
Caywata 1I. A=0, B=1:

CF, — C,F = Cy + C11 + 2CC1y + C*Cyy. (5)

Ilepeapykosano 3 Jdokiu. AH YCCP. Cep. A, 1990, Ne 7, C. 24-27 3a 103BOJIOM
© 1990 ITpesunia Hanionanbuol akaxeMil Hayk YKpaiHu
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Teopema 2. Vpasnenue (1) Q-ycao6Ho unsapuarmmo ommocumesvho onepamopa (3)
6 npednoaooiceruu, wmo A =1, B, # 0 moada u moavko moezda, K020a 0HO AOKANDHO
IKEUBANEHMHO YDAGHEHUIO

up + urr = Aud + Au+ Ao, A A1, Ao = const. (6)

IIpu amom onepamop (3) umeem 6ud
3 3
Q=0+ 5\/2)\1@1 + i(mﬁ + A1t + A2)0y. (7)

JlokazareabeTBo TeOpeMbl 1 AHAJIOTUYHO JI0KA3aTENbCTBY TeopeMbl 5.7.2 u3 [4],
a TeopeMa 2 SBJIITCS Pe3yJIbTaToM pelnenus cucrembl (4) upu B, # 0.

Wcnonws3yem orepaTop (7) JIJId HAXOXKJICHUS aH3alleB, PeylUpYIONINX ypaBHe-
Hre (6) K O6BIKHOBEHHBIM JiubdePeHINATBHBIM yPABHEHUSIM.

Paccmorpum Tunmanble, CyIMIECTBEHHO PA3J/IMYHBIE OTHOCUTEIHLHO KOPHEH IIpaBoit
4acTH, npejcraBuTesu ypasuenus (6):

1) wo+un = Aud —u); 2) ug+up; = Mud — 3u+2);
3) g+ up = Au; 4)  wug +upp = Mud +u).

(®)

Amnzangl, 10JIyYeHHBIE ¢ IOMOINBIO oreparopa (7), [isd KaxK1oro u3 ypasaenuii (8)
COOTBETCTBEHHO MMEIOT BH/I:

1) 2arcthu + V2 \z; = p(w), w=—In(1—u"2)+ 3\zg;

4 u+2 2
2) —-1 -1 = Vo =
) a2 2 ) Ve = (),
2. u+2 2 _
w:§lnu_1—§(u—1) L 3\z; 9)

2 1
3) —+ V21 =p(w), w=-—— —3\xg;
u u

4) 2arctgu — V2\z; = p(w), w=—In(1+u"?)— 3.

Anzanpt (9) peaylupyoT COOTBETCTBYONME ypaBHeHus (8) K CJIeLyOmuM OObIKHO-
BEHHBIM UMD EPEHINATBHBIM Y PABHEHUAM:

20=¢"—¢; 2)26=¢"-3p+2 3)20=0¢% 4)20=¢"+¢. (10)

O6paTuM BHUMaHWE HA HEJMHEHHOCTH B IpaBbIX YacTax ypasaenuit (10) u cpas-
HUM X C HEJUHEHHOCTAMEU UCXOAHBLIX ypasHenuii (8). Bumum, uro amzanpr (9) 1o-
3BOJIMJIM HE TOJIbKO PEIyIUPOBATh ypaBHeHUs (8), HO U CYNIECTBEHHO M3MEHWJIN UX
HeJIMHEeHbIe IPaBble YacTH, KOIJa BMecTo (DYHKIUU U MOSBUIACH DYHKIMS . DTO
NO3BOJIAET POUHTErpupoBarh ypasHeHns (10) u mpeacTaBuTh ux OOIIME DEIeHnst ¢
HOMOIILIO 3JIEMEHTAPHBIX (DYHKITHIL:

1) p(w)=—2arcthy/cie*+1+co; 2) ln[01—2(904—2@)}:ln@—%(gp—w); (11)

3) p(w) = 24/c1 — w + ¢33 4) p(w) = 2arctg c1e® — 1+ ca,

TJie ¢1, Co — TOCTOSTHHBbIE NWHTETPUPOBAHUSI.
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Ucnonnsys dopmyint (9) u (11), naxomum pemenus ypaBaenuii (8) coorBeTcTBEH-
HO:

2 1
1) arcthu + arcth \/uzu 1cle3>\wo +1= 5(02 —V2A\z1);

2¢o exp (—%)\xo + %\/2)\331) + 9\zo + %\/2)\1‘1 +c;—3

2)u= ;

Co exXp (—%)\xo + %\/ 2)\301) —9Axg — %\/2)\:101 - (12)

\/ 2/)\(131 —+ Cl)
3) u = 1 27

3(1}0 + (32) — §(l‘1 + Cl)
u? 1
4) arctgu — arctg 5 1016—3’\10 —1= 5((:2 +V2Az).
u2 —
OrmeTnM Takxke, 9TO U B mpenosoxkennn B, = 0 st ypasHenust (1) MOXKHO

HaliTy onepaTopsl Buja (3), He BXoJgiye B aareopy (2). DTu pe3ybTaThl IMPEICTaABUM
B BHUIE TaOJIAIIBI.

Tabauna
F — pemenne F — pemenne
B
e ?(yn)xunn ypaBHeHUsI yDaBHEHUsI F(u) = M
v F'F=2 FI'F =2(F 1)
Omneparop @ 2/Z001 + F(u)dy 2101 + F(u)0y r%@o + 32101 + 3udy
Amnzarn F'(u) = p(z0) + f—% F'(u) = 22¢p(z0) + 1 u=z1p(W),
2
w=1z0 — 9%1
Penynuposan- o+ i(p =2 @ —204+2p%2=0 @ =93
HOe ypaBHEHHE . ) J
Pemmenne pery- p ==+ 320 p=—— Iy L — =
1 0 0 ./ 4
[UPOBAHHOTO Vo tee et
ypaBHEeHUs
= %\/2/\(w + ¢2)
Permenne F'(u) = Ziter 4 4a, F'(u) = L | w/z1 __dr _ _
3 1 —2z0 0 / 1
ypasuenus (1) Ve Fere atT
2
= %\/ 2)\(:130 - % +C2)

3ameuanmne. [lojrydeHHbBIE PE3Y/IBTATHI JIEMKO [TEPEHOCSITCS HA CJIyUaii IIPOU3BOJILHO-
IO KOJIMYeCTBa IIePEeMEHHBIX & = (Zg, &) € Ry1, B ypasaeruu (1).
B zakmmiouenne nmpuBeseM HEKOTOPBIE PE3YIBTATHI, IOy YeHHbIE HAMU JIJIsT yPaBHe-

HUA

Ug + U1 = F(u,ul).

Teopema 3. Vpasterue

ug + vwug + u1p = AMu)uy,

3

(13)

(14)

2de A(u) — npoussoavhas Juddepernyupyemas Gyrryus, Q-ycio6Ho UHEAPUAHNIHO
OMHOCUMEABHO ONEPATNOPA,

Q = 0y + udh.

(15)
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Teopema 4. Vpasrerue
ug + urr = wug (1 — wuq)(2 — uug) (16)
Q-YCA06HO UHBAPUGHIMHO OMHOCUMEALHO ONEPAMOPG
Q = 0o +udi + 0. (17)
ITpu A(u) = 0 ypasuenne (14) sisisiercsi ypasaennem Broprepca. Anzarg
xou — x1 = @(u), (18)

HOJIy9aeMblii ¢ momompio oneparopa (15), peaynupyer ypasaenue (14) K ypaBHeHHIO

é = A(u). (19)
Amnszan

1,

S 1 =pWw), w=u—1o (20)

HOJIyYeHHBIH ¢ moMoIbio oneparopa (17), peaynupyer ypasaenue (16) K ypaBHEHHIO
$=¢>+1. (21)

O6imee pemenue ypasuenus (21) umeer Bug
. V3 3
In sm%(g@—l—w—i—cz) :—§(<p—w—cl). (22)
"3 dbopmya (20) u (22) maxomum perrenne ypasHerust (16)

In sin? [(u+1)*=2(zo+z1)+e2] p = —% [(u=1)*+2(zg—z1)+c1] . (23)

1. Oscannuros JI.B. ['pynnossle CBOHCTBa ypaBHEHUs HEJIMHENHOM Tertonposonsoctn // oK.
AH CCCP. — 1959. — 125, Ne 3. — C. 492-495.

2. Jlopoornuywvin B.A., Knasesa U.B., Ceupwesckuti C.P. I'pynnosble cBoCTBa ypaBHEHUS Te-
IJIOIPOBOJHOCTH C UCTOYHUKOM B JIBYMEPHOM M TpexMepHoM ciaydasax // Tuddepenn. ypas-
Henus. — 1983. — 19, Ne 7. — C. 1215-1224.

3. Oscannuros JI. B. I'pynnosoii ananus nuddepennuanbubix ypasaennit. — M.: Hayka, 1978. —
400 c.

4. Pywun B.U., HImenenv B.M., Cepos H.M. CuMMeTpUiHbBIN aHAIN3 U TOYHBIC PEIICHUS He-
JIMHEHHBIX ypaBHeHUi MareMarudeckoil dpusuku. — Kues: Hayk. ngymka, 1989. — 336 c.



YcoBHasg cUMMeETPHUsl YypaBHEHMI
HeJIMHeiTHo MaTeMaTu4deckoii (pu3nKmn

B.U. oyIIn4q

IIpencrapien 0630p pe3yaIbTaTOB IO UCCIEIOBAHUIO YCJIOBHOW CUMMETPHUHN HEJTUHEH-
HBIX YPABHEHUU MATEMATHIECKON W TEOPETHUYIECKON (PU3MKHU: BOJTHOBOTO yPABHEHUS,
ypasuennit [IIpenunrepa, Byccunecka, Koprepera—ne ®@pusa, Makcseia, upaka.
TlocTpoenbl cemelicTBa TOYHBIX PEIIEHU, KOTOPbIE HE MOTYT OBITH MMOJIyYEHBI B KJIAC-
crudeckoM mojxoze JIu.

1. BBenenmne. B nacrosimeit crarbe Oy/IyT IpeCTaB/IeHbBl HEKOTOPDBIE PE3YIHTATHI
10 MCCJIEJIOBAHUIO YCJIOBHONW CHUMMETPUN HEJIMHEIHBIX yPABHEHUN MAaTEMATHIECKON U
TeopeTuyuecKoli (puzuku, noaydenubie B Mucruryre maremaruku AH Ykpausb.

TepMun u KoHmenus “yCJIOBHAS CHMMETPHS ypPAaBHEHUs WM “yCIOBHASI MHBAPU-
antHocTs” BBesensl B [1-10]. Tlox yciaoBHOl cuMmMeTpuredi ypaBHEHNs] HOHUMAEM CHM-
MEeTPHUIO0 HEKOTOPOT'O MMOJIMHOXKeCTBa, pertennit. OueBuiHO, Takoe 00IIee OIpe/ieIeHrne
YCJIOBHO# cUMMeTpHuu Tpebyer JeTaJu3allii, B IPOTUBHOM CJIy4dae OHO Hed(hdheKTuB-
HO. KOHKpeTusaiusi 3TOro MmoHSITHsI O3HAYAET CJIEYIOIIee: AHAJUTUIECKH OIUCATH
YCJIOBUsI HA PEIeHUs] yPABHEHUs, IPU KOTOPBIX HEKOTOPOE MOJMHOXKECTBO PEIeHUA
umeer 6osiee mUpoKue (WU JApyrue) CUMMETPUITHbIE CBOMCTBA, YeM BCE MHOXKECTBO
perenwnit. Eciin Takoe ommcanue ocyIecTBIEHO, TO MOYKEM IIOJIYIUTh TAKUE PEIIeHMs
yPaBHEHUsI, KOTOPbIEe HEBO3MOYKHO IIOJIYYUTh B KJIACCHYECKOM II0/1X0/€e JIu, B KoTopoM,
KaK M3BECTHO, PEIYKIUsl MHOTOMEPHOI'O UMD PEPEHITUABHOIO YPABHEHUsI B YaCTHBIX
upousBoaubix (JIYYUII) K ypaBHEHHIM C MEHBIIUM YHUCJIOM EPEMEHHBIX TPOBOJIUTCS
C UCIIOJIb30BAHNEM CHMMETPHUN BCETO MHOXKECTBA PEITICHIUH.

Oitep, Jlu, Beitrmen (1914), B. Cmupuos u JI. Coboses (1932) u muorue apyrue
KJIACCUKHU HCIIOJIH30BAJIN B HESIBHOM BUJIE CHMMETPHUIO TIOIMHOYKECTB DeIleHI JTuHe-
HbIX ypaBHenuii Jlayiambepa, Jlamaca Jyist IOCTPOEHMsST TOYHBIX PEIIEHMUIA.

CpasruresnbHo HegaBHo Biymen, Koy [11] npeaioxnim “HekiiaccuuecKuil MeTot
PpelleHnit, ”HBAPUAHTHBIX OTHOCUTEIHLHO TPYIIIBL JJIst JUHEHHOTO TEIJIOBOIO ypaBHE-
HUS.

Oussep u Pozenay [12] nocTponsy pemennst OHOMEPHOTO HETMHEHHOTO yYPABHEHUST
aKyCTUKU

0%u 0%u

Uoo = Uliny, U0 = g U1l = oo (1)

KOTODBIE HE MOTYT OBITh MOJTyIeHbI ¢ ToMomTbio Metona JIn. Kiapkcon u Kpyckain [13]
MIpeII0K TN “HOBLI METOJT MHBAPUAHTHOW PEAyKINHU ypaBHeHus Byccumecka’

1
Uogo + i(uz)m + Uggze = 0. (2)

BriBoa 1. Eciu Bocrionb3oBaThest Kourentueil “yemoBuas cummerpus JIVUIL?, To
BCE IEPEYUCICHHBIE PE3YIbTATHI MOYYIAIOTCS C IIOMOIBIO €IMHOTO CHMMETPHUIHOTO
TIO/TXO/TA.

IlepenpykoBamo 3 Ykp. mat. )kKypH., 1991, 43, Ne 11, C. 1456-1470 3a mo3BosiOM
© 1991 Iacruryr maremaruku HAH Vkpainu
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BeiBog 2. BosbmuHCTBO JIMHEHHBIX U HEJIMHEWHBIX YPABHEHUI MaTeMaTHIECKON u
Teoperuveckoit ¢pusukm: lamambepa, Makcsesmna, [Ilpeaunrepa, Iupaka, Byccume-
CKa, HeJIMHEHHOM TeIIOIPOBOIHOCTA U aKYCTUKU 00JIAAI0T YCIOBHON CUMMETpUEH.

3ameuanue 1. Bee pemnenus ypasuenus Byccunecka (2), nocrpoennnie Kiapkconom
u Kpyckaaom, moydensl Ha OCHOBE KOHIIEIIMH YCJIOBHON CHMMETPUN HE3ABUCHMO B
paborax Jlesu u Bunrepruria [14] n B. @ymuaa u H. Ceposa [10].

Pacemorpum mekoropyto cucremy JIVUII
L(z,u,u,u,...,u) =0, (3)
1 2 s

u=u(z), x € R(n+1), u € R; u — COBOKYITHOCTH BCEBO3MOKHBIX IIPOM3BOHBIX 71-T'O
HOPSJIKA. "

Coruacuo JIu ypasaenue (3) HHBADHAHTHO OTHOCHTEJIBHO OIIEPATOPA LEPBOLO II0-
paIKa

0 0
X:f“(x,u)a—i—n(m,u)%, (4)

ecau X — $-pa3 IPOJOJKEHHBIH OIIePATOP Y/IOBJIETBOPSIET YCIOBUIO

XL=AL, wm XL| =0, (5)

e A = Az, u, U, .) — Hekoropoe muddepeHnuaIbHOe BRIPAsKEHNE.

O6o3HaunM gepes cumBosl Q = {Q1,...,Qk} COBOKYIHOCTH OIEPATOPOB, HE MPU-
Haiexkamux ajireOpe uasapuanTHoctu (Al) ypasrenus (3), re. Q; & Al | = 1,2,
k.
Onpepenenue 1 [2, 5]. Vpasnenue (3) Hazosem ycaoeHo uH8apuaHmMHbLM OTMHOCU-
meavho onepamopa (, ecAl CYULLCMBYem HEMPUBUAALHOE JONOAHUMEADHOE YCAOBUE
HA PEWEHUE YPAGHEHUA
Ll(m,u,tlt,...,'gt)zo, (6)

npu Komopom ypasuenue (3) emecme ¢ ypashenuem (6) UHBAPUAHIMHO OMHOCUMEABHO
onepamopos Q. Ipu amom npednosazaemes, wmo ypasnenus (3) u (6) cosmecmmo.

Hononuuresnbuoe yciosue (6) BbluessieT U3 BCEI0 MHOXKECTBA DEIeHUil ypaBHe-
Hust (3) HEKOTOpOE TOAMHOXKeCTBO. OKA3BIBAETCS, UTO NJIsl MHOTHX BAYKHBIX HEJIH-
HelHbIX ypaBHEeHUIT MaTeMaTHIecKoil (DU3UKH 3TH HOJAMHOMKECTBA UMEIOT CUMMETPHUIO
6oJiee MIMPOKYIO, Y€M BCe MHOKECTBO pellneHnii. VIMeHHO Takue IOJIMHOXKeCTBa, HeoO-
XOJIMMO HAy9IHUThCS BBIIEIATD.

Iycrs aeiicrBue oneparopa () Ha ypasHenue (3) 3amaercs GopmyJioii

QL =MX\L+ ML, (7)
njin

QLLuz() :07
S 'Liu=0
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rjie Ao, A1 # 0 — Hekoropbie JuddepeHnuaibHbie BhIPasKeHus, 3aBUCHIIIE OT X, U, u,

.., U, ) — s-pa3 IpPOIOJIKEHHBIA onepaTop m3 (). B mambosee mpocreiimem ciaydae
S s

yCJI0BHEe UHBapuaHTHOCTH ypasHenuii (3) u (6) o3nauaer, 9To

QL1 = AL+ A3L, (8)

e A2, A3 — HEKOTOpbIe AuddepeHnmaabHble BHIPAXKEHUSI.

InaBHas mpobaeMa HAIEro MOAXO0Ja — OIMUCATH B ABHOM BHJIE JOIOJIHUTEIbHBIE
ypasHeHus: Buja (6), KOTOpble paclupsIiOT CUMMETPUIO ypaBHeHust (3).

Ora obmmas u TpyaHas IpobeMa CyIECTBEHHO YIIPOIIAET s, €CJIU B KAYECTBE J10-
HOJIHUTEILHOTO yesioBus (6) BEIOpATh TaKOe HeJUHEHHOEe YpaBHEHE [IEPBOIO MOPsIIKA:

Qu=0, 9)
e
Q= J"(z,u)0, + Z(z,u)0y, 0O,= 0 , Oy = 2 (10)
Oz, ou
ITpu 3TOM yCJI0BUE MHBApUAHTHOCTH ypaBHeHuii (3), (9) numeror Buj
?L = ML + A (Qu). (11)

Onpegnenenne 2. Bydem zo060pums, wmo ypashenue (3) Q-ycao6no uHeapuaHmmo,
ecau cucmema (3), (9) unsapuarmmua omuocumenvro onepamopa (10).

OcranoBuMcs Tenepb Ha NPOCTEHIIEM OJZHOMEPHOM HEJIMHEHHOM ypDABHEHHU aKy-
crukn (1).

2. YcnoBHas cumMerpusi ypaBHeHus (2).

Teopema 1 [8]. Vpasrenue (1) Q-ycao6Ho UH8APUAHMHO OMHOCUMEALHO ONEPATNOPA
(10), ecau xospuyuenmmme Gyrruu

J°=A(x), J'=B(x), Z=nhu+ql), x=(z021),

yA064eMBOPAIOM, CAEIYOUUM JUPHEPEHUUGALHDIM YPAGHEHUAM.
Cayuati 1: A#0, B#0; h=2(By — Ay + £ A1), ¢ =28 By;

2h h 2h h
hoo + —ho — {—Aoo + — A +2 (—) Bo} =qu — {21411 +2 <2>1 Al} )
1

A A A A A A
hi1 = %Au +2 (%)1 Ay,
hoo + 2%(]0 - = {%Aoo +2 (%)1 Bo} =0, (12)
By — 2h — EAH 42 (%)1 An+ Q%Al} —0,
Bun + 2 o - EAOO +2 (%1 Bo] 0,

Hndexcor 61u3y 031anwaom coomeememeyouyio npou3eoonyio.
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Cayuwati 2: A=0, B #0 (ne ymaass obugnocmu, modtcho noaosicums B = 1);

ho =0, hii+3hhi+h3=0,

13
qi1 + hg1 + (3hy +2h?)g =0, qoo — qq1 — hq®> = 0. (13)
Caywati 3: Ay =1, B=0;
h1 =0, h hho — h3 = q11,
1 00 + ho qi1 (14)

q(qo +hq) =0, qoo + hog — h*q¢ = 0.

Urax, 3amaua 06 (Q-yCIOBHOI cMMMeTpUn ypasHeHUsl (2) CBesach K IIOCTPOEHUIO
YaCTHBIX WM o0mux perrennii ypasaennit (12)—(14). IoguepkreM, uro kodddurum-
enrnpie Gyukmuu JH(x,u), Z(x,u) oneparopa @, B orimdme 0T KO3DDUIUEHTHBIX
byukuuit £, n (4), ABAMIOTCS PEIICHUIMA HEJIMHERHBIX ypaBHEeHUii. DT0 06CTOATE b
CTBO CYIIECTBEHHO 3aTPYIHSIET 33/1a1y 00 ONMUCAHUU YCJOBHON CHMMETPHUH 3a[aHHBIX
ypaBuenuit. OJHAKO IMUPOKHE KJIACCHI YACTHBIX PEIEHUN TaKWX yPABHEHUIT MOYKHO
[TOCTPOUTb.

Pemast cucremy (12)—(14), mbl Hamm 12 TUIIOB HEIKBUBAJEHTHBIX OIEPATOPOB
YCJIOBHOM cuMMerpuu ypasHenus (2). JIBa u3 HUX UMEOT BU/L

Q1 = x2110; + (acgu + 327 4 bsad + bg) Ou, (15)
Q2= + W(zo)z1 + f(20)0u], W'=W?3 f'=WF, (16)

W — dynknus BeiiepmTpacca.
Omeparop (15) mopoxgaeT aH3ar

U = 219(x0) + 3y 221 — bsxd + ey 2. (17)
Amnzan (17) pexyuupyer nemneitnoe ypasuenue (2) k jmneiinomy QY
z20" (x0) = 6. (18)
Oueparop (16) mopoxkaer anzai
1
u= §W($o)$f + f(zo)z1 + p(z0). (19)

Amnzan (19) peaynupyer ypasuenue (2) x jmueitnomy OJLY ¢ norenrmmanom Beiiep-
mrpacca W

" (w0) = Wep(o). (20)

3ameuanue 2. AHaJOrMYHBIM METOJIOM IOCTPOEHBI CEMEHCTBA TOYHBIX PEIICHUI
MHOI'OMEPHOTO ypaBHeHus! [8]

ugo = ulu. (21)

BeiBox 3. Amzanpl, mopoxkaeMble ONEpaTOPAMU YCJIOBHONW CHUMMETPHUU, BO MHOTHX
ciIydadxX peyIupyIoT MCXOJHOe HeJWHEHHOoe ypaBHEHHE K JIMHEHHOMY ypaBHEHHIO.
JIumeBckast peyKIus, KaK [IPABUJIO, HE MEHsET HEJUHEHHYI0 CTPYKTYPY YPABHEHUS.

3. YcaoBHas cumMmeTrpusd ypaBHeHud Jlamsambepa. Paccvorpum nenmmeiinoe
ypaBHEHUE

DU:Fl(’U,), U:u($07$1,$2,x3), (22)
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It Fi(u) — upousBosibHas riajakas GyHkiusg. MakcUMaabHO MIMPOKOH CHUMMeTpH-
eii ypasuenus (22) siasercsa koudopmuag rpynna C(1,3) B TOM U TOJIBKO B TOM
ciydae, korga Fy(u) = 0 wm Fy(u) = 3. Hanoxum na pemenue (22) myaHkape-
UHBAPUAHTHOE yCJIOBHUE SMKOHAJIBLHOIO TUIIA

ou Ou

Bz, oor L2 (23)

rue Fo(u) — rmagkas dyHKIw.

Teopema 2 [14]. B mom cayuae, xo2da Fy = Fy = 0, ypasnenue (22) npu ycao-
suu (23) UN6APUAHMHO OTMHOCUMEADHO BECKONEUHOMEPHOTE a.n2e0pbl, KoaPPuyUEHMbL
onepamopa (4) umerom 6ud

M (x,u) = (w)a! + M (u)a” + d*(u), n(z,u) = n(u),
2de O(u), ™ (u), n(u) — npoussoavrvie 2aadkue PYNKUUU, 3A6UCAULUE MOABKO

om u.

U3 310l TEOpeMBI BH/HO, YTO JOHOIHUTENbHOE yeiaosue (23) (Fp = 0) BbLgeser
U3 MHOXKECTBA, BCEX pellleHuil JuHeliHoro ypasuenus Janambepa (F; = 0) mogMHOXKe-
CTBO C YHUKAJBHBIMU CAMMETPHIHBIMU cBOMcTBaMu. Kpome Toro, cucrema (22), (23)
(Fy = F» = 0) obaajiaer TeM CBOWCTBOM, UTO IIPOM3BOJIbHAsS Tvajkasi (MYyHKIUS OT
perieHus: GyJIeT CHOBA DEIeHNEM.

Teopema 3 [9]. Cucmema (22), (23) unsapuanmma OmMHOCUMEALHO KOHPOPMHOT
epynnoe C(1,3) moeda u moavko moada, xozda

Fi =3\ u+c)™', Fp=)\ (24)

2de \, c = const.

Urak, 10o00IHATENbHOE YCIOBHE SUKOHAIBHOrO Tula (23) paciupser Kace Hejlu-
HEHHBIX BOJIHOBBIX YPaBHEHNI, NHBAPUAHTHBIX OTHOCUTEIHFHO KOH(MOPMHON I'PYIIIIBI.
DT0 03HAYAET, YTO MBI MOXKEM IIOCTPOUTH IIMPOKUE KJIACCHI TOUYHBIX PEIeHUl ypaB-
Henus (22), UCHOIB3ys TOArPYIIIBbI KOHGMOPMHON IPYIIIIbI.

Bameyanue 3. Cucrema (22), (23) [15] HOIHOCTBIO IPOMHTErPUPOBAHA.

PaccMoTpuM JIOpEHII-HEMHTErPUPOBAHHOE BOJIHOBOE ypaBHeHue [4]

Lu = 0u+ F(z,u, 11L) =0 (25)
2 2 2 2
F=— & 6_’LL + ﬁ @ +
Zo a330 T 61‘1
M\ 0w\ A\ [ Ou\®

MaxkcumasbHOR Ipynnoil uHBapuanTHOCTU ypasHeHus (25), (26) aBisercs aByxuapa-
MeTpUYecKasd TPyIIa

(26)

_ .a r_
Ty — 2, =€"T,, u—u =u+b,

rie a u b — TpOM3BOJIbHBIE ITAPAMETPHI IPYIIIIHI.
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Hononuuresnbroe ycsaosue tuna (6) K ypasuenuto (25) BoibepeM B Bujie
Iou(x)=0, I, =2,0,—2,0, v,u=0,1,273. (27)

HemnocpecrBennoit npoBepKoil ycioBuit naBapuadTHOCTH (7) MOXKHO yOEIUuThCs, ITO
ypasuenus (25), (27) unBapuanTHBl OoTHOCUTEsNbHO TIpynubl Jlopenna O(1,3). 1o
O3HAYAET, 9TO JIOPEHII-MHBAPUAHTHBIN aH3aIl

u=pWw), w=z,a"=1}—23—23— 23 (28)

pelyuupyer HesuHeitHoe BoJiHOBOe ypasHaenue (25) k OY
do\ 2
wi 2 1252 4 y2 <ﬁ> =0, A=A =22 A2 A2 )2
w w

Pemrennem 3Toro ypaBHeHUs SBIAIOTCS (DYHKITUI

(W) = 202 arctglw(~3?) 77, A <0,

2y1/2 4,
p(w)=(\?)"2In {mﬁ} A >0,

‘1, 2 2
plw)=—+c, I =0,
w
rje €1, C2 — KOHCTAHTBL.

Takum o6pasoM, yciosue (27) BbIeaseT U3 MHOXKECTBA DEIeHUH JIOPEeHI-HEerH-
BAPUAHTHOIO ypaBHeHHUs (25) MOJAMHOMXKECTBO, KOTOPO€ MHBAPHAHTHO OTHOCHUTEJHHO
mrectunapaMeTpuaeckoil rpymmsl Jlopenma. Takoe CylecTBeHHOE PACIINPEHHE CHM-
METPHHA JAeT BO3MOXKHOCTH IIOCTPOUTH IMHPOKHE KJIACCHI TOUHBIX PEIICHU HEeJMHEH-
HOI'O BOJIHOBOrO ypaBheHus (25).

4. YciaoBHasa cuMMeTpus HesmmHeliHOro ypasuenusd Illpeaunrepa. Paccymo-
TPHUM HeJINHEHOe ypaBHEHHE BUIa

Su+ F(|u|)u =0, Szii—k)qA. (29)
83:0

Ypasuenwe (29) npu nponsBosbHoit dbyukunu F'(|u|) nHBAPHAHTHO OTHOCHTENIBHO AJl-
rebpsl Nammmiess AG(1,n) ¢ 6a3UCHBIMEI dJIEMEHTAMA

PO:80; Pa:aa7 Jab:xan_beaa aab:Lna
1 (30)
Ga: Pa aN aRa
Zo +2)\lﬂ? 1

re

Cpenu MHOXKeCTBa, HeJIMHEHHBIX ypaBHeHuil (29) TOJBKO JBa ypaBHEHUs! UMEIOT
GoJiee MIMPOKYIO CUMMETpPHIO, YyeM ypasuerue (29) [16, 17]:

Su 4+ Aa|u|"u =0, (31)

Su + Aglu|¥"u =0, (32)
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rae Az, Az, 7 — IIPOU3BOJILHBIE JEHCTBUTEIbHBIC IAPAMETPEL, 7 — YHCJIO IPOCTPAHC-
TBEHHBIX [IEDEMEHHBIX B ypaBHeHuu (29).

VYpasuenue (31) uMHBADUAHTHO OTHOCHTEILHO pacuupenuii ajarebpsl asunes
AG1(1,n) = (AG(1,n),D) ¢ 6asucubivu saementamu AG(1,n) (30) u omeparopa
MacmTabHbIX TPeobpasoBaHMil

2
D =2x0Py+ z,P, + —Rs, (33)
T
rJie eJUHUYHBII OollepaTop UMeeT BUJ,
0 0
Ry =u— .
2 “au tu ou*

VYpasaenve (32) MHBAPHAHTHO OTHOCUTEJILHO 0000meHHOH anrebpbl [asmites
AG2(1,n) = (AG1(1,n), A) c 6asucubiMu s1emenTamu (30), (33) u onepaTopa Hpoek-
TUBHBIX Tpeobpa30BaAHMIA

2

T n
—Rl — —xoRQ.

A= x%Po + xoxo P, + ™ 5

Teopema 4 [18]. Vpasnenue [lpedurzepa (23) ycao8Ho uHEAPUAHMHO OMHOCUMEND-
HO onepamopa

Qi =1In (%) Ry +x,P, — cRy, ¢ = const, (34)
ecau
F(luf) = Aalul =7 + X |u|*/7,

2de Mg, A5, T — MPOU3BONLHDBIE NAPAMEMPYBL, 6 MOOYAL GYHKUUY U Yydosaemeopsem,
YPAGHEHUIO

T+

/\1A|’U,| + )\6|U‘ r

t=0. (35)

Teopema 5 [18]. Vpasuenue (32) emecme ¢ ypasrernuem (35) uneapuarmmo ommo-
cumenavho anszebpor AGa(1,n) u onepamopa Q1 (34).

Urax, Hasarasi Ha DelleHus JUHEHHOro ypapHeHUst (29) JOIOJHUTENBHBIE YCJIO-
Bus (35), MBI PACIIUPUIIN €10 CUMMETPHIO.

5. YciaoBHasA CUMMeETPUS HEJWHEWHBIX ypPaBHEHUIl TEINJIOIMPOBOSHOCTH.
s onmcaHusl HEJIMHEHHBIX IIPOIIECCOB TEIIOMACCOIIEPEHOCA IMUPOKO HCIIOIb3YIOTCS
OJTHOMEPHBIC YPaBHEHUS BUJIA,

uo + u11 = F(u), (36)
ug +uuqr = 0, (37)

rae F(u) — rnagkas dysxnus.
Byzem uckarh onepaTop yca0BHOI CUMMETPUH B BHJIE

Q = A(z,u)0y + B(z,u)01 + C(x,u)0,, (38)

e A, B, C — ragxue OyHKINN.
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Teopema 6 [19]. Vpasuenue (36) Q-ycao6Ho un6apuaHmmo OMHOCUMEALHO ONeEPa-
mopa (38), ecau pynruyuu A, B, C ydosaemsopsiom caedyroweti cucmeme dugdepen-
YUGABHBLT YPABHEHU.
Caywat 1: A=1;
Buu = 07 Cuu = 2(B1u + BBu)a
3B, F =2(Cyy + B,C) — (By + B11 + 2BBy), (39)
CF, — (Cu — QBl)F =Cy+ Ci1 +2CB;.

3decv u Hudce undexc Hu3y 603ae HYHKUUU 03Havaem JuPPepeHuuposaHue no co-
omeememeyrowemy apeymenmy (Lo, T1,u).

Caywati 2: A=0,B=0;
CF, — CuF = Cy+ Cy1 +2CC1y + C*Cyy. (40)

Ecau nocmpoumnv obuwsue pewenun neaunetnor cucmem (39), (40), mozda Mo onu-
wem Q-ycaosnyro cummemputo ypasnenua (36).

Teopema 7 [19]. Vpasrenue (36) Q-yca06H0 UHBAPUAHIMHO OTRHOCUMEADHO ONEPATMO-
pa (38) (A =1, By # 0) mozda u moavko moeda, k0204 0HO AOKAADHO FKEUEANEHTTHO
YpasHeruio

Ug + U = bg'LL3 + b1u + bo, bo, bl,bg = COHSt, (41)

u onepamop (38) umeem eud

Q=0+ ;\/@ual + g(bgug + by — bg)dy. (42)
VYpasuenune (41) MOXKHO CBECTH K OJHOMY U3 Y€ThIPEX KAHOHUYECKUX yDPABHEHUi
ug +upp = du(u? — 1), (43)
uo + uugy = Mu® — 3u+2), (44)
U + U1 = )\ug, (45)
ug + uuyy = Mu(u?® 4 1). (46)

Amzanpl, HOCTPOEHHBIE ¢ TOMONIBIO onepaTopa (42) st ypasraenuii (43)—(46), co-
OTBETCTBEHHO MMEIOT BH/T

o(w) = 2arctgu + V2 zy, w=—In(1—u"?)+ 2Azo; (47)
@(w):—%lnzti—%(u—l)_l—\/ﬁxl, "
w= glnz—f? —;(u—l)_l — 3Az0;

(W) =207+ V2z1, w=—u"2—3\x; (49)

o(w) = 2arctgu — V2 1, w=—In(1+u"?) — 3. (50)
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Anzangpr (47)—(50) peaynupytor ypasHenus (43)—(46) k OLY
20=(¢* —1)p, 20=¢°—3p+2, (51)
20=¢°, 20 =p(p*+1). (52)

U3 penynumposanubix ypaprenuii (51), (52) BHIHO, UTO aH3aIpBI, MOPOXKIEHHBIE
OIIEPATOPOM YCJIOBHONW MHBAPUAHTHOCTH (42), CYNIECTBEHHO U3MEHUIM HeJUHEeHHbIe
paBble YacTh. DTO MO3BOJIUIIO HOCTpouTh obmue pemenust (51), (52) B ssreMeHTapHBIX

GyHKIAAX

p(w) = —2arctg (x/cl expw + 1) + co, (53)
In [cl—g(cp—f—%))] :1n62—g(<p—w), (54)

p(w) =2vc1 —w+ e, (55)
p(w) = 2arctg (\/cl expw — 1) + co, (56)

rae ¢, cz = const.
Urax, mopcrasiss (53)—(56) B (47)—(50), momydaem ceMefiCTBO TOUHBIX PEIIEHMI
ypasHernii (43)—(46). dtu pemieHnst He MOTYT OBITH TOJYYEHBI C TIOMOIIBIO METOJA

JIn.

Teopema 8 [20]. Vpasnerue (37) ycao6ho uHGAPUAHMHO OMHOCUMEABHO ONEPATNO-
pa (38) A =1, ecau xoopuyuenmmunvie pynxyuu B, C ydosaemeopsiom caedyrouets
cucmeme YpasHenuti:

uCyy = 2(BBy + uBy1), Buu =0, (57)
By +uB1, — CBU~! —2uC,; + 2BB, — 2B,C =0, (58)
Co +uCi1 — C%u! +2B:C = 0. (59)

Pemast cucremy ypaprennii (57)—(59), Haxoaum siBHBIN B orepaTopa (38)

Q =b1Q1 + b2Q2 + b3 D1 + by D3 + b500 + b0, (60)
Ql =210 + ué)l, QQ = .’E%a() + 2x1u0; + 2U28u,
D1 =200y + 37161, Do = 2101 + 2u6u, b; = const, = 1,—6 (61)

Teopema 9 [20]. Vpasuenue (37) Q-ycao6Ho UHBAPUGHMHO OMHOCUMEALHO ONEPA-
mopa

Q=01+ C(z,u)0,, (62)
ecau C(x,u) ydosaemsopsem ycrosuio

Co+u (Cll +2CCq, + C2Cuu) + CC + CQCU =0. (63)
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Iocrpous uacTHbIe Win 00IIMe pelieHus ypaBuenus (63), HOIydInM siBHbIE BbIpa-
JKEHHUsI JIJIsT OLIEPATOPOB YCJIOBHOH cuMmMerpun. Hekoropbie u3 Takux oneparopos (62)
UMEIOT BHUJL

Q3 = /T001 + V2ud,, (64)

Qa4 = V21001 + R(u)dy, (65)

Q5 = 01 + Inudy, (66)

Q6 = 2001 + 210y, (67)
riae R(u) — pemenus nudbepeHImanibLHOro ypaBHeHust

uR(u) + R(u) = R™1.

[TpuBeieM HECKOJILKO aH3aIeB, KOTOPbIE MOPOXKIAIOT onepaTopbl Q1, Q2, Q3:
o — 57 = p(u), (68)
2uzo (i) , (69)

T T
(o) 70)
2\

PemynmpoBannble ypaBHEHUs] IMEIOT BECbMa MPOCTON BHJT:
P(u) =0 s anszana (68),

u

@ (_) =0 g amsama (69),
1

2z0p(x0) + ¢ =0 gys anzana (70), x9 # 0.

Urax, anzamsr (68)—(70) peayrupyrorT HelnHEHHOE ypaBHEHNE TEIJIONPOBOIHOCTH
K jmHeiasM O/1Y.

6. YpaBHenue tuna KopreBera—ge ®puza. Paccmorpum nesmneitHoe ypas-
HEHUe

Ug + F(u)u]f + Ui = 0, (71)

3
U] = %, k — npousBosbHBIA meficTBuTenbHbIN mapamerp. [Ipn F(u) = u, k =1
ypasuenue (1) coBuaumaer ¢ knaccudeckum ypasaenuem Kia®.

Teopema [23]. Vpasrerue Q-ycao6Ho UHBAPUAHIMHO OMHOCUMEALHO ONEPAMOPA, 20~
AUNEEBCKO20 MUNGA

Q = x(01 + H(x,u)0,, (72)

2de T — NPou3oAbLHLLT JETCTNEUMEALHDIT TAPAMEMP, ECAU

o - KA\
1) Flu)=Mu* +Xuz, H(zu)= <T) ul/?, (73)
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2) F(u)= M\ Inu)'™% H(z,u) = (k\)"Fu; (74)

3) F(u) = (A arcsinu+ Ao)(1 — u2) =", -
H(zyu) = (kX)) "Y1 —u?)1/2,

1) F(u) = (\ Arshu + dg)(1 - u?) 7", (76)
H(z,u) = (kX)) ~Y*1 4+ u?)1/?;

5 F(u)=Mu, H(z,u)=(k\) V¥ (77)

eder k7L, kE#0, A\, Ay — NPouseosvHvie NOCMOAHHDIE.

C nomoIipio orepaTopoB ycaoBHoi nasapuantaoctu (72) pexyiupyenm (71) k OV
U OCTPOUM CJIETyIONIAE TOYHDBIE PEINCHUS:

~1/k 2
o T k)\ll’o ! —1/k >\2
“= { 2 < 2 > Az N[

korya F'(u) mmeer Bug (73);

k(kX)—3/k _s _ A
u = exp {_%xo A Aag o (ko) ™V E ey — )\—j} ;

npu k # —2, F(u) nmeer Bug (74); xorga k = 2

_ - A
u = exp {—(2)\1)3/2x0 Y2z + Az, vz (2A\120) "V 22y — —2} ,

k(kX)=3/F _s - A
u= sin{(kli)on B+l + Az, Uk 4 (/c)\lxo)*l/kxl — )\—2}, k #2,
- 1

1 - A
u = sin {(2)\1)3/2% _3 + )\ZZ?O 1/2 + (2)\11‘0)71/21‘1 - )\—?} 5 k= 27

korya F'(u) mmeer Bux (75);

k(k ) ~3/k _ _
“:Sh{_%%s“““+A:co”’“+(kA1:co>”’““}’ k#2,

u = sh {7(2)\1)*3/2:351/2 Inzg + )\%—1/2 + (2)\1x0)*1/2x1} , k=2,

korma F'(u) umeer Bug (76). Bo Bcex dopmysnax A — npousBosibabiil napamerp. Mraxk,
U3yYUB YCJIOBHYIO CUMMETPHIO ypaBHeHust (1), MbI IOCTPOUM HETPHUBUAJIBHbIE KIIACCHI
TOYHBIX PENICHUA.

7. HesnmnHeliHOE BOJIHOBOE ypaBHEHUE. Y DaBHEHHE BHJIA
ugo — (F(u)ul)l =0 (78)

[INPOKO TIPUMEHSIETCST JIJIs OIIMCAHNST HEJIMHEHHBIX BOJHOBBIX IIPOIECCOB. I'pymoBsie
cBoiicrBa (78) merogom JIn geranbHO uccaeqoBanbl B [24]. B 3aBucuMocTn OT sIBHOTO
Buga dyukuuu F'(u) ypasaenue (78) obsajaer MHUPOKON yCIOBHONW CHMMETPUEH.
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Teopema [25]. Vpasrenue (78) Q-ycao6Ho UHBAPUAGHIMHO OMHOCUMEABHO ONEPATNOPA
Q = A(z,u)0y + B(z,u)01 + H(x,u)0,,

ecau pynwyuu A(z,u), B(x,u), H(z,u), F(u) ydossemeoparom caedyroweti cucmenme

ypasHeHUU.
Cayuati 1: A=1, D=F — B?;
(BuDil)u =0,

F(H,D™ '), — (HoD™Y)g — H*(H,D~ ), — H(HoD™ '), — H(H,D ") +
+ D?{2F(ByD, — ByHy + H|B,H, — B1H,|) — BHH,F} = 0,
D2H,, + D{(HF), + 2B(B,H, — By,H) — 2F By, — 2BBy,} —
— HD? + 2BB,D,, 4 2BB,(BF — 2B, F) = 0;
D{Boo + 2(BoH), — 2(BHy, — B,Hp) + 2(H\F),, —
— B\WF + By H?+2BHH,.} — D, {ByH + B,H* + 2BHH, } +
+ B{B,HF +2B2 + 2ByB,H + 4BByH, + 4B, H,F — 2B2F} = 0.
Cayuati 2: A=1,B = F'/?;
1) BH +2BH, =0, Hy+ HH,— BH, =0;
2) BH+2BH, #0, Hy+ HH,— BH, = 0;
[BH? + 2B(BH, + HH,,) + 2B(Hy, + HH,, + BH1,))] =
= (Hy+ HH, — HH,) — [Hoo + H*Hy,, — B*Hy, + 2HHy,, — 2BHH] x
x (BH + 2BH,) = 0.
Cayvwai 3: A=0,B=1
Hoo — H*F — (3HH, + 2H*H,,)F — (Hy1 + 2HH,,)F = 0.
Pemast 5T cucrembl, Ipu KOHKPETHBIX BbIOOpax pyHKImu F (u) IIOCTPOEHBI BHbIE

BuUIBI omepaTropoB (). IlpuBemeM TOIBKO HEKOTOPBIE W3 IOJIYYE€HHBIX OIEPATOPOB U
aH3alleB:

F(u) =expu, Q1=2101+0,, u=Inz+ ¢(xg),
Qo = 0y +2tg 00y, expu = p(x1)cos™2xp;
F(u) = u, Q1= 3o+exp( )81 — 4y 'Oy,
QQ = (k + 1)1’131 + u@u,
xoexp(2> + +<p($(2)expg) =0;
ukJr _ xl@kﬂ( )
F(u) =u=? Q= 0y +z1u/?9,,
Q2 = 2300 + (4xo + arz})u'/?0,;
2ul/? = zoxy + (1),
a
u1/2 = 1'% x4 T2 + 711‘033:13 + (,0(.131),

TJie a1, G2, @3 — MOCTOSTHHBIE.
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Hau6osiee npocroie pentenns ypashenus (78), IOCTPOEHHbBIE ¢ MOMOIIBIO AH3ALIEB,
AMEIOT BUJT

expu = (22 + a)cos 2xg, expu=ziexpxy, ecan F(u)=expu;

B = gkl e F(u) = ub;

4
u=zor1 + o 4 ai, w=W(xo)z?, ecim F(u)=u;

u

12
a1
u'? = W(z)ad, 2u'?=aory + CyREAL
2
u'’? = 2227% + 3ayzoxt + a—61x5f +apa7t 4 as2?, ecm F(u) =u V2.

Wrax, Hamu IpoBejIeHa KiaaccudUKaIus U PeJIyKINs HeIMHEHHBIX BOJHOBBIX yPaB-
HeHuil (78), 0618/ IAOINX YCIOBHOM CHUMMeETPHEI.

8. TpexmepHoe HeJUMHEIHOE ypaBHeHHEe aKycTuKu. OrpaHndeHHble 3ByKO-
Bble IIyYKW OIMCHIBAIOT HEJIMHEHHBIM yYpaBHEHUEM BUJA

uUogg — (F(u)u1)1 — U22 — U33 = 0. (79)
B rom ciyuae, korga F'(u) = u, OHO COBIIaJIAeT C ypaBHEHUEM XOXJIOBa—3a00JI0TCKOM
Uup1 — (uu1)1 — Ug2 — U33 = O (80)

Ionoxum Ha pemterue (79) JOMOJHUTENHHOE YCJIOBUE B BUJE HEJIMHEHHOTO ypaB-
HEHUd IIePBOIO IIOPHAJIKA

uour — F(u)u? —ul —ui = 0. (81)

Teopema [26]. Ypasnenue (80) npu yeaosuu (81) unsapuarmio ommuocumenvro e-
CKONEUYHOMEPHOT aA2e0DbL C ONEPATNOPOM

X =a;(wR;, i=T1,12, (82)

20e a;(u) — npoussoavhuvie 2aadkue GYHKUUU 3a8UCUMOT nepementol u,

R,qul = 8;1» M= 0; 3, RS - 1'382 - (E283,
Rg = 2201 + 21002, Ry = x301 + 21003, Rg= x”&u,

F
Rg = 4200y + 22101 + 32209 + 30303 — 2%81“ R = F/(u).%‘oal — Oy,

R11 = 1’280 —+ 2($1 + F(u)l'o)ag, R12 = ﬂfgao + 2(1’1 + 2F(u)x0)83

Omueparopst (R1, ..., Rg) sIBJISIFOTCSI INEBCKIMH OIIEPATOPAME CUMMETPUH yDaBHE-
uust (80), (Ry,. .., R12) oneparops! yciaoBHO# cumMerpun ypasaerus (79). Bocross-
30BABIIUCDH OllEPATOPAMHU YCJIOBHOI cummerpun ypasuenus (79) (Ry, . .., Ri2), MOXKHO
MOCTPOUTH MUPOKHUE KIACCHI TOUHBIX pemenuti. Hanpumep, oneparop X = dg+a(u)dy
HOPOXKIAET CJIELYIOIIUe aH3aIbI:

u=p(w,ws,ws), wi=alu)rg+rxs, ws=2Ty, w3=T3. (83)
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Aunzan (83) peayuupyer dersipexmepnoe ypasuenue (79), (81) K TpexmepHOMY

da
(a(p) — ©)p11 — P22 — P33 + <% - 1> 90% =0,

dp .
(a(p) —@)pt =3 —93 =0 @i=2—, i=13

(84)

Konkperusupyst GyHKIHO a(u), B HEKOTOPBIX CJIydasx MOXKHO IOCTPOUTH obIiee pe-
menne (84). Iycrs a(u) = u + 1. Torga uMeem cucremy

P11 — P22 — P33 =0, (85)
0] — 05 — o3 =0. (86)

Cucremy (85) ecrecTBeHHo Ha3BaTh ypasHeHneM Beifrmena (1914 r.) — CobosieBa —
Cwmuprosa (1932-1933 rT.), MOCKOJIBKY UMEHHO OHHU JIETAIBHO U3y9au ee. Y pABHEHUE
(85) umeer obmiee pemenue u 3anaercst popmynoit Cobonesa—CmupHOBa

¢ = c1(p)wr + ca(p)wa + c3(p)ws, (87)

TJe ¢1, C2, C3 — IPOU3BOJIbHBIE (DYHKITUU, YJIOBJIETBOPSIONINE YCIOBUSIM

2_ 2 _ 2 2, 2
ci—c;—c3=0, c5+c5#0.

Takum obpaszom, dopmyna (87) 3a1aeT KIACC TOUHBIX PEIIEHUH TPEXMEPHBIX He-
JMHeRHbIX ypaBHeHuii (85), (86).

Urak, anzaip: (68)—(70) peayuupyior HejuHeliHOE ypaBHEHUE TEIIONPOBOAHOCTH
(37) x smaneitasi OJTY.

9. YcanoBHasg cumMerpud ypasHeHusd Iupaka. PaccmorpuM Henmmueiinoe ypas-
nenue /lupaka

{yup" = ATT)} ¥ () =0 (88)

U HaJIOKUM Ha ero perrenne yciaopue WU = 1. Torga (71) craHoBUTCS JHHEHHBIM
yPaBHEHHEM C HeJTMHEHHBIM JIONOJIHATEIbHBIM yCIOBHEM

(Yup" = A)¥ =0, U = 1. (89)

Cucrema (72) yCcJIOBHO HHBADUAHTHA OTHOCUTEJILHO OLEPATOpOB [9)

Q1 =po — Mo, Q2=p3— 3. (90)
B paccmarpuBaemoM ciydae ypasaenue tuma (6) mMeeT BU

Omneparop ()1 TOPOXKIaET aH3aIl

U(z) = exp(—iAyozo)p(z1, 22, 23), (92)

rae ¢(x1, T2, T3) — YETHIPEXKOMIOHEHTHAS BEKTOP-(DYHKIIUS, 3aBUCAIIA TOJILKO OT
Tpex IlepeMeHHbIX.
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10. YciaoBHasi cummMmerpusi ypaBHenuii Makcsessia. PaccmorpuMm simHeitHy o
cucTeMmy

E - OH o

— =rot H, — = —rot E. 93
ot Tt (93)
MO2KHO HEIOCPEICTBEHHO IPOBEPUTH, 4To cucreMa (93) He HHBADUAHTHA OTHOCHUTE)Ib-
HO 1peobpazosanuii Jlopenuna. Oznako, ecin nob6aButh K cucreme (93) u3BecTHbE

JIOTIOJTHATEJIHHBIE YCJIOBUS
div E=0, divH =0,

1o cucrema (93), (94) cranoBurcs JopeHn-uHBapuanTHOi. I[Ipuseentas ToYKa 3peHust
Ha ypasrenus Makcsesuia [1-10, 21] yka3biBaer Ha eCTECTBEHHOCTH T€PMUHA “yCIIOB-
Has cuMMeTpusi’ U (PU3MIECKYIO BaXKHOCTD ITON KOHIIEIIINH /I IMTHPOKOrO KJIACCA
ypaBHeHnit Maremarnieckoi dbusnkn [22].

3akmmoudenmne. Vccienosanue yciouit cummerpun LY YII ronbko navasnocs. [Ipu-
BeJIEHHBIE Pe3YJIbTAThl CBUIETEIBCTBYIOT O TOM, YTO Ha 9TOM IIYTH CJIEIYeT OKUIATH
KaIeCTBEHHO HOBOI'O IMOHMUMAHWsSI CUMMETPHUH yPaBHEHUs, CHMMETPHUITHON KJraccudu-
karuu JIVYII, peayknuum MHOTOMEPHBIX HEJWMHEHHBIX yPABHEHUN K YPABHEHHUSM C
MEHBIINM YUCJIOM ITEPEMEHHBIX, MPOIECCa JTUHEAPU3AINN HEJTUNHEHHBIX YPABHEHNUIA.

Opaum u3 Hanbosiee (DYyHIAMEHTAJIBHBIX 3aKOHOB (DU3UKH, MEXAHWKHU, THIPOME-
XaHUKN, OMOMDUINKHN ABJISETCS IPHUHIUI OTHOCUTEJIHHOCTH, T.€. PABHOIIPABUE BCEX
MHEPIUAJIBHBIX CHCTEM OTcYeTa. Ha MareMaTndecKoM si3bIKe 3TOT IIPUHIUII O3HAYAET
MHBAPUAHTHOCTh YPABHEHUSI JIBUKEHUsI OTHOCUTEJIBLHO JInOO mpeobpasoBanmuii [asu-
Jtest, mnbo peobpazosanuit Jlopenma. JIYYUII, e ynoBiaeTBopsitoniue 3TOMY TPUHITHUILY,
OOBIYHO HE PACCMATPUBAIOTCH B (DU3NIECKUX TEOPUSAX, TOCKOJIBKY OHI HECOBMECTUMBI
C IPHUHITUIIOM OTHOCUTEIFHOCTH. TaKie ypaBHEHHSI He MOTYT OBITH NCIOJIH30BAHBI JIJIs
MaTeMaTUIEeCKOI'O OIUCAHUS JBUYKEHUSI PEAJbHBIX (PU3NIECKUX CUCTEM.

IlousiTre yc/I0BHOM MHBAPUAHTHOCTH JA€T BO3MOXKHOCTD CyIIIECTBEHHO PACIIUPUTH
KJIACCHI yPABHEHWUIA, YIOBJIETBOPSIOININX IPUHIIAILY OTHOCUTEIHLHOCTH. Y DABHEHUS, KO-
TOpBbIE HE COBMECTHUMbI, B OOBITHOM CMBICJI€, C IPUHITUIIOM OTHOCUTEJIHHOCTA MOTYT
YCJIOBHO Y/IOBJIETBOPSATD €MY, T.€. CYIIECTBYIOT HETPUBHUAJIbHbBIE YCJIOBHUS HA PEIIEHU
TaKNX ypaBHeHI/II‘/JI7 BbLJICJIAIOIE IIOIMHOZKEeCTBa peHIeHI/IfI HNCXO/ZHOI'O YpaBHEHUA, NH-
BapUaHTHBIE OTHOCUTEJILHO Jub0 npeobpaszoBanuii [asmies;, mbo npeobpazoBaHmin
Jlopenna. Omnncanue u JieTajapHOe U3yUeHHE KJIACCOB YPaBHEHUH, YCJIOBHO MHBapH-
AHTHBIX OTHOCUTENbHO rpymnn lammies, [lyankape m ux mOArpymi, mpPeICTABISAETCS
aBTOPY BeChbMa BayKHOM 3ajateil MaTeMaTUIeCKOl (DU3UKMI.

VcisioBHAS CHMMETPUS, HAIIPUMED, CKAJISIPHOTO YPABHEHUS JaeT BO3MOXKHOCTH CTPO-
UTh TaKUe aH3aIlbl, KOTOPhIe YBEJIMIMBAIOT (AHTUPEILYKIHsI) UACIO 3aBUCAMBIX €pe-
MeHHBIX. OHA TO3BOJISIET TPOBECTU HE TOJIHKO PELYKIIUIO TI0 YUC/TY HE3aBUCUMBIX IIEpe-
MEHHBIX, HO IIPH 9TOM YBEJIMYUTh YUCJIO 3aBUCAMBIX IIepeMeHHbIX. [loauepkaem, aTo
TaKhe aH3aIbl CYIIECTBEHHO MEHSAIOT CTPYKTYPY HEJIUHEHHOCTel MCXOMHOIO ypaBHe-
uus. U, KoHeYHO, OHU He MOT'YT OBITH IIOCTPOEHBI B PAMKaX KJIACCUYIECKOH cxeMbl J1u.
IIpornecc yimHeapusamuu, HaupuMep, HeJmHeHHO#H cucreMbl HaBbe—CTOKCca B HaleMm
ITOJIXOJIE CJIEJyeT PACCMAaTPUBATh KaK 3aMeHYy HEJUHEHHOrO ypaBHEHUs! Ha JIMHEHY O
cucTeMy

ol

E+Aﬁ+€p:o, div @ = 0, (94)
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opu HeJINHEHHOM JOIIOJIHUTEJIBHOM yCJIOBHH
(@)@ =0, wm {(@V)a}>=0. (95)

Jluneitnoe ypasuenne HaBre—CToKca Ipu HEJTMHEHHOM JIOMIOJTHUTEIHHOM YCIOBUU 00-
JIaJIaeT HeTPUBUAILHON yCJIOBHON cuMmMerpueit. OUeBUIHO, B KAYECTBE JOMOJHATE/ b
HOTO yCJIOBUs K HeJuHelHoMy ypaBHennio HaBbe—CTokca MOXKHO BBIOpATH U TaKue
YPpaBHEHHUSI:

(@V)i + Vp = 0.

JeTasbHOMY M3yYeHHIO YCJIOBHOMN juHeapu3aiun Hejgnneiusix JIYUII 6yayT mo-
CBSIIIEHBI OTJE/IbHbIE ITyOJIMKAIAN.
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The complete sets of conservation laws
for the electromagnetic field

W.I. FUSHCHYCH, A.G. NIKITIN

We present a compact and simple formulation of zero- and first-order conserved
currents for the electromagnetic field and give the number of independent n-order
currents.

New conservation laws for the electromagnetic field, discovered by Lipkin [1], had
obtained an adequate mathematical and physical interpretation long ago, see e.g. [2—
6]. It happens that these conservation laws are nothing but a small part of the infi-
nite series of conserved quantities which exist for any self-adjoint linear system of
differential equations; among their number are Maxwell’s equations [7]. As to the
physical interpretation of Lipkin’s zilch tensor it can be connected with conservation
of polarization of the electromagnetic field [5, 6].

The aim of the present letter is to establish certain rules in the bewildering
complexity of the conservation laws and to describe complete sets of them for the
electromagnetic field.

We say that an arbitrary bilinear function jflm) = ;(Lm)(D”F7 DFF) is a conserved
current if it satisfies the continuity equation

orjm =0, p=0,1,23. (1)

Here I' = F},, is the tensor of the electromagnetic field,

D"ZH(“)“*, ux=0,1,2,3, m = max(n+ k).
A=0

It follows from (1) according to the Ostrogradskii-Gauss theorem that the followi-
ng quantity is conserved in time:

G5y = [ .
(m) "(m)

We say conserved currents j, ~ and j, ~ are equivalent if

o™ = Go™).
Proposition 1. There exist exactly 15 non-equivalent conserved currents of zero order
for Mazwell’s equation. All these currents can be represented in the form

i =T K", (2)

where T}, is the traceless energy-momentum tensor of the electromagnetic field and
K" is a Killing vector satisfying the equations

1
IK! 4+ MK — 59““8;}(')‘ = 0. (3)

Reprinted with permission from J. Phys. A: Math. Gen., 1992, 25, 1.231-1.233
© 1992 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Proof. This reduces to finding the general solution of the equation
U = [ @il r.p) = (W

where jéo)(F, F) is a bilinear combination of components of the tensor of the electro-
magnetic field. It is not difficult to find such a solution, decomposing j (0) by the

0
complete set of symmetric matrices of dimension 6 x 6

i =oTQp, ¢ = column(Foy, Fos, Foz, Fas, Fa1, Fia),

Q = (CT()ASb + CflA?b + UgAgb)Zab + 5QSaKa,

Zap = 26ab+SaSb+SbSaa a,b=1,2,3,

S_Sa() U_I() U_()
a_osaao_ola 1_I
U_()—I oo (10

2_]— ) 3_0_17

O~

0
00 0 0 0 1 0 -1 0
Si;=(o 0 -1 |, Se=[0 00, S35=[1 0o o],
01 0 -1 00 0 0 0

where 0 and I are the zero and unit matrices of dimension 3 x 3, A‘/{b, K*? are unknown
functions of x,. Indeed substituting (5) into (4) and using the Maxwell equations

O F" =0, 0'epvpeF? =0
we come to the relations A’ = A% =0, A3® = —§%K? and to the equations (3) for
K° and K.
Thus we have found all non-equivalent j(()o) satisfying (4). The corresponding

expressions for j Igo) with g # 0 can be obtained using Lorentz transformations.

Formula (2) gives an elegant formulation of the classical conservation laws of
Bessel-Hagen [8]. We present a direct (and simple) proof that there are not another
conserved bilinear combination of the electromagnetic field strengths.

In an analogous way it is possible to prove the following assertion.

Proposition 2. There exist exactly 84 conserved currents of first order for the elec-
tromagnetic field. All these currents can be represented in the form

j,g1> = K" Zoy i + 200 (0N KPV) TP, (5)

where T is the energy-momentum tensor, Zy,,,, s Lipkin’s zilch tensor, €50 15 the
completely antisymmetric unit tensor, K" is a conformal Killing tensor of valence 2,
satisfying the equations

1
a(;tKO’V) _ gaAKA(uga'u)7 KoV — KUU7 K;f =0, (6)

where symmetrization is imposed over the indices in brackets.
Using the relations
M Zropy =0, Zu? =0, OT™=0, T*,=0,
0P (eprva T7H + EWVUTU/\) =Zw!+ ZW,)\
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and the equations (7) we can ensure that the currents (6) really satisfy the continuity
equation (1).

Thus all non-equivalent conserved currents of first order are given by formula (6).
The general solution of the equation (7) is a fourth-order polynomial of x,, depending
on 84 parameters; for the explicit expression of K7” see e.g. [9]. Formula (6) describes
well known and also ‘new’ conserved currents; the latter depend on the fourth degree
of z,.

In conclusion we note that in an analogous way it is possible to describe conserved
currents for the electromagnetic field of an arbitrary order m. For m > 1 such currents
are defined by two fundamental quantities i.e. by the conformal Killing tensor of
valence m + 1 and the Floyd—Penrose tensor of valence Ry + 2Ry where Ry = m — 1,
Ry = 2. The higher order conserved currents will be considered in a separate paper;
here we present only the number of linearly independent currents of order m:

N, = %(2m—|—5) [2m(m + 1)(m+4)(m +5) + (m +2)*(m +3)*], m> 1.

For the details about generalized Killing and Floyd—Penrose tensors in application
to higher symmetries of Poincaré- and Galilei-invariant wave equations see the exten-
ded version of our book [10]. Non-Lie symmetries and conservation laws for Maxwell’s
equations are discussed in [11].
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(Q-conditional symmetry
of the linear heat equation

W.I. FUSHCHYCH, W.M. SHTELEN, M.I. SEROV, R.O. POPOVYCH

Uccnenosana Q-yciaoBHass cMMMETPHUsI OJHOMEDPHOTO JIMHEHHOrO ypaBHEHUS TEILJIO-
MpoBOAHOCTH. [loJTyUeHbI Olpe e isolye ypaBHEHUs /1151 KO3 PUIMEHTOB OIIepaTopa
(Q-yCIOBHOI CUMMETPWH, U3yJYeHA UX JINEBCKAsT CAMMETPHsI, IOy IeHbI HEKOTOPBIE UX
To4YHBIE pernenus. HaiiileHbl HeJIOKaJIbHbBIE 3aMEHbI, CBOSAIINE OIPEIEISIONIe yPaB-
HEHUSI K MCXOIHOMY YPaBHEHUIO TEIJIONPOBOAHOCTH. [ToKa3aHO, KAK MOXKHO MCITOJIb-
30BaTh OMEPATOPHI (J-YCIOBHOM CUMMETPUH IS JInHeapu3anuu HegwHeabrx J1Y UIT
¥ Pa3MHOXKEHUsI PelleHNil ypaBHEHUs] TEIJIOPOBOIHOCTH.

In this article we consider in full detail, as a simple but non-trivial example, how
to find and use @-conditional symmetry of the one-dimensional linear heat equation

Up = U1 (1)

(u = u(zg, 1), up = Ou/0xo, ux = Ou/dx; and so on).
It is known [1] that the maximal in Lie sense invariance algebra of equation (1) is
an algebra with the basis elements

0 0 1
0o = (‘3—3:07 01 = 8—I1, G =01 — ixluau, I =ud,,
1 2
D =2x00y + 2101, II=xg (1:080 + 2101 — §Uau> - %Uaua (2)

L= f(xg,21)0u (fo = f11).

The problem of finding non-classical symmetry (in our terminology -conditional
symmetry) was firstly put forward by Bluman and Cole [5]. However, in this im-
portant paper the authors did not give explicitly none of operators which would be
different from those of (2). Below we will present quite complete investigation of this
problem. All notions used without explanations are defined in [1-4].

Definition 1 [2, 4]. A differential equation of order m
Sl(m,u,aﬁ,g,...,u)zo (3)

for a function u = u(x) where % denotes all partial derivatives of order k is called

conditionally invariant under an operator Q if there is an additional condition of the
form

SQ(xvua’Lll’ag’v"'?u):O (4)
compatible with (3), that
QSOZ S1=0 :Oa Ol:172, (5)
Sy =0

In the formula (5) Q is the standard prolongation of Q.

Ilepenpykosamo 3 Hoxkn. AH Vkpaunsr, 1992, Ne 12, C. 28-33 3a no3Bosiom
© 1992 Ilpesunia Hanjionanbuol akaxeMil Hayk YKpaiHu
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In that particular case when equation (4) has the form

Qu=0 (6)

equation (3) is called Q-conditionally invariant under the operator ). The notion
of ()-conditional invariance coincides with the notion of “non-classical” invariance
introduced by Bluman and Cole in the work [5].

The general form of a first-order operator is

Q = A(m()vl'lau)ao + B(xO; xlau)al + C(x07x17u)a’u,7 (7)

where A, B, C are some differentiable functions of zg, z1, u to be determined from the
invariance condition (5). It will be noted that because of the imposed condition (6)

Qu=0 & Auyg+ Bu; =C (8)

there are really only two independent cases of operator (7).

Theorem 1. The heat equation (1) is Q-conditionally invariant under operator (7)
if and only if its coordinates are as follows:

Case 1.
A=1, B=WYzg,z1), C=W3(20,21)u+W3(x0,71) (9)
and functions W = W(xo,xl) = {WY, W2 W3} satisfy equations
(8p +2W} —01)W = F, F ={—-2W2,0,0}. (10)
Case 2.
A=0, B=1, C=v(xg,x1,u) (11)

and function v = v(xg,x1,u) satisfies the PDE
vo = V11 + 2001y + 0 V- (12)
Proof. From the criterion of invariance

Quo = u11)|yy = uy,, =0 (13)
2 Qu =0

absolutely analogously to the standard Lie’s algorithm one finds the defining equations
for the coordinates of operator (7) which can be reduced to (9)—(12). It is to be pointed
out that unlike Lie’s algorithm, in the cases considered above the defining equations
(10), (12) are nonlinear ones and it is a typical feature of @-conditional invariance.

It goes without saying that ()-conditional invariance includes Lie’s invariance in
particular. So, in our case of the heat equation, we obtain infinitesimals (2) as simplest
solutions of (10), (12):

-

A=1, W=0 = Q=0a,
A=v=0, B=1 = @Q=07d,

I1u
A=0, B=1, v=-—2 o (=g,
200 @ (14)
A=1, W= w2_wi=0 = Q=D,
QCCO
A=1, W'=22 W2=_(2z0+2%)/422, W3=0 = Q=IL

Lo
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Remark 1. System of defining equations (10) was firstly obtained by Bluman and
Cole [5]. Further investigation of system (10) was continued in [6], where the question
of linearization of the first two equations of (10) had been studied. The general solution
of the problem of linearization of equations (10), (12) will be given after a while.

Now let us list some concrete operators (7) of Q-conditional invariance of equa-
tion (1) obtained as partial solutions of the defining equations (10), (12). In the
following Table we also give corresponding invariant ansétze and the reduced equa-
tions.

Of course, operators 1-10 from Table do not exhaust all possible operators of
Q-conditional invariance.

N Operator Q Ansatz Reduced equation
1 —2100 + O1 u-cp(xo—i— ) ©"'=0
2 —2100 + 01 + 230, (fUO + ) + Téll o"'=-3
3 2300 — 32101 — 3ud, U= T1p (l‘o + é ¢"=0
4 | 2300 — 32101 — Bu+2)0y | u=110 (mo + 7> + —E{ o’ =-15
5 2101 + udy u = z1p(x0) =0

6 cthx101 + uo, u = p(xo) chxzy ' —p=0
7 —ctg 2101 + udy u = ¢(x0) cos 1 o' +p=0
8 O — udy — 570 u= (220 — z1)e” " p(z0) ¢ —p=0
9 —/=2(x0 + u)du u=—x0 — 2[z1 + ¢(z0)]’ ' =0
10 (w0 +2) 00— m0n u =g w0z + 5} ¢ =0

Next we study Lie symmetry of the defining equations (10), (12).

Theorem 2. The Lie maximal invariance algebra of system (10) is given by the
operators

1 1
&, O, G =uz00, + Oy — §W10W2 - §m1W38W3,
D(l) = 2@'030 + x161 - Wlaw1 - 2W2aw2, I(l) = W3aw3,

5
H(l) =X xoao +$181 — Wlawl — 2W28W2 — iws(c)wS) + (15)

1 1 x?
1 <8W1 - §W16W2) — 5aW2 - le?*aws,
X = (fo+ AW — fW2)dys.

where f = f(xg, 1) is an arbitrary solution of (1), that is fo = fi1.

Theorem 3. The Lie maximal invariance algebra of equation (12) is given by the
operators

3o, 01, D® =2x00y + 2101 +udy, D® =ud, + vy,
1 1
G® = 200, — %1 (u0y + v0y) — auav,

2
§v81,> — %(u@u +v0y) —

T
—u0y,
2 (7

1
o® =z, (56050 + 2101 — §u8u -
R=f0,+ f10» (fo = f11)-
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One can get the proofs of these two theorems by means of the standard Lie’s
algorithm.

Operators (15), (16) can be used to find exact solutions of equations (10), (12).
In particular, using the formula of generating solutions at the expense of invariance
under I1(2)

- fx2 0 zu
WM (o, @1, u) = (1= 0z0) ™/ exp { 41— 191;0) } v} (@, 23,4 + 1—0z 2°
o) = —2¢ e——
71—z YT 1 -0z an
1 0a}
u = (1 — 0z9)"/? exp {Z ] _xelxo } u (0 = const)

one can construct new solutions of equations (12) starting from known ones.
Solutions of equations (10), (12) can be obtained by the use of reduction on
subalgebras of the invariance algebras (15), (16). For example, using the subalgebra

(0o + a£1)> of the algebra (15) we find the following solution of the system (10)

C2 _ C2
wl = 1 3 ’
—Cy tg(Crar + C2) 4+ C3tg(Cazr + Cy)
W2 = _c,c, C1t8(Csr1 + Co) — Cs tg(Cran + C) (18)

—Cl tg(C’wl + 02) + C3 tg(ngl + 6'4)7
WS — (Sﬁll _ Wl@l _ W2gﬁ)eam0,
where C1,...,Cy are arbitrary constants, ¢ = ¢(x1), Y11 = ap.

Theorem 4. The system (10) is reduced to the system of disconnected heat equations
_'() = 511 (5: 2’(:60,1‘1) = {Zl, 22, 23}) (19)
with the help of the nonlocal transformation

1,2 1,2 1,2 1,2
_ANF T A 2 1R T AR

wl=_Z211° 7%~ p2_ 1% = “1°11
1.2 _ 1.2 1.2 _ 1.2
2122 — 2127 2122 — 2127 (20)

W3 =23 + Whed — w228,

Expressions (20) result in (after using the corresponding operator (7), (9)) the
ansatz

u=z2'pw)+2° w= Z—l (21)
2

(2%, 22, 2% are solutions of (19)), and the reduced equation is ¢” = 0. This means

that
u=Cz' + Coz? + 23. (22)

So, we get just the well-known superposition principle for the heat equation.
Letting W2 = W3 = 0 we get from (10) the Burgers equation

Wa +2W'w] = w},. (23)
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Using Hopf-Cole transformation one obtains solutions of equation (23) in the form

W'=—-0iInf = —% (fo= fi1). (24)
This result in the operator
Q= fOo — f101. (25)

Q-conditional symmetry of equation (1) under the operator (25) lead to the following
statement.

Theorem 5. If function f is an arbitrary solution of the heat equation (1) and u is
the general integral of the ODE
frdao + fda1 =0, (26)

then u satisfies equation (1).

Proof. We note that equation (26) is a perfect differential equation and therefore its
general solution u(xg,x1) = C possesses the following property

Ug = fl, Uy = f (27)
Having used (27) we obtain
up—unn =f1—fi=0

and the theorem is proved.

Theorem 5 may be considered as another algorithm of generating solutions of
equation (1). Indeed, even starting from a rather trivial solution of the heat equation
u =1 we get the chain of quite interesting solutions

x 3
1—>x1—>afo—|—§—>xom1+y—>-~, (28)
and among them the solutions
x%m @ x%m_Q + JU_(Q) x%m_4 + -+ 7336”_1 ﬁ + ﬁ (29)
2m)! 1 2m—2)! 2! (2m —4)! (m—1r20  ml’
x%m-‘rl Zo x2m71 1,(2) 1‘?m_3 2136”_1 1‘? 336n 71 (30)

Cm+1)! " 1 2m—1)! " 2! (2m —3) (m—1)!3 " m! 1"

It will be also noted that supposing function v in (12) to be independent on x4
and denoting
1
v= (o) (31)
we get instead of (12) the following remarkable nonlinear heat equation
wo = Oy (w™2wy,). (32)
One easily sees that the operator

Q = w(zo,u)01 + Oy (33)
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sets the connection between equations (32) and (1):

1 —
wy — au(w_gwu) = u—al (M) ,
1

1 " (34)
Ug — Ul = — /[wo — Oy (w2wy,)]du
w
by means of the change of variables
0x1(zo,u)  Ou(xg,x1) 1
= == . 35
w(‘rO) u) au ’ axl ’LU(IO, U) ( )
This result has been obtained differently in [7, §].
If v from (12) has the form
v = (0, T1)u (36)
then (12) is reduced to the Burgers equation for ¢
Yo = 2pp1 + o1 (37)

and one may say that operator
Q = 01 + pud, (38)

sets the connection between equation (37) and (1) via the substitution

_h
°="T7 (39)
Letting
v = @(xg,21)u + h(xo, 1) (40)

and substituting it into (12) one finds the Burgers equation (37) for function ¢ and
the following equation for h

ho = 2h<p1 + hi1. (41)

System of equation (37), (41) was also obtained in [6] when considering the sys-
tem (10). Having made the change of variables

f1 fi
==, h = —g—g 42
7 7 1 (42)
we reduced (37), (41) to two disconnected heat equations
fo=fi1, g0 =g11. (43)

Now we consider how to linearise the equation (12) in general case. Let us introduce
the notations

St (20, 21, u,v) = v — (V11 4+ 20014 + V2 Vyy). (44)
After changing the variables

v=——, z=z(xg,71,u) (45)
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we get

SY(xo, z1,u,v) = —i(ﬁl +v9y,)S?(xg, 21, u, 2), (46)
where

S% (20, 1, u,v) = 20 — 211 + 2z—iz1u — z—izuu (47)

Having applied the hodograph transformation

Yo =19, Y1 =71, Y2=2, R=u (48)
we get
1
52($07$17’U/,Z> :_R_Q(RO_Rll)u (49)

where R = R(yo, Y1, Y2)-
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Second-order differential invariants
of the rotation group O(n)
and of its extensions: E(n), P(1,n), G(1,n)

W.I. FUSHCHYCH, I.LA. YEGORCHENKO

Functional bases of second-order differential invariants of the Euclid, Poincaré, Galilei,
conformal, and projective algebras are constructed. The results obtained allow us to
describe new classes of nonlinear many-dimensional invariant equations.

0. Introduction

The concept of the invariant is widely used in various domains of mathematics. In
this paper, we investigate the differential invariants within the framework of symmetry
analysis of differential equations.

Differential invariants and construction of invariant equations were considered by
S. Lie [1] and his followers [2, 3|. Tresse [2] had proved the theorem on the existence
and finiteness of a functional basis of differential invariants. However, there exist few
papers devoted to the construction in explicit form of differential invariants for specific
groups involved in mechanics and mathematical physics.

Knowledge of differential invariants of a certain algebra or group facilitates clas-
sification of equations invariant with respect to this algebra or group. There are also
some general methods for the investigation of differential equations which need the
explicit form of differential invariants for these equations’ symmetry groups (see, e.g.,
3. 4)).

A brief review of our investigation of second-order differential invariants for the
Poincaré and Galilei groups is given in [5, 6]. Our results on functional bases of di-
fferential invariants are founded on the Lemma about functionally independent invari-
ants for the proper orthogonal group and two n-dimensional symmetric tensors of the
order 2.

We should like to stress that we consider functionally independent invariants of
but not irreducible ones, as in the classical theory of invariants.

Bases of irreducible invariants for the group O(3) and three-dimensional symmetric
tensors and vectors are adduced in [7].

The definitions of differential invariants differ in various domains of mathematics,
e.g. in differential geometry and symmetry analysis of differential equations. Thus,
we believe that some preliminary notes are necessary, though these formulae and
definitions can be found in [8, 9, 10].

We deal with Lie algebras consisting of the infinitesimal operators

X = &z, u)0y, + 10" (z,u)0yr. (0.1)
Here » = (2',22,...,2"), u = (u',...,u™). We usually mean the summation over
the repeating indices.

Reprinted with permission from Acta Appl. Math., 1992, 28, P. 69-92
© 1992 Kluwer Academic Publishers, with kind permission of Springer Science and Business Media
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Definition 1. The function

F:F(x,u,tlt,...,llt),

where u is the set of all k*-order partial derivatives of the function w is called a dif-

ferential invariant for the Lie algebra L with basis elements X; of the form (0.1)
(L =(X;)) if it is an invariant of the lth prolongation of this algebra:

!
XSF(ac,u,tla,...,u) = As(z,u,u, ..., u)F, (0.2)

where the \s are some functions; when \; = 0, F is called an absolute invariant; when
Ai # 0, it is a relative invariant.

Further, we deal mostly with absolute differential invariants and when writing
‘differential invariant’ we mean ‘absolute differential invariant’.

Definition 2. A maximal set of functionally independent invariants of order r <[
of the Lie algebra L is called a functional basis of the I™-order differential invariants
for the algebra L.

We consider invariants of order 1 and 2, and need the first and second prolongations
of the operator X (0.1) (see, e.g., [8-11])

1 2 1
the coefficients n; and 7;; taking the form

nr = (Op; + uSOus )" — ul (D, + 15Oy )E,
nz'rj = (aﬂﬂl + u?aus + Ujkaui)n: - u:k(axj + Ujauq)fk

While writing out lists of invariants, we shall use the following designations

ou 0%u
Uy = 57—, Ugh = 7—F—
T Oz T Ox,0xp’
Sk(uab) = ualaguagag e uak_lakuakala (0.3)

S]k(ualh Uab) = ualaz e uajflaj Uajaj+1 e /Uakllla
Rk(uaa uab) = Uqy UqayUaia9Uagas " Uay_1ap-
Here and further we mean summation over the repeated indices from 1 to n. In all
the lists of invariants, k takes on the values from 1 to n and j takes the values from

0 to k. We shall not discern the upper and lower indices with respect to summation:
for all Latin indices

2

_ _ 2 2
TaTq = Tox® = 2%, = 2] + 25+ - + 5.

1. Differential invariants for the Euclid algebra
The Euclid algebra AE(n) is defined by basis operators

858

a 8% ’

Jab = xac“)b — :Cbaa. (1.1)
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Here and further, the letters a, b, ¢, d, when used as indices, take on the values from
1 to n, n being the number of space variables (n > 3).

The algebra AE(n) is an invariance algebra for a wide class of many-dimensional
scalar equations involved in mathematical physics — the Schrédinger, heat, d’Alem-
bert equations, etc.

In this section, we shall explain in detail how to construct a functional basis of the
second-order differential invariants for the algebra AFE(n). This basis will be further
used to find invariant bases for various algebras containing the Euclid algebra as
a subalgebra — the Poincaré, Galilei, conformal, projective algebras, etc.

1.1. The main results. Let us first formulate the main results of the section in
the form of theorems.

Theorem 1. There is a functional basis of second-order differential invariants for
the Fuclid algebra AE(n) with the basis operators (1.1) for the scalar function u =
w(zy, ..., x,) consisting of these 2n + 1 invariants

u,  Sk(uap), Ri(UasUab)- (1.2)

Theorem 2. The second-order differential invariants of the algebra AE(n) (1.1) for
the set of scalar functions u™, r = 1,...,m, can be represented as functions of the
following expressions:

u', Sjk(utlzbvqu)v Rk(ugvuclbb)' (1'3)

1.2. Proofs of the theorems. Absolute differential invariants are obtained as
solutions of a linear system of first-order partial differential equations (PDE). Thus,
the number of elements of a functional basis is equal to the number of independent
integrals of this system. This number is equal to the difference between the number
of variables on which the functions being sought depend, and the rank of the corres-
ponding system of PDE (in our case, this rank is equal to the generic rank of the
prolonged operator algebra [8, 9].

To prove the fact that N invariants which have been found, F* = Fi(x, u, Uy ,th),

form a functional basis, it is necessary and sufficient to prove the following statements:

1) the F? are invariants;
)
(2) the F' are functionally independent;

(3) the set of invariants F** is complete or N is equal to the difference of the number
of variables (z,u, Uy ,’llL) and the rank of the system of defining operators.

We seek second-order differential invariants in the form

F = F(x,u,u,u).
12
It follows from the condition of invariance with respect to translation operators 9,
that F' does not depend on z,; evidently, w is an invariant of the operators (1.1).
Thus, it is sufficient to seek invariants depending on u and U only. The criterion of

the absolute invariance (0.1) in this case has the form

JabF(zlz, g) =0, (1.4)
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where

b = Oy — GOy + 2Dy — UhoDur ), (1.5)

the summation over r from 1 to m being implied.

In that way, the problem of finding the second-order differential invariants of the
algebra AE(n) is reduced to the construction of a functional basis for the rotational
algebra AO(n) with the basis operators (1.5) for m vectors and m symmetric tensors
of order 2.

Lemma 1. The rank of the algebra AO(n) is equal to (n(n —1))/2.

Proof. It is sufficient to prove the lemma for m = 1. The basis of the algebra (1.5)
cousists of (n(n —1))/2 operators. According to definition [8], its rank is equal to the
generic rank of the coefficient matrix of these operators. Let us put ug,, = 0 when
a # b and write down the coefficient columns by 9,,,, of the operators (1.5):

U1 — U22 0 e 0
0 Uil — U3z - 0 (1.6)
0 0 0 Up—1,n—1 — Unpn

When ugq # uppy for a # b and all u,, # 0, the determinant of the matrix (1.6)
does not vanish, therefore its generic rank (that is, the generic rank the algebra being
considered) cannot be less than (n(n — 1))/2. The lemma is proved. |

Lemma 2. The expressions

Sk(tap),  Ri(ta,Uap) (1.7)

are functionally independent.

Proof. To establish independence of expressions (1.7), it is sufficient to consider the
case when ug, = 0 if a # b and ug, # 0. Let us write down the Jacobian of the
invariants

1 . 1
2u1q o 2Upn 0
nupr b ! (1.8)
2uq e 2un,
2u1u’f1_1 co upuntt

The Jacobian (1.8) is equal up to a coefficient to the product of two Vandermonde
determinants and is not equal to zero if u,, # up, whenever a # b. Thus, the expressi-
ons (1.17) are functionally independent. ]

Proof of Theorem 1. The fact that expressions (1.2) are invariants of AO(n) can be
easily proved by direct substitution of these expressions into the invariance conditions.
Nevertheless, it is useful to note that Sk(ugp) are traces of the symmetric matrix
(uqp) = U and its powers, R (uq,uqp) are the scalar products of the vector (ug) =

(u1,...,un), the matrix U*~1 and the vector (u,)7.
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The invariants for the vector (u,) and the symmetric tensor (uq,) depend on their
(n(n + 3))/2 elements. Thus, it follows from Lemma 1 that a functional basis of the
algebra AO(n) for (u,) and (uqp) must consist of

n(n+3) n(n-—1) _on
2 2
invariants.

Therefore the set (1.7) is a complete set of functionally independent invariants
of the form F = F(11L,12L) and (1.2) represents a functional basis of the second-order

invariants for the algebra AE(n). The theorem is proved. |

Let us consider the case of two vectors (ug), (v,) and two symmetric tensors of the
second order (uqp), (vap). The operators of the rotation algebra have the form (1.5),
u=ul, v=12

In this case, a functional basis of invariants contains

n(n—1 n(n—1 n(n+7
o (M), - n ) _ntn)

2 2

elements for which we take the following expressions
Ri(ta,Uap);, Ri(va,uab), Sjk(Uab,Vap)- (1.9)

The invariance of expressions (1.9) with respect to the operators (1.5) can be easily
proved by their direct substitution to (1.4). To establish their functional independence,
we shall use the following lemma.

Lemma 3. Let
U= uab)ap=1,..ns V = Vab)ab=1,...n
be symmetric matrices. Then the expressions
Sik(tap, vap) = tr UIVF=I 5 =0,..k k=1,...,n, (1.10)

are functionally independent.

Proof. To prove Lemma 3, it is sufficient to show that the generic rank of the Jacobi
matrix of expressions (1.10) is equal to (n(n+3))/2 that is the difference between the
number of independent elements of U and V' and the rank of the operators (1.5). We
shall limit ourselves to the case when uy, = 0 if a@ # b. Then equations (1.10) depend
on (n(n + 3))/2 variables and their independence is equivalent to the nonvanishing of
the Jacobian.

Let us write down the elements of the Jacobian which are needed for further
reasoning

1 1
2U11 s 2un 0
nuf o gt . (L11)

1 0 - 0 1 ... 1
217 4vie -0 dvi, 2022 cr 20p,
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Since, in the first n rows, all the elements besides the first n columns are equal
to j zero, the Jacobian (1.11) is equal to the product of the Jacobian of the elements
trU*, k = 1,...,n, and the Jacobian of all other elements. According to Lemma 2,
the expressions tr U*, k = 1,...,n, are independent and their Jacobian is not equal
to zero; thus, it remains to show the nonvanishing of the Jacobian and the functional
independence only for the elements

trUVFI j=0,...,k—1; k=1,...,n.

It follows from (1.11) that it is sufficient to show the nonvanishing of this Jacobian
without the (n + 1)th rows and columns. Thus, to prove the lemma, it is enough to
show that the following expressions are independent

trUVFIV, §=0,...k k=1,...,n—1. (1.12)

The above reasoning allows us to make use of the principle of mathematical induc-
tion.

When n = 1, uy; and vy are independent and the lemma, is true. Let us suppose
that it is true for n — 1 and then prove from this that it is valid for n. Let the
expressions

tr UV 5 =0,...,k k=1,...,n—1, (1.13)

where U, V' are symmetric (n — 1) x (n — 1) matrices and are independent. Then,
we shall prove the independence of (1.12) for the same matrices. The sets (1.12) and
(1.13) coincide with the exception of the following subsets

tr UV, j=0,....,n—1 (1.14)
belong only to (1.12) and
trU’, j=1,...,n—1 (1.15)

belong only to (1.13).

The assumption of validity of the lemma for n — 1 means that for two symmetric
tensors of order 2, the set (1.13) is a functional basis of invariants of the rotation
algebra. Thus, all the invariants of this algebra can be represented as functions of
(1.13). To prove the functional independence of (1.12), it is sufficient to prove the
nondegeneracy of the Jacobi matrix of the functions expressing the invariants (1.12)
with (1.13). This matrix has the form

(1.16)

W
B(r U7V 7)
0 At U79)

W being the derivative by tr V' of the expression
trVP=F(te V¥, k=1,...,n—1).
(We know that from the Hamilton—Cayley theorem); W # 0.
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We have only to prove the nonvanishing of the Jacobian of the expressions
tr (V") = F(trU*, k=1,...,n—1,...). (1.17)

When V = E, the corresponding quadrant of the matrix (1.16) is the unit matrix and
its determinant does not vanish identically. This fact proves the nondegeneracy of
the matrix (1.16). The expressions (1.17) can be obtained from the Hamilton—Cayley
theorem. They are polynomials and, thus, continuous functions of their arguments.

The functional independence of the expressions (1.12) for (n—1) x (n—1) matrices
implies their independence for n x n matrices. From the above, it follows that the
expressions (1.10) are independent, thus Lemma 3 is proved. ]
Proof of Theorem 2. It is easy to see from the structure of the set (1.3) that
the invariants involving (ul),..., (ul), (u2,),...,(u™) depend on the components
of (u}lb) and of the corresponding vector or tensor, thus it is sufficient to prove the
functional independence of each of the following sets:

Ry (ul, ul,) for every r =1,...,m;

1 _ .
Sk (ugpy, uhp) for every r = 2,...,m;

The functional independence of each set of Ry(u”,ul,) can be proved similarly
to the proof of Lemma 2. The functional independence of the set Sji(ul,,u’,) easily
follows from Lemma 3, u" are evidently independent of other elements of (1.3).

To make sure that expressions (1.3) are invariants of AO(n), it is sufficient to
substitute them into the condition (1.4).

The set (1.3) consists of

nn—1) nin+1)
2 _m< 2

2mn+m+ (m—1)

elements and, thus, it is complete.

So we have proved that this set forms a basis of invariants for the algebra AE(1.n)
(1.1).

1.3. Bases of invariants for the extended Euclid algebra and for the
conformal algebra. The extended Euclid algebra AE;(n) for one scalar function is
defined by the basis operators d,, Jup» (1.1) and D depending on a parameter \:

D =2,0, + \udy, (0, = 9/0u). (1.18)

The basis of the conformal algebra AC(n) consists of the operators d,, Jup (1.1)
and D (1.18) and

K, =2x,D — x,2,04. (1.19)

Theorem 3. There is a functional basis for the extended Fuclid algebra that has the
following form
(1) when A # 0:

Ry (ta, tap) Sk(Uab)
GFA—2/0F1"  k(—2/N)

(1.20)
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(2) when A =0:
7 Rk((;b:c:)’liab)v ‘S(’ZS:;Z;) (k 75 1); (121)

a functional basis for the conformal algebra has the following form:
(1) when A # 0:

S (Oa)uF /A7, (1.22)
(2) when A = 0:
u, Sk(wab)(uaua)72k (k # n)v (1.23)
where
Oap = Mgy + (1 — A) 22 5ab”§“0,
! (1.24)
5ab
Wap = Uele | Ugp + 5, udd ) ~ Ue (U Upe + Upliae),

dap being the Kronecker symbol.

Proof. To find absolute differential invariants of the algebra AE;(n), it is necessary
to add to (1.4) the following condition

2

DF =x,F,, + by, + (A —DuFy, + (A —2)ug Fy,, =0. (1.25)
Solving equation (1.25) for

F = F(u, R (ua, tab), Sk(tab)),

we obtain functional bases (1.20), (1.21) for the extended Euclid algebra.
The second-order differential invariants of the algebra AC(n) are defined by the
conditions (1.4), (1.25) and

2
ko KoF =0, (1.26)

2
where k, are arbitrary real numbers, K, are the second prolongations of the operators
K, (1.19):

2 2 2
Ko =224 D + xp Jab + 2\ [0y, + 2up0y,,| + 2ua0y,, — 4upOy,, -

Solving this system for an arbitrary n requires a lot of cumbersome computations.
It is simpler to construct conformally covariant tensors from wu, u,, g, and then to
construct invariants of the rotation algebra.

Definition 3. Tensors 0, and 04, of order 1 and 2 are called covariant with respect
to some algebra L = (Jup, X;) if
Xibo = 0%, 0, + 00y,

| . | (1.27)
XiOap = pfzcecb + p;)caac + Plgaba

X, are operators of the form (0.1), p’, o' are some functions, ol,, p., are some
skew-symmetric tensors.
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It is easy to show that the expressions Si(04p), Ri(6a,0qs), where 6,, 04 are
tensors covariant with respect to the algebra L are relative invariants of this algebra.
The fact that 0, and wgp (1.24) are covariant with respect to the conformal algebra
AC(n) can be verified by direct substitution of these tensors into the conditions (1.27)

2 2
for the operators D and K.

The rank of the second prolongation of the algebra AC(n) is equal to the number
of its operators

-1
n(n )+n+n+1:n(n+3)

1
2 2 +

and, therefore, a functional basis of second-order differential invariants must contain
n invariants.

The functional independence of the expressions (1.22) follows from Lemma 2 if we
notice that the transformation wu,, — 6,5 is nondegenerated. The same is true for the
set (1.23).

The expressions (1.22) and (1.23) satisfy (1.25) and (1.26) for the corresponding A
and they are invariants of the conformal algebra.

All that is stated above leads to the conclusion that (1.22) and (1.23) form functi-
onal bases for the conformal algebra AC(n) with A # 0 and A = 0, respectively.

Note 1. Using condition (1.26), it is easy to show that when A # 0 covariant tensors
exist for AC(n) of order 2 only; when A = 0, the tensors wg, (1.24) and w, are
conformally covariant but Sk (wap) and Ry (uq, wep) are dependent.

Theorem 4. The second-order differential invariants for a wvector function u =
(ul,...,u™) and for the algebra AEi(n) = (D4, Juy, D), the operator D having the
form

D = 2,0, + A" Oyr (1.28)

with a summation over r from 1 to m, can be represented as the functions of the
following expressions:
(1) when A # 0:

u’ Sjk(“ibv ugy) Ry (uf, uly)

ul (r=2,...,m), (ul)F(1=2/3) (ul)k(172/>\)+1;

(2) when A = 0:

', Riug, ugy)(an) ™" Sk (uap, whs) (uga) ™

(when r =1 then k # 1);
the corresponding basis for the conformal algebra AC(n) = (Oa, Jap, D, Ko) (K, =
2z, D — xpxp0,) has the following form:
(1) when A # 0:
S. ( r 91 )(ul)k(Q/A—l) u_r
Ik 7abs Zab Tl (1.29a)
Ry (0,00,)" A7 (r=2,... m);
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(2) when A =0:
u(r=1,...,m), (uhul) S (wl,,wr,), (1.29b)
() Re(uwhy) (=2, m) |

(for the set of invariants (ulul)=2*Si(wap), k does not take the value n); the tensors
or,, wh, are constructed similarly to (1.24) and

Theorem 4 is proved similarly to Theorem 3.

The functional independence of the sets of invariants follows from Lemmas 2 and 3
taking into account the fact that transformations u},, — 6%, u’, — wh, (r=1,...,m)
and u!, — 07 (r =2,...,m) are nondegenerate.

1.4. Differential invariants of the rotation algebra. The rotation algebra is
defined by the basis operators J,;, (1.1).

The second-order invariants of this algebra for m scalar functions u" are construc-
ted with x4, u", uy, w}, similarly to invariants of the Euclid algebra.

Theorem 5. There is a functional basis of the second-order differential invariants
for the algebra AO(n) that has the form

U’Tv Sjk(uzlzbvugb)v Rk(uzvu}zb)v Rk(xavu}zb)v r=1,...,m;

the corresponding basis of invariants for the algebra (Jup, D), where D is defined by
(1.28), consists of the expressions

ez, AR G sl

Ry (4, uly) (ut)2/AE=2)=k+1 " qphen X # 0;

u's Ri(ug,tgy) (ug) ™", Sinlugy, ugy) (ugq) ™" (k # 1 when r = 1),
Ri(za,uly)(ul,)?>™% when A= 0.

A basis of invariants for the algebra (Jup, D, K,) when X # 0, consists of the expres-
sions (1.29a) and

Ri(ra b))
$2(u1)(k—1)(1—2/>\)’ e

when A = 0 it consists of the expressions (1.29b) and

Rk(xavwéb) 22— o
- ata

= (a )-

The proof of this theorem is similar to the proofs of Theorems 2 and 3; notice that
(z,) is a co variant tensor with respect to the conformal operators.
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2. Differential invariants of the Poincaré
and conformal algebra

In this section, we consider differential invariants of the second order for a set of m
scalar functions

u =u" (o, X1,y XTn), N >3 (2.1)

The Poincaré algebra AP(1,n) is defined by the basis operators

) 0
Pu =19uv 5> J;w = ZTuPv — TwPu, (22)
Oz,
where u, v take the values 0,1,...,n; the summation is implied over the repeated
indices (if they are small Greek letters) in the following way:

v’ =20 =¥z, = a8 — 2t — - — 22, g =diag(1,-1,...,-1). (2.3)
We consider z,, and z” equal with respect to summation not to mix signs of
derivatives and numbers of functions.
The quasilinear second-order invariants of the Poincaré algebra were described
in [12].
Theorem 6. There is a functional basis of the second-order differential invariants of
the Poincaré algebra AP(l,n) for a set of m scalar functions u” consisting of

n(n+1)

m(2n+3) + (m —1) 5

nvariants

u”,  Ry(uy, ullw), Sk (uy,,, uiw).

In this section, everywhere k =1,...,n+1;j=0,... ., k;r=1,...,m.
For the extended Poincaré algebra AP(l,n) = (p,, J,., D), where

D =x,pu + A" pyr (2.4)

(pur = 1(0/0u"), the summation over v from 1 to m is implied) the corresponding
basis has the following form:
(1) when A = 0:

u', Sjk(u;wu;lw)(u}xa)_kv Rk(uzvu}w)(u}xa)_k;

(2) when A # 0:

u’f‘

=

" Sjk(u:w,ul )(ul)k(2/>\71)’ Rk(uz’ulu)(ul)%/)\fkfl,

pv W

where Sji, Ry are defined similarly to (0.3) and the summation over small Greek
indices is of the type (2.2).
For the conformal algebra AC(1,n) = (py, Juw, D, K,,), where

K, =2x,D—2,2,p,
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(D being the dilation operator (2.3)), the corresponding basis consists of the expres-
St0ns

pvo Y py

S (9 91 )( )16(2//\—1)7 u_17 Rk(az’allw)(ul)k(Q/)\—l)—l;
u

when X\ # 0; r = 2,...,m, there is no summation over r; the conformally covariant
tensors have the form

T 1 T,,T T T
T — u_ﬂ o & 9T = + (1 _ )\) Uy, Uy, _ Ugtg
13 ur Ul 9 g ;u/ o gm/ 2UT .

When A = 0, the corresponding basis of invariants for the conformal algebra has
the form

’U’T’ Sjk(w/“/’w;ltu)(u(llutlx)_zka Rk;(’ll/:” w;luj)(ulu )1 ka r= 27 sy MY

the tensors (wy,,),

T

9uv
Wy, = Up Uy, <u/“, - mu%) - ug(uﬁugy +u£ugu)

are conformally invariant (there is no summation over r).

The proof of Theorem 6 follows from those of Theorems 2, 3 for z = (x1,...,Znt1)
if we substitute iz instead of x,41.

Similarly to the results of Paragraph 1.4, it is possible to construct the invariants
of the algebras (J,..), (Juw, D), (Juv, D, K, >

)
The obtained results allow us to construct new nonlinear many-dimensional equa-

tions, e.g. the equation

UqUey

T W~ Ut Uy = (u,u, )2 F(u),

where F is an arbitrary function, is invariant under the algebra AC(1,n), A = 0. The
left member of the above equation is equal to w,,,.
There is another quasi-linear relativistic equation with rich symmetry properties

(1 — UO/LL(X)UMM — UqUp Uy, = 0,

that is, the Born—Infeld equation. The symmetry and solutions of this equation were
investigated in [10, 13]. This equation is invariant under the algebra AP(1,n+1) with
the basis operators

JaB = xAPB — TBPA,

AB=1,....,n4+1, z,41 = u.
Let us consider the class of equations

Upp Uy = F (W, Up Uy Up s Uy Uy, ).

It is evident that they are invariant with respect to the Poincaré algebra AP(1,n)
out the straightforward search the conformally invariant equations from this class
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with the standard Lie technique requires a lot of cumbersome calculations. The use of
differential invariants turns this problem into one of elementary algebra, e.g. if A # 0

1
F—uyuy,, = 7X52(9W) + u2(172//\)¢(51(Q“V)UQ/)\fl)’

where 6,,,, is of the form (1.24) and ¢ is an arbitrary function. Whence

)\ oo
F=u21-2/0 ¢ <u2/,\—1 <“w At nuau >> B

A U
1 2(1=X) 20y U U
T 22 (N +n?)(uata)? - T el + WT

It is useful to note that besides the traces of matrix powers (0.3), one can utilize
all possible invariants of covariant tensors 6,,,, wy,, to construct conformally invariant
equations.

3. Differential invariants
of an infinite-dimensional algebra

It is well-known that the simplest first-order relativistic equation — the eikonal or
Hamilton equation

UalUo = UE — Ui — - —u =0 (3.1)

is invariant under the infinite-dimensional algebra AP*°(1,n) generated by the opera-
tors [10, 14]

X = 0"z, + a")0, + n(u)0y, (3.2)

—bHY = b¥F a*, 1) being arbitrary differentiate functions on u. Equation (3.1) is widely
used in geometrical optics.

In this section, we describe a class of second-order equations invariant under the
algebra (3.2).

It is easy to show that the tensor of the rank 2

0,0 = UpUnyUx + UpUnpUx — Uy UpUry — UNUN Uy (3.3)
is covariant under the algebra AP*(1,n) (3.2).
Theorem 7. The equations of the form

Se(0) =0, k=12, (3.4)

Sk being defined as (0.3), are invariant with respect to the algebra AP*(1,n) (3.2).

The problem of the description of all such equations is more difficult and we do
not consider it here.
Let us investigate in more detail the quasi-linear second-order equation of the form

UpUpp Uy — UpUpyUaa = 0. (35)
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Theorem 8. When n > 2, equation (3.5) is invariant with respect to the algebra
AP>(1,n) with generators of the form

X +d(u)x,0,,

X is of the form (3.2), d(u) is an arbitrary function on u.

The proofs of Theorems 7 and 8 can be easily obtained with the Lie technique
using the criterion of invariance

2
S0, =0,
X Sk(6u )Sk(ew):o

2
where X is the second prolongation of the operator X [8-10].

4. Differential invariants of the Galilei algebra

4.1. It is well-known that the heat equation

2,U/th + Au = 07 Au = Uqga s

4.1
’U/:’Lt(t,%), 33:(.131,...,3?”), 'fl23 ( )
is invariant under the generalized Galilei algebra AG?(1,n) with the basis operators

0 0
aa aa - a_xa7

Gy = t0q + praud, <8u

at = Jab = xaab - .fL'baa,

0

= —) , w0y, D =2t0;+ 1,0, + A0y, (4.2)
ou

A:tD_t28t+“Tm2uau (A:—g).

The Schrédinger equation
2imyp + Yaq = 0, (4.3)

¥ = 1(t,x) being a complex-valued function, is also invariant [16] under the genera-
lized Galilei algebra with the basis operators

0 o0 . N
Po=lige Pa=—ig - Jab = TaPb — ToPa, J = 1(P0y — Y™ Oy ),

Go =tps, — maxgJ, D =2tpg —xqpg + M (I =190y + " 0y+), (4.4)
2

A =1"py — txepa + AtI + %J (,\ — _g) .

The asterisk means the complex conjugation.
We shall designate the algebra (4.4) with the symbol AGL!(1,n). Besides,

AGI(17n) = <8ta aavuauv G(La ‘]ab>7

the operators being of the form (4.2). A basis of the algebra AGI(1,n) consists of
the basis operators or AG!(1,n) and of the operator D. Furthermore AG'(1,n) =
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(D0, Pas I, Jap, Ga) (4.4). A basis of the algebra AGI!(1,n) consists of the previous
operators and also D (4.4).

To simplify the form of invariants, we introduce the following change of dependent
variables:

Im
u=ewp. v=ewo (o=t ) (45)

All the indices k in the expressions of the type (0.3) here will take on values from
1 to n, the indices j will take on values from 0 to k.

We seek invariants of the algebra AGL(1,7n) in the form

F= F(QDta Pas Ptty Paty @ab)- (46)

Obviously, they do not include ¢, x,, and ¢ because the basis (4.2) contains operators
Oy, Ou, Oy

Using the definition of an absolute differential invariant (0.2) we get the following
conditions on the function F (4.6):

2
JabF - gOaFipb - SDbF‘Pa + F@bt Soat - SDthﬂpat + 2SDU'CF<Pbc - QSDbCFWac = 07 (4'7)

2

GoF = —paFy, + pFp, —20atFyp,, — @arFy,, =0, (4.8)
2

DF = -2p,F,, —poF,, —4puF,,, —30aly,, —20uwFs,, =0, (4.9)
2 2 2

AF =tDF 42 GoF — AFy, = 201F,, — 0aFy,, + poarFyp,, = 0. (4.10)

From equations (4.8), we can see that the tensors

0 = Pat + PoPabs  Pab (4.11)

are covariant with respect to the algebra AGT(1,n) (u # 0).

Theorem 9. There is a functional basis of absolute differential invariants for the
algebra AGT(1,n), when pu # 0, consisting of these 2n + 2 invariants:

My = 2up + ©apas Mo = (1201 + 2000 Pat + PaPbPabs

4.12

Ry, = Ri(0a,0ap), Sk = Sk(ab)- (4.12)
For the algebra AGL(1,n) (1 # 0) such a basis has the form

M> Ry, Sk

—, —, —- 4.1

M? MER MY (4.13)
For the algebra AGE(1,n) (u # 0), there is a basis of the form

Ne B Sk (k=2,...,n), (4.14)

27 2+k7 k
N2’ N N}
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where
N1 =20t + papa + Paa,

9 1 1 1,
Ny = p o + 21 Ewtsﬁaa + YaPat | + PabPab + ﬁ%pa%ﬁobb + ﬁ@bbv

k

- 1 (—n)k!
Ry, = ;Rl(%a)k ﬁa (4.15)

" (=n)l(k - 1)k + 1)

I+ 1)!(k—1)! Si(¢aa

Sk =
1=0

Sk, Ry are defined by (4.12) and 0, has the form (4.11).

The proof of this theorem is similar to the proof of Theorems 2 and 3. We shall
present here only some hints to the proof.

It is evident that the function F' must depend on the invariants of the Euclid
algebra

)k—l

)

F = F(ipta‘PttaRk(SOaa@ab)aRk(@at,S@ab)7S¢ab))~

First we construct two invariants of AG(1,n) M; and My (4.12) which depend on ¢
and ¢y respectively. The other invariants of the adduced basis (4.12) do not depend on
¢t or g and the sets { M, Mz} and {Ry, Si} are independent. The invariants Ry, Sk
are constructed with the covariant tensors 0, @qp (4.11) similarly to invariants of the
conformal algebra investigated above, and it is easy to see that they are independent.

The generic ranks of the prolonged algebras AG(1,n), AGI(1,n), AGL(1,n) are
equal to the numbers of their operators and from this fact we can compute the number
of elements in the bases for these algebras.

Adding to (4.7) and (4.8) the condition (4.9), we obtain from the invariants (4.12)
the basis (4.13) for the algebra AGI(1,n).

Relative invariants Ry, Sy (4.15) of the algebra AGL(1,n) were found from the
equation

AFSOt - 2s0tF<Ftt - SDaFCFat + lu(sathPab =0,

F' = F(Ry, Sk), and then we constructed absolute invariants using (4.9). Besides, it is
possible to construct analogues to Ry, Sy with AGL(1,n)-covariant tensors 6, (4.11)
and

20ap
eab = Pab — Ta(@c@c + ,U(Pt)'

Considering (¢qt), (¢a), (Yap) as independent vectors and tensors and putting
wap = 0 whenever a # b, p, = 0, we see from Lemma 2 that the adduced sets of
invariants are independent.

Note 2. A basis of invariants for the Galilei algebra without translations contains
expressions (4.12) and

1
Rk(haa ¢ab)a §ILL$2 - ¢t7
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the Galilei-covariant vector h, having the form
he = pzrg — tp,.

Let us also adduce an A-covariant tensor
i e
t

a
depending on z,, and a relative invariant of the operators A and D (4.2)

2
Hr
exp {QO — Q—t}

with which it is possible to construct a basis of invariants for the algebra (G,Jup,D,A).

We have presented a method to find the bases of invariants for Lie algebras for
which Jg (1.1) are basis operators. Further, we shall adduce functional bases for the
algebras AGL(1,n) where u = 0 and AGL/(1,n) where u = 0 or p # 0. We omit
proofs because they are similar to proofs of the previous theorems.

It is evident from the conditions (4.7)—(4.10) that the case p = 0 for the algebra
AGE(1,7n) has to be specially considered. The tensors (¢,) and (@) are covariant
with respect to this algebra; the tensor (6,) involved in invariants is defined by an
implicit correlation

Pot = 0a<Pab~ (416)

Theorem 10. There is a functional basis of the second-order differential invariants
for the algebra AGT(1,n), where u = 0, that has the form

Ml = Yt— (paeaa M2 = Pt — LPaitaa» Rk = Rk(sﬂa,@ab), Sk = Sk:(@ab)~ (417)
The corresponding basis for the algebra AGI(1,n), where u = 0 has the form

M} Rx  Si
M, MFMF

a

for the algebra AGL(1,n), when p =0, it has the form

Ry Sk
M1/2k’ M1/2k’

where Ry, Sy are defined by (4.17) and

M = (¢t — 0apa)?® + (91t — Pata) A+ CaPprap)-

Here, the matriz {rapy} = {@ab} 5 0u = ravppr are the same as in (4.16).

Note 3. It is possible to use, instead of M7, Mo, the invariants

Pt Y1 Pn Pt Pt 0 Pnt
Ml _ 1t P11 Pin ’ M2 _ Y1t P11 Pin 7
SDnt ‘pnl e (pnn Sant SDnl e Qpnn

which have been found in [17] as the solution of the problem of finding the equations
invariant under the Galilei algebra when p = 0.
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Note 4. The invariants for the algebra (Jup, G, J, D, A) (4.2), where p = 0, which
depend on x4, t, can be constructed with ¢, @ and the following covariant vector

h 2 4 x
_ @ + Ztoapr + _M7
t n n t

where hy = Zp@ap + tpq: is covariant with respect to the operators G, when p = 0.

ha

4.2. Let us proceed to describe the basis of the invariants for the algebra AGL!(1,n).

Theorem 11. Any absolute differential invariant of order < 2 for the algebras listed
below is a function of the following expressions:
(1) AG'(1,n), m # 0:

¢+ ¢*, My =2imos + ¢pada, M7,

My = —m2¢y + 2imdadar + Gabbdap, M3,
Sik = Sjk(bav, %), Ri, = Ri(0a, dap),

R} = Ri(0;, ¢ab); R} = Ri(ba + 0} Pab),

the covariant tensors being 0, = —imar + Gpbap;
(2) AGII(1,n), m # 0:
My M, M, Ry (1=1,2) R Sie
VP VA VA VR S VA
b+ ¢* when A =0, MeP/NETE) when X #0;

(3) AGéj(]-vn)} m ?A 0; A= *%.’
NN Ny R B S

Nel—4/m)(o+e™) L 12 12 -1.92 ko HIk
1€ ) Nikv N123 N127 N12+k ( 3 )7 va lev

where
Ny = 2imeos + ¢aa + Pada,
. 1 1 1
N2 = _m2¢tt -+ 2im <¢a¢at + E(étﬁbaa) + ¢a¢b¢ab + ﬁ¢a¢a¢bb + E¢§a7

k J

ik =D D Sn(=n) CFC T (faa) " (7) I + (daa) (050)"
=0 r=0

- - (—n)ik!

R} = Z;)Rg-(%)“% (1=1,2,3).
=

The invariants for the algebras AG' (1,n), AGI1(1,n) (m = 0) can be constructed
similarly to the case of real function. Let us adduce a functional basis for the algebra
AGH (1,n).

(1) when A =0, then there is a basis consisting of the following expressions:

NE NP (Sjn)? 1\2 nr—k—1
+oF, =, — R.)“N. 1=1,2,4);
¢ ¢ ) N22> N2 ’ N{C ’ ( k) 1 ( » < )7
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(2) A #0:
* 1\2 2
N AL W VA2V R €L Y B P W 1.
N N7 N
where

Ni = (6t = 0a9a)” + (¢1r — Oaat) (A + daPabTab)
(with {rap} = {pap} ™" and 0, = rapdue),
Na = (¢t — ¢cbe)0upran — (97 — 9202)Padbran,
N3 = (¢t = ¢7) = Tal(Pa — 05) (Ta(Adab + Gadb) = Ppdt + Adyt),
R = Ri(¢a, bab);  Rp = Ri(0}, dab), R = Ri(0a — 03, dab),
R = Ri(pas Bab) (pa = (01 — 0600) (P57 ac — Perie) — Goarva(fa — 03)).
The proof of this theorem will be easier if we notice that by putting p = wm
in (4.4), we obtain operators similar to the operators (4.2).
The change of variables (4.5) in the adduced invariants allows us to obtain bases

for the algebras AGL and AGA! in the representations (4.2) and (4.4). These results
can also be generalized for the case of several scalar functions.

4.3. Let us present some examples of new invariant equations

1 1 1
¢tt + iQ {QH <_¢t¢aa + ¢a¢t> + djad)bqsab + _¢a¢a¢bb + _(bIZJb} =
Il n " "
= (201 + Gatba + daa)’F,

(4.18)

_m2¢tt + 2im (¢a¢at + %¢t¢aa> + ¢a¢b¢ab + %¢a¢a¢bb + %d)za =
= (Zim(bt + (ba(ba + ¢aa>2F'

Equations (4.18) and (4.19) are invariant, respectively, under the algebras
AGL(1,n), u # 0 (4.2), and AGE(1,n), m # 0 (4.4). The F’s are arbitrary functions
of the invariants for corresponding algebras.

Evidently, wide classes of invariant equations can be constructed with the adduced
invariants.

(4.19)

5. Conclusion

It is well-known that a mathematical model of physical or some other phenomena must
obey one of the relativity principles of Galilei or Poincaré. Speaking the language of
mathematics, it means that the equations of the model must be invariant under the
Galilei or the Poincaré groups. Having bases of differential invariants for these groups
(or for the corresponding algebras), we can describe all the invariant scalar equations,
or sort the invariant ones out of a set of equations.

The construction of differential invariants for vector and spinor fields presents
more complicated problems. The first-order invariants for a four-dimensional vector
potential had been found in [18]. The cases of spinor and many-dimensional vector
Poincaré-invariant equations and corresponding bases of invariants are still to be
investigated.
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Note 5. After having prepared the present paper, we became acquainted with the
article [19] where realizations of the Poincaré group P(1,1) and the corresponding
conformal group were investigated, and all second-order scalar differential equations
invariant under these groups were obtained. Reference [19] contains bases of absolute
differential invariants of the order 2 for the Poincaré, the similitude, and the conformal
groups in (1 4 1)-dimensional Minkowski space for various realizations of the corres-
ponding Lie algebras.

Note 6. It was noticed by the referee that an essential misunderstanding arose in the
calculation of second prolongations for differential operators, e.g. in formulae (1.5)
and (1.25).

When we calculate such prolongations with the usual Lie technique (see, e.g., [8]),
we imply that action of an operator of the form X9, ,, where X% are some func-
tions, is as follows

b b
X auab (ucducd) =2X" Uab, auubucd = 6acabd-

With this assumption, 0,,,,ue =0, a # b.
Otherwise, the second prolongation of the operator J,; (1.1) will be of the form

2 ~ ~
Jab = Jab + Jaba Jab = uaaub - ubaua + uacaubc - U/bcauaC + uab(aubb - auaa)~

Note 7. The equations which are conditionally invariant with respect to the Poincaré
and Galilei algebras were investigated in [20, 21].
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Conditional symmetry and reduction
of partial differential equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

Sufficient reduction conditions for partial differential equations possessing nontrivial
conditional symmetry are established. The results obtained generalize the classical
reduction conditions of differential equations by means of group-invariant solutions.
A number of examples illustrating the reduction in the number of independent and
dependent variables of systems of partial differential equations are considered.

An analysis of well-known methods for the construction of exact solutions of nonli-
near partial differential equations (PDE) (e.g., method of group-theoretic reduction [1,
2|, method of differential constraints [3], method of ansatz [4—6]) led us to conclude
that most of these methods involve narrowing the set of solutions, i.e., out of the
whole set of solutions of the particular equations specific subsets are selected that
admit analytic description. In order to implement this approach, certain additional
constraints (expressed in the form of equations) that enable us to distinguish these
subsets must be imposed on the solution set. For obvious reasons, these additional
equations are assumed to be simpler than the initial equations. By complementing the
initial equation with additional constraints, we are usually led to an over-determined
system of PDE. Consequently, there arises the problem of investigating the consi-
stency of a system of PDE. A second restriction on the choice of these additional
constraints is that the resulting system of PDE possesses broader symmetry than the
initial system of PDE (or simply a different type of symmetry).

In the present paper we establish sufficient conditions for the reduction of differen-
tial equations that generalize the classical reduction conditions of PDE possessing
a nontrivial Lie transformation group. Our concern will be with the following;:

UA(J;,u,llt,...,u):O, A=1,M, (1)
ap(@, wug, —ng(z,u) =0, a=1N, (2)
where z = (20, 1, .., Tn_1), u(z) = (WO(z),...,u™ (2)), u = {0°u®/Dx,, ...0z,,,

0<pu <n—1}, s=1,7, Ua, &, no are sufficiently smooth functions, N <n — 1.
Below summation over repeated indices is understood. Let us introduce the nota-
tion

Ry = rank [|€a,u(@, w1 ko, R = rank |6, (e, u), 0 (e, w5 ato-

It is self-evident that R; < Rs. We shall prove that the case Ry = Ry leads to
a reduction in the number of independent variables of the PDE (1), while the case

Ry < R, leads to a reduction in the number of independent and the number of
dependent variables of the PDE (1).

TlepeapykoBano 3 YKp. MatT. )KypH., 1992, 44, Ne 7, C. 875-886 3a 103BOJIOM
© 1992 Iacruryt maremaruku HAH Vkpainu
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1. Reduction of number of independent variables of PDE. In this section
we assume that Ry = Rs.

Definition 1. The set of first-order differential equations
Qa = Eap(x,u)0z,, + 15 (T, u)0ye, (3)

where Oy, = 0/0z,, Oye = 0/0u*; &qp, G are smooth functions, is said to be involuti-
ve if there exist function f$ (x,u) such that:

[Qa7 Qb] = f;bQCa a, b = L—N (4)
Here [Q1,Q2] = Q1Q2 — Q2Q1.

The simplest example of an involutive set of operators is a Lie algebra.

It is well-known that conditions (4) ensure that the over-determined system of
PDE (2) is consistent (Frobenius theorem [7]). The general solution of the system (2)
is given by the formulas

Fwi,wa,...,Wntm-pg,) =0, a=0,m-—1, (5)
where w; = w;(x,u) are functionally independent first integrals of the system of
PDE (2) and F, are arbitrary smooth functions.

By virtue of the condition Ry = Ra, first integrals (say, w1, . .., w,,) may be chosen
that satisfy the condition

det [|0u; /u® |72 # 0. (6)

By solving (5) with respect to w;, j =1,...,m, we have
Wi = @j (merlvmeer cee 7wm+n7R1), .7 = ]-7 m, (7)

where ¢; are arbitrary smooth functions

Definition 2. Formula (7) is called the ansatz of the field u® = u®(z) invariant with

respect to the involutive set of operators (3) provided (6) is satisfied.
Formula (7) become especially simple and self-evident if
Oapu/Ou =0, ng = fo7 (),
a=1N, p=0n-1, of,y=0m—1

®)

Under conditions (8) the operators in (3) may be rewritten in the following non-Lie
form [8]:

Qa = &au(2)02, + 1a(2), a=1,N, 9)
where n, = || — ang/auﬁngfgio are (m x m) matrices and the system (2) takes the
form

@)tz + ()i =0, a=TF. (10)
Here u = (u®,u!,...,u™ )T is a column function.

In this case, the set of functionally independent first integrals of the system (2)
with R; = R may be chosen as follows [7]:

wj = bja(‘r)uav ] = lama

(11)

wi=wi(z), i=m+1lm+n—Ry

and, moreover, det ||b;q ()72, # 0.
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Substituting (11) in (7) and solving for the variables u®, & = 0,...,m —1, we have

u® = Aaﬁ(x)wﬁ(wm+17wm+27 e Wingn—Ry)

or (in matrix notation)

U= A(2) (W41, Wm+2y -« -« s Wimntn—Ry )- (12)

It is easily verified that the matrix

m m-— -1
() = (Ibja (@) 727520
satisfies the following system of PDE:
QoA = gau(m)Axu +n4(z)A=0, a=1,N, (13)

and that the functions wy,11(2),wm+2(x),...,Wmnmtn—g, () form a complete set of
functionally independent first integrals of the system of PDE

op()wy, =0, a=1,N. (14)

The ansatz (7) is said to reduce the system of PDE (1) if substitution of (7) in (1)
yields a system of PDE for the functions ¢, ¢!, ..., ™! that contains only the new
independent variables w41, Wm+42, - s Wmt1—R; -

Definition 3. The system of PDE (1) is conditionally invariant with respect to
the involutive set of differential operators (3) if the over-determined system of PDE
(1), (2) is Lie invariant with respect to a one-parameter transformation group with
generators Qq,, a=1,...,N.

Before stating the reduction theorem, we prove several auxiliary assertions.

Lemma 1. Suppose that the operators (3) form an involutive set. Then the set of
differential operators

Q:l = )\ab(x)Qb, a = L—N (15)

with det || Agp(, u)Hfl\{b:l # 0 is also involutive.

We prove the assertion by direct computation. In fact,
[ :17 Qf,] = [)\achv )\bde] = )\ac(QcAbd)Qd - )\bd(Qd)\ac)Qc + )\ac)\bdfcddl le =
= fapQc = gb)‘c_deil-
Here A are the elements of the inverse of the matrix || Ap(z, u)||é\fb:1.

Lemma 2. Suppose that the differential operators (3) satisfy the condition R1 = Ro
and that the conditions

[Qa; @] =0, a,b=1,N (16)
are satisfied. Then there exists a change of variables
a:;:fu(x,u), ,U:O,n—l, u/a:ga(x’u)’ a:O,m—l (17)

that reduces the operators Q, to the form Q! = Opr .

1
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Proof. It is known that for any first-order differential operator
Q = gu(ma u)az“ + na($7 u)aua,

where £, and n® are sufficiently smooth functions, there exists a change of variab-
les (17) that reduces the operator @ to the form Q' = d,; (cf. [1]). Consequently, the
operator @1 from the set (3) is reduced to the form @} = 9, by means of the change
of variables (17). From the condition [Q1,Q,] = 0, a = 2,..., N, it follows that the
coefficients of the operators @5, Q%, . .., Q' do not depend on the variable x,, whence
the operator Q% reduces to the operator Q4 = O,y under the change of variables

no__ .. "no__ gl / / / — 1 5 —1
Ty =T, T, = “(xl,...,xn_l,u), w=1n-—1,

ul =gy, 2l _,v), a=0,m-—1,
without the form of the operator @)} changing.
Repeating the above procedure N — 2 times completes the proof.

Lemma 3. A system of PDE of the form (1) that is conditionally invariant with
respect to a set of differential operators 8%, uw=0,N — 1, possesses the structure

Ua=FapWa(xN,TN41,--- »Tn—1,Uy Uy . 717{) + Fuz as)
A=1,M, a=0m-1, pu=0,N-1,
where Fap and FXH are arbitrary smooth functions of x and Uy Uy Wpg are
.

arbitrary smooth functions, and, moreover, |Fap|l) p_; # 0.

We shall prove the lemma with N = 1. By Definition 3, the system (1) is condi-
tionally invariant under the operator () = 0y, if the system

Ua(z,u,u,...,u)=0, A=1,M,
v (19)
uz, =0, a=1m-1
is Lie invariant with respect to a one-parameter translation group with respect to the
variable xg. Denoting by @ the r-th extension of ), the Lie invariant criteria for the
system of PDE (19) under this group assume the form (cf. [1, 2])

QUAUB:O =0, AaB:LN7 a=0,m-1, (19&)
u:O:O

ngo Up =0 :Ov B:LN7 O[,BZO,TTL—I. (lgb)
uf =0

Direct computation shows that the relations
Q= 0uyy  QuS, =04y (ul,) =0
hold (recall that in the extended space of the variables z, u, U ..U variables o and
T

ug are independent), whence, using the method of undetermined coefficients, we may
rewrite (19a) and (19b) in the form

8UA/6x0:RABUB+Pf{ugO, A=1M, (19(3)

where R4p and P§ are arbitrary smooth functions of z, u, Uy, U
T
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The system (19¢) may be considered a system of inhomogeneous ordinary diffe-
rential equations for the functions Uy, A = 1,..., M. Integrating (19¢) with respect
to P§ = 0, we have

Uy = FapWp, A=TM,

where Wy, B =1,..., M, are arbitrary smooth functions of the variables x1, zo, ...,

Ty Uy Uy oy U3 F = |Fap|}5_, is the fundamental matrix of the system (19c)
- ;

(which is known to satisfy the condition det F' # 0).

Further, by applying the method of variation of an arbitrary parameter, we deduce
(18) with N = 1, where

FjozFAB/(F)géPfdxo, A=1,M, a=0,m-1.

The lemma is proved.

Theorem 1. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive set of operators (3). Then the ansatz invariant with respect
to the set of operators (3) reduces this system.

Proof. By the definition of the quantity Ry, Ry < N. We denote by ¢ the difference
N — R;. Then R; equations of the system (2) are linearly independent (without
loss of generality, we may assume that it is the first R; equations which are linearly
independent), and the other § equations are linear combinations of these first R;
equations.

By the condition that R; = Ra, there exists a nonsingular (R; x Rp) matrix
[ Aap(z,)[] 1| such that

a7

n—1
Aab(Eoptty, — ) = ug, | + Z Capty, —7q, a=1R a=0m-1
n=Ry

By the definition of conditional invariance, the system of PDE (1), (2) is invariant
with respect to one-parameter transformation groups with generators (3), whence the
equivalent system of PDE

UA(x,u,llt,...,u):O, A=1,M,

n—1~ (20)
uga71+2§wug“—ﬁg:0, a=1,R;, a=0m-1

pn=R1

is invariant with respect to a one-parameter group with generators

n—1

Q:z = AapQp = 836@71 + Z éauax,t + ﬁgaua- (21)

pn=R1

In fact, the action of a one-parameter transformation group with infinitesimal
operator (), on the solution manifold of the system (20) is equivalent to an identity
transformation.
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Since the set of operators (21) is involutive (Lemma 1), there exist functions
£S5 (z, u) such that

[Q;?Qi)] = ng/cv a,b,c = ]-7R1' (22)

Computing the commutators on the left side of (22) and equating the coefficients
of the linearly independent operators 0y,, Oz, ; Ozp, , gives us fo =0, with a,b,c =
1,..., Ry. Consequently, the operators @/, commute. Hence, by Lemma 2, there exists
a change of variables (17) that reduces these operators to the form Q? = 9/0x!,_;.

Expressed in terms of the new variables 2’ and u'(2’), the system (20) takes the
form

Uy vo,...;,u)=0, A=1,M
A( 9 9 17 ) T) ) ) 9 (23)
w* =0, a=0m-1, a=1,R;.

Ta_1

Moreover, the system of PDE (23) is conditionally invariant with respect to the set
of operators Q; = 0, ,a=1,..., Ry, whence, by Lemma 3, the system (23) may

be rewritten in the form

/ / / / / / /
UA:FABWB(;le,...,xnfl,u71{,...,17{)+Fj#u12,
A=1,M, a=0m-1, p=0R; —1,
u;‘zilz(), a=0,m—-1, a=1,R;,
R
where det [[Fap|4'p—; # 0, whence
/ / !/ / N

WA<xR1a"'axn—17u37-{3"'72)*07

) (24)
wd =0, A=1,Ry, a=0m-—1, a=1R;.

To_y
The ansatz of the field /¢ = «'*(2’) invariant under the involutive set of operators

Q. =0y ,a=1,..., R, is given by the formulas

u' = oY@, TR 41Ty ), a=0,m—1 (25)

Here ¢® are arbitrary sufficiently smooth functions.
Substituting (25) in (24), we obtain

WA(lel,...,x;_l,u’,zi’,...,u’) = WA(;U'RN...,x’n_l,go,sf,...,s@) =0, (26)

T T

where ¢ is the set of partial derivatives of the functions ¢ = ¢*(z’z,,...,2,,_;) of
S
order s.
Rewriting ansatz (25) in terms of the initial variables z and u(z)
g% (z,u) = *(fr, (z,u),..., fn_1(z,u)), a=0,m—1, (27)
yields the ansatz for the field u® = u®*(z),a = 0,...,m — 1, invariant with respect to

the involutive set of operators (3) that reduces the system (1) to a system of PDE
with n — R; independent variables. The theorem is proved.

Corollary. Suppose that the operators
Qa = &ap(2,u)0z, + 15 (2,u)0u, a=1,N, N<n-—1
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are the basis elements of a subalgebra of the invariance algebra of the system of equati-
ons (1) and, moreover, that Ry = Ry. Then the ansatz invariant in the Lie algebra
(Q1,Qa, . ..,QnN) reduces the system (1) to a system of PDE having n— N independent
variables.

Proof. From the definition of a Lie algebra it follows that the operators @, satisfy (4)
with f¢ = const. Consequently, they form an involutive set of first-order differential
operators, which renders the above assertion a direct consequence of Theorem 1.

By the above assertion, the classical reduction theorem for differential equations by
means of group-invariant solutions [1, 2, 9] is a special case of Theorem 1. If any one of
the operators @), does not belong to the invariance algebra of the given equation and if
the conditions of Theorem 1 hold, a reduction via @),-conditionally invariant ansétzes
is obtained (numerous examples of conditionally invariant solutions are constructed
in [4-6, 10-14]).

We shall now consider several examples.

Example 1. The Lie-maximal invariance algebra of the Schrodinger equation
Azu+ U(Z?)u =0 (28)
with arbitrary function U is the Lie algebra of the rotation group having basis elements

Jab = 403, — Tp0Tq, a,b=1,3. (29)

To obtain the ansatz invariant relative to the set of operators (29), the complete
set of first integrals of the following system of PDE must be constructed:

TolUz, — Ty, =0, a,b=1,3. (30)

This set contains 3 — R; functionally invariant first integrals, where

0 —X3 T2
R; =rank ||£ab(x)||ib=1 =rank || x3 0 -z |=2.
—XT2 T 0

Consequently, the ansatz for the field v = u(Z) invariant with respect to a Lie
algebra having basis elements (29) has the form

u(Z) = p(w), (31)

where ¢ € C?(R!,C!) is an arbitrary smooth function and w = w(7) is the first
integral of the system of PDE (30). It is not hard to see that w = #?2 satisfies (30)
and, consequently, is the first integral. Substitution of (31) in (28) yields an ordinary
differential equation for the function p(w):

dwp + 69 + U(w)p = 0.

Thus, the ansatz for the field u = u(Z) invariant with respect to a three-dimensio-
nal Lie algebra with basis elements (29) reduces (28) to a (3 — R1)-dimensional PDE
(in this case, to an ordinary differential equation).

Example 2. Consider the nonlinear eikonal equation

ui, —ui —ul, —ui, +1=0. (32)
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As shown in [15], the maximal invariance algebra of (32) is the 21-parameter
conformal algebra AC(2,3). This algebra contains, in particular, a one-dimensional
subalgebra generated by the operator @ = x¢0, — u0s,.

To obtain the ansatz invariant under the operator (), the complete set of first
integrals of the following PDE must be constructed:

Ulg, + o = 0. (33)

The solution of (33) is sought for in the implicit form f(x,u) = 0, whence uf,, —
xOfu =0.

The complete set of first integrals of the latter PDE is wg = u? + a3, w1 = 1,
Wo = T9, ws = x3. Solving f(wp,wr,ws,ws) = 0 with respect to wp, we have

u? + x5 = p(wr,wz, w3) (34)
Consequently, (34) gives the ansatz of the field u® = u®(z) invariant under the
operator ). Solving (34) for u yields

u = {—x2 + p(w1,ws, ws) 2. (35)

Let us emphasize that ansatz (34) cannot be represented in the form (12), since
the coefficients of @ do not satisfy condition (8).
Substituting (35) in (32) gives us a three-dimensional PDE for the function ¢ =

p(d):
P, + 9o, T, —9? =0
Example 3. A detailed group-theoretic analysis of the nonlinear wave equation
ug = (0 (u)ug) g, (36)

where a(u) is some smooth function, was performed in [16]. It was established that
the maximal invariance algebra of (36) has the basis operators

Q1 =0, Q2=20:, Q3=1t0 + x0,, (37)

whence the most general group-invariant ansatz for the PDE (36) is given by the
formula u = p(w), where w = w(t, z) is the first integral of the PDE

{ad; + B0, + §(t0; + x0,) }w(t,x) = 0. (38)

Here a, 3, and § are arbitrary real constants. Using transformations from the group G
with generators of the form (37), Eq. (38) may be reduced to either one of the following
equations:

1) awi+ Pw, =0 (under 6 = 0);
2) tw+aw, =0 (under é #0).
The first integrals of these equations are given by the formulas w = ax — Gt and
w = xt~1, respectively.

Thus, there are two distinct group-invariant ansétzes of the PDE (36) with arbit-
rary function a(u):

D) u(t,x) = plaz - Bt);

2) u(t,r) = @(xt™1). (39)
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Substitution of the above ansétzes in (36) yields the ordinary differential equations

1) (82 —a?a®(9))$ — 20%a(p)a(p)¢® = 0;
2) (w* —a?(9))p — 2wp — 2a(p)a(p)$® = 0.

It was established recently [17] that ansétzes (39) do not exhaust the complete
set of ansétzes reducing the PDE (36) to ordinary differential equations. This result
is a consequence of conditional symmetry, a property that is not found within the
framework of the infinitesimal Lie method.

Let us show, following [17], that (36) is conditionally invariant under the operator

Q = 0y —ea(u)0y, (40)

where € = +1.
Proceeding on the basis of the second extension of @Q in (36), we have

Q{utt - (az(u)uz)z} = eauz{uy — (a2uz)z} + e(aty, + d@z)(uf - a2ui), (41)

whence it follows that the PDE (36) is Lie-noninvariant with respect to a group with
infinitesimal operator (40). But if the additional constraint

Qu = up —ea(u)u, =0 (42)

is imposed on u(t, ), the right side of (41) vanishes. Consequently, the system (36),
(42) is Lie-invariant with respect to a group with generator (40), whence we conclude
that the initial PDE (36) is conditionally invariant under the operator Q.
The complete set of functionally independent first integrals of (42) may be chosen
in the form wy = u, wy = x + ca(u)t.
Consequently, the ansatz invariant under the operator () is given by the formula
_ 1
we = p(w'), or

x 4 ea(u)t = p(u), (43)

where ¢(u) is an arbitrary sufficiently smooth function.

Substituting (43) in (36) leads us to conclude that the PDE (36) is satisfied identi-
cally. Put differently, (43) gives a solution of the nonlinear equation (36) for an arbi-
trary function ¢(u). Recall that solutions that are obtained by means of the group-
invariant ansétzes (39) contain two arbitrary constants of integration, and cannot, in
theory, contain arbitrary functions.

Thus, the conditional symmetry of PDE enlarges the range of possibilities for
reduction of PDE in an essential way.

Example 4. Consider the system of nonlinear Dirac equations

{i7.0, — M)/ *F }yp = 0, (44)

where 7v,, 4 = 0,...,3, are (4 x 4) Dirac matrices, ¢ = ¥ (zo, 1,22, 23) a four-
dimensional complex column function, 1 = (¢*)Tvg, A, k real constants, and 9, =
0/0x,, p=0,...,3.

It is well known (cf. [5]) that the Lie-maximal invariance group of the system
of PDE (44) is the 11-parameter extended Poincaré group complemented with the

3-parameter group of linear transformations in the space ¥®, ¥**. In [5, 10] it is
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established that the conditional symmetry of the nonlinear Dirac equation is essen-
tially broader. From [10], it follows that the system: (44) is conditionally invariant
with respect to the involutive set of operators

1
Q1= (00— 03), Q2 =wi02 — {B19Y}* 0y,
2 (45)
Q3 = 5(30 + 03) —wi(x101 + 2202) — w201 — {Bap}*Dype,
where By and Bs are (4 x 4) matrices of the form
1 .
Br = (1 = 2k)w1y2(v0 +73),

2
B2 = —kd}l + (2&)1)(20)% — wl(bl)(’ylxl + 2(k — I)VQIQ)(’YO + ")/3) + (20)1)71 X
X ((2w1wg — w1@a)y1 + 2(wsw1 — wiws)y2) (Yo +73)s

w1, we, and ws are arbitrary smooth functions of z¢ 4+ x5, and {¢}* denotes the a-
th component of the function 1. Since the coefficients of the operators (45) satisfy
conditions (8), they may be rewritten in non-Lie form:

1
Q=50 —3), Q2=widr+ By,
Q3 = %(80 + 63) - wl(mlal +£232) — Wo01 + Bs.

Consequently, the ansatz of the field ¢ (z) invariant with respect to the set of
operators @1, Q2, @3 must be found in the form (12), where A(z) is a (4 x 4) matrix
and w = w(z) a real function satisfying the following system of PDE

1
§(Az0 - Az2) = 0, wlAm + BlA = 0,

1
i(AIO —+ AIs) — (d)lfﬂl -+ d)Q)AIl — d}l.’EQAI2 — BQA = 0,

Wgg — Wey =0, wg, =0,

Wey + Way — 2121 + Wa)wy, — 201 Tow,, = 0.

Omitting the steps in integration of the above system, let us write down the final
result, the ansatz for the field ¥ = ¢ (z) invariant with respect to the involutive set
of operators (45):

P(x) = wi exp{(2w1) " (@121 + @2)n1 (Y0 + 73) + (46)
+ (2w1) 7 H((2k — 1)wrz2 + w3)y2 (Y0 +73) bo(wizr 4 wa).

This ansatz reduces the system of PDE (44) to a system of ordinary differential
equations for the 4-component function ¢ = p(w),

ine = A@p) /o =0. (47)
The general solution of the system (47) has the form [5]

1/2k

¢ = exp{iAy1 (xx) "/ “Fwlx,

where x is an arbitrary constant 4-component column. Substituting the resulting
expression for ¢ = p(w) in (46) gives us the class of exact solutions of the nonlinear
Dirac equation containing three arbitrary functions.
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Nonlinear equations of mathematical and theoretical physics that admit nontrivial
conditional symmetry have been analyzed in [14].

3. Reduction of number of independent and number of dependent va-
riables of PDE. Suppose (3) is an involutive set of operators that satisfy the condi-
tion Ry — R; = > 0. In this case we have to modify somewhat the above technique
of reducing PDE by means of ansiitzes invariant with respect to the involutive set (3).
Note that the case in which (3) are basis operators of a subalgebra of the Lie invari-
ance algebra of a given equation satisfying the condition Ry < R leads to “partially
invariant” solutions [18].

We wish to solve the initial system of PDE in implicit form:

w*(z,u) =0, a=0,m-1, (48)
where w® are smooth functions satisfying the condition

det ||0w® /OuP| Z,l,gio # 0. (49)
As a result, (1) and (2) assume the form

HA(m,u,w,ciJ,...,Lﬁ)zO, A=1,M, (50)

Ean(t, w)wg, + 0z, w)wiy =0, a=1N, (51)

where w = {0°w/0ny, -+ Oy, Ou™ ---Ou, p+q = s}.

It is clear that, as they are defined in the space of the variables z, u, w(z, u), the
operators (3) satisfy the condition R} = R} (since the coefficients of d,,« are all zero).
By means of the same reasoning as in the proof of Theorem 1, we may establish the
following result. There exists a change of variables (17) that reduces the system (51)
to the form

wy =0, p=0,Ri—1, wis=0, B=00-1 (52)

If the system (48), (50) is conditionally invariant with respect to the set of opera-
tors (3) and if condition (52) holds, it may be rewritten as follows:

w2’ u')=0, a=0,m-—1,

/ / / 15 m—1 _ 53
Hy(xg s ay,_q,u®, o u™ ,w,ai),...,c;))—(), (53)

where the symbol w denotes the collection of partial derivatives of the function w of
S

order s with respect to the variables z'; ,..., 2, 4, Wl umh
Integrating (52) yields the ansatz of the field w®:
w* = F*ah, .. ap_,u ™Y, a=0,m— 1, (54)

where F'® are arbitrary smooth functions. But the ansatz of the field v/*(z’) cannot
be obtained by substituting (54) in the relations w®(z’,v/(z")) =0, = 0,...,m —1,
since the inequality Ry — R; = § > 0 violates the condition (49) (if § > 0, the matrix
||8w“/8uiﬁ||gzio has null columns).

To overcome this problem, we shall, by definition, let the expressions

(. / 16 m—1y — —
F(ag,, x_1,u”, . u )=0, a=0dm—1,

wWi=C; j=0,6—1
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be the ansatz of the field v/® = «'*(z’) invariant with respect to the set of operators

Qj = a:t;ila i=1 Rlv Xi = au’i_lv i =1, J. (55)
The latter ansatz may be rewritten in the form

u*=C,, a=0,0-1,

56
ula+5:wﬁ(x/R17""m{rl—l)7 6:0’m7571) ( )
where ? are arbitrary smooth functions and C,, are arbitrary constants.
Rewriting (56) in terms of the initial variables gives us
g%(z,u) =Cy, a=0,0—1, (57)
gﬁ+5(x’u) = @ﬁ(ffh (JL',’LL), teey .fn—l(l'vu))a ﬂ = Ovm —-0—-1

Moreover, substituting (57) in the initial system of PDE (1) or, equivalently,
substituting the expressions w® = g% — Cy, o = 0,...,6 — 1, w? = ¢#+d — P,
0 < B <m-—4§—1in the PDE (50) yields a system of M differential equations
for m — ¢ functions. Consequently, the dimension of the system (1) decreases by Ry
independent and § dependent variables.

Let us rewrite (57) in a form more convenient in applications. For this purpose,
note that, without loss of generality, we may renumber the operators (3) satisfying
the condition Ry — R; = § > 0 in such a way that the first Ry operators satisfy the
condition

rank ||§au||§;1n;:10 = rank [[§ap, ng”f;lma_:lonu_:lo

and the last N — Ry operators are linear combinations of the previous Ro operators.
Let wj(z,u), j =1,..., m+n— Ry, be the complete set of functionally independent
first integrals of the system (51) and, moreover,

vank |0w; /0u®||7 005 = m 8

and let p;(z, u) be the solutions of the equations Q14 g, p(z,u) = 1 withi =1,2,...,0.
Then (57) may be expressed in the following equivalent form:

pz('rau) :CZ) Z:ﬁv

wj(z,u) = ¢ (W, (T,u),...,wp—1(z,0)), j=1,m—24. (58)

Definition 4. Expressions (58) are called the ansatz of the field u® = u®(z) invariant
with respect to the involutive set of operators (3) provided Ro — Ry =6 > 0.

The above reasoning may be summarized in the form of a theorem.

Theorem 2. Suppose that the system of PDE (1) is conditionally invariant with
respect to the involutive system of operators (3) and, moreover, that Ry < Ry. Then
the system (1) is reduced by the ansatz invariant with respect to the set of operators (3).

Example 1. The system of two wave equations

Ou=0, Ov=0 (59)
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is invariant with respect to a one-parameter group with infinitesimal operator Q = 0,.
Since Ry = 0 and Ry = 1, the parameter ¢ is equal to 1. The complete set of first
integrals of the equation dw(x,u,v)/0v = 0 is given by the functions

Wy = Ty, ILL:O,?), wq = U,

whence the ansatz for the field u(z), v(z) invariant under the operator @ has the
form (58)

u = p(wy,wi,wa,ws), v=C, C =const.
Substituting the above expressions in (59) yields

Puowo ~ Pwrwr — Punws ~ Puwsws = 0
i.e., the number of dependent variables of the initial system (59) is reduced.
Example 2. Consider the system of nonlinear Thirring equations

vy = mu+ M ul*v,  iu, = mo + Ao|v|?u, (60)

where u, v are complex functions of x, y and A1, Ay are real constants.
The above system admits a one-parameter transformation group with generator

Q = 1u0y + W0y — U Dyr — 10 Dy
Following the change of variables

U(Z‘, y) = Hl(ma y) exp{iZl(x, y) + iZQ(xa y)}a

’U($7 y) = HQ(x7 y) exp{izl (il?, y) - Z'ZQ(:C7 y)}u

where H; and Z; are the new dependent variables, @ assumes the form Q" = 0z, .
Consequently, the ansatz invariant under @ has the form

U(:L', y) = Hl(xa y) exp{iC’ + iZ2(:177 y)}7
v(x,y) = Ha(x,y) exp{iC — iZs(z,y)}.

Substitution of (61) in (60) yields a system of four PDE for the three functions
Hl, HQ, and ZQ,

H2$ = mle sin 2Z2, Hly = 7mH2 sin QZQ,
H2Z2w = mH1 COS 222 + )\1f[1[’[227 —H1Z2y = mHg COs 2Z2 + )\2H2H12

(61)

Example 3. A group analysis of the one-dimensional gas dynamics equations
wp A+ utty +p 7 pe =0, pr A (up)e =0, pr+ (up)e + (v = Dpuy, =0 (62)

has been carried out by Ovsyannikov [1], who established, in particular, that the
invariance algebra of the system of PDE (62) contains the basis element

Q= pap + pap- (63)

The complete set of functionally independent first integrals of the equation Qu(¢,
x,u,p,p) = 01is: wy = u, we = pp~ 1, w3 = t, and wy = z. Consequently, the ansatz
invariant under @ (63) may be chosen in the form

u='(t,z), ppt=¢*(txz), Inp+F(pp')=C, (64)

where C' = const and F' is some smooth function.
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Substituting the ansatz (64) in the system of PDE (62) yields a system of three
differential equations for the two unknown functions ¢! (¢, z) and ©?(t, z):

0+ otk — PPE(p?)p2 =0, 9 + o2 + (v — 1)p?pl =0,
er((1=7)p?F(p?) —1) =0,

Thus we have achieved a reduction of the number of dependent variables of the
gas dynamics equations.

It is of interest that if ol # 0, it follows from the third equation of the system (65)
that F = XA+ (1 — )~ In(p~!p). Substituting this expression in (62) yields p = kp?,
k € R!, which is the relation that characterizes a polytropic gas.

(65)
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Hodograph transformations and generating of
solutions for nonlinear differential equations

W.I. FUSHCHYCH, V.A. TYCHYNIN

Tlepersopennus rogorpada oxmiel ckansapuol dyuknii B R(1,1) ta R(1,3), a takox
JBOX cKasjsapHux ¢yHknii B R(1,1) BukopucraHi /st pPO3MHOXKEHHsI PO3B’I3KIB HeJl-
HIHUX PiBHSAHB; MOOYIOBaHI Kjaacu rogorpad-iHBapiaHTHUX PiBHSHD JPYTOro MOPSi/I-
KY.

The results of using the hodograph transformations for solution of applied problems
are well-known. One can find them for example in [1, 2, 3]. We note also the paper [4],
in which a number of invariants for hodograph transformation as well as hodograph-
invariant equations were constructed.

1. Hodograph-invariant and -linearizable equations in R(1,1). Let us
consider the hodograph transformation for one scalar function (M = 1) of two
independent variables © = (zg,21), n = 2:

u(r) =y1, w0 =2y, x1=0(y),

L w B (1)
5701781”78_(7;17&0’ y*(y()ayl)'

Differential prolongations of the transformation (1) generate such expressions for the
first and second order derivatives:

up = vfl, ug = —vovfl, (2)

-3 -3
= —v; “v11, Uig = —v1 (V1V10 — VoU11),

— —37,,2 2
Upp = —Vp [Uovll — 21)0’[]1'010 + 'Ul’U()()].

3)

It is clear that (1) is an involutory transformation. This allows to write a set of
differential expressions of order < 2, which are absolutely invariant under the trans-
formation (1):

fo(x())a fl(xlau)7 f2(U1,u;1), f3(U0,—UOUI1), f4(ulla_u;3u11)7

f5(u10» —ufg(uluw - U0U11)), f6(U007 _UIS[U%UH — 2uguiuyg + U%UOO])~

Here f0 is an arbitrary smooth function, f?, i = 1,6 are arbitrary functions symmetric
on arguments, i.e. f(x,z) = f'(z,z). So, the second order PDE invariant under the
transformation (1) has the form

F({f”}):o, {fo}:{fovfla-"7f6}7 o =0,6, (5)

F' is an arbitrary smooth function.
Such well-known equations are contained in the class (5):

1) ud—u?—1=0 — the eikonal equation; (6)

Tlepenpykosano 3 Jdomn. AH Ykpaiuu, 1993, Ne 10, C. 52—58 3a 103B0JIOM
© 1993 Ilpesunia Hanionanbuol akaxeMil Hayk YKpaiHu
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2) iy — uoo[ugurr — 2uouiuio + uiugy] =0 — the Born-Infeld equation; (7)

3) wugou11 — uiy =0 — the Monge-Amperé equation; (8)

4) ug = f(ur)u1r, f(ur) = f(uy )uy? — the nonlinear heat equation [5]. (9)
Particularly, such equation as

ug — ufluu =0 (10)
is contained in the last class (9).

1 2
Let (u)(:no, x1) be a known solution of Eq. (5). To construct a new solution (u)(xo, x1)

1
let us write the first solution replacing in it an argument x; for parameter 7: (u)(xo, T)
and substitute it to the hodograph transformation formula (1). So, we obtain the
solutions generating formula for Eq. (5).

(@26)(950,391) =T, X1= %)(zoﬁ)- (11)

Let us now describe some class of (1)-linearizable equations. Making use of formu-
lae (1) to transform general linear second order PDE

U (y)vpw + 0" () +b(y)v +c(y) =0, vy = (yo,41), w,v =01, (12)
we obtain
b0 (20, w)uy® (udury — 2uguiuro + uugy) —
— 2019 (g, w)uy® (uruto — uour) + b (wo, w)uy Pury + (13)
+ 00 (0, w)uy ug + b (xo, w)uyt — bzo, u)rr — c(20,u) = 0.
b*¥, b, ¢ are arbitrary smooth functions, b'° = °!. Summation over repeated indices
is understood in the space R(1,1) with the metric g,, = diag (1, —1). The repeated
use of this transformation to Eq. (12) turn us again to the Eq. (11).

For any equation of the class (12) the principle of nonlinear superposition is sati-
sfied
(3) 1) (1) (2)
u(zo,x1) = w(2o,7), U (2o,x1)= u(Tg,21 —T), (14)

Here (Z)(mo, x1), k = 1,2 are known solutions of Eq. (12), (5)(950, x1) is a new solution
of this equation. Parameter 7 must be eliminated due to second equality of the sys-
tem (13). For example, such equations important for applications are contained in
this class (12):

—2
ug —up uir =0, wpuir —uiuip =0,

2 2, _ _
uguy — 2uguiuig + uiugy =0, wug — c(xg, u)u; = 0.

Let us consider now an example of constructing new solutions from two known ones
by means of solutions superposition formula (13).

Example 1. A nonlinear heat equation

Ug — uf2u11 =0
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is reduced to the linear equation
Vg — V11 = 0 (15)

Therefore, the formula (13) is true for (14). The functions
1 2
(u) =11, (u) =V — 2x9 (16)

3
are both partial solutions of Eq. (14). We construct a new solution 7 of this Eq. (14)

. @) (2)
via u and wu . It has the form

(3) 1 1
U($0,$1)=—§i1/1+$1—2$0, (17)

2. Hodograph-invariant and -linearizable equations in R(1,3). The ho-
dograph transformation of a scalar function u(z) of four independent variables z =
(20,1, T2, x3) has the form

v(x) =y1, x1=v(y), x9p=1ye, 0=0,23. (18)

Prolongation formulae for (18) are obtained via calculations [6, 7]:

up = vyt wg=—vy vy, ui = —vy v,
urg = —v; *(v1vig — vev11), Ve = —v; > (vivgy — V91019 + V3V1T), (19)
Ugy = —vf?’[vl (v1Vey — VyV19) — Vo (V1V1y — VyUIL)].

Here 0,v = 0,2,3, 6 # ~. Making use of involutivity of the transformation (18) we
list for it a such set of absolute differential invariant expressions of order < 2:

fo($0a$279€3) o), fPlu,urt),  f3(ug, —up tug),

[ ur, —uy Surr), £ (use, —Ufg(uluw — UpU11)), (20)
f5(uge, *Ul 3 (udugp — 2urupurg + uduiy)).
FT (g, —uy P fur (Uit — uyuig) — tp(urtny — usuny)]).

There is no summation over @ here, as before, f° is an arbitrary smooth function, f7,
7 = 1,7 are arbitrary symmetric.
An equation invariant under transformation (18) has the form

F{AN =0 (A=0.7). (21)

The solutions generating formula has the same form as (10)

2 1
(U)($079317$2,9€3) =7, I1= (u)(anTa 992@3)- (22)

1 2
Here (u)(a:) is a known solution of Eq. (21), (u)(a:) is its new solution. The following
well-known equations are contained in this class (21):
1) u?—usus—1=0, a=1,3, the eikonal equation;
2) (1 —wu”)0u—uw'u’uy,, =0, p,v=0,3, the Born-Infeld equation [8];
3) det(uy,) =0 the Monge-Amperé equation.
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Here summation over repeated indices is understood in the space R(1,3) with the
metric g, = diag (1,—-1,—1,-1).

Ou = 0,0"u = upp — U11 — U22 — Us33
is the d’Alembert operator,
Uglly = Ui + uj + us +uj = (Vu)?.

The class of hodograph-linearizable equations in R(1, 3) is constructed analogously
as above. Making use of transformation (18) for linear equation (11), written in R(1, 3),
we get

bt (s, u)ul_3u11 + 6% (x5, u)ul_?’(u%uag — 2uyuguig + ujuir) +
+ b7 (w5, u)ul_?’[ul(uluw — UyU10) — Ug(Ur U1y — Uyu1r)] + (23)
+ bl(xg,u)uflug —blxs,u)z1 — c(z5,u) =0, x5 = (z0,T2,23).
Here 6,0 = 0,2, 3 and summation over 6 is understood in the space R(1,2) with metric

9y = diag (1, -1, —1).
Note, that multidimensional nonlinear heat equation

wp — up 2(1 4 u3 + ud)ury — uae — usz + 2uy  (uguyz + uzuyz) = 0 (24)

reduces due to transformation (18) to linear equation vy = Agyv, where A3y =
0? 4+ 02 + 03 is the Laplace operator.
So, the solutions superposition formula for the equations (23) and (24) is

(3) (1)
u ($07$17$2,$3) =u ($07T7 3327903)7 (25)

1 2
(U)($0,T, ’132,3']3) = (U)($0,$1 - T, x2,$3). (26)

Example 2. Let partial solutions of Eq. (24)

(1) r1—C2 (2 9 2
U =xg— T2 — 23— In , U= 103(1'1704)27.%%7.23
C1

3
be initial for generating a new solution (u). Then this new solution of Eq. (24) is
determined via (25), (26) by the equality

(3)y (3) 2
wi(z) + a3 + 23 = c3[v1 — o — crexp{wo — 2 — x5 — U (2)}]",

9 5 (27)
c3 = 103, Co = C4 + Co.

Thus, the formula (27) gives us a new solution of Eq. (24) in the implicit form.

3. Hodograph-invariant and -linearizable systems of PDE in R(1, 1). Let
us consider two functions u*(zg,z1), ¢ = 0,1 of independent variables xg, 1. The
hodograph transformation in this case, as is known [2], has the form

O(anxl) = Yo, 1(960,931) =Y, o= UO(yoay1)7 Ty = Ul(y07yl)a

1,0

28
§ = ulud —udud #0, & =vivd —vivd #0. (28)
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The first and second order derivatives are changing as

1 _ ¢+x—1,0 *—1 *—1 *—1
up =0"" vy, —0 UO, —5* 1), uof(s 1,

= —0*73[(vg)?(vgviy — vgviy) + (v9)*(vgug — vRvge) —
— 20vg (ugvy — vgv%o)],
ugo = —0*3[(vg)?(vgviy — vgviy + (v1)*(vgvo — vovdo) —
— 2u5v1 (v5v] — USU%O)]

U%o =0"" 3[Uovo (U(%U% Uo“u) +U1U%(UOU80 vgv(l)o) -

— (vgviy — vivig) (vivg + vgoy)],

ufy = —8*3[(v0)*(vYviy — vivgy) + (0])?(VPuge — vivgo) —
— 20fvg (v{viy — vivdy)l,

ugy = —0**[(vg)*(v{viy —vivdy) + (v)*(vivgy — vivgo) —
— 2vfug (vivy — vivdy)l,

uly = —0**ugug (vivi; — vivy) + vivi (vivge — vivgy) —

— (Wvlg — viviy) (vivg + vgo?)].

Let us now construct the absolute differential invariants with respect to (28)—(3

order < 2. Making use of involutivity of this transformation we get

fHlapu), p=0,1, fuli,ou)), p#v, pr=0,1,

there is no summation over repeated indices here,

fg(u57_6_1u5)’ /’L#Va //"al/:071;
fHuty, =073(ud)? (ugv?y — uguiy) + (uf)?(ugugy — udugy) —
— 2ufug (upuy — uguig))),
£2(ugo, =072 [(ug)? (uguly — uguiq) + (ug)?(ugugy — ugugy) —
= 2ugui (ugviy — uguip))),
fO(ug, =03 [ugug(uguly — uguiy) + ufui(ugugy — ugugy —
— (ugufy — uguip)(ujug + ugul)]),

f7(u11, = [(U8)2(U1U11 - u%u(l)l) + (u?)2(u?uéo - u%ugo) -

- 2“1”8 (“(1)“%0 - ulu(l)o)])
FEudo, =673 [(u)? (uugy — ujuly) + (ui)?(ulugy — ujudy) —
— 2ujug(ufuiy — ugudy)]),

F2(udy, =03 [ugug (ufuyy —ujud)) + uug (uludy — ujudy) —

— (ufuly — ujuly) (ujud + ugul)]).

All functions f*, k = 1,9 are arbitrary smooth and symmetric.

(29)

(30)

0) of

(31)

So, we now are able to construct the hodograph-invariant system of second order

PDEs

FF{f*)=0, k=19, o=1.2...,N.

(32)
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(2)

. (2)g @),
We construct a new solution v = (u", u

1
) of system (32) via known solution (u) =

. (1
((u)o, (u)l) according to the formula

Dw)=7 2= (33)

Here z = (x¢, 1), 7 = (7°,71), 7# are parameters to be eliminated out of system (33).

Example 3. Let us consider the simplest hodograph-invariant system of first order
PDE

uy —ud =0, wuj —u)=0. (34)
It is easily to verify, that pair of functions

1 1
Go = 2z071 + ¢, W z2 + a2

is the solution of system (34). Making use of formula (33) one obtains the new solution
of this system

2 1 2
G = ﬁ{xli I%+(I06)2:| ,
(@) a: %)
2 Ty — ¢
w0 = +29 {x:l: m2+w—02}
\/§ 1 1 (0 )

Let us consider the linear system of first order PDEs
bp” (y)vy + 077 (y)v” + 7 (y) = 0. (36)

Here b7", b7%, ¢? are arbitrary smooth functions of y = (Y0, Y1), summation over
repeated indices is understood in the space with metric g;,, = diag(1,1). This sys-
tem (36) under transformation (28) reduces into system of nonlinear PDEs

b0 (u)6~tut — 670 (u)d~1uf — bgl(u)571u(1) +

37
+ b7 () u + 670 (w)xo + b7 (u)wy + 7 (u) = 0. (87)
The solutions superposition formula for the system (37) has the form
3 1 1 2
(u)o(xo,ml) = (u)O(TO,Tl)7 (U)O(TO,TI) = (u)o(xo — 70z — 71, (38
®), (1), W, 4 (2) o )

u (l‘o,l‘l) =u (7—077—1)7 ul(T 57—1) = ul(l‘o — 7,71 _Tl)'

Making use of designations u = (u°,u!), * = (x¢, 1), 7 = (7°,71), one can rewrite
the formula (38) in another way:

Q)= %), Qo) =Dw-m), (382)

Example 4. It is obvious, that two pairs of functions

(1)
= u

1
w=-x9, P =2\"" ng — 1,
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give two partial solutions of the system

ug + wuy + 4X%pp; = 0,

40
po +u1p +upy = 0. (40)

3) (3)
Let us apply the formula (38) to construct a new solution (u), p via (39). Finally we
get

(3) (3) _ (3) 1
U2(£L'0,£L'1) — C%(:L’o —2u (1‘07$1)) 2 To U (IL'(),CEl) +x1 + 501 = O,

1

(3) _ (3) (3) 1 2
P (zg,21) = (2N) Yag u (xo,21) — u2(x07:v1) -z — 501
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Orthogonal and non-orthogonal separation
of variables in the wave equation

Ut — Uge + V()u =0

R.Z. ZHDANOYV, 1.V. REVENKO, W.I. FUSHCHYCH

We develop a direct approach to the separation of variables in partial differential
equations. Within the framework of this approach, the problem of the separation of
variables in the wave equation with time-independent potential reduces to solving
an over-determined system of nonlinear differential equations. We have succeeded in
constructing its general solution and, as a result, all potentials V (x) permitting vari-
able separation have been found. For each of them we have constructed all inequivalent
coordinate systems providing separability of the equation under study. It should be
noted that the above approach yields both orthogonal and non-orthogonal systems of
coordinates.

1. Introduction

Separation of variables (SV) in two- and three-dimensional Laplace, Helmholtz,
d’Alembert and Klein—-Gordon—Fock equations has been carried out in classical works
by Bocher [1], Darboux [2|, Eisenhart [3], Stepvanov [4], Olevsky [5], and Kalnins
and Miller (see [6] and references therein). Nevertheless, a complete solution to the
problem of sv in a two-dimensional wave equation with time-independent potential

(O4+V(2)u=uy — Uge + V(z)u=10 (1)

has not been obtained yet. In (1) u = u(t,z) € C%(R?,RY), V(z) € C(R}, RY).

Equations belonging to the class (1) are widely used in modern mathematical
physics and can be related to other important linear and nonlinear partial differential
equations (PDE). First, we mention the Lorentz-invariant wave equation

Uyoyo = Uyryy + U (yg — yi)u = 0. (2)
The above equation can be reduced to the form (1) with the change of variables [7]
t = exp(y1/2) coshyo, = = exp(y1/2)sinhyo
and what is more, potentials V' (7), U(7) are connected by the following relation:
U(r) = (41)" 'V (7).
Another related equation is the hyperbolic type equation
Vaozo — C2(T1) Vg, =0 (3)

that is widely used in various areas of mathematical physics.

Reprinted with permission from J. Phys. A: Math. Gen., 1993, 26, P. 5959-5972
© 1993 IOP Publishing Ltd
Original article is available at http://www.iop.org/EJ/journal/JPhysA
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Equation (3) is reduced to the form (1) by the change of variables

u(t,z) = [c(xo)]_1/2v(xo,x1), t=x9, == /[c(ml)]_ldaﬁl
and what is more
V(x) = = (21)[c"? (1)), (4)

where z = [[c(z1)] " dzy.
The third related equation is the nonlinear wave equation

Wy — [ (W)W,], = 0. (5)
By substitution W = R, equation (5) is reduced to the form
Ry — ¢ *(Ry) Ry = 0.
Applying to the above equation the Legendre transformation

o =R, 71 =Ry, Vg =1, Uy

=2, v=tRi+2R; — R,

we obtain (3). Consequently, the method of SV in the linear equation (1) makes it
possible to construct exact solutions of the nonlinear wave equation (5).
Let us also mention the Euler—Poisson—Darboux equation

Vit — Uy — T Y0y + M2z 20 =0 (6)
that is reduced to an equation of the form (1)
Ugt — Uge + (M? — 1/4)z %0 =0

by the change of dependent variable v(t,z) = 2~ '/?u(t, z).
For the solution of (1) with separated variables wi (¢, z), wa(t, x), we use the ansatz

u(t,z) = Q(t, z)p1(w1)p2(w2) (7)

which reduces PDE (1) to two ordinary differential equations (ODE) for functions
$1, P2-

There exist three possibilities for SV in (1). The first is to separate it into two
second-order ODE. The second possibility is to separate (1) into first-order and
second-order ODE, and the third possibility is to separate (1) into two first-order
ODE. In the present paper we shall investigate in detail the first two possibilities.
The third possibility requires special separate consideration and will be the topic of
future publications.

Consider the following ODE:

where A;, B; C C%(R! x A,R!) are some unknown functions, A € A C R! is a real
parameter (separation constant).

Definition 1 [7, 8]. Equation (1) separates into two ODE if substitution of the
ansatz (7) into (1) with subsequent exclusion of the second derivatives $1, po2 according

to (8) yields an identity with respect to the variables ¢;, p;, A (considered as indepen-
dent).



Orthogonal and non-orthogonal separation of variables in the wave equation 227

On the basis of the above definition one can formulate a constructive procedure
of SV in (1), suggested for the first time in [7]. At the first step, one has to substitute
expression (7) into (1) and to express the second derivatives @1, ¢o via functions ¢;, ¢;
according to (8). At the second step, the equality obtained is split with respect to the
independent variables ¢;, ¢;, A. As a result, one obtains an over-determined system
of partial differential equations for functions @), w; and wy with undefined coefficients.
The general solution of this system gives rise to all systems of coordinates providing
separability of (1).

Definition 2. Equation (1) separates into first- and second-order ODE

$1 = A(wi, Ner,

. . 9
P2 = Bi(wa, A\)p2 + Ba(wa, )2 ©)

if substitution of the ansatz (7) into (1) with subsequent exclusion of derivatives o1,

P according to (9) yields an identity with respect to the variables @1, P2, @2, A
(considered as independent).

Let us emphasize that the above approach to SV in (1) has much in common
with the non-Lie method of reduction of nonlinear PDE suggested in [9-11]. It is also
important to note that the idea to represent solutions of linear differential equations
in the “separated” form (7) goes as far as the classical works by Fourier and Euler (for
a modern exposition of the problem of SV, see Miller [12] and Koornwinder [13]).

2. Orthogonal separation of variables in equation (1)
It is evident that (1) admits SV in Cartesian coordinates w; = ¢, wa = x under
arbitrary V = V(z).

Definition 3. Fquation (1) admits non-trivial SV if there exist at least one coordinate
system w (t,x), wa(t, x) different from the Cartesian system providing its separability.

Next, if one makes in (1) the following transformations:

t— Cit, x— Cix,

10
t—t, z—ox+Cy C;eR! (10)
then the class of equations (1) transforms into itself and what is more
Vv V'(z) = C3V(Chz),
() = V'(z) = C3V(Cra) ow

Viz) = V'(z) =V(x+ Cy).

That is why potentials V(z) and V’(z), connected by one of the above relations,
are considered as equivalent ones.

When separating variables in (1) one has to solve an intermediate problem of
description of all inequivalent potentials such that the equation admits non-trivial
SV (classification problem). The next step is to obtain a complete description of the
coordinate systems providing SV in (1) with these potentials.

First, we adduce the principal results on separation of (1) into two second-order
ODE and then give an outline of the proof of the corresponding theorems.
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Theorem 1. Equation (1) admits non-trivial SV in the sense of Definition 1 iff the
function V(x) is given, up to equivalence relations (10a), by one of the following
formulae:

10) V =mjexpx + mgexp2x;

(1)  V=ma;

(2) V=ma"?%

(3) V =msin %z

(4) 'V =msinh™? x;

(5)  V =mecosh ?z;

6) V= mei(px; . (11)
(1) V =cos 2z(my + masinz);
(8) V =cosh™?z(m; 4+ mysinhz);
(9) V =sinh™2 z(m; 4+ my coshz);
(

(

11) V =mq + max2;
(12) V=m.
Here m, my, mo are arbitrary real parameters, mz # 0.
Note 1. Equation (1) having the potential (6) from (11) is transformed with the
change of variables [7]
2’ = exp(z/2) cosht, t = exp(r/2)sinht

into (1) with V(z) = m.
Note 2. Equations (1) having the potentials (3), (4), (5) from (11) are transformed
into (1) with V(z) = maz~2 by means of changes of variables 7]

2/ =tan +tann, t =tanf — tann,

' = tanh & + tanhy, ¢ = tanh& — tanhy,

a2’ = coth& 4+ tanhn, ' = coth{ — tanhn.

Hereafter { = 1 (z +t), n = 3(x —t) are cone variables.

By virtue of the above remarks, the validity of the assertion follows from Theo-
rem 1.

Theorem 2. Provided equation (1) admits non-trivial SV in the sense of Definition 1,
it s locally equivalent to one of the following equations:

(1) Ou+ mau=0;

(2) Ou+ma2u=0;

(3) Ou+cos™2z(mq + masinz)u = 0;
(4) Ou+ cosh™? z(my 4+ mgsinhz) = 0;
(5) Ou+sinh™2 z(my 4 mg coshz) = 0;
(6)
(7)
(8)

8

Ou + expz(my + mgexpx)u = 0;
Ou + (my + mex~2)u = 0;
Ou 4+ mu = 0.
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Thus, there exist eight inequivalent types of equations of the form (1) admitting
non-trivial SV.

It is well known that there are 11 coordinate systems providing separability of the
Klein-Gordon—Fock equation Ou + mu = 0 into two second-order ODE [6]. Besides
that, in [14] it was established that the Euler—Poisson-Darboux equation (6), which is
equivalent to the second equation of (12), separates in nine coordinate systems. That
is why cases V(z) = m and V(x) = mz~2 are not considered here.

As is shown below, the general form of solution with separated variables of (12) is
as follows:

u(t7m) = <p1(w1(t7x))g02(w2(t7x)), (13)
where @1 (w1), w2(w2) are arbitrary solutions of the separated ODE
Gi = (A +gi(wi))pi, i=1,2 (14)

and explicit forms of the functions w; (¢, ), g;(w;) are given below.

Theorem 3. Fquation Ou + mxu = 0 separates in two coordinate systems

(1) wi=t wy=z, g1=0, go=mws;

2) wi=(@+)2+@—t)Y2, wy=(z+t)V2— (x—1)V2, (15)
1 1
g1 = —mei go = 7me§_

Theorem 4. Equation Ou+sin™2 z(my +my cosz)u = 0 separates in four coordinate
systems

(1) wi=t we=uz, ¢g1=0, go=-cos 2wy(my+ masinws);

(2) { ”;f } = arctan sinh(w; + wy) £ arctan sinh(w; — wy),

g1 = (mq +ma) sinh 2wy, g2 = —(mq —ma) cosh™2 ws:
3) {7V 2 arctan SR E@R) |, S Zwa)
t cn (w1 + we) cn (wy — wo)

2wy sn 2wy + mafen 2wy — dn’w, en—2w], (16)

2

2 _
g1 = mpdn“wp cn

wal;

x g\ 2 B\ /2
(4) { ¢ } = arctan (E) cn (w1 + we) £ arctan (H) en (wy — wo),

g1 =my [dn2w1 en~2w; + k2 sn?wq] + mao[(k')? en 2wy + k2 en’wy],

-2 -2
go = myk?* snwy cn2ws dn%wy + m2k2[cn2w2 dn"“wg — sn

g2 = m[dn’wsy en2wy + k2 sn?ws] + ma[(K)? en2wy + k2 en?ws].

In the above formulae (16) k, k' = (1 —k?)Y/? are the moduli of corresponding elliptic
Jacobi functions, and k is an arbitrary constant satisfying the inequality 0 < k < 1.

Theorem 5. Equation Ou + cosh™> x(my + ma sinh z)u = 0 separates in four coordi-
nate systems

(1) wi=t, wa=2x, ¢g=0, g¢g2= cosh™2 wa(my + ma sinh ws);
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(2)

+1n

(2} [(5) e oo [ () -]

g1 =mq(k')? dn™22w; 4+ ms cn 2wy dn~ 22wy,

g2 = mq(k')? dn22ws 4 ms cn 2ws dn 2 2ws;

1 1
{::} = —Insinh §(w1 + wo) ilncoshg(wl — ws),

) . ) .
g1 = cosh™“wq(my — masinhw), g2 = cosh™ " wa(my — masinhws);

{x}_lnwimdn%(wﬁm),

(17)

t cn 2 Lwy +ws)
g1 = —myk?snwi + k2ma snw; cnwy,
g2 = —m1k? snwy + k2ms snws cnwy.

Here k, k' = (1— k2)1/2 are the moduli of corresponding elliptic functions, 0 < k < 1.

Theorem 6. Equation Ou-+sinh > x(my+mg cosh x)u = 0 separates in eleven coordi-
nate systems:

t, wo=2xz, ¢g1=0, go= sinh ™2 wa(my + mg coshws);
1
= w1 +wy) £ 1n 5(&)1 — wa),
mz)w1 % g2 = (m1+ma)ws

)sm 2o, go = (mq + ma) sin ™2 wy;

1
}: lnsm w1+w2):|:1nsin§(w1—w2)7

1
= —lnsinh = (w1 + wg) £ Insinh §(w1 — wa),

g1 = sinh 2w, (m1 +mg)coshwy), go = sinh ™2 wa(my — mg cosh ws);

—N

; } —Incosh = (w1 + ws) + In cosh %(wl — wa),

g1 = sinh~2w, (m1 —mgcoshw), g2 = sinh ™2 wa(my — mg coshws);
{x} :lntanh (w1 +w2)ilntanh%(w17w2),

g1 = cosh™ 2wy (m1 —ma), g2 =— cosh™2 wa(my + ma);

{x} zlntan (wq —&—wg)ilntan%(u}l—wg),

g1 = cos 2wy (m1 +ma), go = cos 2wa(my —ma);

/—/h\

} = arctanh cn (wy + ws) + arctanh cn (wy — wa),

(mq 4+ mo) dn’w; en2w; + (my1 — ma)k? sn’wy,

= (m1 —mg) dn?wy en2ws + (m1 + ma)k? sn’wo;

g2
{ :tv } = arctanh dn (w1 + ws) + arctanh dn (w; — ws),
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g1 = (mq + ma)k? cn’w, dn%w; + (m — mg)k? sn?wy,

g2 = (m1 — ma)k? cn’wq en2wq + (M + ma)k? sn’wsy;

{ :tc } = arctanh sn (W + wy) £ arctanh sn (w; — wa),

g1 = (m1 +ma)sn—2w; + (m1 — ma)k? sn’wy, (18)
g2 = (mq + ma)k? cn’ws dn 2wy + (my — ma)k? dn®ws en 2wy

{f} =+41In cn(wy + ws2) £ In en (wy — we),
g1 = —my sn_2w1 — Mo CN W1 sn_2w17

go = —my sn_2w2 — Mo CN W2 sn_ng.

Here k are the moduli of corresponding elliptic functions, 0 < k < 1.

Theorem 7. Equation Ou + exp z(m; + maoexpx)u = 0 separates in six coordinate

systems:
(1)
(2)

(6)

wi =1t we==x, g¢g1=0, g2=-expwa(m+meexpws);

{x} = —lncos(w1 +w2) + lncos(w1 - cu2),

t
1
g1 = —2mq cos 2wy — §m2 cos 4wy,
1
go = —2mq coS 2wy — §m2 cos dwo;
{f } = Insinh(w; + we) & Insinh(w; — wo),
1
g1 = —2mq cosh 2w, — §m2 cosh 4wy,
1
g2 = —2m cosh 2wy — §m2 cosh 4wo;
{ f } = In cosh(w; + ws) £ In cosh(wy — wa), (19)
1
g1 = —2mq cosh 2wy — §m2 cosh 4w,
1
go = —2mq cosh 2wy — Emg cosh 4wo;
{ L; } = Incosh(w; + wz) = Insinh(w; — ws),
. 1
g1 = —2mq sinh 2wy — §m2 cosh 4w1,
1
go = —2myq sinh 2wy — §m2 cosh 4wo;

(7} i ) £ )

g1 =2mg + 2m2w%, go = —2mq + ngwg.

Theorem 8. Equation Ou+ (m1 +max~2)u = 0 separates in six coordinate systems:

(1)

_2.
wi =t wr=2z, g1=0, g2=m1+mowy";
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(2) {f } = exp(wy + we) = exp(w1 — wa),
g1 =4dmiexp2wi, g = mo cosh™2 wo;
(3) {f } = sin(wy + we) * sin(wy — we),
g1 = 2my cos 2wy + mo sin—? w1, go = —2mq cos 2wy + Mo cos ™2 wy;

(4) {f } = sinh(w; + wy) + sinh(w; — ws),

g1 = 2m; sinh 2w; + mysinh ™2 wy, (20)

g2 = —2my sinh 2wy — Mo sinh 2 wo;
(5) {:f } = cosh(wy + wg) £ cosh(w; — ws),

g1 = 2my cosh 2w; — My cosh™2 w1, go = 2mq cosh 2wy — My cosh™2 wa;

T
(6) { ¢ } = (w1 +L<J2)2 + (w1 — w2)2,
g1 = —16m1w% + mgwf2, g2 = —16m1w§ + m2w2_2.

We now give a sketch of the proof of the above assertions. Substituting ansatz (7)
into (1), expressing functions @; via functions ¢, ¢; by means of equalities (8) and
splitting the equation obtained with respect to independent variables ¢;, @; we obtain
the following system of nonlinear PDE:

(1) QBw; +2(Quwit — Quwiz) + QAi(wi, (W} —wi,) =0, i=1,2  (21)
(2) 0Q+ Q[Bi(wi, (Wi, — wi,) + Ba(wz, M) (Wi, — w3, )] + QV(2) = 0; (22)
(3) wiwz — wiawz, = 0. (23)

Here O = 97 — 92.

Thus, to separate variables in the linear PDE (1) one has to construct the general
solution of the system of nonlinear equations (21)—(23). The same assertion holds true
for any general linear differential equation, i.e. the problem of SV is an essentially
nonlinear one.

It is not difficult to become convinced of the fact that, from (23), it follows that

(wiy — wiy) (Wi, —wi,) # 0. (24)
Differentiating (21) with respect to A and using (24) we obtain
Ay = A2y =0,

whence ByyBay # 0. Differentiating (22) with respect to A, we have
Bl)\(w%t - w%z) + BQA(w%t - w%z) =0
or

2 2
Bix _ wy —wy,

2 2
BQ/\ Wit — Wiy
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Differentiation of the above equality with respect to A yields
BiaxxBax — BixBaxx =0

or

Bixx _ Baxx
B Bay

Since functions By = Bj(w;), Bs = Ba(ws) are independent, there exists a func-
tion »(A) such that

Bixx = #(A\)Bix, i=1,2.
Integrating the above differential equation with respect to A we obtain
Bi(wi) = AN fiwi) + gi(wi), i=1,2,

where f;, g; are arbitrary smooth functions.
On redefining the parameter A — A(\), we have

Bi(wi) = AMi(wi) + gi(wi)- (25)

Substitution of (25) into (22) with subsequent splitting with respect to A yields the
following equations:

0Q + Qlor (Wi — wi,) + g2(wi; — wi,)] + V(2)Q =0, (26)
fr(wh = wiy) + fo(wd, —wi,) = 0. (27)

Thus, system (21)—(23) is equivalent to the system of equations (21), (23), (26), (27).
Before integrating, we make a remark: it is evident that the structure of ansatz (7) is
not altered by transformation

Q — Q’ = th(wl)hg(u}g), Wi — W; = Ri(wi)a 1=1,2, (28)

where h;, R; are smooth-enough functions. This is why solutions of the system under
study connected by relations (28) are considered to be equivalent.
Choosing the functions h;, R; in a proper way, we can put in (21) and (27)

h=fa=1 A =A=0.
Consequently, functions wi, ws satisfy equations of the form

W1t — WigWway = 0, w?, —w?, + w3, — w3, =0,
whence

(w1 £ws)? — (w1 £ws)2 =0.
Integrating the above equations, we obtain

w1 =FE)+Gmn), w2=F(§)—Gn), (29)
where F,G C C?(R!,R!) are arbitrary functions, £ = (z +t)/2, n = (z — t)/2.
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Substitution of (29) into (21) with A; = Ay = 0 yields the following equations:

(In@); =0, (InQ), =0,

whence @ = 1.
Finally, substituting the results obtained into (26), we have
dF dG
= F —g(F—G)]——.
V@) = ln(F +6) ~ P~ G G (30)

Thus, the problem of integrating an over-determined system of nonlinear differen-
tial equations (21)—(23) is reduced to integration of the functional-differential equa-
tion (30).

Let us summarize the results obtained. The general form of solution of (1) with
separated variables is as follows

u=o(F(&) + G(n)pa(F(§) = G(n)) (31)

where ; are arbitrary solutions of (14), functions F(§), G(n), g1(F + G), g2(F — G)
being determined by (30).
To integrate Eq. (31) we make the hodograph transformation

{=P(F), n=R(G), (32)

where P # 0, R # 0.
After making the transformation (32), we obtain

G (F+G)—g2(F—G) = P(F)R(G)V(P + R). (33)
Evidently, equation (33) is equivalent to the following equation:
(0F — 92)[P(F)R(G)V(P+ R)] =0

or

(PPT'—RR DV +3(P-R)V + (P?—RY)V =0. (34)

Thus, to integrate (30) it is enough to construct all functions P(F), R(G), V(P + R)
satisfying (34) and to substitute them into (33).
In [8] we have proved the following assertion:

Lemma. The general solution of (34) determined up to transformation (10) is given
by one of the following formulae:

(1) V=V(x)is an arbitrary function, P=a, R=o;

(2) V =ma, P2=aP+ (3, R:=aR+n;

(3) V=ma=2 P=@i(F), R=Q:G),

Q% = aQt + BQT +1Q% +5Q1 + p,
Q3% = aQ} — BQ3 +7Q3% — 5Q2 + p;

(4) V =msinh ?z, P =arctanhQ;(F), R =tanQ»(G)
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and Q1, Q2 are determined by (35);

(5) V=msinh 2z, P =arctanh@Q;(F), R = arctanhQs(G)
and Q1, Q2 are determined by (35);

(6) V =mcosh 2z, P =arccothQ;(F), R = arctanhQs(G)
and Q1, Q2 are determined by (35);

(7)  V =mexpuz,
P2=qexp2P + fBexpP+v, R2=aexp2R+dexpR+ p;
(8) V =cos™2z(my + masinz),
P2 = asin2P + Bcos2P +v, R?=asin2R+ Bcos2R +7;
(9) V= cosh™?z(mq + mgsinhz),
P2 = asinh 2P + Bcosh2P +~, R? = asinh2R — Bcosh2R + 7;
(10) V = sinh™? z(mq + my cosh ),
P2 = asinh 2P 4 Bcosh2P +~, R2? = —asinh2R + Bcosh2R + ~;
(11) V = (my +mgexpzx)expz,
B=—Prip R=—R4p
(12) V =my + max~2,
P2=qP24 3P+~ R?=aR?®-[(R+~,
(13) V =m,
P2=aP?4+ 3P +~, R?2=aR?®+0R+p.

Here «, B, v, 8, p, m1, ma, m are arbitrary real parameters; t =& +n =P + R.

Theorems 1 and 2 are direct consequences of the above Lemma. To prove Theo-
rems 3-8 one has to integrate the ODE for P(F'), R(G) and substitute the expressions
obtained into formulae (32)

%(z +1t)=P(F) = P((w1 +w2)/2), %(x —t) =R(G) = R((w1 — w2)/2)

and into (33).

Thus, the problem of separation of the wave equation (1) into two second-order
differential equations is completely solved.

Since all coordinate systems wq, wo satisfy equation (23), we have orthogonal
separation of variables. To obtain non-orthogonal coordinate systems providing sepa-
rability of (1) one has to carry out SV following Definition 2.

3. Non-orthogonal separation of variables
in equation (1)

Utilizing the SV procedure in (1) determined by Definition 2, we come to the following
assertions (corresponding computations are omitted).
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Theorem 9. Equation (1) admits SV in the sense of Definition 2 iff it is locally-
equivalent to one of the following equations:

(1) Du+mu=0; (2) Ou+ma 2u=0,

where m is an arbitrary real constant.

Theorem 10. Equation Ou + mu = 0 separates in two coordinate systems

(1) wi=¢& we=E&+n,
V1= —Ap1, P2 = Ap2 + mpa;
(2) w1 =¢ we=In&+Inn,
$1 = —Awi o1, Pa = A + mexp(wz)ps.

Theorem 11. Equation Ou + max~2u = 0 separates in eight coordinate systems

(1) wi=¢§ wr=&+n,
P1=—Xp1, P2 = AP+ mw; 2 po;
(2) w1 =€, wo=arctan{ + arctan,
¢1=—AML+wi)pr, @2 = A2+ msin? wyp;
(3) w1 =&, wy=arctanh{ + arctanhn,
o1 =M1 —wd) Lo, B = Apy 4+ msinh™2 wypy;
(4) w1 =&, wy=arccoth{ + arccoth,n,
G1 =M1 —w?)"lp1, P2 = APy + msinh ™2 wopy;
(5) w1 =&, we = arctanh& + arctanh,
= M1 —wd)) o1, @2 = Aps —mcosh 2wy,

-
|

(6) w; =&, wy=arccothf + arccothy,

(,b1 = )\(1 — w%)_lgol, ¢2 = /\QOQ — TTLCOSh_2 w2,

(1) w=& w = eIy

¢1=—A2w1)lo1, @2 = Apa — mcosh? wyip;
8) wi=& wy=¢&14n71,
Gr =201, $a = Mg + mw; 2.

In the above formulae X is a separation constant, £ = 3(z +1t), n = 3(x —1).

As a direct check shows, the above coordinate systems do not satisfy (23). Conse-
quently, they are non-orthogonal.

4. Conclusion

Let us say a few words about the intrinsic characterization of SV in (1). It is well
known that the solution of the second-order linear PDE with separated variables
is a joint eigenfunction of mutually-commuting symmetry operators of the equation
under study (for more detail, see [13, 14]). Below, we construct the second-order
symmetry operator of (1) such that solution with separated variables is its eigenfunc-
tion and parameter X is an eigenvalue.
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Making in (1) the change of variables (29), we obtain

Uiy — Uusw = V(E+M[EE)Gm)]  u.

Provided (1) admits SV, by virtue of (33) there exist functions g1 (F+G), g2(F—G)
such that

VE+nEEGEM)] ™ = 0(F +G) — g2(F — G).
Since F' + G = w1, F' — G = wa, equation (36) takes the form
Uiy — Ui = [91(w1) — g2(w2)]u
or
Xu=0, X=085 -, —g(w)+ga(ws).

Clearly, the operators Q; = Qii — gi(w;), i = 1,2 commute with the operator X,
i.e. they are symmetry operators of (1) and, what is more, the relations

Qiu = Qip1(w1)pa(w2) = Ap1(w1)pa(w2) = Au, i=1,2

hold.

It should be noted that V.N. Shapovalov carried out classification of potentials V ()
such that (1) admitted a non-trivial second-order symmetry operator [15] but he lost
cases (4) and (9) from Theorem 1.

It was shown by Osborne and Stuart [16] that the method of SV could be applied
to nonlinear PDE. In [8] we suggested a regular approach to SV in nonlinear par-
tial differential equations. In future publications we intend to apply this approach to
separate variables in the nonlinear wave equation wuy — Uz, = F'(u).
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Symmetry reduction and exact solutions
of the Navier—Stokes equations

W.I. FUSHCHYCH, R.O. POPOVYCH

Ansatzes for the Navier—Stokes field are described. These ansatzes reduce the Navier—
Stokes equations to system of differential equations in three, two, and one independent
variables. The large sets of exact solutions of the Navier—Stokes equations are con-
structed.

1. Introduction
The Navier—Stokes equations (NSEs)

i+ (@ V)i — Ai+ Vp =0, )
divii =0
which describe the motion of an incompressible viscous fluid are the basic equations
of modern hydrodynamics. In (1.1) and below @ = {u®(t,Z)} denotes the velocity
field of a fluid, p = p(t, Z) denotes the pressure, & = {x,}, O = 9/0t, 0, = 0/0x,,
vV = {0.}, N = V -V is the Laplacian, the kinematic coefficient of viscosity and
fluid density are set equal to unity. Repeated indices denote summation, whereby we
consider the indices a, b to take on values in {1,2,3} and the indices 4, j to take on
values in {1, 2}.

The problem of finding exact solutions of non-linear equations (1.1) is an important
but rather complicated one. There are some ways to solve it. Considerable progress in
this field can be achieved by means of making use of a symmetry approach. Equations
(1.1) have non-trivial symmetry properties. It was known long ago [37, 2| that they
are invariant under the eleven-parametric extended Galilei group. Let us denote it
by G1(1,3). This group includes the Galilei group and scale transformations. The Lie
algebra AG1(1,3) of G1(1,3) is generated by the operators

PO, Jabv D, Pa7 Gll7
where
Py=0;, D=2t0;+ 1,0, —u"Oyes — 2p0p,

Jab = TaOp — 250 + U0y — uDye, a # b,
Go =10y + Oya, P, =20,.

Relatively recently it was found by means of the Lie method [8, 5, 26] that the
maximal Lie invariance algebra (MIA) of the NSEs (1.1) is the infinite-dimensional
algebra A(NS) with the basis elements

at7 Da Jab7 R(Tﬁ), Z(X)7 (12)

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, Ne 1, P. 75-113; Ne 2, P. 156-188
© 1994 Mathematical Ukraina Publisher
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where
R(m) = R(m(t)) = m®(t)0q + mg (t)Oue — mey(t)xe0p, (1.3)
Z(x) = Z(x(t)) = x(t)9p, (1.4)
m® = m*(t) and x = x(t) are arbitrary smooth functions of ¢ (degree of their

smoothness is discussed in Note A.1.).

The algebra AG1(1,3) is a subalgebra of A(NS). Indeed, setting m® = §45, where
b is fixed, we obtain R(m) = 0y, and if m® = 4t then R(m) = G,. Here 04 is the
Kronecker symbol (04, = 1 if a = b, 04 = 0 if a # b).

Operators (1.2) generate the following invariance transformations of system (1.1):

O a(t, @) = @t +e,%), pt,7) =plt+e,7)

(translations with respect to t),

Ja: 4t @) = Bi(t,BTZ), p(t,Z) = p(t, BTT)

(space rotations),

D: ﬁ(t,f) = e%U(e®t,e°T), p(t,T) = e*p(e*t, e F)

(scale transformations), (1.5)

R(m) « a(t, @) = it & — mi(t)) + me(t),
ﬁ(t, f) = p(t, T — T?l(t)) - ’Iﬁtt ST — %’I?L . T?ltt
(these transformations include the space translations

and the Galilei transformations),

Z(x):  alt,@) =i(t,@), pt,T) = pt7) + x(@).

Here e € R, B = {Bu} € O(3), i.e. BBT = {4}, BT is the transposed matrix.
Besides continuous transformations (1.5) the NSEs admit discrete transformations
of the form
{Zt, i‘a::pa, a#bv ‘%bzizb;

= ~a __ ,,Q ~b __ b
b =D, U—Uaa#bv U’ = —=u-,

(1.6)
where b is fixed. Invariance under transformations (1.5) and (1.6) means that (@, )
is a solution of (1.1) if (@, p) is a solution of (1.1).

A complete review of exact solutions found for the NSEs before 1963 is contained
in [1]. We should like also to mark more modern reviews [16, 7, 36] despite their
subjects slightly differ from subjects of our investigations. To find exact solutions of
(1.1), symmetry approach in explicit form was used in [2, 31, 32, 6, 20, 21, 4, 17, 15,
12, 10, 11, 30]. This article is a continuation and a extention of our works [15, 12, 10,
11, 30]. In it we make symmetry reduction of the NSEs to systems of PDEs in three
and two independent variables and to systems of ODEs, using subalgebraic structure
of A(NS). We investigate symmetry properties of the reduced systems of PDEs and
construct exact solutions of the reduced systems of ODEs when it is possible. As
a result, large classes of exact solutions of the NSEs are obtained.
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The reduction problem for the NSEs is to describe ansatzes of the form [9]:

ut = fO D (W) +g°(4,F), p= [t Da(w) +¢°(t, ) (L.7)

that reduce system (1.1) in four independent variables to systems of differential equati-
ons in the functions v* and ¢ depending on the variables w = {w,} (n =1, N), where
N takes on a fixed value from the set {1,2,3}. In formulas (1.7) £, g%, f°, ¢°, and
wy, are smooth functions to be described. In such a general formulation the reducti-
on problem is too complex to solve. But using Lie symmetry, some ansatzes (1.7)
reducing the NSEs can be obtained. According to the Lie method, first a complete
set of A(NS)-inequivalent subalgebras of dimension M =4 — N is to be constructed.
For N = 3, N = 2, and N = 1 such sets are given in Subsections A.2, A.3, and
A4, correspondingly. Knowing subalgebraic structure of A(NS), one can find explicit
forms for the functions £, g%, f°, ¢°, and w, and obtain reduced systems in the
functions v* and ¢. This is made in Section 2 (N = 3), Section 3 (N = 2) and Secti-
on 4 (N = 1). Moreover, in Subsection 2.3 symmetry properties of all reduced systems
of PDEs in three independent variables are investigated, and in Subsection 4.3 exact
solutions of the reduced systems of ODEs are constructed. Symmetry properties and
exact solutions of some reduced systems of PDEs in two independent variables are
discussed in Sections 4 and 6. In Section 7 we make symmetry reduction of a some
reduced system of PDEs in three independent variables.

In conclusion of the section, for convenience, we give some abbreviations, notations,
and default rules used in this article.

Abbreviations:
NSEs: the Navier—Stokes equations

MIA: the maximal Lie invariance algebra (of either a some equation or a some system
of equations)

ODE: ordinary differential equation

PDE: partial differential equation

Notations:

C*((to,t1),R): the set of infinite-differentiable functions from (o, t1) into R, where
—00 <ty <t <+

C>((to,t1),R3): the set of infinite-differentiable vector-functions from (to,t1) into
R3, where —oco < tg < t; < +00

8y = 8/, O = 0/0y,, Oys = /e, ...

Default rules:

Repeated indices denote summation whereby we consider the indices a, b to take
on values in {1,2,3} and the indices ¢, j to take on values in {1, 2}.

All theorems on the MIAs of PDEs are proved by means of the standard Lie
algorithm.

Subscripts of functions denote differentiation.
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2. Reduction of the Navier—Stokes equations
to systems of PDEs in three independent variables

2.1. Ansatzes of codimension one

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in three
independent variables. The ansatzes are constructed with the subalgebraic analysis of
A(NS) (see Subsection A.2) by means of the method described in Section B.

Looul = [t7Y2(vtcos T — v2sinT) + Sat! — sewat ™,

u? = |t| 72 (v sinT + v? cos T) + %l‘gt_l + ezt ™t

(2.1)
ud = |t|71/2v3 + %xgtfl,
p=t| T g+ 32727 4 Lt 2w am,,
where
y1 = |t|"Y2(x1 cos T + xasinT), yo = [t| /2 (—zysinT 4 29 cosT),
ys = |t|Y2x3, x>0, T=xInlt|
Here and below v = v (y1,y2,93), 4 = q(y1, 92, 43), r = (21 +a3)'/%.
2. u' =o' cos st — v?sin st — 2o,
u? = vl sin st + v? cos zt + xxq,
& — o, (2.2)
p=q+ 57,
where
Y1 = T1 €08t + Tosinst, Yo = —xysin st + x5 cos xt,
ys =x3, »€{0;1}.
3. ul=zir ol —agr % 42,
u? = xor ol + zyr~t? + 2or—2
(2.3)

ud =03 +nt)r~tv? + n(t) arctan xo /1,
p=q— 3m(t)(n(t)) " 23 — 1r=2 + x(t) arctan za /x4,
where
y1=1t, y2=r, ys=ux3—n(t)arctanxs/z1, n,x € C((to,t1),R).

Note 2.1. The expression for the pressure p from ansatz (2.3) is indeterminate in the
points t € (to,t1) where n(t) = 0. If there are such points ¢, we will consider ansatz
(2.3) on the intervals (¢, t7) that are contained in the interval (¢o,%1) and that satisfy
one of the conditions:

a) n(t)#0 Vie s )
b) n(t)=0 Yte (th).

In the last case we consider 1 /1 := 0.
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4. @ =0T 4 (- m) " odm + (- m) (0w - )iy — il

p=q— 30 ) (- 7)) — (- 17) " (g - )00 - T) + (2.4)

yizn'-f, Y3 =1, m,ﬁieC“((to,tl),R?’).

=al- 7%= -2 =0,

| =1. (2.5)

=

Note 2.2. There exist vector-functions 7i¢ which satisfy conditions (2.5). They can
be constructed in the following way: let us fix the vector-functions k' = k(¢) such
that k' - m = k' - k% =0, |k| = 1, and set

il = Kl costp(t) — k2 sinah(t),

- o (2.6)
ii? = klsina(t) + k2 cos (t).

Then il 7% =kl - k2 — oy = 0 if ¢ = [(k} - k2)dt.

2.2. Reduced systems

1-2. Substituting ansatzes (2.1) and (2.2) into the NSEs (1.1), we obtain reduced
systems of PDEs with the same general form

a

v® —véa+q1+71v220,
a

1
a
2 2 1_
vi —vi, +q2 —v1v =0,
3
a

v®v

2.7
- vga +q3 = 0, ( )

Vg =2
Hereafter subscripts 1, 2, and 3 of functions denote differentiation with respect to y1,
Y2, and y3, accordingly. The constants ~; take the values
v = —2, ’)/2:—% if t>0, v =2z, 72:% if t<0.
2. m1=—-2x =0
For ansatzes (2.3) and (2.4) the reduced equations have the form
3. v +vlvd +vdvd — y;lv%Q — (v%z +(1+ n2y52)v§3) — Qnygzvg +q2 =0,
v} +v'f + 0303 +yy Twlo? — (vdy + (14 1Yy *)vds) +
+ 20y o3 + 295 0 — iy tas + Xy =0,
of +0"0d + 000 — (03, + (L4 n7ys ?)uds) — 20Pyy Pvg + 2myy To* +
+ 205 (v 02 + (L+0Py52)as — man~ 'y — xnys © = 0,
y;lvl +vs +v3 =0.

(2.8)

4. v+ vlvl — vl 4 qi + p'(y3)v® = 0,
vg’ + Uj'U? — U?J —= 07 (29)

’Ug + pS(y3) = 03
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(2.10)

2.3. Symmetry of reduced systems

Let us study symmetry properties of systems (2.7), (2.8), and (2.9). All results of this
subsection are obtained by means of the standard Lie algorithm [28, 27]. First, let us
consider system (2.7).

Theorem 2.1. The MIA of system (2.7) is the algebra
a) (Oa, 9y, Jh) if m#0
b) <aa7 aqv J;b> ’Lf T = Oa 2 7& 0,
C) <8a7aQ7J;b7D%> Zf Y1 =72 =0.
Here JY = 4,0y — yp0a + v%0pp — 20ha , DI = 1404 — v40pa — 2q0,.
Note 2.3. All Lie symmetry operators of (2.7) are induced by operators from A(NS):

The operators .J ;b and D} are induced by J,, and D. The operators ¢,d, (c, = const)
and 0, are induced by either

R(|t|Y?(c1 cosT — easinT, ey sinT + cacos7,¢3)),  Z([t|7),
where 7 = sIn [t], for ansats (2.1) or
R(cq cos st — g sin st, ¢y sin set + co cos xt, c3),  Z(1)

for ansatz (2.2), respectively. Therefore, Lie reductions of system (2.7) give only soluti-
ons that can be obtained by reducing the NSEs with two- and three-dimensional
subalgebras of A(NS).

Let us continue to system (2.8). We denote A™** as the MIA of (2.8). Studying
symmetry properties of (2.8), one has to consider the following cases:
A. n,x =0. Then

AR = (D', Dy, Ry (4 (1)), 2 (A1),
where
Dy = 24101 + Y202 + Y303 — v"Dya — 2q0y,
Ri(P(y1)) = 05 + 10ps — 11ys0y,  Z'(AM(y1)) = My1)0y-

Here and below ¢ = 9(y1) and A = A(y1) are arbitrary smooth functions of y; = t.

B.n =0, x 0. In this case an extension of A™** exists for y = (Cyy; + Ca) 71,
where C7,Cy = const. Let C; # 0. We can make C5 vanish by means of equivalence
transformation (A.6), i.e., x = Cy; ', where C' = const. Then

AR = (Dy, Ri($(y1)), Z' (M1)))-
If C; =0, x = C = const and
AT = (01, Ri($(y1), 2 (A(w1)))-
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For other values of , i.e., when x11X # X1X1,

A = (R ($(y1)), Z* (Ay1)))-

C. n # 0. By means of equivalence transformation (A.6) we make xy = 0. In this
case an extension of A™** exists for n = +|Cyy; + CQ|1/2, where C1,Cy = const. Let
Cy # 0. We can make C5 vanish by means of equivalence transformation (A.6), i.e.,
n = Cly1|*/?, where C' = const. Then

A" = (Dy, Ro(|y1['/2), Ra(|a [V2 I [g]), Z (A1)
where Ra(¥(y1)) = %03 + ¢10,3. If C1 =0, i.e., n = C = const,
AR = (9, 05,1103 + Dy Z' (My1)))-
For other values of 7, i.e., when (n?)1; # 0,

AmX = (Ro(n(y1)), Ra(n(y1) f(n(yl))*zdyl), Zl()\(yl))>.

Note 2.4. In all cases considered above the Lie symmetry operators of (2.8) are
induced by operators from A(NS): The operators 91, D3, and Z*(A(y1)) are induced
by 0, D, and Z(A(t)), respectively. The operator R(0,0,(t)) induces the operator

Ri1(¢¥(y1)) for n = 0 and the operator Ra(¢(y1)) (if ¥11m — ¥ = 0) for n # 0.
Therefore, the Lie reduction of system (2.8) gives only solutions that can be obtained
by reducing the NSEs with two- and three-dimensional subalgebras of A(NS).

When n = x = 0, system (2.8) describes axially symmetric motion of a fluid and
can be transformed into a system of two equations for a stream function ¥! and a
function ¥? that are determined by

\Ilili = yg’Ul, \II% = _yQ’USa \112 = y2U2-

The transformed system was studied by L.V. Kapitanskiy [20, 21].
Consider system (2.9). Let us introduce the notations

t=ys, p=[p(t)dt, ¥ = ("7,

R3(¢p) = 'Oy, + i0y — Viyidq,  Z'(A) = N9y, S = 0ys — p'(t)yi0y,
E(x) = 2X0; + xt¥iOy, + (Xetyi — xev")0pi — (2X¢q + 2 X201YjY;) 0,

Jiy = 1102 — Y201 + 0102 — V20,1,

where ¢, A and x are smooth functions of ¢.

Theorem 2.2. For any values of parameter-functions p® system (2.9) is invariant
with respect to the algebra

A = (Ry(9), Z(N), S),

where ' and X run the set of smooth functions of t = ys. Extensions of MIA for
system (2.9) are only in the following cases (for each case we adduce also basis
elements from the AX* compliment in the corresponding MIA):

1) pi=0: E(x'), E(x?), v30,3, Jiy, where x! =e™? [eldt and x> =e™?;
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2) p = const # 0:  E(x!), E(x?)—3v30,3, wherex! =e* fepdt and x? = e ?;

3) p1 = Ce%l)ﬁ—%—al Cos(ag ]nﬁ+ 5)7 pQ — Ce%pp 3—ay Sin(a2 lnﬁ—i— (5) with
15 = |f€pdt +CL3|, C’(S — CODSt, C ;é O

E(X) + 201005 + 2a2.J}5,
where a1, a2, and az are fived constants, x = e~ P([ e’dt + as);
4) pt = Ce%p_alﬁcos(agﬁ—i— 8), p* = Ce%p_‘“’ssin(agﬁ +6) with p = [erDdt,
C,6 = const, C #£0:
B(x) + 2a1v30,5 + 2a2.J15,
where a1 and as are fixed constants, x = e~ P.
Note 2.5. If functions p® are determined by (2.10), then e = C|mi(t)|, where

C = const, and the condition p* = 0 implies that /7 = |7i(t)|€, where € = const and

el = 1.

Note 2.6. The vector-functions 7¢ from Note 2.2 are determined up to the transfor-
mation

it =it cosd — f%sind, 72 = il sind + 72 cosd,
where § = const. Therefore, § can be chosen such that Cy = 0 (then Cy # 0).
Note 2.7. The operators Rs(1h!,12) +aS and Z!()) are induced by R(I)+ Z(x) and
Z(\), respectively. Here | = ¢ttt 4 o3, 3 (m - ) + 200 (il - m) = o,
X = 307 a7) "M (e - 7)) = (e - )P0+ S (T - )0 = 0.
If 77 = |171|€, where & = const and |é] = 1, the operator J, is induced by e!Jas +

62J31 + €3J12.
For
m = (B3e7 By cos T, Basin T, ﬁl)T

with 7 = st + ¢ and 3, = const, where 37 + 33 = 1, the operator 9; + s.J12 induces
the operator 0y, — (13¢5 + 0v39,s if the following vector-functions 7i* are chosen:

it = k' cos O17 + k2 sin 7, @2 = —k'sin i1 + k2 cos 517, (2.11)

where k! = (—sin7,cos7,0)T and k2 = (BrcosT, BrsinT, —32)T.
For

i = B3t + Ba|” /2 (Ba cos 7, By sin T, 51)T
with 7 = sIn|t + B4] + 0 and B,,81 = const, where 37 + 35 = 1, the operator
D +2840; + 2s¢J15 induces the operator

D3} + 2840, — 2B15¢J15 + 200°0,s,

where D} = v;0,, + 2y30,, — v'0,i — 2q0,, if the vector-functions 7’ are chosen in
form (2.11). In all other cases the basis elements of the MIA of (2.9) are not induced
by operators from A(NS).
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Note 2.8. The invariance algebras of systems of form (2.9) with different parameter-
functions p® = p?(¢) and p® = j3(t) are similar. It suggests that there exists a local
transformation of variables which make p3 vanish. So, let us transform variables in
the following way:

g’i = yie%p(t)v 2}3 = fep(t)dta
ot = (1]7" + %yip3(t))e_%p(t)’ 03 = 1}3’ (212)
= qe™"D + gyiyi((0°(1)*) — 208 (1)) e ).
As a result, we obtain the system
¥ + 0005 = 05+ 4o+ 7' (5)0° = 0,
W+ Wb — 5, =0,
5 =0
for the functions 0% = 9%(§1, ¥2,y3) and ¢ = ¢(§1, Y2, Ys3). Here subscripts 1, 2, and

3 denote differentiation with respect to §1, %2, and g3, accordingly. Also p'(g3) =
pi(t)e_%p(t).

3. Reduction of the Navier—Stokes equations
to systems of PDEs in two independent variables

3.1. Ansatzes of codimension two

In this subsection we give ansatzes that reduce the NSEs to systems of PDEs in two
independent variables. The ansatzes are constructed with the subalgebrical analysis
of A(NS) (see Subsection A.3) by means of the method described in Section B.

1. wl' = (rR) 7 ((z1 — »x2)w! — 2ow? + 21237~ 10?),
u? = (rR)™((z2 + sex)w! + 2yw? + zomsr™ w?),
ud = z3(rR)~lw! — R~1w?,

p=R"7s,

(3.1)

where z; = arctanxy/x1 — »In R, 29 = arctanr/x3, » > 0.
Here and below w® = w®(21, 22), s = s(21,22), r = (23 + 23)'/2, R = (23 + 23 +
x§)1/2, x, €, 0, i, and v are real constants.
2. ul =tV Y (zw! — 2ow?) + St ey + 272,
u? = [t 7V 2 Y zow! + zw?) + St e 4+ 22,
u® = |t| 71203 + e tw? 4 1t e,

p=t|'s — 3r7 2+ Lt 72R? + [t| ' arctan xa/z1,
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where z; = [t|~V/%r, 2y = |t|7'/?25 — scarctanzy/x1, 22 > 0, € > 0.
3. ul =rY(zjw! — row?) + 21772,
u? = r Y aowt + z1w?) + 29772,
(3.3)

u? = w? + %r’lwz,

p=s5— %T_Q + earctan 2o /21,

where z1 = r, 20 = x3 — >arctanza/x1, 3 € {0;1}, e > 0if x =1 and ¢ € {0;1} if

»x = 0.
4. ur = [t|7V2(pw' + vw?) cosT — |t| 2w sinT +
+vét lcosT + %t_lxl — et Loy,
u? = |t| 712 (pw' + vw3)sinT + |t~ 2w? cos T +
+ vét tsinT + %t‘lxg + et Loy,
ud = [t 72 (—vwt + pw®) 4+ pét=t 4 St s,
p=ItI""s — 3722 + PR 4 3%t M +
+ e|t| 3/ (vay cos T + vag sinT 4 pas),
where
21 = |t| Y2 (pxy cos T 4 pxgsinT — vas),
2y = [t| /% (xy cos T — 1 sinT),
€ =o(verycosT + vaasinT + pxs) + 2s3cv(xy cosT — x18inT),
T=sxnlt], x>0, >0, v>0, p?+v:=1, oe=0,
5. ul = |t[71 2w + Lt 1ay,
u? = [t|7V20? + 1t 1ay,
u? = [t 72w + (0 + 3t Las,
p=lt|"ts — 0%t %23 + §t2R? + e|t| =33,
where
2= [tV 22y, zo= [t Y220, 0e=0, £>0.
6. u' = (uw!+vwd)cost —w?sint + v cost — xa,
u? = (uw! + vw?)sint + w? cost + v€sint + x7,
u? = (—vw' + pw?) + pé,
p=s— %52 + %7‘2 + e(vay cost + vagsint + uxs),
where
z1 = (ux1 cost + pxosint — vasg),
z9 = (x2 cost — 1 sint),
é’ =
i

o(vxy cost + vrgsint + pxs) + 2v(xe cost — x4 sint),
>0

v>0, pw+vi=1, 0e=0, £>0.

)

> 0.

(3.6)
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7. ut=wl, wr=w? ud=w+ows,
) (3.7)
p=s— 5003 + w3,
where
z1=21, z2=2a9, oce=0, e€{0;1}.
8. wul=ziw! — zor 2 (w? — x(t)),
u? = zpw' + a2 (w? = x(1)), (3.8)
. 3.8
ud = (p(t)) " H(w? + pi(t)x3 + e arctan o /1),
p=s—3pu(t)(p(t) 'z} + x4 (t) arctan o /z1,
where
z1=t, z=T, €€ {Oa l}a X>p € COO(@Oatl)vR)'
9. @=w+ LA D)mi — ANk - D)k,
oo (3.9)

3.2. Reduced systems

Substituting ansatzes (3.1)—(3.9) into the NSEs (1.1), we obtain the following systems
of reduced equations:

1 2

1. w?w} +wiwl —wlw? cot zp — (w)? — (w? + rw')?sin? 2o —
— (w?)? - ((%2 +sin "2 z9)wi, + wiy — sw] — 2wd — 2w? —
L L 2o — (25 4 351) sin?

— 2w1) sin zo + w% COS 2o — w- sin”~ zo =0,

ww? + wiwd + w?(w? + 23cw') cot 29 —

—se((wh)? + (w?)? + (w? + sew?)?sin® ) —

— (3 + sin ™ zo)w}; + wiy + 3sw? + 23¢(wi + sw] +w')) sinzp +

+ (2w} 4 2w} cot zg — w? — 2cwt) sin ! 2o — (3.10)
— (w3 + 23cwd) cos zy + 225 5in? 2y + (1 4 2% sin? 2p)s1 = 0,

ww$ + wiwi — (w?)? cot 29 — (w? + swl)? sin 25 cos 2o —

— ((3% + sin ™ zo)w}; + w3, + swf + 2w]) sin 2o +

+ (2w + w3 4+ w} + sw}) cos 2y + sysin 25 = 0,

wh +w? + w3 =0.
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Hereafter numeration of the reduced systems corresponds to that of the ansatzes in
Subsection 3.1. Subscripts 1 and 2 denote differentiation with respect to the variables
z1 and z9, accordingly.

2-3. wlw] + wiwy — 27 fww? — (wh +(1+ %2,21_2)11)%2) —
— 2527 %wd + 51 =0,
wiw? + wiw? + 27 ' wlw? — (w? + (1 + 5?2 H)wd,) +
+ 2%zf2w% + 2zf2w2 - %szSQ + Ezfl =0, (3.11)
wrwd +wiwd — 23z wtw? — (Wi + (14 3227 ?)wdy) +
+ 202 2wy — 2527wy (L 5721 )5y — ez = 0,
w4+ wd + 27w + 4 =0,

where v = £+3/2 for ansatz (3.2) and v = 0 for ansatz (3.3). Here and below the
upper and lower sign in the symbols “+” and “F” are associated with ¢t > 0 and ¢ < 0,
respectively.

4-7. For ansatzes (3.4)—(3.7) the reduced equations can be written in the form

wiw! —w} + 51 + asw? =0,
ww? — w2 + s9 — asw' + aw® =0,
i e T ' (3.12)
wlwl‘ —wg; + W + a5 = 0,
’w:: = Q3
where the constants a,, (n =1,5), take on the values

4. o1 = 2%, @ =F2xu, as=F(c+3/2), ag==0, asz=c¢.

5. a1 =0, as =0, a3 =F(0+3/2), as==0, as=c¢.

6. a1 =2y, Qo = —24, az = —0, a4 = 0, as = €.

7. a1 =0, as =0, ag = —o, Qg = 0, a5 = €.

8w+ (W) ot — )+ st —why (3.19)
— 32211}% + Z2_152 =0, '
w? + zowwd — wiy + 25 twd = 0, (3.14)
w3 + zowwd — wiy — 25w + 2y 2 (w? — x) =0, (3.15)
2w + 20wl + p1/p = 0. (3.16)

9. Wy — Mbag + sok + A"L(A - @)mi + 28 =0, (3.17)
k- iy =0, (3.18)

where y; =t and
g=éet) =227 2(m} - m? —m' - mD)k x k+ A2k - ky — kyy - ).

Let us study symmetry properties of reduced systems (3.10) and (3.11).
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Theorem 3.1. The MIA of (3.10) is given by the algebra (O1).

Theorem 3.2. The MIA of (3.11) is given by the following algebras:

a) (02,05, D? = 2;0; — W¥Dya — 250,) if Y=x=¢c=0;
b) (02,0s) if (v,¢)#(0,0,0).

All the Lie symmetry operators of systems (3.10) and (3.11) are induced by
elements of A(NS). So, for system (3.10) the operator 9 is induced by Jy5. For system
(3.11), when v = 0 (y = £3/2), the operators D?, d2, and 95 (02 and 9;) are induced
by D, R(0,0,1), and Z(1) (R(0,0,[t|~/?) and Z(|t|~!)), accordingly. Therefore, the
Lie reductions of systems (3.10) and (3.11) give only solutions that can be obtained
by reducing the NSEs with three-dimensional subalgebras of A(NS) immediately to
ODE .

Investigation of reduced systems (3.13)—(3.16), (3.17)—(3.18), and (3.12) is given
in Sections 5 and 6.

4. Reduction of the Navier—Stokes equations
to ordinary differential equations

4.1. Ansatzes of codimension three

By means of subalgebraic analysis of A(NS) (see Subsection A.3) and the method
described in Section B one can obtain the following ansatzes that reduce the NSEs to
ODEs:

1. ul=2,R2p! — 29(Rr)~1? + zya3r 1 R2¢3,
u? = 1o R72p! + 21 (Rr) ~1¢? + 2om3r T R72¢3,
WP = 23 R—2p! — rR—28,
p=R?h,

where w = arctanr/x3. Here and below ¢% = ¢%(w), h = h(w), r = (z? 4+ 23)/2,
R= (22 + 2% + 23)Y/2.

2. ut =172zt — 200?), u?=r"2(z2p! + 210?),

ud = 13,

T p=r"2h,

where w = arctan xs /21 — s lnr, 2 > 0.

3. ul = [t|tol —war2p? + %xlt’17
u? = molt] Tt + T2 4 gt
u? = [t 7208 + (0 + Dast ™t + v|t|Y/2t L arctan zo /21, (4.3)
p=t|"th+ §t72R* - Jo%x3t72 +

+ e1|t| " arctan o /x1 + eoxs|t| 3/,
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where w = [t|™/2r, vo =0, 0 =0,¢1 >0, v >0.
4. ul =z — 2or72p2,
u? = 2ot + 210202, (4.4)
u? = o3 + ox3 + varctan ro /21, ’
p=h— %0’21‘% + &1 arctan o /1 + 273,
where w = r, vo = 0, eo0 = 0, and for ¢ = 0 one of the conditions
v=162>0; v=0,e1=1 >0, v=e1=0, e3€{0;1}
is satisfied.
Two ansatzes are described better in the following way:
5. The expressions for u* and p are determined by (2.1), where
vl = a1p! + agp® + bywi,
v T b (4.5)
03 = azp’ — a19® + bgw;, .
p= h + c1iWw; + Coiww; + %dijwiwj.
In formulas (4.5) we use the following definitions:
Wi = a1y1 +agy3, w2 =Y, W= w3 = a2Y1 — A1Y3;
a; =const, at+ai=1; ay=0Iif~ =0;
v = —2, ’)/2:*% if ¢t>0 and 7 =2, ’}/2:% if ¢<O.
bai, Bi, cij, and d;; are real constants that satisfy the equations
bi; = a1B;i, bz; = axB;, coi +azyibe; =0,
b21B; + bagbei — y1a1B; + d2; = 0, (4.6)

B1B; + Babo; +v1a1B8; 4+ di; = 0,
(B1 + b22) (B2 + aiy1 — ba1) = 0.

6. The expressions for u® and p have form (2.2), where v* and ¢ are determined

by (45)7 (46)’ and = —2, Y2 = 0.

Note 4.1. Formulas (4.5) and (4.6) determine an ansatz for system (2.7), where
equations (4.6) are the necessary and sufficient condition to reduce system (2.7) by

means of an ansatz of form (4.5).

7. ut =lcoszz/nd — rsinas/nd + 1101 (t) + 220%(2),
u? = plsinag/n® + p? coswz/n® — x102(t) + 2201 (1),
u? = @* 47 (n°) " as,

p=h=duin")" :

ad — gule (n'n') ",
where w =1,

nt € C=((to,t1),R), n*#0, n'n'#0, nin®—n'nt € {0;1},
0r = nin'(nin?)"Y, 0% = (nin® —n'n?) (nin?) L.

(4.7)
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8. U=+ NN A B)my,
p=h—=A"1(mg - )T T) + A2 05, me) (e D) (A1 - T),
where w = t, m® € C™((tg,t1),R), mg - m? —m* - m?, =0,
A= A(t) = (m! xm?)-m3#£0 Vt € (to, 1),
At =m? xm3, [ =m3xml, @ =m!xm?

4.2. Reduced systems

(4.8)

Substituting the ansatzes 1-8 into the NSEs (1.1), we obtain the following systems of

ODE in the functions ¢* and h:

1. <P3<Pi, — pp° — <,0}dw — <p}u cotw — 2h =0,

0302 4 2% cotw — @2, — 2 cotw + @?sin~?

w =0,

PPl — 9 cotw — @3, — ¢ cotw + P sin T2 w — 2], + hy, =0,

ol + @3 + @3 cotw = 0.

2. (¢ =)ol — (L4 2l — p'e' — 9?p* — xh, —2h =0,
(> = 202 — (1 + %), — 20507, + ¢5,) + by = 0,
(9 — 203 — (14 52) 2, — ' ® — ¢ — 23¢0% =0,
¢l — 70y, =0.

34 olol —wTlPe? Fwplel — py, — 3wl +w T the, =0,

wel@? — @2, +w gl 461 =0,
weled +o19® +vw™2p? — 3, — Wl + 5 =0,
20 + wpl + 0oy =0,

where

3. o1 =o0, oy =(0c+
o1 = —o0, o9 =—(o

) if t>0,
3) i t<o.

+ e

4. 01 =09 = 0.

56. @ ol — b, — i’ + e+ caw =0,
903%03; - SDEM — it + c12 + coow + 72(12903 =0,
O3 — 2, +m0a20% + hey, =0,

3
SOW—O',

(4.9)

(4.10)

(4.11)

(4.12)

where (11 = —B1, p12 = —Ba—v101, 21 = —ba1+7101, fog = —baz, 0 = y1 —B1—bao.

Topu 00t + 6707 — ()T + (1) P! =0,
02 — 020! + 070 + () TPt + () T2e” =0,
e+ ()1 =0,

201 +nF(n*)~t =0.
8. G+ AN Fymh =0,

79 g = 0.

(4.13)

(4.14)
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4.3. Exact solutions of the reduced systems

1. Ansatz (4.1) and system (4.9) determine the class of solutions of the NSEs (1.1)
that are called the steady axially symmetric conically similar flows of a viscous fluid
in hydrodynamics. This class of solutions was studied in a number of works (for
example, see references in [16]). For ¢? = 0 it was shown, by N.A. Slezkin [34], that
system (4.9) is reduced to a Riccati equation. The general solution of this equation
was expressed in terms of hypergeometric functions. Later similar calculations were
made by V.I. Yatseev [38] and H.B. Squire [35]. The particular case in the class of
solutions with p? = 0 is formed by the Landau jets [24]. For swirling flows, where
% # 0, the order of system (4.9) can be reduced too. For example [33], an arbitrary
solution of (4.9) satisfies the equation

@2902 sin w — sin w(P,, sin™! W)y + 2P, cotw + 2P = const,

where @ = (¢3 — 2p%¢%)sin®w — @3 coswsinw, and the Yatseev results [38] are
completely extended to the case (2 sinw = const.
2. System (4.10) implies that

p? = ! + Oy,
h =51+ 5ol + (2562 + 2 — %C1)pt + Cs,
(14 22l + (42c — C)pl + oot + 4ot + (4.15)

+ (14 23)7YC? +20,) = 0,

(14 2%)¢@l = (C1 = 25)¢7 + (1 + ¢1)* = 0.
If 3 = 0, the solution determined by ansatz (4.10) and formulas (4.15) coincides
with the Hamel solution [18, 23|. In Section 6 we consider system (6.14) which is

more general than system (4.10).
3—4. Let us integrate the last equation of system (4.11), i.e.,

ol =Clw™2 - %02. (4.16)

Taking into account the integration result, the other equations of system (4.11) can
be written in the form

hy = w3p?p? + Ciw™3 — %a%w,

saf)w - ((Cl + 1)“}71 - %02("})503) = £1,
1

Pow = ((C1 = Dw™! = oaw)¢l, — 019° = vw ™29 + €3. (4.17)
Therefore,
h=[we*Pdo - 5Cfw™ — godu?, (4.18)
©? =Coy+Cs [ |w|Cl+1e*%02W2dw +
bep [ |w|CrHlem o’ (f |w|_01_1ei"2“2d¢u)dw, (4.19)
If o1 = 0, it follows that
@® = Cy+ Cs [ |w|Or e~ 179" duw +
(4.20)

+ [ |w|Cr—tem w02’ (f |w|~CrH1leio2w® (g, +Vw_2<p2)dw)dw.
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Let o1 # 0 (and, therefore, v = 0). Then, if o9 # 0, the general solution of equation
(4.17) is expressed in terms of Whittaker functions:

503 = ‘w|%cl*167§02w2W(*O’10’2_1 + %Cl — %, iCl, %02w2),
where W (¢, u, 7) is the general solution of the Whittaker equation
AT2W,p = (12 — doer + 44 — 1)W. (4.21)

If oo = 0, the general solution of equation (4.16) is expressed in terms of Bessel
functions:

1
o = ¥4 20, ((=00)2w),
where Z,(7) is the general solution of the Bessel equation
22 72 4 (12 = V2 Z = 0. (4.22)

Note 4.2. If o, =0, all quadratures in formulas (4.18)-(4.20) are easily integrated.
For example,
Cy+ C3ln |w| + %Ele if C; =-2,
?=< Co+ 03%0.)2 + %510.)2(111(4) — %) if C1=0,
Co+ C3(Cy +2) 7 w|“rH+2 — %aleluﬂ if Cp# —2,0.

5-6. Let ¢ = 0. Then the last equation of system (4.12) implies that p? = Cy =
const. The other equations of system (4.12) can be written in the form

h=—-ya 2(w)dw,
= zifw( )de (4.23)
0o — Copl, + pije? = vi; + vow,

where V11 = C11, V21 = C21, V12 = C12 + ’YQCLQCQ, V9o = C22. System (423) is a linear
nonhomogeneous system of ODEs with constant coefficients. The form of its general
solution depends on the Jordan form of the matrix M = {yu;;}. Now let us transform
the dependent variables

@' = e,

where the constants e;; are determined by means of the system of linear algebraic
equations

eijfije = pijein (1,4, =1,2)

with the condition det{e;;} # 0. Here M = {fi;;} is the real Jordan form of the matrix
M. The new unknown functions 9° have to satisfy the following system

Vi — Coll, + fuig! = i + Daiw, (4.24)

where v1; = ei;015, V2 = ejjiaj. Depending on the form of M, we consider the
following cases:

A. det M = 0 (this is equivalent to the condition det M =0 ).
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i M= ( 0 f) >, where ¢ € {0;1}. Then

P2 = O + Coeov — %NQQC()_lc"JZ — (g — 172200_1)00_10%
wl =C5+ C4€COw — %172100_10)2 — (1311 — 172100_1)00_1(.«) +

+ 5(—%1722052003 — %(512 — 2ﬂ22C61)052w2 + (4.25)
—%(C1+(Dgl—QDmCﬁq)CEQ)Cglw——Cbcglwé%“)
for Cy # 0, and
P2 =C1 + Cow + éﬂzzw?’ + %1712(#2, (4.26)

’(/Jl = Cg + C4w + %(521 - Cz)w?’ + %(1711 - C’l)w2 ~ 120 V22w5 2141/12w4
for Cy = 0.

0 0
formula (4.25) for Cy # 0 or by formula (4.26) for Cy = 0. The form of ¢! is given by
formula (4.28) (see below).

B. det M # 0 (this is equivalent to the condition det M # 0).

ii. M = ( 0 > , where s € R\{0}. Then the form of ? is given either by

i M= < 0 ) , where 3; € R\{0}. Then

0
Y2 = Dggsey tw + (19 — Colagrey Mgyt + C16%1 (W) + C2672 (w), (4.27)
Yt = Dyyaey tw + (11 — Cotgrsey oy b + C30M (W) + C40'2 (w), (4.28)
where

0 (w) = exp(3(Co — VDi)w), 02(w) = exp(5(Co + vD;)w)
if Dy=C2— 5 >0,
01! (w) = e2C0% cos(3v/—Diw), 02(w) = ez Cow sin(3v/—Diw)

if D; <0,

91‘1( ) _ efCO"" 9i2(w) _ we%cow
if D, =0.
i. M = }62 1 ) , where sc2 € R\{0}. Then the form of ? is given by formula
2

(4.27), and

Yl = (111 — (D12 — Coiiaasy )sey ' — Coliian — Danscy M)y V) 35!

+ (P21 — 1722%2_1)%2_1w + C30% (W) + C460%2 (w) — Cin'(w),

+

7 (w) = Dy 'w(20% (w) — Cob¥ (w)) if Dy #0,

nt(w) = éw e2Cow n?(w) = $w? e20o% if Dy =0.
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2 1

iii. M = ( T ) , where »; € R, 3¢9 # 0. Then

Y1 = (546) " (o150 + Dogse)w + (5656) " (1130 + D1ase) —
— Co(50i56) 7 (P21 (563 — 27) — Daa2e155) + Crf'"(w),

V2 = (5606) T (=Da1500 + Dogser)w + (5656) " H(— 1362 + Dr2501) —
— Co(5636) 72 (7212501500 + Do (563 — 227)) + Cr6?"(w),

where n = 1,4,

7= V(CF — 450)? + (492,
= VA F G~ Ba). B =312 20 = G + 4o,
911( ) =6%2(w) = exp((%Co — ﬂl)w) cos fBaw,
-0 (w) = 012(w) = exp((%C’O - ﬁl)w) sin fBow,
03 (w) = 0?4 (w) = exp((%Co + ﬁl)w) cos Bow,
0% (w) = —0"(w) = exp((3Co + f1)w) sin fow.
If o # 0, the last equation of system (4.12) implies that 13 = ow (translating w,

the integration constant can be made to vanish). The other equations of system (4.12)
can be written in the form

h = —maz f<,0 )dw — 1o2w?,

4.29
Soww - O'ngw + N’ijcpj = V1 + VoW, ( )

where 111 = ¢11, Vo1 = €21, V12 = C12, Voo = Co2 + Y2a20. The form of the general
solution of system (4.29) depends on the Jordan form of the matrix M = {y;;}. Now,
let us transform the dependent variables

¢ = e,

where the constants e;; are determined by means of the system of linear algebraic
equations

ek = tigesn  (i:5,k =1,2)

with the condition det{e;;} # 0. Here M = {ji;;} is the real Jordan form of the
matrix M. The new unknown functions 1? have to satisfy the following system

b — OWYL, + g = D1 + Do, (4.30)

where v1; = ey;015, V2 = ejjlaj. Depending on the form of M, we consider the
following cases:

A. det M = 0 (this is equivalent to the condition det M = 0).

i M= (8 g),where e € {0;1}. Then

P2 = Cy 4+ Cy [ €279 dw — 0 L igow + i1y [ €29 (f e*%"“’2dw)dw, (4.31)

Yt =Cs+Cy feéo‘“?dw — o tiqw+ | esow’ (f e 30w’ (i1 — e?)dw) dw.
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ii. M = < g 8 ) Then the form of 1?2 is given by formula (4.31), and

Pl = Caw + Cy (wfe%‘wzdw — a‘le%”“’2) +o iy +
+ o0 Wy (aw f eéaszl(w)dw — 6%”“2)\1((,0)),
where \!(w fe’im” dw.

ng 8 , where »; € R\{0;0}. Then 9? is determined by (4.31), and

the form of ¢! is given by (4.33) (see below).

B. det M # 0, det{ji;; — 06;;} = 0 (this is equivalent to the conditions det M # 0,
det{pi; — 0d;;} = 0; here d;; is the Kronecker symbol).

iii. M =

i M= < g j’; >,wheres€{0;1}. Then

1/)2:Clw+02(wfe%”“’2dw—a lesow )—i—a Do +

L Lo L (4.32)
+ 0 s (0w [ €27 A (W) dw — €379 M (w)),

P = Caw + C4(wfe%"“’2dw — a’le%“ﬂ) +o g +
+ow [e279° )\2(W)dw — €279 N2 (W) + 0~ (Fyw — e9?),

where M (w) = [ e~ 399 g, AN (w) =071 fefég“}(ﬂzl — 2 )dw

0
and the form of ¥ is given by (4.33) (see below).

C. detM # 0, det{ji;; — 06;;} # O (this is equivalent to the condition det M # 0,
det{pi; — 0d;;} # 0: here d;; is the Kronecker symbol).

ii. M = ( 1 2 > , where 5¢; € R\{0;0}. In this case 12 is determined by (4.32),

i M= ( S > , where s¢; € R\{0;0}. Then
0 %)

Yt = st 4 (0 — U)_lﬁglw + |w| 726399 x

(4.33)
x (CsM (a0 + 4,4, ow?) + CaM (S0t + 4,4, Jow?)),
P2 = %51512 + (360 — 0) "L gow + |w|_1/26%‘7‘”2 X

1,111 1,1 11
(Cl (%2‘7 + 1130w )+02 (%2‘7 + 1130w

2)), (4.34)
where M (5¢, u, 7) is the Whittaker function:

M (3¢, i, 7) :T%+“e_%T1F1(% —l—,u—%,2,u+1,7‘), (4.35)
and 1 F(a,b,7) is the degenerate hypergeometric function defined by means of the
series:

+1)-(a+n—-1)1"
1Fi(a,b,7) *”Zb ;-~((b+n—1))m’

n=1
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b+£0,-1,
ii. M = ( S ) , where s¢; € R, 3¢5 # 0. Then
9 Al
Pt = (32j5¢5) a4 sai2) + ((5a — 0)* +353) 7 (50 — 0) P21 + salan)w +
+ C1Rent (w) — Colmnt (w) + C3Ren?(w) — Cylm n?(w),
V2 = (5¢53¢) (=301 + s1012) +
+ ((5e1 — 0)% + 33) " H(—saii01 + (501 — O)Pa2)w +
+ C1Imnt (w) + C2Rent(w) + C3Imn?(w) + C4Re n?(w),
where
nt(w) = M(306a +si)o™t + 11 Low?),
(W) =M (300 + i)t + 1, -1, 1ow?), i2=-1.
iii. M = < }62 i >, where s, € R\{0;0}. Here the form of ¢? is given by
2
(4.34), and

1/}1 — (1711 — ﬂlgﬂgl)ﬂgl + (1721 — ﬂgg(%Q — O') )(%2 — 0)’1w +
+ |w|"/2ei0w? <C391(T) + C40? (1) — o010 () [7710%(1)Cib' (1)dT +
+ 07 10%(7) folﬂl(T)CiGi(T)dT),
where 7 = %awz,
0 (1) = M(%%gofl + i, i,T), 0%(1) = M(%%20'71 + %, —%,7’).
Note 4.3. The general solution of the equation
www - szyzjw - (Tl + 1)0'1;& = Oa

where 7 is an integer and n > 0, is determined by the formula

ar Low? Low? d" Low? -
o= (2 )(Cl+02/e (e >d°">'

Note 4.4. If function v satisfies the equation
www - O—Wd)w + %’l/) =0 (% 7é 70—)7
then [¢(w)dw = (5c+ o)~ Howy — 1) + Ch.

7. The last equation of system (4.13) is the compatibility condition of the NSEs
(1.1) and ansatz (4.7). Integrating this equation, we obtain that

n® = Con'n")~", Co#0.
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As @3 = =3 ()73 = 20103, p3 = Csn'n’. Then system (4.13) is reduced to the
equations

5 = xHw)e! = X2 (w)e?,

(4.36)
02 = X2 ()" + xH(w)¥?,

where x' = —Cy2(n'n")? — 6! and x? = % — C3C, *(n'n*)?. System (4.36) implies
that

= exp ([ x*(w)dw) (Cl cos([ x*(w)dw) — Cosin( [ x*(w)dw)
= exp( [ x'(w)dw) (Cl sin( [ x*(w)dw) + Cs cos( [ x*(w)dw)

8. Let us apply the transformation generated by the operator R(E(t)), where

)

N—

-,

Et = A" ( k) (pa

to ansatz (4.8). As a result we obtain an ansatz of the same form, where the functions @
and h are replaced by the new functions ¢ and h:

?N wl
&
l\?lH o

kg +
E)(ﬁ

) + AN, ) (79 k) (A - k).

Let us make h vanish by means of the transformation generated by the operator
Z(—h(t)). Therefore, the functions ¢* and h can be considered to vanish. The equation
(- m¢) = 0 is the compatibility condition of ansatz (4.8) and the NSEs (1.1).

Note 4.5. The solutions of the NSEs obtained by means of ansatzes 5-8 are equiva-
lent to either solutions (5.1) or solutions (5.5).

5. Reduction of the Navier—Stokes equations
to linear systems of PDEs

Let us show that non-linear systems 8 and 9, from Subsection 3.2, are reduced to
linear systems of PDEs.

5.1. Investigation of system (3.17)—(3.18)

Consider system 9 from Subsection 3.2, i.e., equations (3.17) and (3.18). Equation
(3.18) integrates with respect to zo to the following expression:

—

k@ = (t).

Here ¢ = 1 (t) is an arbitrary smooth function of z; = ¢. Let us make the transfor-
mation from the symmetry group of the NSEs:
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where Iy, - m¢ — [ - mi, = 0 and
ko (=AY Dmi+ XYk Dky) + ¢ =0.

This transformation does not modify ansatz (3.9), but it makes the function (t)

vanish, i.e., k- =0. Therefore, without loss of generality we may assume, at once,
that k- =0.

Let f* = fi(z1,22) = m' - . Since m}, - m?> — m! - m7, = 0, it follows that
mi - m? —m!-m? = C = const. Let us multiply the scalar equation (3.17) by m’

and k. As a result we obtain the linear system of PDEs with variable coefficients in
the functions f* and s:

Fi= Mg+ CATH (- m2) fr — (m? - mh) f2) — 20072 ((k x k) - i)z = 0,
S9 = 2)\72(7’7% . Et)fl + A~ (ktt . k — 2kt . Et)ZQ.
Consider two possible cases.

A. Let C = 0. Then there exist functions g = ¢g'(t,w), where 7 = [ A(t)dt and
w = z9, such that f* = g}, and g* — g, = 0. Therefore,

U=\ (QW(T W)ert Tyt )\71(,% Tk,
p=2X\"2(7 ky)g (T, w) + AT 2y - k — 2k - ky)w? (5.1)

—

- %)‘_1(77 - F) (- &) — AT Z(k‘ -, ) (7" - ) (k - T),

ol
>
I
=
[\v}

Whereﬁltl-m2 m! mf:o,k’_m X M n:m2xE,ﬁ2:
w=Fk-& 7= [A{t)dt, and g} — g} = 0.
For example, if m = (nl(t),0,0) and 7 = (0,7%(t),0) with n’(¢) # 0, it follows that
ut = (") +ade), =) T2+ fee), wt = —(n?)(n'n®) " Has,
b= —-ntt(ﬂ )~ lat — %n?t(n2) a3 +
+ (5(77 )e(n'n®)~t = ((n'n )t(n1n2)‘1)2>x§,

wheref’:f( ) f’ 9 :O,T:f( ?)?dt, and w = n'nPxy. I mt =
(n*(t),n*(t),0) a = (0,0,73(t)) with 73(t) # 0 and 7*(t)n*(t) # 0, we obtain
that

u' = (nin")‘l{nl(gw + i) — 0 (0 (n®) 2w+ nfzy — mlxz)}»

u? = (n'n’) {nQ(gw +nixs) + 0t (0 (%) 2w + niey — mlxz)}

u? = (*) N[ + nias),

p=20*)" (' —nin®)(n'n') 2g + A1 X

(
A ((mdm® = 2nind)nin® — 20Pndnini — 2(n°)nin})w? +

X

+ (%) ((nPnd, = m'nd) (= 28) = 20nkn? + m'nd)raz) — winm*niad }.

Here f = f(va), fr = fow = 0, g9 = g(T,w), 9r — Guw = 0, 7 = f(ng)zﬁiﬁidt’
w =n*(n?z1 —ntes), and X = (n°)%n'n".
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Note 5.1. The equation

mp-m? —mt-mi=0 (5.2)

can easily be solved in the following way: Let us fix arbitrary smooth vector-functions
mi, 1 € C°((to,t1),R?) such that m!(t) # 0, I(t) # 0, and M (¢t)-I(t) =0 for all
t € (to,t1). Then the vector-function m? = m? (t) is taken in the form

—

m2(t) = p(t)ym' +1(t). (5.3)

Equation (5.2) implies
p(t) = [(mt-mb)y = ml - T —mb - I)dt. (5.4)

B. Let C # 0. By means of the transformation m’ — a;;m7, where a;; = const
and det{a;;} = C, we make C' = 1. Then we obtain the following solution of the NSEs
(L.1)

7=\ (aia‘ ()9, (1, w) + 60 () + 7t T— A1 ((
p=2A"2(7 - k) (0 (t)g' (T, w) + 00 (t)w?) + INT2 (kg - k — 2k, - ky)w? — (5.

— NG F) (g, - F) — A2 (ki) (7 -

S
B
—~
o]
)

Here ml -m2 —ml-m2 =1, k = m! x m2, @l = m2 x k, 72 = k x m*, A= |k[2,
=k -7, 7= [At)dt, and gL — g}, = 0. (0Y(t),0%(t)) (i = 1
independent solutions of the system

DO

) are linearly

0i + X7Hmt - m2)et — XTHmt - m)e? =0, (5.6)
and (6'°(t),02°(¢)) is a particular solution of the nonhomogeneous system
i + ATt - m2)0t — ATt m )02 = 2072 ((k x ky) - ). (5.7)

For example, if m! (ncosw,nsinw, 0) and n? = (- nsinw,ncosz/},O), where
=n(t) #0 and ¢ = —% [(n)~2dt (therefore, m} - m? —m! - m? = 1), we obtain

ul =n~ (fl cos Y — fzsmi/)—l—ntml - 577 xg),
u? =n" (f1 sint) + f2 cosy + npae + 277 1y )
u? = =2 w3,

p = (nun — 3nene)n

)

-2 1

3 — %(mm‘ - %77_4)951‘1‘1'-
Here f' = fi(t,w), fi — fi, =0, 7= [(n)*dt, and w = (n)*zs.
Note 5.2. As in the case C' = 0, the solutions of the equation
my-m? —mtomi =1 (5.8)

can be sought in form (5.3). As a result we obtain that

—

p(t) = [ ~2(mk - T—mt -1, — 1)dt. (5.9)
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Note 5.3. System (5.6) can be reduced to a second-order homogeneous differential
equation either in 6%, i.e.,

(Mt [720}) —+ (G o) it 72), + it |20 = 0 (5.10)
t
(then 62 = [ [~2(A0} + (R - m2)61)), or in 62, i.e.,
(Ni21-262) + (= (it m?)|m ), + 172 2) 6% =0 (5.11)
t

(then 6 = |m2?|=2(=N\0? + (m! - m?)#?)). Under the notation of Note 5.1 equation
(5.10) has the form:

—

(T-167), + [ ~2(mf - T—m' - 1o = 0. (5.12)

The vector-functions 17! and [ are chosen in such a way that one can find a fundamen-
tal set of solutions for equation (5.12). For example, let 7 x mi; # 0 Vit € (to,t1). Let
us introduce the notation 17 := m! and put [ = n(t)m x m,, where n € C>((to, 1), R),
n(t) 7£ 0Vt e (to,tl). Then

— ([ | =2dt)m + nim x iy,

S
~
I
o
3
5
=~

|
3
-
o~

Il
\.O
S

=i x (i1 ie), - A = ()2 |17 x| 2,
i 27ty i = ([ | 72d) 7R + ()]0 x| 2,
O (t) = [ ()2 |mi x| ~2dt,  0%1(t) = 1 — 01 [ || ~2dt,
(t)=1, 2t ):*f|m| 2dt,
610(t) = 2 [ (17 x 17y) - g ) 170 x 10| =2 4 [~ o ~Hdt) =2 | x 1| 2 dt
(t) = —01°() [ |2t + 2 f o~ |~
Consider the following cases: m x 1, = 0, i.e., m = x(t)d@, where x(t) € C*((to,t1),
R), x(t) # 0 Vt € (to,t1), @ = const, and |d| = 1. Let us put
[ty =n" b+ (H)E,
Where 77 77 € COO((thtl) R) (nl(t)ﬂlQ(t)) 7é (an) Vi e (t07t1)7 g: const, |g| =1,
b—O and @= @ x b. Then
m2 = —(Xfxfzdt)&'-i— n15+ n?c, k= xnté — X77257
A= (002t i = (02 (' +n?e), At = ([ x72d) i + xn'n'd,
01 = [(ninh)~tdt, 62'=1-—01" [y72dt, 02 =1, 622 =— [x2dt,
10 =9 (20t — ?nb)x " (yin')~tdt, 6% = —01° [ x~2dL.
Note 5.4. In formulas (5.1) and (5.5) solutions of the NSEs (1.1) are expressed in

terms of solutions of the decomposed system of two linear one-dimensional heat equati-
ons (LOHESs) that have the form:

9r = Ghe (5.13)
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The Lie symmetry of the LOHE are known. Large sets of its exact solutions were
constructed [27, 3]. The @-conditional symmetries of LOHE were investigated in [14].
Moreover, being decomposed system (5.13) admits transformations of the form

g W) = Fi(r,w, g (w), 7' =G (rw), W =H(rw),

P (W) = F? (1w, ¢*(r,w)), 7' =G*t,w), W' =H?*1w),
where (G, H') # (G2, H?), i.e. the independent variables can be transformed in the

functions g! and g? in different ways. A similar statement is true for system (5.19)-
(5.20) (see below) if € = 0.

Note 5.5. It can be proved that an arbitrary Navier—Stokes field (@, p), where

—

@ = (t,w) + (K (t) - D) (t)

with K1, I' € C®((to,t1),R3), k' x k2 # 0, and w = (k! x k2) - 7, is equivalent to
either a solution from family (5.1) or a solution from family (5.5). The equivalence
transformation is generated by R(m) and Z(x).

5.2. Investigation of system (3.13)—(3.16)

Consider system 8 from Subsection 3.2, i.e., equations (3.13)—(3.16). Equation (3.16)
immediately gives

wh = —3pip™ +(n— 1)z 2, (5.14)

where n = n(t) is an arbitrary smooth function of z; = ¢. Substituting (5.14) into
remaining equations (5.13)—(5.15), we get

@2 =5((pep™ ) — 5(pep ™)) 22 —mzy ' — (0 —1)%2,° + (w? — x)%2,°, (5.15)
wi —wy + (nz5 ' = Spip~ 22)wd =0, (5.16)

wi —wiy + (023" = Spup~ 20)wd + e(w? — x)25° = 0. (5.17)

Recall that p = p(t) and x = x(t) are arbitrary smooth functions of ¢; € € {0;1}.
After the change of the independent variables

= [lp@®)dt, == |p(t)]"/?z (5.18)
in equations (5.16) and (5.17), we obtain a linear system of a simpler form:

w? —w?, +7(r)z " w? =0, (5.19)

wi —wl, + ()(r) = 2)z 7wl +e(w® - X(7)2 7 =0, (5.20)

where 7)(7) = n(t) and x(7) = x(¢). Equation (5.15) implies
1((pep™)e = 5(pep™1)?) 23 — i In |z —
— 3= 12257+ [(wi(r,2) = X(7))?2 .
Formulas (5.14), (5.18)—-(5.21), and ansatz (3.8) determine a solution of the NSEs
(1.1).

1= (5.21)
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If e = 0 system (5.19)—(5.20) is decomposed and consists of two translational linear
equations of the general form

fT"’ﬁ(T)Zilfz _fzz :07 (522)

where 77 = 7 (7 = /) — 2) for equation (5.19) ((5.20)). Tilde over 7 is omitted below.
Let us investigate symmetry properties of equation (5.22) and construct some of its
exact solutions.

Theorem 5.1. The MIA of (5.22) is given by the following algebras
a) Ly =(f0, g(r,2)05) if n(7) # const;
b) Ly= (9, D, 1, [0y, g(7,2)d5) if n(r)=const, n & {0;—2};
¢) Ly= (0, D, 11, 8, + tnz"" 0y, G =279, — (2 — nz"'7) f0y, O,
9(r,2)0r) if ne{0;-2}t
Here D = 270, + 20, Il = 4720, + 4720, — (22 + 2(1 — mT)fO0r; g = g(7,2) is an
arbitrary solution of (5.22).

When 1 = 0, equation (5.22) is the heat equation, and, when 7 = —2, it is reduced
to the heat equation by means of the change f =zf.

For the case 7 = const equation (5.22) can be reduced by inequivalent one-
dimensional subalgebras of Lo. We construct the following solutions:

For the subalgebra (0- + af0y), where a € {—1;0;1}, it follows that

[=eT2/(C1),(2) + C2Y,(2)) if a=—1,
f=ez2"(Ci1,(2) + C2K,(z)) if a=1,

f=Cz" +Cy if a=0 and n# -1,
f=Cilnz4+Cs if a=0 and n=-1.

Here J, and Y,, are the Bessel functions of a real variable, whereas I,, and K, are the
Bessel functions of an imaginary variable, and v = 1 (n+1).

For the subalgebra (b +2af0y), where a € R, it follows that
f=lrlte w2 W (50— 1) —a, §(n +1),w)
with w = iz%’_l. Here W (5, 1, w) is the general solution of the Whittaker equation

40 W = (W? — dsew + 4p* — 1)W.

For the subalgebra (0; + II 4+ afdy), where a € R, it follows that
f=47r2+1)i0D exp(—7w + Laarctan 27)p(w)
with w = 2%(472 + 1)~ 1. The function ¢ is a solution of the equation
dwpew +2(1 —n)pw + (w—a)p = 0.

For example if a = 0, then p(w) = w* (ClJﬂ(%w) + CQYM(%M))7 where p = 1(n+1).

Consider equation (5.22), where 7 is an arbitrary smooth function of 7.
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Theorem 5.2. Equation (5.22) is Q-conditionally invariant under the operators
Ql = ar + 91(7—7 Z)az + (92(7_3 Z)f + 93(7_7 Z))af (523)
if and only if

gr —nz gl +nz72gt — gl +2glg" — 2Tt +2¢2 =0,

gy +m2tgk =gk +29lg" =0, k=23, (5.24)
and

Q* = 0. + B(r, 2, )0y (5.25)
if and only if

B, —nz"?B+nz"'B, — B,, —2BB,; — B*By; = 0. (5.26)

An arbitrary operator of Q-conditional symmetry of equation (5.22) is equivalent to
either an operator of form (5.23) or an operator of form (5.25).

Theorem 5.2 is proved by means of the method described in [13].

Note 5.6. It can be shown (in a way analogous to one in [13]) that system (5.24) is
reduced to the decomposed linear system

frameT e = =0 (5.27)

by means of the following non-local transformation

1 p2 _ gl g2
1:_ zzf f ZZ—|—'I72:71,

fLf2_ fig2
N e FY (5.28)

g == flfz—fifz>
B =1 - R g R -2

Equation (5.26) is reduced, by means of the change
B=-9./0;, &=(7,2,f)

and the hodograph transformation
Yo=T, th=2 y= V=

to the following equation in the function ¥ = U(yg, y1,y2):
Uyo +0(y0)yr Wy, — Vyy, = 0.

Therefore, unlike Lie symmetries @Q-conditional symmetries of (5.22) are more
extended for an arbitrary smooth function 1 = n(7). Thus, Theorem 5.2 implies that
equation (5.22) is Q-conditionally invariant under the operators

0., X=0.+n—-12"9., G=2r+C).— 2fo;
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with C' = const. Reducing equation (5.22) by means of the operator G, we obtain the
following solution:

f=0C2(22 =2 [(n(r) — 1)dr) + C1. (5.29)

In generalizing this we can construct solutions of the form

N
f=Y_TFr)*, (5.30)
k=0

where the coefficients T* = T*(7) (k = 0, N) satisfy the system of ODEs:
B2k +2)(n(r) — 2k —1)T* =0, k=0,N—-1, TN =o0. (5.31)

Equation (5.31) is easily integrated for arbitrary N € N. For example if N = 2, it
follows that

f = Ca{zt =422 (n(r) = 3)dr+ 8 [((0(r) = 1) fn(r) = B)ar Jar | +
+ 02{22 —2 [(n(r) — 1)d7} + 0y
An explicit form for solution (5.30) with N =1 is given by (5.29).

Generalizing the solution
f=Coexp{—2z%(47 +2C)~' + [(n(r) = 1)(27 + C)dr} (5.32)

obtained by means of reduction of (5.22) by the operator G, we can construct solutions
of the general form

f= Zs’f (22 +C) ) x

(5.33)
X exp{ 2Ar +2C) 7+ [(n( DEer+0)~ 1dr},
where the coefficients S* = S¥(7) (k = 0, N) satisfy the system of ODEs:
Sk 4+ (2k+2 —2k—1)(21 + C)725F+1 =,
£+ (k4 2)0(r) — 2k~ )7 +C) s

k=0,N—-1, SN =o.
For example if N =1, then
f:{Cl( 22r+0)” —2f 12T+ C)~ 2d7)+00}><
xexp{ 2(41 +20)~ f DNer+0)- 1dT}.

Here we do not present results for arbitrary N as they are very cumbersome.
Putting g2 = ¢ = 0 in system (5.24), we obtain one equation in the function g':

—nz7g 02729t — gl + 299" — 02T =0,
It follows that g' = —g./g+ (1 —1)/z, where g = g(, 2) is a solution of the equation

gr + (1 —2)27"g. — g.. = 0. (5.35)
Q@-conditional symmetry of (5.22) under the operator
Q=0+ (—g:/9+ (n—1)/2)0- (5.36)

gives rise to the following
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Theorem 5.3. If g is a solution of equation (5.35) and

f(r,2) = f;o 2g(r,2")dz" +

47 (208 20) = (1) = Vgl 20) ), (>0

where (79,20) is a fixed point, then f is a solution of equation (5.22).
Proof. Equation (5.35) implies

(29)r = (29: — (n —1)g)-
Therefore, f, = zg, fr=z2g9.—(n—1)g and

framzT o = for = 2. — (0= 1)g +ng — (29)- =0.  QED.

The converse of Theorem 5.3 is the following obvious

Theorem 5.4. If [ is a solution of (5.22), the function

g==z"'f. (5.38)
satisfies (5.35).

Theorems 5.3 and 5.4 imply that, when n = 2n (n € Z), solutions of (5.22) can be
constructed from known solutions of the heat equation by means of applying either
formula (5.37) (for n > 0) or formula (5.38) (for n < 0) |n| times.

Let us investigate symmetry properties and construct some exact solutions of
system (5.19)—(5.20) for € = 1, i.e., the system

wh—wh, i)z wt =0, (5.39)
wy —w, + (7(1) = 2)z 7wl + (w' = ()27 = 0. (5.40)
If (w!,w?) is a solution of system (5.39)—(5.40), then (w!,w? + g) (where g =

g(T,2)) is also a solution of (5.39)—(5.40) if and only if the function g satisfies the
following equation

Gr — Gor + (7(1) = 2)271g. =0 (5.41)

System (5.39)—(5.40), for some ¥ = X(7), has particular solutions of the form

’wl201(22—2f(77(T)—1)dT)+C12, U}2:—Cl7'.

Let x(7) =0.
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Theorem 5.5. The MIA of system (5.39)—(5.40) with x(7) = 0 is given by the follo-
wing algebras

a) (W', Wi(T,2)0y:) if H(T) # const;

b) (270, + 20., Or, W'y, W (T,2)0yi) if N(T) = const, 7 # 0;

c) (270, + 20., Or, w27 0y2, WOy, WH(T,2)0y:) if N=

Here (w0, 1%?) is an arbitrary solution of (5.39)—(5.40) with x(7) = 0.

For the case x(7) = 0 and 7(7) = const system (5.39)—(5.40) can be reduced
by inequivalent one-dimensional subalgebras of its MIA. We obtain the following
solutions:

For the subalgebra (9, ) it follows that
wl=Cilnz+ Cy,
w? = %Cl(ln2 z—1Inz)+ %Cg lnz+Cs272+Cy

ifh=—1;

w! = C122 + Oy,

w? = 1C122 + 10y In* 2 4+ C3Inz + Cy
fr=1

wl = 012ﬁ+1 + Cs,
w? =1C1(H+ 1)1+ Co(f — 1) Mnz + C32"7 1 + Cy

if 7 {—1;1}.
For the subalgebra (0, — w'd,,:) it follows that
w! = e_Tz%(ﬁH)z/Jl(z), w? = e_Tz%(ﬁ_l)wQ(z),
where the functions 1! and 1?2 satisfy the system
2L 4 2 + (22 = 1 (H+ 1)2) 9t =0, (5.42)
L 2?4 (22— 2 - 1D)H)? = 2yl (5.43)

The general solution of system (5.42)—(5.43) can be expressed by quadratures in terms
of the Bessel functions of a real variable J, (z) and Y, (z2):

Pl =CrJy41(2) + Ca u+1( )
P? = C3J,(2) + CuY, (2) 2) [ J(z — T J,(2) [ Yo (2)0 (2)d=

with v = () — 1);
For the subalgebra (9, + w®d,,:) it follows that
w! = e'rz%(ﬁ+1)1/)1(z), w? = GTZ%(ﬁ71)¢2(Z),
where the functions 1! and 12 satisfy the system

2L+ 2yl — (22 + (0 +1)%)yt =0, (5.44)
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202, + 292 — (224 10— 1D)H)y? = 2l (5.45)

The general solution of system (5.44)—(5.45) can be expressed by quadratures in terms
of the Bessel functions of an imaginary variable I,,(z) and K, (z):

Yl = Cilp1(2) 4+ Co u+1( )
Y? = C3l,(z) + C4K, 2) [ L(2)¢ (2)dz — 1, (2) [ K, (2)'(2)dz

with v = 1(h — 1).
For the subalgebra (279, + 20, + aw'd,,:) it follows that

w = 7% 3 w[T VY (W), w? = |7]%e 3w TTDy? ()

with w = %227_1, where the functions 1! and 1? satisfy the system
22yl = (0P + (a— 30— D)w+ 107 +1)2 = 1)v, (5.46)
1292, = (W + (a= 20— 3)w+ L — 12 - 1)92 + 20 2P (5.47)

The general solution of system (5.46)—(5.47) can be expressed by quadratures in terms
of the Whittaker functions.

6. Symmetry properties and exact solutions
of system (3.12)

As was mentioned in Section 3, ansatzes (3.4)—(3.7) reduce the NSEs (1.1) to the
systems of PDEs of a similar structure that have the general form (see (3.12)):

ww}—w + 51 4+ aw? =0,
wwf—w + 89 — apw! + oqw® =0, 6.1)
wiw? — w3l + aywd + a5 = 0, .

wi = s,

where o, (n =1,5) are real parameters.

Setting ap = 0 (k = 2,5) in (6.1), we obtain equations describing a plane convective
flow that is brought about by nonhomogeneous heating of boundaries [25]. In this case
w' are the coordinates of the flow velocity vector, w? is the flow temperature, s is
the pressure, the Grasshoff number A is equal to —a;, and the Prandtl number o is
equal to 1. Some similarity solutions of these equations were constructed in [22]. The
particular case of system (6.1) for a1 = ag = ay = a5 = 0 and a3 = 1 was considered
in [31].

In this section we study symmetry properties of system (6.1) and construct large
sets of its exact solutions.
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Theorem 6.1. The MIA of (6.1) is the algebra

01, Oa, Os) if g #0, ay #0.

Ey = (01, 02, Os, Oys — a1220s) if a1 #0, ag =0, (a1,a2,as5) # (0,0,0
E3 = (01, O, 05, Dy — 12005, D — 3w3dys) if oy £ 0, oy, =0, k=2,5
Ey= (01, 02, 05, J, (0> + a5/a4)0ys) ifa; =0, ayg #0.

E =
(
(
(
Es5 = (01, 02, Os, J, Ou3) if a1 = a4 =0, (a2,a3) # (0,0), as #0.
(
(
(

~

Eg = (01, 02, 0s, J, Oys, w?dys) if o = =as5=0, (a,a3)# (0,0).
E; = (01, 0o, Oy, J, Oy, D—|—2w38w3> if as#0, =0, 1=1,4.
Eg = (3'1, (92, 68, J, 8ws, D,w33w3> ifOzn = 0, n :1,_5

S B T e

Here D = 2,;0; — W0y — 2805, J = 2100 — 2001 + W'Dz — w2 0yn, O; = 9,

Note 6.1. The bases of the algebras Fg and Eg contain the operator w39, that is
not induced by elements of A(NS).

Note 6.2. If ay # 0, the constant as can be made to vanish by means of local
transformation

0 = w4 a5y, F=s5— a1a5a47122, (6.2)

where the independent variables and the functions w? are not transformed. Therefore,
we consider below that as = 0 if ay # 0.

Note 6.3. Making the non-local transformation
§=s4+ aV, (6.3)

where Uy = w?, Uy = —w! (such a function ¥ exists in view of the last equation
of (6.1)), in system (6.1) with a3 = 0, we obtain a system of form (6.1) with a3 =
e = 0. In some cases (a1 # 0, ag = ag = a5 =0, ag # 0; @1 = a3 = a4 = 0,
ag # 0) transformation (6.3) allows the symmetry of (6.1) to be extended and non-
Lie solutions to be constructed. Moreover, it means that in the cases listed above
system (6.1) is invariant under the non-local transformation

Zi=ez, w=ewl, 0P =e"uwd, s=eFs+ag(e * 1)V,
where
0=-3 if ag=ag=0a5=0, a1,as#0;

6=2 if ar=a3=a4=0, s, a5 F0;
5:0 if Ot1:OL3:Oé4:Oé5:0, 0127&0.

Let us consider an ansatz of the form:
w! = a10" — asp® + bywo,
w? = agp! + a1p® + bows,

= ¢ + bawo,

s=h+ diws + dawjws + %dggwg,

w
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where a% + a% =1, w=w; =a122 —asz, we = a1z, + as2s, B,b,,d, = const,

bi = Bai, bg(B + 014) = 0,

, (6.5)
d2 = OéQB — a1b3a1, dg = -—-B*— Oélbgag,

Here and below ¢® = ¢*(w) and h = h(w). Indeed, formulas (6.4) and (6.5) determine
a whole set of ansatzes for system (6.1). This set contains both Lie ansatzes, construc-
ted by means of subalgebras of the form

<a181 + ag0s + a3(8ws — 0512283) + a465>, (66)

and non-Lie ansatzes. Equation (6.5) is the necessary and sufficient condition to reduce
(6.1) by means of an ansatz of form (6.3). As a result of reduction we obtain the
following system of ODEs:
0200 = P T 1597 + di + dow + a2p® =0,
P20l = Plu + b2 + a5 =0,

(6.7)
P> — o, + by — azp + a1 =0,
Soi =0,

where pi11 = —B, p12 = —aqaz, po1 = —bz, p2 = —ay, 0 = az — B. If 0 = 0, system

(6.7) implies that

3 = Oy = const,
h=as [ (w)dw — ara1 [ ¢?(w)dw,

and the functions ¢ satisfy system (4.23), where v1; = dy +a2Cy, Vo1 = da, V12 = s,
vog = 0. If o # 0, then 3 = ow (translating w, the integration constant can be made
to vanish),

h=—3o%? + o [ ¢ (@ — ara [ (),

and the functions satisfy system (4.29), where v11 = dy, vo1 = do + ago, V12 = as,
V9o = 0.

Note 6.4. Step-by-step reduction of the NSEs (1.1) by means of ansatzes (3.4)—(3.7)
and (6.4) is equivalent to a particular case of immediate reduction of the NSEs (1.1)
to ODEs by means of ansatzes 5 and 6 from Subsection 4.1.

Now let us choose such algebras, among the algebras from Table 1, that can be
used to reduce system (6.1) and do not belong to the set of algebras (6.6). By means
of the chosen algebras we construct ansatzes that are tabulated in the form of Table 2.

Substituting the ansatzes from Table 2 into system (6.1), we obtain the reduced
systems of ODEs in the functions ¢* and h:

1. @20l — oL —orol — p2p? — 2h + a3 sinw + 22 = 0,
022 — 2+ hy —20L + 193 cosw = 0,
P20l — 9l — 391 = 99° =0,
@i =0.

(6.8)
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Table 1. Complete sets of inequivalent one-dimensional subalgebras of the algebras
E; — Eg (a and a; (I = 1,4) are real constants)

Algebra Subalgebras Values of
parameters
Ey <a181 + ag0s + a385>, (&) a% + a% =1
B, (@101 + @202 + a3(0ys — a1220s)), af +a3 =1,
<81 + a485>, <8w3 — Oz12235>, <8s> aq 7& 0
(@101 + asds + a3(Dys — a12203)), (D1 +asdy), | G T =1
o ~11 202 30w 1%2205)), (01 40s), as € {1051},
<D - 3w38w3>7 <8w3 - a12283>, <as> a4 € {—1; 1}
E <J +a10s + a2w3aw3>, <32 +a10s + a2w38w3),
4
(w30yus + a10s), (0s)
E <J+a1(95 +a23w3>, (82+a165+a28w3>7
5
<8w3 +a105 >, < 85>
(J + a10s + agw3dys), (O + a10s + agw3dys), 40
a )
Es | (J+a10s + azdus), (9s +a18s + azdus), 0 ?_1; 0:1)
<U/38w3 + alas>7 <aw3 + a185>7 <as>
> 3 as € {—1;0;1},
B, (D 4+ ad + 2w?0ys), {(J+ a10s + az0ys), a1 € {~1:0:1}
(02 + a10s + a20,,3), (Oys + a20s), (Ds) ifao =0
(D +aJ + azw3d,s), (D + aJ 4 az0ys),
E <J +a10s + a4w38w3>, <82 +a10s + a4w38w3>, a; € {*1; 0; 1},
8
(J+a18s+a28w3>, (82+a185+a28w3>7 a4 #0
(W33 + a10s), (O3 + a10s), (Ds)
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Table 2. Ansatzes reducing system (6.1) (r = (27 + 23)'/?)

N Values Algebra, Invariant Ansatz
of ap, & variable
o1 70, R w' =172 (219" = 220%),
a0 | (D-300) | w=arctn | w2 =g 0,
k=2,5 wd =r3p3, s =r—2}
1_ 1 2_ 2
9| =0 (02 + 0105 + asw’ys), w=1z ot :§03,a2z1:) -
a; =0 as # 0 -~ we = prenETE,
s=h+ajz
w! = 210" — 2or 7292,
a =0, w? = 290! + 217722
3 J + a10s + a20, w=r )
ag =0 < 105+ az0us) w® = ¢* 4 ag arctan 22,
s=h+a arctanz—f
1 1 —2 2
w- = 21 — 22T 5
a1 =0, | (J+a10s + axw30ys) w? = 200 + 2177297,
4 « O a #0 lf [0 :0 w=r 3 3a2arctanz—2
5 2 4 we = p-e Z1
s=h+a arctanz—f
a5 70, ~ w = arctanZ2 — w' =172 (219" — 220%),
5/ =0, (D+al+ 213 0,y3 ) —alnTZl w? = r72 (290" + 219?),
l=1,4 w? =123, s =r—2h
w' =173 (z19" = 2097),
a, =0 ~ w = arctanZ22 — | ,,2 — ,.—2 1 2
6 " ’ D o | wP=r" (2 + 219%),
n=15 (D + aJ + a10y3) _alnr w? = o3 +a;Inr,
s=1r"2h
~ . 1_,.-2 1 2
7| an =0 (D + aJ + ayw®dy,s), | w = arctanZ — w2 = 7“_2(21901 2’2@2)a
n=15 ay #0 —alnr | W =T (e 4 2%,
w® =r"p’ s=7r"°h
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o'l — ol + ap? + hy, =0,
el — 2, — e +a1 =0,

(6.9)
'l — 3, + (a29® + oy — a3)® = 0,
(pi} = Q3.
welol — b, +otet —w™p?e? — 3w el + apw™2¢? + wth, =0,
wel? — o2, +w o2 — aw?e! +a1 =0,
1,3 _ 3 —2.2 _ -1.3 _ (6.10)
we g, Pow + asw ® w Y, + a5 = 07
20 + wel = as.
welel — oL, + et —w™p?p? — 3w ol + avw 2% + wth, =
wel? — o2, + w2 — agw?el + a1 =0, 11
1 2,2 3 —-1,.3 _42,,—2 3:0 (6 )
wel ol — o8, + asw™ 2% — w3 + (g — adw™ ) ;
20 + wel = as.
(©* —aph)pl — (1+a?)pl, — o' — ©*p* —ah, —2h =0,
(©* —ap")pZ — (1+a?)p2, — 2(ap? + L) + ho =
2 3 2y, .3 1.3 4.3 3 _ (6.12)
(p* —ap")l, — (14 a®)@l,, + 20" p* — 49> + dapd + a5 =0,
SDE) _a(pw 0.
(©? —apt)pl, — (1 +a?)pl, — ro' — *? — ahy, — 2h =0,
(p* —ap" ) — (1 +a*)p2, — 2(ap? + ¢l) + hy =0, (6.13)
(©* —ap")pd — (1+a?)pd, +a1p' =0, '
903.; - G(Pw 0.
(©? —ap')pl, — (1 +a?)pl, — @'e' — *? —ah, — 2h =0,
(9* —ap" )l — (1+a®)p2, — 2(ap? + L) + ho =0,
2 1y,.3 2\,.3 1,3 .23 3 _ (6.14)
(¢ —aph)py, — (1+a®)p), +arp ¢’ —afe® + 2aa14;, = 0,
@2 —apl, = 0.

Numeration of reduced systems (6.8)—(6.14) corresponds to that of the ansatzes in
Table 2. Let us integrate systems (6.8)—(6.14) in such cases when it is possible. Below,
in this section, Cy, = const (k = 1,6).

1. We failed to integrate system (6.8) in the general case, but we managed to find
the following particular solutions:

a)

b)

@l = —6p(w + C3, £(4 — 2C1),Cy) — 2

P?=p>=0, h=2p'+Cy;

ol = —6CE2 1@ p(e“1* + C5,0,C1) + 3CF — 2,
©?=5C1, ¢*=0,

h = —12C%e*1@ p(e“1 + C5,0,C5) —2 — 1307 — 20
l=C1, ¢*=0Cy, ¢*=0, h=-3(C?+C3).
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Here (7, 51, 522) is the Weierstrass function that satisfies the equation (see [19]):
(pr)? = 49> — s19 — 0. (6.15)

2. If a3 = 0, the last equation of (6.9) implies that p! = Cy. It follows from the
other equations of (6.9) that

@2 =C5+ 02601w — (alCl_l — 012)(.«.),
h=Cgs— asC3w — 0420201_1601“) + %ag(al(]fl — 052)602
it Cy #0, and

0? = C5 + Cow + %ale,

h = 06 - OZQC3(.U - %a202w2 - %0[2(1164}3

if C; = 0. The function ¢? satisfies the equation
Yo — Crel + (a3 — as — az¢®)p* = 0. (6.16)
We solve equation (6.16) for the following cases:
A. C2 = a; — a2C1 =0:

3O (Cuer'*w 4 Cyer'/*w), p>0,
s03 _ 6%010.)(04_;'_05&))’ u=0,
50 (Cy cos((— ) /2w) + s sin((—) %)), 1 <0,

where p1 = iC’% — a3 + ay + axCs.
B. Cl = a; = 07 02 7’5 0 ([19])
@0 = €122 (3(~aaCa) 2672,

where £ = w + (Czaz — a3 — ay)/(a2C3). Here Z,(7) is the general solution of the
Bessel equation (4.22).

C. 01 = 0, ai 75 0 ([19])
03 = (w+ Cgal_l)_l/QW(l/, T (%alag)_l/Q(u} + Cgal_l)z),

where v = 1(3a1a2) Y2 (a3 — s — a2C3 + axC3a; ). Here W (5z, u, 7) is the general

solution of the Whittaker equation (4.21).
D. Cl 75 O7 CQ 75 07 a; — OzzCl =0 ([19])

503 _ e%CleV (20;1(—0,202)1/26%01“’),

where v = C7 ' (CF + 4(as + a2C3 — a%))l/z. Here Z, (1) is the general solution of the
Bessel equation (4.22).

E. Cl 7é 0, ay; — OégCl 7é 0, 02 =0 ([19])

@3 = 6501“51/221/3(5(602(@10{1 - 042))1/253/2)’
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where £ = w + (a3 — 107 — C3a2 — as)/(a2(a1C; " — az)). Here Z,(7) is the general
solution of the Bessel equation (4.22).

If ag # 0, then ! = asw (translating w, the integration constant can be made to
vanish),

02 =01+ Cy fe%ai"“’de +ay fe%“3“’2 (f e*%a3”2dw)dw + aow,
h=Cs— (a3 + ad)w? — a2Ciw — azCy (wfe%awzdw — a;le%awz) —
— agay (w S easw’ (f e*%%“ﬂdw)dw — ap tezaw’ J e~ 3w’ gy 4 a;lw),
and the function (? satisfies the equation
@2 — azwe? + (a3 — oy — azp?)p® = 0. (6.17)
We managed to find a solution of (6.17) only for the case a3 = Cy =0, i.e.,

©® = ei%”?V(aém(w + 2ap0005%), V),

where v = 4a; " (a4 + a2Cy — a3(a3a;? + 1)). Here V(r,v) is the general solution of

the Weber equation
4Vyr = (T2 +0)V. (6.18)
3. The general solution of system (6.10) has the form:

o' = Crw? + jas, (6.19)

2 _ Ci+1,%t 2 1 2
©? = Cy 4 Cs [wr T e« duy — Sapw? +

+ ay fwcl"'_leia%’z (fw—Cl—le—%ozguzdw) dw, (6.20)
0> =Cy+ Cs fwcl_lei‘”“ﬁdw +

+ wal—leiagbU? (fw17C167%a3w2 (015 + a2w72<p2)dw)dw,
h=Cs— gajw® — 5CTw 2 + [(¢*(w))’w?dw — as [wp?(w)dw.  (6.21)

4. System (6.11) implies that the functions ¢’ and h are determined by (6.19)-
(6.21), and the function (? satisfies the equation

03— ((C’l—l)w_l—F %agw)gog + (agw_Q(ag—ch) — a4)<p3 = 0. (6.22)

We managed to solve equation (6.22) in following cases:

A.ngalzo,ag#():
3 _ Ltcp-1,1 2 1 2
@? = w2 T les YW (52, 1, 7azw?),

where 5 = 1(2—C) — (das+2a2az)a3 "), p = 1(CF—4a3+4a>C5)"/?. Here W (52, pu, 7)
is the general solution of the Whittaker equation (4.21).
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Let ag = 0, then
Cy+Cslnw + i(al + 2an)w?, C, = -2,
0 = C’2+%C’3w2+%a1w2(1nw— %), C; =0,
Cy + 03(01 + 2)_1w01+2 - %Cfl(al — 04201)(4)27 Cy #0,-2.
B. Cg = aq —04201 =0:

wzCr Z,(u?w), p# 0,
03 =4 w0 (Csw” + Cw™), p=0,v£0, (6.23)
w2 (C5 4 CgInw), uw=0,vr=0,

where 1 = —ay, v = $(C} — 4a3 + 4a5C5)'/2. Here and below Z,(7) is the general
solution of the Bessel equation (4.22).

C. C3 =0, C1 # 0: ¢? is determined by (6.23), where
= %agC’fl(al —aoCh) —ay, v=3(C}—4d3 + 4ayCy) /2.
D. C; = a; = 0: ¢? is determined by (6.23), where
p=—%aCs —ay, v=(—a3+ aCo)'/2.
E. C3 #£0, Cy € {0; -2}, az(a; — a2C1) — 2a4Cy = 0:
503 _ w%CIZV(uwH%Cl),
where p1 = 2C3/%(Cy +2)7%/2, v = (C} + 2)~1(C2 — 443 + 4ayCy) /2.
F.Ci=-2,C5#0, as(a1 + 2a2) + 4aq = 0 ([19]):
803 _ w*1§1/221/3(§C31/2§3/2),
where ¢ = Inw + C5 ' (a3 — apCy — 1).
G.Ci=2,C03<0, 1—a%—|—a202 > 0:
¢? =W (5,1, 3(=C3)"?w?),

where » = 1(—C3)7'/2(—day+a3 —2a2az), p = 1(1—a3+azCs)"/2. Here W (3¢, 1, 7)
is the general solution of the Whittaker equation (4.21).

5-7. Identical corollaries of system (6.12), (6.13), and (6.14) are the equations
¢* =ap' + O, (6.24)
h=a(l+a*)pl + (24 2a% — aCy) ' + Co, (6.25)
(1+a®)pl, + (4a — C1)pl + ol + 40t + (1 +a?)71(C? +20,) = 0. (6.26)
We found the following solutions of (6.26):

ATE(1+a?)~1(C2 +2Cs) < 4:

/2

o' =(4—(1+a*) 1 (C]+2Cy)) 2. (6.27)



278 W.I. Fushchych, R.O. Popovych

B. If C; = 4a:

4 (CE+20y) cg) (6.28)

1 w
- 6o(—Y Lo =T
v p((1+a2)1/2+ P37 31+ a?)

Here and below @(7, 51, 52) is the Weierstrass function satisfying equation (6.15). If
Coy =2 — 6a? and C3 = 0, a particular case of (6.28) is the function

' =—6(1+a*)w? -2 (6.29)
(the constant Cy is considered to vanish).
C.If | # 4a, (1+a?)71(C? +203) — 4 = —9u*:
ol = —6p2e Ep(e ™t 4 C4,0,C3) + 3u> — 2, (6.30)

where ¢ = (1 +a?)™Y?pw, p = t(4a — C1)(1 +a?)~Y2. If C3 = 0, a particular case
of (6.30) is the function

ol = —6pe X (e S+ Cy) 2 4+ 3u2 -2, (6.31)

where the constant C4 is considered not to vanish.
The function ¢ has to be found for systems (6.12), (6.13), and (6.14) individually.

5. The function ¢? satisfy the equation
(1+a®)pd, — (C1+4a)@g, — (20" — 4)¢° — a5 = 0.
If ¢! is determined by (6.27), we obtain

@3 =exp(2(14a*)~1(C) + da)w) x

Cs exp(v'/?w) + Cg exp(—v'/%w), v>0
x ¢ Cscos((—v)2w) + Cssin((—v)?w), v <0 p+
Cs + Couw, v=0

—a5(2p' —4)7h, 201 —4#£0
+1¢ —as(da+Cr)tw, 201 —4=0, C1+4a#0 ,,
sas(1+a?)"tw?, 20! —4=0, Ci+4a=0

where v = (1 +a?)72(C1 + 4a)? — (1 +a?) 71 (4 — 2p%).
6. In this case ¢ satisfy the equation

(1+a)ply, — Crgl = ap'.
Therefore,
@3 =Cs + Cexp((1 + a?)"'Chw) + a1 Cy (fcp Ydw +
+exp((1+a?)"'Ciw) [exp(—(1+ a2)’101w)<p1(w)dw>
for C7 # 0, and

@3 =Cs + Cow + ar(1 + a®) " Hw [ o' (w)dw — [we! (w)dw)
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for Cy = 0.
7. The function (? satisfy the equation

(1+a®)p3, — (C1 +2a1a)¢> + (a3 — arp')p® = 0. (6.32)
A. If ! is determined by (6.27), it follows that

@3 =exp(3(14a*)~1(C + 2a1a)w) x

Cs exp(v'/?w) + Cg exp(—v'/%w), v>0
x ¢ Cscos((—v)2w) + Cgsin((—v)?w), v<0 3,
Cs + Cgw, v=20

where v = 2(1 + a?)7%(C1 + 2a1a)? — (1 + a*) 71 (af — a1?).

B. If C; = 4a, that is, ! is determined by (6.27), we obtain
¢ = exp(a(a +2)(1 +a®)'w)(7),

where 7 = (1 + a?)~'/2w + C,. Here the function § = (7) is the general solution of
of the following Lame equation ([19]):

0rr + (6a1p(7) + a} +2a1 —a*(2+a1)*(1 +a®)"1)0 =0

with the Weierstrass function
o(r) = o(r, 5 (4= (140271 (CF +2C2)), Gs).

Consider the particular case when Cy = 2 — 6a? and C3 = 0 additionally, i.e.,

¢! can be given in form (6.29). Depending on the values of a and a;, we obtain the
following expression for (3:

Case 1. ay # —2, a; # 2a*%:

9 —0g2)) /2
5 — o 2eap (20 g, ((2Fadla —2)) T )
1+ a? 14+ a?

where v = (1 — 6a;)/2.
Case 2. a; = —2: ¢3 = Csw* + Cow 3.
Case 3. a1 = 2a*:
Case 3.1. 484 < 1: ¢® = |w|'/?e2% (C5w” + Cow™7), where 0 = 11/1 — 48a2.
Case 3.2. 48a% = 1, that is, a = £5v/3: 9% = |w|/2(C5 + Cs Inw).

Case 3.3. 48a% > 1: 3 = |w[1/2e?% (C5 cos(yInw) + Cg sin(yInw)), where y =
$V48a? — 1.

C. Let the conditions

Cy #4a, (14a®)7HC? 4+2Cy) —4 = —9u*
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be satisfied, that is, let ¢! be determined by (6.30). Transforming the variables in
equation (6.32) by the formulas:

@3 =771/2 exp(%(Cl +2aa1)(1+ a2)_1w)9(7'),
7= exp(—p(l +a?)"V2w),
we obtain the following equation in the function 6 = 6(7):
720 + (6a17°p(7 4+ C4,0,C3) + )6 = 0, (6.33)

where 0 = 72 (a} + 241 — $(1 4+ a*)71(C} + 2aa1)?) — 3a; + 1. If ¢ = 0, equation
(6.33) is a Lame equation.

In the particular case when ¢! is determined by (6.31), equation (6.33) has the
form:

(1 + C1)?0- + (6a17° + o(7 + C4)?)0 = 0. (6.34)
By means of the following transformation of variables:

0 = [€]1€ — 1|2y(€), €= -Ci'r

where v4(v1 — 1) + 0 = 0 and va(ve — 1) + 6a; = 0, equation (6.34) is reduced to a
hypergeometric equation of the form (see [19]):

§(§ = 1)tee + (Q(Vl + v2)§ — 2v1)he + 21197 = 0.
If o = 0, equation (6.34) implies that

(7 4+ C4)*0,+ + 6a:0 = 0.
Therefore,

0= C5|T + C4|1/27V + CG|T + C4|1/2+V

1

if a1 < &, where v = (1 — 6a1)1/2,

0 = |7+ Cul'?(C5 + Co In |7 + C4)

1

51> and

ifa1:

0=+ C4|1/2(C’5 cos(vIn |t + Cy|) + Cgsin(vIn |7 + Cy|))

1

1 1/2
24> :

ifa; > where v = (6a; — 1)

7. Exact solutions of system (2.9)

Among the reduced systems from Section 2, only particular cases of system (2.9) have
Lie symmetry operators that are not induced by elements from A(NS). Therefore,
Lie reductions of the other systems from Section 2 give only solutions that can be
obtained by means of reducing the NSEs with two- and three-dimensional subalgebras

of A(NS).
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Here we consider system (2.9) with p® vanishing. As mentioned in Note 2.5, in this
case the vector-function 1 has the form m = n(t)e, where & = const, |€] = 1, and
n =n(t) = |m(t)| # 0. Without loss of generality we can assume that €= (0,0, 1), i.e

= (07 0, 77(15))~

For such vector 7, conditions (2.5) are satisfied by the following vector 7i‘:
o1 =2 _
- =(1,0,0), @-=(0,1,0).

Therefore, ansatz (2.4) and system (2.9) can be written, respectively, in the forms:

Ul = ’Ul, U2 = U27 U3 = (n(t))_ (Ug + nt(t)m?))’ (7 ]')
—1 .
p=q—5mu(t)(n(t)) a3,
where v = v(y1, Y2,93), ¢ = q(y1,Y2,Y3), ¥i = i, y3 = t, and
vt—«—zﬂv —v ;T4 =0,
v + v — 03 =0, (72)

vl +p3 =0,

where p® = p(t) = n: /.

It was shown in Note 2.8 that there exists a local transformation which make p3
vanish. Therefore, we can consider system (7.2) only with p3 vanishing and extend
the obtained results in the case p3 # 0 by means of transformation (2.12). However it
will be sometimes convenient to investigate, at once, system (7.2) with an arbitrary
function p3.

The MIA of (7.2) with p3 = 0 is given by the algebra
B = (Rs(v), Z'(N), D3, 0y, Jiy, Oys, v°0y3)

(see notations in Subsection 2.1). We construct complete sets of inequivalent one-
dimensional subalgebras of B and choose such algebras, among these subalgebras,
that can be used to reduce system (7.2) and do not lie in the linear span of the
operators R3(v)), Z'(\), Jiy, i.e., the operators which are induced by operators from
A(NS) for arbitrary p®. As a result we obtain the following algebras (more exactly,
the following classes of algebras):

The one-dimensional subalgebras:

1. Bl = (D} + 23Jly + 2yv30,5 + 230,3), where 73 = 0.

2. B = (0, + »Jly + 0305 + BO,3), where 3 =0, » € {0;1}.

3. Bl = (J +~y030, + ZY(\(t))), where v # 0, A € C®((tg,t1), R).
4. B} ={

R3((t)) +yv30,3), where v # 0,
P(t) = (W1 (1), (1)) # (0,0) Vit € (to, t1), ¢* € C=((to,t1),R).
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The two-dimensional subalgebras:

1. B% = (0 + (20,3, D:;l) + %J112 + ’yv?’ava + 1043),
where 31 =0,(y—2)32 =0.

2. B3 = (DY 42710305 + 2610,3, Jip + 12030y + 20,5 + Z(e|t| 1)),
where 7181 =0, 7262 =0, 7182 — 7261 = 0.

3. B} = (D} + 2xJiy + 2710%0,s + 2610,ys, R3(|t|7 T2 cos T, |t|7H/ 2 sinT) +
+ 42v30,3 + B20ys + Z1(e|t|71)), where T = sxIn|t],

(1 +0)B1 =201 =0, 072 =0, 0 =0.

4. B2 = (0 + 110308 + (1043, Jiy + 12030ys + B20,s + Z1(e)),
where 7181 = 0, 7282 =0, 7182 — 721 = 0.

5. B2 = (0 + sJiy + 71030y + B10,s, R3(e! cos st, et sin st) +
+ Z1(ee%t) 4+ 2v30ys + B20,3), where (v; + )B1 — Y281 = 0,
ove =0, eac=0.

6. Bf = (R3(y") +70°0p0, R3(¢?)), where &' = (47 (t), (1)) # (0,0)
Vite (t07t1)7 Wj € Cm((to,tl),R), 7/_’t1t : 7/_12 - 77[_11 7/_1t2t =0, 7é 0.
Hereafter 1! - )2 := 1p1iqp?.

Let us reduce system (7.2) to systems of PDEs in two independent variables. With
the algebras Bi—B] we can construct the following complete set of Lie ansatzes of
codimension 1 for system (7.2) with p® = 0:

L vl =[f|7Y2(wt cosT — w?sinT) + 2yt — seyot T,

v? = [t 7V (w! sinT + w? cos T) + Lyt Tt + seyit 7L,

o8 = [tw® + Flnt, i
g =t s+ 507 + Pt
where 7 = »In|t|, v8 = 0,
21 = [t| 7Y (yycosT + yasinT), 2o = |t| V2 (—yisinT + ys cosT).
Here and below w® = w®(z1, 22), s = s(z1, 22), 7 = (¥ + y3)/2.
2. o' = w! cos »t — w? sin st — Yo,
v? = w! sin st + w? cos st + sy, (7.4)
v3 =wder + B, .
q=s-+ %%27“2,
where > € {0;1}, v8 =0,
Z1 = Y1 €08 st + Yo sin set, 29 = —yq sin st + ys cos .
3. vl =y w? — yar 2wt — yyar?,
v? = yortw? 4 yir 2wl 4 yyr?, (7.5)

v3 = w2eY arctan ya2/vy1 ,

q = s+ \(t) arctan yo /y1,
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where 1 =t, 20 =7, 7 # 0, A € C*((to,t1),R).

4 0= (0 (! )0+ w4 (- 5 — 220,
v} = w?exp(1(4 - 0) 7 (4 7)) - (7.6)
q=s5— ) (WP ) + 50 0) 2 (e - ) (- ),
where 21 = t, 25 = (@ ),y # 0,0 = (vh0?), ¥ = (y1,92), ' € C((to,11),R),
= <—¢27¢1)-
Substituting ansatzes (7.3) and (7.4) into system (7.2) with p® = 0, we obtain a
reduced system of the form (6.1), where

a1 =0, aa=-1, az=-23% a=7v, as3=p0 if t>0 and
a1 =0, ax=1 az3=2x% o1=-v, a=-0 if t<0

for ansatz (7.3) and
a1 =0, as=0, ag=-23 aq1=7, a5=p

for ansatz (7.4). System (6.1) is investigated in Section 6 in detail.

Because the form of ansatzes (7.3) is not changed after transformation (2.12), it is
convenient to substitute their into a system of form (7.2) with an arbitrary function p3.
As a result of substituting, we obtain the following reduced systems:

3. wd +wlwd — 253 (w' + )% — (wiy + 25 fwd — 25 %w3) 4 89 = 0,

wl + wiw — wly + 25wl + X =0, (17)

w%—i—w?’w%—wgg—z;lwg—&—vz;zwluﬂ:0,
w3 + 25 twd = —ny /1.
4. wi +ww2 (¢ - Y)wsy =
wi +wiwd — (¢ - P)wd, + ( @)82+2(w )@ 0@ P) !
_2(% )(7 ) w ‘5‘(1/; —Pp - ) (- p) Ttz = 0, (7.8)
wi +wiws — (¢ - )wdy + (¢ ) (w + (- 0) (¢ - )t z)w® =0,
wi +n/n = 0.

Unlike systems 8 and 9 from Subsection 3.2, systems (7.7) and (7.8) are not reduced
to linear systems of PDEs.

Let us investigate system (7.7). The last equation of (7.7) immediately gives
wi + 25wy = wdy + 25 wd — 25w =0, (7.9)
w? = (x = Dzg ' — gmen~ "2,

where xy = x(t) is an arbitrary differentiable function of ¢ = z5. Then it follows from
the first equation of (7.7) that

s= [ 7 (W +9)%dz - 0 1257 + §23 (On/m)e = Sm/m)?) = xaInzal.
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Substituting (7.9) into the remaining equations of (7.7), we get

w} —wly + (xz3 " — dmntz)wl + A =0,

w}—wiy + ((x — 2)25 ' — dmn~z2)wd + vz wlw? = 0. (7.10)
By means of changing the independent variables

T = [In()dt, 2= |n(t)]"/?z, (7.11)
system (7.10) can be transformed to a system of a simpler form:

wl —wl +xz” w2+5\|77|_1 =0, (7.12)

w2 —w?, + (¢ — 2)z7w? + vz 2wtw? = 0,

where (1) = n(t), X(7) = x(t), and A(7) = A(t).
If A(t) = —2Cn(t)(x(t) — 1) for some fixed constant C, particular solutions of
(7.10) are functions

w' = Cn(t)z3, w? = f(z1,22) exp(vC [n(t)dt),

where f is an arbitrary solution of the following equation

fi= foo+ ((x =22 " = 3mn~'22) f2 = 0. (7.13)

In the variables from (7.11), equation (7 13) has form (5.22) with (1) = x(t) — 2.
In the case A(t) = 8C(x( (t) [n(t) — 3)dt (C' = const), particular

solutions of (7.10) are functlons

wh = (1) — 4:3n(0) [ nO(D) - 3)de),

w? = f(Z1722)eXp(g(VC)l/zn(t)Zz +§(t)),
where £(t) = —(vC)Y2 [ n(t)(x(t) — 3)dt + 4vC [n(t)([ n(t) —3)dt)dt and f is
an arbitrary solution of the following equation

fi—fa2+ (X =22 " = Guen ™ +2(yC)Y2)z,) f2 = 0. (7.14)

After the change of the independent variables

7= [In(t)|exp(4(yC)/2 [n(t)dt)dt, =z = |n(t)|"/? exp(2(vC)Y/2 [ n(t)dt) 2,

n (7.14), we obtain equation (5.22) with 7(7) = x(t) — 2 again.

Let us continue to system (7.8). The last equation of (7.8) integrates with respect
to 2o to the following expression: w3 = —n;m~ 2o+ x. Here xy = x(t) is an differentiable
function of z; = y3 = t. Let us make the transformation from the symmetry group

of (7.2):
o(t,5) = o(t,5 =€) + &(1), 0° =% q(t,9) = q(t, 5 — &(1) — Eu(t) - 4,
where & - — &y =0 a
-0+ x+mn (€ 0) = [9[72(E- )W - 0) + [0 72(E - 0)(6 -
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Hereafter [1|? = ¢-1). This transformation does not modify ansatz (7.6), but it makes

the function x vanish, i.e., w = —nn~ ' 2y. Therefore, without loss of generality we

may assume, at once, that w? = —mn 1z,

Substituting the expression for w? in the other equations of (7.8), we obtain that

s = AP 2((%& = e = W D P+ S = ()2 ) —
—2( ?/Jt ) Qf’w (21, 22)dz2,

wi —mntzws — [YPwy, =0,

R (7.15)
wi —mn~tzws — [YPwdy + [P (20 - 0) ]2 + wh)w? = 0.

The change of the independent variables

= [(@)|P])dt, z=n(t)z

reduces system (7.15) to the following form:

s ~ A " (7.16)

where () = (1), 8(7) = 0(0), 0(r) = n(0).
Particular solutions of (7.15) are the functions
w' = C1 + Con(t)za + C3 (2 (n(t)22)* + [(n(t)[¥])%dt),
w? = f(t, 22) exp(€2(t)23 + ¢ (t)ZQ +£°( )

where (£2(t),&1(t),£°(t)) is a particular solution of the system of ODEs:

& — 2 1E2 — 4P 2632 + 3Csy* Y2 =0,
& =1 - A2 + 29(Yy - 0)|h|* + Caynlp| 72 = 0,
& — 210 — [9[2(€1)? +v(Cr + Cs [(n(®)]4])?dt) || =2 = 0,

and f is an arbitrary solution of the following equation
— | faz + ((men ™ + 4]0]2€2) 22 + 2|9 |2¢Y) f2 = 0. (7.17)

Equation (7.17) is reduced by means of a local transformation of the independent
variables to the heat equation.

Consider the Lie reductions of system (7.2) to systems of ODEs. The second basis
operator of the each algebra B, k = 1,5 induces, for the reduced system obtained
from system (7.2) by means of the first basis operator, either a Lie symmetry operator
from Table 2 or a operator giving a ansatz of form (6.4). Therefore, the Lie reduction
of system (7.2) with the algebras B} — B2 gives only solutions that can be constructed
for system (7.2) by means of reducing with the algebras B and B3 to system (6.1).

With the algebra B2 we obtain an ansatz and a reduced system of the following
forms:

<
|

(7.18)

O+ AT O -9, 0P =P exp(yA(0 - 1)),
h — % (¢tt y)(9 ),
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whete d° = o) h = ho), @ = b X = YHgP -yt = g0 P2,
91 — (w22, 7#)21) — ( 1/)12 1)/}11) and

G+ ATH O Q) =0, ¢ + (YATHO - 9) —PATE(0" - 6'))¢* =0,

“HOT )+t =0,

Let us make the transformation from the symmetry group of system (7.2):

E(t,g):@(t,g—g)—‘y-gt, ﬁs(tyg)zvg(t7y_g)7 §(t,g):3(t,g_g)_§tt'?j7
where

E+AHO - Y+ =0. (7.20)
It follows from (7.20) that &; = A=1(0- )4y, i.e., OF, - € — 07 - &4 = 0. Therefore, this
transformation does not modify ansatz (7.18), but it makes the functions ¢* vanish.
And without loss of generality we may assume, at once, that ¢* = 0. Then

¢ = Cexp(f(w\_1|9|)2dt), C = const.

The last equation of system (7.19) is the compatibility condition of system (7.2) and
ansatz (7.18).

(7.19)

8. Conclusion

In this article we reduced the NSEs to systems of PDEs in three and two independent
variables and systems of ODEs by means of the Lie method. Then, we investigated
symmetry properties of the reduced systems of PDEs and made Lie reductions of
systems which admitted non-trivial symmetry operators, i.e., operators that are not
induced by operators from A(NS). Some of the systems in two independent variables
were reduced to linear systems of either two one-dimensional heat equations or two
translational equations. We also managed to find exact solutions for most of the
reduced systems of ODEs.

Now, let us give some remaining problems. Firstly, we failed, for the present, to
describe the non-Lie ansatzes of form (1.6) that reduce the NSEs. (These ansatzes
include, for example, the well-known ansatzes for the Karman swirling flows (see
bibliography in [16]). One can also consider non-local ansatzes for the Navier—Stokes
field, i.e., ansatzes containing derivatives of new unknown functions.

Second problem is to study non-Lie (i.e., non-local, conditional, and Q-conditional)
symmetries of the NSEs [13].

And finally, it would be interesting to investigate compatibility and to construct
exact solutions of overdetermined systems that are obtained from the NSEs by means
of different additional conditions. Usually one uses the condition where the nonli-
nearity has a simple form, for example, the potential form (see review [36]), i.e
rot((7 - V)@) = 0 (the NS fields satisfying this condition is called the generalized
Beltrami flows). We managed to describe the general solution of the NSEs with the
additional condition where the convective terms vanish [29, 30|. But one can give
other conditions, for example,

Ai=0, i+ (@ V)i=0,
and so on.
We will consider the problems above elsewhere.
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Appendix

A. Inequivalent one-, two-, and three-dimensional
subalgebras of A(NS)

To find complete sets of inequivalent subalgebras of A(NS), we use the method given,
for example, in [27, 28]. Let us describe it briefly.

1. We find the commutation relations between the basis elements of A(NS).

2. For arbitrary basis elements V, W9 of A(NS) and each € € R we calculate the
adjoint action

W(e) = Ad(eV)W? = Ad(exp(eV))W°

of the element exp(eV) from the one-parameter group generated by the operator V
on WY, This calculation can be made in two ways: either by means of summing the
Lie series

W(e) = i TR =W S SV VW e (A

where {VO WO} = WO {Vv* WO} = [V,{V"=1 WO}, or directly by means of solving
the initial value problem

dW (g)
de

3. We take a subalgebra of a general form with a fixed dimension. Taking into
account that the subalgebra is closed under the Lie bracket, we try to simplify it by
means of adjoint actions as much as possible.

=[V,W(e)], W(0)=WwP (A.2)

A.1. The commutation relations and the adjoint
representation of the algebra A(INS)

Basis elements (1.2) of A(NS) satisfy the following commutation relations:

[J12,Jo3] = —J31, [Jo3, J31] = —J12,  [J31,J12) = —Jos,
[0r, Jap) = [D, Jap) =0, [0, D] = 20,

[0, R(m)] = R(niy), [D, R(m)] = R(2tmiy — i),
[0, Z(0)] = Z(xe),  [D, Z(x)] = Z(2tx: + 2x),

[ ), R(7)] = Z(1ivgy - 7@ — - i), [Japs R()] = R(m),
[ ), Z(n)] =0,

Note A.1. Relations (A.3) imply that the set of operators (1.2) generates an algebra
when, for example, the parameter-functions m® and x belong to C*°((tg,t1),R)
(C§°((to,t1),R), A((to,t1),R)), i.e., the set of infinite-differentiable (infinite-differen-
tiable finite, real analytic) functions from (tg,¢1) in R, where —oco < ¢y < t1 < 400.
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But the NSEs (1.1) admit operators (1.3) and (1.4) with parameter-functions of a
less degree of smoothness. Moreover, the minimal degree of their smoothness depends
on the smoothness that is demanded for the solutions of the NSEs (1.1). Thus, if
u® € C%((to,t1) x Q,R) and p € C((tg,t1) x Q,R), where  is a domain in R?,
then it is sufficient that m® € C3((to,t1),R) and x € C*((tg,t1),R). Therefore, one
can consider the “pseudoalgebra” generated by operators (1.2). The prefix “pseudo-”
means that in this set of operators the commutation operation is not determined for
all pairs of its elements, and the algebra axioms are satisfied only by elements, where
they are defined. It is better to indicate the functional classes that are sets of values
for the parameters m® and x in the notation of the algebra A(NS). But below, for si-
mplicity, we fix these classes, taking m®, x € C*°((tg,t1),R), and keep the notation of
the algebra generated by operators (1.2) in the form A(NS). However, all calculations
will be made in such a way that they can be translated for the case of a less degree
of smoothness.

Most of the adjoint actions are calculated simply as sums of their Lie series. Thus,

Ad(e0;)D = D + 2¢8;, Ad(eD)d;, = e=%0,,

A(=Z(0))0h = 01 — =Z(xa),  Ad(EZ())D = D — £Z(2txs +2),
Ad(eR(m))0y = 0y — eR(miy) — 32 Z (1T - Mgy — 170+ Mg,
Ad(eR(m))D = D — eR(2tmy — m) —

— 552Z(2tmt Mgy — 200 - Mgy — 4N Myy),
)Jab = Jap — €R(11) + £2Z(m m};, — mgmb),
)R = R() + eZ(hes -7 — - i), Ad(eJun) ) = R(7),
Ad(eJup)Jea = Jeq cose + [Jap, Jed] sine ((a7 b) # (¢,d) # (b, a))7
where
m® =mP, ml=-m? m°=0, a#b#c#a,
m? =mdcose +m¥sine, mc=m®, a#b#c#a, deca;b}.

Four adjoint actions are better found by means of integrating a system of form (A.2).
As a result we obtain that
Ad(edr)Z(x(t)) = Z(x(t +¢)), Ad(eD)Z(x(t)) = Z(e*x(te*)),
Ad(e0)R(ni(t)) = R(i(t +€)),  Ad(eD)R(1i(t)) = R(e™mi(te)).

Cases where adjoint actions coincide with the identical mapping are omitted.

(A.5)

Note A.2. If Z(x(t)) € A(NS)[C>((to,t1),R)] with —oo < ¢y or 1 < +o0, the
adjoint representation Ad(ed;) (Ad(eD)) gives an equivalence relation between the
operators Z(x(t)) and Z(x(t + €)) (Z(x(t)) and Z(e**x(te?*))) that belong to the
different algebras

A(NS)[C>=((tg,t1),R)] and A(NS)[C*>((to —e,t1 —e),R)]
(A(NS)[C*((to,t1),R)] and A(NS)[C>®((toe™2¢,t1e72°),R)])

respectively. An analogous statement is true for the operator R(m). Equivalence of
subalgebras in Theorems A.1 and A.2 is also meant in this sense.
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Note A.3. Besides the adjoint representations of operators (1.2) we make use of
discrete transformation (1.6) for classifying the subalgebras of A(NS),

To prove the theorem of this section, the following obvious lemma is used.

Lemma A.1. Let N € N.
A If x € CN((to,t1),R), then In e CN((to,t1),R) = 2tn; + 20 = x
B. If X € CN((t(),tl)?R)a then 377 € ON((thtl)vR) : 2t77t -—n=Xx
C. If m'eCN((to,t1),R) and a € R, then I1* € CN((to,t1),R) :
21} — 1 +al®> =mt, 27 — 12 —alt = m>.

A.2. One-dimensional subalgebras

Theorem A.1. A complete set of A(NS)-inequivalent one-dimensional subalgebras
of A(NS) is ezhausted by the following algebras:

1. Al(5) = (D + 23¢J12), where > 0.

2. AL(5) = (0y + 3J12), where 3 € {0;1}.

3. AY(n,x) = (J12+R(0,0,n(t))+Z(x(t))) with smooth functionsn and x. Algebras
Al(n,x) and AY(7),X) are equivalent if I&,6 € R, I\ € C((to,t1),R):

() = e (),  X(E) = e (x(t) + Aue(t)n(t) = A(t)e (1)), (A.6)

where t = te™2 + 6.

4. AY(m, x) = (R(?ﬁ(i))—!—Z(x(t))) with smooth functions i and x: (1, x) Z (0,0).
Algebms AL, x) and AL(m,x) are equivalent if .6 € R, IC # 0, EIB € 0(3),
3l'e C=((to, tr), R?):

m(f) = Ce s Br(t), x(E) = Ce® (x(t) + Lu(t) - mi(t) — mu(t) - 1(1)), (A7)
where t = te™2€ + 4.

Proof. Consider an arbitrary one-dimensional subalgebra generated by
V =a1D + a0y + azJiz + agJaz + asJz + R(m) + Z(x).

The coefficients a4 and a5 are omitted below since they always can be made to vanish
by means of the adjoint representations Ad(e;J12) and Ad(e2J31).

If a1 # 0 we get a; = 1 by means of a change of basis. Next, step-by-step we
make as, m, and x vanish by means of the adjoint representations Ad(—%agaf 18,5),

Ad(R(1)), and Ad(Z(x)), where

fe Ooo((to + lagal_l,tl + 1a2a1_1),]R3),
’I]ECOO((tQ—‘r agal ,tl—i- 50204 1),R),

and l_: 7 are solutions of the equations

—_

—

(I -1 — U gy

—

2l — I+ agay '(1%, =11, 0)" =, 2tmy +2n =X+

N |



290 W.I. Fushchych, R.O. Popovych

with 7(t) = ay 'm(t — Lasar ") and X(t) = a7 'x(t — 2aza;!). Such ['and 7 exist in
virtue of Lemma A.1. As a result we obtain the algebra A}(s), where 23 = aza; .
In case s < 0 additionally one has to apply transformation (1.6) with b = 1.

If a; = 0 and as # 0, we make dy = 1 by means of a change of basis. Next, step-
by-step we make m and x vanish by means of the adjoint representations Ad(R(f))
and Ad(Z(x)), where '€ C>((to,t1),R?), n € C>((to,t1),R), and

. 1 - .
agly + ag(1*,—1",0)" =, agm = x + §(ltt M= L M)
If a3 = 0 we obtain the algebra A1(0) at once. If a3 # 0, using the adjoint repre-
sentation Ad(eD) and transformation (1.6) (in case of need), we obtain the algebra
Al(1).

If a1 = as = 0 and a3 # 0, after a change of basis and applying the adjoint
representation Ad(R(—a3'm?, az'm',0)) we get the algebra Al(n, ), where n =
az'm?® and ¥ = a3 ' x +az *(m},m? —m'm2,). Equivalence relation (A.6) is generated
by the adjoint representations Ad(eD), Ad(6;), and Ad(R(0,0,\)).

If a; = az = az = 0, at once we get the algebra Al(n, x). Equivalence relation
(A.7) is generated by the adjoint representations Ad(eD), Ad(60:), Ad(R(l)), and
Ad(EabJab)'

A.3. Two-dimensional subalgebras

Theorem A.2. A complete set of A(NS)-inequivalent two-dimensional subalgebras
of A(NS) is ezhausted by the following algebras:

1. A2(3¢) = (s, D + sJ12), where 3 > 0.

2. A3(s¢,¢) = (D, Jiz + R(0,0, x|t|'/?) + Z(ct™")), where 2 >0, € > 0.

3. A%(%, g) = (0, Ji2 + R(0,0, ) + Z(¢)), where > € {0;1}, ¢ >0 if =1 and
e€{0;1} if = 0.

4. Ao, 3, p,v,6) = (D + 25eJ1a, R(|t|7HY2(veosT, vsinT, 1)) + Z(elt|"1)),
where 7= xInt], >0, u>0,v >0, > +v?>=1,e0 =0, and € > 0.

5. A2(0,e) = (D, R(0,0, |t|]7t1/2) + Z(c|t|]"~1)), where eo = 0 and € > 0.

6. AZ(0, p, v, ) = (0 + J12, R(vet cost,vetsint, uet) + Z(eet)), where u > 0,
v>0, P4+12=1,e0=0, ande > 0.

7. A(0,e) = (0, R(0,0,¢e) + Z(eet)), where o € {—1;0;1}, eo =0, and € > 0.

8. AZ(\, U1, p,?) = (Ji2 + R(0,0,)) + Z (1), R(0,0,p) + Z(¥?)) with smooth
functions (of t) X, p, and ¥': (p,1h?) # (0,0) and \yp — Apy = 0. Algebras AZ(X, 4,
p,%?) and A2\, Y1, p,?) are equivalent if 3C1 # 0, 3&,5,C5 € R, 30 € C((to, 1),
R):

/\/\

(t) = (()+Czp())a p(t) = Cre==p(t),
E) = 2 (0 (0) + Bu(DMD) — 0D (t) + )
+ Co (2 (t) + 01 (t)p(t) — 0(t)pec (1)), .
P2(F) = Cre® (Y2 (1) + 0u(t)p(t) — 0(t) pue(t)),
where t = te™2¢ + 6.

A
NG
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9. Ag(m', x',m? x?) = (R(m! (1)) + Z(x' (1), R(m*(t)) + Z(x*(t))) with smooth
functions m* and x*:

my - m? —mt-mi, =0, rank( ), 2,X2)) =2.

Algebras AZ(m, x*, m?,x?) and A2

( ,X2) are equivalent if Je,6 € R,
3{ais}ij=1.2 : det{ay;} # 0, IB € O(3),

)i 2
Il e C>((to, t1),R3):
mi(f) = e “a;; BmI(t),
XE) = ey (X7 (8) + L () - 17 (1) = 1(2) - 17, (£)),
where t = te™2 + 6.
10. A24(5¢,0) = (D + s¢J12, Z(|t|7)), where 5 >0, 0 € R.
11. A2,(0) = (0; + Jr2, Z(e?)), where o € R.
12. A3,(0) = (04, Z(e°")), where o € {—1;0;1}.

(A.9)

The proof of Theorem A.2 is analogous to that of Theorem A.l. Let us take an
arbitrary two-dimensional subalgebra generated by two linearly independent operators
of the form

Vi=a'D 4 ab0; + abJyo + alJas + ak s + R(mY) + Z(xY),

where af, = const (n = 1,5) and [V1,V? € (V!,V?2). Considering the different
possible cases we try to simplify V* by means of adjoint representation as much as
possible. Here we do not present the proof of Theorem A.2 as it is too cumbersome.

A.4. Three-dimensional subalgebras

We also constructed a complete set of A(NS)-inequivalent three-dimensional subal-
gebras. It contains 52 classes of algebras. By means of 22 classes from this set one can
obtain ansatzes of codimension three for the Navier—Stokes field. Here we only give 8
superclasses that arise from unification of some of these classes:

1. A3 = (D, 0, J12).

2. A3 = (D + sJy2, 0;, R(0,0,1)), where 5 > 0. Here and below s, o, €1, €2, i,
v, and a;; are real constants.

3. A3(o,v,e1,62) = (D, Ji2 —|—1/(R(0, 0, [t|Y2In|t]) + Z(e2|t| "  In |t|)) + Z(e1)t]7Y),
R(0,0,[t|7FY/2) + Z(eo]t|7 1)), where vo =0, &; > 0, v > 0, and ey = 0.

4. Ai(a, I/,El,EQ) = <0t, J12+Z(€1)+I/(R(0,0,t)+Z(52t)), R(0,0,e"t)—i—Z(sge"t)),
where vo = 0, ey =0, and, if 0 = 0, the constants v, €1, and 5 satisfy one of the
following conditions:

v=1,62>0; v=0,e=1 >0, v=e1=0, g3 € {0;1}.
5. A2 (s, mt,m2, x1, x?) = (D + 25¢J12, R(mY) + Z(x1), R(m?) + Z(x?)), where
3 > 0, rank(m!, m?) = 2,
tmy — s’ + 2(m'2, —m™,0)T = a;;m7,

txXi+ X' = ai;x?,  aij = const,
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1 2 72

((111 + a22)(a21fn’1 . n’il —+ (a22 — au)ﬁi . 77_"L — aijem- - m2 —+ A 10
+ 23¢(m*?m? — mM"m??)) = 0. (4.10)

This superclass contains eight inequivalent classes of subalgebras that can be obtained
from it by means of a change of basis and the adjoint actions

Ad(61D), Ad(6212), Ad(R(7i) + Z(n)),

(AA(OD), Ad(ada), Ad(R() + Z(n))
if 52 > 0 (5 = 0) respectively. Here the functions 7 and n satisfy the following
equations:

tiiy — 37+ s(n?, —n',0)" = bt

tne + 1 = bixi + 5t(fue - T — Ay - Ty) + Ty - 7+ 22(n*nd, — nfyn?).

6. A3(s,m! T?LQ,X X2 = (0 + sJia, R(MY) + Z(xY), R(m2) + Z(x?)), where

s € {0;1}, rank(m!, m?) = 2,

2 il Y i _ j
my — (m?, —m™ 0T = a;m!, i = aijx’,

and a;; are constants satisfying (A.10). This superclass contains eight inequivalent
classes of subalgebras that can be obtained from it by means of a change of basis and
the adjoint actions

Ad(610¢), Ad(02J12), Ad(R(7) + Z(n)),
(Ad(6:0), Ad(6:D), Ad(eadw), Ad(R(T) + Z(n)))

if 5x = 1 (5 = 0) respectively. Here the functions 7 and n satisfy the following
equations:

ity + 2(n?, —nt,0)T = b;m,
e = bixi + 5 (ot - 7 — Ty - 70) + 2(n'nd, — ngyn?).
7. A3t 0%, x) = (Jiz + R(0,0,7°), R(n',n?,0), R(=n?,1",0)), where
n* € C=((to,t1),R), mjn® —n'ng, =0, n'n' 0, n°#0.
Algebras A3(nt,n?,n%) and A3(7*,7?,7°) are equivalent if 36, € R, 34 # 0:
7 (t) = 64(n'(t) cos I3 — n%(t) sin 63),
72(t) = 64(n'(t) sin 63 + n2(t) cos J3), (A.11)
() = e~ (1),
where ¢ = te=201 4 §,.
8. A3(m!,m2, m3) = (R(m'), R(m?), R(m3)), where

m® € C*®((to,t1),R?), rank(m!',m? m3) =3, me . mb—m® - mb =0.
Algebras A3(m!,m?,m3) and Ag(ﬁ_:bl, 77_"L2, ﬁ_:bg) are equivalent if 35; € R3, 3B € O(3),
I{dup} : det{dap} # 0 such that

ma(f) = day BmP(t), (A.12)

where ¢ = te=201 4 §,.



Symmetry reduction and exact solutions of the Navier—Stokes equations 293

B. On construction of ansatzes for the Navier—Stokes
field by means of the Lie method

The general method for constructing a complete set of inequivalent Lie ansatzes of
a system of PDEs are well known and described, for example, in [27, 28]. However,
in some cases when the symmetry operators of the system have a special form, this
method can be modified [9]. Thus, in the case of the NSEs, coefficients of an arbitrary
operator

Q=2¢"0+ 60 + N*Oue + noap
from A(NS) satisfy the following conditions:

50 = fo(tvf)a fa = ga(tvf)a 7la = nab(t7f)ub + nao(tvf)a

4 . (B.1)
n° =0t (t, D)p + (¢, T).

(The coefficients €%, €%, n, and 7° also satisfy stronger conditions than (B.1). For
example if Q € A(NS), then £° = £°(¢), n? = const, and so on. But conditions (B.1)
are sufficient to simplify the general method.) Therefore, ansatzes for the Navier—
Stokes field can be constructing in the following way:

1. We fix a M-dimensional subalgebra of A(NS) with the basis elements

Qm _ 5m08t + gmaaa + (nmabub + nma())aua + (77mOlp + ,',ImOO)ap7 (BQ)
where M € {1;2;3}, m =1, M, and
rank{(£m0, €M ¢m2 €M) m =1, M} = M. (B.3)

To construct a complete set of inequivalent Lie ansatzes of codimension M for the
Navier—Stokes field, we have to use the set of M-dimensional subalgebras from Sec-
tion A. Condition (B.3) is needed for the existence of ansatzes connected with this
subalgebra.

2. We find the invariant independent variables w, = w,(t,#), n = 1, N, where
N =4 — M, as a set of functionally independent solutions of the following system:

L™y =Q"w = ™ 0w + M0w =0, m=1,M, (B.4)

where L™ := ™09, + £mag,.
3. We present the Navier—Stokes field in the form:

u® = fab(t7f)vb(aj) +9°(t, %), p= fo(t,f)q(&;) + go(tvf)7 (B'5)

where v® and ¢ are new unknown functions of @ = {w,, n = 1,N}. Acting on
representation (B.5) with the operators @™, we obtain the following equations on
functions 7%, ¢¢, f°, and ¢°:

meab — nmacfcb, nga — nm,abgb + ,qma()’ c= 17 3’

meO — anlfO ng[) — anlgO + anO' (BG)
If the set of functions £, f°, g%, and ¢° is a particular solution of (B.6) and satisfies
the conditions rank{(f', f2° £3*), b =1,3} = 3 and f° # 0, formulas (B.5) give an
ansatz for the Navier—Stokes field.
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The ansatz connected with the fixed subalgebra is not determined in an unique
manner. Thus, if

O = @(@), det { o } #0,
l,n=1,N

Own,

F(,7) = [ B FN@), §HLE) = g6 ) + F( PE@), B.1)
Fot, @) = fOt, D) FO(@), 0t %) = ¢°(t, @) + fO(t, %) G° (@),

the formulas
u® = fO,8)5(@) + 3 D), p= Ot Da@) + 3t 7) (B.8)

give an ansatz which is equivalent to ansatz (B.5). The reduced system of PDEs
on the functions 9% and ¢ is obtained from the system on v® and ¢ by means of
a local transformation. Our problem is to find or “to guess”, at once, such an ansatz
that the corresponding reduced system has a simple and convenient form for our
investigation. Otherwise, we can obtain a very complicated reduced system which
will be not convenient for investigation and we can not simplify it.

Consider a simple example.

Let M = 1 and let us give the algebra (0; 4+ s»J12), where s € {0;1}. For this
algebra, the invariant independent variables y, = y,(t, ¥) are functionally independent
solutions of the equation Ly = 0 (see (B.4)), where

L= 6t + %(;’Elaqh — 1’28371). (Bg)

There exists an infinite set of choices for the variables y,. For example, we can give
the following expressions for y,:

T
y1 = arctan 2L nt, Y2 = (xf + x%)lﬂ’
T

2

Ys = I3.

However choosing y, in such a way, for s # 0 we obtain a reduced system which
strongly differs from the “natural” reduced system for » = 0 (the NSEs for steady
flows of a viscous fluid in Cartesian coordinates). It is better to choose the following
variables 1,:

Y1 = X1 CoS xt + xasin xt, Yo = —xysinxt + xocos xt, Y3 = T3.

The vector-functions f? = (f1%, f20, £30) b = T3, should be linearly independent
solutions of the system

Lflz_%f27 Lf2:%f17 LfSZO

and the function f© should satisfy the equation Lf° = 0 and the condition f° # 0.
Here the operator L is defined by (B.9). We give the following values of these functions:

= (cos st, sin »t, 0), 2= (— sin »t, cos t, 0), 3= (0,0,1), f°=1.
The functions g® and ¢° are solutions of the equations

Lg' = —xg®, Lg*=3xg', Lg’=0, Lg"=0.
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We can make, for example, g and ¢g° vanish. Then the corresponding ansatz has the
form:

ul = 0l cos st — 02 sinset, u? = lsinst + 9% cosxt, ud =2, p=q, (B.10)

where 0% = 9*(y1, y2,y3) and § = §(y1, Y2, y3) are the new unknown functions. Substi-
tuting ansatz (B.10) into the NSEs, we obtain the following reduced system:

17“17; — T);a +q1 + %ygf)% — %ylf)% — w? = 0,

0U0; — Doy + Go + 2Yy207 — 105 + 20" = 0, (B.11)
17“172 — @3a + g3 + %ygﬁf — %ylﬁg =0, '

10 =10

Here subscripts 1,2, and 3 of functions in (B.11) denote differentiation with respect
to y1, Y2, and ys accordingly. System (B.11), having variable coefficients, can be
simplified by means of the local transformation

0t =0t sy, =0ty 00 =0 G=q+ 50T ). (B.12)

Ansatz (B.10) and system (B.11) are transformed under (B.12) into ansatz (2.2) and
system (2.7), where

gl = —mnxo, gP=x1, g5=0, g¢°=1ix*(a}+23), (B.13)
1 = —2, and 5 = 0. Therefore, we can give the values of g¢ and ¢° from (B.13)

and obtain ansatz (2.2) and system (2.7) at once.

The above is a good example how a reduced system can be simplified by means of
modifying (complicating) an ansatz corresponding to it. Thus, system (2.7) is simpler
than system (B.11) and ansatz (2.2) is more complicated than ansatz (B.10).

Finally, let us make several short notes about constructing other ansatzes for the
Navier—Stokes field.

Ansatz corresponding to the algebra Al(1,x) (see Subsection A.2) can be cons-
tructed only for such ¢ that 73(t) # 0. For these values of ¢, the parameter-function x
can be made to vanish by means of equivalence transformations (A.7).

Ansatz corresponding to the algebra AZ(\, !, p,%?) (see Subsection A.3) can be
constructed only for such ¢ that p(t) # 0. For these values of ¢, the parameter-function
¥? can be made to vanish by means of equivalence transformations (A.8). Moreover,
it can be considered that A;p — Ap; € {0;1}. The algebra obtained finally is denoted
by AZ(X, x, p, 0).

Ansatz corresponding to the algebra A3(m!, x!, m?, x?) (see Subsection A.3) can

be constructed only for such t that rank(m',m?) = 2. For these values of ¢, the
parameter-functions x* can be made to vanish by means of equivalence transforma-
tions (A.9).

The algebras A2,(s,0), A3, (c), and A3,(c) can not be used to construct ansatzes
by means of the Lie algorithm.

In view of equivalence transformation (A.11), the functions n* in the algebra
A3(nt,m%,m3) (see Subsection A.4) can be considered to satisfy the following condition:

nin? —ntn? € {0; 11}
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Antireduction and exact solutions
of nonlinear heat equations

W.I. FUSHCHYCH, R.Z. ZHDANOV

We construct a number of ansatzes that reduce one-dimensional nonlinear heat equati-
ons to systems of ordinary differential equations. Integrating these, we obtain new
exact solution of nonlinear heat equations with various nonlinearities.

By the term antireduction for a partial differential equation (PDE) we mean the
construction of an ansatz which transforms the PDE to a system of differential equati-
ons for several unknown differentiable functions. As a rule, such procedure reduces
the PDE under consideration to a system of PDE with fewer numbers of independent
variables and greater number of dependent variables [1-4].

Antireduction of the nonlinear acoustics equation

Ugozy — (ul‘lu)wl — Ugyzy — Ugzzs = 0 (1)

is carried out in the paper [2] with the use of the ansatz

1

1
U = 5561@1(3307&52,563) - 695%902(550,3327563) + p3(zo, 2, 23). (2)

In [3] antireduction of the equation for short waves in gas dynamics
QUgoz, — 2(221 + Uy YUy zy + Uggay T 2AUg, =0 (3)

is carried out via the following ansatz:

U:$1<P1+$§<P2+xi’/2803+¢47 @i = pi(To, T2). (4)

Ansatzes (2), (4) reduce equations (1), (3) to system of PDE for three and four
functions, respectively.

In the present paper we adduce some new results on antireduction for the nonlinear
heat equations of the form

up = (a(w)us), + F(u). (5)

The antireduction of equation (5) is performed by means of the ansatz

h(taxaua@l(w)a¢2(w)v'“aQDN(w)) =0 (6)

where w = w(t, z,u) is a new independent variable. Ansatz (6) reduces equation (5) to
a system of ordinary differential equations (ODE) for the unknown functions ¢;(w),
i=T1,N.

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, Ne 1, P. 60-64
© 1994 Mathematical Ukraina Publisher
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Below we list, without derivation, explicit forms of a(u) and F'(u), such that equati-
on (5) admits an antireduction of the form (6). For each case the reduced ODE are
given.

1. au):é(u)ﬂ(u), F(u) = (>\1+/\2 (U))( ( ))
)

(

9(“) = ¢1(t) + p2(t)z, = A2+ ¢3)p1 + )\1, 2 = (A2 + ¥3)p2;
2. a(u) = ub(u), F(u)= ()\1 + Xa26( )(H(u))

0(u) = p1(t) + p2(t)z, o1 = dopr + 3 + >\1, P2 = Aagpa;
3. a(u) =0(u), F(u)= (M +\0(u)) (6(w) ",

O(u) = @1(t) + p2(t)z, &1 =Aop1 + A1, P2 = Aapa;
4. a(u) = P, F(u)= Alu + Xul"E uF = o1 (t) + pa(t)z + p3(t) 2,

P1 = 22103 + AT 2 + ko, @2 = 2M(1 + 2k ) oap3 + kA 1pa,

¢3 =2A(1+ 2k~ )<P3+k>\1903;

5. a(u) = Xe¥, F(u) =X+ e, e =p(t) + @2(t)x + @3(t)z2,

O1 =20 0103 + M1 + A2, P2 = 2Xp203 + A1z, 93 = 2A03 + Aips;
6. a(u) = =32 F(u) = \u+ Mu’/?,

w32 = 1 (t) + 2 (t)x + ps(t)a® + pa(t)a?,

. 2 3 3
01 =2 p1p3 — §>\90§ - §>\1901 - §>\27

. 2 3
2 = —§A¢2<P3 + 6 p1p4 — §>\18027

. 2 3 . 3
3 = —gAsﬂg +2X0204 — Ships,  Pa =~y
7. a(u)=1, F(u)=(a+Fnu)u, Inu=pi(t)+ ea(t)z,
¢1=Pp1+ 93 +a, ¢ =aps;
8. a(u)=1, F(u)=(a+pfnu—~y*(Inu)?)u, Inu=¢(t)+ pa(t)e?”,
pr=a+fp1 =70l 2= (847" —27%01)en
9. a(u) =1, F(u)=—u(l+mnu?)(a+p(nu)~?),
In u _1/2
/ (2047 + 48712 4 <,02(t)) dr =z +p1(t),
$1=0, @2 =40 —2aps;
10. a(u) =1, F(u)=—-2(u®+ au®+ Bu),
(a) a=p=0
= (p1(t) + 2p2()2) (1 + p1(t)x + pa(t)a®) ",
¢1=—6p1p2, P2 = —6¢3;

(b) a?=48#0
1
u= (=300 + (1-52) e20) (" +&r0) + pa®)
a? o?
p1=—re1—aps, pr=
(c) a? > 43

= ((A+ B)pi()eP” + (A~ B)pa(t)e™ ") x



300 W.I. Fushchych, R.Z. Zhdanov

X (€747 + @1 ()ePT + pa(t)eB7)
_ @ _ Lo a2

A=-5, B= (- 45)"
2

p1 = <% ~30 -5 - 45)1/2) o,
2

P2 = (% ~30+ 50 - 4ﬂ)1/2> it

(d) o?<4p
u = (p1(t)(Acos Bz — Bsin Bx) + @a(t)(Asin Bz +

+ Bcos Bx)) (e + @1 (t) cos Bz + ¢ (t) sin Bx)fl,
) o? a

$1 = <7 - 3ﬁ) $1 - 5(45 - 042)1/2902’

) o? a

P2 = (7 - 3ﬁ> P2 + 5(4ﬁ —a?)2p.

In the above formulae § = 6(u) € C?(R',R!) is an arbitrary function; A, A1, Ao,
a, (3, v are arbitrary real constants; overdot means differentiation with respect to the
corresponding argument.
Most of above adduced system of ODE can be integrated. As a result, one obtains
a number of new exact solutions of the nonlinear heat equation (5). Detailed study of
reduced systems of ODE and construction of exact solutions of equation (5) will be a
topic of our future paper. Here we present some exact solutions of the nonlinear heat
equation
Up = Uz + F(0)
obtained with the help of ansatzes 7-10 which are listed above.
1) F(u) = (a+ Bnu—~*(Inu)?)u,
(a) A=p%+4av2>0

A2\ 1 A2t
u=0C (cos 5 ) Tty (5 — AY%g T) ;

(b) A=-p%2—4a7?>>0
—2

1/2
u==C (Ch a t) et 4 L (ﬁ-ﬁ- AY2th = t) ;
22
(c) A=3+4a7>=0
2 1
_ =2 _vyz+vyt .
u=Ct e’ —|—ﬁ(ﬂt+2),
2) F(u)=-u(l+1In u2)(a + A(In u)_1/2)7
(a) a#0
In u
/ (2a7’ + 4872 4 Ce~ 2t 4 252a71)_1/2d7- =
(b) a=0

Inu
/ (4ﬂ7’1/2 + 4ﬁ2t)71/2d7 =ux;
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3) F(u) = —2u(u? + au + f3),

(a) o®=4p -
uz(l—%(m—at)) (x—at—i—CeXp(%(x-i—%t))) :
(b) a®>4p

w= ((A + B)Cyexp((A + B)(z — at)) + (A — B)Cy x
x exp((A - B)(z — at))) (exp(?)ﬂt) + Crexp((A+ B)(z — at)) +

+ Corexp((A— B)(z — at)))_l,

o 1
A=—5, B=g(e*-48)'"%
(c) a?<4p

u = ((aACy — BC3)cos B(z — at) + (ACs + BCy) x
x sin B(z — at)) (exp(?)ﬂt — Az — o)) +

—1
+ Cy cos B(x — at) + Cysin B(x — at)) ,

_ _1 _2y1/2
A= 5" B—2(4B a”)e.
In the above formulae C', C7, Cs are arbitrary constants.

It is worth noting that the above solutions can not be obtained with the use of
the classical Lie symmetry reduction technique [6]. That is why they are essentially
new. Another important feature is that solutions 3(a) and 3(c) are soliton-like solu-
tions. Consequently, nonlinear heat equation with cubic nonlinearity admits soliton-
like solutions.
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Nonlinear representations for Poincaré
and Galilei algebras and nonlinear equations
for electromagnetic fields

W.I. FUSHCHYCH, IM. TSYFRA, V.M. BOYKO

We construct nonlinear representations of the Poincaré, Galilei, and conformal algeb-
ras on a set of the vector-functions ¥ = (E, H ). A nonlinear complex equation of
Euler type for the electromagnetic field is proposed. The invariance algebra of this
equation is found.

1. Introduction

It is well known that the linear representations of the Poincaré algebra AP(1,3) and
conformal algebra AC(1,3), with the basis elements

P, = ig"" 0y, Juv =2y Py — 2y Py + Sy, 1)
D =x,P’ — 2i, (2)
K, =22,D — (z,8")P, + 22" 5,,, (3)

is realized on the set of solutions of the Maxwell equations for the electromagnetic
field in vacuum (see e.g. [1, 2])

) . 9H .
E —I'OtH, E = —I'OtE, (4)
divE =0, divH =0. (5)

Here S,,, realize the representation D(0,1) & D(1,0) of the Lorentz group.
Operators (1)7(3) satisfy the following commutation relations:

[Py, P] = [Py, Jap] = i(9paPs — gupPa), (6)
[Jas Juw] = Z(gﬁuJaV + Yo Ipu = GapJpy — 9pvJap), (7)
[D, Py = —iPy, [D,Ju] =0, (8)
(K, Pal = i(2Jap = 2940 D), [Ky, Jag] = i(9uw Kp — 9upKa), 9)
[K,,D] = —iK,, [K,K,)=0, pv,a (=0123. (10)

In this paper the nonlinear representations of the Poincaré, Galilei, and conformal
algebras for the electromagnetic field E, H are constructed. In particular, we prove
that the continuity equation for the electromagnetic field is not invariant under the
Lorentz group if the velocity of the electromagnetic field is taken in accordance with
the Poynting definition. Conditional symmetry of the continuity equation is studied.
The complex Euler equation for the electromagnetic field is introduced. The symmetry
of this equation is investigated.

Reprinted with permission from J. Nonlinear Math. Phys., 1994, 1, Ne 2, P. 210-221
© 1994 Mathematical Ukraina Publisher
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2. Formulation of the main results

The operators, realizing the nonlinear representations of the Poincaré algebras AP(1, 3)

= (Py, ), AP1(1,3) = (P,, Juw, D), and conformal algebra AC(1,3) = (P, Ju, D,

K,,), have the structure
P, =0,,, (11)
Jri = 20z, — 10z, + Sk, (12)
Jok = 200s, + 10, + Sow, k.l =1,2,3, (13)
D=xz,0,,, (14)
Ko = 220,, + 107104, + (zp — 20 E®) 0k — 2o H Oy, (15)
K| = 20710y, + 71710,, + [21E' — 2o(E'EX — H'H®)]0gx + (16)

+ [wpH' — 2o(H'E* + E'H")| 0k,
where
Sk = EkaEz — ElaEk + HkaHz — HlaHk,
Sor = Opr — (EFE' — H*HY0p — (E*H' + HFEY 0.

The operators, realizing the nonlinear representations of the Galilei algebras
AG®(1,3) = (P,, Ji, GP), AGP)(1,3) = (Py, Jui, G2, D) have the form:

Py =0, Ju=xr0z — 210z, + Sk, (17)
G? = 140,, — (E*E' — H*HY0g — (E*H' + H*E"op, (18)
D = 200y, + 22405, + E*0gx + H*Opn. (19)

We see by direct verification that all represented operators satisfy the commutation
relations of the algebras AP(1,3), AC(1,3), AG(1,3).

3. Construction of nonlinear representations

In order to construct the nonlinear representations of Euclid-, Poincaré-, and Galilei
groups and their extensions the following idea was proposed in [2, 3|: to use nonli-
near equations invariant under these groups; it is necessary to find (point out, guess)
the equations, which admit symmetry operators having a nonlinear structure. Such
equation for the scalar field u(zg, 21, z2, x3) is the eikonal equation

ou Ou

— =0 =0,1,2,3 20
axuax# ) M s Ly <y ( )

which is invariant under the conformal algebra AC(1,3) with the nonlinear operator
K, 2, 3].
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The nonlinear Euler equation for an ideal fluid

8?)k c%k
. —_— = k=1.2 21
ot TVag, =0 2,3 (21)

which is invariant under nonlinear representation of the AP(1,3) algebra, with basis
elements

P;L = 83?“7 Jkl = xkaaf[ - xlaack + 'Uk@vl - /Ulavk, (22)
Jok = 20y + l‘oawk + 8vk — Ukvlavl, (23)

was proposed in [3] to construct the nonlinear representation for the vector field. Note
that equation (21) is also invariant with respect to the Galilei algebra AG(1,3) with
the basis elements

Pﬂ = 8%, Jp = xkc“)ml - $lazk + vkﬁm - vlé‘vk, G, = l’oaza + 8%. (24)

As mentioned in [2, 3] both the Lorentz—Poincaré-Einstein and Galilean principles of
relativity are valid for system (21). We use the following nonlinear system of equa-
tions [4]

OEk OE¥ OHk OHk
O e g, Y p?t 25
Oxg + 0x; 0, Oxg + Ox; 0, (25)

for constructing a nonlinear representation of the AP(1,3) and AG(1, 3) algebras for
the electromagnetic field. To construct the basis elements of the AP(1,3) and AG(1, 3)
algebras in explicit form we investigate the symmetry of system (25). We search for
the symmetry operators of equations (25) in the form:

X =0, +1'0p + 8'0m, (26)
where 5# = gﬂ(va_:vﬁ)v nl = nl(xaﬁa ﬁ)a ﬁl = ﬂl(l‘,E_:, ﬁ)

Theorem 1. The maximal invariance algebra of system (25) in the class of operators
(26) is the 20-dimensional algebra, whose basis elements are given by the formulas

P/L = a‘r/u (27)
I = 240, — 210, + E¥0p — E'Ops + H 0 — H' O, (28)
TP = 040y, + 2100, + E* 0 + E'Ope + H" O + H'Ogpn, (29)

G = 200y, + Ope + Opa, 30

G? = 2,0,, — E°E*0px — H*H" 0y,

a

31
Dy = x00,, — B'0p — H'Op, 32
Dy =210y, + E*0p1 + H O, 33
Dy = 290y, + E*0g2 + H?*0pp2, 34

(
(
(
(
(
(35

)
)
)
)
)
)

D3 = 1'3813 + E38E3 + H38H3.
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Proof. To prove theorem 1 we use Lie’s algorithm. The condition of invariance of the
system L(F, H), i.e. (25), with respect to operator X has the form

L =0 50
Rl P o
where
X = X +[Da(n) = B} Da(€))0p;, + [Da(8') = H} Da ()0,
1 l
Eé:ai’ H(lx:ai, 1=1,2,3; «=0,1,2,3
8$a axa

is the prolonged operator. From the invariance condition (36) we obtain the system
of equations which determine the coefficient functions ¢#, ', ' of the operator (26):

ﬂ;lc = 07 776 = Oa ﬂ]l{; = Oa ﬂé = 07 fgu = 07 gga = Oa Ejlga = Oa
Nt = —EFEY + & + B¢y — EYEREL, (37)
pF = —H ) + &6 + HO¢f — HH* ¢,

where

nl :8_77l nl 28_77l 5# _ ag“ o 82£N
= 0r, 0T Oz’ CET T 9B’ ST 9r,dx,

Having found the general solution of system (37), we get the explicit form of all
the linear independent symmetry operators of system (25), which have the structure
(27)—-(35). Operators of Lorentz rotations Joi is given by the linear combination of

the Galilean operators Gg) and G,(f):
Jor =G + G2 (38)

All the following statements, given here without proofs, can be proved in analogy with
the above-mentioned scheme.

4. The finite transformations and invariants

We present some finite transformations which are generated by the operators Joy:

Jo1: xo— al‘(/) =1xgchf; + x1shb,
xy — 2 = 21 chby + zosh by, (39)

To — xh = X2, X3 — Th =3,

1/7E1Ch91 +Sh01 7H1ch01+sh01

pl gl 2 21l g gt 2 PP R
- Elshé; + cho;’ - Hshé; +cho;’
/ E? , H?
Popro— P g gy H oy
- Elshfy, +cho,’ - Hlshf, +cho,’ (40)
E3—>E3/:E—3 PN H3

Elshfy, +cho,’ ~ Hlsh6, +cho,
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The operators Jyo, Jos generate analogous transformations. #; is the real group

parameter of the geometric Lorentz transformation. Operators G,(f) generate the
following transformations:

2
Gg): Ty — T =To + 11, TR — T) = T,

, EF , ak
EF LBV =~ gk_,pg¥—_
- 1+ 6,EL - R

Analogous transformations are generated by the operators Gf), G:(>,2)~ Operators GS)
generate the following transformations:

Ggl) D Xg — Xy =To, X1 — Ty =x1+ 20b,
To — Th = X2, T3 — Th= T3,
F' > EY=F'46,, H'—- H"=H'+106,,
E2 o g2 = E‘27 E3 - g3 = EB,
H? - H? = H?, H®— HY = H%

The operators Gél), Ggl) generate analogous transformations.
It is easy to verify that

R
(1-£0)
(1-£2) (1-#2)
is invariant with respect to the nonlinear transformations of the Poincaré group which
are generated by representations (28), (38).
The invariant of the Galilei group which is generated by representations (28), (31)
has the form:

I = E?#£1, H*>+#1 (41)

o o\ 27
(£4)

whereas the Galilei group which is generated by representations (28), (30) has the
invariant

I = (42)

Is=(E - H) (43)

5. Complex Euler equation
for the electromagnetic field

Let us consider the system of equations

oxt | a0t

- =0, XF=FEF+iH" 44
Oxo Ox; ’ t (44)
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The complex system (44) is equivalent to the real system of equations for E and H

k k k
OB% | OBF omt
Oxo oz oxy 45
oH*  0EF L 0HF (45)
8560 al’l 8xl o

The following statement has been proved with the help of Lie’s algorithm.
Theorem 2. The mazimal invariance algebra of the system (45) is the 24-dimensional
Lie algebra whose basis elements are given by the formulas

P, =0,,,

I = 2404, — 2100, + E*Op — E'Opr + H Ot — H'Oppr.,

I = 2404, + 2100, + E*Op + E'Opr + H 01 + H'Oppr,

G = 200,, + Opa,

G = 2,05, — (E°E* — HYH*)0g« — (E°H* + H*E*)0y, (46)

Dy = 100y, — E¥0px — H* Oy,

D, = 2,0, + E*Oga + H*Opa  (no sum over a),

Ko = 230, + 10210, + (zx — 20 EF)0pe — 2o H* Oy,

Ko = 207402, + 100504, + (21 B — 2o(BYEX — HAH®)|0gr +

+ [z H® — 2o(HE* + E*H*)]|0gx.

The algebra, engendered by the operators (46), include the Galilei algebras
AGM(1,3), AG®(1,3) and Poincaré algebra AP(1,3), and conformal algebra
AC(1,3) as subalgebras. Operators G&Q) generate the linear geometrical transforma-
tions in R(1, 3)

zo — Ty = o + 0,7, (no sum over a), x; — 7], (47)

as well as the nonlinear transformations of the fields
E' +iH!

1+0,(FE*+:H®)
E! —iH!

1+ 0,(Fe —iH)

E'+iH — E" +iH" = (no sum over a),
(48)

E' —ig' - B —iH' =

The invariant of the group G®(1,3) is

E? — H?) + 4(EH)®
o () () »
(v i)

Operators Joi generate the linear transformations in R(1, 3)

xo — xy = xoch Oy + xoshby,
xp — &), = xp ch by + zoshby  (no sum over k), (50)
r —ay =, ifl#k,
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as well as the nonlinear transformations of the fields

(E*F 4+ iH")ch 6y + sh 6,
E¥ +iHF)sh 6, + ch oy’
E* —iH")ch ), +shb,
E* —iH*)sh @y + ch 6y

EF 4+ iHY - E¥ 4 iHN =

(
Ek _iH* & E¥ —iHF = E

If [ # k, then
: ’ E'+iH!
El 'Hl El 'Hl _
T e B (EF + iH*)sh 0y + chy,’ 51)
, , E' — i H!
E'—iH' - E" —iH" = ' (no sum over k).

(E* — iH*)sh 6y, + ch 0y
The invariant of group P(1,3) is
V-2 [(B2 - /%) - J(B? - 2 - 2EdY]
I = S . B2y H? A0 (52)
[1- (B2 4 1)

The operator K, generates the following nonlinear transformations in R(1,3) and
linear transformations of the fields

xlt - Il = ‘T,U' 9
K 1-— 901’0
EF — E¥ = EF 4 0y(x), — 20 E"), (53)

I‘IlC — Hk/ = Hk(]. —90(E0).

The operators K, generate nonlinear transformations in both R(1, 3) and of the fields

’ Lo ’ La
xoﬁxozlfxﬁa’ xaﬁmazlfa:aﬁa'
If k # a, then
/ Lk
xk_)xkzlfxaﬁa’
a -TTAQ a’ -rra’ E® +iH"
EY il = BN il = g e i) — wa]’
E* —iH®

E® —iH* - B —iH"

T 1+ 0ufzo(Ee — iH) — 2]

If k # a, then

E¥ +iH* +0,(E* + iH%)zy,
1+ 0,[zo(E* +iH®) — x4 '

E¥ —iH* +0,(E* — iH%)zy,
14 0,[zo(E® —iH®) — x4]

E* +iH" — B¥ +iH" =
(54)
(no sum over a).

EF —iHF — EY —iHY =
Note 1. Setting Y = aF +ibH , where a, b are arbitrary functions of the invariants

E?, 02, EH, we obtain more general form of the equation (44). The equation

oxk oYk o o 4
= 4+ >»'Z= = F(EH,E? H>XF
Oxo + Ox; (EH,E7 H7)
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is invariant only under some subalgebras of algebra (46) depending on the choice of
function F.

Note 2. If we analyse the symmetry of the following equations

(a + Bl 0 + H! 6>Ek:0,

8;100 8 (9:171 (*)
0 0 0
El Hl Hk =0:
(8:170 ot 3xl> 7

or

81'0 oz ox;

OH* d d
=+ (E'— + H— | EF
axo ( 833[ 8:101 > ’

k
oF (El 0 g0 )Hk,
(%)

we obtain concrete examples of nonlinear representations for the Poincaré and Galilei
algebras. This problem will be considered in a future paper.

6. Symmetry of the continuity equation
and the Poynting vector

Let us consider the continuity equation for the electromagnetic field

L(E,H)=

ﬁaxo + div pt = 0. (55)

According to the Poynting definition p and pv* have the forms
1, = -
= §(E2 + H?), ot =epE'H. (56)

Theorem 3. The nonlinear system (55), (56) is not invariant under the Lorentz
algebra, with basis elements:

Jil = 404, — 105, + E*0p — E'Ogr + H 01 — H' Oy,

. . (57)
J()k- = xkamo +xoazk +€kln(E Ogn — H'O 'n), k,l,n = 1,2,3.

To prove theorem 3 it is necessary to substitute p and pv*, from formulas (56),
to equation (55) and to apply Lie’s algorithm, i.e., it is necessary to verify that the
invariance condition

T (L, i) ‘L_O =0 (58)

is not satisfied, where J,,, is the first prolongation of the operator J,, .
1

Theorem 4. The continuity equation (55), (56) is conditionally invariant with respect
to the operators J,,, given in (57) if and only if E, H satisfy the Maxwell equation
(4), (5).

Thus the continuity equation, which is the mathematical expression of the conser-
vation law of the electromagnetic field energy and impulse is not Lorentz-invariant if
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Fj, H does not satisfy the Maxwell equation. A more detailed discussion on conditional
symmetries can be found in [1, 2].
The following statement can be proved in the case when

p=FYE,H) and p*=F*E, H), (59)
where F°, F* are arbitrary smooth functions F° # 0, F* # 0.
Theorem 5. The continuity equation (55), (59) is invariant with respect to the classic
geometrical Lorentz transformations if and only if

r(B) =4, (60)

where r(B) is the rank of the Jacobi matrix of functions F*.

In conclusion we present some statements about the symmetry of the following
systems:

OF L L L L L

— =10t H — = —rot EF+ F5(E, H

oy~ OUH B H), e = ot B By (B H), (61)
divE = Ry(E,H), divH = Ry(E,H),

O(RE) ~ 0N .

8%0 I‘O( )7 3x0 I‘O( )7 (62)

div (RE) =0, div(NH)=0.

Here

— —

R:R(W17W2), N:N(Wl,W2)7 W1:E2—ﬁ27 Wy =FEH.
div (RE + NH) = 0. (63)

Theorem 6. The system of equations (61) is invariant under the Lorentz algebra with
the basis elements (57) if and only if

ﬁlEﬁQEO, RlERQEO.

Theorem 7. The system of equations (62) is invariant under the Lorentz algebra (57)
if R and N are arbitrary functions of the invariants Wy = E? — Hﬂ, Wy =EH.
Theorem 8. The equation (63) is invariant under the Lorentz algebra with the basis
elements (57) if and only if E, H satisfy the system of equations

O(RE + NH)
awo

Thus it is established that, besides the generally recognized linear representation of
the Lorentz group discovered by Henry Poincaré in 1905 [5], there exists the nonlinear
representation constructed by using the nonlinear equations of hydrodynamical ty-
pe [4]. It is obvious that for instance the linear superposition principle does not hold
for a non-Maxwell electrodynamic theory based on the equation (25) or (45).

The nonlinear representations for the algebras AG(1,3), AP(1,2), AP(2,2),
AC(1,2), AC(2,2) for a scalar field have been considered in [6], AP(1,1) in [7], and
AP(1,2) in [8].

—rot (RH — NE).
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Ansatz 95
W.I. FUSHCHYCH

In this talk I am going to present a brief review of some key ideas and methods
which were given start and were developed in Kyiv, at the Institute of Mathematics
of National Academy of Sciences of Ukraine during recent years.

Plan of the talk

The simplest classification of equations.

What is ansatz? The problem of PDE reduction without symmetry.
Conditional symmetry. How can we expand symmetry of PDE?
Conditional symmetry of Maxwell and Schrodinger systems.

Q-conditional symmetry of the nonlinear wave equation, which is not invariant with
respect to the Lorentz group.

Conditional symmetry of the Poincaré-invariant d’Alembert equation.
Conditional symmetry of the nonlinear heat equation.
Reduction and Antireduction.

Antireduction of the nonlinear acoustics equation.
Antireduction of the equation for short waves in gas dynamics.
Antireduction of nonlinear heat equation.

Nonlocal symmetry, new relativity principles.

Non-Lie symmetry of the Schrédinger equation.

Time is absolute in relativistic physics.

New equations of motions.

High—order parabolic equation in Quantum Mechanics.
Nonlinear generalization of the Maxwell equations.

Equations for fields with the spin 1/2.

How to extend symmetry of on equation with arbitrary coefficients?

1. Classification of equations

Every field of science must begin from some classification. We have today a lot of
classifications of differential equations: parabolic, hyperbolic, elliptic, ultrahyperbolic
etc. I believe that it is most appropriate for our Conference to divide all equations of

Reprinted with permission from J. Nonlinear Math. Phys., 1995, 2, N 3—4, P. 216-235
© 1995 Mathematical Ukraina Publisher
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mathematics into two classes: B and B

/// // Newton
2 Eikonal
B Hamilton
/ Euler
Heat

B=Beauty
/ Monge-Ampere

L Born-Infeld
Kernel +—+— d’Alembert
\
Maxwell
\ Navier-Stokes
Korteweg-de Vries

Boussinesq

Schrédinger

Dirac

//// ?('ang—Mills

It is seen from the adduced picture that all fundamental equations of mathematical
physics are united into one class B. From the point of view of existing now classifica-
tions they belong to essentially different classes. Equations from the class B have wide
symmetry, and by this feature they are substantially different from other equations
of mathematics.

It is important to point out that there are close relations among these different
equations, which have not been investigated yet till now. For example, if we know
solutions of the heat equation, we can construct solutions for the wave (d’Alembert)
equation. By means of solutions of the Dirac equation, solutions of the Maxwell, heat,
Yang-Mills, and other equations [18] can be obtained.

2. Ansatz reduction of PDE without using symmetry
Let us consider a PDE

L(l‘, u, U(l), U(g), N U(n)) = 07

ou
u=u(x), = (T0,%1,---,%n), U= (U0, U1, U2, .., Up), Uy = 9z, (21)
0%u

U2) = (100, U015 - - -, Unn ), Upy = m
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Depending on the explicit form of L, equation (2.1) can belong to B or B. In
mathematical physics we often come across equations of the following type:

Lu = Ou — F(x,u,u()) = 0. (2.2)

What can we say today about solutions of equations (2.1), (2.2)7 The answer is
trivial: Nothing.

If equation (2.2) belongs to the class B and is invariant with respect to the Poincaré
group P(1,n), that is, a nonlinear function F'(z,wu,u()) has the special form

ou 8u>

F(z,u,upy) = F (

then for equation (2.2) we can construct some classes of exact solutions, study Pain-
levé properties, construct approximate solutions, study asymptotic properties, etc.

Definition 1 (W. Fushchych, 1981, 1983 [1, 2, 3]). We shall call a formula

u= f(z)p(w)+g(x), (2.4)
an ansatz for equation (2.2) if after substitution of (2.4) we get an equation for the
function p(w) which depends only on new variables w = (wi,wa,...,wn—1), where

f(z), g(x) are given functions.

If (2.4) is an ansatz for (2.2), then the latter is reduced (the number of independent
variables decreases by one) to an equation for the function ¢(w).

Thus the problem of reduction of an equation reduces to description of three
functions (f(x),g(x),w) which leads to an equation for ¢(w) with less number of
variables.

We can display schematically the process of reduction for an 4-dimensional equati-
on in the following way:

Basic Equations

4 Dim 4 Dim
E3 E3

3 Dim { } 3 Dim
Es Es

ODE
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F3 is a set of three-dimensional equations, Fs is a set of two-dimensional equations,
E is a set of one-dimensional equations with the following inclusion F3 C Ey C Ej.
That is, from one principal equation we obtain the whole set of ODE. Having
solved the ODE, we find exact solutions of a multidimensional equation.
Description of ansatzes of the form (2.4) for the nonlinear wave equation is an
extremely difficult nonlinear problem. In the simplest case, when we put f(z) = 1,
g(x) = 0 for the nonlinear Poincaré—invariant d’Alembert equation

Ou = F(u), (2.5)

the problem of reduction of (2.5) to ODE reduces to construction of solutions for the
following overdetermined system for w (Fushchych W.; Serov M. 1983 [3])

Ow = Fy(w),

Ow Ow ow\? 0w\ 0w\ ow \? (2.6)
- — = = — | — — | — I e :FQ(w).

Ox, Ozt Oxg o0x1 0xo oxy,

If w is a solution of the system (2.6), then the multidimensional equation (2.5) reduces
to ODE with variable coefficients

az(w)P(w) + a1 (w)@(w) + ao(w)p(w) F(p) =0 (2.7)

A solution of equation (2.5) has the form

w(zo, ... xn) = p(w), w=w(xo,T1,...,T,), (2.8)

¢ is a solution of equation (2.7).

Compatibility and general solutions of system (2.6) are described in detail in
papers of Zhdanov, Revenko, Yehorchenko, Fushchych (1987-1993, [4-6]). As we see,
without using explicitly the symmetry of equation (2.5), we can reduce a multidi-
mensional wave equation to ODE. It is obvious that all ansatzes and solutions, which
are constructed on the basis of the classical method by Sophus Lie, can be obtained
within the framework of our approach. The subgroup analysis of the Poincaré group
P(1,n) (Patera J., Winternitz P., Zassenhaus H., 1975-1983, [7, 8] Fedorchuk V.,
Barannyk A., Barannyk L., Fushchych W., 1985-1991 [9-11]) gives only a part of
possible ansatzes.

Note 1. P. Clarkson and M. Kruskal (1989 [12]) implemented the approach suggested
by us in 1981-1983 [1, 2, 3] for the one-dimensional Boussinesq equation and const-
ructed in explicit form ansatzes and solutions which cannot be obtained within the
framework of the classical S. Lie method. In the literature, this approach is often
called the “direct method of reduction”. I believe that it would be more consistent and
correct to call this method of construction of PDE solutions a method of ansatzes.

3. Conditional symmetry
The Lie symmetry, as known, is a local symmetry of the whole set of solutions. The Lie

algorithm enables us to define the invariance algebra for an arbitrary given equation
and to construct ansatzes.
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The term and the concept “conditional symmetry” was introduced and developed
in our papers (1983-1993, [2, 3, 13-18|). This extremely simple concept has appeared
to be efficient and enabled us to discover a nature of many ansatzes which could not
be obtained within the framework of the Lie method.

Conditional symmetry is the symmetry of subsets of equation’s solutions. Knowing
conditional symmetry of an equation, we can construct non—Lie ansatzes and soluti-
ons. It is more difficult to study conditional symmetry of a given equation than to
study its classical Lie symmetry. The difficulty is related to the fact that to find
conditional symmetry of an equation, it is necessary to solve nonlinear determining
equations.

During recent years, there are intensive studies in this promising direction, and
today we can make following general conclusion:

Corollary 1. Principal nonlinear equations of mathematical physics have conditional
symmetry.

Let us denote by the symbol
Q:<Q17Q27"'5Q’r> (31)

some set of operators which does not belong to the invariance algebra (IA) of equation
(2.1).

Definition 2 (Fushchych W., Nikitin A., Shtelen W. and Serov M., 1987 [13, 14, 18],
Fushchych W. and Tsyfra I. (1987 [15])). Equation (2.1) is said to be conditionally

invariant under the operators Q from (3.1), if there exists a supplementary condition
on the solutions of (3.1) of the form

Ll(ZE,U,U(l),...,U(n)) =0 (32)
such that (3.1) together with (3.2) is invariant under Q.

Thus, one has the following criterion of conditional invariance [13, 15, 18]
QsL = AL + AL, (3.3)
QsL1 = AL + A3L, (3.4)

where g, A1, A2, A3 are some differential expressions, @) is the s-th prolongation by
Lie.

Definition 3. We shall say that an equation is Q-conditionally invariant if the addi-
tional equation L1 = 0 is a quasilinear equation of the first order

Ly(z,u,upy) = Qu =0, (3.5)

Q = &0 u) =0 4 () (3.6)

Ozt o’
with 1 being a smooth function.

Thus, the problem of finding the conditional symmetry of a equation reduces to the
solution of equations (3.3), (3.4). As a rule, the determining equations for calculating
&, and n are nonlinear equations.

As is known, in the classical approach &, n satisfy a linear system of differential
equations which, because of being overdetermined, can be solved.
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3.1. Conditional symmetry of the Maxwell equations

The first equation where we had noticed conditional symmetry was the Maxwell
subsystem [13]

E - 0H q

E =rot IJ7 E = —rot F. (37)
It is possible to prove by means the standard Lie method that the maximal invari-

ance algebra of system (3.7) is an 8-dimensional extended Euclid algebra AF;(4) with

basis elements:

0
P/J = i%a Jap = TaPb — ToPa + Sab7 D = quuv (38)
m

where S, are 6 X 6 matrices, which realize a reduced representation of the Lie algebra
of the group SU(2).

Thus, system (3.7) is not invariant with respect to the Lorentz transformations,
which are generated by operators

Joa = xoPa - xaPO + S[)aa (39)

(Sab, Soa) are matrices which realize a finite-dimensional representation of the Lie
algebra of the Lorentz group S(1,3).

Theorem 1 (Fushchych W. and Nikitin A. 1983 [13]). System (3.7) is conditionally
invariant under the Lorentz boosts (3.9) if and only if the solutions of (3.7) satisfy the
conditions

divE =0, divH =0. (3.10)

Thus, system (3.7) only together with equations (3.10) is invariant under the Lorentz
group.

Note 2. 90 years ago H. Lorentz (1904, April 23), H. Poincaré (1905, June 5, July 23),
A. Einstein (1905, June 30) discovered the theorem about invariance of the full
Maxwell system (3.7), (3.10) with respect to rotations in the four-dimensional pseudo-
Euclidean space-time. This theorem is a mathematical formulation of the fundamental
Lorentz—Poincaré—Einstein principle of relativity.

3.2. Conditional symmetry of linear Schrodinger systems

Let us consider the multicomponent system of disconnected Schrédinger equations:

P2
SU = <p0——“>\lf,,:O, r=12,...,n,
2m

p():i%v pa:_lai ) a:172737 (311)
0 a

\I’Z(\I/17\I’2,...7\I/n), \IIZ\I/(Z‘OZt,.IhJSQ,Ig).

It is evident that every separate Schrodinger equation (3.11) is invariant with
respect to a scalar representation of the group Ga(1,3), a full Galilei group.
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Let us consider a problem of existence of nontrivial vector, spinor, tensor represen-
tations of the full Galilei group, which are realized on the set of solutions of system
(3.11).

We demand system (3.11) be invariant with respect to the following linear repre-
sentations of the algebra AG»(1,3)

9 0
P = 7— Pa = —1 ) M =1 ?
0 Z@xo ) Zaxa vm
1
Ja = TqPb — TpPa + SCL’ Sa = §5achbcy (312)

Ga = Topa — TaPo + Aay D =2x0F — 2P + Ao,
1
A=ux9D — ngo + §mx% — XaZa,
where matrices Sq, Ao, Aq satisfy the commutation relations [29]

[Saa Sb] = igachca [)\(u Ab} = 07 [AOa Sa] = 07

3.13
[)\aSb] = Z‘5achc; [/\Oa )\a] = 1A ( )

Theorem 2 (Fushchych and Shtelen, 1983, [19]). System of equations (3.11) is condi-
tional invariant under representation AG2(1,3) (3.12) if

3.1
Ao — =i — — APy | ¥ =0, 3.14
< 0 QZ mF k) ( )
A+ A2+ AT =0. (3.15)

3.3. (Q-conditional symmetry of Lorentz noninvariant
nonlinear wave equation

Let us consider the following wave equation (Fushchych and Tsyfra 1987, [15])

Lu=0u+F(z,4)=0 (3.16)
AO 2 ou 2 )\1 2 ou 2
u) = — [ 22 - 2 el
Fla.y) (.’L‘0> <6x0) + <sc1 O +
AQ 2 ou 2 )\3 2 ou 2
() (o) < () (&) - =ro
Ay are arbitrary parameters.

Equation (3.16) is invariant only with respect to scale transformations and trans-
lations:

(3.17)

2b

/ !/ /
zebmu, u—u =e"u U—uU=u-+c,

Ty, — T,

b is a real parameter.
Let us consider a Lorentz-invariant ansatz

u=pWw), w=z,2"=1}—27—1}— a3 (3.18)
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This ansatz, despite the fact that (3.16) is not invariant with respect to the Lorentz
group, reduces equation (3.16) to ODE

Po dp o (do\?
Z T 4o N2 (2] = 1
wdwz + dw + dw 0 (3.19)

whose solutions are given by the functions

R
p(w) = 2(—)\2)1/2 tan_lw(—)\z)_l/2 for — A2 > 0,

21/2 4,
o) =082 { EHE2 por 2 <0,

What is the reason of such reduction? From the classical point of view, ansatz (3.18)
must not reduce the Lorentz non—invariant equation (3.16) to ODE.

The reason of all this is the fact that equation (3.16) is conditionally invariant
with respect to the Lorentz group.

Theorem 3 (Fushchych and Tsyfra, 1987 [15]). Equation (3.16), (3.17) is conditio-
nally invariant with respect to the Lorentz group if the following six conditions are

added:

0 0
—x,—, mr=20,1,2,3. (3.20)

J#V’LL:O, Jl»“’:‘rl’«% o
v w

Thus, equation (3.16) together with the additional condition (3.20) is invariant
with respect to the Lorentz group. The condition (3.20) picks out the subset from the
whole set of solutions which is invariant with respect to the Lorentz group.

3.4. Conditionally conformal symmetry
of the Poincaré-invariant d’Alembert equation

Let us consider the nonlinear d’Alembert equation with an additional condition

Ou+ F(u) =0, (3.21)
ou Ou

Theorem 4 (Fushchych, Zhdanov, Serov 1989 [18]). Equation (3.21) is conditionally
invariant under the conformal group if

F=3\u+c)!, (3.23)
ou Ou

where X\, ¢ are arbitrary constants. The operators of conformal symmetry are

0

%, n = 0,1,2,3 (325)

K, =2z,D — (zxqz® — u?)
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9 3}
D=x oy + Uz (3.26)

Remark 3. Formulae (3.25), (3.26) give a nonlinear representation for the conformal
algebra AC(1,3).

An ansatz for the system
Ou=u""', Oudtu=1 (3.27)

has the form (Fushchych and Zhdanov, 1989 [4])

u? = (apz” + g1)% = (bua' + g2)°, (3.28)

where g1 = g1(0,2"), g2 = g2(0,2") are arbitrary smooth functions, a,, b,, 0, are
arbitrary complex parameters satisfying the condition

apat = —b bt =1, a,b’ = a6 = b,0" = 6,0" = 0.

Remark 5. The problem of compatibility and construction of solutions of the d’Alem-
bert—Hamilton system are considered in detail in [5, 6].

3.5. Conditional symmetry of the nonlinear heat equation

Let us consider the equation
uo + V[f(u)Vu] =0, f(u) # const. (3.29)

Ovsyannikov L. (1962, [20]) carried out the complete classification of the one-dimen-
sional equation (3.29). Dorodnitsyn A., Knyaseva Z., Svirshchevskii S. (1983, [21])
carried out group classification of the three-dimensional equation (3.29) From the
analysis of these results it follows.

Conclusion 1 (Fushchych 1983 [2]). Among equations of the class (3.29), there are
no nonlinear equations invariant with respect to Galilei transformations which are
generated by the operators

0

5 (3.30)

Go = 200, + M (u)z,

M (u) is constant.

Theorem 5 (Fushchych, Serov, Chopyk 1988 [16]). The equation (3.29) is conditional
invariant under the Galilean operators (3.30) if

Uug + Q(JYZE)U) =0, (3.31)
M(w) = ; fl(tu) (3.32)

Conclusion 2. The nonlinear equation (3.29) with the additional condition (3.31) is
compatible with the Galilei relativity principle.
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Conclusion 3. If

Fu) = ﬁuk, M(u) = kanZQul_k’ (3.33)
flu) =e", M(u) =1, (3.34)

where m, k are arbitrary constants, kn + 2 # 0, then equation (3.29) is conditionally
inwvariant with respect to Galilei transformations.

Q-conditional symmetry of the one-dimensional equation
Ug — U1 = F (U)

was studied in detail (Fushchych and Serov, 1990, [22, 23]). Recently these results
were obtained by Clarkson P. and Mansfield E. (1994, [24]).

4. Reduction and antireduction

Under the term “reduction—antireduction”, we understand a decreasing of dimension
of an equation with respect to independent variables and increasing (antireduction)
by the number of dependent variables. That is we have simultaneously the process of
reduction (by the number of independent variables) and antireduction (increasing the
number of reduced systems with respect to the original equation) [25].

In the classical Lie approach as a rule the number of components of dependent
variables for reduced systems does not increase.

Example 1. Let us consider the nonlinear acoustics equation (Khokhlov—Zabolotskaja
equation)

Uup1 — (ulu)l — U292 — U33 — 0, (41)
u=u(xy,x2,x3).

The ansatz (Fushchych and Myronyuk, 1991 [26])

1 1
u = gxlgo(l)(wo,wg,wg) + EIE%SO@) (wo, w2, w3) + ¢ (wo, wa, w3), (4.2)
Wo = Zo, W2 =1=T2, W=1I3
antireduces four-dimensional equation (4.1) to the system of coupled three-dimensional
equations for functions o1, ) )

3250(1) 32<p(2) B

— ( (2))2
Ow3 Ow? ’
92 a2<p(1) I
— oM@ =9 4.3
Ow3 ow3 dwoy  © 7 (4.3)

a2¢(3) 52@(3) 1
Ow3 ow? 37 7 3 0wy 9

The formula (4.2) gives a non-Lie ansatz for equation (4.1).
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Example 2. Let us consider the equation for short waves in gas dynamics

2'LL01 — 2(2%1 + ul)uu + u9o + 2)\’LL1 = 0,

4.4
u=u(xg =1t,x1,22). (44)

The ansatz (Fushchych and Repeta 1991, [27])
u = 2100 (wo, wa) + 23 (wo, w2) + 23/ %0 + o, (4.5)

wo = To, W2 = T2

antireduces one three-dimensional scalar equation (4.4) to a system of two-dimensio-
nal equations for four functions
w(e’) .y 8290(1) _ 82(,0(2) _
T Ows T Owi ’

2@ 9 2 OpM 1
_ 9,z Y oy (e L
Ow? 4 ()" dwo 7 (390 3 > ’

4.1. Antireduction and ansatzes
for the nonlinear heat equation

Let us consider the nonlinear one-dimensional heat equation

LR {a(u)%} + Fu), (4.7)

ou  0*u

T . 4.

ot 0x? +F(u) (4.8)
We consider an implicit ansatz

h(t e, u, oW (W), e (@), ..., oM (W) =0, (4.9)

which reduces the two-dimensional equation (4.7) to the system of ODE for functi-
ons oM, ..., ™) We have constructed a quite long list of ansatzes which reduce
equation (4.7) to the system of ODE (Zhdanov R. and Fushchych W. 1994, [33]).

Example 3. If in (4.7)
a(u) = "2, F(u) = Mu+ \u’/?, (4.10)
then the ansatz [33] is as follows

w2 = oW (1) + o@D (t)a + o (1)a? + W ()2, (4.11)
. 2 3 3
e = 22 ) — §)\(90(2))2 — 5)\1@(1) — 5)\2,

. 2 3
AC N SWNC IR B S WD IRV R SWRC)

3 2 4.12
2(3) _ 2y, (32 @4 _ 3y 3 (4.12)
o\ = *gx\(cp )"+ 22 O — 5/\1<p ,

, 3
PV = S x 0.



Ansatz 95 323

Having solved the system of ODE (4.12), by formula (4.11) we construct exact soluti-
ons of the equation (4.7).

Example 4. If in (4.8)

F(u) = {a+ Blnu—~*(nu)?} v, (4.13)
then the ansatz

Inu =W (t) + 3 (1) (4.14)
reduces (4.8) to the system of ODE

P =2+ Bpl) — 2 (p)?,

: (4.15)
¢ = {B+72 - 272} o3

It is possible to construct solutions of system (4.15) in the explicit form. Depending on
the sign of the quantity d = 3% + 4a~y? we get the following solutions of the nonlinear
equation (4.8), (4.13).

Case 4.1d>0

-2

dt/?t ) 1 L. dM?t
u:c<cos 5 > exp(’yx+7t)+ﬁ<ﬁ—d/tg7>. (4.16)

Case 4.2d <0

-2

u=c <ch |d|12/2t> exp (yz +7°t) + # (ﬂ + |d|**th w> . (4.17)
Case 4.3d=0

u=ct ?exp (yz + ) + ﬁ(ﬁt +2). (4.18)
Example 5. If in (4.7)

a(u) = M, F(u) = A\u+ \u' ", (4.19)
then the ansatz

uF = oW (1) + 0@ (t)z + o) (t)2? (4.20)

antireduces (4.7) to the system of ODE

P = 22 + M1 ()2 + ko,
PP = 2X(1 42k )P ) 4+ kA1), (4.21)
GB) = 2X(1 + 26~ 1)(¢®)2 + kX3,
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5. Non-Lie symmetry, new relativity principles

5.1. Non-Lie symmetry Schrédinger equation

Let us consider the Schrédinger equation

0 pa N
(28—330 - %) u(zo, ¥) = 0. (5.1)

It is well known that the maximal (in the Lie sense) invariance algebra (5.1) is the
full Galilei algebra AG2(1,3) = (Py, Pa, Jap, Ga, D, A)

0 0
Py=i—\ Py=—i— a=1,2,3,
0 Z@xo’ Zal’o @
Jab = Tapy — ToPa, Ga = ToPa — My, (5.2)

1
D =2x0Py — xp Py, A=ux0D — I%Po + imxz

p
Operators GG, generate the standard Galilei transformations:
t =t =exp{iGuv,}texp{—iGav,} =t, (5.3)
2y — 1) = exp {iGpvp} T4 exp {—iGeve} = To + Vat. (5.4)

Let us put the following question: do symmetries which are not reduced for the algebra
(5.2) exhaust for equation (5.1)7

Answer: The Schrodinger equation (5.1) has additional symmetries (supersymmetri-
es, non-Lie, nonlocal) which are not reduced to the Galilei algebra AG(1,3) [29].
One of results in this direction is the following:

Theorem 6 (Fushchych and Seheda 1977 [28]). The Schrddinger equation (5.1) is
invariant with respect to the Lorentz algebra AL(1,3)

Jab = TaPb — ThPa, (55)
1
Joa = 5 —(pGa+Gap), p = +5+03)"/% = (-1)"2. (5.6)

It is not difficult to check that the operators (Jup, Jo.) = AL(1,3) satisfy the
commutation relations

[Jab; JOC} = Z'(gaz:JbO - gcha0)7 [JOaa JOb} = _iJab~

It is important to point out that Jy, are integral-differential symmetry operators and
generate nonlocal transformations

zq — 2l = exp {iJop Vi } T4 exp {—iJo.V.} # Galilei transform. (5.4), (5.7)
t =t =exp{io.Va}texp{—iJoVi} = t. (5.8)

Hence the operators Jy, (5.6) generate new transformations which do not coincide
with the known Galilei and Lorentz transformation. Thus we have new relativity
principle. It is defined by formulae (5.7), (5.8).
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5.2. Time is absolute in relativistic physics

The four-component Dirac equation lies in the foundation of the modern quantum
mechanics

YuP' U = m¥U(xg, x1, 22, T3). (5.9)

Here vy, are 4 x 4 Dirac matrices.
Since the time of discovery of this equation it is known that (5.9) is invariant with
respect to the Poincaré algebra AP(1,3) = (P,, J,.,) with the basis elements

.0 i
Pu = 1@7 J;(L}/) =ZTuPy — TPy + Sul/y Sw/ = 1('7//% - ’YV’YM)' (5-10)

Operators J,(ﬁ,) generate the standard Lorentz transformations

t ' = exp {ué}l%a} texp {—iJoyvs} , (5.11)

T4 — T), = exp {iJé;)vb} Tq exp{—iJocve} (5.12)

Hence, the fundamental statement follows that time ¢ € T'(1) and space & € R(3) are
the single pseudo-Euclidean space-time with the metric

s =2 — a3 — 2l — 22 (5.13)

Let us put another question: Do there exist symmetries in equation (5.10) which
cannot be reduced to the algebra AP(1,3) (5.11)7

Answer: The Dirac equation (5.9) has a wide additional symmetry (supersymmetry,
non-Lie symmetry) which cannot be reduced to the algebra AP(1,3) (5.10) [13, 29].
I shall say here briefly about one of such symmetries.

Theorem 7 (Fushchych 1971, 1974 [30, 31]. The Dirac equation (5.9) is invariant
with respect to the following representation of the Poincaré algebra

0
P = H = 50%apa +70m, PP =—i—, a=1,23, (5.14)
Oz,
i
Jéi) = ZaPb — ToPa + Sabs Sap = Z(%% — VoYa), (5.15)
@) _ 1
Jou = ToPa — =(xoH + Hz,). (5.16)

2
Thus we have two different representations of the Poincaré algebra AP(1,3) (5.10)
and (5.14)—(5.16).
The representation (5.15) and (5.16) generates nonlocal transformations
Ty — T, = exp{iJﬁ)vb}xa exp{iJéi)vc} # Lorentz transform, (5.17)

t—t = exp{iJO(g)vb}t exp{—i,]éi)vc} =t (5.18)

Thus, time does not change in relativistic physics. Time is absolute in relativistic
physics.
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There are two nonequivalent possibilities (duality) for transformations of coordi-
nates and time: Lorentz transformation (5.11), (5.12) and non-Lorentz transformation
(5.17), (5.18).

The Maxwell and Klein—-Gordon—Fock equations are also invariant under nonlocal
transformations (5.17), (5.18) when time does not change. However energy and mo-
mentum are transformed by the Lorentz law [31,32]. We have new relativity principle
(5.17), (5.18).

What is the reason of such a paradoxical statement? The reason is that the
operators JSZ) are non-Lie symmetry operators and the standard relation (S. Lie’s
theorems) between Lie groups and Lie algebras is broken.

So, physics is not equivalent to geometry and geometry is not physics. Physics is
Nature. Theoretical Physics is only a Model of Nature!

6. On some new motion equations

Some new motion equations are adduced in this section. These equations are generali-
zations of known classical equations. Symmetry of these equations has not been
investigated.

6.1. High order parabolic equation in quantum mechanics

The Schriédinger equation (5.1) is not the only equation compatible with the Galilei
relativity principle. A more general equation was suggested in [1, 2]

(AMS 4+ A2S% + -+ + X\ S™)u = A,

9 (6.1)
S=po— p_a, S?=5.8, S"=g8""15
2m
Ay A1, Ag, ..., A, are arbitrary parameters. Equation (6.1) as well as the classical

equation (5.1) is invariant with respect to the Galilei transformations but it is not
invariant with respect to scale and projective transformations.
A new equation for two particles (waves):

1
2
pour = ——paur + Vi(t,x1, @0, .., 26, w1, u2),
2m1
1 2
Pou2 = %pa+3u2 + ‘/Q(taxhx??' . ,1‘6,’11/1,11/2),
2

up = ui(t, x1,T2,23), Uz = us(t, x4, 5,26), Vi1 and Va are potentials.

6.2. Nonlinear generalization of Maxwell equations

If we assume that the light velocity is not constant [34], we can suggest some generali-
zations of the Maxwell equations

—

o —, . = —3 . 6H — — — — —
9E — rot {c(E? H? EH)HY, 5 = ~rot {c(E* H* EH)E},

div {a(E?, H2, EH)E} = 0, div {b(E2, H2, EH)H} =0,

(6.2)
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where a, b and ¢ are some functions of electromagnetic field;
aE =, = = = = - 65 — — - = = -
— =rot{c(B? D* BD)B} + j, — =rot{c(E* H*, EH)E} + 7,
ot or 9L (6.3)
OH 52 132 BRA 0B 72 732 B B
E = —rot {C(B ,D ,Bl))l)}7 E = —rot {C(E ,H ,EU]J)E?}7
MD + \0D = Fy(E? H? EH)E + Fy(E? H*>,EH)H, 6.0
AsB + M\OB = Ry (E2, H?, EH)E + Ry(E?, H2, EH)H, '
divD = p, divB =0, (6.5)

where Fy, Fy, Ri, Ry are functions of fields E and H, ¢ in equations (6.2), (6.3) can
be a function of (¢, %), ¢ = ¢(t, Z), or depend on the gravity potential V, ¢ = C(V).

Nonlinear wave equations for £ and H have form

2F . 2 ff .
88? — *AE =0, aatQ —®*AH =0,
or
°E 5 2H =
88? — A(CQE) = 07 837 — A(CQH) = O7
or
0? (1 5 ~ 0? (1 5

with one of the conditions

o () ()
¢ _§(rotﬁ)2+(rotﬁ)2

or
oct dc*
Ox* OxH
or
862 o 2 ‘*2 — = B
cum— = ANE“H* EH)F,3c”,
oz,

Co is the four-velocity of the light (electromagnetic field), c? = c,c®.
Equations of hydrodynamical type for electromagnetic field have form

aﬁ_fzal{ﬁx(E’xﬁ)}—i—ag{ﬁx(é’xﬁ)},
O g {9 x@x B} + 0 (T x ex D)},

(6.6)

(6.7)

(6.8)

(6.10)

(6.11)

(6.12)
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Cis the three-velocity of the light, where a1, as, b1, ba, R1, Rs are functions of E2
H? EH.

Maxwell’s equations in a moving frame with the velocity can be generalized in
such forms

OF OF OH OH .

— 4+ A A tH—O —— + X3V —=—— + M0t E =0

o + 1%8 + Agro ot + 3vk3xk + AqTO )
or

OFE OH OH OFE

N +)\1vka —l—)\grotH—O s +)\3vka +)\4rotE—O

with the conditions 8”’“ + g?; =

6.3. Equations for fields with the spin 1/2

Fields with the spin 1/2 are described, as a rule, by first-order equations, by the Dirac
equation. However, such fields can be also described by second-order equations. Some
of such equations are adduced below:

pupt W = Fi(P9)¥, 4y, ph¥ = Fa(PW); (6.13)
pup'¥ = Ri(Yp) ¥, (Y, O)pH T = Fo(¢n)) T, (6.14)
PuptV = Fi (), (Y, 0) (9ph0) = F3(4); (6.15)
Pup" U+ Ay p' U = F (), (6.16)

pup"V = Fyi () ¥, po¥ = {(y0W) () pr + mPUry WU
6.4. How to extend symmetry of an equation
with arbitrary coefficients?

Let us consider the a second-order equation

0%u ou
w0 g+ O

Equation (6.17) with arbitrary fixed coefficients has only a trivial symmetry (x —

+ F(u) = 0. (6.17)

¥’ =z, u — u' = u). However, if we do not fix coefficient functions a,, (), b,(x),
such an equation can have wide symmetry. E.g., if a,,, b, satisfy the equations
ou Ou
Oa,, = — 22 F 6.18
s = o Fa( (6.15)
or
ou 0%u
b, = F —, Ua, = —F s 6.19
o= PG Ou = 5By (6.19)

then the nonlinear system (6.17), (6.18), (6.19) is invariant with respect to the Poin-
caré group P(1,3). Let us emphasize that here even if we put F; = 0, F» = 0, equations
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(6.17), (6.18), (6.19) are a nonlinear system of equations. With some particular functi-
ons Fy and Fy, it is possible to construct ansatzes which reduce system (6.17), (6.18),
(6.19) to the system of ordinary differential equations.

So, considering (6.17) as a nonlinear equation with additional conditions for a,,,,
b,, we can construct the exact solution for equation (6.17). The adduced idea about
extension of the symmetry of (6.17) can be used for construction of exact solutions
for motion equations in gravity theory.

The second example of equations which have wide symmetry is

92F.5
’UH’UVW = 07 (620)
ov,

If in (6.20) v, are fixed functions the equation, as a rule, has trivial symmetry.
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Symmetry reduction and exact solutions
of the Yang—Mills equations

V.I. LAHNO, R.Z. ZHDANOV, W.I. FUSHCHYCH

We present a detailed account of symmetry properties of SU(2) Yang—Mills equations.
Using a subgroup structure of the Poincaré group P(1,3) we have constructed all
P(1, 3)-inequivalent ansatzes for the Yang—Mills field which are invariant under the
three-dimensional subgroups of the Poincaré group. With the aid of these ansatzes
reduction of Yang—Mills equations to systems of ordinary differential equations is
carried out and wide families of their exact solutions are constructed.

1. Introduction

Since Newton’s and Euler’s works, exact solutions of differential equations describing
physical processes were highly estimated. Green, Lame, Liouville, Cayley, Donkin,
Stokes, Kirchhoff, Poincaré, Stieltjes, Forsyth, Volterra, Appel, MacDonald, Weber,
Bateman, Whittaker, Sommerfeld and many other famous researchers constructed
different classes of exact solutions of linear Laplace, d’Alembert, heat, and Maxwell
equations.

Nowadays, this constructive branch of mathematical physics is not so popular as
earlier. But if one wants to have some nontrivial information on solutions of basic
motion equations in quantum mechanics, field theory, gravitation theory, acoustics,
and hydrodynamics, then the more intensive research work should be carried out in
order to develop analytical methods of solution of partial differential equations (PDE).
And what is more, unlike the mathematical physics of the 19th century, modern
mathematical physics is essentially nonlinear. It means that all principal equations
of modern physics, biology and chemistry are nonlinear. This fact complicates very
much the problem of constructing their exact solutions (see, e.g. [1] and references
therein).

Up to now, we have comparatively few papers devoted to construction of exact so-
lutions of nonlinear multi-dimensional d’Alembert, Maxwell, Schrédinger, Dirac, Max-
well-Dirac, Yang—Mills equations. Whereas, a huge amount of papers and monographs
are devoted to construction of exact solutions of equations for gravitational field. It
is difficult even to estimate the number of papers and monographs, where the soliton
solutions of the one-dimensional nonlinear KdV, Schrédinger and Sine-Gordon equa-
tions are studied. We are sure that the above mentioned equations should deserve
much more attention of researchers in mathematical physics.

With the present paper we start a series of papers devoted to construction of new
classes of exact solutions of the classical Yang—Mills equations (YME) with the use of
their Lie and non-Lie symmetry. Here we study in detail symmetry reduction of YME
by Poincaré-invariant ansatzes and obtain wide families of its exact Poincaré-invariant
solutions.

Reprinted with permission from J. Nonlinear Math. Phys., 1995, 2, Ne 1, P. 51-72
© 1995 Mathematical Ukraina Publisher
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By the classical YME, we mean the following nonlinear system of twelve second-
order PDE:

9,0" A, — 019, A, +e[(0,4,) x A, —2(8,A,) x A, + (8"A,) x A”] +

1.1

+€2ADX(AV x A,) =0. (L.1)
Here 0, = 81 , v = 0,3, e = const, A = A u(zo, 21,22, x3) is the three-compo-
nent vector—potentlal of the Yang—Mills ﬁeld (called for brevity, the Yang—Mills field).
Hereafter, the summation over the repeated indices p, v from 0 to 3 is understood.
Raising and lowering the vector indices is performed with the aid of the metric tensor

1, w=v=0,
Guv = _17 M:V:172a35
0, p#v

(i.e. 0" = g.,0,).

It should be said that there were several reviews devoted to classical solutions
of YME (see [2] and the literature cited there). But, in fact, symmetry properties of
YME were not used. The solutions were obtained with the help of ad hoc substitutions
suggested by Wu and Yang, Rosen, 't Hooft, Corrigan and Fairlie, Wilczek, Witten
(for more detail, see [2]).

The structure of our paper is as follows. In the second Section we give all necessary
information about symmetry properties of YME and about a solution generation
procedure by virtue of the finite transformations of the symmetry group admitted
by YME. In Section 3 we construct P(1, 3)-inequivalent ansatzes for the Yang—Mills
field invariant under the three-parameter subgroups of the Poincaré group. Section 4
is devoted to reduction of YME to systems of ordinary differential equations (ODE).
Integrating these in Section 5 we construct multi-parameter families of exact solutions
of YME. In Section 6 we consider some generalizations of the solutions obtained and,
in particular, construct the generalization of Coleman’s solution.

2. Symmetry and solution generation
for the Yang—Mills equations

It was known long ago that YME are invariant with respect to the group C(1,3) ®
SU(2), where C(1, 3) is the 15-parameter conformal group having the following gene-
rators:

P, =0,,

Jop =290 — 2P0, + A‘m@Ag — A“ﬁﬁAg,

D = zuau - AzaAz,

Ky =22"D — (2,2")0, + 242,045 — 2A72" 04,

(2.1)

and SU(2) is the infinite-parameter special unitary group with the following basis
generator:

Q= (sabcAch(x) + e_laﬂw“(x))aAz. (2.2)
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In (2.1), (2.2) Oas = 6%, w®(z) are arbitrary smooth functions, 4. is the third-
order anti-symmetrical tens#or with €123 = 1. Hereafter, summation over the repeated
indices a, b, ¢ from 1 to 3 is understood.

But the fact that the group with generators (2.1), (2.2) is a maximal (in Lie’s sense)
invariance group admitted by YME was established only recently [3] with the use of
a symbolic computation technique. The only explanation for this situation is a very
cumbersome structure of the system of PDE (1.1). As a consequence, realization of
the Lie algorithm of finding the maximal invariance group admitted by YME demands
a huge amount of computations. This difficulty had been overcome with the aid of
computer facilities.

One of the remarkable possibilities provided by the fact that the considered equati-
on admits a nontrivial symmetry group gives the possibility of getting new solutions
from the known ones by the solution generation technique [1, 4]. This technique is
based on the following assertion.

Lemma. Let
), = ful,u,7), p=0,n-1,
ul, = go(x,u,7), a=1,N,
where 7 = (11, T2, . . . , ) be the r-parameter invariance group of some system of PDE

and Ug(z), a = 1, N be its particular solution. Then the N-component function u,(x)
determined by implicit formulae

Uaf(2,u, 7)) = ga(z,u,7), a=1,N (2.3)

is also a solution of the same system of PDE.

To make use of the above assertion we need formulae for finite transformations
generated by infinitesimal operators (2.1), (2.2). We adduce these formulae following
1, 2].

1. The group of translations (generator X = 7,P,)

r_ dr _ 4d
T, =z, + 7, A = A

2. The Lorentz group O(1,3)
a) the group of rotations (generator X = 7J,p)
xy=0, z.==x., c#a, c#b,
Xl = x4 co8T + TpSinT,
T} = TpCOST — Ty SinT,
Al =Ad, AY = Al c#a, c#b,
A = AdcosT + AlsinT,
A = Ad cosT — Adsin T,
b) the group of Lorentz transformations (generator X = 7.Jy,)

xh = T cosh T + x4 sinh 7,

x), = xrqocoshT +zosinht, ), =z, b#a,

Al = Ad cosh T + A sinh 7,

Ad = Alcosht + Adsinhr, AY =Ad, b+#a.
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3. The group of scale transformations (generator X = 7D)
r T dr _ Ad _—7
r,=zue’, A =Aje .

4. The group of conformal transformations (generator X = 7,K,,)
x:t = (xﬂ - Tﬂxny)Uil(x)a
Az’ = [go(x) + 2(x, T — 2,7, + 270 2T, 2, — To@* T, Ty — TQTQZEMZEV]AdU.

5. The group of gauge transformations (generator X = Q)

T, =y,
Az’ = AZ cosw + edbcAb n°sinw + QndnbAZ sin? % +
-1 1 d . by, c
+e n“o,w + = (8 n )smw + €apc(0un’)n

2

In the above formulae o(z) = 1 — 742 + (7,7%) (z52"), n® = n®(z) is a unit vector
determined by the equality w®(z) = w(z)n(x), a = 1, 3.

Using the Lemma it is not difficult to obtain formulae for generating solutions of
YME by the above transformation groups. We adduce them omitting derivation (see
also [3]).

1. The group of translations

AZ(x) = uZ(:v + 7).
2. The Lorentz group
Aﬁ(x) = a,ul(ax, bz, cx, dr) + byut(az, br, cx, dr) +
+ c ud(az, bx, cx, dz) + dyui(az, b, cz, dz).
3. The group of scale transformations
diN _ 7..d
Al (z) = eTuy (weT).
4. The group of conformal transformations
AZ(:U) = [guo ' (z) + 20*2(:5)(:%7',, — Ty Ty + 2Tax T, —
— T0®T, Ty — TaT,w,)Ju®™ (2 — T(z02®))o 1 (2)).
5. The group of gauge transformations

Aﬁ (z) = ui cosw + 5dbcub nfsinw + Qndnbuz 51112 3 +

+et |2 d@ w+ = (8 n®)sinw + gpe(9,n")n°

Here uﬁ(:r) is an arbitrary given solution of YME; Aﬁ(m) is a new solution of YME;
T, T, are arbitrary parameters; a,, by, ¢, d,, are arbitrary parameters satisfying the

equalities
aygat = —b,b# = —c,ct = —d,d" =1
a,b* = a,ct = a,dt = byt = b,dt = c,dt = 0.
Besides that, we use the following designations: z + 7 = {z, + 7., 0 = 0,3},
ar = a,r".
Thus, each particular solution of YME gives rise to a multi-parameter family of
exact solutions by virtue of the above solution generation formulae.
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3. Ansatzes for the Yang—Mills field

A key idea of the symmetry approach to the problem of reduction of PDE is a special
choice of the form of a solution. This choice is dictated by a structure of the symmetry
group admitted by the equation under study.

In the case involved, to reduce YME by N variables one has to construct ansatzes
for the Yang-Mills field Af(x) invariant under N-dimensional subalgebras of the
algebra with the basis elements (2.1), (2.2) [1, 5]. Since we are looking for Poi-
ncaré-invariant ansatzes reducing YME to systems of ODE, N is equal to 3. Due
to invariance of YME under the Poincaré group P(1, 3), it is enough to consider only
subalgebras which can not be transformed one into another by group transformati-
on, i.e. P(1,3)-inequivalent subalgebras. Complete description of P(1,3)-inequivalent
subalgebras of the Poincaré algebra was obtained in [6] (see also [7]).

According to the classical symmetry approach, to construct the ansatz invariant
under the invariance algebra having the basis elements

Xo = Eap(, A)D, + ngu(m,A)aAz, a=1,3, (3.1)

where A = {Af,a =1,3, 1 = 0,3}, one has

1) to construct a complete system of functionally-independent invariants of the
operators (3.1) Q = {w;(z, A),i =1,13};

2) to resolve relations

Fj(wl(m,A),...,wlg(x,A)) :0, ] = 1,13 (32)

with respect to the function Aﬁ.
As a result, one gets the ansatz for the field Af,(z) which reduces YME to the
system of twelve nonlinear ODE.

Note. Equalities (3.2) can be resolved with respect to Aﬁ, a=1,3, p=0,3if the
condition

rank [[éau (@, A)ll5_, 20 =3 (3-3)

a=1 pu=0 =

holds. If (3.3) does not hold, the above procedure leads to partially-invariant solu-
tions [5], which are not considered in the present paper.

In [1, 4] we established that the procedure of construction of invariant ansatzes
could be essentially simplified if coefficients of operators X, have the following struc-
ture:

Eau = Sau (I)a 7]2,/1, = ngw(l')Ai (34)

(i.e. basis elements of the invariance algebra realize the linear representation). In this
case, the invariant ansatz for the field Af,(z) is searched for in the form

Aji(z) = Qi (2) By (w(@)). (3.5)

ab

, Qf, (x) are particular solutions

Here BY(w) are arbitrary smooth functions and w(x)
of the system of PDE

fauwwu =0, a= 17—37

(Eaual/ - pgcua) ;dﬁ = 07 :u = 737 a7b7d = 173

(3.6)
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Basis elements of the Poincaré algebra P,, J.s from (2.1) evidently satisfy the
conditions (3.4) and besides the equalities

ﬂgu = pa;w(x)A?n a,b=1,3, pu=0,3 (3.7)

hold.

This fact permits further simplification of formulae (3.5), (3.6). Namely, the ansatz
for the Yang—Mills field invariant under the 3-dimensional subalgebra of the Poincaré
algebra with basis elements of the form (3.1), (3.7) should be looked for in the form

A} = Quu(x) By (w(x)), (3.8)

where BY(w) are arbitrary smooth functions and w(z), Q.. () are particular solutions
of the following system of PDE:

fapWs, =0, a=1,3, (3.9)

gaaaaQ;w - pa,uonal/ = 0; a = 1a_3a m V= 07 3. (310)

Thus, to obtain the complete description of P(1,3)-inequivalent ansatzes for the
field Af(z) invariant under 3-dimensional subalgebras of the Poincaré algebra, one
has to integrate the over-determined system of PDE (3.9), (3.10) for each P(1,3)-
inequivalent subalgebra. Let us note that compatibility of (3.9), (3.10) is guaranteed
by the fact that operators X, X5, X3 form a Lie algebra.

Consider, as an example, the procedure of constructing ansatz (3.8) invariant under
the subalgebra (P, Py, Jo3). In this case system (3.9) reads

Wg, =0,  wg, =0, ToWgy + T3Wgy = 0,
whence w = 2% — 22.
Next, we note that coefficients p1,,,,, p2,. of the operators P;, P, are equal to zero,
while coefficients pgz,, form the following (4 x 4) matrix

0 0 0

1

5 _Jloo oo
”pSNVH;L,u:O_ 00 0 0
1 0 0 O

(we designate this constant matrix by the symbol 5).
With account of the above fact, equations (3.10) take the form

Q11 = 07 sz = 07 ZL‘OQCU;:, + $3Qw0 - SQ = 07 (311)

where Q = ||QN,,($)||2,V:O is a (4 x 4)-matrix.

From the first two equations of system (3.11) it follows that Q@ = Q(x¢,x3). Since
S is a constant matrix, a solution of the third equation can be looked for in the form
(see, for example, [4])

Q = exp {f(zo,23)S}.
Substituting this expression into (3.11) we get

(X0 fus +23f2s — 1 exp{fS} =0
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or, equivalently,

mofacg + -r?)fxo =1,

whence f = In(zg + z3).
Consequently, a particular solution of equations (3.11) reads

Q = exp {In(zo + x3)5}.

Using an evident identity S = S we get the following equalities:

Q= (n) " (In(zo + x3))"S" =

n=0
=TI+ S[n(zo + z3) + (3) " t(In(we + 23))3 + - -] +

+ S52[(2) " (In(zo + 23))% + (4) " (In(zo + 23))* + -] =
= I+ Ssinh(In(zo + 23)) + SQ(COSh(ln(.’EO +z3)) — 1),

where I is a unit (4 x 4)-matrix.
Substitution of the obtained expressions for functions w(zx), Q. (x) into (3.8) yi-
elds the ansatz for the Yang-Mills field Af(z) invariant under the algebra (Py, P», Jo3)

A% = B§(23 — 23) coshIn(zg + x3) + BS (23 — 23) sinh In(xg + 23),
A} = Bi(z§ — 23), A§ = Bj(af — 23), (3.12)
A% = B§(x3 — x3) coshln(zo + x3) + Bg (23 — x3) sinh In(zo + x3).

Substituting (3.12) into YME we get a system of ODE for functions Bj;. If we will
succeed in constructing its general or particular solutions, then substituting it into
formulae (3.12) we get an exact solution of YME. But such a solution will have an
unpleasant feature: independent variables ,, will be included into it in asymmetrical
way. At the same time, in the initial equation (1.1) all independent variables are on
equal rights. To remove this defect one has to apply solution generation procedure
by transformations from the Lorentz group. As a result, we will obtain an ansatz for
the Yang—Mills field in the manifestly-covariant form with symmetrical dependence
on x,.

In the same way, we construct the rest of ansatzes invariant under three-dimen-
sional subalgebras of the Poincaré algebra. They are represented in the unified form

Al (z) = {(apay, — dydy) cosh Oy + (d,a, — dyay,)sinh 6 +
+ 2(a, + d,,)[(01 cos O3 + 02 sin 03)b,, + (62 cos 3 — 0y sinbs)c, +
+ (02 + 63)e=%(ay, +d,)] + (buc, — byc,,)sinfs —
— (cucy + buby) cos B3 — 2% (01b,, + Bac,,) (a, + d,)} BY (w).

(3.13)

Here 6, 1 = 0,3, w are some functions whose explicit form is determined by the
choice of a subalgebra of the Poincaré algebra AP(1,3).

Below, we adduce a complete list of 3-dimensional P(1, 3)-inequivalent subalgebras
of the Poincaré algebra following [7]

Ly = (PR, P, P»); Ly = (P1, P, Ps);
L3 = (Py + P3, P1, P); Ly = (Jo3 + aJr2, P1, Pa);
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Ls = (Jos, Py + Ps3, P1);
L7 = (Joz + P1, Po + Ps3, P2);
Lg = <J12 + Po,Pl,P2>;
Ly = (Jio+ Py — P3, P, Py);
L13 = (G1+ P, Py + P3, P1);

<G1+P0—P3,P0+P3,P1+C¥P2>
L17 = (G1+P,,Go—P,+aP, Py+Ps); L
L19 = (G1, Joz, Po + P3);

= (G1,Joz + P1 + aPs, Py + Ps3);
L23 = (G1, Py + Ps3, P1);

= (Jos, Po, P3);

=

Here G; = Jo; — Jiz (i = 1,2), a € R.

LG = (Jo3 + P1, Py, Ps);
= (J12 + aJosz, Py, Ps);
= (Ji2 + P3, Py, Py);
= (G1, Py + P3, P, + aPy);
L1y = (G1+Py—Ps, Py+ Ps3, Py);
= (J12, Jos, Po + P3); (3.14)
= (Jo3, G1, Po);
L20 = (G1, Jos + P2, Py + P3);
= (G1,Ga, Joz + aJia);
L24 = (J12, P1, P2);
Lag = (J12, J13, J23);

Ansatzes for the Yang-Mills field Af(z) are of the form (3.13), functions 0,,(x),
u = 0,3, w(x) being determined by one of the following formulae:

Li: 0,=0, w=dzr; Ly: 0,=0, w=ax; L3z: 0,=0w=Ekx;
Ly: 6Op=—Inlkz|, 01 =02=0, 03=alnlkz], w=(ax)?— (dz)%
Ls;: Gp=—-Inlkz|, 61=02=05=0, w=cx;
L62 00:71750, 91:02:9310, w = Cx;
L7Z Hoz—bx, 91:92:93:0, w:bx—ln\kx\;
Lg: 0y = aarctan(bz(cz)™t), 6; =0,=0,

03 = —arctan(bz(cr)™t), w = (bx)? + (cx)?;
Ly: 6g=0,=0,=0, 03=—ax, w=dx;
LlO 90 :91 :92:0, 93 :dl‘7 w = ax;

1
L11 00:91 :92:0, 03:—§k$, w:ax—d:r;
1
L Op=0, 60 =—(bx—acx)kz)™!, 6,=03=0, w=ka;
i 0 L= 5 Jka)™, 0y =0y o)
L13 90 = 92 = 93 = 0, 91 = %CZL‘7 w = k’z;
Lis: 0p=0=03=0, 0= —ikx, w = 4bx + (kx)?;
1

Lis: O0p=0,=0;=0, 6= —ka, w = 4(abx — cx) + a(kr)?;
Lig 0p=—1In \ksc\, 0, =0,=0, 03= farctan(bx(c:r)*l),

w = (bx)? + (cx)?;

1
Liz: 6p=03;=0, 6= 5(633 + (a + kx)bz) (1 + kx(a + kx))
1

0y = —i(bx —cxkx)(1 + kx(a + kx)) ™, w = kr;
Lig: 6p=—Inlkz|, 6= §bm(lm‘)_1, 0y =03 =0,

w = (ax)? — (bx)? — (dz)?;
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Lig: 0p=—1Inlkz|, 6, = bx(kx)™, 60y=03=0,w=-ca;

—N| =

Ly : 0p=—Inlkz|, 6 = <bx(kx)™, 60y =03=0, w=Inlkz|— cz;

— DN

Loi: 0p=—1Inlkz|, 6, = =(bx —1Inlkz|)(kz)™!, 60y =05=0,

[\]

w = aln kx| — cx;

—

1
Los: 6p=—Inlkz|, 6= §bx(k;x)_1, 0y = —cx(kx)™?,
03 = alnlkz|, w= (ax)* - (bx)* — (cx)? — (dz)>.

NN

Here ax = a,z#, br = b2, cx = ¢y, do = dya”, p= 0,3, kx = ax + du.
Note. Basis elements of subalgebras Log, Lag, Las, Lag, Loy do not satisfy (3.3). That

is why, ansatzes invariant under these subalgebras are partially-invariant solutions and
are not considered here.

4. Reduction of the Yang—Mills equations

In order to reduce YME to ODE it is necessary to substitute ansatz (3.13) into (1.1)
and convolute the expression obtained with Q% (x). As a result, we get a system of
twelve nonlinear ODE for functions B%(w) of the form

Ky BY + 1,y BY + My BY + €gBY x BY + ehy B x BY + (41)
+e2B, x (B" x B,) =0.

Coefficients of the reduced ODE are given by the following formulae:

kuy = gurnFr — GuGy,  luy = guy Fo + 25,y — GuH, — Gudvv

My = Ryy — Gquv Guvy = JuryGv + 9oy G — 29,0 G, (4.2)

Py = (1/2)(9ur Hy = gp Hy) — Thnrys
where g, is a metric tensor of the Minkowski space R(1,3) and Fy, F>, G, ..., Ty
are functions on w determined by the relations

Fy = wy, wen, Fo=0w, Gu=QauWsz,, H,=CQupz,;

S,uu = QﬁQaumgwxﬂ> R;w = QzDQauv (4'3)

Tuu'y = Q,(anuzﬁ Qﬁw + QgQavzg QBM + QgQaMﬁ Qﬁv-

Substituting functions @, (x) from (3.13), where 6, (z), w(x) are determined by
one of the formulae (3.15) into (4.2), (4.3) we obtain coefficients of the corresponding
systems of ODE (4.1)

Ly Byy = =guy = dpdy, Ly = myy =0,
Guvy = GuvAy + Gunydy — 2Gu0dy,  hpwy = 0;

Lo Kuy = Guy = @uty; Ly = myqy =0,
Guvy = Guyw + Guy @y — 2Gu0ay,  hywy = 0;

Ly kyy=—kuky, lpy =muy =0, Guuy = Guykv + Gurky — 290k,
Ry = 0;
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L4Z

L6Z

Ly

L91

by = 49w — apay (w + 1)? = dydy (w — 1) = (audy + aydy,)(w? - 1),
by = Hgpy + albucy — cuby)) — 2ky(ay — dy + kyw),  myy =0,
Gy = €(Gur(ay — dy + kyw) + gury(ay — dy + kpw) —
- zguu(av —dy+ k’Yw))a
P~y = %[gu’yku — Guvky] + ael(bucy — cuby)ky + (bucy — by )y +
+ (byu — eybu)ku;
Kuy = =Guy = Culys  luy = —€cuky, myy =0,
Gy = GunCo + GunCp = 20 Cys Py = %(g,wku — Guwk);
Kuy = =Gy = €uys by =0,
Myy = —(apay — dudy),  Guuy = GuyCo + GunCu — 29u0Cys
huvy = =[(apdy — avdy)by + (avdy — aydy )by + (aydy — audy)by;
Ky = =guy — (b — €kp)(by — €ky),  Luy = —2(apdy — aydy),
Muy = —(apay — dydy),
Guvy = Guy(by — €ky) + gur (b — €kp) — 29, (by — €ky),
huvy = =[(apdy — aydy)by + (avdy — aydy )by + (aydy — audy)byl;
kuy = =4w(guy + cucy);  luy = —4(guy + cucy),
Myy = _%(0‘2(@#“7 = dyudy) + buby),
Gy = 28/ 0(Gr o + GunCu — 20u0C4),
Py = ﬁ(gwcv — GuvCy) + \/—(( vdp)by +
+ (avdy — dyay )by, + (aydy — audy)by);
kuy = =Guny = dudy, 1y =0,
Myy = buby + Culys  Guvy = Guydy + Goydy — 2940 d-,
hywy = ay(bucy — cuby) + ap(bucy — cuby) + ay(bycy — cybp);

kuy = guy — apay,  luy =0,

Myy = —(buby + ¢ucy)s  Guuy = Gury@u + Goyap — 2Gu0 0,
Py = =[dy(bucy — cuby) + dy(bucy — euby) + du(byey — cyby)l;
kuy = —(ap — du)(ay —dy), Ly = =2(bucy — cuby),  myy =0,

Guvy = g/ry (ay —dy) + guy(ap — dy) = 29 (ay — dy),
Ry = 3k (bucy — €uby) + kpu(buey — cuby) + ki (bycp — eyl

a2

1
kuy = =kuky,  luy = _Ekukw Muy = _Ekuk/’w
uvy = g/wku + guvku - 2guukv7
1
Py = %(gwkv - gwk"/) +
@
+ E((kubv — kubu)ey + (kuby = kyby)cy + (kyby — kuby)ey);
kuy = =kuky,  luy =0, muy = —kyuksy,

Guvy = Guvkv + Guykp — 29k, By = —((kuby — kuby)ey +



Symmetry reduction and exact solutions of the Yang-Mills equations

341

+ (kuby — kyby)ey + (kyby — kuby)cy);
Lig: kyy = =16(guy +budy), Ly = My = hywy =0,
Guvy = HGurbu + Guryby — 29,004 );
Lis: kuy =—16[(1 + az)guv + (cu — aby)(cy — aby)],
Ly = myy = hypy =0,

Gy = —Aguy (v — aby) + guy(cp bu) — 29 (cy — aby)];
Lig: kuyy=—4w(guy + cﬂcv), lyy = 4(9w + cucy) — 2ekycp/w,

1
mu'y = _Ebub’ya guu’y = 2\/6(9;1761/ + gl/"/cu - 29uuc'y)7

1 1
Py = §[€(gwkv — Guvky) + ﬁ(gwcu — Gury)l;

2w+ o
Lzt kyy = —kuky, Ly = _mkuk%

Myy = 74k#k’7(1 + w(a + w))72ﬂ Guvy = g,u’yku + gy'ykp

Py = %(O‘ + 2w) (kv — guvky) (1 +w(a + w)) -

21 + w(w + a))*l((k#by —kybu)ey + (kuby — kyby)e, +

+ (kyby — kuby)ey);
Lig: kuy = 4wguy — (kpw + ay — dy) (kyw + ay — dy),

- QQ,uuk’y;

iy = 69~y + 4(apdy — aydy,) — 3k (kpw +ay —dy),  muy = —kuky,

vy = €(guy(kyw + ay — dy) + oy (kpw + ay —d,) —
=29 (kyw + ay — dy)),
hpu'y = E(gu'yku - g;wk'y);
Lig: kuy = —guy — CuCy,  luy = 2€kycy,  myuy = —kuky,

Guvy = GurCv + GuyCp — 29#1/077 huuw = e(gu'yku - g;wkw);
Loo:  kuy = —guy — (cu — €kp)(cy —€ky), Ly = 2€kycp — 2k ks,

My = —kpuky,
Guvy = g;w(eku —c)+ guv(eku - Cu) - QQMV(Gk'Y - CV)?
Py = €(Gurky — guuky);

Lov: kyy = —guy — (e — ceky)(cy — aeky), Ly = 2(ekycy —

Myy = —kyuky,

Guvy = —Gury (v — aeky) — guy (¢ — aeky) + 29, (cy — aeky),

Py = €(Gurky — Guvky);
Ly i kyy = 4wgyuy — (ay — dy + kyw)(ay — dy + kyw),
luy = 412y + a(bucy = cuby) — apay + dudy — wkyky ),
myy = —2k,k,,
Guvy = €(Guy(ay — dy + kyw) + guy (ay — dy + kpw) —
= 29 (ay — dy + kyw),

3e
huu’y = ?(gu'yku - gqu’Y) - ea[k’Y(chV - CubV) +

+ ku(bycy — cuby) + ku(bycy — cyby)l;

where k, = a, +d,, e =1 for ax + dx > 0 and € = —1 for az + dz < 0.
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5. Exact solutions of the Yang—Mills equations

When applying the symmetry reduction procedure to the nonlinear Dirac equation,
we succeeded in constructing general solutions of a large part of reduced systems of
ODE. In the case involved we are not so lucky. Nevertheless, we obtain some particular
solutions of equations (4.2), (4.4).

The principal idea of our approach to integration of systems of ODE (4.2), (4.4)
is rather simple and quite natural. It is a reduction of these systems by the number
of components with the aid of ad hoc substitutions. Using this trick we construct
particular solutions of equations 1, 2, 5, 8, 14, 15, 16, 18, 19, 20, 21, 22 (a = 0).
Below we adduce substitutions for Eu (w) and corresponding equations.

1. éu = a,€1 f(w) + buéag(w) + cu€3h(w),
f =+ 0 =0, G+E(f2=h%g=0, hte(f =g )h=0.

F+e(g®+h2)f =0, G+e2(f2+h%)g=0, h+e*(f>+g*)h=0.
+bulag(w), f—e2g’f=0,G=0.

82. B, =a,éf(w)+d,erg(w)+byezh(w),
2

. . 2ae
4 Af — —fF—"Zgh -2+ ¢*)f =0
wf +4f wf \/Eg e“(h"+g°)f =0,
o? 2ae
Qwi+4G+ —g+ —=fh+e2(f2=h%)g=0
w§ + g+w9+ﬁf +e*(f )g =0,
4wﬁ+4h—w_1h+%fg—l—eQ(]d—gg)h:O
Vw '
141, B, = a,éi f(w) + duéag(w) + cuf3h(w), (5.1)

16f —e2(h2 +¢2)f =0, 16§+ e(f> - h?)g =0,
16 + €2(f2 — g®)h = 0.

—

142, By = kué1 f(w) + cuéag(w), 16f —e?g*f =0, = 0.
15.1. B, = a,é f(w) + duéag(w) + (1 + a?) "% (ac, + b,)@h(w),

16(1+a2)f —e2(h2+¢2)f =0, 16(1+ a?)j+e2(f2 —h2)g =0,
16(1 + o®)h + €2(f2 — g*)h = 0.
15.2. B, = kué1f(w) + (1+a2)~% (ac, + by)ég(w),
16(1+a2)f —e2fg> =0, §=0.
16. B, = kué1f(w) + buéag(w),
4wf—|—4f—62g2f=0, dwi+4g—wlg=0.
18. EM = b€ f(w) + cuéag(w),

dwf+6f +e2g2f =0, 4wj+ 69+ e2f2g = 0.

19. B, = k& f(w) +buéag(w), f—e*gf =0, §=0.
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20. By = kuéi f(w) + budag(w), f—e*¢?f=0, §=0.
21, By = k@1 f(w) + bubag(w), f—e*g?f =0, §=0.
22. (a=0) B, = b,& f(w) + c,éag(w),

dwf+8f +e2g®f =0, 4wj+8g+e*f2g=0.

In the above formulae we use designations €; = (1,0,0), €& = (0,1,0), &5 = (0,0, 1).

Thus, combining symmetry reduction by the number of independent variables and
reduction by the number of dependent variables we reduce YME to rather simple
ODE. It is worth reminding that effectiveness of the widely used ansatz for the Yang—
Mills field suggested by t'Hooft et al [2] is closely connected with the fact that it
reduces the system of twelve PDE to one nonlinear wave equation.

Next, we will briefly consider a procedure of integration of equations (5.1).

Substitution f =0, g = h = u(w) reduces the system of ODE 1 from (5.1) to the
equation

i = e®u®, (5.2)

which is integrated in elliptic functions [8]. Besides that, ODE (5.2) has a solution
which is expressed in terms of elementary functions u = v/2(ew — C)™!, C € R.

ODE 2 with f = g = h = u(w) reduces to the form i + 2e?u® = 0.

This equation is also integrated in elliptic functions [8].

Integrating the second equation of system of ODE 5 we get g = Ciw + Co,
C; € R If C; # 0, then the constant Cy can be neglected, and we may put Co = 0.
Provided C; # 0, the first equation from system 5 reads

f—e*C?uwif =o. (5.3)

A general solution of ODE (5.3) is given by formula f = wl/zZ% (Ciw?).

Hereafter, we use the designation Z,(w) = C3J,(w) + C4Y, (w), where J,, Y, are
Bessel functions, C5, Cy are arbitrary constants.

In the case C7 = 0, Cy # 0 a general solution of the first equation from system 5
reads f = C3cosh Cyew + Cy4 sinh Coew, where C3, Cy are arbitrary constants.

At last, provided C; = Cy = 0, a general solution of the first equation from
system 5 has the form f = Csw + Cy4, C3,C, € R

A general solution of the second ODE from system 8.1 is of the form g = C1y/w +
Co(y/w) ™Y, where C;, Cy are arbitrary constants.

Substituting the expression obtained into the first equation we get

4w f + dwf — 2 (Crw + Co)%f = 0. (5.4)

Under Cy,C5 # 0 a solution of ODE (5.4) is not known. In the remaining cases
its general solution reads

a) C1#0, Cy=0 fzzo[gclw},

eC eCy
2

b) C1=0, Co#0 f=Csw 2 +Cuw 2,
C) 0120, 02:0 f:C'3lnw—|—C'4.

Here C3, C4 are arbitrary constants.
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We do not succeed in obtaining particular solutions of system 8.2. Equations 14.1
coincide with equations 1, if one changes e by 7- Similarly, equations 14.2 coincide
with equations 5, if one changes e by i. Next, equations 15.1 coincide with equations 1
and equations 15.2 — with equations 5, if one replaces e by (1 + 042)’%.

System of ODE 16 coincides with system 8.1 and systems 19, 20, 21 — with
system 5. We did not succeed in integrating equations 18.

At last, system 22 (o = 0) with the substitution f = g = u(w) reduces to the form

2

wii + 20+ %u3 =0. (5.5)

ODE (5.5) is Emden-Fowler equation and the function v = e w2, is its parti-
cular solution.

Substituting the results obtained into corresponding formulae from (5.1) and then
into the ansatz (3.13), we get exact solutions of the nonlinear YME (1.1). Let us
note that solutions of systems of ODE 5, 8.1, 14.2, 15.2, 16, 19, 20, 21 satisfying the
condition g = 0 give rise to Abelian solutions of YME. We do not adduce them and
present only non-Abelian solutions of YME.

1. /Tu = (b, + E3¢,)V2(edz — \) 7L

-1
Asn <\/—§e)\dx> dn (ﬁe)\dxﬂ [cn <\/—§e/\d:c>] ;
2 2 2

Exb,, + €3¢, )Aen (eddz)] ™Y

€1b, + €rc,, + ezd,) A en (edax);

2. A',u = (ggb# + 536#)

A, =
- . _ 7 .
5. A, = éikukx| 1\/@Z% |:§6)\(C.T)2:| + @by Aex;

—

6. A, = eik,|kx| [\ cosh(edex) + Mg sinh(edex)] + Exb,\;

—

7. A, =ék,Z {%‘e)\((bx)z + (csc)z)} + éx(bycx — ¢, bx) A
8. A, =&k M((b2)? + (e2)®) T + ho((ba)? + (ca)?) ™ F] +
+ & (bucx — ¢, br)A((bx)? + (cx)?)
9. /TM =|éy (%(du — ku(kx)Z) + %bukx) + €3CM:| Asn (#)\(41)33 + (kx)2)> X
—1
x dn (%)\(46:1: + (kx)2)> <cn (%A(Zﬂ)x + (kx)2)>> ;

10. A, = [52 (%(d# — ky (kx)?) + %bﬂm) + ggc#} x
XA [cn (e\? (4bz + (m)Q))] h :

o 1 1
11. A, = [é’g (g(du — k(kx)?) + §bukx> + é’gcu} X

X 4v/2(e(4bx + (kx)?) — A) 7L
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12. A, (%(41}&0 + (kx)2)2> + Esc, A(4bx + (kx)?);

=

érk,\/4bx + (kx)2Z
- . e 9
13. A, =€k, | A1 cosh Z(4bx + (kx)%) | +

A
+ Az sinh (%(4()&0 + (kx)Z))> + éreu;

bx

o 1 1
14 A.U‘ {52 (d’u — gku(kx)Q — 5?)“]{31‘) =+

=

1
+é3 (acu +b,+ §k‘ukx> (1+a?)”

X Asn [6)2/5(4(041)30 —cx) + a(kz)?) (1 + a2)_%] X
x dn [6)\8\/5(4(abx —cx) + a(kz)?)(1 + a2)_5] X

Nl

X {Cn le)\f (4(abz — cx) + a(kx)?) (1 + a?)~

I

- 1 1
5. A, = {52 (du - gk‘u(k‘x)Q - §buk‘w> +
+ €3 (acu +0b,+ %k#kx> (1+ 042);} X
6)\ 1 -1 (56)
X {cn {1(4(abx —cx) + alkz)?)(1 + a2)2] } ;
R . 1 , 1
16. AN = 4 €2 d# — gk’u(k’]}) — ibukl’ +

+é; (acu +0b,+ %kukx> (1+ 042)_5} X
x 4V2(1 + o2) % [e(4(abx — cz) + akz)?)] ™Y
17. A, = €1k“{\/4(osz —cx) + a(kx)? x

X Z1 <%(4(ozbm —cx) + a(kz)?)?(1 + az)%) }+

1
+é (acu +0b,+ §k‘uk‘x> M4(abx — cx) + a(kz)?)(1 + 042)_%;

1

18. A, = é’lk‘u{)\l cosh [%(1 + a2)_%(4(abx —cx)+ a(k:x)Q)] +
. e 2y — 41 2
+ Ao sinh I(l + o) 2 (4(abz — cx) + a(kz) +
- 1 2y — 1
+é | ac, + b, + 5]{7”]6‘:6 Al 4+ a®) 72

19. &, = éblbal 20 |5 (00 + (c0))| + ea(buco — bk
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20. A, = & kulkz| " A ((b2)? + (cx)®) P + Ao((b)? + (cx)?) ™ F] +
+ & (bpcx — ¢ bz) A ((bz)? + (cx)?) ™

21. A, = éikylka| " VerZ, <?(caz)2) + & (by — kubx(kx) ™) Aex;

22. = €1ky| kx| [A1 cosh(Xecz) + Ao sinh(Necx)] + €x(b, — kubx(kx) 1)\

A,
23. A,

e
= &1k, kx|~ /In kx| — cxZy (%(1n|k:x| - cm)Q) +
+ & (b, — kubz(kz) )X (In |kz| — cx);
24. A, = & k,|kz|" A1 cosh(Ae(In |kz| — cx)) + g sinh(Ae(In kx| — cx))] +
+ &(by, — kubr(kx)H)A;

- e\
25. A, = éikylkz|" ' a |kz| — cxZy (%(aln |kx| — cx)Q) +

+ &(by, — k(b — In [kx|) (kx) ") Mo ln [kz| — cz);
26. /_f# = &1k, kx| [\ cosh(Ne(aIn kx| — cx)) +
+ Agsinh(Ae(aln kx| — cx))] + €2(b, — K, (bx — In |kz|) (kz) 1)\
27. A, = {&(b, — kubx(kz) ™) + Ex(cy — kyca(kz) ™) e (w,a") "2
28. A, = {&1(b, — kubr(kx)™Y) + @(c, — kuex(kz) ™)} f(zuzh),
wf +2f +(2f3/4) =0, w=z,2" = (ax)? — (bx)? — (cx)? — (dz)?.

In the above formulae Z,(w) is the Bessel function; sn, dn, cn are Jacobi elliptic

Cu
Cu

functions having the modulus g; A, A1, Ay = const.

In the present paper we do not analyze in detail the obtained solution. We only
note that the solutions numbered by 27 is nothing more but the meron solution of
YME [2]. In the Euclidean space meron and instanton solutions were obtained by
Alfaro, Fubini, Furlan [9] and Belavin, Polyakov, Schwartz, Tyupkin [10] with the use
of the ansatz suggested by 't Hooft [11], Corrigan and Fairlie [12] and Wilczek [13].

Another important point is that we can obtain new exact solutions of YME by
applying to solutions (5.6) the solution generation technique. We do not adduce
corresponding formulae because of their cumbersomity.

6. Some generalizations

It was noticed in [14] that group-invariant solutions of nonlinear PDE could provide
us with rather general information about the structure of solutions of the equation
under study. Using this fact, we constructed in [4, 14| a number of new exact solutions
of the nonlinear Dirac equation which could not be obtained by symmetry reduction
procedure. We will demonstrate that the same idea will be effective for constructing
new solutions of YME.

Solutions of YME numbered by 7, 8, 19, 20 can be presented in the following
unified form:

ffu = kué(k‘x, cx) + bué(kx, cx), (6.1)

_ m _ o _
where kx = k 2t, cx = c ot ky = a, +dy,.
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Substituting the ansatz (6.1) into YME and splitting the equality obtained with
respect to linearly-independent four-vectors with components &, b, c,., we get

1.
2. CxCy, =0, (6.2)
3. Buw, —|—eC_"w0 x C+¢e*C x (C x B) =0.
Here we use designations wg = kx, wi = cz.
A general solution of the first two equations from (6.2) is given by one of the

formulae

— —

I. C = f(wy),

— —

II. C = (w + vo(wo))f(wo),

where vy, f are arbitrary smooth functions.
Consider the case C' = f(wy). Substituting this expression into the third equation
from (6.2) we have

Buyw, + efuwy X f+2f(fB) — 2 f?B =0. (6.3)

Since equations (6.3) do not contain derivatives of B with respect to wg, they can
be considered as a system of ODE with respect to the variable w;. Multiplying (6.3)

by fwe arrive at the relation (Ef)wlwl = 0, whence
Bf = vi(wo)wr + va(wo). (6.4)

In (6.4) v1, ve are arbitrary smooth enough functions.
With account of (6.4) system (6.3) reads

Buyw, — 2B = ef x Froo — € (v1w1 + v2) f

The above linear system of ODE is easily integrated. Its general solution is given
by the formula

B = g(wo) cosh e| flwy + h(wo) sinh e flwy +

- - - - N 6.5
+ e NFI T2 fwe X fHf72 (01wr + v2) f, (6:5)

where ¢, h are arbitrary smooth functions.
Substituting (6.5) into (6.4) we get the following restrictions on the choice of the

functions g, h:

—

fg=0, fh=o. (6.6)

Thus, provided éwl = 0, a general solution of the system of ODE (6.3) is given
by the formulae (6.5), (6.6). Substituting (6.5) into the initial ansatz (6.1) we obtain
the following family of exact solutions of YME:

ffu =k, {g(kx) cosh e|flca + h(kz) sinh e| flcx +
+ e Y72 F % F+ (v (kx)ex + va (k) f} + buf
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where f(kz), G(kz), h(kz), vi(kz), vs(kz) are arbitrary smooth functions satisfying
(6.6), f= 7L

The case C = (w1 + vo(wo)) f(wo) is treated in analogous way. As a result, we
obtain the following family of exact solutions of YME:

A= ku{@w +vo(ka)) [g(W (%f(m vo<lm>>2) +

1
4

+ h(ka)Y, (%eﬂ(““ +“°(kx))2)] i

—

+ (o (ka)er + va(ka)) f+ e 172 f} + bu(cx + vo(kx))f,

— —

where f(kz), g(kx), h(kx), vo(kx), vi(kz), va(kx) are arbitrary smooth functions
satisfying (6.6), J1(w), Y1 (w) are the Bessel functions.

Another effective ansatz for the Yang—Mills field is obtained if one replaces in (6.1)
cx by bx

A, = k,B(kx,bx) + b,C (kz, bx). (6.7)
Substitution of (6.7) into YME yields the following system of PDE for B, C:
Bu,w, — Cuwgw, — €(B X Gy, + 2By, x C+C x Cuy) +€2C x (C x B) = 0.(6.8)

We succeeded in integrating system (6.8), provided C = f (wp). Substituting the
result obtained into (6.7), we come to the following family of exact solutions of YME:

A= (5 + | F1717 x fow) cose| flow) + (A + | f] 74 x fo) sin(e| flbr) +
+ e M AT X o (o (ka)ba + v (k) )+ b

— —

where f(kx), §(kzx), h(kx), v1(kx), va(kz) are arbitrary smooth functions.
Besides that, we obtained the following class of exact solutions of YME:

/fﬂ = k,&1vo(kx)u?(bx) + b, Esu(ba),

where €1 = (1,0,0), & = (0,1,0); vo(kx) is an arbitrary smooth function; u(bx) is a
solution of the nonlinear ODE i = e?u®, which is integrated in elliptic functions.

In conclusion of this Section we will obtain a generalization of the plane-wave
Coleman solution [15] |

— —

A, = ku(f(kz)bx + g(kx)cx). (6.9)

It is not difficult to verify that (6.9) satisfy YME with arbitrary f, g.
Evidently, solution (6.9) is a particular case of the ansatz

A, = k,B(kx, bz, cx). (6.10)
Substituting (6.10) into YME we get
gwlwl + éwzwz = 67 (611)

where wy, = bz, wy = cx.
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Integrating the Laplace equations (6.11) and substituting the result obtained into
(6.10) we have

—

A, = ku((j(kx, bx + icx) + U(kz, bx — icx)).

—

Here U(kz,z) is an arbitrary analytical with respect to z function. Choosing U=
+(f(kz) — ig(kz))z we get Coleman solution (6.9).

7. Conclusion

Thus, starting from the invariance of YME under the Poincaré group we have obtained
wide families of its exact solutions including arbitrary functions. In our future papers
we intend to describe exact solutions of YME invariant under the extended Poincaré
group and conformal group.

Besides that, we will study exact solutions which correspond to the conditional
and non-local symmetries of the Yang—Mills equations (1.1)
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On the new approach to variable separation
in the time-dependent Schrodinger equation
with two space dimensions

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We suggest an effective approach to separation of variables in the Schrédinger equati-
on with two space variables. Using it we classify inequivalent potentials V (z1, z2) such
that the corresponding Schrédinger equations admit separation of variables. Besides
that, we carry out separation of variables in the Schrédinger equation with the ani-
sotropic harmonic oscillator potential V = k;2?7 + ko3 and obtain a complete list of
coordinate systems providing its separability. Mojority of these coordinate systems
depend essentially on the form of the potential and do not provide separation of
variables in the free Schrodinger equation (V = 0).

1. Introduction

The problem of separation of variables (SV) in the two-dimensional Schrodinger
equation

g + Uz iz, T Ugozy = V(xlv‘rQ)u (1)

as well as the most of classical problems of mathematical physics can be formulated
in a very simple way (but this simplicity does not, of course, imply an existence
of easy way to its solution). To separate variables in Eq. (1) one has to construct
such functions R(t, ), w1 (¢, ), wa(t, ) that the Schrodinger equation (1) after being
rewritten in the new variables

zo=1t, 2z :wl(tvm)v 22:w2(t,$)7
v(z0,2) = R(t, x)u(t, )

2)

separates into three ordinary differential equations (ODEs). From this point of view
the problem of SV in Eq. (1) is studied in [1-4].

But no less of an important problem is the one of description of potentials V' (x1, z2)
such that the Schrodinger equation admits variable separation. That is why saying
about SV in Eq. (1) we imply two mutually connected problems. The first one is
to describe all such functions V' (z1,z2) that the corresponding Schrodinger equati-
on (1) can be separated into three ODEs in some coordinate system of the form
(2) (classification problem). The second problem is to construct for each function
V(z1,22) obtained in this way all coordinate systems (2) enabling us to carry out SV
in Eq. (1).

Up to our knowledge, the second problem has been solved provided V = 0 [2, 3] and
V = axy?+ Bx, % [1]. The first one was considered in a restricted sense in [4]. Authors
using symmetry approach to classification problem obtained some potentials providing
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separability of Eq. (1) and carried out SV in the corresponding Schrédinger equation.
But their results are far from being complete and systematic. The necessary and
sufficient conditions imposed on the potential V' (z1,z2) by the requirement that the
Schrodinger equation admits symmetry operators of an arbitrary order are obtained
in [5]. But so far there is no systematic and exhaustive description of potentials
V(x1,x2) providing SV in Eq. (1).

To be able to discuss the description of all potentials and all coordinate systems
making it possible to separate the Schrédinger equation one has to give a definition
of SV. One of the possible definitions of SV in partial differential equations (PDEs)
is proposed in our article [6]. It is based on the concept of Ansatz suggested by
Fushchych [7] and on ideas contained in the article by Koornwinder [8]. The said
definition is quite algorithmic in the sense that it contains a regular algorithm of
variable separation in partial differential equations which can be easily adapted to
handle both linear [6, 9] and nonlinear [10] PDEs. In the present article we apply the
said algorithm to solve the problem of SV in Eq. (1).

Consider the following system of ODEs:

i% = Uo(t, vo; A1, A2),

d*pq dpr dpo
Ty W), Y22y LZIPWPN
dw% 1(w1’¢17da)17 1,12 | dw% 2 W2,¢27dWQ7 1,12 |5

where Uy, Uy, Us are some smooth functions of the corresponding arguments, A1, Ao C
R! are arbitrary parameters (separation constants) and what is more

3)

U, 2 2

OAg

rank H =2 (4)

pn=0 a=1
(the last condition ensures essential dependence of the corresponding solution with
separated variables on A1, A2, see [8]).

Definition 1. We say that FEq. (1) admits SV in the system of coordinates t, wi(t,x),
wa(t, ) if substitution of the Ansatz

u= Q(tvm)wo(t)spl (wl(t7w))<p2(w2(tvw)) (5)

into Eq. (1) with subsequent exclusion of the derivatives dpg/dt, d>p1/dw?, d*ps/dws
according to Eqs. (3) yields an identity with respect to o, @1, w2, dp1/dwi, dps/dws,
A1, Ao

Thus, according to the above definition to separate variables in Eq. (1) one has

(i) to substitute the expression (5) into (1),
2
(i) to exclude derivatives dipo/dt, “5¢, d?py/dw? with the help of Egs. (3),

9 dw% 9
(iii) to split the obtained equality with respect to the variables ¢¢, w1, @2, dp1/dwr,
dps/dwa, A1, Ay considered as independent.

As a result one gets some over-determined system of PDEs for the functions
Q(t,x), wi(t,x), wa(t,x). On solving it one obtains a complete description of all
coordinate systems and potentials providing SV in the Schrodinger equation. Natural-
ly, an expression complete description makes sense only within the framework of our
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definition. So if one uses a more general definition it may be possible to construct new
coordinate systems and potentials providing separability of Eq. (1). But all solutions
of the Schrédinger equation with separated variables known to us fit into the scheme
suggested by us and can be obtained in the above described way.

2. Classification of potentials V (z1, x)

We do not adduce in full detail computations needed because they are very cumber-
some. We shall restrict ourselves to pointing out main steps of the realization of the
above suggested algorithm.

First of all we make a remark, which makes life a little bit easier. It is readily seen
that a substitution of the form

Q— Q =QV(w1)¥s(w2),

6
wa_)wz/z :Qa(wa)v a=1,2, )\a_>)‘; :Aa()‘l,)\2)v a=1,2, ( )

does not alter the structure of relations (3), (4), and (5). That is why, we can introduce
the following equivalence relation:

(Wlaw%Q) ~ (wllvwévQ/)

provided Eq. (6) holds with some ¥, Q,, A,.
Substituting Eq. (5) into Eq. (1) and excluding the derivatives dyg/dt, d*p1/dw?,
d?py/dw3 with the use of equations (3) we get

i(Qepoprp2 + QUop192 + Quispoprpe + Quarpopipa) + (AQ)wop1p +

+ 2Qu, Wiz, P02192 + 2Q0, w2z, o192 + Q((Aw1) o102 +

+ (Aw2) o192 + Wiz, Wiz, PoU192 + Wag, woz, Pop1Us +

+ 2w1g, waa, Po192) = VQpop1p2,
where the summation over the repeated index a from 1 to 2 is understood. Hereafter
an overdot means differentiation with respect to a corresponding argument and A =
07 + 0z,

Splitting the equality obtained with respect to independent variables @1, 2,

dpy /dwr, dpa/dws, M1, A2 we conclude that ODEs (3) are linear and up to the equi-
valence relation (6) can be written in the form

d

l% = (MR1(t) + A2 Ra(t) + Ro(t)) o,

d2

W@; = (>\1311(w1) + A2 Bra(w1) + 301(011))%01,
1

d2

WW; = (M Ba1(w2) + A2 Baa(ws) + Boz(ws)) g2
2

and what is more, functions wi, wo, @ satisfy an over-determined system of nonlinear
PDEs
(1) Wiz, W2z, = 07
(2) Bla(wl)wlzbwlxb + B2a(w2)w2rbw2zb + Ra(t) - 07 a = 17 27 (7)
(3) 2(*‘}0,:65 Q:Eb + Q(iwat + Awa), a = 17 27
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4) (301(W1)W1xbwlxb + Bo2 (wl)Wmew2$b)Q +iQ: + AQ + Ry (1)@ —
— V(x1,22)Q = 0.

Thus, to solve the problem of SV for the linear Schrodinger equation it is necessary
to construct general solution of system of nonlinear PDEs (7). Roughly speaking, to
solve a linear equation one has to solve a system of nonlinear equations! This is the
reason why so far there is no complete description of all coordinate systems providing
separability of the four-dimensional wave equation [3].

But in the case involved we have succeeded in integrating system of nonlinear
PDEs (7). Our approach to integration of it is based on the following change of
variables (hodograph transformation)

=t 2 =2Z1(tw,w), 22 =2Zs(t,wi,wa), VI =1, V2=a,

where zg, 21, 22 are new independent and vy, vo are new dependent variables corres-
pondingly.

Using the hodograph transformation determined above we have constructed the
general solution of Egs. (1)—(3) from Eq. (7). It is given up to the equivalence relation
(6) by one of the following formulas:

(1) w1 = A(t)xl + Wl(t), Wy = B(t)x2 + Wg(t),

i (A B i (W W
Q(t, @) = exp {_Z (fo + §x§> 3 (71361 + f@) } ;

1
(2) w1 = 5 In(x? +23) + W(t), wy = arctan ﬂ7
)

) =em{ -t}
1 0
(3) T = §W(t)(wf — w%) + Wy (t), To = W(t)wlwg + Wg(t),

aw
(4) x1 =W(t)coshw; coswy + Wi (t), xz2=W(t)sinhw;sinws + Wa(t),

Q(t,x) = exp { w

Q(t,x) = exp { W ((z1 — Wh)? + (20 — W2)2) + %(Wlacl + Wzl‘g)} ;

— (&1 = W) + (22 — W)?) + 3(I/Vlﬂlh + Wzm)} ;
4w 2
Here A, B, W, Wy, W5 are arbitrary smooth functions on ¢.

Substituting the obtained expressions for the functions @, wi, wo into the last
equation from the system (7) and splitting with respect to variables z1, xo we get
explicit forms of potentials V(x1,x2) and systems of nonlinear ODEs for unknown
functions A(t), B(t), W(t), W1(t), Wa(t). We have succeeded in integrating these and
in constructing all coordinate systems providing SV in the initial equation (1).

Here we consider in detail integration of the fourth equation of system (7) for the
case 2 from Eq. (8), since computations needed are not so lengthy as for other cases.

First, we make several important remarks which introduce an equivalence relation
on the set of potentials V(z1,z2).
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Remark 1. The Schrédinger equation with the potential
V(.’El,wg) =kix1 + koxo + k3 + Vl(kgl‘l — k1$2)7 (9)

where ki, ko, k3 are constants, is transformed to the Schrédinger equation with the
potential

V(2 xh) = Vi(kex| — k1) (10)
by the following change of variables:

t'=t, o =x+tk,

) 11
uw = uexp {%(k% + B 4 it (ky2y + koxo) + ikgt} . (1)

It is readily seen that the class of Ansétze (5) is transformed into itself by the above
change of variables. That is why, potentials (9) and (10) are considered as equivalent.

Remark 2. The Schrédinger equation with the potential

V(z1,z2) = k(2? +23) + W) (%) (22 +22)7! (12)
2
with k = const is reduced to the Schrédinger equation with the potential
!
V'(z1,m0) = V1 (%) (22 +22)7 ! (13)

2

by the change of variables
"=a(t), @' =pM)m, o =uexp{iv(t)(zl+a3)+5(t)},

where (a(t), 3(t),7(t),4(t)) is an arbitrary solution of the system of ODEs
Y—dyt=k, [B-4y8=0, a—p*=0, S+4y=0

such that G # 0.

Since the above change of variables does not alter the structure of the Ansatz (5),
when classifying potentials V(x1,x2) providing separability of the corresponding
Schrodinger equation, we consider potentials (12), (13) as equivalent.

Remark 3. It is well-known (see e.g. [11, 12]) that the general form of the invariance
group admitted by Eq. (1) is as follows

t'=F(t0), z,=g,tx80), a=1,2 o =h(t,xz,0)u+U(x),

where 6 = (01,02, ...,0,) are group parameters and U (¢, ) is an arbitrary solution
of Eq. (1).
The above transformations also do not alter the structure of the Ansatz (5). That
is why, systems of coordinates t’, x|, 4 and ¢, z1, x2 are considered as equivalent.
Now we turn to the integration of the fourth equation of system (7). Substituting
into it the expressions for the functions wy, ws, @ given by formulas (2) from Eq. (8)
we get

V(xl,CCQ) = (801(w1) + BOQ(WQ)) exp{—Z(wl — W)} + %(W — W2) X

. (14)
x exp{2(w1 — W)} + Ro(t) — iW.



Variable separation in the time-dependent Schrédinger equation 355

In the above equality Bo1, Boa, Ro(t), W(t) are unknown functions to be determi-
ned from the requirement that the right-hand side of (14) does not depend on t.
Differentiating Eq. (14) with respect to ¢ and taking into account the equalities

wip =W, wy=0
we have
W exp{—2(w1 — W)}Bor + é(t) exp{2(w1 — W)} + 3(t) = 0, (15)

where a(t) = i(W — W?), B(t) = Ry — iW.

Cases W = 0 and W # 0 have to be considered separately.

Case 1. W = 0. In this case W = C = const, Ry = 0. Since coordinate systems
w1, we and wy + C1, wy + Cy are equivalent with arbitrary constants Cp, Cs, choosing
C1 = —-C, Cy3 =0 we can put C = 0. Hence it immediately follows that

1
V(zy,22) = [Bm <§ In(z? + x%)) + B2 (arctan ﬁ)} (22 +22)7 1,
T2

where By, Bge are arbitrary functions. And what is more, the Schrodinger equa-
tion (1) with such potential separates only in one coordinate system

1
wi = = In(2? + 22), wy = arctan n (16)
2 T2

Case 2. W # 0. Dividing Eq. (14) into W exp{—2(w; — W)} and differentiating
the equality obtained with respect to t we get
d,. . d (a1
exp{4w1}a(a(W) exp{—4W}) + exp{2w1}ﬁ(ﬂ(W) exp{—2W}) =0,

whence

d d,. .
a4 S (BO) exp{-2W}) = 0.

Integration of the above ODEs yields the following result:
a=C0C eXp{4W} +Cy, pB=0C3 exp{QW} + Cy,

(a(W) ™! exp{—4W}) =0,

where C), 7 = 1,4 are arbitrary real constants.
Inserting the result obtained into Eq. (15) we get an equation for By

By = —4C4 exp{dw;} — 2C5 exp{2w; },
which general solution reads
By = —Chexp{dw } — Czexp{2w1 } + C5.

In the above equality C5 is an arbitrary real constant.
Substituting the expressions for «, 3, Bo; into Eq. (14) we have the explicit form
of the potential V' (z1,z2)
T

V(z1,22) = [BOQ <arctan x—) + 05] (:cf + x%)*l + C’g(x% + x%) + Cy,
2

where By is an arbitrary function.
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By force of the Remarks 1, 2 we can choose Cy = Cy = 0. Furthermore, due to
arbitrariness of the function Boz we can put C5 = 0.
Thus, the case W # 0 leads to the following potential:

V(x1,72) = Boo <arctan %) (23 +23) "t (17)
2

Substitution of the above expression into Eq. (14) yields second-order nonlinear
ODE for the function W = W (¢)

W — W2 = 4C) exp{dW}, (18)
while the function Ry is given by the formula
Ry = iW + C3 exp{2W}.

Integration of ODE (18) is considered in detail in the Appendix A. Its general
solution has the form
under C1 # 0

W = —% In((at — b)*> —4C4) + %ma,
under C1 =0
W =a—In(t+b).

Substituting obtained expressions for W into formulas (2) from (8) and taking
into account the Remark 3 we arrive at the conclusion that the Schrédinger equation
(1) with the potential (17) admits SV in two coordinate systems. One of them is the
polar coordinate system (16) and another one is the following:

1 1
wy = = In(2? +23) — ~In(t?* £ 1), wy = arctan Y (19)
2 2 T2

Consequently, the case 2 from Eq. (8) gives rise to two classes of the separable
Schrédinger equations (1).

Cases 1, 3, 4 from Eq. (8) are considered in an analogous way but computations
involved are much more cumbersome. As a result, we obtain the following list of
inequivalent potentials V(z1,z2) providing separability of the Schrodinger equation.

(1) V(x1,22) = Vi(x1) + Va(x2);
(a) V(z1,20) = k12? + k21'1_2 + Va(xa), ko # 0;
(1) V(xy,m2) = k123 + koad + kswy 2 + kgas ?,  ksks #0,
k34 k3 #0, Kk # ko;
(i)  V(z1,22) = k1a? + koxy 2, kiks £0;
(i) V(zy,29) = kyay % + koxy %;

(b) V(!El, $2) = klx% + VQ(!L‘Q);

(1) V(!El, (EQ) = klfL'% =+ kQ.T% + k3x§27 klkg 7& 0, kl # kg;
(ii) V(l‘l, 1‘2) = kll‘% + le‘%, klkg 75 0, k‘l 7é ]62;
(iil)  V(21,22) = k1a} + koay 2, ki # 0;
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(2) V(a1 22) = Va(a? + 33) + Val f2) (2} + 23) 7"
a) V(xy,x2) = ‘/'2(951/902)(901 +a3) 7
b) V(x1,20) = ki (2] + 23) "1/, k1 # 0;
(3) V(x1,22) = (Vi(w1) + Vg(wg))(w% +w3)7L, where w? — w3 = 221, Wiwy = Ty;
(4) V(x1,22) = (Vi(w1) 4 Va(ws))(sinh? wy + sin® wy)~!, where coshw; coswy = 1,
sinh w1 sinwy = x9;
(5) V(xl,x2) =0.

In the above formulas V;, V5, are arbitrary smooth functions, ky, ko, k3, k4 are
arbitrary constants.

It should be emphasized that the above potentials are not inequivalent in a usual
sense. These potentials differ from each other by the fact that the coordinate systems
providing separability of the corresponding Schrodinger equations are different. As
an illustration, we give the Fig. 1, where r = (22 + x3)!/? and by the symbol V),
7 = 1,4 we denote the potential given in the above list under the number j. Down
arrows in the Fig. 1 indicate specifications of the potential V' (z1,z2) providing new
possibilities to separate the corresponding Schrédinger equation (1).

o~~~

1'1,332

S

kiz? + ko 4 Va(z2) kiai + Va(x2) V2<ac—[1>7'72 kar—?

N e

k122 + kox3 + kgm; + k4x; k122 + kox3 + k3x52

N N

k1$% + /€2$1_2 k1£lf1_2 + k’2$2_2 klw% + kgwg /fl.%‘% + kzx;z

\\//

Figure 1.

The Schrodinger equation (1) with arbitrary function V(z1,z2) (level 1 of the
Fig. 1) admits no separation of variables. Next, Eq. (1) with the “root” potentials V (?)
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(level 2), V1, V4 being arbitrary smooth functions, separates in the Cartesian (3 = 1),
polar (3 = 2), parabolic (y = 3) and elliptic (3 = 4) coordinate systems, correspondi-
ngly. Specifying the functions V7, V5 (i.e. going down to the lower levels) new possibi-
lities to separate variables in the Schrodinger equation (1) arise. For example, Eq. (1)
with the potential Va(x1/z2)r~2, which is a particular case of the potential V()
separates not only in the polar coordinate system (16) but also in the coordinate
systems (19). The Schrédinger equation with the Coulomb potential kir~1, which
is a particular case of the potentials V2, V(3) separates in two coordinate systems
(namely, in the polar and parabolic coordinate systems, see below the Theorem 4). An
another characteristic example is a transition from the potential V() to the potential
k122 4+ Va(x2). The Schrédinger equation with the potential V1 admits SV in the
Cartesian coordinate system wg = t, w1 = x1, wy = x5 only, while the one with the
potential k123 + Va(z2) separates in seven (k1 < 0) or in three (k; > 0) coordinate
systems.

A complete list of coordinate systems providing SV in the Schrédinger equations
with the above given potentials takes two dozen pages. Therefore, we restrict ourself
to considering the Schrédinger equation with anisotropic harmonic oscillator potential
V(z1,x2) = k1234 kox3, k1 # ko and Coulomb potential V (1, zo) = ki (23 423) /2.

3. Separation of variables in the Schrodinger
equation with the anisotropic harmonic
oscillator and the Coulomb potentials

Here we will obtain all coordinate systems providing separability of the Schrédinger
equation with the potential V (z1,22) = k123 + kox3

i+ Uy, + Uy, = (K127 + koa3)u. (20)

In the following, we consider the case k1 # ks, because otherwise Eq. (1) is reduced
to the free Schrodinger equation (see the Remark 2) which has been studied in detail
in [1-3].

Explicit forms of the coordinate systems to be found depend essentially on the
signs of the parameters k1, ko. We consider in detail the case, when k1 < 0, ko > 0
(the cases k1 > 0, ko > 0 and k1 < 0, ko < 0 are handled in an analogous way). It
means that Eq. (20) can be written in the form

U+ Uy g + Uzgzy + i(azx? —b?22)u =0, (21)
where a, b are arbitrary non-null real constants (the factor i is introduced for further
convenience).

As stated above to describe all coordinate systems ¢, wi (¢, ), wa(t, ) providing
separability of Eq. (20) one has to construct the general solution of system (8) with
V(z1,22) = —1(az} — b%23). The general solution of Egs. (1)-(3) from Eq. (7) splits
into four inequivalent classes listed in Eq. (8). Analysis shows that only solutions
belonging to the first class can satisfy the fourth equation of (7).
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Substituting the expressions for wy, wy, @ given by the formulas (1) from (8) into

the equation 4 from (7) with V(z1,22) = —1(a?z? — b®23) and splitting with respect

to 1, x2 one gets

Boi(w1) = a1wi + aswi,  Boa(ws) = fiws + faws,

PRD—
(g) _ (g) 4B Bt -1 =0, (23)

6, — 29’& —2(2a10; + az)A* =0, (24)
. B ,
by — 20> — 2(26162 + B2) B' = 0. (25)

Here a1, as, (81, (B2 are arbitrary real constants.

Integration of the system of nonlinear ODEs (22)—(25) is carried out in the Appen-
dix A. Substitution of the formulas (A.2), (A.4)—(A.6), (A.8)—(A.11) into the corres-
ponding expressions 1 from (8) yields a complete list of coordinate systems providing
separability of the Schrodinger equation (21). These systems can be transformed to
canonical form if we use the Remark 3.

The invariance group of Eq. (21) is generated by the following basis operators [11]:

Py=0:, I=ud,, M=iudy, Qo ="U(t,x)0,,

Py = coshatd,, + %a(xl sinh at)ud,,

Py = cos btdy, — %(xg sin bt)ud,,, (26)
G1 = sinh atd,, + %a(ml cosh at)ud,,,

Gy = sinbt0,, + %(mz cos bt)ud,,

where U(t, ) is an arbitrary solution of Eq. (21).

Using the finite transformations generated by the infinitesimal operators (26) and
the Remark 3 we can choose in the formulas (A.4)—(A.6), (A.8), (A.10), (A.11) C3 =
Cy=D,=0,D3 =Dy =0,Cy = Dy = 1. As a result, we come to the following
assertion.

Theorem 1. The Schridinger equation (21) admits SV in 21 inequivalent coordinate
systems of the form

wWo = t7 w1 = w1 (ta x)a Wy = wQ(t7 SC), (27)

where wi s given by one of the formulas from the first and wq by one of the formulas
from the second column of the Table 1.
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Table 1. Coordinate systems proving SV in Eq. (21).

wy(t, @) wa(t, x)

z1(sinha(t + C’))_1+oz(sinh a(t+C)) 2 2o(sinbt)~! + B(sin bt) 2
z1(cosha(t + C)) 71+a(cosh a(t+C)) - xo(B + sin 2bt)~1/2

x1 exp(£at) + o exp(+4at) T

z1 (o + sinh 2a(t + C)) e

1 (o + cosh 2a(t + C))_l/2

z1 (o + exp(+2at)) 172

1

Here C, «, [ are arbitrary real constants.

There is no necessity to consider specially the case when in Eq. (20) k; > 0,
ko < 0, since such an equation by the change of independent variables u(t, z1, z2) —
u(t, z2,21) is reduced to Eq. (21).

Below we adduce without proof the assertions describing coordinate systems provi-
ding SV in Eq. (20) with k1 <0, ks < 0 and k; > 0, ko > 0.

Theorem 2. The Schridinger equation

1
WUt + Ugy gy + Uggay + Z(a%ﬁ + %23 u =0 (28)

with a® # 4b% admits SV in 49 inequivalent coordinate systems of the form (27), where
w1 18 gwen by one of the formulas from the first and wo by one of the formulas from
the second column of the Table 2. Provided a®> = 4b® one more coordinate system
should be included into the above list, namely

wo = t, w% — w% =2r1, wWiws = To. (29)

Table 2. Coordinate systems proving SV in Eq. (28).

wl(t,w) CUQ(t,:B)

21 (sinha(t + C))71+a(sinh a(t + C’))f2 zo(sinh bt) =1 + B(sinh bt) 2

1 (cosha(t + C’))_1+0z (cosha(t + C))_2 wo(cosh bt) ™! + B(cosh bt) 2

x1 exp(zat) + aexp(Ldat) xo exp(£bt) + B exp(L4bt)
ml(a+sinh2a(t+C))_1/2 xo(3 + sinh 2bt)~1/2

Ty (oz+cosh2a(t+0))_1/2 x2(3 + cosh 2bt)~1/2
z1(a+ exp(j:2at))71/2 22 (3 + exp(+2bt)) 172

T T2

Here C, «, (3 are arbitrary constants.

Theorem 3. The Schridinger equation

1
WUy + Uz, gy + Uggzy — Z(azx% + b2x§)u =0 (30)
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with a® # 4b2 admits SV in 9 inequivalent coordinate systems of the form (27), where
wy 1s given by one of the formulas from the first and wo by one of the formulas from the
second column of the Table 8. Provided a® = 4b?, the above list should be supplemented
by the coordinate system (29).

Table 3. Coordinate systems proving SV in Eq. (30).

wi(t, ) wo(t, @)

z1 (sina(t + C))_1+a(sin a(t + C))_2 wo(sinbt) =1 + B(sin bt) 2
21 (B8 +sin2a(t + €))7/ 25(B + sin 2bt) ~1/2

€ T2

Here C, «, (3 are arbitrary constants.

Remark 4. If we consider Eq. (1) as an equation for a complex-valued function u
of three complex variables ¢, x1, zo, then the cases considered in the Theorems 1-3
are equivalent. Really, replacing, when necessary, a with ¢a and b by b we can always
reduce Egs. (21), (28) to the form (30). It means that coordinate systems presented
in the Tables 1, 2 are complex equivalent to those listed in the Table 3. But if u is
a complex-valued function of real variables ¢, x1, x5 it is not the case.

Theorem 4. The Schrodinger equation with the Coulomb potential
Uy 4 Uy 2y + Ungzy — k1 (22 + 23) 720 =0

admits SV in two coordinate systems (16), (29).

It is important to note that explicit forms of coordinate systems providing separabi-
lity of Egs. (21), (28), (30) depend essentially on the parameters a, b contained in the
potential V(x1,x2). It means that the free Schrodinger equation (V' = 0) does not
admit SV in such coordinate systems. Consequently, they are essentially new.

4. Conclusion

In the present paper we have studied the case when the Schrodinger equation (1)
separates into one first-order and two second-order ODEs. It is not difficult to prove
that there are no functions Q(t, ), w,(t, ), p = 0,1,2 such that the Ansatz

u = Q(t,)po(wo(t, ®))e1 (wi(t, @) s (wa(t, x))

separates Eq. (1) into three second-order ODFs (see Appendix B). Nevertheless, there
exists a possibility for Eq. (1) to be separated into two first-order and one second-order
ODEs or into three first-order ODEs. This is a probable source of new potentials and
new coordinate systems providing separability of the Schrédinger equation. It should
be said that separation of the two-dimensional wave equation

Upt — Uge = V(2)u

into one first-order and one second-order ODEs gives no new potentials as compared
with separation of it into two second-order ODEs. But for some already known



362 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

potentials new coordinate system providing separability of the above equation are
obtained [9].

Let us briefly analyze a connection between separability of Eq. (1) and its symmet-
ry properties. It is well-known that each solution of the free Schréodinger equation with
separated variables is a common eigenfunction of two mutually commuting second-
order symmetry operators of the said equation [2, 3]. And what is more, separation
constants A1, Ay are eigenvalues of these symmetry operators.

We will establish that the same assertion holds for the Schrédinger equation (1).
Let us make in Eq. (1) the following change of variables:

U= Q(t,iB)U(t,wl(t,w)7u)2(t,ZB)), (31)

where (Q,w1,ws) is an arbitrary solution of the system of PDEs (7).
Substituting the expression (31) into (1) and taking into account equations (7) we
get

Q(iUs + (Ussyw, — Bor(w1)U) w1z, w1z, + (Uwsws — Boz(w2)U )waa, was, ) = 0.(32)
Resolving Egs. (2) from the system (7) with respect to w1y, w1z, and way, woy, We

have
1
Wiy, Wiz, = S(Rz(t)le(wz) — Ry (t)Baa(w2)),
1
Wog, Wz, = S(Rl(t)Bw(wl) — Ry(t)By1(w)),
where § = By1(w1)Baa(ws) — Bia(w1)Bai(ws) (6 # 0 by force of the condition (4)).
Substitution of the above equalities into Eq. (32) with subsequent division by
Q@ # 0 yields the following PDE:

Ry (t
iU, + 1®)

(BIZ(WI)(Uwzwz - BO2(W2)U) - BZQ(WQ)(lewl - BOl(wl)U)) —"_(33)

Ra(t) (B21(w2) (Uisywy — Bor(w1)U) — Bi1(w1) (Uwsw, — Boz(w2)U)) = 0.

1)
Thus, in the new coordinates ¢, w1, we, U(t,w1,ws) Eq. (1) takes the form (33).
By direct (and very cumbersome) computation one can check that the following
second-order differential operators:

+

Bos(w Bia(w
x= 228 o) - 22 52, ().
Bai (w Bii(w
Xo = — 21§ 2) (92, — Bo1(w1)) + 116( ) (92, — Boz2(w2)),
commute under arbitrary Bg,, Bap, a,b = 1,2, i.e.
[Xl,XQ] = X1X2 - X2X1 =0. (34)

After being rewritten in terms of the operators X, Xy Eq. (33) reads
(i0; — R1(t) X1 — Ra(t)X2)U = 0.
Since the relations

[z@t - Rl(t)Xl - RQ(t)XQ,Xa] = 0, a = ].7 2 (35)
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hold, operators X7, X5 are mutually commuting symmetry operators of Eq. (33).
Furthermore, solution of Eq. (33) with separated variables U = ¢q(t)¢1(w1)p2(w2)
satisfies the identities

X, U=M\U, a=1,2. (36)

Consequently, if we designate by X{, X} the operators Xy, X written in the initial
variables t, &, u, then we get from (34)—(36) the following equalities:

[i0 + O = V(2y,22), X,] =0, a=1,2,
[(X1,X3] =0, X.u=Xu, a=12

where u = Q(t, )0 ()1 (w1)p2(w2).

It means that each solution with separated variables is a common eigenfunction of
two mutually commuting symmetry operators X1, X} of the Schrédinger equation (1),
separation constants A1, Ay being their eigenvalues.

Detailed study of the said operators as well as analysis of separated ODEs for
functions ¢, = 0,2 (in the way as it is done for the free Schrodinger equation in
[2, 3]) is in progress and will be a topic of our future publications.
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the authors (R. Zhdanov) was supported by the Alexander von Humboldt Founda-
tion. Taking an opportunity he wants to express his gratitude to Director of Arnold
Sommerfeld Institute for Mathematical Physics Professor H.-D. Doebner for hospi-
tality.

Appendix A. Integration of nonlinear ODEs (22)—(25)

Evidently, equations (22)—-(25) can be rewritten in the following unified form:

.\ - N2 .
(3> - <3) —dayt =k, i—2:Y 2002+ Byt =0. (A1)
Y Y Y

Provided & = —a? < 0, system (A.1) coincides with Eqs. (22), (24) and under
k= b% > 0 — with Egs. (23), (25).

First of all, we note that the function z = 2(t) is determined up to addition of an
arbitrary constant. Really, the coordinate functions w, have the following structure:

Wa =YTa+2z, a=12

But the coordinate system ¢, wy, wy is equivalent to the coordinate system ¢,
wy + C1, wa + O3, C, € R, Hence it follows that the function z(t) is equivalent to
the function z(t) + C' with arbitrary real constant C. Consequently, provided « # 0,
we can choose in (A.1) 5 =0.

The case 1. & = 0. On making in (A.1) the change of variables

w=yly, v==z/y (A.2)
we get

w=w?+k, U+kv=20y>. (A.3)
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First, we consider the case k = —a? < 0. Then the general solution of the first
equation from (A.3) is given by one of the formulas

w = —acotha(t +Cy), w=—atanha(t+Cy), w==a, C; R}
whence

y=Cysinh ta(t+Cy), y=Cycosh ta(t+ Cy),

(A4)
y = Cyexp(+at), C, e RL

The second equation of system (A.3) is a linear inhomogeneous ODE. Its general
solution after being substituted into (A.2) yields the following expression for z(t):

4
@ sinh ™2 a(t + C)),
a
pCy

(Cs3 cosh at + Cysinh at) cosh™ a(t + Cy) + a—; cosh™ 2 a(t + C1), (A.5)

(C3 cosh at + Cysinh at) sinh ™ a(t 4+ Cy) +

4
C3 cosh at + Cy sinh at) exp(tat) + & exp(+4dat), Cs,Cy C RL
4q2
a

The case k = b®> > 0 is treated in an analogous way, the general solution of (A.1)
being given by the formulas

y = Dysin™!b(t + D),
D4 (A.6)
ﬁb22 sin ™2 b(t + D),

where D1, Dy, D3, D, are arbitrary real constants.
The case 2. a # 0, § = 0. On making in Eq. (A.1) the change of variables

2z = (D3 cosbt + Dysinbt)sin~ ' b(t + D;) +

y=expw, v=2z/y

we have

W —? =k 4 aexpdw, @+ kv=0. (A7)
The first ODE from Eq. (A.7) is reduced to the first-order linear ODE

1 dp(w) _
5 duw p(w) =k + aexpdw

by the substitution w = (p(w))'/?, whence
p(w) = cexpdw +yexp2w — k, v €RL

Equation 1 = (p(w))'/? has a singular solution w = C' = const such that p(C) = 0.
If w # 0, then integrating the equation w = p(w) and returning to the initial variable
y we get

y(t) dr
=t+ (4.
/ T(art + 712 — k)1/2 o

Taking the integral in the left-hand side of the above equality we obtain the general
solution of the first ODE from Eq. (A.1). It is given by the following formulas:
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under k = —a? < 0

Y= 02 (Oé + sinh2a(t + Cl))_l/2,
Y= C’g(oz—|—cosh2a(t—|—C’1))_1/27 (A.8)
y=Coa+ exp(j:Qat))*lm7

under k=052 >0

y = Dy(a +sin2b(t + Dy))~/*. (A.9)

Here C1, Csy, Dy, D5 are arbitrary real constants.

Integrating the second ODE from Eq. (A.7) and returning to the initial variable z
we have
under k = —a? <0

z = y(t)(Cs coshat + Cy sinh at) (A.10)

under £k =b% >0

z = y(t)(D3 cosbt + Dy sin bt), (A.11)

where C3, Cy, D3, D4 are arbitrary real constants.
Thus, we have constructed the general solution of the system of nonlinear ODEs
(A.1) which is given by the formulas (A.5)—(A.11).

Appendix B. Separation of Eq. (1)
into three second-order ODEs

Suppose that there exists an Ansatz

u = Q(t, z)po(wo(t, )1 (wi(t, z)) 2 (wa(t, x)) (A.12)

which separates the Schrédinger equation into three second-order ODEs

d? d d? d
Ll = UO (W0a900> 800;)‘17A2> ) Al = Ul <w1,8017 1 A17A2) )
0 (A.13)

dw? dw, dw? oy’
d? ©Y2 dps

= U - )\ )\
dw% 2 | W2, Y2, dWQ 3y ALy N2

according to the Definition 1.
Substituting the Ansatz (A.12) into Eq. (1) and excluding the second derivatives
d*op/dw?, 1= 0,2 according to Eqs. (A.13) we get

i(Qrpop1p2 + Quorpop1pe + QuirpoP1p2 + Quarpop1p2) + (AQ)pop1pe +
+2Qq, Wou, o192 + 2Qz, Wiz, PoP1p2 + 2Qz, wWaz, PoP1P2 +
+ Q((Awo)pop1p2 + (Awr)pop1p2 + (Aws)pop1$2 + woz,wos, Uop1p2 +
+ Wiz, Wiz, PoU1p2 + waz, waz, Pop1Us + 2wz, Wiz, PoP1p2 +
+ 20, W2z, POP1P2 + 2Wiz, Wz, PoP192) = V Qpop1pa.
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Splitting the above equality with respect to ©op1, Yop2, Y12 we obtain the equali-
ties:

Wog, Wiz, = 0, Wog, Wz, = 0, Wig,Wag, = 0. (A14)

Since the functions wy,, u = 0,2 are real-valued, equalities (A.14) mean that there
are three real two-component vectors which are mutually orthogonal. This is possible
only if one of them is a null-vector. Without loss of generality we may suppose that
(Wozy s Wozy) = (0,0), whence wg = f(¢) ~ t.

Consequently, Ansatz (A.12) necessarily takes the form (5). But Ansatz (5) can
not separate Eq. (1) into three second-order ODEs, since it contains no second-order
derivative with respect to t.

Thus, we have proved that the Schréodinger equation (1) is not separable into three
second-order ODEs.
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On the general solution of the d’Alembert
equation with a nonlinear eikonal constraint
and its applications

R.Z. ZHDANOV, I.V. REVENKO, W.I. FUSHCHYCH

We construct the general solutions of the system of nonlinear differential equations
Opu = 0, uyu" = 0 in the four- and five-dimensional complex pseudo-Euclidean
spaces. The results obtained are used to reduce the multi-dimensional nonlinear
d’Alembert equation O4u = F(u) to ordinary differential equations and to construct
its new exact solutions.

1. Introduction

Kaluza [1] was the first who put forward an idea of extension of the four-dimensional
Minkowski space in order to use it as a geometric basis for unification of the electro-
magnetic and gravitational fields. Nowadays, Kaluza’s idea is well-known and there
are a lot of papers where further development and various generalizations of this idea
are obtained [2].

In [3-5] it was proposed to apply five-dimensional wave equations to describe
particles (fields) having variable spins and masses. Such physical interpretation of the
five-dimensional equations is based on the fact that the generalized Poincaré group
P(1,4) acting in the five-dimensional de Sitter space contains the Poincaré group
P(1,3) as a subgroup. It means that the mass and spin Casimir operators have conti-
nuous and discrete spectrum, respectively, in the space of irreducible representations
of the group P(1,4) [3-6].

The simplest P(1,4)-invariant scalar linear equation has the form

Osu + x?u =0, x = const, (1)

where Os is the d’Alembert operator in the five-dimensional Minkowski space with
the signature (+,—, —, —, —).

The problem of construction of exact solutions of the above equation is, in fact,
completely open. One can obtain some its particular solutions applying the symmetry
reduction procedure or the method of separation of variables (both approaches use
essentially symmetry properties of the whole set of solutions of Eq. (1)). In the present
paper we suggest a method for construction of solutions of partial differential equation
(1) which utilizes implicitly the symmetry of a subset of the set of its solutions. Namely,
a special subset of its exact solutions obtained by imposing an additional constraint

2 2 2 2 2 _
uaco - uxl - urg - um3 - um4 - Oa

which is the eikonal equation in the five-dimensional space, will be investigated. As
shown in [7, 8], the system obtained is compatible if and only if x = 0. We will

Reprinted with permission from J. Math. Phys., 1995, 36, Ne 12, P. 7109-7127
© 1995 American Institute of Physics
Original article is available at http://scitation.aip.org/jmp/
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construct general solutions of multi-dimensional systems of partial differential equati-
ons (PDE)

O,u=0, wu,u’=0 (2)
in the four- and five-dimensional complex pseudo-Euclidean spaces.

In (2) u = u(wg,x1,...,7,_1) € C?(C", C'). Hereafter, the summation over the
repeated indices in the pseudo-Euclidean space M(1,n — 1) with the metric tensor
g = diag (1,—1,...,—1) is understood, e.g. O, = 9,0" =92 -0} —---—92_,, 0, =

—_———
n—1
0/0x,,.

It occurs that solutions of system of PDE (2), being very interesting by itself, can
be used to reduce the nonlinear d’Alembert equation

Ouu=F(u), F(u)e CR"RY), (3)

to ordinary differential equations, thus giving rise to families of principally new exact
solutions of (3). More precisely, we will establish that there exists a nonlinear map
from the set solutions of the system of PDE (2) into the set of solutions of the nonlinear
d’Alembert equation, such that each solution of (2) corresponds to a family of exact
solutions of Eq. (3) containing two arbitrary functions of one argument. It will be
shown that solutions of the nonlinear d’Alembert equation obtained in this way can
be related to its conditional symmetry.

The paper is organized as follows. In Section 2 we give assertions describing the
general solution of system of PDE (2) in the n-dimensional real and in the four-
and five-dimensional complex pseudo-Euclidean spaces. In Section 3 we prove these
assertions. Section 4 is devoted to discussion of the connection between exact solutions
of system (2) and the problem of reduction of the nonlinear d’Alembert equation (3).
In Section 5 we construct principally new exact solutions of Eq. (3).

2. Integration of the system (2):

the list of principal results
Below we adduce assertions giving general solutions of the system of PDE (2) with
arbitrary n € N provided u(z) € C?*(R",R!), and with n = 4,5, provided u(z) €
C? ((Cn7 (Cl).
Theorem 1. Let u(z) be a sufficiently smooth real function of n real variables xg, . . .,

Zn—1. Then, the general solution of the system of nonlinear PDE (2) is given by the
following formula:

Ay(u)x” + B(u) =0, (4)
where A, (u), B(u) are arbitrary real functions which satisfy the condition
Ay ) A% () = 0. 5)

Note 1. As far as we know, Jacobi, Smirnov and Sobolev were the first who obtained
the formulas (4), (5) with n = 3 [9, 10]. That is why, it is natural to call (4), (5)
the Jacoby—Smirnov—Sobolev formulas (JSSF). Later on, in 1944 Yerugin generalized
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JSSF for the case n = 4 [11]. Recently, Collins [12] has proved that JSSF give the
general solution of system (2) for an arbitrary n € N. He applied rather complicated
differential geometry technique. Below we show that to integrate Egs. (2) it is quite
enough to make use of the classical methods of mathematical physics only.
Theorem 2. The general solution of the system of nonlinear PDE (2) in the class
of functions u = u(xo,x1, 72, 13,24) € C?(C5,CL) is given by one of the following
formulas:

(1) AH(Tv u)xﬂ +Cy (Tv U’) = Oa (6)
where T = 7(u,x) is a complex function determined by the equation
B, (1, u)z" + Cay(T,u) =0, (7)
and A, B, C1,Co € C*(C%,C) are arbitrary functions satisfying the conditions
. . 0A
A AY =A,B" =B,B" =0, B“a—T“ =0, (8)
and what is more,
A G 0A, 00
or or Ju Ju
A = det 0; 9
om0 om oc, |7 Y
Y or or Ju Ju
(2) Ap(u)at + Ci(u) =0, (10)

where A, (u), C1(u) are arbitrary smooth functions satisfying the relations

A AR =0 (11)
(in the formulas (6)—(11) the index p takes the values 0,1,2,3,4).
Theorem 3. The general solution of the system of nonlinear PDE (2) in the class of
functions u = u(xg, z1, xe,x3) € C%(C* C) is given by the formulas (6)—(11), where
the index p is supposed to take the values 0,1,2,3.
Note 2. Investigating particular solutions of the Maxwell equations, Bateman [13]
arrived at the problem of integrating the d’Alembert equation O4u = 0 with an

additional nonlinear condition (the eikonal equation) w,,u,» = 0. He has obtained
the following class of exact solutions of the said system of PDE:

u(z) = cu(r)a” + ca(r), (12)
where 7 = 7(z) is a complex-valued function determined in implicit way

Cu(T)at +¢é4(1) = 0, (13)
and ¢, (7), ca(7) are arbitrary smooth functions satisfying conditions

cuct = ¢ =0. (14)

(hereafter, a dot over a symbol means differentiation with respect to a corresponding
argument).

It is not difficult to check that solutions (12)—(14) are complex (see the Lemma 1
below). An another class of complex solutions of the system (2) with n = 4 was
constructed by Yerugin [11]. But neither the Bateman’s formulas (12)—(14) nor the
Yerugin’s results give the general solution of the system (2) with n = 4.
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3. Proofs of Theorems 1-3

It is well-known that the maximal symmetry group admitted by equation (1) is finite-
dimensional (we neglect a trivial invariance with respect to an infinite-parameter
group u(x) — u(z) + U(x), where U(z) is an arbitrary solution of Eq. (1), which is
due to its linearity). But being restricted to a set of solutions of the eikonal equation
the set solutions of PDE (1) admits an infinite-dimensional symmetry group [14]! It
is this very fact that enables us to construct the general solution of (2).

Proof of the Theorem 1. Let us make in (2) the hodograph transformation
zo=u(z), ze=1z4, a=1,n-1, w(z)=uxo. (15)

Evidently, the transformation (15) is defined for all functions u(z), such that u,, #
0. But the system (2) with u,, = 0 takes the form

n—1 n—1
=0 2 =0
u:l)a:lta - bl uxa’ - 9y

a=1 a=1

whence u,, =0, a=1,n—1 or u(z) = const.

Consequently, the change of variables (9) is defined on the whole set of solutions
of the system (2) with the only exception u(x) = const.

Being rewritten in the new variables z, w(z) the system (2) takes the form

n—1 n—1
D we =0, Y w? =1 (16)
a=1 a=1

Differentiating the second equation with respect to zp, z. we get

n—1

E (W22, Way + Wayzy Wey 2, ) = 0.

a=1
Choosing in the above equality ¢ = b and summing up we have

n—1

E (wzazbzbwza + wzazbwzazb) =0,

Since u(z) is a real-valued function, it follows from (17) that an equality w, ., =0

holds for all a,b =1,n — 1, whence

n—1

w(z) =Y aal20)za + o(20). (18)

a=1

In (18) a4, € C%(RY,RY) are arbitrary functions.
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Substituting (18) into the second equation of system (16), we have

n—1

3 a2(z0) = L. (19)

a,b=1

Thus, the formulas (18), (19) give the general solution of the system of nonlinear
PDE (16). Rewriting (18), (19) in the initial variables x, u(z), we get

Zaa W)z, + a(u), Zag(u)zl. (20)

To represent the formulas (20) in a manifestly covariant form (4), (5) we redefine
the functions «a,(u) in the following way:

Aq(u) B(u)
A() (’LL) ’ A() (u) ’

Substituting the above expressions into (20) we arrive at the formulas (4), (5).

Next, as u = const is contained in the class of functions u(z) determined by the
formulas (4), (5) under A, =0, p =0,n — 1, B(u) = u+ const, JSSF (4), (5) give the
general solution of the system of the PDE (2) with an arbitrary n € N. The theorem
is proved.

Let us emphasize that the reasonings used above can be applied to the case of
a real-valued function u(z) only. If a solution of the system (2) is looked for in a class
of complex-valued functions u(x), then JSSF (4), (5) do not give its general solution
with n > 3. Each case n = 4,5... requires a special consideration.

aq(u) =

a(u) = —

=1n—-1

Proof of the Theorem 2. Case 1: u,, # 0. In this case the hodograph transformati-
on (15) reducing the system (2) with n =5 to the form

4

4
S wen =0, > wl =1, w, #0 (21)
a=1

a=1

is defined.
The general solution of nonlinear complex Egs. (21) was constructed in [15]. It is
given by one of the following formulas:

(1) w(z) = Z 0o (T, 20)2q + 71(T, 20), (22)

a=1
where 7 = 7(z0,...,24) is a function determined in implicit way
4
Zﬁa(ﬂ #0)%a + Y2(T, 20) = 0 (23)
a=1

and g, Ba, V1,72 € C%(C2,C) are arbitrary smooth functions satisfying the relations

4

4 , 4 4 , 8B,
;%:1, ;aaﬂa:;ﬂa:o, D gt =0; (24)

a=1
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(2) w(z) = Z a(20)za + 711 (20), (25)

a=1

where a,,7y; € C?(C!,C) are arbitrary functions satisfying the relation

Y aZ=1 (26)

Rewriting the formulas (23), (24) in the initial variables z, u(x), we have

4
To = Z o (T,u)xe + 71(7, 1), (27)

a=1
where 7 = 7(u, ) is a function determined in implicit way

4

Z Ba(T,u)xq + Yy2(T,u) =0, (28)

a=1

and the relations (24) hold.
Evidently, the formulas (27), (28) are obtained from (6)—(8) with a particular
choice of functions A, B, C1, Cy

AO = 1, Aa = Qgq, 01 = —71,

29
BO = 07 Ba = 60,7 02 = =72, ( )
where a = 1, 4.
Next, by force of inequality w,, #Z 0 we get from (22)
4
Z(aazg + CVa'r'rzo)xa + Y1z + Y17 Tz 7& 0. (30)
a=1

Differentiation of (23) with respect to z yields the following expression for 7,:

4 4 -1
Tzg = — <Z ﬁazoxa + 7220> (Z ﬂarxa + ’727')

a=1 a=1
Substitution of the above result into (30) yields the relation

4 4

) —1 Z QgzoLq + Yz Z Qarq + Yir

a=1 a=1
A 4 # 0.

Z 5az0xa + Y2z Z ﬁa‘rxa + Yor
a=1 a=1

4
(Z ﬁaTxa + Yor

a=1

As the direct check shows, the above inequality is equivalent to (9) provided the
conditions (29) hold.
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Now we turn to solutions of the system (21) of the form (25). Rewriting the
formulas (25), (26) in the initial variables x, u(z) we get

4
xg = Zaa(u)xa + 1 (w), Zag(u) =1.

Making in the equalities obtained the change o, = A Ay La=T14,~v = —-Ci4y L
we arrive at the formulas (10), (11).

Thus, under u,, # 0 the general solution of the system (2) is contained in the
class of functions u(x) given by the formulas (6)—(9) or (10), (11).

Case 2: uz, = 0, u # const. It is a common knowledge that the system of PDE
(2) is invariant under the generalized Poincaré group P(1,n — 1) (see, e.g. [16])

x), = Na” + Ay, u(2) = u(z),

where A, A, are arbitrary complex parameters satisfying the relations A, A%, =
Guv, 1, v = 0,n — 1. Hence, it follows that the transformation

u(z) — u(z") = u(Az”) (31)

leaves the set of solutions of the system (2) invariant. Consequently, provided u(x) #
const we can always transform « to such a form that u,, # 0. Thus, in the case 2 the
general solution is also given by the formulas (6)—(11) within the transformation (31).

Case 3: u = const. Choosing in (10), (11) A, =0, p = 0,4, C; = u = const we
come to the conclusion that this solution is described by the formulas (6)—(11).

Thus, we have proved that, within a transformation from the group P(1,4) (31),
the general solution of the system of PDE (2) with n = 5 is given by the formulas
(6)—(11). But these formulas are represented in a manifestly covariant form and are
not altered with the transformation (31). Consequently, to complete the proof of the
theorem it is enough to demonstrate that each function u = u(x) determined by the
equalities (6)—(11) is a solution of the system of equations (2).

Differentiating the relations (6), (7) with respect to z,, we have

AIL + T"Du (A,,TJTV + 017—) + ’U,w“ (A,,ux” —|— Clu) = O,
B" + 1., (Byrz¥ + Car) + Ug, (Byyx” 4+ Cay) = 0.

Resolving the above system of linear algebraic equations with respect to us,, 7z,
we get

(Bu<Au‘rxV + CIT) - Au<BUT$V + CQT))7

Uy, =

(32)

[>|’—‘[>|+—l

(Au(Buuxy + Clu) - B/J,(Auu-ry + CQu))u

Tz, =

where A # 0 by force of (9). Consequently,
Uy U = A72(B,B*(Ayra? + Cip)? — 24, B*(Ayr2” + C17) (Byra” + Car) +
+ A AP (Byrx¥ + Cor)?) = 0.

Analogously, differentiating (32) with respect to x, and convoluting the expression
obtained with the metric tensor g,.,,, we get g"uz,., = Osu = 0.
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Next, differentiating (10) with respect to z, we have

Ug, = fA#(AVxV + Cl)fl, w=0,4,
whence
Us,z, = —(AMAY + AV AF)(Aqz® + C1) 2+ AP AY (Aqz® + C1)(Aqa® 4+ C1) 2
Consequently,
Uy, U = Ay AH(A 2t + C1) "2 =0,
Ost = g, on = —2(A,A") (A" + C1) 72 +

+ A, AM Az + é’l)(AVx” + 01)72 =0.

The Theorem 2 is proved.

The Theorem 3 is a direct consequence of the Theorem 2. Really, solutions of the
system of PDE (2) with n = 4 are obtained from solutions of the system of PDE (2)
with n = 5 provided u,, = 0. Imposing on functions u(z) determined by the formulas
(6)—(11) a condition u,, = 0 we arrive at the following restrictions on the functions
AM> BH’ Cl, 02:

Ay=0, Bi=0

the same as what was to be proved.

4. Applications: reduction of the nonlinear
d’Alembert equation

Following [8, 15, 16], we look for a solution of the nonlinear d’Alembert equation
O4w = F(w), FeCYR,RY (33)
in the form

w = p(wr,ws), (34)

where w; = w;(z) € C%(R* R!) are supposed to be functionally-independent. The
functions wi (), wa(z) are determined by the requirement that the substitution of
(34) into (33) yields two-dimensional PDE for a function ¢ = ¢(w1,ws). As a result,
we obtain an over-determined system of PDE [16]

Ouwi = fi(wi,w2), Oaws = fo(wr,w2),

Wig, Wigr = g1 (w1, w2), Wag, Wagr = g2 (w1, w2),

2 3 (35)
=2
i=1p=0

&ui

)

Wiz, Woar = g3(wi,ws), rank ’ .
N

and besides, the function ¢(w;,ws) satisfies a two-dimensional PDE,

gl@wlwl + ngowm.dz + 293@&4)1(4}2 + flS@wl + fQSO(UQ = F(SD)' (36)
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Consider the following problem: to describe all smooth real functions wy (x), wa(z)
such that the Ansatz (34) reduces Eq. (33) to an ordinary differential equation (ODE)
with respect to the variable w;. It means that one has to put coefficients g2, g3, fa2
in (36) equal to zero. In other words, it is necessary to construct a general solution of
the system of nonlinear PDE

O4w1 = fi(wi,wa), Wig,Wizr = g1(w1,ws),

(37)
wla;uw%r;“ = Oa w2x“w2wu = Oa Hywe = 0.

The above system includes Egs. (2) as a subsystem. So, the d’Alembert-eikonal
system (2) arises in a natural way when solving the problem of reduction of Eq. (33)
to PDE having a smaller dimension (see, also [15, 17]).

With an appropriate choice of a function G(wy,ws) the change of variables

v==G(w1,ws2), u=ws

reduces the system (37) to the form

O4v = f(u,v), Vg, Ven = A, (38)

Uy, Vgr = 0, Uy, Ugr = 0, O4u=0, (39)

rank || V70 Vr1 Vel ) o (40)
U Uy Uiy U

where )\ is a real parameter taking the values —1, 0, 1.

Before formulating the principal assertion, we will prove an auxiliary lemma.
Lemma 1. Let a = (ag, a1,a2,a3), b = (bo, b1, ba,bs3) be four-vectors defined in the
real Minkowski space M(1,3). Suppose they satisfy the relations

3
apb =b,b* =0, Y b2 #0. (41)
pn=0

Then, an inequality a,at < 0 holds.

Proof. It is known that any isotropic non-null vector b in the space M(1,3) can be

reduced to the form b = (o, ,0,0), @ # 0 by means of a transformation from the

group P(1,3). Substituting b’ = (o, @, 0,0) into the first equality from (41), we get
alay —ah) =0 & aj = aj.

Consequently, the vector a’ has the following components: af, af, ab, aj. That is
why, a0’ = af — af? — aff —af = —(af? + af) < 0. As the quadratic form a,a* is
invariant with respect to the group P(1,3), hence it follows that a,a* < 0.

Let us note that a,a* = 0 if and only if ay = a3, i.e. a,a* = 0 if and only if the

vectors a and b are parallel.
Theorem 4. Egs. (38)—(40) are compatible if and only if

A=-1, f=-N(v+h() (42)

where h € CY(RY,RY) is an arbitrary function, N =0,1,2,3.
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Theorem 5. The general solution of the system of Eqs. (38)—(40) being determined
within a transformation from the group P(1,3) is given by the following formulas:

a) under f = —3(v+ h(u))fl, A=-1
(v + h(u)® = (—A, A") "1 (A" + B)? +
+ (A, AY) 3 (e B AL A, Ay + C)2, (43)
Azt + B = 0;

b) under f = —2(v+ h(u))_l, A=-1
(v +h(u)® = (—A, A") V(A" + B)?, A"+ B =0, (44)

where A, = A,(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations

A AR =0, A,A"+0, (45)
) under f = —(v+ h(u))il, A=-1

(U + h(IO - Ig))z = (171 + Cl(xo - Ig))2 + (IQ + CQ(IO - 1‘3))2,

(46)
u = Co(zo — x3),
where Cy, C1, Co are arbitrary smooth functions;
d) under f =0, A= —1
(1) v=(-A,A")32emeb A, A, Ayes +C, Azt +B=0, (47)

where A, = A,(u), B = B(u), C = C(u) are arbitrary smooth functions satisfying
the relations (45);

(2) v=m cos(Cl (zo — xg)) + x9 sin(01 (zo — xg)) + Ca(zg — z3), (48)
u = C()(.Q?o — .’1?3),

where Cy, C1, Cy are arbitrary smooth functions.
In the above formulas (43), (47) we denote by €,,a3 the completely anti-symmetric
fourth-order tensor (the Levi-Civita tensor), i.e.

17 (/“L7 V7 a7 /3) = CyCIG (071727 3)’
Euvaf = _11 (nyvavﬁ) = CyCIG (1707273)7

0, in the remaining cases.

Proof of the Theorems 4, 5. By force of (40) u # const. Consequently, within
a transformation from the group P(1,3) wu,, # 0. That is why, one can apply to
Egs. (38)—(40) the hodograph transformation

20 =u(z), z4=1z4, a=13, w(z)=z0, v=1v(20,2)

As a result, the system (38), (39) reads

3

3
Z w? =1, Z Wy, », =0, (49)
a=1 a

=1
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3
Z Uy, W, =0, (50)
a=1

3

nga =-A Z(Uzaza + 2wz[)1vzawza20) = —f(v, 20)- (51)

a=1 a=1

As v(2) is a real-valued function, A < 0. Scaling, if necessary, the function v we
can put A =—1or A =0.

Case 1: A = —1. As it is shown in the Section 2, the general solution of the system
(49) in the class of real-valued functions w(z) is given by the formulas (18), (19) with
n = 4. Substituting (18) into (50), we obtain a first-order linear PDE

3

Z aq(20)vs, =0, (52)

a=1
whose general solution is represented in the form
v = v(20, p1, p2)- (53)
In (53),

3 —1/2 /3
20, pP1 = (Z 013) (Z daza + O[) )
a=1 a=1
3 =3/2 3
P2 = (Z O[i) Z EachaO‘bO.[c
a=1

a,b,c=1

3
are the first integrals of Eq. (52) and what is more, . &2 # 0 (the case a,, = const,
a=1
a = 1,3 will be treated separately), 45 is the third-order anti-symmetric tensor with
€123 = L.
Substitution the expression (53) into (51) yields the system of two PDE for a functi-

on v = v(z9, p1, p2)
Ypipr T Vpapo T 2p1_11)p1 = —f(v,20), (54)
v+l =1 (55)

To get rid of an arbitrary element (function) f(v, zo) from (54) we consider instead
of system (54), (55) its differential consequence

Ups (Umm + Upyp + 2pl_1vp1)p1 — Upy (Upwl T Upypy + 2p1_1vp1)p1 =0, (56)
’U§1 + 032 =1, (57)

that is obtained by differentiating the first equation with respect to p1, p2, multiplying
the expressions obtained by v,, and —wv,,, respectively, and summing.
Further, we will consider the subcases v,,,, = 0 and v,,,, # 0 separately.
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Subcase 1.A: v,,,, = 0. Then,

v = g1(20, p1)p2 + 92(20, p1), (58)

where g1, go € C%(R!,R!) are arbitrary functions.
Substituting (58) into (57) and splitting an equality obtained by the powers of pa,
we have

Gip =0, g7+ (920,)" = 1,
whence
v=ap; £ V1-—a?ps — h(z). (59)

Here o € R!, h is an arbitrary smooth function.

Inserting (59) into (56) we get an algebraic equation av/1 — a? = 0, whence a =
0,+1.

Finally, substitution of (59) into (54) yields the equation for f(v, zo)

2apf1 =—f (am + 1 —a2py — h(z), zo) . (60)
From Eq. (60) it follows that, under a = 0,
f=0, v==%py—h(2) (61)

and under o = +1,
f==2(w+h(z20))"", v=-p —h(z0). (62)

Subcase 1.B: v,,,, # 0. In this case one can apply to Egs. (56), (57) the Euler—
Ampére transformation

20="Y0, pP1=Y1, p2==GCGy,, v+G=pays, v, =Gy, vV, =Y,
Upopa = (Gyzyz)_lv Up1p2 = _Gy1y2 (Gy2y2)_lv (63)
Upipr = (Gl211112 - Gylylezyz)(Gyzyz)fl-

Here yo, y1, y2 are new independent variables, G = G(yo, y1, y2) is a new function.
Being rewritten in the new variables y, G(y) the Eq. (57), becomes linear

Gy, :i\/l—yg,
whence
G =4y1\/1—y3+ H(yo,y2), H e C*(R*R"). (64)

Making in the Eq. (56) the change of variables (63) and inserting the expression
(64), we transform it as follows

. —2 _
(yz -(1- yg)S/ZHyzm) (392Hy2y2 + (yg - 1)Hy2y2yz) + 2y, 2y2Hyzyz = 0.(65)

Splitting (65) by the powers of y; and integrating the equations obtained, we get

H = hi(yo)y2 + ha(yo)-
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Substituting the above result into (64) and returning to the initial variables zo,
p1, P2, v(z0, p1, p2) we obtain the general solution of the system of PDE (56), (57)

v+ ha(z0) = +([p2 — b1 (20)]” + p3) /°. (66)

At last, inserting (66) into the equation (54), we arrive at the conclusion that the
function f is determined by the formula (42) with N = 3.

If a, = const, a = 1,3, then the equality a? + o3 + % = 1 holds. Applying, if
necessary, a transformation from the group P(1,3) one can put a; = ag =0, ag =1,
ie. u= C’()(.’EO — .’E3), Cy e CQ(Rl,R2).

As a consequence of Egs. (39) we get v = v(&, x1, 22), where £ = g — 3, and what
is more, Eqgs. (38) take the form

/Ugl + '052 = 1a Vzyzq + Vpozs = _f(vaCO(f))' (67)

It is known [15, 18] that Eqgs. (67) are compatible if and only if f = 0 or f =
—(v+ h(u))~t, h € CH(RY, R!). And besides, the general solution of (67) is given by
the formulas (48) and (46), respectively.

Thus, we have completely investigated the case A = —1.

Case 2: A = 0. By force of the fact that the function v is a real one, it follows
from (51) that v = v(zp). Consequently, an equality v = v(u) holds that breaks the
condition (40) which means that under A = 0 the system (38)—(40) is incompatible.

Thus, we have proved that the system of nonlinear PDE (38)—(40) is compatible if
and only if the relations (42) hold and that its general solution is given by one of the
formulas (46), (48), (61), (62), and (66). To complete the proof, one has to rewrite
the expressions (61), (62), (66) in the manifestly covariant from (43), (44), (47).

Consider, as an example, the formula (62)

3 12 /3
v==4p; — h(z) = £ (Z ai(u)) (Z Talq(u) + a(u)) — h(u), (68)
a=1 a=1

the function u(z) being determined by the formula (20),

3 3
Z aq(W)ze + a(u) = xo, Z oZ(u) = 1. (69)

Let us make in (68), (69) a substitution o, = A, A", o = —BAy", whence

A, (u)z" + B(u) =0, A,A" =0,
3 —1/2
v=+ (Z(AaAol - AaA0A02)2) X
a=1

3
X (Z 24 (A Ayt — AgAgAy?) + BAgA? — BA0‘1> — h(u) =

a=1
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=+ | (AZAG? + AZASA - 2AaAaA0Ag3)—1/2> X

X (Z Ta(AgAgt — AgAgAg?) + BAgA? — BA0> — h(u) =

. . . —1/2
A AFASE A AP ARATY 4 24, A“AOA‘?’) X
—AG @ At 4 B) + AT Ag (2, A" + B)) — h(u) =
— (= A A2, A 4 B) — h(u),

The only thing left is to prove that AMA“ < 0. Since A A" = 0, the equality
AMA“ = 0 holds. Consequently, by force of the Lemma fA,LA“ > 0, and what is
more, the equality AMA“ = 0 holds if and only if Au = k(u)A,. General solution of
the above system of ordinary differential equations reads A, = l(u)68,, where [(u) is
an arbitrary function, 6, are arbitrary real parameters obeying the equality 0 0* = 0.

Hence it follows that a, = A,A;"' = 0,0, = const, and the condition Z a2 #0

does not hold. We come to the contradiction, whence it follows that A#A” < 0.
Thus, we have obtained the formula (44). Derivation of the remaining formulas
from (43), (47) is carried out in the same way. The theorems are proved.
Substitution of the results obtained above into the formula (34) yields the following
collection of Ansétze for the nonlinear d’Alembert equation (33):

(1) w(@) = o ([(~Au(w) 4 () ™ (Au(war + B<u>)2

( 1 (u
@) w(a) = ¢ ((~ AW A )" (A, )x“+B<u>) ) )
(3) w(x) =¢ ([(361 + Ci(xg — xg)) + (w2 + Ca(zo — .1?3))2] 1/2,330 — J:g) :
(4) w(@) = @ (= A () A (W) 7" (2790 Ay () Ay (w) Aa (W) + C(0)) )
(5) w(x) ga(xl cos C1(xg — x3) + x2sin C (zg — x3) + Co(xo — 3), 20 — azg)

Here B, C, Cy, C5 are arbitrary smooth functions of the corresponding arguments,
A, (u) are arbitrary smooth functions satisfying the condition A, A" = 0 and the
function u = wu(x) is determined by JSSF (10) with Ci(u) = B(u), n = 4. Note
that arbitrary functions h contained in the functions v(x) (see above the formulas
(43), (44), (46)) are absorbed by the function ¢(v,u) at the expense of the second
argument.

Substitution of the expressions (70) into (33) gives the following equations for

= ¢(u,v):

(1) oo+ 20 = ~F(p), ()

(2) 0w + 200 = ~F(9), (72)
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(3) o+ 200 = ~Flg), (73)
(4) poo = —F(9p), (74)
(5) Pov = 7F(90)7 (75)

Equations (4), (5) from (71)—(75) are known to be integrable in quadratures.
Therefore, any solution of the d’Alembert-eikonal system (2) corresponds to some
class of exact solutions of the nonlinear wave equation (33) that contains arbitrary
functions. Saying it in another way, the formulas (70) make it possible to construct
wide families of exact solutions of the nonlinear PDE (33) using exact solutions of the
linear d’Alembert equation O4u = 0 satisfying an additional constraint u;, uzu = 0.

It is interesting to compare our approach to the problem of reduction of Eq. (33)
with the classical Lie approach. Within the framework of the Lie approach functions
wi(x), wa(x) from (34) are looked for as invariants of the symmetry group of the
equation under study (in the case involved it is the Poincaré group P(1,3)). Since the
group P(1,3) is a finite-parameter group, its invariants cannot contain an arbitrary
function (a complete description of invariants of the group P(1,3) had been carried
out in [19]). Therefore, the Ansétze (70) cannot, in principle, be obtained by means
of the Lie symmetry of the PDE (33).

All Ansétze listed in (70) correspond to a conditional invariance of the nonlinear
d’Alembert equation (33). It means that for each Ansatz from (70) there exist two
differential operators Q = &q,(2)0z,, a = 1,2 such that

Qaw(x) = Qa@(wth) = 07 a = 17 2

and besides, the system of PDE
Ouw—F(w)=0, Quw=0, a=12

is invariant in Lie’s sense under the one-parameter groups with the generators @1, Q2.
For example, the fourth Ansatz from (16) is invariant with respect to the operators:
Q1 = A, (w8, Q2 = A, (u)d,. A direct computation shows that the following rela-
tions hold:

cégi(mw) = —(A%2, + B) 7' A"9,Qw, i=1,2,

[le Q2] =0,

where @); stands for the second prolongation of the operator ;. Hence it follows
2

that the nonlinear d’Alembert equation (33) is conditionally-invariant under the two-
dimensional commutative Lie algebra having the basis elements @1, Q2 (for more
details about conditional symmetry of PDE see [20, 21]). It should be said that the
notion of conditional symmetry of PDE is closely connected with the “non-classical
reduction” [22-24] and “direct reduction” [25] methods.
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5. On the new exact solutions
of the nonlinear d’Alembert equation

According to [26], general solutions of Eqs. (74), (75) are given by the following
quadrature:

—1/2

v+ D(u) = /0 e <_2 /0 " P(2)dz + C(u)> dr, (76)

where D(u),C(u) € C?(R!,R!) are arbitrary functions.

Substituting the expressions for u(x), v(x) given by the formulas (4), (5) from
(70) into (76) we obtain two classes of exact solutions of the nonlinear d’Alembert
equation (33) that contain several arbitrary functions of one variable.

Equations (71) and (72) with F(¢) = Ap* are Emden-Fowler type equations. They
were investigated by many authors (see, e.g. [26]). In particular, it is known that the
equations

Puo + 27}_1@11 = _)‘9057 (77)
Puo + 37}_1@11 = _)‘903 (78)

are integrated in quadratures. In the paper [27] it has been established that Eqs. (77),
(78) possess a Painlevé property. This fact makes it possible to integrate these by
applying rather complicated technique. In [28] we have integrated Eqs. (77), (78) using
a standard technique based on their Lie symmetry. Substituting the results obtained
into the corresponding Ansétze from (70) we get exact solutions of the nonlinear PDE
(33) with F(w) = Mw3, Aw®, which include an arbitrary solution of the system (2)
with n = 4. Consequently, we have constructed principally new exact solutions of the
nonlinear d’Alembert equation (33) depending on several arbitrary functions. Let us
stress that following the classical Lie symmetry reduction procedure one can not in
principle obtain solutions with arbitrary functions since the maximal symmetry group
of Eq. (33) is finite-dimensional (see, e.g. [16]).

Below we give new exact solutions of the nonlinear d’Alembert equation (33) obtai-
ned with the use of the technique described above. We adduce only those ones that
can be written down explicitly

1. F(w) = Aw?

1
(1) w(x)= a—ﬂ(ﬂﬁ + a3+ a3 —af) " /?x

X tan {—g ln(C(u)(a}% +ad ol — 30(2)))} )

where A = —2a? < 0,

2v/2 —1
(2) w(x)= TC(u)(l + C?(u)(z? + 22 + 23 — m%)) ,
where A = +a?;
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1/2
(1) wia)=a"' (o3 + 23— ad) " {sinn(Clu)(a? + 23 —23) 72 41} x
—1/2
X {2sinln(0(u)(x%+l’% —1’3)71/2) —4} )
where A = a* > 0,
1/4

(2) wiz) = 3w%)(l = CH(u)(? + a3 —aB) %,

where \ = +a2.

In the above formulas C'(u) is an arbitrary twice continuously differentiable functi-
on on

Tory £ T2N/2% + 25 — 23
u(z) =

2 2
T] + 15

i

a # 0 is an arbitrary real parameter.

6. Conclusion

The present paper demonstrates once more that possibilities to construct in explicit
form new exact solutions of the nonlinear d’Alembert equation (33) (as compared
with those obtainable by the standard symmetry reduction technique [16, 19, 27]|)
are far from being exhausted. A source of new (non-Lie) reductions is the conditional
symmetry of Eq. (33).

Roughly speaking, a principal idea of the method of conditional symmetries is the
following: to be able to reduce given PDE it is enough to require an invariance of
a subset of its solutions with respect to some Lie transformation group. And what is
more, this subset is not obliged to coincide with the whole set. This specific subsets
can be chosen in different ways: one can fix in some way an Ansatz for a solution to
be found (the method of Ansétze [16, 17] or the direct reduction method [25]) or one
can impose an additional differential constraint (the method of non-classical [22—-24] or
conditional symmetries [20, 21]). But all the above approaches have a common feature:
to find new (non-Lie) reduction of a given PDE one has to solve some nonlinear over-
determined system of differential equations. For example, to describe Ansétze of the
form (34) reducing Eq. (33) to ODE one has to integrate system of five nonlinear PDE
(37). This is a “price” to be paid for the new possibilities to reduce a given nonlinear
PDE to equations with less number of independent variables and to construct its
explicit solutions.

As mentioned in the Introduction, the Ansatz (34) can also be interpreted as a
map (more exactly, a family of maps) from the set of solutions of the linear d’Alembert
equation,

Oqu=0 (79)

into the set of solutions of the nonlinear d’Alembert equation (33).
Really, we started with a subset of solutions of Eq. (79) which was chosen by
an additional eikonal constraint Ug, Ugn = 0. Then, we constructed the functions



384 R.Z. Zhdanov, I.V. Revenko, W.I. Fushchych

v(z) and ¢(v,u) in such a way that the function w(x) determined by the equality
w = p(v(z),u(x)) satisfied the nonlinear d’Alembert equation (33) (see below the
Fig. 1).

There is an analogy between the map described above and Béacklund transforma-
tions of partial differential equations. System of PDE (38)—(40) and the Ansatz (34)
(level 2 of the Fig. 1) can be interpreted as a Bécklund transformation of a set of
solutions of linear PDE (level 1 of the Fig. 1) into a set of solutions of nonlinear PDE
(level 3). A principal difference is that a classical Bécklund transformation acts on
the whole spaces of solutions of equations under study and the above map acts on
subsets of solutions of the linear and nonlinear d’Alembert equations. It is known
that technique of linearization of PDE with the use of Bécklund transformations
can be effectively applied to two-dimensional equations only. The results obtained in
the present paper imply the following way of extension of applicability of Backlund
transformations: one should consider Backlund transformations connecting subsets of
solutions of linear and nonlinear equations. And these subsets may not coincide with
the whole sets of solutions.

Linear d’Alembert equation

D4u =0
d’Alembert-eikonal system Ansatz
O4u =0, ug, ugn =0 w = p(u(r),v(z))

/

Nonlinear d’Alembert equation
O4w = F(w)

Figure 1.

As an illustration we consider the case when in (33) F(w) = 0, i.e. the case when
the map constructed above transforms a subset of solutions of the linear d’Alembert
equation into another subset of solutions of the same equation. Integrating ODE
(71)—(75) we obtain explicit forms of functions (v, u)

(1) o(v,u) = fr(u)o? + fa(u),
(2) ov,u) = filu)o™" + fo(u),
(3) e(v,u) = fi(u) Inv+ fa(u),
4) »(v,u) = fi(wv + fa(u),
() ev,u) = fi(uw)v + fa(u),

where f1, fo are arbitrary smooth enough functions. Consequently, we have the follo-
wing maps transforming subsets of solutions of the linear d’Alembert equation (79)
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into another subsets of its solutions:

(1) u— fiu)[(~ A () A () T (Au(w)a” + Bw)® +
+ (A () A" (1)) 72 (P A, () Ay (u) A (u)z + C(u) ] T+ falu),
2) w— fi(w)[(~ A (A" (W) (At + B(w)] " + folw),
xo — x3u — f1(xo — x3) ln[(:vl + C1(zo — xg))2 +
+ (22 + Calo — 23))°) % + falwo — 23),

(4) w— (—Ay(w) A (u) "> (P Ay, (u) A, (u) Ao (w)as + C(u)),
(5) Xo — I3 — f1 (.’E() — .’Eg)(£E1 COSs Cl (LEO - .’ﬂg) +
+ xosin Cy (330 — 333) + 02(1‘0 — 1‘3).

—

—
w
=

W

Note that in the cases 4, 5 function f; is absorbed by arbitrary functions C, Cs.
And one more remark seems to be noteworthy. If one takes as a particular soluti-

on of the system (2) the function u(z) = (zoz1 + T2/2% + 23 — 23)/(2? + 23) and

substitutes it into the first, second and fourth Ansétze from (70), then the following

Ansatze are obtained:

2or1 £ xorN/x? + 22 — 2
(1) w(x):¢<x§+x§+x§—xg, poanpaal B
1+ T3

Tox1 + w2/ % + 23 — 3
2) w(z)= 2 4+ 23 — 22, ,
(2) () 90<1 2 0 22 + a2

xox1 £ To 1‘% + a:% - a:%
(W w@»—¢<m, e >.
Provided the above Ansétze do not depend on the second argument, the usual Lie
Ansitze are obtained which are invariant under some subgroups of the Poincaré group
P(1,3) [19]. Consequently, if we imagine invariant solutions as dots in a solution space
of the nonlinear d’Alembert equation, then through some of them one can draw curves
which are conditionally-invariant solutions. In this respect a number of interesting
questions arise, let us mention two of these:

(1) Is any invariant solution of the nonlinear d’Alembert equation (33) a particular
case of some more general conditionally-invariant solution?

(2) Does there exist such conditionally-invariant solution of Eq. (33) that all invari-
ant solutions of Eq. (33) are its particular cases? (saying about invariant soluti-
ons we mean solutions invariant under some subgroup of the symmetry group

of Eq. (33)).

An answer to the first question seems to be positive. A positive answer to the
second one would provide us with a concept of a “general invariant solution”. But so
far this problem is completely open and needs further investigation.
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Cumerpis piBHSHD JIIHITHOI Ta HeJiHIIAHOIL
KBAaHTOBOI MeXaHIKN

B.I. OVIITY

We describe local and nonlocal symmetries of linear and nonlinear wave equations
and present a classification of nonlinear multi-dimensional equations compatible with
the Galilei relativity principle. We propose new systems of nonlinear equations for
the description of physical phenomena in classical and quantum mechanics.

Ommcani JTOKaJIBHI 1 HEJIOKAIBHI CHMETPIT JITHIMHIX Ta HEJIIHITHUX XBUJILOBUX PIBHSIHbD,
Kiacudikaril HeJliHIHHUX 6araTOBUMIpHUX PIBHSAHB, CyMICHUX 3 IIPUHIIMIIOM BiJTHOCHO-
cri lasinesi. 3amponoHOBaHO HOBI CHCTEMU HETIHINHUX PIBHSIHD JJIsI ONMUACY (DI3UYHUX
IIPOIIECIB y KJIACUYHIN Ta KBAHTOBINI MeXaHiIIi.

IIpobsiema moby10BM HEJIHIHHUX MATEMATHUIHAX MOJEJEH JJIs OIHCY MPOIECIB y
Mexamiri, diszur, 6iosoril Oysa i € OHIEIO 3 TOIOBHUX 3a/ad MATEMATUIHOI (Hi3uKn
[1-4]. Croromui Mu He MOXKEMO BBazKaTH, M0 Kjacu4Hi piBHsiHHsI HbroToHa—JlopeHiia,
Hamambepa, Has’e—Crokca, Makceesta, [lIppomiarepa, lipaka Ta iHmii piBHsSHHS py-
Xy IMOCJIIOBHO i MIOBHO ONMMCYIOTh peasibHi (bi3uani mporecu. Y 3B’sa3Ky 3 IUM JTOCUTH
CKa3aTH, MO HUHI MU He 3HAEMO KOJIHOTO DIBHSHHSA PyXy B KBAHTOBINM MeXaHIiIm I
JIBOX JACTUHOK, sike Oysio 6 cywmicue 3 mpuniunoMm BigHocunocti Jlopenna—Ilyankape—
Eitamreitna. [Ilupoxwuii criekTp piBHSHB, SIKi 3aIIPOITOHOBaH] 6araTbMa JOCIIiTHUKAMH,
SIK TIPABHUJIO MAIOTh IIPUHIIAIIOB] HEJOJIKHY 1 YaCTO IIPUBO/ISITH 10 aDCYpAHUX (DISUIHIX
HACJIiIKIB.

XapakTepHa OCODJUBICTH CyYaCHOTO MATEMATHYIHOIO OIUCY PEAJbHHUX IIPOIECIB
[IOJIATa€ B TOMY, IIIO PIBHAHHSI PYXY JJIsl YaCTUHOK, XBUJIb, IIOJIB € CKJIQJHUMH HeJIi-
HIMHUMU cuCTeMaMu JudepeHIiaJlbHuX 1 iHTerpo-mudepeniaibHuX piBHAHD. K Oy-
JyBaTu Taki piBHsiHHsI! K po3B’sizyBaTu i gociipKyaru Taki cucremu! O4eBuHO,
o migxin Jlarpamka—Oiiiepa (Mexaniunuii y cBOIl 0CHOBI) 10 MOOYIOBU DIBHSIHHS
pPyxy y baraTbox BUIaJkax € oomexkeHnM. JlocuTh HArAIATH, MO B PAMKAX KJIACHIHO-
ro meroiy Jlarpamxka—Oiiepa HEMOXKJIIUBO OfepKaTH 0e3 MepexoLy JI0 MOTEHIHATIB
piBaszHHA MakcBesia /s eJIeKTPOMArHiTHUX XBUJIb.

B mamux poGorax [3-12] 3amporioHOBaHO HeJarpaH:KeBHi mixin 1t mobymosn i
kJtacu@ikarii piBHsIHb pyXy. B OCHOBI IBOr0O MiXOMy JieXKaTh MPUHIIAINA BiJJHOCHOCTI
Tanines ra Jlopenma—Ilyankape-Eitnmreitna. Koporkuit oryisam qedkux pe3yIbTaTiB y
IFOMY HaIPSAMKY HOJIAETHC JIaJi.

1. Kopotkuii komeuTap npo Biamkputrtsa IlIpsoainrepa. Ilepmr 3a Bce nHara-
ayemo, 1o 70 pokis Tomy Epsin Illpbominrep BiAKpuB piBHSAHHS pyXy i UM caMUM
3aKJaB MaTeMaTHIHY OCHOBY KBaHTOBOI mexaHiku. 21 wepBus 1926 p. Illprosinrep
UPEJCTAaBUB JI0 JPYKY poboTy [2], B sKiil 3a1pONOHyBaB PiBHAHHA

2
S¥ =0, Szpo—p—a—V(t,x),
2m (1)
Do lh8t7 DPa Zhalﬂa’ a ; 735

ne ¥ = U(xg =t,T) — KOMIUIEKCHO3HAYHA XBUJIbOBA (DYHKIdA, V — MOTEHIa.

TlepeapykoBano 3 YKp. MatT. )KypH., 1997, 49, Ne 1, C. 164-177 3a n0o3BOJIOM
© 1997 Iacturyr maremaruku HAH Vkpainu
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IIs pobora Oyma ocTaHHBOIO 3 Cepil YOTUPBOX CTATEH I OIHIEI0 HA3BOIO, B SAKHUX
pO3B’s3aHa Mpob/eMa KBAHTYBaHHs B aTOMHIN (Di3uIri.

Yu moxkua ckazaru, mo Epsin [IIphominrep BUBiB ¢BOE piBHSIHHS !

3HaOMCTBO 3 OPHUIIHAABHOK POGOTOIO [2] jae HaM OJHO3HAYHY BIJUIOBIIbL Ha Iie
nuranssd. [pponinrep He BusiB piBusnusg. Piuauns (1) 6yso nanucano 6e3 cTpororo
obrpynryBanns, bisibire Toro, [IIprosinrep BBazkas, 110 TPABUIBHAM PIBHAHHAM Py-
Xy B KBAHTOBilfl MeXaHiIli MOBUHHO OyTH PiBHSHHS YeTBEPTOTO MOPSIKY JJIs JTificHOl
dyuxuii, a ve piBusHHs (1) s komiuiekcHol dyukii. Ipbomirep posrisityBas
piBasaHg (1) 9K Jesike JOMOMIXKHE, IPOMIZKHE PIBHSIHHS, sIKe Ja€ 3MOTY CIIPOILYBATH
00UInCIICHHS.

B ocnoBi monepeiaix itoro pobit Oysin piBHsIHHS

2(E-V)0%v B

AV — R 0, (2)
82

A\II—i—F(E—V)\I/:O, (3)

ne U — miiicHa GyHKITiS.
Koun norenrian V ue 3anexurs Big gacy, [psoginrep susoaurs 3 (2), (3) xBu-
JILOBE DIBHSIHHSI YETBEPTOrO TOPSIIKY

872 \? 1672 9?0
(A‘?@ T e =0 4)

e ¥ — miticHa QyHKITS.

Ipo pisasians (4) IIpeoxinrep mmie: “. .. pipHsHHs (4) € €IMHUM 1 3araabHAM
XBUJIBOBUM DIBHSIHHSIM JIJIsl TIOJBOBOrO cKajspa W ... XBusiboBe DiBHsiHHs (4) 3a-
KJII04Ya€ B cOo0l 3aKOH JUCIEpCil 1 MOXKe CJIy?KHTH OCHOBOIO PO3BHHYTOI MHOIO TEOpil
KOHCEPBATHBHIX CHCTeM. LIOoro y3arajbHEHHs Ha BHIIAJOK MOTEHI[ATY BEMATAE JIe-
Ky 06epexkHICTh . .. cupoba nepeHecTu piBHsHHs (4) Ha HEKOHCEPBATHBHI cuCTEMU
3yCTPIivaeThCsd 31 CKJIQJIHICTIO, sIKa BUHUKAE Yepe3 UJIeH %—Y. Tomy nauni s migy 1o iH-
MIOMY HUIAXY, OLJIBII IPOCTOMY 3 00YMCTIOBAJILHOT TOUKH 30DPy. Lleil nursax s BBaXKako
UPUHIAIOBO CAMUM NPABUILHUM. (4) € PIBHAHHSA KOJUBAHHA ILIACTHUHKM.”

VY sucri go Jloperna (6 uepsast 1926 p., Iropix) Iprosinrep tumime: . . . 3 piBHsIHBb
(2) i (3) Mu ozepKyeMo 3arajbHe XBHJIbOBE DIBHsIHHS (4), siKe He 3aJIeXKUTh Bijl KOH-
cranTu inrerpyBanus . Borno Touno cuiBmagae 3 piBHAHHAM KOJIUBAHHS IIJIACTHHKH,
sIKe MICTUTBH KBapaT oneparopa Jlamraca. BinkpurTs misoro mpocroro dhaxkry 3abpa-
JIO ¥ MeHe baraTo dacy.”

Y gmcri go Ilnanka (14 wepsus 1926 p., Iopix) lpsoginrep nume: “... orxe,
CIIPAB>KHIM XBHUJIBOBUM DIBHSIHHSAM € PIBHSIHHS YE€TBEPTOI'O IOPSJIKY BIJIHOCHO KOOP-
JaaHAaT .. .0

I nani IIpeoniarep Bunucye pisasiaust (1) quist kommuiekcHol dbyukuii ¥. dkpas y
npomy Micni crarti [2] IIproxiarep pobuts renianpauil (1 amoriunmit) KoK, 3amcy-
toun piBHsiHHSA (1) 1t KOMIIEKCHOT DYHKIIT.

Bigaocno pisusiung (1) Ipeoxgiarep mume: “leska TpyaHicTh, 6e3 CyMHIBY, BU-
HUKA€ B 3aCTOCYBaHHI KOMIIJIEKCHUX XBUWJIHOBHUX (DYHKIT. ZKIO BOHM TPUHITUIIOBO
HeoOXi/Hi, a He € TIIbKU CIoCcOOOM IoJIeriieHHs (CIPOIIeHHs ) 009UCIeHb, TO 1ie Oyie
O3HAYATH, IO ICHYIOTH IPUHITAIIOBO ABi DYHKIII, sKi TIALKH Pa30M JaI0Th OIUC CTAHY

“
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cucremu ... CopaBKHE XBUJIbOBE DIBHsSIHHS, HAWOIIBIN BipOrigHO, Mae OyTH piBHSH-
Hsl Y€TBEPTOrO HOPSAKY. LIt HEKOHCEpBATHBHOI CHCTEMU (%—‘t/ #+ 0) MeHi, ojHave, He
BJAJIOCH 3HANTH Take PiBHAHHS .

3 HaBEeJIEHOr0 MU MOYKEMO 3POOUTHU TaKi BUCHOBKH.

Bucuosok 1. B 1926 poui Illpvodineep 6sastcas, wo npasusoHUM DIBHAHHAM DYTY 6
KBAHMOGIT, METAHIUT MAE OYMU PIBHAHHA YEMBEPMO020 NoPAdKY. ra 6unadky, xoau
NOMEHYIAL He 3anedcumsb 610 wacy, ue pihanms mae suaasnd (4).

BucHoBok 2. B uepsni 1926 poxy Ilpvodineep ssasicas, wo pishanns (1), nepwozo
nopaAdKY 3a 4acom i dpy2020 NOPAOKY 3G NPOCMOPOSUMUY ZMIHHUMU, OAL KOMNAEKCHOT
Pynruil € npomisicnum (He 0CHOBHUM), AKe MpPeba BUKOPUCTAMU MIALKY 0Af CPO-
WEHHA 0OYUCAEHD.

Bucuosok 3. Illpvodineep ssastcas, wo 6 momy eunadky, koau nomeruias V 3sane-
AHCUMD 610 HaCY, PIBHAHHA PYTY MAE OYMU MAKOHC YeMBEEPMOo20 NoPAIKY s diicHoT
Pynxyii (tomy tioeo ne edasocy odeporcamu).

BucHoBok 4. Ilpvodinzep nixoau nisniwe ne 062060p1068a6 PiHAHHA YEMBEEPMO20
nopAdKy.

Croromi MOXKHA OJHO3HATHO cKa3aTh, 1o [IIphominrep MOMUISIBCS BiIHOCHO BaxK-
musocti (bynmamenrtansrocti) piBagns (1), (4). Hiiicro, piBusuus (1) € ocHOBHIAM
PIBHSHHSM PyXy KBaHTOBOI MeXaHiKu, a piBHsAHH: (4) He MOXKe OyTH PIBHAHHSIM PyXY,
OCKIJIbKM BOHO He CyMiCHe 3 IPMHINIIOM BigHOCHOCTI ['asines.

ITe TBep/KeHHS € HACJIJIKOM cuMeTpifiHoro aHaisy pisHsiHb (1) 1 (4) [3]: piBHsH-
ug (1) imBapianTae BimHocHo rpymu Lasises. Y 3B'g3Ky 3 HABEIEHUM Y HACTYITHOMY
maparpadi JaHo BiAMOBiAL Ha TaKi THTAHHS:

1. dAxi giniitai piBHSHHS APYTrOTr0, Y€TBEPTOrO, N-I'0 MOPHAIKY CYMICHI 3 TPUHITUIIOM
Bimnocnocri Tamimea?

2. Yu icuyrors JiHiitHI piBHAHHS TEPIIOro MOPAIKY 328 IacOBOIO 3MIHHOIO 1 YeTBep-
TOT'O HOPSJIKY 34 IIPOCTOPOBUMHU 3MIHHUMU, SKi CYMICHI 3 IIPUHIMIIOM BiTHOCHO-
cri Dastiyrest?

ITix npunimunom sigaocHocti Faniness mu posymiemo inBapianTaicts (y cenci JIi)
PiBHSIHHS BiJIHOCHO II€pETBOPEHDb

t—t' =t T—7 =7+t (5)
KOJTU XBUJIbOBA, (DYHKITiSI IEPETBOPIOETHCS 32 JIHIHHUM 300paKeHHSAM IPYIIH (5) [4]:
U — U =T,V (6)

Ilepm mixk maTy BiAmOBiAbL Ha chHOPMYILOBAHI MUTAHHS HaBeIeMO g00pe Bimomi
dakTu npo sokasgbHy cumerpito Jiniitnoro Binbaoro (V = 0) piBusuua Ippomninre-

pa (1).
Teopema 1 [3]. Maxcumanvroro (y cenci JIi) anrzebporo insapianmmuocmi (1) e 13-
sumipra anzebpa JIi

AGQ(L?’) = <P0aPa, JavaavaHaQ>,
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3 6A3UCHUMU EAEMEHMAMU

0
Py=i— = P, =—i
0 Z@xo Po, !

=Pa;  Jab = TaPb — TbPa;
0z,
Go =1tpa —max,, a=1,2,3, D =2x0pyg— TyPa, (7)
in m ) 0 . 0
H:xgpofxoxapaJr?xOfExi, Qz(\Ila—‘II\I/ 8\11*)'

Omueparopu G, OPOIKyIOTh (TeHepyOTh) eperBoperHs [asines (5) 1 Take mepe-
TBOPEHHsI J|jIsl XBUJIBOBOI (DYHKIIIT:

voow e (0 2 o] ) ®

(merasi mosenmenust quB. y [4] 1 nuToBaHiit TaM siTepaTypi).
Mu BKUBAEMO HACTYITHI TO3HAYEHHS:

AG(1,3) = (Py, Py, Jap, Go) — 10-Bumipna asrebpa Tasines;
AG1(1,3) = (Py, Pa, Jab, Ga, D) — posmmpena anreGpa [asines;
AG2(1,3) = (Po, Pa, Jab, Ga, D, IT) — noBua asrebpa Lamines;
AE(1,3) = (Py, P, Jap) — anrebpa Eskiiza;

AFE,(1,3) = (Py, Py, Jup, D) — posmupena anrebpa Eskiiza.

Teopema 2 [5]. Makxcumarvror anzebporo ineapiarmuocmi pisnannsa (4) (V. =0) e
poswupera aszebpa Eexnaida AE:(1,3).

3 HaBeJEHUX TEOPEeM MAaeMO TaKi HACJIiIKU.

Hacuainok 1. Pisnanna (4) necymicne 3 npunyunom eionocnocmi Lanines (5). Ile
osnanae, wo (4) me moorce pozzasdamucs, AK PIBHAHHA DYTY YACMUHKY (n0As) 6
Keanmosili mexaniyi. Bes mnootcuna pose’sskie piensanna (4) ne insapianmmua 6i0-
Hocho nepemeopens Lanines (5), (6).

SayBaxkumo, mo Oyb-sKuil riaagxuii po3s’a30K piBusHHg (1) € Po3B’a3KOM piB-
usauns (4) (mpu V' = 0), Tobro MHOXKHHA PO3B’s3KiB (4) MicTHTh y c0bi po3B’s3kn (2).

2. BuBeneuunsa piBusuusa IIIpbominrepa i piBHAHHSI BHCOKOI'O MOPHAIKY.
Busenemo pisasamsa [Ilpromiarepa 3 BUMOrM iHBapiaHTHOCTI PiBHSHHS BiIHOCHO TIe-
perBopenb Lasisnes (5), (8) 1 rpynu 9acoBuX i IPOCTOPOBUX TPAHCIIAILIA.

Posrnstnemo noBinbHe JiHiliHEe PIBHAHHS TEPITOro MOPSJIKY 34 YacoOM i JPyroro
MTOPSAJIKY 38 MPOCTOPOBUMHU 3MIHHAMU

av 520 ow
j—— = t. T b (t, %) — t. 7)U 9
Gy — et D) g g F ) g+ et D), )

ne aii(t, @), bi(t, @), c(t, &) — noslabHi rmanki GyHKIGI.

Teopema 3 [5, 6]. Ceped mnoorcuru pisnans (9), ineapiarnmmuuzr eidnocto epynu (5)
1 2pYNnU MPaHcAsuit, oas kKomnaexkchol Pyrwkuii ¥ e miavku odne pieHarHA, AKE NO-
KaavHo exsisanenmue pishannio [pvodinzepa (1).

Orxke, KJIac JIHIRHUX PIBHSHDB, sIKi CyMICHI 3 KJIACHYHUM TIPUHIIUIIOM BiHOCHOCTI
Tasisest, 3BomuTHCs 10 o7HOTO piBHsHHS (1).
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BayBaxkenns 1. ko B (9) ¥ — aiiicua GyHKIlis, TO €IMHUM PIBHIHHAM, CyMiCHUM
3 mpuHIEIOM lasiiess, € pIBHAHHS TEILTOMPOBIIHOCTI

ou

— =)A 10
875 u, ( )

Jie A — JIOBLIbHUIT TTapamMeTp.

B [7] 3anpononoBane Take ysaraabaenus pisagaus (V = 0) HIpsoxinrepa (1):

</\15 S 4 AnS")\I/ — AU,
2\ 2 2\ " (11)
52:(p0_p_a> PRI Sn:(po_p_a) )

2m 2m

Ay A1, A2, ..., Ay — JIOBIIBbHI TapameTpu.

Pisusians (11) cymicHe 3 npuHimnoM sigHocHocti Lasises i iHBapianTHe BiqHOCHO
anrebpu Lamines AG(1,3), ane He iHBapianTHe BijfHOCHO MaciiTabHOro D i mpoeKTus-
uoro I oneparopis (A1 # 0, Ay # 0).

Iosuy indopmariio npo cumerpito piBugnusg (11) nae HacTynHa Teopema.
Teopema 4 [13]. Ceped ainitinux pienans 006iabH020 NOPAIKY € MIAGKU DIBHANHA
(11), axe insapianmue sidnocho anzebpu AG(1,3). ¥V sunadky, xoau A = A = Ao =
<= Ay = 0, pienanna (11) ineapianmmue sidnocno aneebpu AGo(1,3).

Takum guHOM, KJIac JIHIHHUX TasIiieli-iHBapiaHTHUX PIBHSIHD JOBLIHLHOTO TMOPSIKY
JIOCUTD BY3bKuii 1 3B0puThest 710 piBagnusa (11). Bel inmi rasieii-inBapianTai piasi-
Hs1 JIOKQJILHO €KBiBaJIeHTHI piBHsHHIO (11).

3. Agarebpa Jlopeuma s piBHauus Illpwozxinrepa. Jliniiine piBHSHHS
IIpsoainrepa (koau V = 0 i upu gesxux cuenudivnnx Bugax norexmiamis V(t, x))
Mae KpiM JiokasbHOI (Teopema 1) i HesokasnbHy cumerpil (nue. [4] 1 nuToBany Tam
mireparypy). HaBenemo o/iHy 3 TakuX HE3BUUHMX (HEJIOKAJIBHUX) CHMETDIi.
Teopema 5 [8]. Pisnanna Ilpvodineepa (1) (kvoau V = 0) insapianmmue 8ionocto
anzebpu Jloperuya AL(1,3) = (Jap, Joa), 6asucni eaemenmu axot 3adaromuvcs onepa-
mopamu

1
Jab = TaPb — ToPa, Joa = %(PGa + Gup),
— (2 2 2\1/2 1/2 12
p=(p}+ps+p3)" % = (-A)"2 (12)
Go = 2oPa — MZa,  [Joas Joo] = —iJap-

BazksmBo migkpecauru, mo mcesaoudepennianbii oneparopu {Jo,) He TeHEPYIOTH
Hi meperBopenns Jlopenra, Hi mepersopenns [aies:

Tq — Tl = exp{iJoaVa }Ta exp{—Jopvp} # JIOPEHII-TIEPETBOPEHHS, (13)
xo — x( = exp{iJoava }To exp{—Jopvp} = To. (14)

Yac PN TaKUX HEJIOKaJIbHUX IIEPETBOPEHHAX HE MIHSIETHCSI.

4. HenokajibHa raJjiijieii-cuMeTpisi eBOJIIOIIMHOrO piBHSIHHSI YETBEPTOro
nopsiaKy. Po3riisineMo piBHsIHHS MEPIIOrO MOPSJIKY 3a YaCOBOK 3MIHHOIO 1 JeTBep-
TOr0 HOPSIKY 38 IPOCTOPOBUMU 3MIHHUMU

4

ol =HP*)V, H(P*) = aomo + asp® + a4%, (15)
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PP =pl=pi+p3+pi=—A a3 = 27}10 ap, a2, a4, Mo — JOBLIBHI JIIICHI KOHCTAHTH.

Taminbronian (15), komn a9 = 1, ay = —mod, SIBJISIE CODOIO TEPI TPHU UJIE€HU
poskagy B psaj Teiyiopa pelsTUBICTCHKOrO raMiJbTOHIaHA

2 4
2 1/2 _ p- D
H(p*) = (p* +mj) Mot Gy &ma

VY Tomy BUNAIKY, Koau ag = a4 = 0, piBaanug (15) cuiBnamgae 3 piBusunsy [pso-
niarepa (1).

3i crangapruol (3arajbHo npuitHaTOl) (Bizmunol Touku 30py piBHaxHs (15) He
MOYKHa PO3IVISIYBATH SK PIBHIHHS PyXy B KBAHTOBINf MeXaHiIli, OCKITbKH BOHO He
inBapianTHe Hi Binmnocno rpynu [amises, ui Bignocuno rpymu Jlopenra. Tobro ui onun
3 Bigomux npuaImnis sigaocHocti (Tamines abo Jloperna—Ilyankape-Eitnmreiina) ve
BUKOHYEThCsT Jiuisl piBHstHHSA (15).

BacrocoByioun metos J1i, MOYKHA JTOBECTH, MO MAKCHMAJILHOIO aJrebpoIo iHBapiaH-
tHOCTI piBHsHHS (15) € anrebpa Epkaina AFE(1,3) = (Py, Pa, Jap, I), I — onuanaHMit
ornieparop. BusBisieTbes, mo KpiM JIOKaIbHOI cuMmerpil piBHaHHgA (15) Mae mmpoxy
HEJIOKAJIbHY cuMeTpio. 3okpema, pisugnng (15) inapianrne Bigmocno aarebpu Lasi-
aes AG(1,3), 6asucui enementu (oneparopu G,) FKOI 38JIaI0THCsI OLIEPATOPAME 3-I'0
IOPsA/IKY. BLIBIT TOYHO, CIpaBe/INBe HACTYIIHE TBEPI2KEHHS.

Teopema 6 [9, 10]. Pisnanns (15) insapianmne gionocho 20-eumiprot aseebpu JIi,
6a3UCHT eaeMENMU AK0T 3a0a10MBCA ONEPATNOPAMU

p=il p—_i 9

ata amav J(Lb = TaPb — ThPa, (16)
Ga == (tVa - xa)mOa (17)
1 p2
a=— 1 a_ 9 ay 1
V, mo( +a42mg)p (18)
1
Rap = ay (Pan + §5abp2) . (19)

Oueparopu (16)—(19) 3a10BOIbHAIOT KOMYTAIAH] CIIBBIHOITEHHS

[ ab ] - Z'(‘SaCGb - 5cha)v [Pm Gb] = idabI» [Gm Gb] =0
[P ] ZVa, [Va, Gb] = i(Rab — agéabl),

[Jab, Red) = i(dacRoq + OpaRac — dpeRad — daaRye),

[Jab, Ve] = 1(0acVh — 0bcVa),  [Ga, Roe] = ia4(0apPe + 0bePa + dacPy)-

Minkpecanmo, 1o oneparopu (17)—(19) € oneparopamu TPeTHOro i IPyroro mopsii-
Ky, a [I¢ O3HAYaE, MO BOHM ITOPOKYIOTh HEJOKAJIbHI IEPeTBOPeHHs. Tak, omepaTopu
Tanines G, (17) renepyioTh cTaHIapPTHI JIOKAJIbHI IEPETBOPEHHS JJIsl YaCy 1 KOOP/IH-
HaT

t = t' = exp(iu,Gq )t exp(—iupGy) = t,

xq — x, = exp(ivpGp) x4 exp(—vGp) = x4 + v4t,
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1 HeJIOKAJIbHI [IepeTBOPEHH s Jjisi XBUJILOBOI (DyHKIII [3]
i? 1 9
U(x) — V'(x) =expq img | Zaliq + 775 - §a4tuaPaP v, (20)

Ak mobpe BiToMO, MBUAKICTD YACTUHKU B PEIATUBICTCHKIN MeXaHiIl BU3HATAETHCS

3a HOPMYJIOIO
va:]ﬁ, m=m(@?), m=me(l—v%)"12% (21)
m

VY mexanini, moOymosaniii Ha 6a3i pieastHHEs (15), BinnosixHaa dbopmMysta Mae BT

2
Pa a4p

Vg = — . 22

“ mo + 2 Pa ( )

ko mBuAKicTh YacTUHKY 3a1aTu (opmysiowno (21) i Bukopucraru (22), To onep-

KMo bopMyILy 3ajiexKHOCTi Macu (B HOBIit MexaHini) Biz mBugKocTi
m A4 3 o

_— 4 — —1=0. 23
mg g m (23)

Posp’sizaBum Ky6Giune piBHsiHHS (23), 071epKuUMO (B 3aJI€3KHOCTI BiJ| 3HaKa KoedinieHTa
a4) Taxi dopmyiiu:

ag <0, w 7é 1, (24)

w
3 \/1—5‘)2}7

3 1
m:mo—sh{gln(w—i— 1+w2)}, aq > 0, (25)
w

w= (2)/ (92 fmilaal.

Orxke, y KBaHTOBIN MexaHini, moOyjoBaniit Ha piBuanui (15), BUKOHYeThCs He-
craHnapTHuil npuHnun BigHocHocti Nasines (dbopmysa (20)) i maca yacTuHKE (OIS
3aJIeKUTh BiJT MIBAIKOCTI 3rimHO 3 dbopmynamnu (24), (25).

1
m = mg— sin { —arctg
w

5. Ilpuanun BimHocHocTti Iasines i HesiHiliHi piBuauusg Tuny Ilpboain-
repa. 3a ocTaHHI pOKHM 0araTo aBTOpPIB, BUXOJAYN 3 PI3HUX MOTHBIB i MipKyBaHb,
3aIPOTIOHYBAJIM IITUPOKUIT CIEKTp HEJIHIMHUX y3arajbHenb piBHaAHb [lIpbomginrepa.
Bararo 3 HesiHIWHUX pIBHSIHB, 3AIPONOHOBAHUX il ONUCY HEIHIHHWX edeKTiB y
IJ1a3Mi, ONTHUIN, KBAHTOBIl MeXaHiIl, He 3aJI0BOJIbHSIOTH IPUHITATT BiHOCHOCTI [aJti-
Jes. Y 3B’43Ky 3 nuM B cepii Hamux pobir 3, 4, 6, 7, 11] uposemeno cumerpiiiny Kia-
cudikarito HemiHiftnnx piBasgaub Tuny [lIphogiarepa, ski iHBapiaHTHI BiZHOCHO Tpyn
Tamines Ta pizHUX i1 PO3IIUPEHD.

VY 1bOMYy IIYHKTI HaBeJIEMO JiesiKi Pe3y/IbTaTH PO KJacu(IKAIio HeJIHIHHUX PiB-
ugnb tuiy pboainrepa, ki MarOTh Taky K cumerpio (abo mmpiny), sK i Jiniiine
piBusuns [peogiarepa (1).

Posrnsgaemo neniniiine piBHSHHS IPyTOro MOPSIKY

o0v 1 Ap(T*W)

- — R — * = * 2 *
i A i S E F(\I/ U, (V(T* )2, AT fo)) 7, (26)

e o, F' — mosinbhi riragki dyHKII.
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Teopema 7 [7, 11]. Pisnanns (26) y sunadky, xoau ¢ = 0, a dynxuyis F(T*T) e
3aneotcums 6i0 noridnuz, meapianmue 6idnocro noenoi aszebpu AGo(1l,n) 3 6asu-
crumu eaemermamu (7) modi i minvku modi, xosu

F(U*0) = \w|*/", (27)

0e N — YUCAO NPOCTOPOBUL 3MIHHUL.

Teopema 8 [12]. Pisnanns (26) insapianmue sionocro anzebpu AGo(1,n) i onepa-
mopa I modi i miavku modi, Koiu

* _ 2
- (ﬁw)’ (W) = U, (28)

de N — dosiavha 2aa0Ka GYHKUIA.

B Tomy Bunazky, komu N = 1/2, ¢ = 0, piBugnusg (26) nabysae BUT/IALY

OU 1 1A
7 cav= 20y P
zat—i-zA 2|\[1|\II (29)

PisusiaHs (29) 3amnponoHoBaHo y poborax [14-18]. BoHo Mae yHIKadbHY CUMETDIO.

Teopema 9 [19]. Pisnanna (29) insapianmne 6idnocho anzebpu JIi 3 6asucHumu
onepamOPam,
0 0 0 0
Po=is, Po= il =0 g
"= o 'Oz ou Y w
JabZIan—JJbPa, a,b:1,2,...,n,

Go = tPa+ 5-Q, Q:i(@%—w*a$*>, (30)
D = 2tPy + z,P, — g.r, I = 2Py + tz, Py + @Q - %t.r,

G = —iln %Pa +z,Py, DW= —i%@ + 2Py,

om = — (m %) Q-2 (m \1/2) zo P, + |Z)? Py + in (m \;) I, (31)
K, = tw, Py — (%2 titln @E) P, + zazy Py — gxal - z% (ln %) 0.

Bunucana asnreGpa exsiBasenTHa KoHopMmHIH amrebpi AC(2,n) B (2 + n)-u-
MipHOMy mpoctopi MinkoBchKoro. Zkimo Bin komiuiekcHol! yHKII W mepeidTu 10
aMIuIiTyin-azu

U = A(t, z) exp{iO(t, )},

1o HaBeJeHi hbopMysn 3HAYHO CIpOILyIOThes. Aurebpa cumerpil piBusanug (29) eksi-
BaJIeHTHa ajrebpi cumerpil KiaacuuHoro piBusHHs [aminbrona [3]

o _ o on
ot Oxy Oxy,
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Orxke, Hesiiniitae piBHgnHs (29) Mae 3HAYHO MIMPINY CUMETPIIO, HixXK JiHifine piBHs-
unst [peogiarepa (1). Auasoriunuii epekT Mae Miciie 1 Jyis IyaHKape-iHBapiaHTHOrO
HeTiHIfHOrO XBUILOBOrO piBHsAHHA [16, 17]

0|y
o= ——U. 32
6. HesmokasibHa cuMmeTpis JIiHIHOTO MyaHKape-iHBapiaHTHOTO XBUJIBOBO-
ro piBusaHH#A. CiMecsaT pokiB Tomy, y 1926 p. maiike ogHo9acHo cim yuenux: [1Ipbo-
mginrep, ne bposw, Homnep Ban Hyuren, Kieitn, ®ok, I'opmon i Kynap Biakpuim pis-
HAHHS

(ph — P2 u(xo, 7) = m*u (33)

JJISL CKAJISIPHOT KOMIJIeKCHOT (byHKIIT u. Y Bunajky, koau m = 0 (33) cuiBnagae 3
XBUJILOBUM piBHAHHSM Jlamambepa.

Bigomo, o piBusaus (33) imBapianTae BinaocHo asnrebpu Ilyamkape AP(1,3) 3
0a3MCHUMU eJIeMEHTaAMU

PO:p07 Pk:pkv k:172737

(34)
J;U/ = TuPv — TuvPu, NaV:Oa172737
TO6TO BUKOHYIOTbHCA YMOBU:
[pg_pz_mQ,J;w]:Oa [p(Q)_pi_mQ?PIL]:O‘ (35)

Anrebpa AP(1,3) = (P, Ju) € Makcumasbsaomo (y cenci JIi) anre6poro inBapian-
THOCTI piBHsIHHS (33).
Oueparopu (Jy,) reHepyroTh CraHgapTHi HepeTBopeHHs JlopeHa

x, — xL = exp(iJoqVa) T, exp(—iJopvp) = meperBopents Jlopenma.

B [20] mocraBieHo i JaHO NO3UTUBHY BIJIIOBIAL HA TAKe MUTAHHS: YU MA€E DIBHIH-
Hs (33) momaTkoBy cuMerpito, Biminay Bix (34)7

ITo6 BusiBUTH HONAaTKOBY (HeJOKaJbHY) cumerpito (33), mepemuiieMo iforo y Bu-
IVISJIl CUCTEMU JIBOX PIBHSAHB IEPIIOrO MOPSIKY 338 YaCOBOIO 3MIiHHOIO 1 JpPyroro mo-
PSJIKY 3a MIPOCTOPOBUMY 3MiHHUME

0P

= H®
Yot ’
H= i{(E2 + wHoy +i(E? - K)Q)Jg} (36)
2K ’
i} Ou
E?’=—-A+m? Kk#0, @:(é), KOy =g, By =u,

K — IOBLIbHA KOHCTAHTA, 01 1 0g — (2 X 2)-marpuni [TayJi.

Teopema 10 [20]. Pisnsanns (36) insapianmue eidnocno aszebpu Ilyanxape, basucii
ONEPAMOPU AKOT MAOMB BULAAD

PV =H, P =pp, IS = waps — 2ipa = Jab, (37)

1
I = 2P, — 5 (Hea + 2aH) # Joa. (38)
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IpsiMoro nepeBipKOI0 MOXKHA IIEPEKOHATUCH, 0 oneparopu (37), (38) 3a10B0/1b-
HAIOTH YMOBH

.0 0
|:Z& 7H7 Joa :O7 ’La 7H, J(Lb :O (39)
IcroTna pisuuig Mmixk oneparopamu Jé;) i Jyq mosisirae B TOMY, 110 Jéi) — OoIlepaTopu
JPYTOr0 TOPSJIKY 1 TeHEPYIOTh HEJIOKAJIbHI IepeTBOpenHtst; Jy, — OmepaTopu MePIIoro
MOPSIJIKY 1 PeHEePYIOTh CTaHJIAPTHI JIOKAJIbHI TIepeTBOpeHHs JIopeHta.

Ilinkpecimmo, 10 omtepaTopu Jé}l) TeHEPYIOTh TOTOXKHE MEPETBOPEHHST M Jacy,

TOOTO Yac iHBapiaHTHHUI BiJIHOCHO OIIEPATOPIB J(();):

t—t' = exp(iJ{Dva)t exp(—iJé;)vb) =t. (40)
IIpocTopoBi nepeTBOpeHHST 3MIHHUX X4, SKi T€HEPYIOTHCS OllepaTOPaMU Jé(ll), He CIiB-
IaJal0Th 3 IepeTBOpeHHAME JlopeH a:

TR — T = exp(iJé(ll)va)xk exp(—iJé;)vb) # muepersopennst JIopenria. (41)

TakuMm YMHOM, MU BCTAHOBUJIM, IO MHOXKUHA DPO3B’s3KiB piBHsaHHgA (33) Mae my-
AJIBbHY CUMETPIIO:
1) sopennoBy (JI0KaJIbHY ) CUMETPIIO; YaC 3MIHIOEThCS TIPU HePeXO/Il Bijl oqHiel inep-
mitieol cucreMu 0 iHIIOL 3a dopmynavu Jloperrta.
2) nesopeHoBy (HesoKaabHy) cumMerpito (40), (41); yac He 3MIHIOETHCS TIPH TIE€pe-
XOJ11 BiJT OJTHi€T 1HEPIIIHOT CUCTEeMH JI0 1HIIION.
7. HesokasibHa rajijieii-cuMeTpisi pejiiTUBICTCHKOTO IIceBaoandepeHii-
aJIbHOTO XBUJILOBOTO PiBHsIHHsI. Po3rismeMo mceBmogudepenIiaibie PiBHIHHS

pou=Fu, E=@>+m*)Y2 u=u(zg,7). (42)

PiBuganns (42) MOXKHA PO3IVIANYBATU K “KOPiHb KBaJPATHUN 3 XBUJIBOBOIO OIl€Pa-
Topa (33)” mis ckassipHOlI KOMIUIEKCHOI (DYHKIGT u. [IpsaMum ofumciieHHsaM MOXKHA
[EePEKOHATHCH, O piBHsiHHA (42) iHBapiaHTHe BIHOCHO CTAHAAPTHOrO 306pasKeHHSI
anrebpu [Tyankape (34) i He iHBapiaHTHE BIJIHOCHO CTAHJAPTHOrO 300PasKEHHS aJire-
6pu Tamines (7).

Teopema 11 [9]. Pisnanna (42) ineapianmne 6idnocro 11-eumiphoi anzebpu Ianines
3 MaKUMU OG3UCHUMY ONEPAMOPAMU:

= om =

2 A 0
PO(Q) =2 _ 7%5 P(EZ) = Pa = 7%3 thi) = TaPb — TpPa = Jab7 (43)

Par  E=(p2+m?)2

G((lz) = tPg — Mg, Do =

& 3

JloBeJIeHHS TeOpeMU 3BOJIUTHCS JI0 MEPEBIPKU YMOBU iHBAPIHTHOCTI

[po — E,Qiu =0, (44)

ne Q; — Oyab-sxuii oneparop 3 Habopy (43).

Oueparopu (43) 3aJ10BOJIBHAIOTH KOMyTaIliiHl cuiBBigHomenus anarebpu [asines;
Gt(f) — nceBnoaudepeHITiagbHi OMEPATOPH, AKi 'eHepPyIOTh Ha BiIMIiHy Bifm cranmap-
THUX OmepaTopiB G, HEJIOKAJIbHI IePeTBOPEHHS.
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Orxke, MHOXKMHA DPO3B’a3KiB piBHsAHHA pyxy (42) 1yisi cKaagpHOl YacTuHKU (110~
Jisl) 3 IO3UTHBHOIO €HEPri€l0 Ma€ HeJIOKAJIbHY raJijeeBy cumerpito, ajarebpa JIi skol
3a/1a€ThesA oepaTopamu (43).

8. HesokasibHa rasisneii-cumerpia piBusauus ipaka. Bigomo, mo piBHIHHS
Hipaxka

po¥ = (Y0YaPa + Y074m)¥ = H(p)¥ (45)
imBapianTHe BigHOCcHO anarebpu Ilyankape 3 GasucHUME oneparopaMu (JUB., HAIIPU-
xirag, [3, 4])

.0

0
Poz’i—, Pk:—la—,
o . (46)

al'()
(3
Jul/ = TpPv — TuPpu + S;un Sul/ = Z[’Y}u'yu]'

Pisugnus /ipaka, K 11e BCTAHOBJIEHO B HAIMX POOOTax (IUB., HAUPUKJIAJ, JiTepa-
Typy B [3]), Mae MUpPOKY HEJOKAJbHY CHMETPIIO.

V 1pOMy IIyHKTI BCTAHOBAMO HEJIOKAJIBHY TaJijeii-cumerpio piBusuus [lipaka.
st miel mern, Hactigyroun MeTos [4], 3a 10MOMOro0 iHTErpajIbHOTO OIepaTopa

1 H
W=—(1+v=), E=@>+m>)Y? H=0v.pa+ m 47
\/5< Y0 E) (p ) Y0YaPa + Y04 (47)

IIEPETBOPUMO CUCTEMY YOTHPHOX 3B’sI3aHUX judepeHIiaJbHUX PIBHAHD IIEPIIOrO I10-
PAIKY Ha CUCTEMY HE3B sSI3aHUX IICEBJ0/IN(EPeHIiaIbHIX PIBHIHD

10 0 0

0P 01 0 0

Za _70E®7 ’YO - O O _1 O 9 (48)
00 0 —1

=WV, ~E=WHW ! (49)

Beranosiioioun 10aTKOBY CUMETPi0 piBHsHHS (48), OJHOYACHO BCTAHOBJIIOEMO
cumerpito piBusuus ipaka 45).
Teopema 12 [9]. Pisnanna (48) ineapianmmne 6idnocro 11-eumiphoi anzebpu anines
3 6a3UCHUMU ONEPATMOPAMU

P()(B):p_7 Pé?’):pa:_ ) Ia
2m Ox, (50)
3 ~ ~ m
Jé ) = ZaDb — TvPa + Sabs G((zs) = 1Py — My, Pa = 'VOEPW
Oueparopu (50) 3a/10BOJIBHAIOTH KOMyTallifini cuiBBiguomenHs anrebpu lasines
AG(1,3).
st moBesieHHst TeopeMu Tpeba MePEeKOHATUCS, IO yMOBa IHBAPiaHTHOCTI
[P0 — % E, Q¥ =0 (51)
BUKOHYETBCS /I JOBLIbHOrO omeparopa @ 3 mabopy (50); ¥ — IHTerpaILHU

0IIepaTop, IO TeHepy€E HeJIOKAJIbHI IIePeTBOPEHHS, sIKi HE CIIBIAIAI0TH 3 KJIACHIHAMA
repeTBopenuaMu [aites.



398 B.I. ®ymma

Orxe, piasnns (48), a romy i piBusung Hipaka (45), Mae HeJOKAJIbHY CUMETPIIO,
sIKa 33/1a€Thcs ortepaTopamu (50). fIBuuit Burisa g oneparopis (50) muisa piBasaHHs (45)
OOYIHCTIOETHCA 3a (HPOPMYJIOIO

@l = WﬁlQlW (52)

9. Heski HOBi piBHAHHS HeJiHiliHOT MaTeMaTuYHOI dDi3uKU. Y 1IbOMY IIyHK-
Ti HABEJEHO CepPil0 HOBUX HEJIHINHUX PIBHAHL, SKi MOYXKHA PO3IJISIaTH K MaTeMa-
TUYHI MOJIEJI JIJI ONMCY HEJIHINHUX IPOIECIB y KJIACHMYHINA Ta KBAHTOBIl MexaHirl,
€JIEKTPOIMHAMIIT, T1IPOAMHAMIII.

1. PiBuannsa Heiorona—JIopenria jiist 3apgazKeHOT YaCTUHKY ITPUPOJIHO y3araJIbHU-
TH TaK:

di(mﬁ) =MD + \oB + X3(7 x D) 4+ M\(7 x B) +
! (53)

+a1(E x D) + as(E x B) + as(H x D) + as(H x B),

e m =m(7?, E? H?, Eﬁ, UE, UFI) — Maca YaCTUHKH, KA 3aJICZKUTh BlJ| MIBUAJIKOCTI
02 i (E, H ) — €JIEKTPOMATrHITHOTO IOJIsl, SIKe CTBOPIOE CaMa 3apsi/PKEHa JaCTUHKA;
(5, é) — BOBHIIIIHE €JIEKTPOMATHITHE TIOJIE; A1, Ao, ..., a1, G2, ... — JEIKi TapaMeTPH.

VYV BUnaIKy, KOJA Maca m € KOHCTAHTOIO 1 a1 = ags = a3 = a4 = 0, Ay = A3 = 0,
piBusuug (53) cuiBnajae 3 KiacuaauM piBasiHHaM Hbiorona 3 cusoro Jlopenia.

SIBHA 3aJI€XKHICTh MACH Bij U2 i BJACHOIO €JIEKTPOMArHITHOIO HOJISI (E" , H ) MOzKe
OyTu BCTaHOBJIEHA 3 BuMoru inBapiantaocri (53) Bignocuo rpynu ajijest abo rpynu
IIyamkape.

Tigpoenekrpomnuamivuni y3arainbaenss piBasuHs Ofijiepa jyist 3apsijizKeHOl dac-
THHKYM MalOTh BHUIJIST

ot ox;
+ay(ExB)+---, 1=1,2,3.

(2 eri) m(ﬁQ,EQ,...)ﬁiA15+A23+a1(EXl_j)Jr (54)

IIyankape-inBapianTHe PiBHAHHS NI 3aPSIPKEHOI YACTUHKYI Ma€ BUTJISIT
0 v 2 72 L v
Vag o m(v,v”, B — H*, EH)v, = AR,,,v",
z

Ie R, — aHTHCHMeTpUYHHUIT T€H30p 30BHIIMHBOTO erekTpomartitaoro mons (D, B).
Hesokanbre (niceBnoaudepeniiaibhe) y3arajibHeHHs piBHsHHs HbioToHa jyis ya-
CTUHKYU MOXKHA TIOJATH Y BUTJISIII

4 1/2 .
(mz— + /\> Z(t) = F(t, 7,7, ). (55)
dz?
VY Bunaiky, ko napamerp A = 0, pisasaHs (55) criBnajae 3 KIACHIHAM DIBHSHHSIM
pyxy Hpiorona.
2. PiBHaHHS JUIsT CKAJISIPHOTO KOMIIJIEKCHOTO TOJIS % 31 3MIHHOIO MIBUJIKICTIO U
MOXKHA, 38J[aTH TaK:

2
(—hz% + W20 A — m204> u = F(|u|)u, (56)
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0 0
vk, O

o 8|U| 2 _
ot " Vag, ~ g v

= vf + v% + vg, (57)

ne g(Ju|) — moBinbHa raagka dyHKIL.

IIBusKicTh MOMMpEHHs OISt U 3a8a€Thest piBHsHEAM (57). OTKe, XBUIIbOBE DiB-
usiuHst (56) (i upu F(|u]) = 0) 3 ymosoro (57) € Heninifinum piBHsiHasM. Ipu cranmap-
THOMY miaxomi v? = c%, me ¢ — mocCTiltHa MIBHAKICTDL IIOMIMPEHHS CBITJIA ¥ BaKyyMi;
y IboMy BHIAIKY piBHstHHg (56) siniiine. flBHO 1yaHKape-iHBapiaHTHE DIBHSIHHS JJist
IIOJIST U MA€ BUTJISA,

0*u 2 4
(UMUVW —mv ) u = 0, (58)
v dlu
U%ﬁ:mwga,szﬁfﬁfﬁf@>& (59)

BaxkauBoro BiracTUBICTIO ITi€T cucTeMHu € Te, IO BOHA JIOPEHI-iHBapiaHTHA, MBUIKICTH
HOJIsL ¥y, HE € CTaJIO0 BEJIMYUHOIO 1 3a/Ie2KUTh BiJl aMIULTYAM 1 MBUAKOCTI 3MiHM aM-
IUTTY/IH T10JIS.

3. CranmapTHa KJIACHYHA 1| KBAHTOBA €JEKTPOAMHAMIKA MOOYIOBaHA B TepMiHAX
norennianiis A,. OJHaK 10 IIbOI0 Yacy He BUKOPHUCTaHI iHImi MOXKImBOCTI (Mozedni)
dopmymoBaHHS eleKTpoanHaMiku. He BBOISUIN MOTEHITIATIB, MOXKHA 3aIIPOIIOHYBATH
TaKy IIyaHKape-iHBapiaHTHY CUCTEMY PiBHSAHB JJIs TEH30Pa €JIeKTPOMATHITHOTO TI0JIs

F

v 1 crinopnoro noJis W:

0F,, . ) - -

8;’1 = Jus Ju = 91\117/1\11 + gQ\IIp/L\IIa

OF. | 0Py | OFuy _ (0US,¥  0US,aV  9USy,W (60)
Oz, oz, dr, g Oz, oz, oz, ’

o i
e (p#_.ﬁy Fua)\:[":m\lla pu:Zg;w%»
(3

4

(61)
1
S;w = [7;17'71/] = Z(VM’YV - ’YV’)’M)-

Jpyry Momesb eleKTpoguHaMiKu, 0e3 MOTEHIa B, MOKHA OyyBaTH Ha OCHOBI
HEJIIHIMHUX PIBHAHB JIPYTOrO HMOPSIKY

DF}LV = g@SMV\II? (62)
(P — M Fuw)(p™ — AFHYy,) U = m2U. (63)

4. OmHe 3 MOXKJINBAX HEJHINHUX y3arajbHEHb DiBHAHb MakcBeuta /st eJIeKTpo-
MArHITHOI'O 110Jisl, SIKe IIOIIUPIOETHCS 31 3MIHHOIO MIBUIKICTIO v, Ma€ BUIA [21]

dE Lo .

— =wrot H+j, divE =p,

o
E:fvrotﬁ, divAH =0, v= (0?4032 +0v3)"?
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A1 3+U8 v + A 8+U8 211—1—/\11—
ot " lox ) FT 2 \ot T tox ) R (65)
- alEk + a/2Hk: + a3<€klnElHna k7 la n= 17 27 3a

d 0 0 0
— ==+ b E— +bH b
g o 118 + b2 l(’) +3vlal

ae )\1, )\2, A3, @1, Gg, as, by, ba, bs — PyHKIII, gKi 3a71€KaTh BiJl iHBapiaHTiB E? ﬁ2,
EH

BI/IHI/ICaHa CUCTeMa CIIBIAJIAE 3 KJIACHIHIM PiBHsAHHAM MakcBeJlia IIpy yMOBI, 1110
¥ € CTAJIOK BEJIMYMHOIO 1 BCl A1, Ag, 63 JIOPIBHIOIOTD HYJIEBI. .

PiBuguust npyroro mopsiky s esekrpomarsitaoro mouss (E, H) i3 3minHOI0O
MIBUJIKICTIO Ma€ BUIVISITT

—

2

<a——UQA)E:01E+02H+63(E><H)+C4( x E) 4 c5(7 x H),
2

(— - UQA) H=d\E +dyH +d3(E x H) 4+ dy(7 x E) 4 ds(7 x H).

IMIBuakicTs ¥ esekTpomaruiTHoro nodst (F, H) susHauaeTbest 3 piBHsHHS (65).
5. Ilyankape-inBapianTrHe y3arajbHeHHs KjaacudHoro piBasuus Oftsepa Mae Bu-
LIS

oP v, \°
()\1L+)\2L2)v =TV, +r28 . —|—7°3< 8xa> Uy,

_, 9 2 (,. 9 0
L:va%, L —(vaaxa) <Ua3xa>’

ze 1, ro, 3 — anaki GyHKIHl Big iHBapiaTiB v,v*, P.

3acTocyBaHHs BUIIMCAHUX HEJIHIHUX PIBHSHB JO ONKMCY KOHKPETHUX (DI3UIHUX
IIPOTIECIB JIA€ MOYKJIUBICTh YTOYHUTH JAOBLIbHI (DYHKIIT, siKi BXOJsITh y piBHsSHHS. Bu-
MOra iHBapiaHTHOCTI /IO 3aIPOIIOHOBAHUX PIiBHSHB BimgHOCHO rpynn [asimes, rpynun

Ilyamkape Ta TX pi3HUX PO3IMIMPEHDL JO3BOJISE iICTOTHO 3BY3UTH KJIACH JOIMYCTUMUX
MOJIeJIe.
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Higher symmetries and exact solutions
of linear and nonlinear Schrodinger equation

W.I. FUSHCHYCH, A.G. NIKITIN

A new approach for the analysis of partial differential equations is developed which
is characterized by a simultaneous use of higher and conditional symmetries. Higher
symmetries of the Schrodinger equation with an arbitrary potential are investigated.
Nonlinear determining equations for potentials are solved using reductions to Wei-
erstrass, Painlevé, and Riccati forms. Algebraic properties of higher order symmetry
operators are analyzed. Combinations of higher and conditional symmetries are used
to generate families of exact solutions of linear and nonlinear Schrédinger equations.

1. Introduction

Higher order symmetry operators (SOs) have many important applications in modern
mathematical physics. These operators correspond to hidden symmetries of partial di-
fferential equations, including Lie-Bécklund symmetries [1, 2|, as well as super- and
parasupersymmetries [3-7]. Higher order SOs can be used to construct new conservati-
on laws which cannot be found in the classical Lie approach [3, 8]. These operators
are applied to separate variables [9]. Moreover, one should use SOs whose order is
higher than the order of the equation whose variables are separated [10].

In the present paper we investigate higher order SOs of the Schréodinger equation,
which are “non-Lie symmetries” [8, 11]. The simplest non-Lie symmetries are consi-
dered in detail and all related SOs are explicitly calculated. The potentials admitting
these symmetries are found as solutions of the corresponding nonlinear compatibility
conditions. It is shown that the higher order SOs extend the class of potentials which
were previously obtained in the Lie symmetry analysis.

Algebraic properties of higher order SOs are investigated and used to construct
exact solutions of the linear and related nonlinear Schrédinger equations. We propose
a new method to generate extended families of exact solutions by using both the
conditional symmetries 8, 12-14] and higher order SOs.

The Schrédinger equation with a time-independent potential V' = V(z) is studied
mainly. Time-dependent potentials V' = V (¢, z) are discussed briefly in Section 6.
By this, we recover the old result [15] connected with the Lax representation for
the Boussinesq equation, and generate some other nonlinear equations admitting this
representation.

The distinguishing feature of our approach is that coefficients of symmetry opera-
tors and the corresponding potentials are defined as solutions of differential equations
which can be easily generalized to the case of multidimensional Schrédinger equation
contrary to the method of inverse scattering problem. This paper continues (and in
some sense completes) our works [16-18] where non-Lie symmetries of the Schrédinger
equation were considered. A detailed analysis of higher symmetries of multidimensi-
onal Schriodinger equations will be a subject of our subsequent paper.

Reprinted with permission from J. Math. Phys., 1997, 38, Ne 11, P. 5944-5959
© 1997 American Institute of Physics
Original article is available at http://scitation.aip.org/jmp/
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2. Symmetry operators of the Schrodinger equation

Let us formulate the concept of higher order SO for the Schrodinger equation

LY(t,z)=0, L=10— H,
1 d 0 (2.1)
H=-(-0*+U Oh=—, Op=—.
2 ( T + (I)) ) t 8t’ T o
In every sense of the word, a SO of equation (2.1) is any (linear, nonlinear, di-
fferential, integro-differential, etc.) operator @) transforming solutions into solutions.
Restricting ourselves to linear differential operators of finite order n we represent )
in the form

Q= (hi-pis (hi-p)i ={(hi pli-1,p},  (hi-p)o=hi, (2.2)
1=0

where h; are unknown functions of (t,z), {A, B} = AB + BA, p = —i0,.
Operator (2.2) includes no derivatives w.r.t. ¢ which can be expressed as 3 (p? + U)
on the set of solutions of equation (2.1).

Definition [8]. Operator (2.2) is a SO of order n of equation (2.1) if
Q1] =0. (23)

Remark. The more general invariance condition [3] [@Q,L] = agL, where ag is
a linear operator, reduces to relation (2.3) if L and Q are operators defined in (2.1),
(2.2). Terms proportional to i% cannot appear as a result of commutation of () and L;
hence, without loss of generality, ag = 0.

For n = 1,2 SOs (2.2) reduce to differential operators of the first order and can
be interpreted as generators of the invariance group of the equation in question. For
n > 2 these operators (which we call higher order SO) correspond to non-Lie [8, 11]
symmetries.

Lie symmetries of equation (2.1) were described in Refs. [19-21]. The general form
of potentials admitting nontrivial (i.e., distinct from time displacements) symmetries
is as follows

as
U=ay+az+ax?+ ————, 2.4
ot 24)
where ag,...,aq4 are arbitrary constants. No other potentials admitting local invari-

ance groups exist.

Group properties of equation (2.1) with potentials (2.4) were used to solve the
equation exactly, to establish connections between equations with different potentials,
to separate variables, etc. [9]. Unfortunately, all these applications are valid for a very
restricted class of potentials given by formula (2.4).

The class of admissible potentials can be essentially extended if we require that
equation (2.1) admits higher order SOs [17]. The problem of describing such potentials
(and the corresponding SOs) reduces to solving operator equations (2.2), (2.3). Eva-
luating the commutators and equating the coefficients for linearly independent diffe-
rentials we arrive at the following system of determining equations (which is valid for
arbitrary n) [5]:

axhn =0, aIhn—l + 28thn =0,
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awhnfm + 2athnfm+1 -
[vn—2]

. 2(n—m+ 2+ 2k)!
2k+Dl(n—m+1)

(=1

NE

2k+1
'hn—m+2k+26x + U= 07

0 (2.5)

S
Lol

3

(=]
Otho + Y (—1)PT gy 02P71U = 0,
p=0

where m = 2,3,...,n, and [y] is the entire part of y.

Formulae (2.5) define a system of nonlinear equations in h; and U. For n = 2 the
general solution for U is given by formula (2.4).

Let us consider the case n = 3, which corresponds to the simplest non-Lie sym-
metry, in more detail. The corresponding system (2.5) reduces to

By =0, hby+2h3=0, 2hy+h)—6hsU" =0, (2.6a)
2hy 4+ hly — 4hoU' =0,  ho — h U’ + hsU"" =0, (2.6b)

where the dots and primes denote derivatives w.r.t. ¢ and x respectively.
Excluding hg from (2.6b) and using (2.6a) we arrive at the following equation:

F(a,b,c;U,z) = aU"" — (2d2® + 6aU + ¢ — 2bx)U" —

. 2.7
—6(2dx + aU’ — b)U’ — 12aU — 2(20taz® —2 b 2+ ¢) = 0, @7

where a, b, ¢ are arbitrary functions of t.

Equation (2.7) is nothing but the compatibility condition for system (2.6). If
potential U satisfies (2.7) then the corresponding coefficients of the SO have the
form

hg =a, ho=-2ax+0b, hy= g1 + 6aU,

Ao g ey , (2.8)
hoz—g a x° + 2ba” — 2¢x — dap + 4(b — 2az)U + d,

where

g1 = 2ix? — 2bx + ¢, cp:/de, u=¢', d=d(). (2.9)

3. Equations for potential

Equation (2.7) was obtained earlier [17] (see Ref. [22]) and, moreover, particular
solutions for U were found [17]. Here we analyze this equation in detail.

First of all, let us reduce the order of equation (2.7). Integrating it twice w.r.t. x
and choosing the new dependent variable ¢ defined in (2.9) we obtain

1 2 .. .
ale” = 3(¢)?] — (1) = gafax4 ~3 b +éx? +dr+e. (3.1)

Using the fact that ¢ depends on x only while a, b, ¢, d, e are functions of ¢, it is
possible to separate variables in (3.1). Indeed, dividing any term of (3.1) by a # 0,
differentiating w.r.t. ¢ and integrating over x we obtain the following consequence

716 — g10 1 /1 1.. 1. 1
gla@#g;:[)ta (1—5821@505— G b z4+§cx2+§dx2+ex+f> . (3.2)
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Consider equation (3.2) separately in two following cases:
gra— g1a # 0, (3.3a)
gra—g1a=0. (3.3b)

Let condition (3.3a) be valid. Then dividing the L.h.s. and r.h.s. of (3.2) by 0:(¢g1/a)
we come to the following general expression for ¢

oy Brx + B2
r4oas 24 B+ 6]

¢ = azr® + @z’ + g + ap + (3.4)

where ag,...,as, B1,..., 034 are constants.

It is possible to verify by a straightforward but cumbersome calculation that relati-
on (3.4) is compatible with (3.1) only for 3; = 32 = 0. We will not analyze solutions
(3.4) inasmuch as they correspond to potentials (2.4) and to SOs which are products
of the usual Lie symmetries [19-21].

If condition (3.3a) is valid, we obtain from equation (3.2)

i=aky, b=kea, c=ksa, (3.5)
where ki, ko, k3 are arbitrary constants. The corresponding equation (3.1) reduces to

©"" —3(0")2 = (G"p) = 2k1G + kyx + ks, (3.6)
where

1 1 1
G= 6]4)11‘4 — gk‘gl‘S + 5]{)31‘2, G" = g1 = 2](51.’1?2 — 2kox + k3, (37)

k4 and ks are constants.
Let us prove that, up to equivalence, equation (3.6) can be reduced to one of the
following forms:

U" —3U% + 3w, =0, (3.8a)

U" —3U? — 8wz = 0, (3.8b)

(U" —3U%) — 2w3(zU’" +2U) =0, (3.8¢)
1

" —3(¢))? — 2wy(2%p) = gwix‘l +tws, U=¢, (3.8d)

where wq, . ..ws are arbitrary constants. Indeed, by using invertible transformations
o —=p+Cix+Cy x—x+Cs, (3.9)

where C, (k = 1,2,3) are constants, it is possible to simplify the r.h.s. of (3.6). These
transformations cannot change the order of polynomial G, and so there exist four
nonequivalent possibilities:

k’1 = 0, ]ﬂg = 0, k4 = 07 (310&)

ki =0, k=0, kq#0, (3.10b)
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=0, k70, (3.10c)
k1 #0. (3.10d)

Setting in (3.9)
Ci= ks, Co=Cy=0, ks— k2= (3118)
1= 6 3 2 =0L3 =Y, 5 12 3 = wi, 1la
1 ks k2
"6 - . = 11b
Cl 6]{:37 02 Oa C’3 ]{74 + 121{,‘47 :ZC4 8UJ27 (3 )
k4 k5 31@% k3k4 kd 3k4
Ci=—, Cy=_— 2 —, Cr = — 2 ke = —ws, (3.11
S o e Tae G T T R s (L)
1 k3 ks kok k3
Cr=——ks4 —2, Cop=——n 22 2
67 12k ki Gk 24k3
2 5 4 (3.11d)
C—ﬁ ki =w k—k—3+k2k4+k2k3_ k3 W
3 = lea 1= 4, 5 12 le 3k1 16]{3% - 5

for cases (3.10a)—(3.10d) correspondingly, we reduce (3.6) to one of the forms (3.8a)—

(3.8d) respectively.

From (2.2), (2.8), (3.4), (3.9)—(3.11) we find the corresponding symmetry operators

3 Lo
Q=p"+ “{U.p} = 2pH + ~Up + ~U,
i 2 Py
3
Q :p3 + Z{Uap} — wat,

Q=1+ 209} +n (107 - Joun)).

1

V24
{ w? 4
+ 3% ((p + 2z — = )] exp(diwt), w=+/—wy,

i 1
Qs = |1+ pullonh o) + 13 - o)

(3.12a)

(3.12b)

(3.12¢)

(3.12d)

where U and ¢ are solutions of (3.2) and H is the related Hamiltonian (2.1).
Thus, the Schridinger equation (2.1) admits a third-order SO if potential U satis-
fies one of the equations (3.8). The explicit form of the corresponding SOs is present

in (3.12).

4. Algebraic properties of SOs

Let us investigate algebraic properties of SOs defined by relations (3.12). We shall see
that these properties are predetermined by the type of equations (3.8) satisfied by U.
By direct calculations, using (2.3), (2.1) and (3.12), we find the following relations

[QaH] =0,

(4.1a)
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Q% =8H? — §w1H _¢ (4.1b)
2 8
if the potential satisfies equation (3.8a) (C is the first integral of equation (3.8a), refer
to (5.1));

(Q H] =iwsI, [Q,1]=[H,I]=0 (4.2)
if the potential satisfies equation (3.8b);

Q. H) = —iwsH (43)
if the potential satisfies equation (3.8¢), and

[Hv Q:I:] = inﬂ:v (443‘)

Qe.Q_]=w (H2 + %(2& + w5)> (4.4b)
if the potential satisfies (3.8d).

It follows from (4.1)—(4.3) that non-Lie SOs @ and Hamiltonians H form consistent
Lie algebras which can have rather nontrivial applications.

Formula (4.1b) presents an example of the general theorem [23, 24] stating that
commuting ordinary differential operators are connected by a polynomial algebraic
relation with constant coefficients. In Section 7 we use relations (4.1) to integrate the
related equations (2.1).

Relations (4.2) define the Heisenberg algebra. The linear combinations a1 =
%(H +iQ) realize the unusual representation of creation and annihilation operators
in terms of third-order differential operators.

In accordance with (4.3), @ plays a role of dilatation operator which continuously
changes eigenvalues of H. Indeed, let

HUp = EVg, (4.5)

then the function ¥’ = exp(iAQ)¥ g (where ) is a real parameter) is also an eigen-
vector of the Hamiltonian H with the eigenvalue \FE.

It follows from (4.4) that for wy < 0 the operators @+ and @)_ are raising and
lowering operators for the corresponding Hamiltonian. In other words, if Vg sati-
sfies (4.5) then Q1 Vg are also eigenfunctions of the Hamiltonian which, however,
correspond to the eigenvalues F + w:

H(Q+VE) = (E£w)(Q+YE). (4.6)

Relations (4.6) are typical for creation and annihilation operators of the quantum
oscillator. This observation shows a way for constructing exact solutions of the Schré-
dinger equation whose potential satisfies relation (3.8d). Moreover, relations (4.4a)
allow @ to be interpreted as a conditional symmetry [8, 12]; such symmetries are of
particular interest in the analysis of partial differential equations [14, 25, 26]. Thus,
third-order SOs of equation (2.1) generate algebras of certain interest. Moreover,
algebraic properties of these SOs are the same for wide classes of potentials described
by one of equations (3.8).
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5. Reduction of equations for potentials

Let us consider equations (3.8) in detail and describe the corresponding classes of
potentials. A solution of some of these nonlinear equations is a complicated problem
which, however, can be simplified by using reductions to other well-studied equations.

5.a. The Weierstrass equation. Formula (3.8a) defines the Weierstrass equation
whose solutions are expressed via either elementary functions or via the Weierstrass
function, depending on values of the parameter w; and the integration constant.
Here we represent these well-known solutions (refer, e.g. to the classic monograph
of E.T. Whittaker and G.N. Watson [28]) in the form convenient for our purposes.

Multiplying the Lh.s. of (3.8a) by U’ and integrating we obtain

%(U’)2 ~ U3+ 3w U =C, (5.1)

where C' is an integration constant which appeared above in (4.1b). Then by changing
roles of dependent and independent variables it becomes possible to integrate (5.1) and
to find U as an implicit function of z. We will distinguish five qualitatively different
cases:

C? — 4w} =0, C>0, (5.2a)
C? —4u? =0, C<O, (5.2b)
C=uw =0, (5.2¢)
C? — 4w? < 0. (5.3a)
C? — 4w > 0. (5.3b)

For (5.2a)—(5.2c), solutions of (5.1) can be expressed via elementary functions,
while (5.3a,b) generate solutions in elliptic functions.

For our purposes, it is convenient to transform (5.1) to another equivalent form.
Using the substitution

U=V — g, (5.4)
where p is a real root of the cubic equation

p® —3wip+C =0, (5.5)
we obtain

%(v’)2 — V3 — V2 + 4V 4 8woiw;y = 0, (5.6)

where @y = % uand @ = %(wl — p?) are arbitrary real numbers.
The substitution (5.4), (5.5) transforms conditions (5.2), (5.3) to the following
form:

o (@ —@2)? =0, @ <0, (5.7a)

o (@ —@2)? =0, @ >0, (5.7b)
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@ (01 —@g)” =0, @=0, (5.7¢)
Wy (0 —@g) #0, @1 >0, (5.8a)
W (@01 —@g) #0, @ <O0. (5.8b)

If relations (5.7a) are satisfied, then @; = &2 or @; = 0. Moreover, the correspon-
ding solutions for V differ by a constant shift: V' — V + 2@, @y — @o/2. Without
loss of generality we restrict ourselves to the former case, then solutions of equation
(5.6) corresponding to conditions (5.7a-c) have the following forms:

1 1
V =v?[2tanh’® (v(z — k)) — 1], @ = —§u2, W = ZV4, (5.9a)
2 2 - 1 2 ~ 1 4 !
V =v?[2coth® (v(z — k)) — 1], wo = =51 @ = (5.92")
2 2 - Lo L4
V=0v®[2tan® (v(z — k) —1)], @ = Qv wL= v (5.9b)
2
V=—-_. 5.9

Here, k and v are arbitrary real numbers.
For the cases (5.8) the general solution of (5.1) has the form

1

V =2p(x—k)+ ol (5.10)
where p is a two-periodic Weierstrass function, which is meromorphic on all the
complex plane. The invariants of this function are g5 = —% (@(2] + 3&}1) and g3 =

—24—7@0 (JJ% — 9@1). Moreover, if condition (5.8a) holds, the corresponding solutions
are bounded and can be expressed via the elliptic Jacobi functions

V = Ben?(Dz + k) + F, (5.11a)
where
B = (63 — 62), D = (61 — 63)/2, F= €9, (511b)

e1 > eg > eg are real solutions of the cubic equation from the r.h.s. of (5.6).

We note that formulae (5.9) present the set of well-known potentials which cor-
respond to the exactly solvable Schrodinger equations [27]. In accordance with the
above, these equations admit extended Lie symmetries.

5.b. Painlevé and Riccati equations. Relation (3.8b) defines the first Painlevé
transcendent. Its solutions are meromorphic on all the complex plane but cannot be
expressed via elementary or special functions.

Equation (3.8c) is more complicated. However, by using the special change of
variables and applying the Miura [29] ansatz, we shall reduce it to the Painlevé form
also. Indeed, making the following change of variables

f/“T?’ \/7 v, (5.12)
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we obtain

VvV — %zV’ — gv =0, V' =0V/oy. (5.13)
The ansatz

Vo w _ ty2 (5.14)

6
reduces (5.13) to

1 " 1 2117/ 1 ’ 1 _
(81 SW) (W 6W w 3yW 3VV =0.

Equating the expression in the second brackets to zero and integrating it we come
to the second Painlevé transcendent

1 1
"= W34+ —yW + K, 5.15
gV gy (5.15)
where K is an arbitrary constant.
To make one more reduction of equation (3.8¢c) we take U = ¢’. Then, integrating
the resultant equation, we obtain

w

P =3 (¢")" — 2ws (wp) = C. (5.16)

Then, defining

1 C
0 =2V2wsé + ~y* + 5—, Y= V2uwsz,

A e ” (5.17)
W= -g-gy ¢=3

we represent (5.16) as
W —48'W + 26W' — yW = 0. (5.18)

The trivial solutions of (5.18) correspond to the following Riccati equation for &:

& —€ - %y = 0. (5.19)

It follows from the above that any solution of equations (5.15) or (5.19) generates
a potential U defined by relations (5.12), (5.14) or (5.17). The corresponding Schro-
dinger equation admits a third-order SO.

The last of the equations considered, i.e., equation (3.8d), is the most complicated.
The change

1
©=2f— §w4x3 (5.20)

reduces it to the following form:

" = 6(f)? 4+ dwa(f'a® —af) = wa + %w5. (5.21)
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Multiplying (5.21) by f” and integrating we obtain the first integral
1

S0 =20 + 2] =P = (a5 ) £ = € (5.22)

which is still a very complicated nonlinear equation.
Let us demonstrate that (5.21) can be reduced to the Riccati equation. To realize
this we rewrite (5.21) as follows

F" 4+ 2fF" —Af'F = %w5—w4, (5.23)
where
F=f —f?—w?
Choosing w5 = 2w, we conclude that any solution of the Riccati equation
f'=1? + wia? (5.24)

generates a solution of equation (3.8d), given by relation (5.20).

One more possibility in solving of equation (3.8d) counsists in its reduction to

the Painlevé form. Making the change of variables ¢ = /—wysx,x = \/_1—w4y and

differentiating equation (3.8d) w.r.t. y, we obtain

- AN . - -
(07— 80%) " + (60 + 620" + 20" ) = 42, (5.25)
where U = g_x = fw%U.
Using the following generalized Miura ansatz
U=-V'+V2+2Vy+y* -1, (5.26)

we reduce equation (5.25) to the form
By (8, — 2V — 2y — 2) x
x (V" —=6V2V' =4V, — 12yVV' — 4yV —4V'y? —2V') = 0.

Equating the expression in the right brackets to zero, integrating and dividing it
by 2V, we come to the fourth Painlevé transcendent

v o3 b
=57+ 5vi” +8yV2+ (292 - 1)V + v (5.27)

We note that the double differentiation and consequent change of variables

V//

/ w4 1 2 1
= — e (I) — =
@ 3 ( +6y>, v = =y

transform equation (3.8d) to the form

'+ 0"+ PP — % (8% + 22®" + 729') =0
which coincides with the reduced Boussinesq equation |3, 12]|. The procedures outlined
above reduces the equation either to the fourth Painlevé transcendent (5.27) or to the
Riccati equation (5.24).

Thus, the third-order SO are admitted by a very extended class of potentials
described above. We should like to emphasize that in general the corresponding
Schrodinger equation does not possess any nontrivial (distinct from time displace-

ments) Lie symmetry.
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6. Equations for time-dependent potentials

Consider briefly the case of time-dependent potentials U = U(z,t). The determining
equations (2.6) are valid in this case also. Moreover, the compatibility condition for
system (2.6) takes the form

F(a,b,c;2z,U) +12aU — 4(b — 2az)U’ = 0, (6.1)

where F(a,b,c;x,U) is defined in (2.7).

Equation (6.1) is much more complicated than (2.7) due to the time dependence
of U, which makes it impossible to separate variables. For any fixed set of functions
a(t), b(t), and ¢(t), formula (6.1) defines a nonlinear equation for potential. Moreover,
any of these equations admits the Lax representation

[H,Q] = iaa—?7 (6.2)

cf. (2.3). See Refs. [30, 31] for the general results connected with arbitrary ordinary
differential operators satisfying (6.2).

We will not analyze equations (6.1) here, but present a few simple examples
concerning particular choices of arbitrary functions a, b, and c.

a =const, b=c=0:

—120 + U™ — 6(UU') = 0; (6.3)
a, b are constants, ¢ = O:

120 — (4bU — U + 6UU") = 0; (6.4)
a=c=0, b:wga:

120 — 4(wst — 22)U" + (U" — 3U2)" + 2ws(zU’ + 2U)' = 0; (6.5)
a=-exp(t), b=c=0:

120 + 82U’ + (U — U?)" —12(Ux) — 222U" — 42® = 0. (6.6)

Formula (6.3) defines the Boussinesq equation. The Lax representation (6.2) for
this equation is well known [15]. Formulae (6.4)—(6.6) present other examples of non-
linear equations admitting this representation and arise naturally under the analysis
of third-order SOs of the Schrédinger equation.

7. Exact solutions

Let us regard the case of potentials satisfying (3.8a) or (5.4), (5.6). Taking into account
commutativity of the corresponding SO (3.12a) with Hamiltonian (2.1) it is convenient
to search for solutions of the Schrédinger equation in the form

U(t,z) = exp(—iEt)Y(z), (7.1)
where 1 (z) are eigenfunctions of the commuting operators H and Q

Hy(z) = E(x), (7.2a)
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Qy(x) = Mp(x). (7.2b)

Using (7.2a), (3.12a), and (5.4) we reduce (7.2b) to the first-order equation
v , 1., .
2E+§+WO P = ZV +iA | Y (7.3)
whose general solution has the form

where A is an arbitrary constant. Then, expressing ' via ¢ in accordance with (7.3)
and using (5.6), we reduce (7.2a) to the following algebraic relation for E and A
(compare with (4.1b)):

N =8E*(E + @). (7.5)

Thus there exists a remarkably simple way to integrate the Schrédinger equation
which admits a third order SO. The integration reduces to the problem of solving the
first-order ordinary differential equation (7.3) and algebraic equation (7.5).

Let us show that the existence of a third-order SO for the linear Schrédinger
equation enables one to find exact solutions for the following nonlinear equation:

R B BRI
1000 = 2"Vt o (T (7.6)

Indeed, if A? > 0, solutions (7.1), (7.4) satisfy the following relations
U0 = A%(V + 4E + 2w). (7.7)

Using (7.2a) and (7.7) we make sure that the functions

U = exp(iet)y(x), &= —3FE — g (7.8)

(where ¢(z) are functions defined in (7.4)) are exact solutions of (7.6).

Thus, we obtain a wide class of exact solutions of the nonlinear Schrédinger equati-
on, which depend on arbitrary parameters €, &g, @1, k (see (7.8), (7.4), (5.6), (5.8)).
Properties of these (and some more general) solutions are discussed in the following
section.

8. Lie symmetries and generation of solutions

It is well known that equation (7.6) is invariant under the Galilei transformations
(refer, e.g., to Refs. [2, 3])

T — x' = x+vt,

U(t,x) — W'(t,2') = exp {Z (m + ”72’5 + %)} Ut z), (8.1)
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where v and g are real parameters. Using (8.1) and starting with (7.8) it is possible
to generate a more extended family of solutions

U = A\/V(x —k+vt) +4E + 2wg ¥
{ , } (8.2)
X exp 1 1 .

Here, V' is an arbitrary solution of equation (5.6), v, &g, @1, k, ¢o and E are real
parameters, A and € are defined in (7.5), (7.8).

In order for A to be real we require £ > 0, other parameters are arbitrary.

Solutions (8.2) are qualitatively different for different values of free parameters
enumerated in (5.7). If @y and @; satisfy (5.7a) or (5.7¢), possible V are given by
formulae (5.9a), (5.9a’) or (5.9¢). Solutions (8.2), (5.9a) are bounded for any x and ¢,
whereas solutions (8.2), (5.9a’) and (8.2), (5.9¢) are singular at x — k — vt = 0.
For &y and @; satisfying (5.7b) the modulus of the complex function (8.2), (5.9b)
is periodic and singular at © — k — vt = (2n + 1)w/2v. All the above mentioned
singularities are simple poles. If &y and @; satisfy relations (5.8a), the solutions (8.2)
are expressed via the two-periodic Weierstrass function p (refer to (5.10)) and are,
generally speaking, unbounded. But if we restrict ourselves to solutions (5.11) for
potential, the corresponding solutions (8.2) are periodic and bounded.

To inquire into a physical content of the obtained solutions let us consider in more
detail the cases (8.2), (5.9a) and (8.2), (5.11).

For potentials (5.9a) the corresponding relation (7.5) reduces to

dy
+ 4F + 20

t r—k—uvt
2+ v vz 4@ —|—2)\/
2=t A S )

N =4FE%, e=2F—1? (8.3)

and the integral in (8.2) can be easily calculated. This enables us to represent solutions
(8.2), (5.9a) as follows

= Av ) V2 42
\I’_cosh[u(x—k—kvt)]eXp{ZK 5 >t+vx+<po}}, E=0; (8.4)

¥ = A{vtanh[v(z — k +vt)] £ive} x

2 2 8.5
xexp{i[(y ;U —3E>t+(v:|:\/g)$+g00:|}, E#0, ¢>0. (8:5)
For potentials (5.11) we obtain from (8.2)
U =", = AVBen |[D(x + vt) + k] explifi(t, z)], E=0; (8.6)
U =0y = A\/Ben?[D(x + vt) + k| + Fexp(ifa(t,z)], E+@ =0, (8.7)

where

3 2
filt,z) = fa(t,z) + §Ft = (F+ %) t+ vx + ¢,

B, D and F are parameters defined in (5.11b).
For other values of E solutions (8.2), (5.11) are also reduced to the form (8.7)
where the phase fo(t, x) is expressed via elliptic integrals.
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Formula (8.4) presents a fast decreasing one-soliton solution [31]. Relation (8.5)
defines a soliton solution whose behavior at  — oo is typical of solitons with a finite
density. Formulae (8.6), (8.7) describe “cnoidal” solutions for the nonlinear Schrédinger
equation.

9. Conditional symmetry and generation of solutions

Let us return to the linear Schrédinger equation (2.1) with the potential U satisfying
(3.8a). Generally speaking it possesses no non-trivial (distinct from time displace-
ments) Lie symmetry. Nevertheless, its solutions can be generated within the frame-
work of the concept of conditional symmetry [2, 3, 12, 14, 32]. Indeed, these solutions
satisfy (7.7), and equation (2.1) with the additional condition (7.7) is invariant under
the Galilei transformations (8.1) (i.e., condition (7.7) extends the symmetry of equa-
tion (2.1)).

This conditional symmetry enables us to generate new solutions. Starting with
(7.1), (7.4) and using (8.1) we obtain

U =A\/V(x —k+vt) +4E + 29 ¥
r—k—vt
t
X exp 1 i (—2E—|—v2)§ + vz + 9o + 2A /
0

dy (9.1
V(y) + 4E + 2wg

Functions (9.1) satisfy the Schrodinger equation with a potential V(z — k + vt)
where V(z) is a solution of equation (5.6). In the particular case E = —“2 these
functions are reduced to solutions (8.2) of the nonlinear equation (7.6).

One more generation of solutions can be made using a third-order SO. Inasmuch
as V(z) satisfies (5.6), then V(x + vt) satisfies the Boussinesq equation (6.3). It
means that the corresponding linear Schrédinger equation admits a third-order SO.
In accordance with (2.2), (2.6) this SO can be represented in the form

1 3
Q=p"+ {3V + 200 + 60%, p} + S0V =

1 3 i (9.2)
=2pH + §(V + 20 + 6v?)p + 51}‘/ + ZV’.
Formula (9.2) generalizes (3.12a) to the case of time-dependent potential.
Acting by operator (9.2) on ¥ in (9.1) we obtain a new family of solutions
U = QU = ay) + iv? Uy, (9.3)
where a = A\ + 4Ev + @ov — 4v3, VU is the initial solution (9.1),
V! + 4
v, T (9.4)

T 2(4E + V + 2a0)

We note that if ¥ is a soliton solution

W= WMexp [z <§t+vx+g&o)] (9.5)
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(the corresponding potential is present in (5.9a)), then (9.4) is a soliton solution too:

U, = ”ifsi?i[(”;izg?] exp {z (gt +oz+ %ﬂ . (9.6)

Starting with the potential (5.11) we obtain from (9.1) a particular solution

2
U = Ay Bcn2z + Fexp [z <%t+vx+ gao)] , z=D(z—t). (9.7)

The corresponding generated solution (9.4) reads

2
¥, - _ABBPCir;jin;Fdnz exp [l (%t+vx+(p0>:| (9.8)
and is also bounded.

Acting by SO (9.2) on solutions (9.3), (9.8) we again obtain new solutions. Mo-
reover, this procedure can be repeated. In particular, in this way it is possible to
construct multisoliton solutions of the linear Schrédinger equation.

We see that higher order SOs present efficient possibilities for solving equations of
motion and generating new solutions starting with known ones.

10. Conclusion

Higher order SOs present a powerful tool for analyzing and solving the Schrédinger
equation. The concept of higher symmetries enables us to extend the class of privileged
potentials (2.4) and to investigate invariance algebras of the equations whose poten-
tials satisfy one of relations (3.8).

We note that potentials (5.9) can be represented in the form V = W2+ W’ where
W = vtanh[v(z — k)] for solution (5.9a) (superpotentials W for solutions (5.9a)—
(5.9¢) can be also easily calculated). Moreover, the corresponding superpartners V =
W?2—W' reduce to constants, therefore it is possible to integrate easily the Schrodinger
equation with potentials (5.9) using the Darboux transformation [33].

It is worth to note that invariance condition (2.3) for operators (2.1), (3.12) can
be treated as a zero curvature condition for equations associated with the eigenvalue
problem for operator @, or as the Lax condition where a role of the Lax operator L
is played by a SO, refer to (6.2). The reasons stimulating our research of such a well-
studied subject and distinguishing features of our approach are the following:

(1) The main goal of our paper is to present a constructive description of potentials
for the Schrédinger equation which admit higher symmetries. In this way we extend
the fundamental results [19-21] connected with the search for potentials admitting
usual Lie symmetries.

To solve the deduced determining equations for potentials we use direct reductions
to the Painlevé or Riccati forms. The obtained results can be used for analysis and
solution of the Schrédinger equation as well as for construction of exact solutions of
the Boussinesq equation, see item 5 in the following.

In the method of inverse problem, description of pairs of operators (2.1), (2.8) sati-
sfying the Lax condition (6.2) is reduced to the Gelfand—Marchenko-Levitan equati-
ons [34] or to the Riemann problem [15, 31] which can be solved explicitly for a
restricted class of potentials.
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(2) We use non-Lie symmetries of the Schrodinger equation for construction and
generation of exact solutions. Moreover, we are interested not so much in finding
new solutions as in developing a new method of their derivation, which consists in
simultaneous using of higher order and conditional symmetries. Nevertheless, the
cnoidal solutions (9.7), (9.8) and (8.6), (8.7) for the linear and nonlinear Schrédinger
equations can be of interest for physicists as well as infinite series of soliton and cnoidal
solutions generated by a repeated application of the procedure described in Section 9.

We believe that the combination “higher order symmetries + conditional symmet-
ries” may be used effectively in the investigations and analysis of other equations of
mathematical physics.

(3) Our approach admits a direct generalization to multidimensional Schrodinger
equations. Note that higher symmetries of the three-dimension Schrédinger equation
were investigated in [18, 35] for particular potentials.

(4) Algebraic relations (4.1)—(4.4) are valid for extended classes of potentials. They
open additional possibilities in the application of algebraic methods to investigate the
Schrédinger equation, in particular, the use of raising and lowering operators for this
equation with potentials satisfying (3.8d). We note that relations (3.8d) are valid also
for time-independent operators Q4 = exp(Fiwt)Q+ where Q4 are given by relations
(3.12d).

(5) Equations (3.8) which describe potentials that admit third-order symmetries
are equivalent to the reduced versions of the Boussinesq equation, which appear under
the similarity reduction [36] (this is the case for (3.8a,d)) and the reduction with using
symmetries [14, 25, 26| (the last is valid for (3.8b,c)). Thus, the results obtained in
Section V can be used to construct exact solutions of the Boussinesq equation.

A systematic study of higher symmetries of multidimensional Schrédinger equa-
tions is planned to be carried out elsewhere.
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On the classification of subalgebras
of the conformal algebra with respect
to inner automorphisms

L.F. BARANNYK, P. BASARAB-HORWATH, W.I. FUSHCHYCH

We give a complete justification of the classification of inequivalent subalgebras of the
conformal algebra with respect to the inner automorphisms of the conformal group,
and we perform the classification of the subalgebras of the conformal algebra AC(1, 3).

1. Introduction

The necessity of classifying the subalgebras of the conformal algebra is motivated by
many problems in mathematics and mathematical physics [1, 2]. The conformal algeb-
ra AC(1,n) of Minkowski space R; ,, contains the extended Poincaré algebra AP(1,n)
and the full Galilei algebra AG4(n — 1) (also known as the optical algebra). The
classification of the subalgebras of the conformal algebra AC(1,n) is almost reducible
to the classification of the subalgebras of the algebras AP(1,n) and AG4(n — 1).

Patera, Winternitz and Zassenhaus [1] have given a general method for the classi-
fication of the subalgebras of inhomogeneous transformations. Using this method, the
classification of the subalgebras AP(1,n), AP(1,n), and AG4(n — 1) was carried out
in Refs. [1-9] for n = 2, 3,4. In Refs. [7-11], this general method was supplemented by
many structural results which made possible the algorithmization of the classification
of the subalgebras of the Euclidean, Galilean, and Poincaré algebras for spaces of arbi-
trary dimensions. Indeed, this was done in Refs. [9] and [10], where the subalgebras
of AC(1,n) were classified up to conjugation under the conformal group C(1,n) for
n=2,3,4.

In order to perform the symmetry reduction of differential equations, it is necessary
to identify the subalgebras of the symmetry algebra (of the equation) which give
the same systems of basic invariants. This observation has led to the introduction
in Ref. [12] of the concept of I-maximal subalgebras: a subalgebra F' is said to be
I-maximal if it contains every subalgebra of the symmetry algebra with the same
invariants as F. In Ref. [13], all [-maximal subalgebras of AC(1,4), classified up to
C(1,4)-conjugation, were found in the representation defined on the solutions of the
eikonal equation. Using these subalgebras, reductions of the eikonal and Hamilton—
Jacobi equations to differential equations of lower order were obtained in Refs. [9]
and [12]. We note that the list of I-maximal subalgebras for a given algebra can differ
according to the equation being investigated.

In the above works, the question of the connection between conjugation of the
subalgebras of the algebra AP(1,n) under the group P(1,n) (or the group Ad AP(1,n)
of inner automorphisms of the algebra AP(1,n)) and the conjugacy of these subal-
gebras under the group C(1,n) was not dealt with. This, and the same problem for
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subalgebras of the Galilei algebra AG4(n—1), is the problem we address in the present
article.

Since the group analysis of differential equations is of a local nature, we concentrate
on conjugacy of the subalgebras under the group of inner automorphisms of the
algebra AC(1,n). Going over to conjugacy under C(1,n) is not complicated, and
requires only a further identification of the subalgebras under the action of at most
three discrete symmetries. The results of this paper allow us to obtain a full classifi-
cation of the subalgebras of AC(1,n) for low values of n. On the basis of these results,
we give at the end of this paper a classification of the algebra AC(1,3) with respect
to its group of inner automorphisms. The list of subalgebras obtained in this way can
be used for the symmetry reduction of any system of differential equations which are
invariant under AC(1,3).

2. Maximal subalgebras of the conformal algebra

We denote by Ad L the group of inner automorphisms of the Lie algebra L. Unless
otherwise stated, conjugacy of subalgebras of L means conjugacy with respect to the
group Ad L. We consider Ad L as a subgroup of Ad L, whenever L, is a subalgebra
of Ly. The connected identity component of a Lie group H is denoted by H;.

Let Ry, (n > 2), be Minkowski space with metric g3, where (gqo) = diag[1, —1,
...,—1] and o, 8 =0,1,...,n. The transformation defined by the equations

To = Ta(Y0, Y15+ 3Un), a=0,1,....n
of a domain U C Ry, into Ry ,, is said to be conformal if

Oz, Oz, o

where A(z) # 0 and = = (x0,21,...,%,). The conformal transformations of R ,
form a Lie group, the conformal group C(1,n). The Lie algebra AC(1,n) of the group
C(1,n) has as its basis the generators of pseudorotations J, 3, the translations P,, the
nonlinear conformal translations K, and the dilatations D, where o, 3 =0,1,...,n.
These generators satisfy the following commutation relations:

Jaﬁ; J’y&] = gaét][i'y + gﬂ’yJaé - ga'yJB(S - gﬁéja'ya

Pa, Jgy] = gapPy — gan P, [Pa, P3l =0, [Ka, Jgy] = gapKy — gay K,
KONKB]:Oa [DaPa]:Paa [DaKOé]:_KOM [D7Jaﬁ]207

Ka, Pg] = 2(gapD — Jap)-

[
{ W
:

The pseudo-orthogonal group O(2, n+1) is the multiplicative group of all (n+3) x
(n+3) real matrices C satisfying C*FEs ,,41C = Es 11, where Es 11 = diag[1,1, —1,
., —1]. We denote by I, the (n+3) x (n+ 3) matrix whose entries are zero except
for 1 in the (a,b) position, with a,b =1,2,...,n+ 3. The Lie algebra AO(2,n + 1) of
O(2,n + 1) has as its basis the following operators:

912:]‘12*[217 Qab:*Iab“i’Iba (a<b’ aab:3a"'7n+3)7
Qio = —Lio — Lo (i:1,2; a:37...,n—|—3),
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which satisfy the commutation relations
[Qaba ch] = padec + pchad - pachd - pbanc (a> bv C, d = 1; 27 ey n + 3)3

where (pup) = Ea,nt1. Let us denote by Ro 11 the pseudo-Euclidean space of n + 3
dimensions with metric pg,. The matrices of the group O(2,n + 1) and the algebra
AO(2,n+1) will be identified with operators acting on the left on Ro ,,11. Then, with
this convention, O(2,n + 1) is the group of isometries of Ry ;4.

It is known (see for instance Ref. [9]) that there is a homomorphism ¥ : O(2,n +
1) — C(1,n) with kernel {£FE, 3}, where {E, 3} is the unit (n+ 3) X (n+3) matrix.
Thus we are able to identify O(2,n 4 1) with C(1,n). This homomorphism of groups
induces an isomorphism f of the corresponding Lie algebras, f : AO(2,n + 1) —
AC(1,n), which is given by

f(QaJrQ,,BJr?) = Jaﬁa f(Ql,a+2 - Qa+2,n+3) = Pou
J( a2+ Qayongs) = Koy f(Qnis) =—-D (o,3=0,1,...,n).

We shall in this article identify the two algebras, using this isomorphism, so that we
can write the previous equations as

Qa+2,ﬁ+2 = Jaﬁ; Ql,a+2 - Qa+2,n+3 = Pom
Ql,a+2 + Qa+2,n+3 = Ka, Ql,n+3 =-D (O& < ﬁy aaﬁ =0,1,... 7n)'

We shall use the matrix realization of the conformal algebra.

Each matrix C' which belongs to the identity component O;(2,n+ 1) of the group
O(2,n + 1) is a product of matrices which are rotations in the ;29 and x,x; planes
(a < b; a,b = 3,...,n+ 3) and hyperbolic rotations in the x;x, planes (i = 1,2;
a = 3,...,n + 3). Thus each such matrix C' can be given as a finite product of
matrices of the form exp X, where X € AO(2,n + 1). From this, it follows that each
inner automorphism of the algebra AO(2,n + 1) is a mapping

po: Y - CYC, (2)

where Y € AO(2,n+ 1) and C € O1(2,n + 1), and conversely each mapping of this
type is an inner automorphism of the algebra AO(2,n + 1).

In the process of our investigation mappings of the above type (2) will occur for
certain matrices C' € O(2,n + 1), so we call these types of mappings O(2,n + 1)-
automorphisms of the algebra AO(2,n + 1) corresponding to the matrix C.

If G is the group of O(2,n + 1)-automorphisms of the algebra AO(2,n + 1), and
H is the subgroup of G consisting of its inner automorphisms, then H is normal in
G and [G : H] < 4. Representatives of the cosets of G/H different from the identity
will be

C, =diag[~1,1,...,1,—1], Cy =diag[1,1,-1,1...,1], )
Cs = diag[-1,1,-1,1,...,1,-1],

or

Cy =diag[l,—1,1,...,1,-1,1], Cy=diag[l,1,—1,1...,1],
Cy =diag[l,—1,-1,1,...,1,—1,1].
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Given a subspace V' of Rg 11, there is a maximal subalgebra of AO(2,n + 1)
which leaves V' invariant. We call this algebra the normalizer in AO(2,n + 1) of the
subspace V.

Let Q1,...,Qn+3 be a system of unit vectors in Ry ,,11. Then the normalizer in
AO(2,n + 1) of the isotropic subspace (Q1 + Qn+3) is the extended Poincaré algebra

AP(1,n) = (Py, P1,..., P,) W (AO(1,n) ® (D)),

where W denotes semidirect sum, and @ denotes direct sum of algebras; AO(1,n) =
(Ja,p 0, 8=0,1,...,n). The normalizer in AO(2,n + 1) of the completely isotropic
subspace (Q1 + Qn+3, Q2 + Qni2) is the full Galilei algebra

AGa(n—1) = (M, Py,..., P, G,y Got) W (AO(n — )& (R, 5, TV (2)),
where

M=Py+P,, Gyo=Joya—Jan (a=1,...,n—=1), R=—(Jon+ D),

S= Ko+ K,), T=_L(R—P), 7=Jo—D.

The generators of the algebra AG4(n — 1) satisfy the following commutation rela-
tions:

Jabs Jed] = GadTve + Gbedad — GacTvd — GvaJac;  [Ga, Joc] = gavGe = GacGy,
Pa, Joe] = gabPe = gacPo, [Ga,Gb] =0, [Py, G| = 6apsM, [Ga, M] =0,
P,,M)=0, [Jw,M]=0, [R,S]=2S, [R,T]=-2T, [T,S]=R,
R =1(2,8=12T)=[Z,Jw) =0, [R,G, =G, [R,P,)]=—P,,
M| =0, [R Jau]=0, [5Ga]=0, [S P]=-Ga, [S,M]=0,
Ja) =0, [T,G,)=P,, [T,P,)=0, [T,M]=0, [T,Ju]=0,
Z,G,) = -Gy, [Z,P)=—P,, [Z,M]=-2M,

with a,b,c,d=1,...,n— 1.
From these commutation relations we find that

(R,S,T) = ASL(2,R), (R,S,T)& (Z) = AGL(2,R),

where R denotes the field of real numbers.

Let F be a reducible subalgebra of AO(2,n + 1). That is, there exists in Rg 5,11
a nontrivial subspace W which is invariant under F. If W is isotropic, then there
exists a totally isotropic subspace Wy C W which is invariant under F'. Since dim Wy
is 1 or 2, then, by Witt’s theorem [14] there exists an isometry C € O(2,n + 1) such
that CWy is either (Q1 + Qni3) or (Q1 + Qnis, Q2 + Qni2). Taking into account
that the matrices (3) do not change these subspaces and represent all the components
of the group O(2,n + 1) different from the identity component O1(2,n + 1), then
we may assume that the above C lies in O1(2,n + 1), the identity component. Thus
there exists an inner automorphism ¢ of the algebra AO(2,n + 1) such that either
o(F) C AP(1,n) or p(F) C AG4(n —1).

If W is a nondegenerate subspace, then, by Witt’s theorem, it is isometric with
one of the following subspaces: Ry (k > 2), Roi (K > 1), Ry (k > 1). Each of the
isometrics (3) leaves invariant each of these subspaces, so that we may assume that the
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isometry which maps W onto one of these subspaces belongs to O1(2,n+1). From this,
it follows that a subalgebra F' is conjugate under the group of inner automorphisms
of the algebra AO(2,n 4 1) to a subalgebra of one of the following algebras:

(1) AO'(L,k)e AO"(1,n—k+1),
where AO'(1,k) = (Qup :a,b=1,3,...,k+2) and
AO"(I,n—k+1)=(Quw:a,b=2k+3,...,n+3) with n>3
and k=2,...,[(n+1)/2];

(2) AO(2,k) ® AO(n—k+1), where
AOn—k+1)=(Quw:a,b=k+3,...,n+3) with £k=0,1,...,n.

In order to classify the subalgebras of these direct sums it is necessary to know
the irreducible subalgebras of algebras of the type AO(1,m) (m > 2) and AO(2,m)
(m > 3). It has been shown in Ref. [15] that AO(1, m) has no irreducible subalgebras
different from AO(1,m). In Refs. [16] and [17] it has been shown that every semisimple
irreducible subalgebra of AO(2,m) (m > 3) can be mapped by an automorphism of
this algebra onto one of the following algebras:

(1) AO(2,m);
(2) ASU[1,(m/2)] when m is even;
(3) (4 + V313 + Qaos, — Qs + Qog — V3023, Q12 — 2Q5) when m = 3.

It follows then that when m > 3 is odd, the algebra AO(2,m) has no irreducible
subalgebras other than AO(2,m). If m = 2k and k > 2, then, up to inner automor-
phisms, AO(2,m) has two nontrivial maximal irreducible subalgebras: ASU(1, k) &
(Y), and ASU(1,k) @ (Y'), where

Y =diaglJ,...,J], Y'=diag[J,—J,J...,J]

0 -1
J= ( R ) .
We note that a subalgebra L of AG4(n—1) is conjugate under Ad AO(2,n+1) with
a subalgebra the algebra AP(1,n) if and only if the projection of L onto AGL(2,R) =

(R,S,T) ® (Z) is conjugate under Ad AGL(2,R) with a subalgebra of the algebra
(R, T, Z).

with

3. Conjugacy under Ad AP(1,n) of subalgebras
of the Poincaré algebra AP(1,n)

The Poincaré group P(1,n) is the multiplicative group of matrices

(51)
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where A € O(1,n) and Y € Ry,41. Let I, a,b=0,1,...,n+1 be the (n+2) X (n+2)
matrix whose entries are all zero except for the ab-entry, which is unity. Then a basis
for AP(1,n) is given by the matrices

. ’ ’ _ ’ / g 7
Joa - _IOG, - Ia07 Jab - _Iab + Ibcw PO - IO,n+l> Pa - Ia,n+17

with a < b; a,b=1,...,n. These basis elements obey the commutation relations (1).
It is sometimes useful in calculations to identify elements of AO(1,n) with matrices
of the form

0 Bor  Boz - Pon
Bor O Bz - Pin
X=| Bo2 —P2 0 - [P
5071 _ﬂln _ﬁ2n e 0
and elements of the space U = (P, ..., P,) are represented by n + 1-dimensional

columns Y. In this case, we take

1 0 0

0 1 0
Py = : , P = ) N

0 0 1

and with this notation it is easy to see that [X,Y] = XY. We endow the space U
with the metric of the pseudo-Euclidean space R; ,,, so that the inner product of two
vectors

Zo Yo
T Y
Y
Tn Yn
is £oyo — 1y1 — +*+ — Tnyn. The projection of AP(1,n) onto AO(1,n) is denoted

by é. We also note that AO(n), contained in AO(1,n), is generated by Jup (@ < b;
a,b=1,...,n).

Let B be a Lie subalgebra of the algebra AO(1,n) which has no invariant isotropic
subspaces in Ry ,,. Then B is conjugate under Ad AO(1,n) to a subalgebra of AO(n)
or to AO(1,k) ® C, where k > 2 and C is a subalgebra of the orthogonal algebra
AO'(n — k) generated by the matrices Jop, (a,b =k +1,...,n). In the first case, B is
not conjugate to any subalgebra of AO(n —1).

Proposition 1. Let B be a subalgebra of AO(n) which is not conjugate to a subalgebra
of AO(n —1). If L is a subalgebra of AP(1,n) and é&(L) = B, then L is conjugate to
an algebra W & C, where W is a subalgebra of (P1,...,P,), and C is a subalgebra of
B ® (Py). Two subalgebras W1 W C1 and Wa W Cy of this type are conjugate to each
other under Ad AP(1,n) if and only if they are conjugate under Ad AO(n).

Proof. The algebra B is a completely reducible algebra of linear transformations of
the space U and annuls only the subspace (Py) (other than the null subspace itself).
Thus, by Theorem 1.5.3 [9], the algebra L is conjugate to an algebra of the form
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WwC where W C (Py,...P,) and C C B® (F). Now let Wy W, and WoWCy be of
this form, conjugate under Ad AP(1,n). Then there exists a matrix I' € P;(1,n) such
that or (W1 W Cq) = Wa W Co, and from this it follows that ¢x(B1) = Bs for some
A € O1(1,n). Let V = (P1,..., P,). Since [B1,V] = V, then [Ba, pa(V)] = ¢wa(V)
and oA (V) = V. Thus we can assume that A = diag[1, A;] where A; € SO(n), so
that the given algebras are conjugate under Ad AO(n). The converse is obvious.
Proposition 2. Let B = AO(1,k) ® C, where k > 2 and C C AO'(n — k). If L
is a subalgebra of AP(1,n) and é(L) = B then L is conjugate to L1 @& Lo where
Ly = AO(1,k) or Ly = AP(1,k), and Lo is a subalgebra of the Euclidean algebra
AFE'(n — k) with basis P,, Ju (a,b = k+1,...,n). Two subalgebras of this form,
L1 ® Ly and L) @ L}, are conjugate under Ad AP(1,n) if and only if Ly = L} and Lo
is conjugate to L} under the group of E'(n — k)-automorphisms.

Proof. The proof is as in the proof of Proposition 1.

Lemma 1. If C € O(1,n) and C(Py + P,) = AN(Po + P,,) then A # 0 and

1+ 221 +v?) i —1+A%2(1—0?)
2\ B 2\
C = v B —v , (5)
—1+ A (1 +v?) ; 1+ 2%(1—v?)
2\ B 2\

where B € B(n—1), v is an (n—1)-dimensional column vector, v? is the scalar square
of v and v? is the transpose of v. Conversely, every matriz C of this form satisfies
C(Py+ P,) =Py + P,).

Proof. Proof is by direct calculation.
Lemma 2. Let C € O(1,n) have the form (5), with A > 0. Then

C = diag[1, B, 1] exp[(— In X) Jon| exp(—1G1 — - - — Bn—1Gn-1),
where G, = Jog — Jan and

b1
: =B lw.
ﬁn—l

Proof. Direct calculation gives us

cosh 0 0 sinh 6
exp(—GJOn) = 0 En—l 0
sinh 6 0 cosh @

and
2 2
b
1+— b —
+ 2 2
exp(_ﬁlGl - ﬁn—lGn—l) - b En—l -b 5
b’ b?
= bt 1— —
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where b = (831,...,0,_1)". On putting Aexp @ we have

A2 41 A2 -1
coshf = 2—)’: , sinhf = T
Since we have
A4+l N -1 b* . b’
1+ — b —
2\ 0 2\ + 2 2
0 E, 1 0 b E, 1 —b =
)\2 -1 )\2 1 2 2
0 + v bt 1-— v
2\ 2\ 2 2
14 22(1 +b?) Bt —14X2(1-b%)
2\ 2\
= b En—l _b )
—1+X\2(1+b%) N 14 A%2(1—b?)
2\ 2\
then
exp(—0Jon) exp(—B1G1 — -+ — Br_1Gp_1) = diag[1,371,1]C
from which it follows directly that
C = diag [1, B, 1] exp|(— In A)Jon] exp(—AiG1 — -+« — Bu_1Gr 1)

and the lemma is proved.
The set of F of matrices of the form (5) with A > 0 is a group under multiplication.
The mapping

AB v

o ( 5o )
is an isomorphism of the group F onto the extended Euclidean group E(n —1). Thus
we shall mean the group F' when talking of the extended Euclidean group, and the
connected identity component Ej(n — 1) will be identified with the group of matrices
of the form (5) with A > 0 and B € SO(n —1). From Lemma 2 it follows that the Lie
algebra AF' of the group F is generated by the basis elements Jup, Ga, Jon (a < b;
a,b=1,...,n—1).
Lemma 3. If C € O1(1,n) and C(Py + P,) = A(Po + P,) then A > 0 and B €
SO(n —1) in (5).
Proof. Since

1+ A\2(1+v?)

2

then we have A\ > 0. From Lemma 2, diag [1, B, 1] € O1(1,n), so that det B > 0. Thus
B € SO(n — 1) and the lemma is proved.

Lemma 4. If C € O(1,n) and +£C ¢ E(n — 1) then C = £A,C" Ay where Ay, Ay €

E(n—1) and C' =diag|l,...,1,-1].

>0,
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Proof. We can choose a matrix A € O(n—1) so that AC(Py+ P,) = aPy+ 8P +~P,
where a? — 32 — 42 =0.If 3# 0 then o — v # 0. Let # = 3/(a — «y). Then,

exp(0G1)(aPy + BP) +P,) = ?(Po — P

and so there exists a matrix I' € E(n — 1) such that TC(Py + P,) = A(Py + P,) or
L'C(Py 4 P,) = AN(Py — P,,). In the first case, £I'C' € E(n — 1), so that then we have
+C € E(n—1), which is impossible. In the second case, C'TC(Py+P,) = A(Py+P,,).
For A > 0 we find C'I'C' € E(n — 1). Put C'TC = Ay, T = A7, Then C' = A;C’ A,.
If A < 0 then we put —C'T'C' = A, in which case C = —A;C’ Ay, and the lemma is
proved.

Lemma 5. If C € O1(1,n) and C ¢ El(n — 1), then C = D1QD5, where Dy, Dy €
Ei(n—1), and Q = diag[1,—1,1,...,1,-1].
Proof. If +C € E(n — 1), then C(Py + P,) = v(Py + P,). By Lemma 3, v > 0 and
C € E1(n—1), which contradicts the assumption. Thus, +C ¢ E(n—1). By Lemma 4,
C = +A,C’Ay. From this it follows that C = D I'D,, where Dy, D, € E; (n—1), and
I is one of the matrices +C’, +Q. However, I' € O(1,7n), since T = D;'CD; ", find
from this it follows that I' = ). The Lemma is proved.

Direct calculation shows that the normalizer of the space (Py + P,) in AO(1,n)
is generated by the matrices Go, Jap, Jon (a,b = 1,...,n — 1), which satisfy the
commutation relations

[Ga; ch] = gach - gacGln [Gaa Gb] = 0; [Ga7 JOH] = Ga'

This means that the normalizer of the space (Py + P,) in the algebra AO(1,n) is the
extended Euclidean algebra

AE(n —1) =(G1,...,Gp-1) W (AO(n — 1) & (Jon))

in an (n—1)-dimensional space, where the generators of translations are Gy, ...,Gp—1
and the generator of dilatations is the matrix Jy,,.

Let K be a subalgebra of AP(1,n) such that its projection onto AO(1,n) has an
invariant isotropic subspace in Minkowski space Ry ,,. The subalgebra K is conjugate
under Ad AP(1,n) with a subalgebra of the algebra A = AG1(n — 1) W (Jo,) where
AG1(n—1) is the usual Galilei algebra with basis M, T', P,, G4, Jap (a,b=1,...,n—
1),and M = Py + P,, T = %(Po —P,).

Proposition 3. Let Ly and Ly be subalgebras of A, with L1 not conjugate under
Ad A to any subalgebra having zero projection onto (G1,...,Gn_1). If o(L1) = Lo
for some ¢ € Ad AP(1,n), then there exists an inner automorphism ¢ of the algebra
A with ¥(L1) = Lo.

Proof. Since Ad A contains automorphisms which correspond to matrices of the form
n

exp <Z an,Pﬂ,> (6)
=

and since P(1,n) is a semidirect product of the group of matrices of the form (6)
and the group O(1,n) of matrices of the form diag[A, 1], then we may assume that
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© = pc with C € O1(1,n). If C & Ey(n—1), then by Lemma 5, C = D1QD,. In that
case we find that

(D1QD2)é(L1)(Dy ' QD1 ) = €(L),
whence

Q(D24(L1)D;y')Q = Dy 'é(L2) Dy (7)
However,

Joa + Jan, when a # 1,

QGQ = Q(Joa — Jan)Q = { —(Jo1 + J1n), when a = 1.

This means that QG,Q ¢& A. Because of this, the left-hand side of (7) does not belong
to A, whereas the right-hand side of (7) is a subalgebra of A. This then implies that
we must have C' € Fyj(n — 1) and thus we have ¢)(L1) = Ly for some ¢ € Ad A.

Proposition 4. Let A be a Lie algebra with basis Py, Pu, P, Jab, Jon (a,b =
1,...,n—1) and let Ly, Ly be subalgebras of A such that at least one of them has a
nonzero projection onto (Jon). If ¢(L1) = Lo for some ¢ € Ad AP(1,n), then there
exists an inner automorphism 1 € A so that either 9(Ly) = Ly or (L) = ¢q(La)
where @ = diag[1,—1,1,...,1,—1].
Proof. As in the proof of Proposition 3, we may assume that ¢ = ¢ where C' €
01(1,n). We shall also assume that the projection of Ly onto (Jo,) is nonzero. If
C € Ei(n—1) and C ¢ O;(n — 1) then the projection of the algebra o(L;) onto
(Gy,...,Gp_1) is nonzero, and hence the projection of Ly onto (Gy,...,Gp_1) is
nonzero, which contradicts the assumptions of the proposition. Thus, if C € E; (n—1)
then p € Ad A.

Let C ¢ Ey(n —1). By Lemma 5, C = D1QDy where Dy, Dy € Ei(n — 1). Then
©(L1) = Lo can be written as

0@(0D,(L1)] = pp-1 (L2).

If Dy & O;(n — 1) then the projection of wp, (L) onto (Gy,...,Gy_1) is nonzero and
hence vg[¢p, (L1)] does not belong to A. But then Pp-t (L2) is also not in A. This is
a contradiction. Thus D1, Dy € Oy (n — 1). From this it follows that g (/(L1)) = Lo
where 1) = ¢p is an inner automorphism of the algebra A. This proves the proposition.
Proposition 5. Suppose 2 < m <n—1. Let F' be a subalgebra of the algebra AO(m)
which is not conjugate under Ad AO(m) to a subalgebra of AO(m — 1), and let L be
a subalgebra of (Py, Py,...,P,) W F such that &(L) = F. Then L is conjugate to an
algebra WW K, where W is a subalgebra of (Py,. .., Py,) and K is a subalgebra of F &
(Po, Pty - -, Py). Two subalgebras Wy W Ky and Wa W Ky of this type are conjugate
under Ad AP(1,n) if and only if there exists an automorphism ¢ € Ad AO(m) x
Ad AO(l,?’L — m) such that ’(/J(Wl W Kl) =Wy W K5 or ’(/J(Wl (] Kl) = Q(WQ (] KQ)Q
where

AO(L,n—m) = (Jap:a,=0,m+1,...,n)
and @ = diag[1,-1,1,...,1,—1].
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4. Conjugacy of subalgebras of the extended
Poincaré algebra AP(1,n) under Ad AC(1,n)

Lemma 6. If C € O(2,n+ 1) and C(Q1 + Qn+3) = MQ1 + Qnys) then A # 0 and

1+ 221 —v?) . —1+2%(1 +v?)
AT ) _ywtEy. B — AT
2 A B 2
C= v B —v , (8)
—14+ A2(1 —? 1+ 2201 2
e ) B W3 el e s
2 ’ 2\
where B € O(1,n), By, = diag[l,—1,...,—1], v is an (n + 1) X 1 matriz and v?

is its scalar square in Ry ,,. Conversely, every matriz C of the form (8) satisfies the
condition C(Q1 + Qn+3) = AMQ1 + Qnis)-
Proof. Direct calculation.

Lemma 7. Let C € O(2,n+ 1) have the form (8), with A > 0. Then

C = diag[1, B, 1] exp[(In \) D] exp(—=BoPo — L1 P1 — -+ — BnPr),
where
Bo
A B
: = B w.
Bn

Proof. The proof of Lemma 7 is similar to that of Lemma 2.
The mapping
AB v
f:C— < 0 1 )
is a homomorphism of the group of matrices (8) onto the extended Poincaré group
P(1,n). The kernel of this homomorphism is the group of order two, {—E,, 3, Fpn13}.
Let us denote by H the set of matrices of the form (8) with A > 0. Then f is an
isomorphism of H onto P(1,n). For this reason we shall, in the remainder of this

article, mean the group H when referring to ]5(17 n). Its Lie algebra is the extended
Poincaré algebra AP(1,n) given in Section 2.

Lemma 8. Let C € O1(2,n + 1) and let it be of the form (8) with X\ > 0. Then
Be Bl(l,n)

Remark 1. Note that when A < 0 it is possible that B does not belong to O1(2,n+1).

Lemma 9. If C € O(2,n + 1) and £C ¢ P(1,n) then either C = £+A1QAy or C =
A1F(0)Az, where Ay, Ay € P(1,n), Q = diag[l,...,1—1] and F(0) = exp[(0/2)(Ko+
Py+ K, — P,)].

Proof. There exists a matrix AP(1,n) such that

AC(Q1 + Qni3) = 01 Q1 + a2Q2 + a3Qry2 + aQnys,



430 L.F. Barannyk, P. Basarab-Horwath, W.I. Fushchych

where af + a3 — a3 —a? = 0 and azaz > 0. If a; # ay then, as in the proof of
Lemma 4, we obtain that

eXp(ﬁOPO + ﬁnPn)AC(Ql + Qn+3) = ’Y(Ql + Qn+3)

for some real numbers By, Gy, 7. From this it follows that

L exp(BoPo + BnPp)AC(Q1 + Quys) = MQ1 + Qnya),

where A >0 and I' = +F, 3 or I' = +@Q. By Lemma 6 and Lemma 7, we obtain
FeXp(ﬂOP0+ﬂnPn)AO: A, ]\ S P(l,n)

Since +C' ¢ 15(1~7 n), then ' = +Q, and so C = £A4;QA,, where A; = A~ exp(—FoPo
—BnPr), A2 = A.
If @1 = ay, then also g = 3. It is easy to verify that

F(O)AC(Q1 + Qny3) = (a1 cos0 + azsin)(Q1 + Qny3) +
+ (agcos — a1 sin0)(Q2 + Qni2).

If a3 = 0 then we put 0 = (7/2), when as > 0 and § = —(7/2), when ay < 0. If
a1 # 0 then we let apcosf — g sin@ = 0. In that case,

tanf = %, a1 cosf + azsind = oy cosO(1 + tan? 6).
ag

We choose the value of 8 so that oy cos8 > 0. With this choice of § we have

F(O)AC(Q1 + Qnys) = MQ1 + Qnys),

where A > 0. But then, as a result of Lemma 6 and Lemma 7, F(0)AC = A A e
P(1,n), and so C' = A F(—0)As, where A; = A=, Ay = A. The result is proved.

Lemma 10. Let Ly and Lo be subalgebras of Ap(l, n) which are not conjugate under
AP(1,n) to subalgebras of AO(1,n) = AO(1,n) @ (D). Then Ly, Ly are conjugate
under Ad AC(1,n) if and only if they are conjugate under Ad AP(1,n) or if one of
the following conditions holds:

(1) n is an odd number and there exists an automorphism ¢ € Ad Ap(l,n) with
Y(Ly) = CoLyCyt (see Eq. (3) for notation);

(2) there exist automorphisms 1,19 € Aﬁ(l,n) with

Y1(L1) = F(0)[1h2(L2)] F(-0).

Proof. Let CL;C~! = Ly for some C € O1(2,n + 1). By Lemma 9, we may assume
that +C € P(1,7n) or that C is one of the matrices +A4;QAs, A;F(#) A, (we use the
notation of Lemma 9). If C' € P(1,n) then, by Lemma 8, C' belongs to the identity
component of the group ]5(1, n) and thus @¢ is an inner automorphism of the algebra
AP(1,n). Now suppose —C' € P(1,n). Then by Lemma 7, C' = —diag[1, B, 1], where
B € O(1,n) and A € Py(1,n). Thus we may assume that C = —diag[1, B, 1]. From
this it follows that B € O1(1,n) for odd n and we have

diag[1,1,-1,1,...,1,1]B € O1(1,n)
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For even n this means that the algebras L,, Lo are conjugate to each other under
Ad AP(1,n) or that there exists an automorphism ¢ € Ad AP(1,n) such that 1(L;) =
Oy LsCy
Let C' = £A4,QA,. Then C = T'; ATy with ', T’y € P(1,n) and A = +diag[1, 1, 1,
..y 1,89, —1] with €1,e9 € {—1,1}. Clearly, A € O1(2,n+ 1). When C = A1QA; we
have ey = 1, e = —1 and when C' = —A1QAs, ¢1 =1, e3 = (—1)™. Since

AP,A"' =+K,, AP,A"!'=+K,

with o < n, then from FfngFl = A(FngI‘;l)A_l it follows that the algebra
Fl_ngFl has a nonzero projection onto (Ko, K1, ..., K,), which is impossible. Thus
the matrix C is different from +A4;QAs.

Now let C = A1 F(0)As. If T is one of the matrices (4), then TF(6)I'~! = F(+0),
so that

C = A\ F(0)A)A,

where A}, A, € P(1,n) and A = E or A is one of the matrices (4). Since A can be
represented as a product of matrices in O1(2,n), then the last case is impossible, and
we have proved the Lemma.

Theorem 1. Let Ly and Lo be subalgebras of A]-:’(l, n) which are not conjugate under
AP(1,n) to subalgebras of AO(1,n) and such that their projections onto AO(1,n)
have no invariant isotropic subspace in Ry ,,. The subalgebras L1 and Ly are conjugate
under AAAC(1,n) if and only if they are conjugate under Ad A]B(l, n) or when there
exists an automorphism ¥ € Ad Alﬁ(l7 n) such that (L1) = C’gLQC{l, where Cy =
diag[1,1,~1,1,...,1].

Proof. By Lemma 10 we may assume that ¢(L;) = F(0)[t2(L2)]F(—0) for some
Y1, € AP(1,n). Under the given assumptions, the projection of t)5(Ls) onto
AO(1,n) contains an element of the form

n—1 n—1
X = Z(abjob + Jon) + Z Tbedbe,
b=1 b,e=1

where oy # —7, for some ¢ (1 < g <n—1). Since
F(6)Jog F(—0) = Jog cos b + %(Kq 4+ P,)sing
and
F(0)JynF(—0) = Jy, cos 0 + %(Kq — P,)sinf
we have that F(0)X F(—0) contains the term
F(0)[agJog + Vg dgn) F(—0) = (agJog + Vg Jgn) cos 0 +
+ %[O‘q(Kq + Py) +7q(Kq — Py)]sin

and from this it follows that (ag + 74)sind = 0 so that sin = 0. But then § = mm.
When m = 2d we have F(0) = E,13. When m = 2d + 1 then F(0) = diag[—1, —1,
E._1,—1,—1]. However,

F(O)[2 (L) F(=0) = (= F(0))[¢2(L2) (- F(=0))
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from which it follows that we may assume that ¢ (L1) = C[p2(L2)]C~! where C =
diag[1,1,—F,_1,1,1]. If n is odd, then ¢¢ is an inner automorphism of AP(1,n).
If n is even, then p¢,@c is an inner automorphism of the algebra AP(1,n). In the
first case, 13(L1) = Lo where 93 = w;lgoalwl is an inner automorphism of the
algebra AP(1,n). In the second case, 1)(L1) = ¢, (Ls) for some ¢ € Ad AP(1,n).
The theorem is proved.

Theorem 2. Let Ly and Lo be subalgebras of AO(I,n) having no invariant isotropic
subspaces in Ry . The subalgebras L1, Lo are conjugate under Ad AC(1,n) if and
only if they are conjugate under Ad AO(1,n) or when there exists an automorphism

¥ € Ad AO(1,n) such that (L) = CLyC~1 where C is one of the (n+3) x (n+3)
matrices

diag[1,1,-1,1,...,1], diag[l,...,1,-1], diag[l,...,1,-1,-1].

We note that AO(1,n) C AO(2,n+ 1) and that the matrix C'is (n 4 3) x (n +3).

5. Subalgebras of the full Galilei algebra
Lemma 11. Let C € O(2,n+ 1) and W = (Q1 + Qn+3, Q2 + Qui2). If CW =W,
then
C =expld(S+T)]diag[l,e, K,¢e,1]exp(aR + 8Z) x
n—1 n—1
9
X exp (Z %Gi> exp <6M + AT + ZMR‘) , ©)
i=1 i=1
where e = £1, K € O(n —1).
Proof. We have

C(Q1+ Qntsz) = a1(Q1 + Qny3) + a2(Q2 + Qni2)
and so

F(-0)C(Q1 + Qnts) = (1 cos 0 — asin@)(Q1 + Qns) +
+ (g cos0 + a1 8in0)(Q2 + Qni2).

If a; = 0 then we put 6 = (37/2) when ay > 0 and 6 = (7/2) when ag < 0. If a3 # 0
then we put a;q sinf + s cos @ = 0 and then tanf = —as /oy and ag cosf — agsind =
ay cosf(1 + tan?§). We choose 6 so that ajcos > 0. For this choice of § we have
F(-0)C(Q1 4+ Qnt3) = £(Q1 + Qny3), where £ > 0. Using Lemma 7, we obtain

F(-0)C = A =diag[l, B, 1] exp([In&]D exp( Zﬁl 1) € P(1,n),

where B € O(1,n). Then C' = F(0)A. The matrix A has the form (8). Direct calcula-
tion gives

n+1

A(Q2 + Qny2) = a(Q1 + Qnys) + Q2 + YQni2 + Z 0;Q;.

=3
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From this it follows that

F(0)A(Q2 + Qni2) = (acosf + Bsin0)Qq + (—asinf + B cos0)Qa +
n+1

+ (ycost — asind)Qni2 + (ysin€ + acos0)Q s + Z 0;Q;.
i=3

Now we have F(0)A(Q2 + Qniy2) € W, from which we have
acosl + Bsinf = ysinf + acosl, —asinf+ Gcosh =ycosf — asinb

and so we conclude that 8 =~ and 6; =0, j =3,...,n+ 1. But in that case we have

diag [1, B, 1](Q2 + Qny2) = B(Q2 + Qny2).

By Lemma 2, we have

=1

n—1
+B = diag[1, K, 1] exp[(— In |3]) Jon] exp (Z %GZ) ,

where K € O(n — 1). We note that

1 1
Ko+Py—K,—P,=2(S+T), Jon= §(Z_R)7 D= —§(Z—|—R)7

1 1
P():§(M—|—2T)7 P,,:i(M—QT)7 [D,G,] =0, [D,Jy,]=0.

The lemma is proved.
Lemma 12. Let C € O1(2,n+ 1) and W = (Q1 + Qn+3, Q2 + Qni2). IfCW =W
then the matriz C' has the form (9) with e =1 and K € SO(n —1).

Proof. From the conditions of Lemma 1 1 and the fact that we ask for C' € O1(2,n+1),
it follows that diag[l,e, K,e,1] € O1(2,n + 1). It follows now that £ > 0 and that

K 0

08>O

and thus we have € = 1 and | K| > 0, whence K € SO(n — 1). This proves the lemma.

The matrices of the form (9) with e =1 and K € SO(n — 1) form a group under
multiplication, which we denote by G4(n — 1) since its Lie algebra is the full Galilei
algebra AG4(n — 1). It is easy to see that G4(n — 1) C 01(2,n + 1).

Lemma 13. If C € O1(2,n+ 1) but C & Gyu(n — 1), then C = AT Ay, where
Ai,As € G4(n— 1) and T is one of the matrices

Iy =diag[l,...,1,—-1], T'y=diag[l,1,-1,1,...,1,-1,1]. (10)
Proof. Let
n+3
C(Q1+Qnis) =Y Qi of+a5—af—-—al ;=0
i=1
There exists a matrix A = diag[1,1, A, 1,1] with A € SO(n — 1) such that AC(Q1 +
Qn+3) does not contain Qy, ..., Q,+1. Hence we may assume a% + a% — a% — afH_Q —

2 —
Apt3 = 0.
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Since
1
S+ T = 5(KO + P+ K, — P) = Q2+ Quionts,

then, up to a factor exp[f(S +T')], we may suppose that a; # 0, az = 0. If of = a4
then ag = 0, avpp0 = 0. Assume oy # ;13- As in the proof of Lemma 4, we find that

exp(B1P1 + B2 P2)(a1Q1 + a3Q3 + apy2Qni2 + ani3Qnis) =
= O/lQl + af/rl+3Qn+3;

where o7 — /%, 5 = 0. Thus there exists a matrix A; € G4(n — 1) such that

ATIC(Q1 + Quia) = ¥(Q1 £ Qnya),
ATIC(Qa + Quy2) = 61Q1 + 02Q2 + 33Q3 + 34Qnv2 + 05Qu 13-

Since the pseudo-orthogonal transformations preserve the scalar product, it follows
that the right-hand sides in (11) are also orthogonal, which implies that v(d; Fd5) = 0
so that 05 = +6;. If §3 # J4 then multiplying the left- and right-hand sides in (11) by
exp(0G1) does not change the right-hand side of the first equality, and allows us to
eliminate d3 by transforming it into 0. If d5 = &4, then one easily deduces that d3 = 0.
Thus we may assume that é3 = 0. But then we have d4, = +J5 because d5 = £4; and
52 4 0% — 62 — 62 = 0.

Let W = (Q1 + Qni3,Q2 + Qni2). The above reasoning implies that for some
matrix A; € G4(n—1) we have TA]7'CW = W where T'is one of the matrices (10). The
fact that TA;'C € O1(2,n+ 1) implies, using Lemma 12, TA7*C = Ay € G4(n —1).
Thus C = A;T'A; and the lemma is proved.

Lemma 14. The subalgebras L1 and Lo of AG4(n—1) are conjugate under AAAC (1, n)
if and only if they are conjugate under Ad AG(n —1) or if there exist autormorphisms
1, Yo in Ad AG4(n — 1) with ¢1(Ly) = T[po(L2)]T7Y, where T is one of the matri-
ces (10).

Proof. The result follows immediately from Lemma 13.

(11)

In the following table we give the action on the full Galilei algebra AG4(n — 1) of
the automorphisms ¢r,, ¢r,, ¢c,, Yc,; Ycs, where

Cr=exp (S(S+T)), Cs=exp(m(S+T))

(see (3) and (10) for the notation).

Theorem 3. Let Ly and Lo be subalgebras of AG4(n — 1) which are not conjugate
under Ad AG4(n — 1) with subalgebras of

<M,T7P1,...,Pn_1> ] (AO(H* 1) D <D,J0n>
and
AO(n—1)®(S+T,Z).

Then the subalgebras L1 and Lo are conjugate under Ad AC(1,n) if and only if they
are conjugate under Ad AG4(n —1).
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Table 1. Action of automorphisms on elements of AG4(n — 1) for n > 2.

Element of

AG4(n—1) ¥y #T2 $c,  pcs Pos Restrictions
P K P —P —-G1 —-P
P, K, P, -P, -G, -—-P, a=2,...,n—1
M Ko — K, 2T —M M M
G Joi+ Jin  —(Jor+ Jin) Gi P, -G1
Ga J0a+Jan J0a+<]an Ga Pa —Ga a=2,...,n—1
Jla Jla *Jla Jla Jla Jla a:2, , N — 1
Jab Jab Jab Jab Jab Jab  a,b=2,....n—1
R -R A R -R R
S T 1(Ko—Kn) =S T S
T S %M -T S T
7 -7 R 7 7 Z

Proof. If the subalgebras L; and Lo are conjugate under Ad AG,4(n—1) then they are
conjugate under AdAC(1,n). Now suppose that they are conjugate under AAdAC(1,n).
In order to prove their conjugacy under Ad AG4(n — 1) it is sufficient (by Lemma 14)
to show that for an arbitrary ¢ € Ad AG4(n — 1) and for each matrix I" of the form
(10), the subalgebra I'i(L1)T'~! either equals ¢(L) or is not contained in AG4(n—1),
for then the only possibility is that they are conjugate under Ad AG4(n — 1).

If the projection of ¥(L;) onto (Gy,...,G,—1) is nonzero, then, using Table 1, the
subalgebra I'y)(L1)T'~! contains an element Y whose projection for some a, 1 < a <
n—1onto {Joa, Jan ) is of the form A\(Joa+Jun) with XA # 0. If Ty(L1)T~t C AG4(n—1),
then the projection of Y onto (Joa, Jun) would have the form p(Jo, — Jor ) which would
imply A = g4 = —p = 0, an obvious contradiction.

Now let the projection of ¥(L1) onto (Gi,...,G,—1) be zero. Denote by 7¢(L1)
the projection of ¢(L1) onto (R, S, T). If 7¢p(L1) = (R, S,T), then (R, S,T) C ¥(Ly).
From this it follows that Tot)(L1)I'5 " is not a subset of AG4(n—1). If we assume that
T1(L1)TT! € AG4(n — 1), we obtain, from Table 1, that the projection of (L)
onto (Py,...,P,, M) is zero, and consequently we have either ¢(L;) = (R, S,T) or
Y(Ly) = (R,S,T) @ (Z). In this case, T'19(L1)T7" = (Ly). If 7p(Ly) = (R +
aS, T+ B3S), with a # 0, then T'o9(L1)T5 ! is not contained in AG4(n —1). If we had
Ty9(L1)TT! € AG4(n — 1), then the projection of ¥(L;) onto (Py, ..., Py, M) would
be zero. But then (L) would be conjugate under Ad AG4(n — 1) with a subalgebra
of AO(n — 1) ® (R, T, Z), which contradicts the assumptions of the theorem. The
theorem is proved.

Theorem 4. Let Ly and Lo be subalgebras of the algebra
L=(M,T,P,...,P,_1)W (A0(n —1) ® (D, Jon))

having nonzero projection on {Jo,) and (D) and are not conjugate under Ad L with
subalgebras of the algebra (M, T) W (AO(n — 1) @ (D, Jop)). Then Ly and Lo are
conjugate under Ad AC(1,n) if and only if they are conjugate under Ad L or if there
exists an automorphism 1 € Ad L such that 1(L1) = ALsA~! where A is one of the
matrices Iy, Cy, T'sC5 (see Table 1).

Proof. If ¢ € Ad AG4(n — 1), then ¥ = ¢ where C is a matrix of the form (9). By
theorem IV.3.4 of Ref. [9], the subalgebra L is, up to an automorphism of Ad AG4(n—
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1), one of the following algebras:

(1) (Ui +Us+Us)WF, where Uy C (M), Uy C(T), UsC (Py,..., P_y)
and F C AO(n—1) @ (D, Jon);

(2) (U1 +Ux)wWF, where Uy C(T), Us C(P1,...,Py_1)
and F is a subalgebra of AO(n—1) @ (R, M);

(3) (U1 +Uz)WF, where Uy C (M), Uy C(Py,...,Py_1)
and F is a subalgebra of AO(n—1) & (Z,T).

By assumption, the projection of Ly onto (Py,...,P,_1) is nonzero.

If ¢(Ly1) = Lo, then in formula (9) # = 0 or # = 7 because for other values
of 6 the projection of 1(L1) onto (Gy,...,G,—1) is nonzero. For this reason, y; =
-+ = 9p—1 = 0 and so ¢ € AdL or pc,¥ € AdL. Let there be automorphisms
P1,12 € Ad AG4(n—1) with Tty (L1)T = 1p2(L2) where T is one of the matrices (10).
If Ad L did not contain 11 and ¢, 11, then the projection of ¢4 (L1) on (G1,...,Gp-1)
would be nonzero, and so, by Table 1, 2(L2) would not be in AG4(n—1). Thus 9; or
e, belongs to Ad L for each j =1,2. For I' = T'; the projection of I'¢ (L1 )" onto
(K1,...,K,_1) is nonzero, so we have I' = T's. In this case T'thy(Lo)T' = ¢4 (T'LoT).
Using Lemma 14, the theorem is proved.

In a similar way, one proves the following results.

Theorem 5. Let B be a subalgebra of the algebra
N = <M7P1,'~~apn—1> H'J(AO(ni 1) D <D>T>)

and let B have nonzero projection onto (D). Then B is conjugate under Ad AC(1,n)
to the algebra

F=(W, W) WE, (12)

where E is a subalgebra of the algebra AO(n—1)@® (D), W1 C (Py,..., Pyr_1) and Wy
is one of the algebras 0, (Py), (Py), (M), (Po, Ppn). If Wo = (P,,), or Wa = (Py, Py,)
then the subalgebra W1 W E is not conjugate under Ad AO(n — 1) with any subalgebra
of (P1,...,Ph_2) W (AO(n — 2) @ (D)). Subalgebras Fy, Fy of the type (12) of the
algebra N with nonzero projection onto (D), which are not conjugate under AAN to
subalgebras of (M, T) W (AO(n — 1) @ (D)), will be conjugate under AC(1,n) if and
only if they are conjugate under Ad L or when there exists an automorphism ¥ € Ad L
with Y(Fy) = ToFyTy Y (see (10)), where L = AO(n — 1) (we consider Ad AO(n — 1)
to be a subgroup of Ad AC(1,n)).

Theorem 6. Let B be a subalgebra of the algebra
N = <M7P1,... 7Pn—1> W (AO(H— 1) D <J0»,HT>)

and let B have nonzero projection onto (Jo,). Then B is conjugate under Ad AC(1,n)
with the algebra

F=WUWE, (13)

where E is a subalgebra of the algebra (Py,...,P,_1) W (AO(n — 1) & (Jo,)) and W
is one of the algebras 0, (M), (Po, P,). Let L = N W (D). Subalgebras Fy, Fy of the
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type (13) of the algebra N which are not conjugate under Ad N with subalgebras of
the algebra (M)W (AO(n —1) @ (Jon, T)), will be conjugate under Ad AC(1,n) if and
only if they are conjugate under Ad L or if there exists an automorphism ¢ € Ad L
with Y (Fy) = AFy A=Y where A is one of the matrices Ty, Cs, ToCs (see Table 1).

Theorem 7. Let L1, Lo be subalgebras of the algebra L = (M,S+T,Z) ® AO(n—1)
which have nonzero projection onto (S + T). The algebras L1 and L are conjugate

under Ad AC(1,n) if and only if they are conjugate under Ad L or if there exists an
automorphism 1) € Ad L such that 1(L1) = T1 LT (see Table 1).

6. Subalgebras of AC(1,3)

We recall that in this article the conformal algebra AC(1, 3) is realized as the pseudo-
orthogonal algebra AO(2,4). It turns out that it is convenient to divide the subalgeb-
ras of AO(2,4) into seven classes:

(1) subalgebras not having invariant isotropic subspaces in Ry 4;
(2) subalgebras conjugate to subalgebras of AG;(2);

(3) subalgebras conjugate to subalgebras of AG;(2) W (Jys) and having nonzero
projection onto (Jo3);

(4) subalgebras conjugate to subalgebras of AP(1,3) but not conjugate to subalgeb-
ras of AG1(2) W (Jo3);

(5) subalgebras conjugate to subalgebras of AG1(2)W (Jys, D) but not conjugate to
subalgebras of AG1(2) W (Jo3);

(6) subalgebras conjugate to subalgebras of AP(1,3) but not conjugate to subalgeb-
ras of AG1(2) W (Jos, D);

(7) subalgebras conjugate to subalgebras of AG4(2) but not conjugate to subalgeb-
ras of AP(1,3).

Since subalgebras conjugate under Ad AC(1, 3) are identified, we omit mentioning
conjugacy when referring to classes. So, for instance, we shall consider the second class
as consisting of subalgebras of AG1(2). In order to have a better survey of subalgebras
it is convenient to split the classes into subclasses corresponding to certain properties
of the projections of the subalgebras of a class onto the homogeneous part of the
algebra.

The division of the set of subalgebras of AC(1,3) into the classes (1)—(7) allows
us easily to construct the set of subalgebras of each of the algebras AG1(2), AP(1,3),
AP(1,3), AG4(2). Up to conjugacy under Ad AC(1,3) we have
(
(

a) the set of subalgebras of AG(2) coincides with class (2);

b) the set of subalgebras of AP(1,3) is the union of classes (2), (3) and (4);

(¢) the set of subalgebras of AP(1,3) coincides with the union of classes (2)-(6);
(d) the set of subalgebras of AG4(2) is the union of classes (2), (3), (5), and (7).

We use the notation F': Uy,..., U, for Uy W F,... U, W F.
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A. Subalgebras not possessing invariant isotropic subspaces
in R2,4
This class is divided into subclasses by the existence for the subalgebras of invariant

irreducible subspaces of a particular kind in the space Ry 4.
1. Irreducible subalgebras of AO(2,4)

AC(1, 3);
ASU(1,2) = (Py+ Ko+ 2J12, Py + Ko + K3 — P3, Py + K1 + 2Jp2,
Ps+ K3+ Ky— Py, Ko — Py +2J13, Po + Ko — 2J01,
D+ Jos, K1 — Py — 2J23);
ASU'(1,2) = (Py+ Ko — 2J12, Py + Ko + K5 — P5, Py + K1 — 2Jo2,
Ps+ K3+ Ky— Py, Ko — Po —2J13, Po + Ko + 2J01,
D + Jos, K1 — P1 + 2J23);
ASU(1,2) @ (Py + Ko — 2J10 — K3 + P3);
ASU'(1,2) @ (Py + Ko + 210 — K3 + Ps):
(Po+ Ko —2J12 — K3+ P3) @ (P1 + K1 + 2Jo2, P3 + K3 + Ko — P,
Ko — Py + 2J13);
(Po+ Ko+ 2J12 — K3+ P3) © (P1 + K1 — 2Jo2, P3 + K3 + Ko — Py,
Ky — Py — 2J13).
2. Irreducible subalgebras AO(1,4)
AC(3).
3. Irreducible subalgebras of AO(2,3)
AC(1,2);
(Py+ Ko +V3(Py + K1) + Ko — Py, D+ Jo2 —V/3Jo1, Po + Ko — 2(K3 — P»));
(Py 4+ Ko —/3(Py + K1) + Ko — Py, D + Joo +v/3Jo1, Py + Ko — 2(Ky — Py)).
4. Subalgebras of AO(2,2) @ AO(2) with irreducible projection onto
AO(2,2)
(Joo—D,Koy—Py— P —K,Ph+ Ko— K, +P)®
O(Py+ Ko+ K1 —P1)®F, where FF=0 or F = (Jo3);
(Joo+D,Ko—Py+ P+ K,Ph+ Ko+ K, —P)®
P(Py+Ko— K1+ P))®F, where F=0 or F = (Ja3);
AC(1,1), AC(1,1) & (Jasz), where AC(1,1) = (Py, P, Ko, K1, Jo1, D);
(Joo =D, Ko—Py— P, — Ky, Pp+ Ko — K1+ P1) @
©(Po+ Ko+ K1 — P1 + aJos) (o #0);
(Joo+D,Ko—Py+ P+ K,Ph+ Ko+ K, —P)®
©(Po+ Ko — K1 + P+ aJys) (a#0).
5. Subalgebras of the type AO(2,1) @ F with F C AO(3)
AC(1) ® L, where AC(1) = (D, Py, Ko),
and L is one of the algebras: 0, (J12), (Ji2, J13, Jo3)-
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6. Subalgebras of AO(2) & AO(4) having an irreducible projection

(Po+ Ko); (Po+ Ko) @ (2J12 + (K3 — P3)) (leo] <1);
(Po + Ko) ® (Ji2, K3 — P3); (Po+ Ko) @ (J12, J13, Ja3);
(Po+ Ko) @ (2J12 + (K3 — P3),2J13 — e(Ka — Py),
2Ja3 + (K1 — Pr)) (e = £1);
(Po + Ko) © (2J12 + (K3 — P3),2J13 — e(Ky — P2),2Jo3 + (K1 — P1)) @
@ (2J12 — (K3 — P3)) (e ==£1);
(Po + Ko) @ (K1 — P1, Ky — Py, K3 — P3, J12, J13, Ja3);
(P + Ko +2aJ12) (e # 0, |af # 1);
(Po+ Ko+ 2aJ12 + f(K5 — P3)) (a#0, |a| #1, 8> a, B#1);
(2J12 + a(Py + Ko), K3 — Ps + B(Py + Ko))
(a 40, >0, with |a] # 1 when 8 = 0);
(a(Py + Ko) + 2eJ12 — K3 + P3) & (2eJ12 + K3 — P3,2eJ13 — Ko + P,
2e oz + K1 — Pp) (a > 0);
(2eJ12 + K3 — P3,2eJ13 — Ko + P2,2eJo3 + K1 — Py) (e = £1);
(2eJ12+ K3 — P3,2eJ13 — Ko+ Po,2eJa3 + K1 — P1) &®
@ (2012 — K3 + P3) (e = +1);
(K1 — P1, Ky — Py, K3 — P3, J12, J13, Ja3).

7. Subalgebras of AO(1,2) & AO(1,2)

(P + Ky, Py + Ks, J12) ® (Ko — Py, K3 — P3, Jo3);
<P1 + K1+ 2edos, Po + Ko+ Ko — Py, 2eJ12 + K3 — P3> (8 = :|:1);
(P14 K1, Py + Ks, Ji2) ® (K5 — Ps).

B. Subalgebras of AG;(2)

The classical Galilei algebra AG1(2) is the semidirect sum of a solvable ideal, generated
by (P, Po, M,T), and the Euclidean algebra AE(2) = (G4, G2, J12). The projection
of AG1(2) onto AO(1,3) coincides with AF(2), which has, up to inner automorphi-
sms, the subalgebras 0, (J12), (G1), (G1,G2), (G1, G2, J12). The first two subalgebras
are completely reducible algebras of linear transformations of Minkowski space R; 3,
whereas the others are not of this type. Thus we divide this class into two subclasses A
and B.
1. Subalgebras with completely reducible projection onto AO(1,3)

0, (Py), (P1), (M), (Py,P3), (M,Py), (P1,Ps), (M, P, P), (Py, P, Ps),
(Py, P2, Ps), (Py, Py, Ps, Ps);

(Ji2) + 0, (Po), (Ps), (M), (Po, P3), (P1, P2), (Po, P1, P2), (M, P1,P,),
<P1,P2,P3>7 <P07P1,P2,P3>;

(Jiz+ Po) 0, (Ps), (P, ), (P1, P», Ps);

(J12 £ P3) : (Po), (P1,Ps), (Py, P1, Py);

0,
<J12:|:2T>Z O, <M>, <P1,P2>, <M,P17P2>.
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2. Subalgebras whose projection onto AO(1,3) is not completely redu-
cible

(G1): (P), (M, Py), (M, P, (M, P, +aP) (a#0), (M, Py, P),
(Po, P1, P3), (Py, Py, Py, P3);

(G1 £ P): 0, (M), (M, Py), (Py, Py, Ps3);

(G1+2T): 0, (P2), (M), (M, Py), (M,Ps), (M,P; +aP) (a#0),
(M, Py, Py);

(G1,G2) : (M, Py, Po), (Py, Py, P2, P3);

(G114 ePy,Go — P, M), (G1 +eP3,Gy — Py + aPy, M) (¢ = 1, a # 0);

(G1 4+ aPy,Go + 2T, M, Py) (o € R);

(G1 £ P3,Go, M, Py, (G1,Ga+ 2T, M, Py, P5);

(G1,Ga, J12) : (M, P, Py, (Py, Py, P, Ps);

(G1,Go, J12 £ 2T, M, P, Py), (G1+ Py, Gy — Py, Jio, M) (e = £1).

C. Subalgebras of AG;(2) W (Jo3) with nonzero projection
onto (Jop3)

We divide also this class into two subclasses which are distinguished by whether or
not they have a completely reducible projection onto AO(1, 3).
1. Subalgebras with completely reducible projection onto AO(1,3)

(Joz) = 0, {(P1), (M), (Py,Ps), (M, Py), (P1,Ps), (Py, P1,Ps3), (M, Py, P),
(Po, P1, Py, Ps);

(Jos + P1): 0, (P2), (M), (P, P3), (M,Py), (P1, Py, Ps);

(J12 + ado3) = 0, (M), (Po, Ps), (P1,Pa), (M, Py, P,),
(Py, Py, Py, P3) (a #£ 0);

(Ji2, Jo3) + 0, (M), (Po, P3), (P1,Ps), (M, Py, P, (Po, P1, Py, P3).

2. Subalgebras with projections onto AO(1, 3) which are not completely
reducible

(G1,Joz) = 0, (M), (P2), (M, Py), (M,Ps), (M,P, + aPy) (a #0),
(M, P, Py), (Po, P1,Ps), (Po, P1, Py, Ps);

(G1,Jos + P2) : 0, (M), (M, Py), (M,P; +aP;) (a« £0), (P, Py, Ps);

(Gy,Jos + Pr1) : (M), (M, Py);

(G1,Jos + P1 + aPo, M) (a # 0);

(G1,Ga, Jo3) = 0, (M), (M, Py), (M, Py, Ps), (Po, Py, Py, Ps);

(G1,Ga, oz + P1, M), (Gi1,G2,Jo3+ P2, M, Py);

(G1,Ga, J1a + adps) = 0,

(G1, G2, J12,Jos) = 0, (M

M), (M, Py, Ps), (Py,P1, P, P3) (o # 0);

(
>7 <M7P17P2>, <PO;P17P27P3>~
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D. Subalgebras of AP(1,3) which are not conjugate
to subalgebras of AG1(2) W (Jo3)

This class consists of those subalgebras of the Poincaré algebra AP(1,3) whose projec-
tion onto AO(1,3) do not possess isotropic invariant subspaces in Ry 3. Since the
projections are simple algebras, then each subalgebra of the fourth class splits. The
full list of such algebras is

AO(172) 07 <P3>7 <P07P17P2>7 <P03P17P2>P3>;
AO@3): 0, (Po), (P1, P, P3), (Po, P1, P2, P3);
AO(1,3) 0, <P0,P17P2,P3>.

E. Subalgebras of AG1(2) W (Jo3, D) which are not conjugate
to subalgebras of AG1(2) W (Jo3)

Let K be a subalgebra of AG1(2) W {Jos, D) with nonzero projection onto (D), and
let 6 be the projection of K onto (Jys, D). By Propositions IV.2.3 z}nd IV.2.,5 in
Ref. [9], the algebra K, as a subalgebra of AP(1,3), is split whenever 6(K) is one of
the subalgebras 1) (D); 2) (yD — Jos) (v # £1,0,2); 3) (D, Jos). This leads us to
dividing this class of subalgebras into two subclasses of nonsplittable subalgebras K of
AP(1,3), denoted by D and E, for which the projection onto (G1,G2) is non-zero, and
for which 0(K) is (Jos F D) and (Jos —2D) respectively. It is also useful to distinguish
the subclass A of subalgebras having zero projection onto (G1, Ga). The subalgebras in
this subclass differ from the other subalgebras in that their projections onto AO(1, 3)
are completely reducible algebras of linear transformations of Minkowski space R 3.
All the other subalgebras are split, and we divide them formally into subclasses B
and C, depending on the dimension of their projection onto (D, Jos).
1. Subalgebras with zero projection on (G1, G2)
<D> N <P’0>7 <P0, P3>, <PQ, 1317 f)2>7 <P1, PQ, P3>, <P’07 Pl, PQ, P3>,
<J12 + OZD> : <P0>, <P3> . <P0,P3>, <P(),P1,P2>, <P1,P2,P3>,
<P0,P17 PQ, P3> (Ot > 0),

<J12, > : <P0> <P3> . <P0,P3>, <P07P1,P2>, <P1,P27P3>, <P0,P1,P27P3>;

(Jos +aD) (0 < a < 1);

(Jos +aD, M) (0 < |a] < 1);

<J03 + OZD> <P1>, <P0,P3>, <P17P2>, <P0,P1,P3>, <P0,P1,P2,P3> (Oé > 0),

(Jos +aD): (M, Py), (M, Py, Py) (o #0);

(Jo3 = D + 2T> 0, (P1), (M), (P1, Py), (M, Pr), (M, Py, P);

<J03a > : <P1>7 <M>7 <PO»P3>a <P13P2>7 <M7 P1>v <M’P1aP2>a

<P07 P17 P3>, <P07 Pl, PQ, f)3>7

(eJiz+ados+0D) (0 < a< B, e ==1);

(J12 + adoz + BD, M) (0 < |a] < [B]);

(eJi2 + ados + BD) = (Po, P3), (P1, P2), (Po, P, P>, Ps) (e = +£1, o, > 0);

<J12 + adys + 6D, M, Pl,P2> (a #0, B# 0);

<J12 + Ol(JQ;), — D+ 2T>> : 0, <M>, <P1,P2>, <M, P17P2> (Oé 75 O);
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(Ji2 + ados, D) : 0, (M), (P1, P2y, (Po, Ps), (M, Py, Py),
(Po, P1, Pa, P3) (a # 0);
(Jos + aD, Jis + D) : (Py, Ps), (Py, Py), (Py, Py, Py, Ps) (2 + (% #0);
(Jos + aD,Jiz+ D) : (la| <1, 820, |a|+ 8 #0);
(Joz +aD, Jiz+ 8D, M) : (la| <1, >0, |a|+ B #0);
(Jos +aD, Jis+ BD, M, P, P5) : (o, 3 €R, o2+ 2 #0);
(Jog — D £ 2T, Jyy +2aT) : 0, (M), (Py, P, (M, Py, P,);
(Jos — D, Jia £T): 0, (M), (P1,P,), (M,Py,P,);
(Jos, Ji2, D) = 0, (M), (P, Ps), (P1,Py), (M, Py, P5), (Py, Py, Py, Ps).

2. Subalgebras with two-dimensional projection onto (Jo3, D) and non-
zero projection onto (G1, G2)

(G1,Jos, D) : (P2), (M, Py, (M,Py), (M,P; + aPs) (a #0), (M, Py, P),
(Py, P1, P3), (Py, P1, Py, P3);

Gl,G2,J037D>Z <M7P1,P2>, <PO,P17P2,P3>;

G1,Gs, J12 + adys, D) : (M, Py, Py), (Po, P1, Py, P3) (o # 0);

G1,Ga, Jos +aD, Jio+ 0D, P, P) (Jo| <1, >0, |a|+ 5 #0);

G1,Ga, Joz +aD, Jis + BD, Py, P1, Py, P3) (a* + 32 # 0);

(G1,Gs, Jo3, J12, D) : (M, Py, Py), (Py, P, P, P3).

(
(
(
(

3. Split subalgebras with one-dimensional projection onto (Jo3, D) and
nonzero projection onto (G1, G2)

G1+ D) : (Py, P, Ps), (Py, P1, Py, Ps);

G1,D) : (Py, Py, Ps), (Py, P1, Py, P3);

G1+ D,Gsy, Py, Py, P2, Ps3), (G1,G2,D, Py, Py, P2, P3);

G1,Jos +aD) : (P, (M, P), (M,P), (M,P, + 3P)
(lof <1, a#0, B #0);

G1,Jos +aD): (M, P, Py), (Py, P1,Ps), (Py, P1, P, P3) (a # 0);

G1,Gs,Jos +aD, M, P, P) (0 < |a| <1);

G1,Ga, Jos +aD, Py, P, Py, P3) (o # 0);

G1,Gs, J12+aD, Py, Py, P2, P3) (a # 0);

G1,Ga, J12,D, Py, Py, Py, Ps);

G1,Ga, Jig + adoz + 6D, M, P, Ps) (0 < |a| < |B]);

(G1,G2, J12 + adoz + BD, Py, Py, Py, Ps) (B # 0).

o~ o~~~

{
{
{
{
{
{

4. Nonsplit subalgebras of AG;(2) W (Jos F D) with nonzero projection
onto (G1,G2) and (Jos F D)
(Jos = D,G1 £ P): 0, (M), (M, Pr), (P, P1,Ps);
(Joz — D £2T,G1 + P>, M, Py);
(Jog = D £2T,G1, M, Py, P»), (Jo3 — D + M,G1, P»);
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Joz — D,G1 4+ ePy,Gy —ePy + aPy, M) (e = £1, a € R);

Jos — D,G1 = Py,Go, M, Py), (Jos — D £2T,G1,Go, Py, Py, M);
Jiz + a(Jos — D),G1 + P2, Gy — Py, M) (e = £1, a # 0);

Jio + a(Jog — D £ 2T),G1,Ga, M, Py, Po) (a # 0);

Jio £ 2T, Jos — D, G1,Ga, M, Py, Ps);

Jia + 20T, Jos — D + 2T, Gy, Ga, M, Py, P) (o € R);

(J12,Jos — D, Gy + Py, Gy — P, M) (e = £1).

o~ o~ o~ o~~~

5. Nonsplit subalgebras of AG1(2) W (Jp3 — 2D) with nonzero projection
onto (G1,G>2) and (Jo3 — 2D)
(Jos—2D,G142T) : 0, (M), (P2), (M, P1), (M, Py), (M, Pr+ aP) (a #0),
<M7 Pla P2>7
<J03 - 2D,G1,G2 + 2T> : <J\47 P1>7 <M, Pl,P2>.

F. Subalgebras of A13(1, 3) not conjugate to subalgebras
of AP(1,3) and of AG:(2) W (Jos, D)

This class consists of those subalgebras of AP(1,3) whose projection onto AO(1, 3)
do not have invariant isotropic subspaces in R; 3 and with a nonzero projection onto
(D). We have

AO(1,2) © (D) : 0, (P3), (Po, P1, P), (Po, P1, P, Ps);
AO('?))EB<D> 07 <P0>7 <P1aP27P3>7 <P07P13P27P3>;
AO(1,3) ® (D) : 0, (Fo, Py, P, Ps).

G. Subalgebras of AG4(2) which are not conjugate
to subalgebras of AP(1,3)
Let K be a subalgebra of AG4(2) and 7(K) its projection onto AGL(2,R). By Proposi-
tions V.2.1 and V.2.2 of Ref. [9], the algebra K belongs to this class if and only if
7(K) is conjugate to one of the following algebras: (S+ T, (S+T) + (Z) (subdirect
sum), ASL(2,R) = (R, S,T), AGL(2,R) = (R, S,T,Z). Because of this, we divide
this seventh class into three subclasses, each of which consists of subalgebras having
a corresponding projection onto AGL(2,R); those subalgebras whose projections are
either ASL(2,R) or AGL(2,R) are put into the same subclass.
1. Subalgebras whose projection onto AGL(2,R) is (S + T)
(S+T): 0, (M), (G, P, M), (Gi —a 'Pp,G2 + aP1,M) (0 < |a| < 1),
<G1;G27P17P2aM>;
<S—|—TiM>, <S+T+OéJ12iM> (04750);
<S—|—T—|— OZJ12> : 07 <M>, <G1 —|—€P2,G2 — €P1,M>, <Gl,G2,P17P2,M>
(e==£1,a#0);
<S + T+ EJ12> : <G1 + €P2>, <G1 + <€1:)2,]\4>7 <G1 +ePy, G| — Py,
Ga +eP, M) (e = £1);
<S+T+EJ12:|:M,G1 +€P2> (EZ :|:1);
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<S—|—T+5J12+€G1 +P2>: 0, <M>, <G2—EP1,M>,
(G —ePy,Go +eP1, M), (Go —eP1,Gy —ePy, Gy + P, M) (e = £1);
<J12,S+T>: 0, <M>, <G1 +€P2,G2—€P1,M>,
(G1,G2, Py, Py, M) (e = £1);
(Jiz £ M, S+ T+ aM) (o« € R);
<J12,S+T:|:M>.

2. Subalgebras whose projection onto AGL(2,R) is the subdirect sum
(§+T)+(2)

(S+T+aZ): 0, (M), (Gy,P1,M), (Gy — 7Py, Gy + 8P, M),
(G1,Go, P, Py, M) (0 < |B] <1, a #£0);

(S+T,Z): 0, (M), (G1,P1,M), (G1 —a 'Py,Gy + aP, M),
(G1,Go2, P, Py, M) (0 < |a] <1);

(S4+T+adia+0Z): 0, (M), (G1+ePs,Gy —eP1, M),
(G1,Ga, P, Py, M) (e =+x1,a #£0, 3> 0);

(S+T+ad12,2): 0, (M), (G1+¢eP2,Gy —eP1, M),
(G1,G2, P, P2, M) (e = £1, a#0);

(S4+T+edis+aZ)y: (Gi+eP), (Gy+ePe, M),
(G1+eP2,Gy —ePy,Go+ P, M) (e = +1, a #0);

(S+T+¢eJi2, Z)y: (G +ePa), (G1+ePy, M),
(G1 4+ ePy, Gy —ePa,Go + Py, M) (e = £1);

(Jio+aZ,S+T+pZ): 0, (M), (G1 +¢eP,Gs — Py, M),
(G1,Ga, P1, Py, M) (e = £1, |o| + |8] #0);

(J12, S+ T, Z): 0, (M), (G1 +eP2,Gy —ePy, M),
(G1,Ga, P1, Py, M) (e = +1).

. Subalgebras whose projection onto AGL(2,R) contains ASL(2,R)

(R,S,T): 0, (M), (Gy,P1, M), (G1,Gs, Py, Py, M);

< > <R SvT>: 0, <M>v <G1,G2,P1,P2,M>;

(Jiz = M) & (R, S, T);

(R,S,T,Z): 0, (M), (G1,P1, M), (G1,Gsa, Py, Py, M);
(R,S,T)&® (Jia+aZ): 0, (M), (G1,Ga, P1, Ps, M) (o # 0);
(R,S,T)® (J12,Z) : 0, (M), (G1,G2, P1, Py, M).
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