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Äî îäíîãî âèïàäêó ðîçêëàäó ôóíêöié çà âëàñíèìè
ôóíêöiÿìè ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ

Ò.Â. Àâä¹¹âà, Ë.Ì. Iëëi÷åâà
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI" , Êè¨â, Óêðà¨íà

Êè¨âcüêà äåðæ. àêàäåìiÿ âîäíîãî òðàíñïîðòó iì. Ï. Êîíàøåâè÷à-Ñàãàéäà÷íîãî, Óêðà¨íà
Avdeeva t1@rambler.ru, m ilicheva@ukr.net

Ðîçãëÿäàþòüñÿ äèôåðåíöiéíi ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ âèäó:
d2y

dx2
+ λy = 0.

Ðîçâ'ÿçêàìè ðiâíÿííÿ ¹ âëàñíi ôóíêöi¨ ðiâíÿííÿ Øòóðìà-Ëióâiëëÿ. Äîâiëüíà ôóíêöiÿ
ïðè äåÿêèõ ãðàíè÷íèõ óìîâàõ íà âiäðiçêó (a, b) ðîçêëàäà¹òüñÿ â ðÿä çà âêàçàíèìè ôóí-
êöiÿìè. Íåõàé ϕ(x, λn) � ðîçâ'ÿçîê ðiâíÿííÿ Ø.-Ë.; ϕ0, χ0 � íåçàëåæíi ïî÷àòêîâi ðiøåííÿ
ðiâíÿííÿ; $ = W (ϕ0, χ0) - âðîíñêiàí ôóíêöié; λn - íóëi ôóíêöi¨ $; kn - ñòàëà, ÿêà âèçíà-
÷à¹òüñÿ çà ôîðìóëîþ:

kn = cos β cos(b
√
λn){1 + λntg

2β}.
Ðîçêëàä çà âëàñíèìè ôóíêöiÿìè ìà¹ âèãëÿä:

f(x) =
∞∑
n=0

kn
$′(λn)

ϕ(x, λn)

b∫
a

ϕ(y, λn)f(y)dy.

Íåõàé α = 0, a = 0, b > 0. Òîäi îäåðæèìî òàêå çîáðàæåííÿ:

f(x) =
2

b

∞∑
n=1

1 + λntg
2β

1 + λntg2β + tgβ
b

sin(x
√
λn)

b∫
0

sin(y
√
λn)f(y)dy.

ßêùî tgβ = −b, çîáðàæåííÿ ìàòèìå âèãëÿä:

f(x) =
2

b

∞∑
n=1

(
1 +

1

λnb2

)
sin(x

√
λn)

b∫
0

sin(y
√
λn)f(y)dy.

1. Ý.×. Òèò÷ìàðø. Ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì, ñâÿçàííûì ñ äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè 2-ãî ïîðÿäêà. � Ì.: Èçä. Èíîñòðàííàÿ ëèòåðàòóðà, 1964. � 275 ñ.

Òåîðåìû âëîæåíèÿ
â ìåòðè÷åñêèõ ïðîñòðàíñòâàõ Lψ

Ò.À. Àãîøêîâà
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò æåëåçíîäîðîæíåãî òðàíñïîðòà, Óêðàèíà

tanya agoshkova@mail.ru

Ïóñòü f(x), x = (x1, . . . , xm) ∈ Rm, m ∈ N � äåéñòâèòåëüíîçíà÷íûå ôóíêöèè, èìåþùèå
ïåðèîä 1 ïî êàæäîé ïåðåìåííîé; Tm = [0, 1)m � îñíîâíîé òîð ïåðèîäîâ; L0 ≡ L0(Tm) �
ìíîæåñòâî âñåõ òàêèõ ôóíêöèé, êîòîðûå ïî÷òè âñþäó íà Tm êîíå÷íû è èçìåðèìû; Ω �
ìíîæåñòâî ôóíêöèé ψ : R+ → R+, ÿâëÿþùèõñÿ ìîäóëåì íåïðåðûâíîñòè (ψ 6= 0).

Lψ ≡ Lψ(Tm) =

[
f ∈ L0(Tm) : ‖f‖ψ :=

∫
Tm

ψ (|f(x)|) dx <∞
]
� ìåòðè÷åñêîå ïðîñòðàíñ-

òâî; Hω
ψ (Tm) = [f ∈ Lψ(Tm) : ω(f, h)ψ ≤ ω(t)]; ω(f, h)ψ = sup

‖t‖∞≤h
‖ Mt f‖ψ � ìîäóëü íå-

ïðåðûâíîñòè ôóíêöèè f â ïðîñòðàíñòâå Lψ ïðè h ∈ R1
+, ‖t‖∞ := max

1≤i≤m
|ti|, Mt f(x) =
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ft(x) − f(x), ft(x) = f(x1 + t1, . . . , xm + tm), t = (t1, . . . , tm) ∈ Rm; Mψ(s) = sup
0<t<∞

ψ(st)
ψ(t)

�

ôóíêöèÿ ðàñòÿæåíèÿ ôóíêöèè ψ(t) äëÿ s ∈ (0,∞); γψ � íèæíèé ïîêàçàòåëü ðàñòÿæåíèÿ
ôóíêöèè ψ(t) [1].

Äîêàçàíû òåîðåìû âëîæåíèÿ Hω
ψ (Tm) ⊂ L1(Tm) è Hω

ψ (Tm) ⊂ Lq(T
m).

Òåîðåìà 1. Ïóñòü γψ > 0 è f ∈ Lψ (Tm) òàêàÿ, ÷òî êîíå÷åí èíòåãðàë
1∫
0

Mψ(t)

t
·

ω
(
f, t

1
m

)
ψ

t
dt <∞. Òîãäà f ∈  L1(Tm) è äëÿ âñåõ h ∈

(
0, 1

2

]
âûïîëíÿåòñÿ íåðàâåíñòâî:

ψ

(
ω(f, h)1

h

)
≤ C

hm−1∫
0

Mψ (t)

t
·
ω
(
f, (ht)

1
m

)
ψ

ht
dt,

ãäå êîíñòàíòà C çàâèñèò îò ψ, f, m.
Òåîðåìà 1 ïðè m = 1 äîêàçàíà Ïè÷óãîâûì Ñ.À. [2]. À â ñëó÷àå êîãäà ψ(t) = tp, m = 1,

0 < p < 1, p < q < p
1−p Ñòîðîæåíêî Ý.À. äîêàçàëà âëîæåíèå H

ω
p (T 1) ⊂ Lq(T

1) [3].
Ôóíêöèþ ϕ(t) íà ïîëóîñè [0,∞) íàçûâàþò êâàçèâîãíóòîé [1], åñëè: ϕ(0) = 0, ϕ(t)

ïîëîæèòåëüíà è âîçðàñòàåò ïðè t > 0, ϕ(t)
t

óáûâàåò ïðè t > 0.

Òåîðåìà 2. Ïóñòü ψ
(
y

1
q

)
� êâàçèâîãíóòàÿ ôóíêöèÿ, q ∈ (0; 1), γψ > 0 è f ∈ Lψ (Tm)

òàêàÿ, ÷òî êîíå÷åí èíòåãðàë
1∫
0

Mψ

(
t

1
q

)
t
·

ω
(
f, t

1
m

)
ψ

t
dt < ∞. Òîãäà f ∈  Lq(T

m) è äëÿ âñåõ

h ∈
(
0, 1

2

]
âûïîëíÿåòñÿ íåðàâåíñòâî:

ψ

((
ω(f, h)q

h

) 1
q

)
≤ C

hm−1∫
0

Mψ

(
t

1
q

)
t

·
ω
(
f, (ht)

1
m

)
ψ

ht
dt,

ãäå êîíñòàíòà C çàâèñèò îò ψ, f, m.
1. Êðåéí Ñ.Ã., Ïåòóíèí Þ.È., Ñåìåíîâ Å.Ì. Èíòåðïîëÿöèÿ ëèíåéíûõ îïåðàòîðîâ. - Ì: Íàóêà,

1978.
2. Ïè÷óãîâ C.À. Ãëàäêîñòü ôóíêöèé â ìåòðè÷åñêèõ ïðîñòðàíñòâàõ Lψ, â ïå÷àòè.
3. Ñòîðîæåíêî Ý.À. Î íåêîòîðûõ òåîðåìàõ âëîæåíèÿ, Ìàòåì. çàìåòêè, 1976, 19:2, C. 187�200.

Î ïðîèçâîäíûõ ñîïðÿæåííûõ òðèãîíîìåòðè÷åñêèõ
ïîëèíîìîâ â L0

À.Í. Àäàìîâ
Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èì. È.È. Ìå÷íèêîâà, Óêðàèíà

alex.1985@mail.ru

Ïóñòü Tn - ìíîæåñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ Tn (t) =
n∑

k=−n
ake

iktïîðÿäêà

n ñ êîýôôèöèåíòàìè ak èç ïîëÿ Ñ êîìïëåêñíûõ ÷èñåë. Ïîëèíîì

T̃n (t) = i

(
n∑
k=1

ake
ikt −

n∑
k=1

a−ke
−ikt
)

íàçûâàþò ñîïðÿæåííûì äëÿ Tn. Îïðåäåëèì ôóí-

êöèîíàë ‖f‖p, 0 ≤ p ≤ ∞ íà îòðåçêå [0, 2π] îáû÷íûì îáðàçîì:

‖f‖∞ = ess sup
0≤t≤2π

f (t) , ‖f‖p =

 1

2π

2π∫
0

|f (t)|pdt


1
p

, 0 < p <∞,
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‖f‖0 = exp

 1

2π

2π∫
0

ln |f (t)| dt


Â 1928 ãîäó Ã.Ñåãå [1] äîêàçàë ïåðâîå íåðàâåíñòâî, ñâÿçûâàþùåå íîðìû ïðîèçâîäíîé

ñîïðÿæåííîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà ñ íîðìîé ñàìîãî ïîëèíîìà, À. Çèãìóíä ðà-
ñïðîñòðàíèë (1959 - [2, ò. II, ãëàâà X, (3.25)]) åãî íà íîðìû ‖·‖p ïðè 1 ≤ p ≤ ∞:∥∥∥T̃ (r)

n

∥∥∥
p
≤ nr‖Tn‖p, Tn ∈ Tn, r ≥ 1, 1 ≤ p ≤ ∞ (1)

Èññëåäîâàíèþ íåðàâåíñòâà (1) ïðè 0 ≤ p < 1 ïîñâÿùåíà ñòàòüÿ Â.Â.Àðåñòîâà [3], è
ðåçóëüòàò ïðè p = 0 âûãëÿäèò òàê:∥∥∥T̃ (r)

n

∥∥∥
0
≤
∥∥∥h̃(r)

n

∥∥∥
0
‖Tn‖0, r ≥ 0, ãäå hn (t) = 2n(1 + cos t)n (2)

Äàëüíåéøèå íåðàâåíñòâà ïîñâÿùåíû îöåíêå âåëè÷èíû
∥∥∥h̃(r)

n

∥∥∥
0
. Åñëè r äîñòàòî÷íî âå-

ëèêî, òî åñòü r ≥ n ln 2n, òî
∥∥∥h̃(r)

n

∥∥∥
0

= nr . Åñëè 1 ≤ r < n ln 2n, òî
∥∥∥h̃(r)

n

∥∥∥
0
≤ 2nrCn+1

2n , à

åñëè r = 0, òî 1
n
Cn+1

2n ≤
∥∥∥h̃n∥∥∥

0
≤ 2Cn+1

2n .

Íàìè ïîëó÷åíû [4] íîâûå îöåíêè êîíñòàíòû â íåðàâåíñòâå (2):

Äëÿ 1 ≤ r < n
2
ïîëó÷àåì

∥∥∥h̃(r)
n

∥∥∥
0
≤ BrC

n+1
2n (ãäå Br çàâèñèò òîëüêî îò r).

Äëÿ r = 0 èìååì exp
(
−1.58+1.98 lnn√

n

)
≤ ‖

h̃n‖
0

Cn+1
2n

≤
(
1 + 3

n+2

)
exp

(
0.56√
n

(
3 + ln n

2

))
, ãäå n ≥ 50

1. G. Szeg�o . �Uber einen satz des Hern Serge Bernstein, Schrift. K�onigsberg. Gelehrten Gesellschaft,
1928, 5:4, P. 59�70.

2. À. Çèãìóíä. Òðèãîíîìåòðè÷åñêèå ðÿäû. � Ì.: Ìèð, 1965, Ò. 1, 2.
3. Â. Â. Àðåñòîâ. Íåðàâåíñòâî Ñåãå äëÿ ïðîèçâîäíûõ ñîïðÿæåííîãî òðèãîíîìåòðè÷åñêîãî ïî-

ëèíîìà â L0, Ìàòåì. çàìåòêè, 1994, 56:6, Ñ. 10�26.
4. À. Í. Àäàìîâ. Î ñîïðÿæåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìàõ â L0. � Âiñíèê Äîíåöüêîãî

íàöiîíàëüíîãî óíiâåðñèòåòó, ñåð. À: ïðèðîäíè÷i íàóêè, 2011, �2.

Îá M�÷ëåííûõ ïðèáëèæåíèÿõ êëàññà Áåñîâà
Ã. Àêèøåâ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êàçàõñòàí
akishev@ksu.kz

Ïóñòü x = (x1, ..., xm) ∈ Im = [0, 2π)m. ×åðåç Lp̄(Im) îáîçíà÷èì ïðîñòðàíñòâî Ëåáåãà
2π-ïåðèîäè÷åñêèõ ôóíêöèé f(x̄) ñ íîðìîé

‖f‖p̄ =

[∫ 2π

0

[
· · ·
[∫ 2π

0

|f(x̄)|p1dx1

] p2
p1

· · ·
] pm
pm−1

dxm

] 1
pm

< +∞,

ãäå p = (p1, ..., pm) , 1 ≤ pj < +∞, j = 1, ...,m. Äëÿ ôóíêöèè f ∈ L1(Im) è ÷èñëà s ∈ Z+

ââåäåì îáîçíà÷åíèå

f0(x̄) = a0(f), f(s)(x̄) =
∑

2s−1≤max |kj |<2s

ak̄(f)ei〈k,x〉, s = 1, 2, ...,
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ãäå an(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1 (Im) ïî êðàòíîé òðèãîíîìåòðè÷åñêîé ñè-
ñòåìå {ei〈n,x〉}n̄∈Zm . Ðàññìàòðèâàþòñÿ êëàññû Íèêîëüñêîãî, Áåñîâà. Ïóñòü 1 < pj < +∞, j =
1, ...,m è r > 0, 1 ≤ θ ≤ +∞

Br
p̄,θ =

{
f ∈ Lp(Im) :

(∑
s∈Z+

2srθ
∥∥f(s)

∥∥θ
p̄

) 1
θ ≤ 1

}
,

eM(f)p̄ � íàèëó÷øåå M � ÷ëåííîå ïðèáëèæåíèå ôóíêöèè f ∈ Lp̄(Im) ïî òðèãîíîìåòðè÷å-
ñêîé ñèñòåìå. Äëÿ çàäàííîãî êëàññà F ⊂ Lp̄(I

m) ïîëîæèì eM(F )q̄ = supf∈F eM(f)q̄. Îöåíêè
âåëè÷èíû eM(F )q äëÿ êëàññà F = Br

p,θ â èçîòðîïíîì ïðîñòðàíñòâå Ëåáåãà óñòàíîâëåíû
â [1] � [3]. Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè âåëè÷èíû eM(F )p̄ êëàññà F = Br

p,θ
â

ïðîñòðàíñòâàõ ñî ñìåøàííûìè íîðìàìè. Â ÷àñòíîñòè
Òåîðåìà. Ïóñòü p̄ = (p1, ..., pm), q̄ = (q1, ..., qm), 1 < pj ≤ 2 < qj < ∞, j = 1, ...,m,

1 ≤ θ ≤ ∞. Åñëè
m∑
j=1

( 1
pj
− 1

qj
) < r <

m∑
j=1

1
pj
, òî

eM
(
Br
p̄,θ

)
q̄
�M

−(2
m∑
j=1

1
qj

)−1(r−
m∑
j=1

( 1
pj
− 1
qj

))

.

Åñëè r =
m∑
j=1

1
pj
, òî

eM
(
Br
p̄,θ

)
q̄
�M− 1

2 (logM)1− 1
θ

Åñëè r >
m∑
j=1

1
pj
, òî

eM
(
Br
p̄,θ

)
q̄
�M

− 1
m

(r+
m∑
j=1

( 1
2
− 1
pj

))

1. De Vore R.A., Temlyakov V.N. Nonlinear approximation by trigonometric sums, Journal Fourier
analysis and applications, 1995, 2:2, P. 29�48.

2. Romanyuk A.S. Approximative characteristics of the isotropic classes of periodic functions of
many variables, Ukrain. Mathem. Journal, 2009, 61:4, P. 613�626.

3. Stasyuk S.A. Best m� term trigonometric approximation for the classes Br
r,θ of functions of low

smoothness, Ukrain. Mathem. Journal, 2010, 62:1, P. 114�122.

Äîñòàòíi óìîâè çáiæíîñòi

äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ
ñïåöiàëüíîãî âèãëÿäó ç äiéñíèìè åëåìåíòàìè

Òàìàðà Àíòîíîâà, Îëüãà Ñóñü
Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè

iì.ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ
tamara_antonova@ukr.net, olja_sus@ukr.net

Îäíèì ç áàãàòîâèìiðíèõ óçàãàëüíåíü íåïåðåðâíèõ äðîáiâ ¹ äâîâèìiðíi íåïåðåðâíi äðî-
áè (ÄÍÄ), ÿêi ¹ åôåêòèâíèì àïàðàòîì íàáëèæåííÿ ôóíêöié äâîõ çìiííèõ [1].
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Ó ïîâiäîìëåííi ðîçãëÿäàþòüñÿ ðåçóëüòàòè äîñëiäæåííÿ âëàñòèâîñòåé ÄÍÄ âèãëÿäó

Φ0 +
∞
D
i=1

ai,i
1 + Φi

, Φk =
∞
D
j=1

(−1)j−1ak+j,k

1
+
∞
D
j=1

(−1)j−1ak,k+j

1
, k = 0, 1, . . . , (1)

÷àñòèííi ÷èñåëüíèêè ÿêîãî çàäîâîëüíÿþòü óìîâè

ai+j,i ≥ 0, ai,i+j ≥ 0, aj,j ≥ 0, i = 0, 1, . . . , j = 1, 2, . . . . (2)

Íàáëèæåííÿ âèãëÿäó

fn = Φ
(n)
0 +

n

D
i=1

ai,i

1 + Φ
(n−i)
i

, n = 1, 2, . . . , (3)

íàçèâàþòüñÿ çâè÷àéíèìè íàáëèæåííÿìè ÄÍÄ (1), à íàáëèæåííÿ

f̃n = Φ
(n)
0 +

[n
2

]

D
i=1

ai,i

1 + Φ
(n−2i)
i

, n = 1, 2, . . . , (4)

� ôiãóðíèìè íàáëèæåííÿìè ÄÍÄ (1), äå

Φ
(0)
i = 0, Φ

(k)
i =

k

D
j=1

(−1)j−1ai+j,i
1

+
k

D
j=1

(−1)j−1ai,i+j
1

, i = 0, 1, . . . , k = 1, 2, . . . .

Äëÿ ÄÍÄ (1), (2) ¨õ çâè÷àéíèõ òà ôiãóðíèõ íàáëèæåíü (3), (4) âiäïîâiäíî âñòàíîâ-
ëåíî [2] äîñòàòíi óìîâè çáiæíîñòi ïîñëiäîâíîñòåé íàáëèæåíü {fn} òà {f̃n}, n = 1, 2, . . ., i
âèêîíàííÿ ðiâíîñòåé

lim
n→∞

fn = lim
n→∞

f̃n, n = 1, 2, . . . .

1. Êó÷ìiíñüêà Õ.É. Äâîâèìiðíi íåïåðåðâíi äðîáè. � Ëüâiâ: Iíñòèòóò ïðèêëàäíèõ ïðîáëåì
ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, 2010.

2. Àíòîíîâà Ò.Ì., Ñóñü Î.Ì. Äîñòàòíi óìîâè çáiæíîñòi äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ ñïåöi-
àëüíîãî âèãëÿäó ç äiéñíèìè åëåìåíòàìè, Íàóê. âiñíèê Óæãîðîä. íàö. óí-òó. Ñåð. ìàòåì. i iíôîðì.,
2010, 21, C. 4�18.

Çàäà÷à ïðèáëèæåíèÿ íåîãðàíè÷åííûõ
ôóíêöèîíàëîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå è

íåêîòîðûå åå ïðèëîæåíèÿ
Â.Ô. Áàáåíêî, Ð.Î. Áèëè÷åíêî

Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î.Ãîí÷àðà, Óêðàèíà
babenko.vladislav@gmail.com, bilichenkoroma@rambler.ru

Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî, A1, A2, ..., An � ëèíåéíûå, íåîãðàíè÷åííûå, ïî-
ïàðíî ïåðåñòàíîâî÷íûå ñàìîñîïðÿæåííûå îïåðàòîðû â H, D(Ai) � îáëàñòü îïðåäåëåíèÿ
îïåðàòîðà Ai, i = 1, n, Es � ñîâìåñòíîå ðàçëîæåíèå åäèíèöû îïåðàòîðîâ A1, A2, ..., An, [1,
ãë. 6, �5], s = (s1, . . . , sn) ∈ Rn.

Äëÿ ÷èñåë r1, . . . , rn ∈ N è τ1, . . . , τn > 0 îïðåäåëèì êëàññ Q ýëåìåíòîâ ïðîñòðàíñòâà H
ñëåäóþùèì îáðàçîì:

Q =

{
x ∈

n⋂
i=1

D(Arii ) :
n∑
i=1

τi‖Arii ‖2 ≤ 1

}
.
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Åñëè f ∈ H è k1, . . . , kn ∈ N, ki < ri, i = 1, n, ïîëîæèì

Ff (x) := (f, Ar11 ...A
rn
n x), x ∈

n⋂
i=1

D(Arii ).

Íàìè ðàññìîòðåíà çàäà÷à íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèîíàëà Ff íà êëàññå Q ëèíåé-
íûìè îãðàíè÷åííûìè ôóíêöèîíàëàìè, ò.å. çàäà÷à îòûñêàíèÿ âåëè÷èíû

UN := inf
g∈H,‖g‖≤N

sup
x∈Q
|Ff (x)− g(x)|, N > 0.

Äîêàçàíà
Òåîðåìà. Åñëè ÷èñëà N è h > 0 ñâÿçàíû ñîîòíîøåíèåì

N =


∫
Rn

n∏
i=1

s2ki
i(

1 + h
n∑
i=1

τis
2ri
i

)2 d (Esf, f)


1
2

,

òî

UN = h


∫
Rn

n∏
i=1

s2ki
i

n∑
i=1

τis
2ri
i(

1 + h
n∑
i=1

τis
2ri
i

)2 d (Esf, f)


1
2

.

Ïèâåäåííóþ òåîðåìó ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå ðåçóëüòàòîâ Ë.Â. Òàéêîâà
[2] î íàèëó÷øèõ ôîðìóëàõ ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ.

1. Áèðìàí Ì.Ø, Ñîëîìÿê Ì.Ç. Ñïåêòðàëüíàÿ òåîðèÿ ñàìîñîïðÿæåííûõ îïåðàòîðîâ â ãèëü-
áåðòîâîì ïðîñòðàíñòâå. � Ë.: Èçä-âî Ëåíèíãð. óí-òà, 1980.

2. ÒàéêîâË.Â. Íåðàâåíñòâà òèïà Êîëìîãîðîâà è ôîðìóëû ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ,
Ìàò. çàìåòêè, 1967, 4:2, C. 223 � 238.

Íåðàâåíñòâà òèïà Áåðíøòåéíà äëÿ ñïëàéíîâ,
çàäàííûõ íà äåéñòâèòåëüíîé îñè

Â.Ô. Áàáåíêî, Â.À.Çîíòîâ
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î.Ãîí÷àðà, Óêðàèíà

babenko.vladislav@gmail.com, vladimir.zontov@gmail.com

×åðåç Sm,h, m ∈ N, h > 0, îáîçíà÷èì ïðîñòðàíñòâî çàäàííûõ íà R ïîëèíîìèàëüíûõ
ñïëàéíîâ ïîðÿäêà m, ìèíèìàëüíîãî äåôåêòà, ñ óçëàìè lh, l ∈ Z, à ÷åðåç S̃m,n îáîçíà÷èì
ëèíåéíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Sm,π

n
, ñîñòîÿùåå èç 2π-ïåðèîäè÷åñêèõ ñïëàéíîâ.

Õîðîøî èçâåñòíû è èãðàþò âàæíóþ ðîëü â òåîðèè àïïðîêñèìàöèè òî÷íûå íåðàâåíñòâà
òèïà Áåðíøòåéíà äëÿ ïåðèîäè÷åñêèõ ïîëèíîìèàëüíûõ ñïëàéíîâ â ïðîñòðàíñòâàõ L∞, L1,
L2 (ñì., íàïðèìåð, [1]). Â ðàáîòàõ [2] (ñëó÷àé k = m) è [3] (îáùèé ñëó÷àé) ïîëó÷åíû òî÷íûå
îöåíêè òèïà Áåðíøòåéíà äëÿ L2(R)-íîðìû k-é ïðîèçâîäíîé ñïëàéíà èç Sm,h

⋂
L2(R) ÷åðåç

L2(R)-íîðìó ñàìîãî ñïëàéíà:

‖s(k)‖L2(R) 6
(π
h

)k√K2(m−k)+1

K2m+1

‖s‖L2(R), (1)
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ãäå Km � êîíñòàíòû Ôàâàðà.
Íàìè ïîëó÷åíû íîâûå òî÷íûå íåðàâåíñòâà òèïà Áåðíøòåéíà äëÿ ðàçíîñòåé ∆k

h(s, x)
ïîðÿäêà k ñ øàãîì h íåïåðèîäè÷åñêèõ ñïëàéíîâ èç Sm,h. Ïîëó÷åííûå íåðàâåíñòâà àíàëî-
ãè÷íû èçâåñòíûì íåðàâåíñòâàì äëÿ ïåðèîäè÷åñêèõ ñïëàéíîâ (ñì. [1, �6.3]) è óòî÷íÿþò
íåðàâåíñòâî (1).

Òåîðåìà.Äëÿ ëþáîãî ñïëàéíà s ∈ Sm,h
⋂
L2(R) è ëþáîãî h > 0 ïðè âñåõ k = 1, . . . ,m−1

ñïðàâåäëèâû òî÷íûå íåðàâåíñòâà:

‖s(k)‖L2(R) 6
( π

2h

)k√K2(m−k)+1

K2m+1

‖∆k
h(s)‖L2(R) 6

(π
h

)k√K2(m−k)+1

K2m+1

‖s‖L2(R). (2)

.
Ïîëó÷åíû òàêæå íåêîòîðûå òî÷íûå íåðàâåíñòâà òèïà Áåðíøòåéíà äëÿ ðàçíîñòåé

ñïëàéíîâ s ∈ Sm,h ñ øàãîì, îòëè÷íûì îò h.
1. Í. Ï. Êîðíåé÷óê, Â. Ô. Áàáåíêî, À. À. Ëèãóí. Ýêñòðåìàëüíûå ñâîéñòâà ïîëèíîìîâ è ñïëàé-

íîâ. - Êèåâ: Íàóêîâà äóìêà, 1992.
2. Â. Ô. Áàáåíêî, Ñ. À. Ñïåêòîð. Íåðàâåíñòâà òèïà Áåðíøòåéíà äëÿ ñïëàéíîâ â ïðîñòðàíñòâå

L2(R), Âiñíèê Äíiïðîïåòðîâñüêîãî óíiâåðñèòåòó, 2008, 16:6, C. 21-27.
3. Â. Ô. Áàáåíêî, Â. À. Çîíòîâ. Íåðàâåíñòâà òèïà Áåðíøòåéíà äëÿ ñïëàéíîâ, çàäàííûõ íà

äåéñòâèòåëüíîé îñè, Óêð. ìàò. æóðíàë, 2011, 63:5, C. 603-611.

Î çàâèñèìîñòè ìåæäó íîðìîé ôóíêöèè è íîðìàìè
åå ïðîèçâîäíûõ ïîðÿäêà k, r − 2 è r, 0 < k < r − 2.

Â.Ô. Áàáåíêî, Î.Â. Êîâàëåíêî
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î.Ãîí÷àðà, Óêðàèíà

babenko.vladislav@gmail.com, olegkovalenko90@gmail.com

×åðåç L∞(R) áóäåì îáîçíà÷àòü ïðîñòðàíñòâî èçìåðèìûõ è ñóùåñòâåííî îãðàíè÷åííûõ
ôóíêöèé x : R→ R ñ íîðìîé

‖x‖ = ‖x‖L∞(R) = ess sup {|x(t)| : t ∈ R} .

Äëÿ íàòóðàëüíîãî r ÷åðåç Lr∞(R) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé x : R→ R òàêèõ, ÷òî
ïðîèçâîäíàÿ x(r−1), x(0) = x, ëîêàëüíî àáñîëþòíî íåïðåðûâíà, è x(r) ∈ L∞(R). Ïóñòü
òàêæå Lr∞,∞(R) := Lr∞(R)

⋂
L∞(R).

À.Í. Êîëìîãîðîâ ñôîðìóëèðîâàë ñëåäóþùóþ çàäà÷ó.
Çàäà÷à Êîëìîãîðîâà. Ïóñòü çàäàíà ñèñòåìà öåëûõ ÷èñåë 0 ≤ k1 < k2 < ... < kd = r.

Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, êîòîðûì äîëæíà óäîâëåòâîðÿòü ñèñòåìà
ïîëîæèòåëüíûõ ÷èñåëMk1 , ...,Mkd, äëÿ òîãî, ÷òîáû ñóùåñòâîâàëà ôóíêöèÿ x ∈ Lr∞,∞(R),
òàêàÿ, ÷òî ∥∥x(ki)

∥∥ = Mki , i = 1, ..., d.

Ðåøåíèå ýòîé çàäà÷è äëÿ òðåõ ÷èñåë â ñëó÷àå, êîãäà X = Lr∞,∞(R) áûëî äàíî ñàìèì
Êîëìîãîðîâûì [1]. Ïî ïîâîäó äàëüíåéøèõ ðåçóëüòàòîâ ñì. [2] ãë. 9.

Íàìè ïîëó÷åíî ðåøåíèå ñôîðìóëèðîâàííîé âûøå çàäà÷è Êîëìîãîðîâà â ñëó÷àå, êîãäà
d = 4 è 0 = k1 < k2 < k3 = r − 2, k4 = r.

1. À.Í. Êîëìîãîðîâ. Î íåðàâåíñòâàõ ìåæäó âåðõíèìè ãðàíÿìè ïîñëåäîâàòåëüíûõ ïðîèçâî-
äíûõ ôóíêöèè íà áåñêîíå÷íîì èíòåðâàëå, Èçáð. òð. Ìàòåìàòèêà, ìåõàíèêà, 1985, C. 252�263.

16



2. Â.Ô. Áàáåíêî, Í.Ï.Êîðíåé÷óê, Â.À. Êîôàíîâ, Ñ.À. Ïè÷óãîâ. Íåðàâåíñòâà äëÿ ïðîèçâîäíûõ
è èõ ïðèëîæåíèÿ. � Ê.: Íàóêîâà äóìêà, 2003.

Íåðàâåíñòâà òèïà Íàäÿ äëÿ ôóíêöèé ìíîãèõ
ïåðåìåííûõ

Â.Ô. Áàáåíêî, Ä.À. Ëåâ÷åíêî
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î. Ãîí÷àðà, Óêðàèíà

babenko.vladislav@gmail.com, spline_2009@ukr.net

Ïóñòü Rn � åâêëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, x2, . . . , xn), |x| =√
x2

1 + x2
2 + . . .+ x2

n. Îáîçíà÷èì ÷åðåç Ls(Rn) (1 ≤ s ≤ ∞) ïðîñòðàíñòâî ôóíêöèé f :
Rn −→ R ñóììèðóåìûõ â s−îé ñòåïåíè (ñóùåñòâåííî îãðàíè÷åííûõ ïðè s =∞) ñ íîðìîé

‖f‖s =

 ∫
Rn

|f(x)|sdx

 1
s

, 1 ≤ s <∞

‖f‖∞ = ess sup {|f(x)| , x ∈ Rn} .

Ïóñòü {ek}nk=1 � ñòàíäàðòíûé áàçèñ â Rn. Îáîçíà÷èì ÷åðåç f (ek)(x) ïðîèçâî-
äíóþ ôóíêöèè f ïî ïåðåìåííîé xk, ïîíèìàåìóþ â îáîáùåííîì ñìûñëå. Ïîëîæèì
∇f(x) =

(
f (e1)(x), . . . , f (en)(x)

)
. ×åðåç Lek

s,∞(Rn), 1 ≤ s ≤ ∞, îáîçíà÷èì ïðîñòðàíñòâî

ôóíêöèé f ∈ Ls(Rn) òàêèõ, ÷òî f (ek) ∈ L∞(Rn). Äëÿ f ∈
n⋂
k=1

Lek
s,∞(Rn) ïîëîæèì

‖∇f‖2,∞ = ess sup {|∇f(x)| , x ∈ Rn} .

Íàìè ïîëó÷åí ðÿä àíàëîãîâ íåðàâåíñòâà Íàäÿ [1] äëÿ ôóíêöèé ìíîãèõ ïåðåìåííûõ. Â
÷àñòíîñòè, äîêàçàíà

Òåîðåìà. Äëÿ ëþáûõ 1 ≤ q < p < ∞ è ïðîèçâîëüíîé ôóíêöèè f ∈
n⋂
k=1

Lek
p,∞(Rn)

ñïðàâåäëèâî òî÷íîå íåðàâåíñòâî

‖f‖q ≤
‖ϕ‖q
‖ϕ‖αp

‖f‖αp‖∇f‖1−α
2,∞ ,

ãäå

α =
1 + 1/q

1 + 1/p+ 1/q
, ϕ(x) =

{
1− |x|, |x| ≤ 1,
0 , |x| > 1.

1. Sz.-Nagy B. Uber Integralungleichungen zwischen einer Function und ihrer Ableitung, Acta Sci.
Math., 1941, 10, P. 64�74.
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Î íåðàâåíñòâàõ òèïà Ëàíäàó-Êîëìîãîðîâà äëÿ
äðîáíûõ ïðîèçâîäíûõ ôóíêöèé, çàäàííûõ íà îñè è

ïîëóîñè
Â.Ô. Áàáåíêî, Í.Â. Ïàðôèíîâè÷, Ä.Ñ. Ñêîðîõîäîâ, Ì.Ñ. ×óðèëîâà
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î. Ãîí÷àðà, Óêðàèíà

babenko.vladislav@gmail.com, npar�novich@yandex.ru,
dmitriy.skorokhodov@gmail.com, churilova-m@yandex.ru

Äëÿ ôóíêöèé, çàäàííûõ íà G = R èëè G = R+ ïðîèçâîäíûå Ìàðøî ïîðÿäêà α > 0
îïðåäåëÿþòñÿ ðàâåíñòâîì [1]:

Dα
±f(x) = − 1

Γ (−α)Al (α)

+∞∫
0

(
∆l
±tf
)

(x)

t1+α
dt, l > α,

(äëÿ ïîëóîñè òîëüêî ïðîèçâîäíàÿ Dα
−f), ãäå

(
∆l
±tf
)

(x) =
l∑

k=0

(−1)k
(
l
k

)
f (x∓ kt),

Al (α) =
l∑

k=0

(−1)k−1

(
l
k

)
kα (Al (α) = 0, α = 1, 2, . . . , l−1). Óñå÷åííûå ïðîèçâîäíûå Dα

±,hf

îïðåäåëÿþòñÿ òåì æå ðàâåíñòâîì ñ h â êà÷åñòâå íèæíåãî ïðåäåëà èíòåãðèðîâàíèÿ.
Ïóñòü ôóíêöèÿNk,t (u) = tk−1Nk (u/t), t > 0, u ∈ R, ãäåNk � B-ñïëàéí [2], E � èäåàëüíàÿ

ðåøåòêà [3], E1 � àññîöèèðîâàííîå ïðîñòðàíñòâî. Íàìè äîêàçàíà
Òåîðåìà. Ïóñòü k ∈ N, α ∈ (0, k) \ N, òîãäà äëÿ ëþáîé ôóíêöèè f , îïðåäåëåííîé

íà G è òàêîé, ÷òî f (k−1) ëîêàëüíî àáñîëþòíî íåïðåðûâíà, f (k) ∈ E,
∥∥f (k) (·+ x)

∥∥
E
≤∥∥f (k)

∥∥
E
∀x ∈ G, è äëÿ ëþáîãî h > 0 èìååò ìåñòî íåðàâåíñòâî

∥∥Dα
−f
∥∥
∞ ≤

∥∥Dα
−,hf

∥∥
∞ +

−1

Γ(−α)Ak (α)

∥∥f (k)
∥∥
E
· ‖g‖E1 ,

ãäå

g(u) =

h∫
u
k

Nk,t (u)

t1+α
dt.

Åñëè E1 � ñåïàðàáåëüíîå ñèììåòðè÷íîå ïðîñòðàíñòâî è G = R+, íåðàâåíñòâî òî÷íîå.
Â ñëó÷àå k = 1, 2 ïîëó÷åíû òàêæå òî÷íûå íåðàâåíñòâà, îöåíèâàþùèå ‖Dα

±f‖∞ ÷åðåç
‖f‖∞ è ‖f (k)‖E.

Â êà÷åñòâå ïðèëîæåíèÿ ýòîé òåîðåìû íàéäåíû òî÷íûå óñëîâèÿ âëîæåíèÿ êëàññà ôóíê-
öèé f òàêèõ, ÷òî f (k) ∈ E â êëàññ ôóíêöèé ñ îãðàíè÷åííîé äðîáíîé ïðîèçâîäíîé. Â
äîêëàäå áóäåò îáñóæäåí òàêæå ðÿä äðóãèõ ïðèëîæåíèé ïîëó÷åííûõ íåðàâåíñòâ.

1. Ñ.Ã. Ñàìêî, À.À. Êèëáàñ, Î.È. Ìàðè÷åâ. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è èõ
ïðèëîæåíèÿ. � Ìèíñê: Íàóêà è òåõíèêà, 1987.

2. Ê. ×óè. Ââåäåíèå â âýéâëåòû. � M.: Ìèð, 2001.
3. Ñ.Ã. Êðåéí, Þ.È. Ïåòóíèí, Å.Ì. Ñåìåíîâ. Èíòåðïîëÿöèÿ ëèíåéíûõ îïåðàòîðîâ. � M.:

Íàóêà, 1978.
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Íåðàâåíñòâà òèïà Äæåêñîíà�Ñòå÷êèíà äëÿ
B2-ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé

Â.Ô. Áàáåíêî, Ñ.Â. Ñàâåëà
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î. Ãîí÷àðà, Óêðàèíà

babenko.vladislav@gmail.com, ssvet05@mail.ru

Äëÿ íàèëó÷øèõ ñðåäíåêâàäðàòè÷åñêèõ ïðèáëèæåíèé 2π-ïåðèîäè÷åñêèõ ôóíêöèé
f ∈ L2 òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè õîðîøî èçâåñòíû òî÷íûå íåðàâåíñòâà òèïà
Äæåêñîíà-Ñòå÷êèíà, ïîëó÷åííûå Í.È. ×åðíûõ [1, 2]. Â äàëüíåéøåì íåðàâåíñòâà òàêî-
ãî âèäà èçó÷àëèñü äëÿ îáîáùåííûõ ìîäóëåé íåïðåðûâíîñòè (ñì., íàïð., [3-5]). Àíàëîãè
íåðàâåíñòâ Í.È. ×åðíûõ äëÿ ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé áûëè ïîëó÷åíû â [6, 7]. Íàìè
ïîëó÷åí ðÿä íîâûõ òî÷íûõ íåðàâåíñòâ òèïà Äæåêñîíà-Ñòå÷êèíà ñ îáîáùåííûìè ìîäóëÿ-
ìè íåïðåðûâíîñòèäëÿ ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé.

Ðàññìîòðèì ïî÷òè ïåðèîäè÷åñêèå ôóíêöèè Áåçèêîâè÷à êëàññà B2, ïîêàçàòåëè Ôó-
ðüå {λk} êîòîðûõ èìåþò åäèíñòâåííóþ ïðåäåëüíóþ òî÷êó â áåñêîíå÷íîñòè (B2-ï.ï. ôóí-
êöèè).Äëÿ òàêèõ ôóíêöèé f(x) ðÿäû Ôóðüå èìåþò âèä: f(x) =

∑
k∈Z

Ake
iλkx (ñì., íàïð., [6]).

×åðåç Gλn îáîçíà÷èì ìíîæåñòâî B2-ï.ï. ôóíêöèé, ïîêàçàòåëè Ôóðüå êîòîðûõ ïðèíàäëå-
æàò èíòåðâàëó (−λn, λn). Ïîëîæèì (ñì., íàïð., [6, 7])

Eλn(f) = inf
g∈Gλn

[
M
{
|f(x)− g(x)|2

}]1/2
.

Îáîçíà÷èì ÷åðåç Φ êëàññ âñåõ íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ íåîòðèöàòåëüíûõ íå-

íóëåâûõ ôóíêöèé ϕ, ϕ (0) = 0. Äëÿ ϕ ∈ Φ ïîëîæèì I (ϕ) = 1
2π

2π∫
0

ϕ (t) dt. Îáîá-

ùåííûé ìîäóëü íåïðåðûâíîñòè ôóíêöèè f îïðåäåëÿåòñÿ ñîîòíîøåíèåì ω2
ϕ (f, δ) =

sup
|t|≤δ

(∑
k∈Z
|Ak|2ϕ(λkt)

)1/2

.

Ïðèâåäåì ïðèìåð ïîëó÷åííîãî ðåçóëüòàòà.
Òåîðåìà. Äëÿ ëþáîé ôóíêöèè ϕ ∈ Φ ñóùåñòâóåò γ > 0 òàêîå, ÷òî äëÿ ïðîèçâîëüíîé

B2-ï.ï. ôóíêöèé f èìååò ìåñòî íåðàâåíñòâî

Eλn (f) ≤ I (ϕ)−1/2 ωϕ (f ; γ/λn) .

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ êîíñòàíòà I (ϕ)−1/2 íåóëó÷øàåìà.
1. ×åðíûõ Í.È. Î íåðàâåíñòâå Äæåêñîíà â L2, Òðóäû ÌÈÀÍ, 1967, 88, C. 71�74.
2. ×åðíûõ Í. È. Î íàèëó÷øåì ïðèáëèæåíèè ïåðèîäè÷åñêèõ ôóíêöèé òðèãîíîìåòðè÷åñêèìè

ïîëèíîìàìè â L2, Ìàòåì. çàìåòêè, 1967, 2:5, C. 513�522.
3. Áàáåíêî À.Ã. Î òî÷íîé êîíñòàíòå â íåðàâåíñòâå Äæåêñîíà â L2, Ìàò. çàìåòêè, 1986, 39:5,

C. 651�664.
4. Âàñèëüåâ Ñ.Í. Íåðàâåíñòâî Äæåêñîíà-Ñòå÷êèíà â L2 [−π, π], Òð. èí-òà ìàòåì. è ìåõàí. ÓðÎ

ÐÀÍ, 2001, 7:1, C. 75�84.
5. Âàñèëüåâ Ñ. Í. Òî÷íîå íåðàâåíñòâî Äæåêñîíà-Ñòå÷êèíà â L2 ñ ìîäóëåì íåïðåðûâíîñòè,

ïîðîæäåííûì ïðîèçâîëüíûì êîíå÷íî-ðàçíîñòíûì îïåðàòîðîì ñ ïîñòîÿííûìè êîåôôèöèåòàìè,
Äîêë. ÐÀÍ, 2002, 385:1, C. 11�14.

6. Ïðèòóëà ß. Ã. Î íåðàâåíñòâå Äæåêñîíà äëÿ B2-ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé, Èçâåñòèÿ
ÂÓÇîâ. Ìàòåìàòèêà, 1972, 123:8, C. 90�93.

7. Áàáåíêî Â.Ô., Ñàâåëà Ñ.Â. Íåðàâåíñòâà òèïà Äæåêñîíà-Ñòå÷êèíà äëÿ B2-ïî÷òè ïåðèîäè-
÷åñêèõ ôóíêöèé, Âiñíèê Äíiïðîïåòð. óí-òó. Ìàòåìàòèêà, 2011, 19:6, C. 8�14.
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Ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè òðåóãîëüíèêà â
îöåíêàõ ïîãðåøíîñòè àïïðîêñèìàöèè ïðîèçâîäíûõ

ïðè èíòåðïîëÿöèè ôóíêöèè äâóõ ïåðåìåííûõ
Í.Â. Áàéäàêîâà

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðåíáóðã, Ðîññèÿ
baidakova@imm.uran.ru

Ðàññìàòðèâàåòñÿ îäíà èç èç ïðîáëåì èíòåðïîëÿöèè ôóíêöèè ìíîãî÷ëåíîì ñòåïåíè n íà
òðåóãîëüíèêå, ñâÿçàííàÿ ñ ìåòîäîì êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ). Èçâåñòíî, ÷òî ïðè ðåøå-
íèè çàäà÷ ñ ïîìîùüþ ÌÊÝ ÷àñòî ïðèõîäèòñÿ íàêëàäûâàòü íà òðèàíãóëÿöèþ �óñëîâèå íàè-
ìåíüøåãî óãëà� (îãðàíè÷åíèå ñíèçó íà íàèìåíüøèé óãîë òðåóãîëüíèêà èç òðèàíãóëÿöèè
èñõîäíîé îáëàñòè). Ýòî ñâÿçàíî ñ òåì, ÷òî â îöåíêàõ ñâåðõó âåëè÷èí ïîãðåøíîñòè àïïðî-
êñèìàöèè ïðîèçâîäíûõ ôóíêöèè ïðîèçâîäíûìè èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ, îïðåäå-
ëåííûõ íà ýëåìåíòå òðèàíãóëÿöèè (òðåóãîëüíèêå), ïðèñóòñòâóåò ñèíóñ íàèìåíüøåãî óãëà
òðåóãîëüíèêà â çíàìåíàòåëå. Ðàíåå ðÿäîì àâòîðîâ áûëî ïîêàçàíî, ÷òî âëèÿíèå íàèìåíü-
øåãî óãëà ìîæíî îñëàáèòü (÷òî íå îçíà÷àåò, ÷òî åãî ìîæíî èñêëþ÷èòü ïîëíîñòüþ âî âñåõ
ñëó÷àÿõ).

Àâòîðîì äëÿ äîñòàòî÷íî øèðîêîãî êëàññà èíòåðïîëÿöèîííûõ óñëîâèé ïîëó÷åíû îöåí-
êè ñíèçó, êîòîðûå ïîêàçûâàþò, ÷òî çàäà÷à âûáîðà òàêèõ óñëîâèé, êîòîðûå îäíîâðåìåí-
íî îáåñïå÷èâàëè áû íåçàâèñèìîñòü îöåíîê ñâåðõó àïïðîêñèìàöèè ïðîèçâîäíûõ îò ñèíóñà
íàèìåíüøåãî óãëà òðåóãîëüíèêà â çíàìåíàòåëå è ãëàäêîñòü ïîðÿäêà m (m ≥ 1) ðåçóëü-
òèðóþùåé êóñî÷íî-ïîëèíîìèàëüíîé ôóíêöèè ïðè ëîêàëüíûõ ñïîñîáàõ èíòåðïîëèðîâàíèÿ
íà òðèàíãóëèðîâàííîé îáëàñòè, íå ìîæåò áûòü ðåøåíà ïîëîæèòåëüíî.

Äëÿ íåêîòîðûõ n è m ïðèâîäÿòñÿ ïðèìåðû, ïîêàçûâàþùèå íåóëó÷øàåìîñòü ïîëó÷åí-
íûõ îöåíîê ñíèçó.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû ñîâìåñòíûõ èññëåäîâàíèé
ÓðÎ ÐÀÍ è ÑÎ ÐÀÍ (ïðîåêò 12-Ñ-1-1018) è ÐÔÔÈ (ïðîåêò 11-01-00347).

Ïðî äåÿêi âëàñòèâîñòi ñïàðåíèõ ìíîæèí çíà÷åíü òà
ñïàðåíèõ ìíîæèí åëåìåíòiâ äëÿ ãiëëÿñòîãî
ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó

Î.�. Áàðàí
IÏÏÌÌ iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ

boe13@ukr.net

Ïðè äîñëiäæåííi çáiæíîñòi íåïåðåðâíèõ äðîáiâ âàæëèâå ìiñöå çàéìàþòü êðèòåði¨ çái-
æíîñòi, ÿêi áàçóþòüñÿ íà ìíîæèíàõ çíà÷åíü òà âiäïîâiäíèõ ¨ì ìíîæèíàõ åëåìåíòiâ. Îñî-
áëèâà óâàãà ïðèäiëÿ¹òüñÿ âèâ÷åííþ ñïàðåíèõ ìíîæèí çíà÷åíü òà âiäïîâiäíèõ ¨ì ñïàðåíèõ
ìíîæèí åëåìåíòiâ. Â çàãàëüíîìó âàæêî îïèñàòè ìíîæèíè åëåìåíòiâ äëÿ çàäàíèõ ìíîæèí
çíà÷åíü. Ó ðîáîòi L. Lorentzen [1] âñòàíîâëåíî äåÿêi âëàñòèâîñòi ñïàðåíèõ ìíîæèí åëåìåí-
òiâ äëÿ ïåâíèì ÷èíîì çàäàíèõ ñïàðåíèõ ìíîæèí çíà÷åíü íåïåðåðâíèõ äðîáiâ âèãëÿäó

∞
D
k=1

ak
1
,

äå åëåìåíòè äðîáó ak ¹ êîìïëåêñíèìè ÷èñëàìè.
Äëÿ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó (ÃËÄ) ç êîìïëåêñíèìè åëåìåíòàìè âèãëÿäó

∞
D
k=1

ik−1∑
ik=1

ai(k)

1
,
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äå i(k) = i1i2 . . . ik � ìóëüòèiíäåêñ, i0 = N , îçíà÷åíî ñïàðåíi ìíîæèíè çíà÷åíü i âiäïîâiäíi
¨ì ñïàðåíi ìíîæèíè åëåìåíòiâ, òà äîñëiäæåíî äåÿêi âëàñòèâîñòi öèõ ìíîæèí, ÿêi ¹ áàãà-
òîâèìiðíèìè óçàãàëüíåííÿìè ðåçóëüòàòiâ, âñòàíîâëåíèõ L. Lorentzen [1] äëÿ íåïåðåðâíèõ
äðîáiâ.

1. L. Lorentzen. Convergence criteria for continued fractions K(an/1) based on value sets,
Contemporary Mathematics, 1999, 236, P. 205�255.

Êðèòåðèé ïîëíîòû äâîéíîé ñèñòåìû ñòåïåíåé ñ
âûðîæäàþùèìèñÿ êîýôôèöèåíòàìè

Á.Ò. Áèëàëîâ, Ô.À. Ãóëèåâà
Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà, Áàêó, Àçåðáàéäæàí

bilalov.bilal@gmail.com

Ðàññìàòðèâàåòñÿ ñèñòåìà ñòåïåíåé

{A+(t)ν+(t)ϕn(t);A−(t)ν−(t)ϕ̂n(t)}n≥0, (1)

ãäå A+(t) ≡ |A±(t)|eiα±(t) è ϕ(t) êîìïëåêñíîçíà÷íûå íà [a, b] ôóíêöèè, ν±(t) âûðîæ- äàþ-
ùèåñÿ êîýôôèöèåíòû ν±(t) ≡

∏r±

k=1 |t− t
±
k |β

±
k , {t±k }r

±
1 ⊂ [a, b].

Ïðèìåì ñëåäóþùèå ïðåäïîëîæåíèÿ:
1.[A+(t)]±; [A−(t)]±; [ϕ′(t)]±1 ∈ L∞ (L∞ ≡ L∞(a, b));
2.Γ = ϕ{[a, b]} � çàìêíóòàÿ (ϕ(a) = ϕ(b)), ñïðÿìëÿåìàÿ, ïðîñòàÿ êðèâàÿ Æîðäàíà.
Gamma � ëèáî êðèâàÿ Ðàäîíà (ò.å. óãîë θ0(ϕ(t)) ìåæäó êàñàòåëüíîé â òî÷êå ϕ = ϕ(t) ê
êðèâîé Gamma è äåéñòâèòåëüíîé îñüþ åñòü ôóíêöèÿ îãðàíè÷åííîé âàðèàöèåé íà [a, b]),
ëèáî êóñî÷íî-Ëÿïóíîâñêàÿ êðèâàÿ. Gamma èìååò êîíå÷íîå ÷èñëî óãëîâûõ òî÷åê áåç çà-
îñòðåíèé. Îáîçíà÷èì ÷åðåç {ϕk}r1, òî÷êè ðàçðûâà ôóíêöèè argϕ′(t) íà [a, b].
| argϕ′(ϕk + 0)− argϕ′(ϕk − 0)| < π.

Ðàññìîòðèì ñèñòåìó n
{Ã(eix)einx; B̃(eix)e−inx}n≥0, (2)

ãäå êîýôôèöèåíòû Ã(ξ) è B̃(ξ) âûðàæàåòñÿ ÷åðåç äàííûå ñèñòåìû (1). Ïðè îïðåäåëåííûõ
óñëîâèÿõ íà êîýôôèöèåíòû è ôóíêöèè ϕ(t), óñòàíàâëèâàåòñÿ, ÷òî ñèñòåìà (1) ïîëíà â
Lp(a, b) òîëüêî òîãäà, êîãäà ñèñòåìà (2) ïîëíà â Lp(−π, π). Çàòåì èñïîëüçóÿ ðåçóëüòàòû
ðàáîòû [6] ïîëó÷àåòñÿ êðèòåðèé ïîëíîòû ñèñòåìû (1) â Lp(a, b), 1 < p < +∞.

1. Êàçüìèí Þ.À. Çàìûêàíèå ëèíåéíîé îáîëî÷êè îäíîé ñèñòåìû ôóíêöèé, Ñèá. ìàò. æóðí.,
1977, 18:4, C. 799-805.

2. Òóìàðêèí À.Ã. Î ïîëíîòå è ìèíèìàëüíîñòè íåêîòîðûõ ñèñòåì ôóíêöèé, Ñèá. ìàò. æóðí.,
1983, 24:1.

3. Ëþáàðñêèé Þ.È. Ñâîéñòâà ñèñòåì ëèíåéíûõ êîìáèíàöèé ñòåïåíåé, Àëãåáðà è àíàëèç, 1989,
1:6, C. 1-69.

4. Áèëàëîâ Á.Ò. Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïîëíîòû è ìèíèìàëüíîñòè ñèñòåìû âèäà
{Aϕn;Bϕ̂n}, Äîêë. ÐÀÍ, 1992, 322:6, C. 1019-1021.

5. Áèëàëîâ Á.Ò. Áàçèñíûå ñâîéñòâà ñèñòåì ñòåïåíåé â Lp, Ñèá. ìàò. æóðí., 2006, 47:1, C. 1-12.
6. Âåëèåâ Ñ.Ã. Áàçèñû èç ïîäìíîæåñòâ ñîáñòâåííûõ ôóíêöèé äâóõ ðàçðûâíûõ äèôôåðåíöè-

àëüíûõ îïåðàòîðîâ, Ìàò. ôèçèêà, àíàëèç, ãåîìåòðèÿ, 2005, 12:2, C. 148-157.
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Îáîáùåííîå ïîíÿòèå áàçèñà è ïðîñòðàíñòâî
êîýôôèöèåíòîâ

Á.Ò. Áèëàëîâ, Ò.È. Íàäæàôîâ
Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà, Áàêó, Àçåðáàéäæàí
Íàõè÷åâàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Íàõè÷åâàíü, Àçåðáàéäæàí

bilalov.bilal@gmail.com

Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, à L(X;Y ) � áàíàõîâî ïðîñòðàíñòâî îãðàíè÷åí-
íûõ îïåðàòîðîâ äåéñòâóþùèõ èç X â Y. Ïóñòü Γ ⊂ C � êóñî÷íî-ãëàäêàÿ êðèâàÿ. ×åðåç
Lp(Γ;L(X)), (Lp(Γ;X)), p ≥ 1, îáîçíà÷àåì ëåáåãîâî ïðîñòðàíñòâî L(X) (X)-çíà÷íûõ ôóí-
êöèé íà Γ ñ íîðìîé

‖f‖p =

(∫
Γ

‖f(t)‖p|dt|
)1/p

,

ãäå f : Γ→ L(X) (f : Γ→ X). Ïóñòü M ⊂ Lp(Γ;L(X)).
J-îáîëî÷êîé ìíîæåñòâà M â Lp(Γ;L(X)) íàçîâåì

LJ [M ] ≡

{
x(·) : x(·) =

n∑
k=1

Tk(·)xk, {Tk(·)} ⊂M, {xk} ⊂ X

}
.

Èñõîäÿ èç ýòîãî ïîíÿòèÿ îïðåäåëÿþòñÿ ñîîòâåòñòâóþùèå ïîíÿòèÿ ωJ-ëèíåéíî íåçàâè-
ñèìîñòè, J-ïîëíîòû, J-áèîðòîãîíàëüíîñòè è J-áàçèñíîñòè â Lp(Γ;X).

Ñâîéñòâî (À). Ñèñòåìà {Tn(·)}n∈N ⊂ Lp(Γ;L(X)) óäîâëåòâîðÿåò óñëîâèþ: ∃T−1
n (t),

ï.â. t ∈ Γ,∀n ∈ N è {T−1
n (·)}n∈N ⊂ Lq(Γ;L(X)), ãäå 1

p
+ 1

q
= 1.

Ïóñòü ST̄ ≡ {Tn(·)}n∈N ⊂ Lp(Γ;L(X)) íåêîòîðàÿ ñèñòåìà. Îïðåäåëèì

KT̄ ≡

{
{fn}n∈N ⊂ X : ðÿä

∞∑
n=1

Tn(·)fn ñõîäèòñÿ â Lp(Γ;X)

}
.

Ðàññìîòðèì îïåðàòîð K : KT̄ → Lp(Γ;X) : Kf̄ =
∑∞

n=1 T (·)fn, f̄ ≡ {fn}n∈N . Cïðàâå-
äëèâà

Òåîðåìà 1. Ïóñòü ñèñòåìà ST̄ ≡ {Tn(·)}n∈N ⊂ Lp(Γ;L(X)), p ≥ 1, îáëàäàåò Ñâîé-
ñòâîì (À). Òîãäà åé ñîîòâåòñòâóåò áàíàõîâî ïðîñòðàíñòâî êîýôôèöèåíòîâ KT̄ è êî-
ýôôèöèåíòíûé îïåðàòîð K ∈ L(KT̄ ;Lp(Γ;X)), ‖K‖ = 1. Åñëè ïðè ýòîì ñèñòåìà ST̄
ωJ-ëèíåéíî íåçàâèñèìà èëè èìååò J-áèîðòîãîíàëüíóþ ñèñòåìó, òî ∃K−1. Êðîìå òîãî,
åñëè ImK çàìêíóòî, òî K−1 ∈ L(ImK;KT̄ ).

Òåîðåìà 2. Ïóñòü ñèñòåìà {Tn(·)}n∈N ⊂ Lp(Γ;L(X)), p ≥ 1, îáëàäàåò Ñâîé-
ñòâîì (À) è K ñîîòâåòñòâóþùèé êîýôôèöèåíòíûé îïåðàòîð K : KT̄ → Lp(Γ;X). Òî-
ãäà îíà îáðàçóåò J-áàçèñ â Lp(Γ;X) òîëüêî òîãäà, êîãäà K ÿâëÿåòñÿ èçîìîðôèçìîì â
L(KT̄ ;Lp(Γ;X)).

Ñëåäóåò îòìåòèòü, ÷òî ðàññìîòðåííûå ïîíÿòèÿ äèêòóþòñÿ ðåçóëüòàòàìè ðàáîò [1-3].
1. Âåêóà È.Í. Îáîáùåííûå àíàëèòè÷åñêèå ôóíêöèè. � Ì.: Ôèçìàòãèç, 1959. � 628 ñ.
2. Ñîëäàòîâ À.Ï. Ìåòîä òåîðèè ôóíêöèé â êðàåâûõ çàäà÷àõ íà ïëîñêîñòè. I. Ãëàäêèé ñëó÷àé,

Èçâ. ÀÍ ÑÑÑÐ, ñåð.ìàò., 1991, 55:5, C. 1070-1100.
3. Ñîëäàòîâ À.Ï. Ýëëèïòè÷åñêèå ñèñòåìû âòîðîãî ïîðÿäêà â ïîëóïëîñêîñòè, Èçâåñòèÿ ÐÀÍ,

2006, 70:6, C. 161-192.
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Îïòèìàëüíûé âûáîð ïàðàìåòðîâ íàòÿæåíèÿ ïðè
âûïóêëîé èíòåðïîëÿöèè îáîáùåííûìè ñïëàéíàìè

Â.Â. Áîãäàíîâ
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

bogdanov@math.nsc.ru

Ðàññìàòðèâàåòñÿ çàäà÷à èíòåðïîëÿöèè íåëîêàëüíûìè îáîáùåííûìè ñïëàéíàìè, ñîõðà-
íÿþùèìè êà÷åñòâåííûå õàðàêòåðèñòèêè äàííûõ (ìîíîòîííîñòü è âûïóêëîñòü). Àëãîðè-
òìû ïîñòðîåíèÿ íàèáîëåå ïîïóëÿðíûõ ñïëàéíîâ íåâûñîêîé ñòåïåíè îïèðàþòñÿ íà ñâîé-
ñòâà òðåõäèàãîíàëüíûõ ñèñòåì îòíîñèòåëüíî ïàðàìåòðîâ ñïëàéíà. Â êà÷åñòâå òàêèõ ïà-
ðàìåòðîâ ÷àùå âñåãî âûñòóïàþò íåèçâåñòíûå çíà÷åíèÿ ïåðâûõ èëè âòîðûõ ïðîèçâîäíûõ
ñïëàéíà â óçëàõ, õàðàêòåðèçóþùèå ôîðìó ãðàôèêîâ. Ñâîéñòâà ìàòðèöû ñïëàéíîâîé ñè-
ñòåìû äëÿ îïðåäåëåíèÿ ýòèõ çíà÷åíèé õàðàêòåðèçóþò âîçìîæíîñòè ñîõðàíåíèÿ ñïëàéíîì
ôîðìû äàííûõ.

Êëàññè÷åñêèé êóáè÷åñêèé ñïëàéí ñ äâóìÿ íåïðåðûâíûìè ïðîèçâîäíûìè ÿâëÿåòñÿ âî
ìíîãèõ ñìûñëàõ èäåàëüíûì îáúåêòîì, îäíàêî åãî ïðèìåíåíèå íå âñåãäà îáåñïå÷èâàåò ñî-
õðàíåíèå ôîðìû äàííûõ [1], â òîì ÷èñëå ìîíîòîííîñòè è âûïóêëîñòè. ×òîáû èñïðàâèòü
ýòîò íåäîñòàòîê ñ ìèíèìàëüíûìè çàòðàòàìè (è â òîì æå êëàññå ãëàäêîñòè) â êëàññè÷åñêóþ
êîíñòðóêöèþ ñïëàéíà ââîäÿòñÿ äîïîëíèòåëüíûå ïàðàìåòðû óïðàâëåíèÿ ôîðìîé, êîòîðûå
âëèÿþò íà ìàòðèöó ñïëàéíîâîé ñèñòåìû, ïîçâîëÿÿ ìåíÿòü åå ñâîéñòâà. Âìåñòå ñ òåì, åñòå-
ñòâåííûì ÿâëÿåòñÿ æåëàíèå ïðè îáîáùåíèè ìèíèìàëüíî óõîäèòü îò êëàññè÷åñêîãî âèäà.
À òàê êàê îáîáùåííûé ñïëàéí îñòàåòñÿ íåëîêàëüíûì, âûáîð óïðàâëÿþùèõ ïàðàìåòðîâ
ïðåäñòàâëÿåò îïðåäåëåííóþ ïðîáëåìó. Ïðè áîëüøèõ çíà÷åíèÿõ ïàðàìåòðîâ ïîÿâëÿåòñÿ
èçáûòî÷íîå íàòÿæåíèå, à ïðè ìàëûõ íå âñåãäà óäàåòñÿ äîáèòüñÿ âûïóêëîñòè ñïëàéíà.

Ðàáîò, ïîñâÿùåííûõ âûáîðó ïàðàìåòðîâ îáîáùåííûõ ñïëàéíîâ, äîñòàòî÷íî. Îáû÷íî
îíè ïîñâÿùåíû ïðèìåíåíèþ ðàçëè÷íûõ èòåðàöèîííûõ ïðîöåäóð âû÷èñëåíèÿ ïîäõîäÿ-
ùèõ ïàðàìåòðîâ. Â êà÷åñòâå àëüòåðíàòèâû â äîêëàäå ïðåäëàãàåòñÿ ìåòîä àâòîìàòè÷åñêî-
ãî ïîèñêà ïàðàìåòðîâ îáîáùåíèÿ, ãàðàíòèðóþùèõ ñîõðàíåíèå íåëîêàëüíûì îáîáùåííûì
ñïëàéíîì âûïóêëîñòè äàííûõ. Èíòåðåñíî, ÷òî ïðè òàêîì âûáîðå ïàðàìåòðîâ îáîáùåííûé
ñïëàéí îòëè÷àåòñÿ îò êëàññè÷åñêîãî ëèøü íà òåõ ó÷àñòêàõ äàííûõ, êîòîðûå íå óäîâëåòâî-
ðÿþò óñëîâèÿì âûïóêëîñòè êëàññè÷åñêîãî ñïëàéíà [2,3]. Òàêèì îáðàçîì, ðåçóëüòèðóþùèé
ñïëàéí ìèíèìàëüíî îòëè÷àåòñÿ îò êëàññè÷åñêîãî êóáè÷åñêîãî è ñîâïàäàåò ñ íèì, åñëè äëÿ
ïîñëåäíåãî âûïîëíÿþòñÿ äîñòàòî÷íûå óñëîâèÿ âûïóêëîñòè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàìì Èíòåãðàöèîííûõ ïðîåêòîâ
ÑÎ ÐÀÍ è ÓðÎ ÐÀÍ (ïðîåêò 2012-32) è ÐÔÔÈ (ïðîåêò 11-07-00447).

1. Áîãäàíîâ Â. B. Äîñòàòî÷íûå óñëîâèÿ êîìîíîòîííîé èíòåðïîëÿöèè êóáè÷åñêèìè ñïëàéíàìè
êëàññà C2, Ìàò. òðóäû, 2011, 14:2, C. 3-13.

2. Miroshnichenko V.L. Convex and monotone spline interpolation, Constructive Theory of Functi-
on'84. Proc. Intern. Conf., Varna, �� So�a: Publishing House of Bulgarian Academy of Sciences, 1984,
P. 610�620.

3. Áîãäàíîâ Â.Â., Âîëêîâ Þ.Ñ. Âûáîð ïàðàìåòðîâ îáîáùåííûõ êóáè÷åñêèõ ñïëàéíîâ ïðè
âûïóêëîé èíòåðïîëÿöèè, Ñèá. æóðí. âû÷èñë. ìàòåìàòèêè, Ñèá. îòä-íèå, Íîâîñèáèðñê, 2006, 9:1,
C. 5�22.
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Îöiíêà øâèäêîñòi çáiæíîñòi 1-ïåðiîäè÷íîãî
ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî

âèãëÿäó
Ä.I. Áîäíàð, Ì.Ì. Áóáíÿê, Î.ß. Êîâàëü÷óê

Òåðíîïiëüñüêèé íàöiîíàëüíèé åêîíîìi÷íèé óíiâåðñèòåò, Óêðà¨íà
dmytro_bodnar@hotmail.com, maria.bubnyak@gmail.com, olhakov@gmail.com

Ðîçãëÿíåìî 1-ïåðiîäè÷íèé ãiëëÿñòèé ëàíöþãîâèé äðiá âèãëÿäó

(
1 +

∞
D
k=1

ik−1∑
ik=1

cik
1

)−1

=

1 +
N∑
i1=1

ci1

1 +
i1∑
i2=1

ci2
1 + . . .


−1

, (1)

äå cj 6= 0 � êîìïëåêñíi ÷èñëà (j = 1, N), i0 = N � ôiêñîâàíå íàòóðàëüíå ÷èñëî.
Âèêîðèñòîâóþ÷è ôîðìóëó

Fn − F =
N∑
j=1

xj − hn(j)∏j
k=1 xk ·

∏N
k=j hn(k)

,

äå Fn � n-ïiäõiäíèé äðiá, F � çíà÷åííÿ öüîãî äðîáó, xj � ïðèòÿãóâàëüíi òî÷êè äðîáîâî-

ëiíiéíèõ âiäîáðàæåííü tj(ω) = 1 +
cj/
∏j−1

k=1 x
2
k

ω
(j = 1, N ; x0 = 1),

h1(m) = 1, hn(m) = 1 +
cm/Rn(m− 1)Rn−1(m− 1)

1 + . . .+

cm/R1(m− 1)R0(m− 1)

1
,

Rn(m) = 1 +
n

D
k=1

jk−1∑
jk=1

cik
1

� n-èé çàëèøîê m-ãî ïîðÿäêó äðîáó (1) (Rn(0) = 1; R0(m) = 1;

m = 1, N ; n ≥ 1; j0 = m), âñòàíîâëåíî îöiíêó øâèäêîñòi çáiæíîñòi äðîáó (1), ÿêó çàïèøåìî
äëÿ âèïàäêó N = 2.

Theorem. Íåõàé åëåìåíòè äðîáó (1) ïðè N = 2 íàëåæàòü îáëàñòÿì Gj (cj ∈ Gj):

Gj =

{
z ∈ C :

∣∣∣∣∣ arg

(
z +

j−1∏
k=1

x2
k

4

)∣∣∣∣∣ < π

}
(j = 1, 2)

i çàäîâîëüíÿþòü óìîâè |c1| ≤ |x1| − |x1 − 1|, |c2| < |x2
1|(|x2| − |x2 − 1|),

√
1 + 4c1|1 + c1|2(|x1|+ |x1 − 1|+ |c1|)

(|x| − |x− 1|)(|x1| − |c1|)2
≤ |c2| (|1 + c1||x2| − |c2|)

(
1−
|x2 − 1|
|x2|

)
.

Òîäi ìà¹ ìiñöå îöiíêà øâèäêîñòi çáiæíîñòi

|Fn − F | ≤ LP (n− 1),

äå L� äåÿêà ñòàëà, ÿêà çàëåæèòü âiä x1, x2, P (n−1) = npn−1, p = max{p1, p2},

∣∣∣∣∣xj − 1

xj

∣∣∣∣∣ <
pj < 1 (j = 1, 2).
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Íåîáõiäíi óìîâè çáiæíîñòi â ñåðåäíüîìó êðàòíèõ
òðèãîíîìåòðè÷íèõ ðÿäiâ

Â.I. Áîäðàÿ, Î.Â. Iâàùóê
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, Óêðà¨íà

ivashchuk@ukr.net

Ïîçíà÷èìî ÷åðåç L1 ïðîñòið 2π - ïåðiîäè÷íèõ ïî êîæíié çìiííié iíòåãðîâíèõ ôóíêöié
f(x) = f(x1;x2) ç íîðìîþ

‖f‖1 =

∫
T 2

|f(x)| dx <∞.

Íåõàé f ∈ L1(T 2), T 2 = [0; 2π)2 i ¨ ¨ ðÿä Ôóð'¹ ìà¹ âèãëÿä

S [f ] =
∞∑
k1=0

∞∑
k2=0

2−γkak1,k1cosk1x1cosk2x2, (1)

äå γk � ÷èñëî íóëiâ ó âåêòîðà (k1; k2), à

Sn(f ;x) =

n1∑
k1=0

n2∑
k2=0

2−γkak1,k2cosk1x1cosk2x2 (2)

n−òà ÷àñòèííà ñóìà ðÿäó (1).
Êàæóòü, ùî ðÿä Ôóð'¹ ôóíêöi¨ f(x) çáiãà¹òüñÿ â ñåðåäíüîìó, ÿêùî

‖f(x)− Sn1,n2(f ;x)‖1 → 0, n1 →∞, n2 →∞.

Îñêiëüêè öå ñïiââiäíîøåííÿ âèêîíó¹òüñÿ íå äëÿ âñiõ ôóíêöié f ∈ L1. Òîìó âàæëèâîþ
¹ çàäà÷à ïðî âñòàíîâëåííÿ óìîâ íà êîåôiöi¹íòè ðÿäó Ôóð'¹, ïðè âèêîíàííi ÿêèõ öåé ðÿä
áóäå çáiãàòèñÿ â ñåðåäíüîìó.

Òåîðåìà. Äëÿ çáiæíîñòi â ñåðåäíüîìó ðÿäó Ôóð'¹ (1) íåîáõiäíî âèêîíàííÿ óìîâè

n1∑
k1=0

n2∑
k2=0

|an1+k1,n2+k2|
k1k2

→ 0, n1 →∞, n2 →∞,

à äëÿ îáìåæåíîñòi â ïðîñòîði L1 ÷àñòèííèõ ñóì (2) íåîáõiäíî âèêîíàííÿ óìîâè

n1∑
k1=0

n2∑
k2=0

|an1+k1,n2+k2 |
k1k2

≤ C.
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Ïðèáëèæåíèå êëàññîâ ïåðèîäè÷åñêèõ ôóíêöèé
äâóõ ïåðåìåííûõ îáîáùåííûìè ñóììàìè Çèãìóíäà

Â.È. Áîäðàÿ, Î.Â. Èâàùóê
Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò òåõíîëîãèé è äèçàéíà, Óêðàèíà

bodrayaviktoriya@mail.ru

Â ðàáîòå [1] ââåäåíû êëàññû ïåðèîäè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ Cψ,ψ
2,β,∞ è ïðÿìîó-

ãîëüíûå ëèíåéíûå ñðåäíèå ðÿäîâ Ôóðüå ôóíêöèé äâóõ ïåðåìåííûõ Un(f ;x; Λ), x = (x1, x2).
Ïóñòü ϕi(t), i = 1, 2, � íåïðåðûâíûå, ìîíîòîííî âîçðàñòàþùèå ïðè t ≥ 0 òàêèå, ÷òî

ϕi(0) = 0. Åñëè âåëè÷èíû λ
(ni)
ki

, ki ≤ ni, çàäàþòñÿ ñîîòíîøåíèÿìè

λ
(ni)
ki

= 1− ϕi(ki)

ϕi(ni)
,

òî ìíîãî÷ëåíû Un(f ;x; Λ) = Zϕ
n (f ;x) áóäåì íàçûâàòü îáîáùåííûìè ïðÿìîóãîëüíûìè ñóì-

ìàìè Çèãìóíäà.
×åðåç M îáîçíà÷èì ìíîæåñòâî ôóíêöèé ψ(t), íåïðåðûâíûõ ïðè t ≥ 0, ìîíîòîííî

óáûâàþùèõ, âûïóêëûõ âíèç ïðè t ≥ 1 è óäîâëåòâîðÿþùèõ óñëîâèþ lim
t→∞

ψ(t) = 0.

×åðåç M′ îáîçíà÷èì ïîäìíîæåñòâî ôóíêöèé ψ ∈M, äëÿ êîòîðûõ

∞∫
1

ψ(t)

t
dt <∞.

Ôóíêöèè ψ(t) ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ η(t) = η(ψ, t), ñâÿçàííóþ ïðè
t ≥ 1 ñ ψ(t) ñîîòíîøåíèåì ψ(η(t)) = 1

2
ψ(t). Ïîëîæèì µ(t) = µ(ψ, t) = t/(η(t)− t).

×åðåç M′
0 îáîçíà÷èì ìíîæåñòâî ôóíêöèé ψ ∈M′, äëÿ êîòîðûõ âåëè÷èíà µ(ψ, t) îãðà-

íè÷åíà ñâåðõó.
Äëÿ âåðõíèõ ãðàíåé óêëîíåíèé ìíîãî÷ëåíîâ Zϕ

n (f ;x) íà êëàññàõ Cψ,ψ
2,β,∞ ïîëó÷åíî óòâåð-

æäåíèå.
Tåîðåìà. Ïóñòü ψi ∈ M′

0, ψi ∈ M′
0, ôóíêöèè ψi(t)ϕi(t), ψi(t)ϕi(t), i = 1, 2, ìî-

íîòîííî âîçðàñòàþò è ñîõðàíÿþò õàðàêòåð âûïóêëîñòè ïðè t ≥ 1. Òîãäà ïðè ni → ∞,
i = 1, 2, ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

E
(
Cψ,ψ

2,β,∞;Zϕ
n

)
=

2| sin β1π
2
|

πϕ1(n1)

n1∫
1

ψ1(t)ϕ1(t)

t
dt+

2| sin β1π
2
|

π

∞∫
n1

ψ1(t)

t
dt+

+
2| sin β2π

2
|

πϕ2(n2)

n2∫
1

ψ2(t)ϕ2(t)

t
dt+

2| sin β2π
2
|

π

∞∫
n2

ψ2(t)

t
dt+

+O(1)

(
ψ1(n1) + ψ2(n2) +

2∏
j=1

[
| sin βjπ

2
|

ϕj(nj)

nj∫
1

ψj(t)ϕj(t)

t
dt+ | sin

βjπ

2
|
∞∫

nj

ψj(t)

t
dt+ ψj(nj)

])
.

1. Çàäåðåé Ï.Â. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ óêëîíåíèé ëèíåéíûõ ñðåäíèõ ðÿäîâ Ôóðüå íà
êëàññàõ äèôôåðåíöèðóåìûõ ïåðèîäè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ, Íåêîòîðûå âîïðîñû òå-
îðèè àïïðîêñèìàöèè ôóíêöèé: Ñá. íàó÷í. òð. / Îòâ. ðåä. Â.Ê. Äçÿäûê. � Ê.: Èí-ò ìàòåìàòèêè
ÀÍ ÓÑÑÐ, 1985, C. 16 � 28.
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Àáñîëþòíàÿ ñóììèðóåìîñòü ìåòîäîì Âîðîíîãî
èíòåãðàëîâ ñ ìíîæèòåëÿìè

Ë.Ã. Áîéöóí, Ò.È. Ðûáíèêîâà
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Î. Ãîí÷àðà, Óêðàèíà,

t.rybnikova@gmail.com

Ïóñòü ôóíêöèÿ f(u) èíòåãðèðóåìà íà êàæäîì êîíå÷íîì ïðîìåæóòêå [0, A], A > 0, è
S(t) =

∫ t
0
f(u)du.

Ïóñòü ôóíêöèÿ p(t) èíòåãðèðóåìà íà [0, y], y > 0 è P (y) =
∫ y

0
p(t)dt 6= 0.

Ãîâîðÿò, ÷òî èíòåãðàë
∫∞

0
f(u)du àáñîëþòíî ñóììèðóåòñÿ ìåòîäîì Âîðîíîãî, |W, p(y)|

- ñóììèðóåì, åñëè
∫∞

0
τ ′(y)dy <∞, ãäå

τ(y) =
1

P (y)

∫ y

0

P (y − u)f(u)du =
1

P (y)

∫ y

0

p(y − u)f(u)du

Èíòåãðàë Ôóðüå ôóíêöèè f(t) ∈ L(−∞,∞) åñòü

1

π

∫ ∞
0

du

∫ ∞
−∞

f(t)cosu(t− x)dt =

∫ ∞
0

A(u, x)du.

Óñòàíàâëèâàþòñÿ äîñòàòî÷íûå óñëîâèÿ, íàêëàäûâàåìûå íà ôóíêöèþ p(t), ïîðîæäàþ-
ùóþ ôóíêöèîíàëüíûé ìåòîä Âîðîíîãî, è íà ôóíêöèþ-ìíîæèòåëü, ïðè êîòîðûõ èíòåãðàë
Ôóðüå ñ ìíîæèòåëåì àáñîëþòíî ñóììèðóåòñÿ óêàçàííûì ìåòîäîì. Ïðèâåäåì îäíó èç òà-
êèõ òåîðåì.

Òåîðåìà. Åñëè äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ λ(y) òàêàÿ, ÷òî
λ′′(y) ≥ 0 ∫ ∞

0

λ(y)

y + 1
(ln(y + 2))

1
2 dy <∞,∫ y

0

|f(x+ u) + f(x− u)− 2f(x)du = O

(
t

(
ln

1

t

)k)
, k > 0,

òîãäà èíòåãðàë ∫ ∞
0

λ(y)A(y, t)P (y)

(y + 1)(ln(2 + y))k
dy

|W, p(y)| - ñóììèðóåì â t = x, ãäå p(y) è −p′(y) � îáå íåîòðèöàòåëüíûå è íåâîçðàñòàþùèå
ôóíêöèè.

Â ñëó÷àå, êîãäà p(t) = tα−1, α > 0, ìåòîä Âîðîíîãî ïðåâðàùàåòñÿ â èçâåñòíûé ìåòîä
×åçàðî ïîðÿäêà α. Òàê ÷òî èç ïîëó÷åííûõ òåîðåì ïîëó÷àåì ñëåäñòâèÿ îá àáñîëþòíîé
ñóììèðóåìîñòè ôàêòîðèçîâàííûõ èíòåãðàëîâ Ôóðüå ìåòîäîì ×åçàðî ïîðÿäêà α.

Âëàñòèâîñòi àïðîêñèìàöiéíèõ õàðàêòåðèñòèê â
ïðîñòîðàõ Lp[a,b], p > 0, ÿê ôóíêöié çìiííî¨ p

Ä.Ì. Áóøåâ, Ë.I. Ôiëîçîô
Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê

Ïîçíà÷èìî, ÷åðåç

Lp[a,b] =

{
f :

(
‖f‖p = n(f, p) =

( 1

b− a

b∫
a

|f(x)|pdx
) 1
p
<∞

)
∧ (p > 0)∧
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∧
(
n(f, 0) = lim

p→0+0
n(f, p)

)}
� ëiíiéíi ïðîñòîðè ôóíêöié, ÿêi ïðè p ≥ 1 ¹ íîðìîâàíèìè, F ⊂ Lq[a,b], Um ⊂ Lq[a,b],
A : Lq[a,b] → Lq[a,b] � âiäïîâiäíî îáìåæåíèé êëàñ ôóíêöié, m�âèìiðíèé ïiäïðîñòið i äî-
âiëüíèé îïåðàòîð â ïðîñòîði Lq[a,b], n(F, p) = sup

f∈F
‖f‖p, E(f, Um, p) = inf

u∈Um
‖f − u‖p,

E (F,Um, p) = sup
f∈F

E(f, Um, p), E(f, A, p) = ‖f − A(f)‖p, E(F,A, p) = sup
f∈F
E(f, A, p) � âiä-

ïîâiäíî òî÷íà âåðõíÿ ìåæà ìíîæèíè F â ïðîñòîði Lp[a,b], íàéêðàùå íàáëèæåííÿ ôóíêöi¨
f ∈ Lp[a,b] i çàäàíîãî êëàñó F ∈ Lp[a,b] m�âèìiðíèì ïiäïðîñòîðîì Um i íàáëèæåííÿ öi¹¨
ôóíêöi¨ i êëàñó çàäàíèì îïåðàòîðîì A, ÿêèé íå çàëåæèòü âiä p.

Âñòàíîâëåíî, ùî àïðîêñèìàöiéíi õàðàêòåðèñòèêè â ïðîñòîðàõ Lp[a,b] äëÿ äàíî¨ ôóí-
êöi¨ f ∈ Lq[a,b] i çàäàíîãî êëàñó F ∈ Lq[a,b] ¹ íåñïàäíèìè ôóíêöiÿìè íà ïðîìiæêó [0, q] âiä
çìiííî¨ p, äå 0 < q ≤ ∞. Ôóíêöi¨ n(f, p) i E(f, A, p) � àíàëiòè÷íi íà iíòåðâàëi (0, q),
ôóíêöiÿ E(f, Um, p) � íåïåðåðâíà íà [0, q] i ôóíêöiÿ n(F, p), äëÿ êîìïàêòíî¨ ìíîæèíè F ,
íåïåðåðâíà íà [0, q]. Ôóíêöiÿ E(f, Um, p) ñòðîãî çðîñòàþ÷à íà [0, q] òîäi i òiëüêè òîäi,
êîëè ìiðà Ëåáåãà çíà÷åíü àðãóìåíòà x, äëÿ ÿêîãî |f(x) − uq(x)| = K, ìåíøå b − a, òîá-
òî m

{
x ∈ [a, b] : |f(x) − uq(x)| = K

}
< b − a, äå uq(x) ∈ Um� ìíîãî÷ëåí íàéêðàùîãî

íàáëèæåííÿ ôóíêöi¨ f â ïðîñòîði Lq[a,b].
Àíàëîãi÷íi òâåðäæåííÿ ñïðàâåäëèâi äëÿ ïðîñòîðiâ ôóíêöié, çàäàíèõ íà íåñêií÷åííîìó

ïðîìiæêó, ÿêùî ñòàëó âàãîâó ôóíêöiþ 1/(b− a) çàìiíèòè äîäàòíîþ âàãîâîþ ôóíêöi¹þ, ií-
òåãðàë âiä ÿêî¨ íà öüîìó ïðîìiæêó äîðiâíþ¹ 1, à òàêîæ äëÿ âiäïîâiäíèõ ïðîñòîðiâ ôóíêöié
áàãàòüîõ çìiííèõ.

Âëàñòèâîñòi iíøèõ àïðîêñèìàöiéíèõ õàðàêòåðèñòèê äëÿ ôóíêöié i îáìåæåíèõ êëàñiâ
ôóíêöié ç ïðîñòîðó Lq[a,b], ÿêi îçíà÷àþòüñÿ çà äîïîìîãîþ òî÷íèõ âåðõíiõ i íèæíiõ ìåæ,
íàïðèêëàä, íàéêðàùèé ìåòîä íàáëèæåííÿ ñåðåä çàäàíî¨ ìíîæèíè ìåòîäiâ, àáî ïîïåðå÷íèê
ïî Êîëìîãîðîâó ìíîæèíè, áóäóòü íåñïàäíèìè ôóíêöiÿìè íà [0, q].

Ïîâåäiíêà àïðîêñèìàöiéíèõ õàðàêòåðèñòèê, ÿê ôóíêöié âiä çìiííî¨ p, äå 1 ≤ p ≤ ∞,
äëÿ êëàñiâ çãîðòîê â ïðîñòîðàõ 2π�ïåðiîäè÷íèõ ôóíêöié ðîçãëÿäàëàñü â ðîáîòi [1]. Ìîíî-
òîííiñòü òà íåïåðåðâíiñòü ôóíêöié n(f, p) íà ïðîìiæêó [0, q] âñòàíîâëåíà, íàïðèêëàä, â [2,
Ñ. 173�176].

1. Áóøåâ Ä.Í., Êîâàëü÷óê È.Ð. Î ïðèáëèæåíèè êëàññîâ ñâåðòîê, Óêð. ìàò. æóðí., 1993, 45:1,
Ñ. 26�31.

2. Õàðäè Ã.Ã., Ëèòòëüâóä Äæ. è Ïîëèà Å. Íåðàâåíñòâà. � Ãîñ. èçä. èíîñòðàííîé ëèòåðàòóðû,
1948. � 456 ñ.

Îöiíêà íàáëèæåííÿ íåñêií÷åííî äèôåðåíöiéîâíèõ
ôóíêöié iíòåðïîëÿöiéíèìè àíàëîãàìè ñóì Âàëëå

Ïóññåíà
Â.À. Âîéòîâè÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
viktorvojtovich@gmail.com

Ðîçãëÿíåìî êëàñè 2π�ïåðiîäè÷íèõ ôóíêöié Cψ
β,∞ òà Cψ

βHω , ùî çàäàþòüñÿ íàñòóïíèì
÷èíîì:
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Cψ
β,∞=

f ∈ C : f(x) =
a0

2
+

π∫
−π

ϕ(x+ t)Dψ,βdt, a0 ∈ R, ‖ϕ‖∞ ≤ 1, ϕ ⊥ 1

 ,

Cψ
βHω =

f ∈ C : f(x) =
a0

2
+

π∫
−π

ϕ(x+ t)Dψ,βdt, a0 ∈ R, ω(ϕ; t) ≤ ω(t), ϕ⊥1

 ,

äå Dψ,β(t) ∼
∞∑
k=1

ψ(k) cos(kt+ πβ
2

), ψ(k) > 0, β ∈ R, ω(ϕ; t) � ìîäóëü íåïåðåðâíîñòi ôóíêöi¨

ϕ, à ω(t) � ôiêñîâàíèé ìîäóëü íåïåðåðâíîñòi.
×åðåç M ïîçíà÷èìî ìíîæèíó âñiõ äîäàòíiõ, îïóêëèõ äîíèçó ôóíêöié ψ(t) òàêèõ, ùî

lim
t→∞

ψ(t) = 0. Íàñëiäóþ÷è Î.I. Ñòåïàíöÿ [1, c. 94], êîæíié ôóíêöi¨ ψ ç ìíîæèíè M ïî-

ñòàâèìî ó âiäïîâiäíiñòü ïàðó ôóíêöié η(t) = ψ−1(ψ(t)/2) i µ(t) = t/(η(t) − t) i ÷åðåç M+
∞

ïîçíà÷èìî ïiäìíîæèíó ôóíêöié ψ ç M, äëÿ ÿêèõ âåëè÷èíà µ(t) ìîíîòîííî çðîñòà¹ i íåî-
áìåæåíà çâåðõó.

Íåõàé S̃n−1(f ;x) � òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n−1, ùî iíòåðïîëþ¹ íåïåðåðâ-
íó ôóíêöiþ f(x) â òî÷êàõ x(n−1)

k = 2kπ
2n−1

, k∈Z. ×åðåç Ṽn,p(f ;x) ïîçíà÷èìî iíòåðïîëÿöiéíi

àíàëîãè ñóì Âàëëå Ïóññåíà ç ïàðàìåòðàìè n i p, à ñàìå
∼
V n,p(f ;x) = 1

p

n−1∑
k=n−p

S̃
(n−1)
k (f ;x), äå

S̃
(n−1)
k (f ;x) =

a
(n−1)
0

2
+

k∑
i=1

(a
(n−1)
i cos kx + b

(n−1)
i sin kx), a(n−1)

i i b(n−1)
i � êîåôiöi¹íòè Ôóð'¹�

Ëàãðàíæà ôóíêöi¨ f çà ñèñòåìîþ âóçëiâ x(n−1)
k .

Ðîçãëÿíåìî çàäà÷ó ïðî âiäøóêàííÿ àñèìïòîòè÷íèõ ðiâíîñòåé äëÿ âåëè÷èí
E(Cψ

β,∞; Ṽn,p;x) = sup
f∈Cψβ,∞

|f(x)− Ṽn,p(f ;x)|.

Òåîðåìà. Íåõàé ψ ∈M+
∞, β ∈ R, ω(t) � äîâiëüíèé ìîäóëü íåïåðåðâíîñòi, p = p(n) �

äîâiëüíà ïîñëiäîâíiñòü òàêà, ùî lim
n→∞

p
η(n)−n = 0. Òîäi äëÿ äîâiëüíîãî x ∈ R ïðè n→∞

E
(
Cψ
β,∞;

∼
V n,p;x

)
=

8

π2

∣∣∣∣sin 2n− 1

2
x

∣∣∣∣ψ(n) ln
η(n)− n

p
+O(1)

(
ψ(n) + ψ(3n− 1) ln

η(n)− n
p

)
,

E
(
Cψ
βHω;

∼
V n,p;x

)
=

4θω
π2

∣∣∣∣sin 2n− 1

2
x

∣∣∣∣ψ(n)ln
η(n)− n

p

π
2∫

0

ω

(
2t

n

)
dt+

+O(1)ω

(
1

n

)(
ψ(n)+ψ(3n− 1)ln

η(n)− n
p

)
,

äå θω = θω(n) ∈
[

2
3
; 1
]
, ïðè÷îìó θω = 1, êîëè ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi, à

O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi ïî n, p, β i x.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Ê. : Íàóê. äóìêà,

1987. � 268 ñ.
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Ëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû,
ïîðîæäåííûå ñìåøàííûìè ýêñïîíåíöèàëüíûìè

ñòàòèñòè÷åñêèìè ñòðóêòóðàìè
Þ.È. Âîëêîâ

Êèðîâîãðàäñêèé ãîñ. ïåä. óí-ò, Óêðàèíà
yulysenko@i.ua

Îáîçíà÷èì ÷åðåç bn,k(x), k = 0, 1, . . . öåëî÷èñåëüíóþ ñòàòèñòè÷åñêóþ ñòðóêòóðó, çàâèñÿ-
ùóþ îò ïàðàìåòðîâ x ∈ X,n ∈ N , è òàêóþ, ÷òî b(x)b′n,k(x) = (k−nx)bn,k(x), ãäå b(x) íåîòðè-
öàòåëüíàÿ ôóíêöèÿ. Ïðèìåðàìè òàêèõ ñòðóêòóð ìîãóò ñëóæèòü ñåìåñòâà áèíîìèàëüíûõ
ðàñïðåäåëåíèé, ðàñïðåäåëåíèé Ïóàññîíà, îòðèöàòåëüíûõ áèíîìèàëüíûõ ðàñïðåäåëåíèé.

Ðàññìîòðèì åùå îäíó âñïîìîãàòåëüíóþ ñòðóêòóðó, îïðåäåëÿåìóþ ñåìåéñòâîì
ïëîòíîñòåé hn,k(t), n ∈ N, t ∈ R, k = 0, 1, . . ., è òàêóþ, ÷òî (at2 +
bt + c)h′n,k(t) = (k − nt)hn,k(t), ãäå âåêòîð (a, b, c) ìîæåò ïðèíèìàòü çíà÷åíèÿ
(−1, 1, 0), (1, 1, 0), (0, 1, 0), (1, 0, 0), (0, 0, 1), (1, 0, 1). Ïðèìåðàìè òàêèõ ñòðóêòóð ìîãóò ñëó-
æèòü ñåìåéñòâà ãàììà è áåòà-ðàñïðåäåëåíèé.

Îïðåäåëåíèå. Cìåøàííîé ýêñïîíåíöèàëüíîé ñòàòèñòè÷åñêîé ñòðóêòóðîé íàçûâà-
åòñÿ ñåìåéñòâî ïëîòíîñòåé

pn(x, t) =
∞∑
k=0

bn,k(x)hn,k(t), t ∈ R,

çàâèñÿùåå îò ïàðàìåòðîâ x ∈ X,n ∈ N ,
Ýòà ñòðóêòóðà ïîðîæäàåò ïîëîæèòåëüíûå ëèíåéíûå îïåðàòîðû

Pn(f, x) =
∞∑
k=0

bn,k(x)

∫ ∞
−∞

f(t)hn,k(t)dt,

ãäå ôóíêöèÿ f èíòåãðèðóåìà íà (−∞,∞).
Èçó÷àþòñÿ àïïðîêñèìàöèîííûå ñâîéñòâà îïåðàòîðîâ Pn(f, x). Ïðèâåäåì îäèí èç ïðè-

ìåðîâ òàêèõ ñâîéñòâ.
Òåîðåìà. Ïóñòü f ∈ Hω. Òîãäà äëÿ n > 3a

|Pn(f, x)−f(x)| ≤ ω(1/
√
n)
(

1+
n

n− 3a

(nx+ b

n− 2a

(
b+

a(nx+ b)

n− 2a

)
+c+

nb(x)

n− 2a

))
+ω
(∣∣∣2ax+ b

n− 2a

∣∣∣).
×àñòíûå ñëó÷àè îïåðàòîðîâ òèïà Pn(f, x) èçó÷àëèñü è èçó÷àþòñÿ ìíîãèìè àâòîðàìè.

Íàïðèìåð, åñëè ïîëîæèòü

bn,k(x) = (nx)ke−nx/k!, x ≥ 0, hn,k(t) = (nt)k+1e−nt/k!, t ≥ 0,

òî îïåðàòîð Pn(f, x) ïðåâðàùàåòñÿ â îïåðàòîð Ôèëëèïñà [1]; åñëè âçÿòü

bn,k(x) = Ck
nx

k(1− x)n−k, 0 ≤ x ≤ 1, hn,k(t) = (n+ 1)Ck
nt
k(1− t)n−k, 0 ≤ t ≤ 1,

òî ïîëó÷èì îïåðàòîðû Áåðíøòåéíà-Äóððìåéåðà [2]; åñëè âçÿòü

bn,k(x) = (nx)ke−nx/k!, x ≥ 0, hn,k(t) = (n− 1)Ck
n+kt

k(1 + t)−n−k, t ≥ 0,

òî ïîëó÷èì îïåðàòîðû Ãóïòû-Ýðêóøà [3].
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Íàáëèæåííÿ ôóíêöié iç êëàñiâ LψβHωp ëiíiéíèì
ìåòîäîì ñïåöiàëüíîãî âèãëÿäó

Ä.Ñ. Âîëêîâíèöüêèé
Ñëîâ'ÿíñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Ñëîâ'ÿíñüê, Óêðà¨íà

rwfdima5@mail.ru

Íåõàé Lp, 1 ≤ p < ∞ � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà (−π; π) â p-ìó ñòåïåíi

ôóíêöié ϕ ç íîðìîþ ‖ϕ‖Lp =

(
π∫
−π
|ϕ(t)|pdt

) 1
p

. Ðîçãëÿíåìî ìíîæèíó Hωp = {ϕ ∈ Lp :

ωp(ϕ; t) ≤ ω(t), t ≥ 0}, 1 ≤ p < ∞, äå ωp(ϕ; t) = sup
|h|≤t
‖ϕ(· + h) − ϕ(·)‖Lp , ϕ ∈ Lp, t ≥ 0,

ω(t) � ôiêñîâàíèé ìîäóëü íåïåðåðâíîñòi.

Íåõàé f ∈ L1 i S[f ] = a0

2
+
∞∑
k=1

(ak cos kx+ bk sin kx) � ðÿä Ôóð'¹ ôóíêöi¨ f . Íåõàé, äàëi,

ψ(k) 6= 0 � äîâiëüíà ôóíêöiÿ íàòóðàëüíîãî àðãóìåíòó, β � ôiêñîâàíå äiéñíå ÷èñëî. Òîäi,

ÿêùî ðÿä
∞∑
k=1

1
ψ(k)

(
ak cos

(
kx+ βπ

2

)
+ bk sin

(
kx+ βπ

2

))
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ñóìîâíî¨ ôóí-

êöi¨, òî ¨¨, íàñëiäóþ÷è Î.I. Ñòåïàíöÿ [1, c. 131], áóäåìî íàçèâàòè (ψ, β)-ïîõiäíîþ ôóíêöi¨
f i ïîçíà÷àòè fψβ , à ìíîæèíó âñiõ òàêèõ ôóíêöié f ïîçíà÷àòèìåìî ÷åðåç L

ψ
β . ßêùî f ∈ L

ψ
β

i fψβ ∈ Hωp , òî ïèøóòü f ∈ L
ψ
βHωp .

Â ÿêîñòi íàáëèæóþ÷èõ àãðåãàòiâ äëÿ ôóíêöié f ∈ LψβHωp âèêîðèñòàíî òðèãîíîìåòðè÷íi

ïîëiíîìè U∗n−1(f ;x) = a0(f)
2

+
n−1∑
k=1

{
λ

(n)
k (ak cos kx+ bk sin kx) + ν

(n)
k (ak sin kx− bk cos kx)

}
, äå

λ
(n)
k = λ

(n)
k (ψ; β) = (ψ(k) − ψ(2n − k)) cos βπ

2
, ν

(n)
k = ν

(n)
k (ψ; β) = (ψ(k) − ψ(2n − k)) sin βπ

2
,

k = 1, 2, ..., n− 1. Ìåòîä íàáëèæåííÿ U∗n−1 äëÿ êëàñiâ L
ψ
β ïðè ψ(k) = qk, q ∈ (0; 1), âïåðøå

áóëî ðîçãëÿíóòî â ðîáîòi [2].

Òåîðåìà. Íåõàé ÷èñëîâà ïîñëiäîâíiñòü ψ(k) ∈ Dq =
{
τ : lim

k→∞
τ(k+1)
τ(k)

= q, q ∈ [0; 1]
}
,

β ∈ R, 1 ≤ p < ∞ i ω(t) � äåÿêèé ìîäóëü íåïåðåðâíîñòi. Òîäi äëÿ q ∈ (0; 1) ïðè n → ∞
ìà¹ ìiñöå íåðiâíiñòü

E(LψβHωp ;U
∗
n−1)Lp ≤

2ψ(n)

π

π
2∫

0

ω

(
2t

n

)
sin tdt+O(1)

(
ψ(n)εn
(1− q)2

+
qn+1ω

(
1
n

)
(1− q)2n

)
,

à âåëè÷èíà εn îçíà÷à¹òüñÿ ñïiââiäíîøåííÿì εn := sup
k≥n

∣∣∣ψ(k+1)
ψ(k)

− q
∣∣∣ . Êðiì öüîãî, äëÿ q ∈
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∈ (0; 1) ïðè n→∞ ñïðàâåäëèâîþ ¹ ðiâíiñòü

E(LψβHω1 ;U∗n−1)L1 =
2ψ(n)θω

π

π
2∫

0

ω

(
2t

n

)
sin tdt+O(1)

(
ψ(n)εn
(1− q)2

+
qn+1ω

(
1
n

)
(1− q)2n

)
,

äå 1
2
≤ θω ≤ 1, ïðè÷îìó θω = 1 ó âèïàäêó, êîëè ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi, à

O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî n, p, q i β.
1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ò. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàè-

íû, 2002. � Ò.1. � 427 ñ.
2. Ñåðäþê À.Ñ., Ñîêîëåíêî I.Â. Íàéêðàùå íàáëèæåííÿ iíòåãðàëiâ Ïóàññîíà ôóíêöié ç êëàñó

Hω, Äîïîâiäi ÍÀÍ Óêðà¨íè, 2010, 2, Ñ. 33-37.

Ïðî ðiçíi òèïè íåïåðåðâíîñòi îïåðàòîðiâ ó ïðîñòîði
íåïåðåðâíèõ ôóíêöié
Ã.À. Âîëîøèí, Â.Ê. Ìàñëþ÷åíêî

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà
Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò, ×åðíiâöi, Óêðà¨íà

math.analysis.chnu@gmail.com

Ïðè äîñëiäæåííi çàäà÷ ïðî íàáëèæåííÿ íàðiçíî i ñóêóïíî íåïåðåðâíèõ ôóíêöié [1,
2] âèíèêëà ïîòðåáà ðîçãëÿäó ðiçíèõ òèïiâ íåïåðåðâíîñòi îïåðàòîðiâ, ùî äiþòü ó ïðîñòî-
ði C(T ) íåïåðåðâíèõ ôóíêöié x : T → R, ÿêi âèçíà÷åíi íà òîïîëîãi÷íîìó ïðîñòîði T .
Ñèìâîëîì Cp(T ) ïîçíà÷à¹òüñÿ ïðîñòið C(T ) ç òîïîëîãi¹þ Tp ïîòî÷êîâî¨ çáiæíîñòi íà T .
Äëÿ êîìïàêòíîãî ïðîñòîðó T ÷åðåç Cu(T ) ìè ïîçíà÷à¹ìî áàíàõiâ ïðîñòið (C(T ), ‖ · ‖) ç
ðiâíîìiðíîþ íîðìîþ ‖ · ‖, ÿêà ïîðîäæó¹ òîïîëîãiþ Tu ðiâíîìiðíî¨ çáiæíîñòi íà C(T ).

Íåõàé α i β � äîâiëüíi åëåìåíòè ç ìíîæèíè {p, u}. Íåïåðåðâíèé îïåðàòîð A : Cα(T )→
Cβ(T ) ìè íàçèâà¹ìî αβ-íåïåðåðâíèì. Îñêiëüêè Tp ⊆ Tu, òî ìiæ ââåäåíèìè ÷îòèðìà òèïàìè
íåïåðåðâíîñòi ¹ òàêi çâ'ÿçêè: pu⇒ pp ∧ uu, pp⇒ up i uu⇒ up.

Âèÿâëÿ¹òüñÿ, ùî æîäíó ç öèõ iìïëiêàöié íå ìîæíà îáåðíóòè.
Òåîðåìà 1. Íåõàé T � íåñêií÷åííèé êîìïàêò. Òîäi Tp ⊂ Tu i îäèíè÷íèé îïåðàòîð

I : C(T )→ C(T ) ¹ pp-íåïåðåðâíèì i uu-íåïåðåðâíèì, àëå íå ¹ pu-íåïåðåðâíèì.

Òåîðåìà 2. Íåõàé x0(t) = 1 íà [0, 1], f(x) =
1∫
0

x(t)dt i Ax = f(x)x0 íà C[0, 1]. Òîäi f �

ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íà Cu[0, 1], ÿêèé ðîçðèâíèé ó êîæíié òî÷öi ÿê ôóíêöiî-
íàë íà Cp[0, 1], à ëiíiéíèé îïåðàòîð A : C[0, 1]→ [0, 1] ¹ uu-íåïåðåðâíèì, up-íåïåðåðâíèì,
àëå íå pp-íåïåðåðâíèì.

Ðîçãëÿíåìî ôóíêöiþ Øâàðöà sp : R2 → R, äëÿ ÿêî¨ sp(t, s) = 2ts
t2+s2

ïðè (t, s) 6= (0, 0) i
sp(0, 0) = 0, � êëàñè÷íèé ïðèêëàä íàðiçíî íåïåðåðâíî¨ i ðîçðèâíî¨ â òî÷öi (0, 0) ôóíêöi¨.

Òåîðåìà 3. Îïåðàòîð A : C[0, 1]→ C[0, 1], ÿêèé äi¹ çà ïðàâèëîì (Ax)(s) = sp(x(0), s),
äå 0 ≤ s ≤ 1, ¹ pp-íåïåðåðâíèì, up-íåïåðåðâíèì, àëå íå uu-íåïåðåðâíèì.

Àëå ç òåîðåìè ïðî çàìêíåíèé ãðàôiê [4, c.148] ëåãêî âèïëèâà¹
Òåîðåìà 4. Êîæíèé ëiíiéíèé up-íåïåðåðâíèé îïåðàòîð A : C(T ) → C(T ) ¹ uu-

íåïåðåðâíèì.
1. Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê. Ïðî íàáëèæåííÿ íàðiçíî íåïåðåðâíèõ ôóíêöié, 2π-

ïåðiîäè÷íèõ âiäíîñíî äðóãî¨ çìiííî¨, Êàðï. ìàòåì.ïóáë., 2010, 2:1, Ñ. 4-14.
2. Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê., Ìàñëþ÷åíêî Î.Â. Ïðî íàáëèæåííÿ íàðiçíî i ñóêóïíî

íåïåðåðâíèõ ôóíêöié, Êàðï. ìàòåì.ïóáë., 2010, 2:2, Ñ. 11-21.
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3. Ìàñëþ÷åíêî Â.Ê. Ëåêöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó. ×.2. Ëiíiéíi îïåðàòîðè i ôóíêöiîíàëè.
� ×åðíiâöi: ×ÍÓ Ðóòà, 2010. � 192 ñ.

4. Ýíãåëüêèíã Ð. Îáùàÿ òîïîëîãèÿ. � Ì.: Ìèð, 1986. � 752 ñ.

Àïðîêñèìàöiÿ âiäîáðàæåíü çi çíà÷åííÿìè ó
ïðîñòîði íåïåðåðâíèõ ôóíêöié

Ã.À. Âîëîøèí, Â.Ê. Ìàñëþ÷åíêî, Î.Í. Íåñòåðåíêî
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Óêðà¨íà

Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò, ×åðíiâöi, Óêðà¨íà
math.analysis.chnu@gmail.com

Äëÿ êîìïàêòíîãî ïðîñòîðó Y ñèìâîëîì Cu(Y ) ïîçíà÷èì áàíàõîâèé ïðîñòið âñiõ íåïå-
ðåðâíèõ ôóíêöié g : Y → R ç ðiâíîìiðíîþ íîðìîþ ‖g‖ = max

y∈Y
|g(y)|, à ÷åðåç Cp(Y ) � òîé

æå ïðîñòið ç òîïîëîãi¹þ ïîòî÷êîâî¨ çáiæíîñòi.
Òóò ìè ïîäàìî òåîðåìè, ÿêi iñòîòíî ðîçâèâàþòü ðåçóëüòàòè ïðàöi [1], çîêðåìà, äàþòü

âiäïîâiäü íà ïîñòàâëåíå òàì ïèòàííÿ. Ïåðøà òåîðåìà îòðèìó¹òüñÿ ç äîïîìîãîþ êîíñòðó-
êöi¨ ç ïðàöi [2].

Òåîðåìà 1. Íåõàé Y � ìåòðèçîâíèé êîìïàêò i L � ñêðiçü ùiëüíèé ëiíiéíèé ïiäïðî-
ñòið ïðîñòîðó Cu(Y ). Òîäi iñíó¹ ïîñëiäîâíiñòü ñêií÷åííîâèìiðíèõ ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ An : Cp(Y ) → Cu(Y ), òàêà, ùî imAn ⊆ L äëÿ êîæíîãî n i Ang → g â Cu(Y )
äëÿ êîæíîãî g ∈ Cu(Y ).

Ç öi¹¨ òåîðåìè âèâîäÿòüñÿ òàêi íàñëiäêè, â ÿêèõ X � òîïîëîãi÷íèé ïðîñòið, Y � ìåòðè-
çîâíèé êîìïàêò, L � ñêðiçü ùiëüíèé ëiíiéíèé ïiäïðîñòið ïðîñòîðó Cu(Y ) i fx(y) = f(x, y).

Íàñëiäîê 1.Äëÿ äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ ϕ : X → Cp(Y ) iñíó¹ ïîñëi-
äîâíiñòü íåïåðåðâíèõ âiäîáðàæåíü ϕn : X → Cu(Y ), òàêà, ùî ϕn(X) ⊆ L äëÿ êîæíîãî n i
ϕn(x)→ ϕ(x) â Cu(Y ) äëÿ êîæíîãî x ∈ X.

Íàñëiäîê 2. Äëÿ äîâiëüíî¨ íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : X × Y → R iñíó¹ ïîñëi-
äîâíiñòü ñóêóïíî íåïåðåðâíèõ ôóíêöié fn : X × Y → R, òàêà, ùî fxn ∈ L äëÿ äîâiëüíèõ
n ∈ N i x ∈ X, i fxn → fx â Cu(Y ) äëÿ êîæíîãî x ∈ X.

Â [1] áóëî çàóâàæåíî, ùî äëÿ äîâiëüíîãî âñþäè ùiëüíîãî ëiíiéíîãî ïiäïðîñòîðó L áàíà-
õîâîãî ïðîñòîðó E ç áàçèñîìØàóäåðà iñíó¹ ïîñëiäîâíiñòü ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ
An : E → L, òàêà, ùî Ang → g â E äëÿ êîæíîãî g ∈ E. Âèêîðèñòîâóþ÷è äåÿêi ðåçóëü-
òàòè ç òåîði¨ íàáëèæåíü [3], ìîæíà îòðèìàòè i òàêèé ðåçóëüòàò, â ÿêîìó îïåðàòîðè An íå
îáîâ'ÿçêîâî ëiíiéíi.

Òåîðåìà 2. Íåõàé L � ñêðiçü ùiëüíèé ëiíiéíèé ïiäïðîñòið ñåïàðàáåëüíîãî íîðìîâàíîãî
ïðîñòîðó E. Òîäi iñíó¹ òàêà ïîñëiäîâíiñòü íåïåðåðâíèõ îïåðàòîðiâ An : E → L, ùî
Anx→ x â E äëÿ êîæíîãî x ∈ E.

1. Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê., Ìàñëþ÷åíêî Î.Â. Ïðî íàáëèæåííÿ íàðiçíî i ñóêóïíî
íåïåðåðâíèõ ôóíêöié, Êàðï. ìàòåì. ïóáë., 2010, 2:2, Ñ. 11-21.

2. Âëàñþê Ã.À., Ìàñëþ÷åíêî Â.Ê. Ìíîãî÷ëåíè Áåðíøòåéíà i íàðiçíî íåïåðåðâíi ôóíêöi¨, Íà-
óê. âiñíèê ×åðíiâåöüêîãî óí-òó. Âèï. 336-337. Ìàòåìàòèêà. � ×åðíiâöi: Ðóòà, 2007. � Ñ. 52-59.

3. Êîðíåé÷óê Í.Ï. Ýêñòðåìàëüíûå çàäà÷è òåîðèè ïðèáëèæåíèÿ. � Ì: Íàóêà, 1976. � 320 c.
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Îöåíêà ñðåäíåãî ãåîìåòðè÷åñêîãî ïðîèçâîäíîé
ìíîãî÷ëåíà ÷åðåç ðàâíîìåðíóþ íîðìó ìíîãî÷ëåíà

íà îòðåçêå
Ì.Ð. Ãàáäóëëèí

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñòèòåò, Åêàòåðèíáóðã, Ðîññèÿ
MrCoo1@ya.ru

À.À. Ìàðêîâ [1] â 1889 ãîäó äîêàçàë, ÷òî íà ìíîæåñòâå Pn, àëãåáðàè÷åñêèõ ìíîãî-
÷ëåíîâ ñòåïåíè íå âûøå n ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè, ñïðàâåäëèâî íåðàâåíñòâî
‖P ′‖∞ 6 n2‖P‖∞, ‖P‖∞ = max{|P (x)| : x ∈ [−1, 1]}. Ýêñòðåìàëüíûì ÿâëÿåòñÿ ìíîãî-
÷ëåí ×åáûø¼âà 1-îãî ðîäà Tn(x) = cos(n arccosx), x ∈ [−1, 1]. Â 1982 ãîäó Á.Ä. Áîÿíîâ
[2] ïîëó÷èë ñëåäóþùåå îáîáùåíèå ýòîãî íåðàâåíñòâà, à èìåííî îí äîêàçàë, ÷òî ïðè âñåõ
p > 1

‖P ′‖p 6M(n, p)‖P‖∞, P ∈ Pn, (1)

c êîícòàíòîé M(n, p) = ‖T ′n‖p. Çäåñü è íèæå ‖P‖p =

(
1

2

∫ 1

−1

|P (x)|pdx
)1/p

.

Ôóíêöèîíàë ‖ · ‖p ïðè p→ 0+ èìååò ïðåäåë

‖P‖0 = lim
p→0+

‖P‖p = exp

(
1

2

∫ 1

−1

ln |P (x)|dx
)
,

êîòîðûé ÿâëÿåòñÿ ñðåäíèì ãåîìåòðè÷åñêèì ìîäóëÿ P íà [−1, 1]. Â ðàáîòå ðàññìàòðèâàåòñÿ
çàäà÷à î çíà÷åíèè íàèëó÷øåé êîíñòàíòû â íåðàâåíñòâå (1) ïðè p = 0:

‖P ′‖0 6M(n)‖P‖∞, P ∈ Pn.

Äîêàçàíî, ÷òîM(2) = ‖T ′2‖0 = 4/e è ýêñòðåìàëüíûì òàêæå ÿâëÿåòñÿ ìíîãî÷ëåí ×åáûø¼âà
T2. Â îáùåì ñëó÷àå ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. Äëÿ ëþáîãî n ∈ N ñïðàâåäëèâû îöåíêè

e

8
n < M(n) < en.

1. Ìàðêîâ À.À. Îá îäíîì âîïðîñå Ä.È.Ìåíäåëååâà, Çàï. Èìï. aêàä. íàóê. Ñàíêò-Ïåòåðáóðã,
1889, 62, C. 1�24.

2. Bojanov B.D. An extension of the Markov inequality, J. Approx. Theory., 1982, 35:2, P. 181�190.
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î ðåãóëÿðíîñòè íåêîòîðûõ ìåòîäîâ ñóììèðîâàíèÿ
ðÿäîâ òåéëîðà

Ì.Â. Ãàåâñêèé, Ò.Â. Ãîðèñëàâåö, Ï.Â. Çàäåðåé
Êèðîâîãðàäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Â. Âèííè÷åíêî, Óêðàèíà

Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò òåõíîëîãèé è äèçàéíà, Óêðàèíà
mgaevskiy@gmail.com, utes@bigmir.net

×åðåç A(D) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé f(·), àíàëèòè÷åñêèõ â D = {ω ∈ C :
|ω| < 1} è íåïðåðûâíûõ â D = {ω ∈ C : |ω| ≤ 1} ñ íîðìîé ‖f‖A(D) = max

z∈D
|f(z)|. Åñëè

çàäàíà áåñêîíå÷íàÿ ìàòðèöà Λ = {λ(n)
k }, n, k = 0, 1, . . . , äåéñòâèòåëüíûõ ÷èñåë λ

(n)
k , òî

êàæäîé ôóíêöèè f ∈ A(D) ñ ðÿäîì Òåéëîðà

f(z) =
∞∑
k=0

ckz
k, z ∈ D, (1)

ïîñòàâèì â ñîîòâåòñòâèå ïîñëåäîâàòåëüíîñòü ðÿäîâ

Un(f ; Λ; z) =
∞∑
k=0

λ
(n)
k ckz

k, z ∈ D. (2)

Áóäåì ãîâîðèòü, ÷òî ðÿä (1) ñóììèðóåòñÿ ìåòîäîì Λ â òî÷êå z ∈ D ê çíà÷åíèþ f(z),
åñëè ðÿä (2) ñõîäèòñÿ ïðè ëþáîì n = 0, 1, . . . è lim

n→∞
Un(f ; Λ; z) = f(z), z ∈ D. Ìåòîä

ñóììèðîâàíèÿ Λ ðåãóëÿðåí â ïðîñòðàíñòâå A(D), åñëè äëÿ êàæäîé f ∈ A(D) è ëþáîé
z ∈ D ðÿä (1) ñóììèðóåòñÿ ýòèì ìåòîäîì ê ÷èñëó f(z).

Òåîðåìà. Äëÿ òîãî, ÷òîáû ìåòîä ñóììèðîâàíèÿ Λ áûë ðåãóëÿðíûì â ïðîñòðàíñòâå
A(D), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

1) äëÿ ∀k = 0, 1, 2, . . . lim
n→∞

λ
(n)
k = 1;

2) ñóùåñòâîâàëî ÷èñëî Cn > 0 è òàêîå ðàçëîæåíèå λ
(n)
k = α

(n)
k +β

(n)
k íà âåùåñòâåííûå

÷èñëà α
(n)
k è β

(n)
k , ÷òî êàæäàÿ èç ôóíêöèé

t(n)
m (x) =

λ
(n)
0

2
+

m∑
k=1

(α
(n)
k cos kx+ β

(n)
k sin kx), n = 0, 1, . . . , m = 1, 2, . . . ,

óäîâëåòâîðÿåò óñëîâèþ
2π∫
0

|t(n)
m (x)|dx ≤ Cn, n = 0, 1, . . . , ãäå ïîñòîÿííàÿ Cn íå çàâèñèò

îò m;
3) ïîëíàÿ âàðèàöèÿ ôóíêöèé

Kn(x) = lim
m→∞

B(n)
m (x) =

λ
(n)
0

2
x+

m∑
k=1

1

k
(α

(n)
k sin kx− β(n)

k cos kx),

ãäå (B
(n)
m (x))′ = t

(n)
m , áûëà ðàâíîìåðíî îãðàíè÷åíîé íà [0; 2π]:

2π∨
0

Kn(x) =

2π∫
0

|dKn(x)| ≤ C.
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Àñèìïòîòè÷íà ïîâåäiíêà ðîçâ'ÿçêó óçàãàëüíåíîãî
êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à

I.Â. Ãàï'ÿê, Â.I. Ãåðàñèìåíêî
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Óêðà¨íà

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
gapjak@ukr.net, gerasym@imath.kiev.ua

Äîñëiäæóþòüñÿ íåëiíiéíi åâîëþöiéíi ðiâíÿííÿ, ÿêèìè îïèñó¹òüñÿ êiíåòè÷íà åâîëþöiÿ
ñèñòåìè íåñêií÷åííîãî ÷èñëà ïðóæíèõ êóëü. Äëÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî
êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à ó âiäïîâiäíîìó ôóíêöiîíàëüíîìó ïðîñòîði òà ìàðãiíàëüíèõ
ôóíêöiîíàëiâ ñòàíó äîâåäåíî iñíóâàííÿ àñèìïòîòèêè Áîëüöìàíà-�ðåäà.

Â ðîáîòi [1] ñòðîãî îá ðóíòîâàíî âèâåäåííÿ êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à ç äèíàìi-
êè ñèñòåìè íåñêií÷åííîãî ÷èñëà ïðóæíèõ êóëü. Íà îñíîâi ñôîðìóëüîâàíèõ êëàñòåðíèõ
ðîçêëàäiâ äëÿ êóìóëÿíòiâ ãðóï îïåðàòîðiâ ñèñòåìè ïðóæíèõ êóëü äëÿ ïî÷àòêîâèõ ñòàíiâ,
ÿêi âèçíà÷àþòüñÿ â òåðìiíàõ îäíî÷àñòèíêîâî¨ (ìàðãiíàëüíî¨) ôóíêöi¨ ðîçïîäiëó, â ïðîñòî-
ði ïîñëiäîâíîñòåé iíòåãðîâàíèõ ôóíêöié äîâåäåíî åêâiâàëåíòíiñòü îïèñó åâîëþöi¨ ñòàíiâ
ñèñòåìè ïî÷àòêîâîþ çàäà÷åþ äëÿ i¹ðàðõi¨ ðiâíÿíü ÁÁÃÊI òà ïî÷àòêîâîþ çàäà÷åþ äëÿ óçà-
ãàëüíåíîãî êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à i ïîñëiäîâíiñòþ ÿâíî âèçíà÷åíèõ ôóíêöiîíàëiâ
(ìàðãiíàëüíèõ ôóíêöiîíàëiâ ñòàíó) âiä ðîçâ'ÿçêó òàêîãî íåëiíiéíîãî ðiâíÿííÿ. Â ðîáîòi
[2] òàêîæ âñòàíîâëåíî çâ'ÿçîê ïîáóäîâàíîãî óçàãàëüíåíîãî êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à
(ìàðêîâñüêà àïðîêñèìàöiÿ ðîçâ'ÿçêó) òà âiäîìèõ ìàðêîâñüêèõ êiíåòè÷íèõ ðiâíÿíü òèïó
ðiâíÿííÿ Åíñêî à.

Ó âiäïîâiäíîìó ôóíêöiîíàëüíîìó ïðîñòîði âñòàíîâëåíî, ùî â ñêåéëií îâié ãðàíèöi
Áîëüöìàíà-�ðåäà [3] àñèìïòîòèêà ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî êiíåòè÷íî-
ãî ðiâíÿííÿ Åíñêî à îïèñó¹òüñÿ êiíåòè÷íèì ðiâíÿííÿì Áîëüöìàíà, à àñèìïòîòèêè ìàð-
ãiíàëüíèõ ôóíêöiîíàëiâ ñòàíó àïðîêñèìóþòüñÿ ìàðãiíàëüíèìè ôóíêöiÿìè ðîçïîäiëó, ÿêi
çàäîâîëüíÿþòü óìîâi õàîñó (â ïðîöåñi åâîëþöi¨ â ñèñòåìi íå âèíèêàþòü êîðåëÿöi¨), òîáòî
îïèñóþòü ñòàíè ñòàòèñòè÷íî íåçàëåæíèõ ÷àñòèíîê.

1. Gapyak I.V., Gerasimenko V.I. The generalized Enskog kinetic equation, Reports of NAS of
Ukraine, 2012, 3, P. 7�13.

2. Gapyak I.V., Gerasimenko V.I. On rigorous derivation of the Enskog kinetic equation//
arXiv:1107.5572. � 2011. � 28 p.

3. Cercignani C., Gerasimenko V.I., Petrina D.Ya. Many-Particle Dynamics and Kinetic Equations
// Dordrecht: Kluwer Acad. Publ., 1997.

Êðèòåði¨ ñèëüíî¨ ¹äèíîñòi åêñòðåìàëüíîãî
åëåìåíòà äëÿ çàäà÷i íàéêðàùî¨ íåñèìåòðè÷íî¨
àïðîêñèìàöi¨ êîìïàêòíîçíà÷íîãî âiäîáðàæåííÿ

ìíîæèíîþ îäíîçíà÷íèõ âiäîáðàæåíü
Â.Î. Ãíàòþê, Ó.Â. Ãóäèìà, Þ.Â. Ãíàòþê

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà
g-ul@yandex.ru

Íåõàé S � êîìïàêò, X � ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñíèõ) ÷èñåë íîðìîâàíèé
ïðîñòið, C (S,X) � ëiíiéíèé íàä ïîëåì äiéñíèõ ÷èñåë íîðìîâàíèé ïðîñòið îäíîçíà÷íèõ
âiäîáðàæåíü g êîìïàêòà S â X, íåïåðåðâíèõ íà S, ç íîðìîþ ‖g‖ = max

s∈S
‖g (s)‖, K (X) �

ñóêóïíiñòü âñiõ íåïîðîæíiõ êîìïàêòiâ ïðîñòîðóX, C (S,K (X)) � ìíîæèíà áàãàòîçíà÷íèõ
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íåïåðåðâíèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íà K (X) âiäîáðàæåíü a êîìïàêòà S â X
òàêèõ, ùî äëÿ êîæíîãî s ∈ S a (s) = Ks ∈ K (X) , V ⊂ C (S,X), {ps}s∈S � ñiì'ÿ íåïåðåðâ-
íèõ îïóêëèõ ôóíêöié íà X òàêà, ùî âiäîáðàæåííÿ (s, x) ∈ S ×X → ps (x) ïiâíåïåðåðâíå
çâåðõó íà S ×X.

Çàäà÷åþ íàéêðàùî¨ íåñèìåòðè÷íî¨ àïðîêñèìàöi¨ âiäîáðàæåííÿ a ∈ C (S,K (X)) ìíî-
æèíîþ V ⊂ C (S,X) áóäåìî íàçèâàòè çàäà÷ó âiäøóêàííÿ âåëè÷èíè

α∗V (a) = inf
g∈V

max
s∈S

max
y∈a(s)

ps (y − g (s)) . (1)

Åëåìåíò g∗ ∈ V íàçâåìî ñèëüíî ¹äèíèì åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1),
ÿêùî iñíó¹ äîäàòíå ÷èñëî c òàêå, ùî

max
s∈S

max
y∈a(s)

ps (y − g(s))−max
s∈S

max
y∈a(s)

ps (y − g∗(s)) ≥ c ‖g − g∗‖ , g ∈ V.

Â ðîáîòi âñòàíîâëåíî êðèòåði¨ ñèëüíî¨ ¹äèíîñòi åêñòðåìàëüíîãî åëåìåíòà äëÿ âåëè÷èíè
(1). Ìà¹ ìiñöå, çîêðåìà, íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé g∗ ∈ V i V ¹ Γ-ìíîæèíîþ âiäíîñíî g∗, â òîìó ÷èñëi çiðêîâîþ âiäíîñíî
g∗ àáî îïóêëîþ ìíîæèíîþ. Äëÿ òîãî ùîá åëåìåíò g∗ áóâ ñèëüíî ¹äèíèì åêñòðåìàëüíèì
åëåìåíòîì äëÿ âåëè÷èíè (1), íåîáõiäíî i äîñòàòíüî, ùîá

inf

{
‖g − g∗‖−1 max

s∈Sa(g∗)
max

y∈a(s,g∗)
max

f∈∂Cps(y−g∗(s))
Ref (g∗ (s)− g (s)) : g ∈ V \ {g∗}

}
> 0,

äå

Sa (g∗) =

{
s : s ∈ S, max

y∈a(s)
ps (y − g∗(s)) = max

s∈S
max
y∈a(s)

ps (y − g∗(s))
}
,

a (s, g∗) =

{
y : y ∈ a (s) , ps (y − g∗(s)) = max

y∈a(s)
ps (y − g∗(s))

}
, s ∈ Sa (g∗) ,

∂Cps (y − g∗ (s)) = {f : f ∈ X∗, Ref ∈ ∂ps (y − g∗ (s))} , s ∈ Sa (g∗) , y ∈ a (s, g∗) .

Ìåòîä ñi÷íî¨ ïëîùèíè ðîçâ'ÿçóâàííÿ çàäà÷i
íàéêðàùî¨ ó ðîçóìiííi îïóêëî¨ Ëiïøèöåâî¨ ôóíêöi¨

ðiâíîìiðíî¨ àïðîêñèìàöi¨ êîìïàêòíîçíà÷íîãî
âiäîáðàæåííÿ ñêií÷åííîâèìiðíèì ïiäïðîñòîðîì

Þ.Â. Ãíàòþê, Â.Î. Ãíàòþê, Ó.Â. Ãóäèìà
Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà, Óêðà¨íà

g-ul@yandex.ru

Íåõàé S � êîìïàêò, X � ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñíèõ) ÷èñåë íîðìîâàíèé
ïðîñòið, C (S,X) � ëiíiéíèé íàä ïîëåì äiéñíèõ ÷èñåë íîðìîâàíèé ïðîñòið îäíîçíà÷íèõ
âiäîáðàæåíü g êîìïàêòà S â X, íåïåðåðâíèõ íà S, ç íîðìîþ ‖g‖ = max

s∈S
‖g (s)‖, K (X) �

ñóêóïíiñòü âñiõ íåïîðîæíiõ êîìïàêòiâ ïðîñòîðóX, C (S,K (X)) � ìíîæèíà áàãàòîçíà÷íèõ
íåïåðåðâíèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íà K (X) âiäîáðàæåíü a êîìïàêòà S â X
òàêèõ, ùî äëÿ êîæíîãî s ∈ S a (s) = Ks ∈ K (X) , V � ñêií÷åííîâèìiðíèé ïiäïðîñòið
ïðîñòîðó C (S,X) , ïîðîäæåíèé ëiíiéíî íåçàëåæíèìè âiäîáðàæåííÿìè gi ∈ C (S,X) , i =
1, n, p � çàäàíà íà X äiéñíîçíà÷íà îïóêëà ëiïøèöåâà ôóíêöiÿ.
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Çàäà÷åþ íàéêðàùî¨ ó ðîçóìiííi ôóíêöi¨ p ðiâíîìiðíî¨ àïðîêñèìàöi¨ âiäîáðàæåííÿ a ∈

C (S,K (X)) ïiäïðîñòîðîì V =

{
g : g =

n∑
i=1

αigi, αi ∈ R, i = 1, n

}
áóäåìî íàçèâàòè çàäà÷ó

âiäøóêàííÿ âåëè÷èíè

α∗V (a) = inf
g∈V

max
s∈S

max
y∈a(s)

p (y − g (s)) = inf
(α1,...,αn)∈Rn

max
s∈S

max
y∈a(s)

p

(
y −

n∑
i=1

αigi (s)

)
. (1)

ßêùî iñíó¹ âiäîáðàæåííÿ g∗ =
n∑
i=1

α∗i gi, α
∗
i ∈ Rn, i = 1, n, òàêå, ùî

α∗V (a) = max
s∈S

max
y∈a(s)

p (y − g∗ (s)) = max
s∈S

max
y∈a(s)

p

(
y −

n∑
i=1

α∗i gi (s)

)
,

òî éîãî áóäåìî íàçèâàòè åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1).
Ó ðîáîòi íà îñíîâi iäå¨ ìåòîäó ñi÷íèõ ïëîùèí ðîçâ'ÿçóâàííÿ çàäà÷i îïóêëîãî ïðîãðàìó-

âàííÿ ïîáóäîâàíî çáiæíèé ÷èñåëüíèé ìåòîä âiäøóêàííÿ âåëè÷èíè (1) òà ¨¨ åêñòðåìàëüíîãî
åëåìåíòà, îòðèìàíî äâîñòîðîííi îöiíêè çáiæíîñòi äëÿ âåëè÷èíè (1), ÿêi äîçâîëÿþòü çíàéòè
öþ âåëè÷èíó ç íàïåðåä çàäàíîþ òî÷íiñòþ.

Äâîâèìiðíi óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ òà
ðàöiîíàëüíi àïðîêñèìàöi¨ ôóíêöié äâîõ çìiííèõ

À.Ï. Ãîëóá, Ë.Î. ×åðíåöüêà
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

super.girl.lilya@mail.ru

Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ áóëè çàïðîâàäæåíi Â.Ê. Äçÿäèêîì [1] ó 1981 ðîöi
i âèÿâèëèñÿ çðó÷íèì iíñòðóìåíòîì äëÿ ïîáóäîâè òà âèâ÷åííÿ àïðîêñèìàöié Ïàäå òà ¨õ
óçàãàëüíåíü (äèâ. [2]). Ïðèðîäíî ðîçãëÿíóòè ¨õ äâîâèìiðíèé àíàëîã.

Äâîâèìiðíié ÷èñëîâié ïîñëiäîâíîñòi {sk,m}∞k,m=0 ìîæíà ïîñòàâèòè ó âiäïîâiäíiñòü ôîð-
ìàëüíèé ñòåïåíåâèé ðÿä âiä äâîõ çìiííèõ

f(z, w) =
∞∑

k,m=0

sk,mz
kwm. (1)

Äëÿ ðÿäiâ âèãëÿäó (1) ìîæíà âèçíà÷àòè ðàöiîíàëüíi àïðîêñèìàíòè çà ðiçíèìè ñõåìàìè
(äèâ. [3, ñ. 323]). Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò, ùî óçàãàëüíþ¹ òåîðåìó Â.Ê. Äçÿäèêà [1]
íà âèïàäîê ôóíêöié äâîõ çìiííèõ.

Òåîðåìà 1. Íåõàé ôîðìàëüíèé ñòåïåíåâèé ðÿä âiä äâîõ çìiííèõ ìà¹ âèãëÿä (1) i íåõàé
äëÿ äâîâèìiðíî¨ ïîñëiäîâíîñòi {sk,m}∞k,m=0 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ
sk+j,m+n = 〈xk,m, yj,n〉, äå xk,m ∈X , yj,n ∈ Y , k,m, j, n ∈ Z+, 〈., .〉 � áiëiíiéíà ôîðìà,
îçíà÷åíà íà äîáóòêó ëiíiéíèõ ïðîñòîðiâ X òà Y . Òîäi, ÿêùî äëÿ äåÿêèõ N1, N2 ∈ N iñíó¹
íåòðèâiàëüíèé óçàãàëüíåíèé ïîëiíîì

YN1,N2 =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
j,n yj,n,
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òàêèé ùî âèêîíó¹òüñÿ óìîâà áiîðòîãîíàëüíîñòi

〈xk,m, YN1,N2〉 = 0

ïðè (k,m) ∈ ([0, N1]× [0, N2]) \ {(N1, N2)} i c(N1,N2)
N1,N2

6= 0, òî òîäi ðàöiîíàëüíà ôóíêöiÿ

1

QN1,N2(z, w)

{
N1∑
j=1

N2∑
n=1

c
(N1,N2)
j,n zN1−jwN2−n

j−1∑
k=0

n−1∑
m=0

sk,mz
kwm+

+

N1∑
j=0

N2∑
n=1

c
(N1,N2)
j,n zN1−jwN2−n

N1+j∑
k=j

n−1∑
m=0

sk,mz
kwm +

N1∑
j=1

N2∑
n=0

c
(N1,N2)
j,n zN1−jwN2−n

j−1∑
k=0

N2+n∑
m=n

sk,mz
kwm

}
,

äå

QN1,N2(z, w) =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
j,n zN1−jwN2−n,

ìàòèìå ðîçêëàä â ñòåïåíåâèé ðÿä, êîåôiöi¹íòè ÿêîãî ñïiâïàäàòèìóòü ç êîåôiöi¹íòàìè
ðÿäó (1) äëÿ âñiõ (j, n) ∈ ([0, 2N1]× [0, 2N2]) \ {(2N1, 2N2)} .

1. Äçÿäûê Â.Ê. Îá îáîùåíèè ïðîáëåìû ìîìåíòîâ, Äîêë. ÀÍ ÓÑÑÐ, 1981, 6, Ñ. 8 - 12.
2. Ãîëóá À.Ï. Óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ òà àïðîêñèìàöi¨ Ïàäå. � Ê.: Ií-ò ìàòåìàòèêè

ÍÀÍÓ, 2002. � 222 c.
3. Áåéêåð Äæ., Ãðåéâñ-Ìîððèñ Ï.Ð. Àïïðîêñèìàöèè Ïàäå. � Ì.: Ìèð, 1986. � 502 c.

ïðî ðåãóëÿðíiñòü ëiíiéíèõ ìåòîäiâ ïiäñóìîâóâàííÿ
ðÿäiâ òåéëîðà

Ò.Â. Ãîðèñëàâåöü, Í.Ì. Çàäåðåé
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, Óêðà¨íà
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI" , Êè¨â, Óêðà¨íà

utes@bigmir.net, ZadereyPV@ukr.net

Íåõàé ôóíêöiÿ f(z) çàäàíà i àíàëiòè÷íà â êðóçi D = {z : |z| < 1} i íåïåðåðâíà ïðè
|z| ≤ 1. Ìíîæèíó òàêèõ ôóíêöié ïîçíà÷èìî ÷åðåç A(D).

Íåõàé Λ = {λ(n)
k }, n, k = 0, 1, 2, . . . , λ

(n)
k = 0 ïðè k ≥ n � òðèêóòíà ìàòðèöÿ ÷èñåë.

Êîæíié ôóíêöi¨ f ∈ A(D) ïîñòàâèìî ó âiäïîâiäíiñòü ïîëiíîì

Un(f ; z; Λ) =
n−1∑
k=0

λ
(n)
k akz

k.

Ìåòîä ïiäñóìîâóâàííÿ Un(Λ) íàçèâà¹òüñÿ ðåãóëÿðíèì â ïðîñòîði àíàëiòè÷íèõ ôóíêöié,
ÿêùî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ A(D) i äëÿ äîâiëüíî¨ òî÷êè z ∈ D âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ

lim
n→∞

Un(f ; z; Λ) = f(z).

Òåîðåìà. ßêùî iñíó¹ ÷èñëî M i ðîçêëàä λ
(n)
k = α

(n)
k + β

(n)
k òàêi, ùî

a)
n−1∑
k=0

(
|4α(n)

k |+ |4β
(n)
k |
)

+
n−2∑
k=2

(∣∣∣∣∣
qn,k∑
i=1

4α(n)
k−i −4α

(n)
k+i

i

∣∣∣∣∣+

∣∣∣∣∣
qn,k∑
i=1

4β(n)
k−i −4β

(n)
k+i

i

∣∣∣∣∣
)
≤M,
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òî äëÿ òîãî, ùîá ìåòîä ïiäñóìîâóâàííÿ Un(Λ) áóâ ðåãóëÿðíèì â ïðîñòîði àíàëiòè÷íèõ
ôóíêöié íåîáõiäíî i äîñòàòíüî âèêîíàííÿ óìîâ à) i

á)
n−1∑
k=1

1
k
(|β(n)

k |+ |α
(n)
n−k|+ |β

(n)
n−k|) ≤M.

Íàñëiäîê. ßêùî iñíó¹ ÷èñëî M i ðîçêëàä λ
(n)
k = α

(n)
k + β

(n)
k òàêi, ùî

n−1∑
k=1

k(n− k)

n

(
|42α

(n)
k−1|+ |4

2β
(n)
k−1|

)
≤M,

òî äëÿ òîãî, ùîá ìåòîä ïiäñóìîâóâàííÿ Un(Λ) áóâ ðåãóëÿðíèì â ïðîñòîði àíàëiòè÷íèõ
ôóíêöié íåîáõiäíî i äîñòàòíüî âèêîíàííÿ óìîâ à) i á).

Ïîðÿäêîâi îöiíêè íàéêðàùèõ íàáëèæåíü i
íàáëèæåíü ñóìàìè Ôóð'¹ êëàñiâ
(ψ, β)-äèôåðåíöiéîâíèõ ôóíêöié

Ó.Ç. Ãðàáîâà, À.Ñ. Ñåðäþê
Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Ëåñi Óêðà¨íêè, Ëóöüê, Óêðà¨íà

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
grabova_u@ukr.net serdyuk@imath.kiev.ua

Íåõàé Cψ
β,p, 1 ≤ p < ∞ � êëàñ 2π�ïåðiîäè÷íèõ ôóíêöié f(·), ùî ïðè âñiõ x ∈ R

ïðåäñòàâëÿþòüñÿ çãîðòêàìè

f(x) =
a0

2
+

1

π

π∫
−π

Ψβ(x− t)ϕ(t)dt, a0 ∈ R, ‖ϕ‖p ≤ 1, ϕ ⊥ 1,

à Ψβ(t) � ôóíêöiÿ ç ïðîñòîðó Lp′ , p′ =
p
p−1

, ç ðÿäîì Ôóð'¹ âèãëÿäó

∞∑
k=1

ψ(k) cos
(
kt− βπ

2

)
, β ∈ R.

×åðåç B ïîçíà÷èìî ìíîæèíó ìîíîòîííî ñïàäíèõ ïðè t ≥ 1 ôóíêöié ψ(t), äëÿ êîæíî¨
ç ÿêèõ iñíó¹ ñòàëà K òàêà, ùî ψ(k)/ψ(2k) ≤ K, à ÷åðåç Θp, 1 ≤ p < ∞ � ìíîæèíó
ïîñëiäîâíîñòåé, äëÿ ÿêèõ iñíóþòü ñòàëi ε > 1/p i A > 0 òàêi, ùî (k + 1)εψ(k + 1) ≤
Akεψ(k), k ∈ N.

Ââàæàþ÷è, ùî ïîñëiäîâíiñòü ψ(k), ùî âèçíà÷à¹ êëàñ Cψ
β,p, ¹ ñëiäîì íà ìíîæèíi N äåÿêî¨

ôóíêöi¨ ψ(t) íåïåðåðâíîãî àðãóìåíòó, ðîçãëÿíåìî ìíîæèíó F óñiõ îïóêëèõ äîíèçó ïðè
t ≥ 1 ôóíêöié ψ(t) > 0, êîòði çàäîâîëüíÿþòü óìîâè lim

t→∞
ψ(t) = 0 i

η′(t) = η′(t + 0) ≤ K < ∞, äå η(t) = η(ψ; t) = ψ−1
(

1
2
ψ(t)

)
, ψ−1 � îáåðíåíà äî ψ ôóí-

êöiÿ.
Íà êëàñàõ Cψ

β,p ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ ïîðÿäêîâèõ îöiíîê íàéêðàùèõ
ðiâíîìiðíèõ íàáëèæåíü

En(Cψ
β,p)C = sup

f∈Cψβ,p

inf
tn−1

‖f(·)− tn−1(·)‖C
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òðèãîíîìåòðè÷íèìè ïîëiíîìàìè tn−1 ïîðÿäêó n − 1 òà ðiâíîìiðíèõ íàáëèæåíü ñóìàìè
Ôóð'¹ Sn−1(f ; ·) ïîðÿäêó n− 1

En(Cψ
β,p)C = sup

f∈Cψβ,p

‖f(·)− Sn−1(f ; ·)‖C .

Òåîðåìà. Íåõàé ïðè 1 < p <∞ ψ ∈ B∩Θp, à ïðè p = 1 ψ ∈ F∩B∩Θp i ïîñëiäîâíiñòü{
1/ψ(k)

}∞
k=1

îïóêëà âãîðó àáî âíèç. Òîäi iñíóþòü äîäàòíi ñòàëi K
(1)
p i K

(2)
p , çàëåæíi,

ìîæëèâî, âiä ψ i p òàêi, ùî äëÿ äîâiëüíèõ β ∈ R i n ∈ N

K(1)
p ψ(n)n

1
p ≤ En(Cψ

β,p)C ≤ En(Cψ
β,p)C ≤ K(2)

p ψ(n)n
1
p .

Íàâåäåíà òåîðåìà äîïîâíþ¹ ðÿä âiäîìèõ ïîðÿäêîâèõ îöiíîê íàáëèæåíü ñóìàìè Ôóð'¹
òà íàéêðàùèõ íàáëèæåíü êëàñiâ Lψβ,p â ðiâíîìiðíié òà iíòåãðàëüíèõ ìåòðèêàõ, âèêëàäåíèõ
â ìîíîãðàôi¨ Î.I. Ñòåïàíöÿ [1].

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
2002. � ×.II. � 468 ñ.

Óìîâè åêñòðåìàëüíîñòi åëåìåíòà äëÿ çàäà÷i
íàéêðàùî¨ íåñèìåòðè÷íî¨ àïðîêñèìàöi¨

êîìïàêòíîçíà÷íîãî âiäîáðàæåííÿ ìíîæèíîþ
îäíîçíà÷íèõ âiäîáðàæåíü
Ó.Â. Ãóäèìà, Â.Î. Ãíàòþê, Þ.Â. Ãíàòþê

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà, Óêðà¨íà
g-ul@yandex.ru

Íåõàé S � êîìïàêò, X �ëiíiéíèé íàä ïîëåì êîìïëåêñíèõ (äiéñíèõ) ÷èñåë íîðìîâàíèé
ïðîñòið, C (S,X) � ëiíiéíèé íàä ïîëåì äiéñíèõ ÷èñåë íîðìîâàíèé ïðîñòið îäíîçíà÷íèõ
âiäîáðàæåíü g êîìïàêòà S â X, íåïåðåðâíèõ íà S, ç íîðìîþ ‖g‖ = max

s∈S
‖g (s)‖, K (X) �

ñóêóïíiñòü âñiõ íåïîðîæíiõ êîìïàêòiâ ïðîñòîðóX, C (S,K (X)) � ìíîæèíà áàãàòîçíà÷íèõ
íåïåðåðâíèõ íà S âiäíîñíî ìåòðèêè Õàóñäîðôà íà K (X) âiäîáðàæåíü a êîìïàêòà S â X
òàêèõ, ùî äëÿ êîæíîãî s ∈ S a (s) = Ks ∈ K (X) , V ⊂ C (S,X), {ps}s∈S � ñiì'ÿ íåïåðåðâ-
íèõ îïóêëèõ ôóíêöié íà X òàêà, ùî âiäîáðàæåííÿ (s, x) ∈ S ×X → ps (x) ïiâíåïåðåðâíå
çâåðõó íà S ×X.

Çàäà÷åþ íàéêðàùî¨ íåñèìåòðè÷íî¨ àïðîêñèìàöi¨ âiäîáðàæåííÿ a ∈ C (S,K (X)) ìíî-
æèíîþ V ⊂ C (S,X) áóäåìî íàçèâàòè çàäà÷ó âiäøóêàííÿ âåëè÷èíè

α∗V (a) = inf
g∈V

max
s∈S

max
y∈a(s)

ps (y − g (s)) . (1)

ßêùî iñíó¹ åëåìåíò g∗ ∈ V òàêèé, ùî max
s∈S

max
y∈a(s)

ps (y − g∗ (s)) = α∗V (a) , òî éîãî íàçâåìî

åêñòðåìàëüíèì åëåìåíòîì äëÿ âåëè÷èíè (1). Â ðîáîòi âñòàíîâëåíî íåîáõiäíi, äîñòàòíi óìî-
âè òà êðèòåði¨ åêñòðåìàëüíîñòi åëåìåíòà äëÿ âåëè÷èíè (1). Ìà¹ ìiñöå, çîêðåìà, íàñòóïíå
òâåðäæåííÿ.

Òåîðåìà. Íåõàé V ¹ Γ∗-ìíîæèíîþ âiäíîñíî g∗ ∈ V, â òîìó ÷èñëi çiðêîâîþ âiäíîñíî
g∗ ∈ V àáî îïóêëîþ ìíîæèíîþ. Äëÿ òîãî, ùîá åëåìåíò g∗ áóâ åêñòðåìàëüíèì åëåìåí-
òîì äëÿ âåëè÷èíè (1), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî åëåìåíòà g ∈ V iñíóâàëè

41



åëåìåíòè sg ∈ S, yg ∈ a (sg) , fg ∈ X∗ òàêi, ùî

max
s∈S

max
y∈a(s)

ps (y − g∗ (s)) = max
y∈a(sg)

psg (y − g∗ (sg)) = psg (yg − g∗ (sg)) ,

Refg ∈ ∂psg (yg − g∗ (sg)) ,

Refg (g (sg)− g∗ (sg)) ≤ 0.

Íåðiâíîñòi äëÿ âíóòðiøíiõ ðàäióñiâ â åêñòðåìàëüíèõ
çàäà÷àõ ïðî íåïåðåòèííi îáëàñòi

I.Â. Äåíåãà
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

iradenega@yandex.ru

Íåõàé N, R � ìíîæèíè íàòóðàëüíèõ i äiéñíèõ ÷èñåë, âiäïîâiäíî, C � êîìïëåêñíà ïëî-
ùèíà, C = C

⋃
{∞} � ¨¨ îäíîòî÷êîâà êîìïàêòèôiêàöiÿ, R+ = (0,∞). ×åðåç r(B, a) áó-

äåìî ïîçíà÷àòè âíóòðiøíié ðàäióñ îáëàñòi B ⊂ C âiäíîñíî òî÷êè a ∈ B (äèâ. [1 � 3]),
χ(t) = 1

2
(t+ t−1).

Íåõàé n ∈ N. Ñèñòåìó òî÷îê An :=
{
ak ∈ C : k = 1, n

}
, áóäåìî íàçèâàòè n-ïðîìåíåâîþ,

ÿêùî |ak| ∈ R+ ïðè k = 1, n, 0 = arg a1 < arg a2 < . . . < arg an < 2π. Ïðè öüîìó an+1 := a1,
αk := 1

π
arg ak+1

ak
, αn+1 := α1, k = 1, n.

Äëÿ äîâiëüíî¨ n-ïðîìåíåâî¨ ñèñòåìè òî÷îê An = {ak} i γ ∈ R+ ∪ {0} ïîçíà÷èìî "êåðó-
þ÷èé" ôóíêöiîíàë:

L(γ)(An) :=
n∏
k=1

[
χ

(∣∣∣ ak
ak+1

∣∣∣ 1
2αk

)]1− 1
2
γα2

k

·
n∏
k=1

|ak|1+ 1
4
γ(αk+αk−1).

Â ðîáîòàõ ([1], ñòð. 68, �9.2, [3], ñòð. 381, �16) áóëà ñôîðìóëüîâàíà íàñòóïíà åêñòðå-
ìàëüíà çàäà÷à.

Çàäà÷à. Äîâåñòè, ùî ìàêñèìóì ôóíêöiîíàëà Jn(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) , äå B0, B1,

B2, ..., Bn, n ≥ 2 � ïîïàðíî íåïåðåòèííi îáëàñòi â C, a0 = 0, |ak| = 1, k = 1, n i γ ≤ n,
äîñÿãà¹òüñÿ äëÿ äåÿêî¨ êîíôiãóðàöi¨ îáëàñòåé, ÿêi ìàþòü n-êðàòíó ñèìåòðiþ.

Î.Ê. Áàõòií â ìîíîãðàôi¨ [2] çàïðîïîíóâàâ ìåòîä "êåðóþ÷èõ" ôóíêöiîíàëiâ, ÿêèé äà¹
çìîãó ïîñëàáèòè âèìîãè íà ãåîìåòðiþ ðîçòàøóâàííÿ ñèñòåì òî÷îê. Çàâäÿêè öüîìó âäàëîñÿ
óçàãàëüíèòè ïîñòàíîâêó çàäà÷i Â.Ì. Äóáèíiíà.

Îòðèìàíî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé n ∈ N, n > 2, γ ∈ (0, γn], γn =

{
8
√
n, n = 2, 6

3
√
n+ 1

3
, n ≥ 7

. Òîäi äëÿ áóäü-ÿêî¨

n-ïðîìåíåâî¨ ñèñòåìè òî÷îê An = {ak}nk=1 òàêî¨, ùî L(γ) (An) = 1, L(0)(An) ≤ 1, i áóäü-
ÿêîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé Bk, ak ∈ Bk ⊂ C, a0 = 0 ∈ B0, (k = 1, n)
ñïðàâåäëèâà íåðiâíiñòü

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6 rγ (D0, 0)
n∏
k=1

r (Dk, dk) ,
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äå Dk, dk, k = 0, n, d0 = 0, � êðóãîâi îáëàñòi òà ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëà

Q(w)dw2 = −(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

1. Äóáèíèí Â. Í. Ìåòîä ñèììåòðèçàöèè â ãåîìåòðè÷åñêîé òåîðèè ôóíêöèé êîìïëåêñíîãî ïå-
ðåìåííîãî, Óñïåõè ìàò. íàóê, 1994, 49:1, Ñ. 3 � 76.

2. Áàõòèí À.Ê., Áàõòèíà Ã.Ï., Çåëèíñêèé Þ.Á. Òîïîëîãî-àëãåáðàè÷åñêèå ñòðóêòóðû è ãåî-
ìåòðè÷åñêèå ìåòîäû â êîìïëåêñíîì àíàëèçå. � Êè¨â: Ïðàöi ií-òó ìàò-êè ÍÀÍ Óêðà¨íè, 2008. �
308 ñ.

3. Äóáèíèí Â.Í. Åìêîñòè êîíäåíñàòîðîâ è ñèììåòðèçàöèÿ â ãåîìåòðè÷åñêîé òåîðèè ôóíêöèé
êîìïëåêñíîãî ïåðåìåííîãî. � Âëàäèâîñòîê: Äàëüíàóêà ÄÂÎ ÐÀÍ, 2009. � 390 ñ.

Òðèãîíîìåòðè÷íi ïîïåðå÷íèêè óçàãàëüíåíèõ êëàñiâ
Íiêîëüñüêîãî�Á¹ñîâà

Í.Â. Äåðåâ'ÿíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

nadyaderevyanko@gmail.com

Äîñëiäæóþòüñÿ òðèãîíîìåòðè÷íi ïîïåðå÷íèêè êëàñiâ BΩ
p,θ ïåðiîäè÷íèõ ôóíêöié áàãà-

òüîõ çìiííèõ ó ìåòðèöi ïðîñòîðó Lq. Ïðè ïåâíîìó âèáîði ôóíêöié Ω(t) äàíi êëàñè ñïiâ-
ïàäàþòü ç âiäîìèìè êëàñàìè Íiêîëüñüêîãî-Á¹ñîâà Br

p,θ. Íàäàëi áóäåìî ââàæàòè, ùî Ω(t)
çàäàíà ôóíêöiÿ îäíi¹¨ çìiííî¨ òèïó ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, ÿêà çàäîâîëüíÿ¹ óìî-
âè Áàði�Ñò¹÷êiíà (S) i (Sl) [1].

Íåõàé Rd, d ≥ 1 � åâêëiäiâ ïðîñòið ç åëåìåíòàìè x = (x1, ..., xd) i Lq(πd),
πd =

∏d
j=1[−π; π], � ïðîñòið 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié ôóíêöié f , äëÿ ÿêèõ

‖f‖p =

(
(2π)−d

∫
πd

|f(x)|pdx
)1/p

, 1 ≤ p <∞,

‖f‖∞ = ess sup
x∈πd

|f(x)|.

Òðèãîíîìåòðè÷íèé ïîïåðå÷íèê äëÿ ôóíêöiîíàëüíîãî êëàñó F ⊂ Lq âèçíà÷à¹òüñÿ òàêèì
÷èíîì:

dTm(F,Lq) = inf
{kj}mj=1

sup
f∈F

inf
{cj}mj=1

∥∥∥∥f(·)−
m∑
j=1

cj e
i(kj ,·)

∥∥∥∥
q

,

äå kj = (kj1, ..., k
j
d), j = 1,m � íàáið âåêòîðiâ iç öiëî÷èñåëüíî¨ ðåøiòêè Zd, cj � äîâiëüíi

÷èñëà. Íàãàäà¹ìî, ùî òðèãîíîìåòðè÷íèé ïîïåðå÷íèê dTm(F,Lq) áóâ ââåäåíèé Ð.Ñ. Iñìàãi-
ëîâèì [2].

Ñôîðìóëþ¹ìî îòðèìàíi ðåçóëüòàòè.
Òåîðåìà 1. Íåõàé 1 ≤ p < 2 ≤ q < p/(p − 1), 1 ≤ θ ≤ ∞. Ôóíêöiÿ Ω(t) çàäîâîëüíÿ¹

óìîâó (S) ïðè äåÿêîìó α > d, à òàêîæ óìîâó (Sl). Òîäi

dTm(BΩ
p,θ, Lq) � Ω(m−1/d)m1/p−1/2 . (1)
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Òåîðåìà 2. Íåõàé 1 ≤ q ≤ p ≤ ∞ àáî 1 ≤ p ≤ q ≤ 2 i 1 ≤ θ ≤ ∞ . Ôóíêöiÿ Ω(t)
çàäîâîëüíÿ¹ óìîâó (S) ïðè äåÿêîìó α > d(1/p− 1/q)+, à òàêîæ óìîâó (Sl). Òîäi

dTm(BΩ
p,θ, Lq) � Ω(m−1/d)m(1/p−1/q)+ .

Çàóâàæèìî, ùî ó âèïàäêó Ω(t) = tr, r > 0, êëàñè BΩ
p,θ ñïiâïàäàþòü ç êëàñàìè Br

p,θ i
âiäïîâiäíèé äî (1) ðåçóëüòàò áóâ îòðèìàíèé â [3].

1. Áàðè Í.Ê., Ñòå÷êèí Ñ.Á. Íàèëó÷øèå ïðèáëèæåíèÿ è äèôôåðåíöèàëüíûå ñâîéñòâà äâóõ
ñîïðÿæåííûõ ôóíêöèé, Òð. Ìîñê. ìàò. î-âà, 1956, 5, Ñ. 483 � 522.

2. Èñìàãèëîâ Ð.Ñ. Ïîïåðå÷íèêè ìíîæåñòâ â ëèíåéíûõ íîðìèðîâàííûõ ïðîñòðàíñòâàõ è ïðè-
áëèæåíèå ôóíêöèé òðèãîíîìåòðè÷åñêèìè ìíîãî÷ëåíàìè, Óñïåõè ìàò. íàóê, 1974, 29:3, C. 161 �
178.

3. Ðîìàíþê À.Ñ., Ðîìàíþê Â.Ñ. Òðèãîíîìåòðè÷åñêèå è îðòîïðîåêöèîííûå ïîïåðå÷íèêè
êëàññîâ ïåðèîäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ, Óêð. ìàò. æóðí., 2009, 61:10, Ñ. 1348 �
1366.

Íåêîòîðûå âîïðîñû íàèëó÷øåé ïîëèíîìèàëüíîé
àïïðîêñèìàöèè öåëûõ òðàíñöåíäåíòíûõ ôóíêöèé

îäíîé è ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ
Ñ.È. Æèð, Ñ.Á. Âàêàð÷óê

Àêàäåìèÿ òàìîæåííîé ñëóæáû Óêðàèíû,
Äíåïðîïåòðîâñêèé óíèâåðñèòåò èì. À. Íîáåëÿ

sbvakarchuk@mail.ru

Â ñîîáùåíèè áóäóò ïðåäñòàâëåíû ðåçóëüòàòû, ïðîäîëæàþùèå èññëåäîâàíèÿ àâòîðîâ
[1]-[3]. Ïðèâåäåì îäèí èç íèõ. Ïóñòü Tm := {w = (w1, ..., wm) ∈ Cm : |wj| = 1, j =
1,m}; Um := {z = (z1, ..., zm) ∈ Cm : |zj| < 1, j = 1,m}; dµm(w) := (2π)−mdθ1...dθm(w ∈
Tm); dθm(z) := π−mdσ(z1)...dσ(zm), dσ(zj) := dxjdyj, j = 1,m; rw := (r1e

iθ1 , ..., rme
iθm),

ãäå w ∈ Tm, r ∈ Rm
+ . Ïîä Hq(U

m), 1 6 q 6 ∞, ïîíèìàåì áàíàõîâî ïðîñòðàíñòâî Õàðäè
àíàëèòè÷åñêèõ â Um ôóíêöèé f, äëÿ êîòîðûõ ‖f‖q = lim{Mq(f, r) : r ∈ Rm

+ , rj → 1− 0, j =
1,m} <∞, ãäå

Mq(f, r) :=
{ ∫

Tm
|f(rw)|qdµm(w)

}1/q

, 1 6 q <∞; M∞(f, r) := sup {|f(rw)| : w ∈ Tm} .

Ðàññìîòðèì ïðîñòðàíñòâî ïîëèíîìîâ Pn :=
{ n∑
|k|=0

ckz
k : ck ∈ C

}
, ãäå k = (k1, ..., km) ∈

Zm+ ; |k| := k1 + ... + km; zk := zk1
1 ...z

km
m ; n ∈ Z+. Ñèìâîëîì E(f,Pn, Hq(U

m)) := inf{‖f −
pn‖q : pn ∈ Pn} îáîçíà÷èì âåëè÷èíó íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè f ∈ Hq(U

m)
ïîäïðîñòðàíñòâîì Pn.

Âìåñòî êðóãà |z| < 1 (ñëó÷àé m = 1) ðàññìîòðèì ïðîèçâîëüíóþ îãðàíè÷åííóþ ïîëíóþ
m-êðóãîâóþ îáëàñòü D ⊂ Cm ñ öåíòðîì â íà÷àëå êîîðäèíàò. ×åðåç {DR} ⊂ Cm, ãäå R > 0,
îáîçíà÷èì ñåìåéñòâî ïîëíûõ m-êðóãîâûõ îáëàñòåé òàêèõ, ÷òî äëÿ ëþáîé òî÷êè z ∈ DR

òî÷êà z
R :=

(
z1
R , ...,

zm
R

)
∈ D. Äëÿ öåëîé ôóíêöèè f ïîëàãàåì Mf,D(R) := max{|f(z)| :

z ∈ DR} è, ñëåäóÿ Ì.Í. Øåðåìåòå [4], îïðåäåëèì äëÿ íå¼ îáîáùåííóþ õàðàêòåðèñòè-

êó ðîñòà ρf (α, β) = lim
R→∞

α(Mf,D(R))
β(lnR)

, ãäå ôóíêöèè α è β ïðèíàäëåæàò êëàññàì Λ è L0

ñîîòâåòñòâåííî. Èìååò ìåñòî ñëåäóþùàÿ
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Òåîðåìà. Ïóñòü äëÿ ôóíêöèè F (x, c) := β−1(cα(x)), ãäå β−1 � îáðàòíàÿ ê β ôóí-

êöèÿ, ïðè ëþáîì c ∈ (0,∞) è x → ∞ âûïîëíåíî óñëîâèå
dF (x, c)
d lnx

= O(1); γ � êîíå÷íîå

ïîëîæèòåëüíîå ÷èñëî è f ∈ Hq(U
m). Òîãäà ðàâåíñòâî

lim
n→∞

α(n)

β[−n−1 lnE(f,Pn, Hq(Um))]
= γ

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ òîãî, ÷òîáû ôóíêöèÿ f áûëà öåëîé òðàíñ-
öåíäåíòíîé îáîáùåííîãî ïîðÿäêà ðîñòà ρf (α, β) = γ.
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Sciences, 2011, 179:2, P. 300-327.
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Ïðî çáiæíiñòü â ñåðåäíüîìó ðÿäiâ Òåéëîðà
Ï.Â. Çàäåðåé, Ð.Â. Òîâêà÷

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò òåõíîëîãié òà äèçàéíó, Óêðà¨íà
rtovkach@ukr.net

Íåõàé ôóíêöiÿ f(z) àíàëiòè÷íà â îáëàñòi ∆ := D∞
⋃
D, äå îáëàñòü D = {z : |z| < 1},

à îáëàñòü D∞ = {z : |z| > 1}, f(∞) = 0.
Äîáðå âiäîìî, ùî

f(z) =


f1(z) =

∞∑
k=0

ckz
k, z ∈ D,

f2(z) = −
∞∑
k=1

c−kz
−k, z ∈ D∞.

(1)

Ðîçãëÿíåìî êëàñ CS àíàëiòè÷íèõ â îáëàñòi ∆ ôóíêöié iç íîðìîþ

‖f‖∗1 = lim
r→1

∥∥∥∥f(reit)− f(
1

r
eit)

∥∥∥∥
1

<∞.

Ïiä çáiæíiñòþ â ñåðåäíüîìó áóäåìî ðîçóìiòè

lim
n→∞

∥∥f(eit)− Sn(f ; eit)
∥∥∗

1
= 0. (2)

Âiäîìî, ùî äëÿ ∀f ∈ H1(D)

lim
n→∞

‖f − Sn(f)‖1 = 0.

Ô.Ðiññ (äèâ.[1, c. 599]) ïîáóäóâàâ ïðèêëàä òàêî¨ ôóíêöi¨ f ∗(z), àíàëiòè÷íî¨ â îáëàñòi
D = {z : |z| < 1}, ùî

lim
n→∞

‖f ∗ − Sn(f ∗)‖1 = B <∞.
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Òàêèì ÷èíîì ÷àñòèííà ñóìà Sn(f ∗; z) ¨ ¨ ðÿäó Òåéëîðà íå çáiãà¹òüñÿ â ñåðåäíüîìó äî ôóíêöi¨
f ∗(z). � ðÿä ðîáiò (äèâ.[2]�[4]), äå äîñòàòíi óìîâè çáiæíîñòi â ñåðåäíüîìó ðÿäiâ Òåéëîðà
äàíî â iíøèõ òåðìiíàõ.

Îñíîâíèì ðåçóëüòàòîì ¹ òàêà òåîðåìà.
Òåîðåìà. Íåõàé ôóíêöiÿ f ∈ CS i ìà¹ ìiñöå (1). Òîäi äëÿ òîãî, ùîá âèêîíóâàëîñÿ

ñïiââiäíîøåííÿ (2), íåîáõiäíî, ùîá

lim
n→∞

n∑
k=1

|cn+k|+ |c−n−k|
k

= 0.

1. Áàðè Í. Ê. Òðèãîíîìåòðè÷åñêèå ðÿäû. � Ì. : Ôèçìàòãèç, 1961. � 936 ñ.
2. Çàäåðåé Ï. Â. Î ñõîäèìîñòè â ñðåäíåì ðÿäîâ Òåéëîðà è Ëîðàíà, Åêñòðåìàëüíi çàäà÷i òåîði¨

ôóíêöié òà ñóìiæíi ïèòàííÿ : ïð. Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � Ê., 2003, 1:1, Ñ. 307�314.
3. Ñòåïàíåö À. È. Ìåòîäû òåîðèè ïðèáëèæåíèÿ. � Êèåâ : Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,

2002. � ×. 2 � 468 ñ.
4. Ñóåòèí Ï. Ê. Ðÿäû ïî ìíîãî÷ëåíàì Ôàáåðà. � Ì. : Íàóêà, 1984. � 336 ñ.

Ïðî íàñè÷åííÿ ïîëiãàðìîíiéíèõ iíòåãðàëiâ
Ïóàññîíà

Î.Î. Çàäîðîæíèé, I.Â. Êàëü÷óê, Þ.I. Õàðêåâè÷
Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê

kalchuk_i@ukr.net

Íåõàé çàäàíî ìåòîä ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹ Uδ(Λ), âèçíà÷åíèé ïîñëiäîâíiñòþ
ôóíêöié Λ = {λk(δ)} (k = 1, 2, . . .), ùî çàäàíi íà äåÿêié ìíîæèíi çìiíè ïàðàìåòðà δ ç
ãðàíè÷íîþ òî÷êîþ δ0, ÿêà ìîæå áóòè i íåñêií÷åííiñòþ, òîáòî êîæíié f ∈ C ç ðÿäîì Ôóð'¹
S[f ] = a0

2
+
∑∞

k=1(ak cos kx+ bk sin kx) ñòàâèòüñÿ ó âiäïîâiäíiñòü ðÿä

Uδ(f ;x; Λ) =
a0

2
+
∞∑
k=1

λδ(k)(ak cos kx+ bk sin kx),

ÿêèé ìè ââàæà¹ìî ðiâíîìiðíî çáiæíèì âiäíîñíî x, ïðèíàéìíi äëÿ çíà÷åíü δ iç îêîëó δ0.

Ðîçãëÿíåìî âèïàäîê, êîëè λk(δ) = λk(δ;n) = e−
k
δ

n−1∑
l=0

(1− e− 2
δ )lQ(l; k), äå

Q(l; k) =
k(k + 2)(k + 4) . . . (k + 2l − 2)

l!2l
, k = 0, 1, 2 . . . , Q(0; k) = 1, δ > 0, δ0 =∞.

Òîäi ìè îòðèìà¹ìî ìåòîä ïiäñóìîâóâàííÿ

Pn(δ; f ;x) =
a0

2
+
∞∑
i=1

λk(δ;n) (ak cos kx+ bk sin kx) =
1

π

π∫
−π

f(x+ t)
∞∑
k=0

λk(δ;n) cos ktdt,

ÿêèé íàçèâàþòü n�ãàðìîíiéíèì iíòåãðàëîì Ïóàññîíà ôóíêöi¨ f (äèâ. [1]).
Îçíà÷åííÿ 1 [2]. Êàæóòü, ùî ìåòîä ïiäñóìîâóâàííÿ Uδ(f ;x; Λ) ðÿäiâ Ôóð'¹ ¹ íàñè-

÷åíèì ìåòîäîì â ïðîñòîði C ç ïîðÿäêîì íàñè÷åííÿ ϕΛ(δ), ÿêùî iñíó¹ äîäàòíà ôóíêöiÿ
ϕΛ(δ) ìîíîòîííî ñïàäíà äî íóëÿ ïðè δ → δ0, òàêà, ùî äëÿ äîâiëüíî¨ íåïåðåðâíî¨ 2π�
ïåðiîäè÷íî¨ ôóíêöi¨ f(x) çi ñïiââiäíîøåííÿ ‖f(x) − Uδ(f ;x; Λ)‖C = o(ϕΛ(δ)), δ → δ0,
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âèïëèâà¹, ùî f(x) ≡ const, i çíàéäåòüñÿ õî÷à á îäíà ôóíêöiÿ f(x) âiäìiííà âiä ñòàëî¨,
äëÿ ÿêî¨ ‖f(x) − Uδ(f ;x; Λ)‖C = O(ϕΛ(δ)), δ → δ0. Êðiì òîãî, ìíîæèíà ôóíêöié Φ(Λ),
äëÿ ÿêèõ âèêîíó¹òüñÿ îñòàíí¹ ñïiââiäíîøåííÿ íàçèâà¹òüñÿ êëàñîì íàñè÷åííÿ çàäàíîãî
ìåòîäó Uδ(f ;x; Λ).

Ïîêàçàíî, ùî n�ãàðìîíiéíèé iíòåãðàë Ïóàññîíà Pn(δ; f ;x) ¹ íàñè÷åíèì ìåòîäîì iç
ïîðÿäêîì íàñè÷åííÿ ϕΛ(δ) = 1

δn
; êëàñîì íàñè÷åííÿ ïðè ïàðíîìó n ¹ ìíîæèíà ôóíêöié

f ∈ C, äëÿ ÿêèõ f (n−1) ∈ Lip1, à ïðè íåïàðíîìó n ¹ ìíîæèíà ôóíêöié f ∈ C, äëÿ ÿêèõ
f̃ (n−1) ∈ Lip1, äå f̃ � ôóíêöiÿ òðèãîíîìåòðè÷íî ñïðÿæåíà ç ôóíêöi¹þ f .

1. Òèìàí Ì.Ô. Àïïðîêñèìàöèÿ è ñâîéñòâà ïåðèîäè÷åñêèõ ôóíêöèé: Ìîíîãðàôèÿ. � Êè¨â:
Íàóêîâà äóìêà, 2009. � 376 ñ.

2. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèÿ. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
2002. � ×.I. � 427 ñ.

Ïëîòíûå ïîäìíîæåñòâà â êëàññå îáîáùåííî
âûïóêëûõ ìíîæåñòâ

Þ.Á. Çåëèíñêèé
Èíñòèòóò ìàòåìàòèêè ÍÀÍÓ, Êèåâ, Óêðàèíà

zel@imath.kiev.ua

Â äîêëàäå áóäóò îáñóæäåíû âîïðîñû, ñâÿçàííûå ñ îäíîé ãèïîòåçîé Ë.Àéçåíáåðãà:
Îãðàíè÷åííàÿ îáëàñòü (êîìïàêò) ÿâëÿþòñÿ ñèëüíî ëèíåéíî âûïóêëûìè òîãäà è òîëüêî
òîãäà, êîãäà èõ ìîæíî àïïðîêñèìèðîâàòü èçíóòðè (èçâíå) îãðàíè÷åííûìè ëèíåéíî âûïó-
êëûìè îáëàñòÿìè ñ ãëàäêèìè êëàññà C2 ãðàíèöàìè.

Ïðî âèíÿòêîâó ìíîæèíó â àñèìïòîòè÷íèõ îöiíêàõ
çâåðõó äëÿ iíòåãðàëiâ òèïó Ëàïëàñà�Ñòiëò'¹ñà

Ä.Þ. Çiêðà÷, Î.Á. Ñêàñêiâ
Óêðà¨íñüêà àêàäåìiÿ äðóêàðñòâà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Óêðà¨íà
zikrach.dm@gmail.com, matstud@franko.lviv.ua

Íåõàé R+ = (0,+∞), p ≥ 2. Äëÿ x = (x1, . . . , xp), y = (y1, . . . , yp) ∈ Rp
+ âæèâàòèìåìî

íàñòóïíi ïîçíà÷åííÿ
‖x‖ =

∑p
i=1 xi, 〈x, y〉 =

∑p
i=1 xiyi, |x| = (

∑p
i=1 x

2
i )

1/2
.

Äëÿ ìiðè dθp = dP × dt, ùî ¹ ïðÿìèì äîáóòêîì éìîâiðíiñíî¨ ìiðè dP íà ÷àñòèíi
îäèíè÷íî¨ ñôåðè, ùî ëåæèòü â ïåðøîìó îêòàíòi S1 = {x ∈ Rp

+ : |x| = 1}, òà ìiðè Ëåáåãà
íà ïðîìåíi [0,+∞), i âèìiðíî¨ ìíîæèíè E ⊂ Rp

+ âèçíà÷èìî

θp(E) =

∫
E

dθp,

çâiäêè, çîêðåìà,
θp(Rp

+) = +∞.
Íåõàé ν � çëi÷åííî-àäèòèâíà íåâiä'¹ìíà íà Rp

+ ìiðà ç íåîáìåæåíèì íîñi¹ì supp ν,
f(x) � äîâiëüíà íåâiä'¹ìíà ν-âèìiðíà ôóíêöiÿ íà Rp

+. ×åðåç Ip(ν) ïîçíà÷èìî êëàñ ôóíêöié
F : Rp → R, çîáðàæóâàíèõ çáiæíèì äëÿ âñiõ σ ∈ Rp iíòåãðàëîì âèãëÿäó

F (σ) =

∫
Rp+
f(x)e〈σ,x〉ν(dx).

47



Äëÿ F ∈ Ip(ν), σ ∈ Rp
+ òà t > 0 ïîçíà÷èìî

µ∗(σ, F ) = sup{f(x)e〈σ,x〉 : x ∈ supp ν}, ν0(0, t] = ν{x ∈ Rp
+ : ‖x‖ ≤ t}.

Òåîðåìà. Íåõàé F ∈ Ip(ν). ßêùî âèêîíó¹òüñÿ óìîâà

+∞∫
d ln ν0(0, t]

t
< +∞,

òî iñíó¹ ìíîæèíà E òàêà, ùî

θp(E ∩K) < +∞

i ñïiââiäíîøåííÿ

lnF (σ) ≤ (1 + o(1)) lnµ∗(σ, F )

âèêîíó¹òüñÿ ïðè |σ| → +∞, σ ∈ K\E äëÿ êîæíîãî êîíóñà K ⊂ Rp
+ ç âåðøèíîþ â ïî÷àòêó

êîîðäèíàò O òàêîãî, ùî K\{O} ⊂ Rp
+.

Îöiíêè çáiæíîñòi àëãîðèòìó òèïó àëãîðèòìó
Ðåìåçà íàéêðàùîãî ðiâíîìiðíîãî íàáëèæåííÿ
ôóíêöié åëåìåíòàìè iíòåðïîëÿöiéíèõ êëàñiâ

ß.Ã. Iâàùóê
Íàö. óí�ò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, Ðiâíå, Óêðà¨íà

Zrsd@i.ua

Â ðîáîòi [1] ïîáóäîâàíî òà äîñëiäæåíî äâà iòåðàöiéíi àëãîðèòìè ïîáóäîâè åëåìåíòà íàéêðà-
ùîãî ðiâíîìiðíîãî íàáëèæåííÿ íåïåðåðâíî¨ íà âiäðiçêó ôóíêöi¨ åëåìåíòàìè iíòåðïîëÿöié-
íîãî êëàñó òà àëãîðèòì ïîáóäîâè åëåìåíòà íàéêðàùîãî íàáëèæåííÿ ôóíêöi¨ íà ìíîæèíi
iç n+ 1 òî÷êè.

Àëãîðèòì Ðåìåçà äëÿ iíòåðïîëÿöiéíèõ êëàñiâ ïåðåäáà÷à¹ ïîáóäîâó ïîñëiäîâíîñòi åëå-
ìåíòiâ F k(x, c1, c2, ..., cn), k = 0, 1, 2, ..., êîæåí ç ÿêèõ çäiéñíþ¹ íàéêðàùå íàáëèæåííÿ ôóí-
êöi¨ f(x) íà äåÿêié ìíîæèíi iç n+ 1 òî÷êè i ñêëàäà¹òüñÿ ç äâîõ iòåðàöiéíèõ öèêëiâ [2].

Àëãîðèòì òèïó àëãîðèòìó Ðåìåçà ñêëàäà¹òüñÿ ç îäíîãî iòåðàöiéíîãî öèêëó, äå íà êî-
æíîìó êðîöi iòåðàöi¨ ìè çìiíþ¹ìî ìíîæèíó iç n + 1 òî÷êè i áàçó¹òüñÿ âií íà äèôåðåíöi-
àëüíèõ âëàñòèâîñòÿõ îïåðàòîðà íàéêðàùîãî ðiâíîìiðíîãî íàáëèæåííÿ åëåìåíòàìè iíòåð-
ïîëÿöiéíîãî êëàñó [3], ùî äîçâîëÿ¹ îòðèìàòè îöiíêè éîãî øâèäêîñòi çáiæíîñòi.

Òåîðåìà 1. Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ íà [a, b] ôóíêöi¨ f(x) òà äîâiëüíîãî çàäàíî-
ãî íà [a, b] iíòåðïîëÿöiéíîãî êëàñó F ïîñëiäîâíiñòü ïîáóäîâàíèõ àëãîðèòìîì åëåìåíòiâ
F k(x, c1, c2, ..., cn) çáiãà¹òüñÿ äî åëåìåíòà íàéêðàùîãî íàáëèæåííÿ ôóíêöi¨ f(x) çi øâèä-
êiñòþ ãåîìåòðè÷íî¨ ïðîãðåñi¨.

Òåîðåìà 2. Íåõàé çàäàíà íà [a, b] ôóíêöiÿ f(x) ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîþ, à
ôóíêöi¨ F (x, c1, c2, ..., cn) iíòåðïîëÿöiéíîãî êëàñó F äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ïî x
òà ïî ïàðàìåòðàõ c1, c2, ..., cn. ßêùî ìîäóëü ðiçíèöi f(x)− F (x, c1, c2, ..., cn) äîñÿãà¹ ñâîãî
ìàêñèìóìó ðiâíî â n + 1 òî÷öi x1, ..., xn + 1, ÿêi óòâîðþþòü ÷åáèøîâñüêèé àëüòåðíàíñ
öi¹¨ ðiçíèöi íà [a, b], i â êîæíié òàêié òî÷öi âèêîíó¹òüñÿ óìîâà

f ′′(xj)− F ′′xx(xj, c) 6= 0, j = 1, 2, ..., n+ 1,

48



òî ïîñëiäîâíiñòü åëåìåíòiâ F k(x, c1, c2, ..., cn) çáiãà¹òüñÿ äî åëåìåíòà íàéêðàùîãî íà-
áëèæåííÿ ôóíêöi¨ f(x) ç êâàäðàòè÷íîþ øâèäêiñòþ.

1. Iâàùóê ß.Ã. Àëãîðèòìè íàéêðàùèõ íàáëèæåíü ôóíêöié iíòåðïîëÿöiéíèìè êëàñàìè, Òåîðiÿ
íàáëèæåíü ôóíêöié òà ¨¨ çàñòîñóâàííÿ. Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, âèï. 31, 2000.
� Ñ. 179�189.

2. Iâàùóê ß.Ã. Îöiíêè çáiæíîñòi àëãîðèòìó Ðåìåçà äëÿ iíòåðïîëÿöiéíèõ êëàñiâ, Çáiðíèê ïðàöü
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. Ò. 5, � 1: Òåîðiÿ íàáëèæåíü ôóíêöié òà ñóìiæíi ïèòàííÿ /
Âiäï. ðåä.: À.Ñ. Ðîìàíþê� Êè¨â: Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2008. � Ñ. 153�159.

3. J.R. Angelos, M.S. Henry, E.H. Kaufman, T.D. Lenker, A.Kroo. Local Lipschitz and Strong
Unicity Constants for Certain Nonlinear Famlies, Journal of aproximation theory, 1989, 58, Ð. 164�
183.

Ïðî îöiíêè ìið âèíÿòêîâèõ ìíîæèí â íåëîêàëüíèõ
çàäà÷àõ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè

Â.Ñ. Iëüêiâ1,2, Ì.Ì. Ñèìîòþê2, I.ß.Ñàâêà2

1Íàöiîíàëüíèé óíiâåðñèòåò
”
Ëüâiâñüêà ïîëiòåõíiêà“

2Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ
Óêðà¨íè

ilkivv@i.ua, quaternion@ukr.net, s-i@ukr.net

Âñòàíîâëåííÿ óìîâ êîðåêòíîñòi íåëîêàëüíèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-
ìè â îáìåæåíèõ îáëàñòÿõ òiñíî ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [1, 2]. Äëÿ âèði-
øåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè êîíñòðóêòèâíié ïîáóäîâi ðîçâ'ÿç-
êiâ çàäà÷ ç íåëîêàëüíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ òà óìîâàìè ïåðiîäè÷íîñòi çà ïðî-
ñòîðîâèìè êîîðäèíàòàìè, åôåêòèâíèì ¹ ìåòðè÷íèé ïiäõiä [1]. Ðåàëiçàöiÿ öüîãî ïiäõîäó
âèìàãà¹ âñòàíîâëåííÿ îöiíîê çâåðõó äëÿ ìið âèíÿòêîâèõ ìíîæèí ãëàäêèõ ôóíêöié.

Íåõàé I � âiäðiçîê äiéñíî¨ îñi, mesA � ìiðà Ëåáåãà âèìiðíî¨ ìíîæèíè A, A ⊂ R,
Cm(I;R)(m ∈ N ∪ {0}) � ïðîñòið äiéñíîçíà÷íèõ ôóíêöié, m ðàç íåïåðåðâíî äèôåðåíöi-
éîâíèõ íà âiäðiçêó I. Ó ðîáîòi âñòàíîâëåíî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé F (τ, z) = f1(τ)z1 + . . . + fm(τ)zm, äå z = (z1, . . . , zm) ∈ Cm, fj ∈
Cm(I;R), j = 1, . . . ,m. ßêùî âðîíñêiàí W (τ) ôóíêöié f1(τ), . . . , fm(τ) ¹ âiäìiííèì âiä
íóëÿ íà I, òî äëÿ äîâiëüíîãî z ∈ Cm\{~0} i äîâiëüíîãî ε ∈ (0, C1|z|/2), |z| = |z1|+ . . .+ |zm|,
âèêîíó¹òüñÿ îöiíêà

mes{τ ∈ I : |F (τ, z)| < ε} ≤ C2
m−1
√
ε/|z|,

äå äîäàòíi ñòàëi C1, C2 âèçíà÷àþòüñÿ ðiâíîñòÿìè

C1 =
minτ∈I |W (τ)|

m

(
m∏
j=1

‖fj‖C(m−1)(I;R)

m∑
j=1

‖fj‖−1
C(m−1)(I;R)

)−1

,

C2 =
4(
√

2 + 1)(m− 1)
m−1
√
C1

(C3

C1

mes I + 1
)
, C3 = max

1≤j,q≤m
||f (q)

j ||C(I;R).

Òâåðäæåííÿ ïðî îöiíêè ìið âèíÿòêîâèõ ìíîæèí ãëàäêèõ ôóíêöié âiäiãðàþòü òàêîæ
âàæëèâó ðîëü ó ìåòðè÷íié òåîði¨ äiîôàíòîâèõ íàáëèæåíü (äèâ. ïðàöi [3�5] òà áiáëiîãðà-
ôiþ â íèõ). Òàêi îöiíêè âñòàíîâëåíi ó [3�5] äëÿ âèïàäêiâ ãëàäêèõ òà àíàëiòè÷íèõ ôóíêöié
áàãàòüîõ çìiííèõ, íàéâèùi ÷àñòèííi ïîõiäíi ÿêèõ çà êîæíîþ çi çìiííèõ îáìåæåíi çà ìîäó-
ëåì çíèçó.
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Îá îäíîì îáîáùåíèè íåðàâåíñòâà Ðèññà-Ôèøåðà
Ì.È. Èñìàéëîâ, À.Í. Äæàáðàèëîâà

Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà, Áàêó, Àçåðáàéäæàí
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Â ðàáîòå îáîáùàåòñÿ òåîðåìà Ðèññà-Ôèøåðà î êîýôôèöèåíòàõ Ôóðüå ôóíêöèè ïðîñ-
òðàíñòâà Lp.

Ïóñòü T � íåêîòîðîå èçìåðèìîå ìíîæåñòâî, B � áàíàõîâî ïðîñòðàíñòâî. ×åðåç Lp(T,B),
p ≥ 1, îáîçíà÷àåòñÿ áàíàõîâî ïðîñòðàíñòâî ôóíêöèé u = u(t) : T → B òàêèõ, ÷òî ‖u(t)‖p
èçìåðèìà è ñóììèðóåìà íà T , c íîðìîé

‖u‖Lp(T,B) =

∫
T

‖u(t)‖p dt

 1
p

.

Îáîçíà÷èì ÷åðåç lp(T ) áàíàõîâî ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé {an(t)}n∈N
èçìåðèìûõ íà T ôóíêöèé, ñ íîðìîé

∥∥{an}n∈N∥∥lp(T )
=

 ∞∑
n=1

∫
T

|an(t)|p dt

 1
p

.

Ñïðàâåäëèâà
Òåîðåìà. Ïóñòü {ϕn(y)}n∈N � îðòîíîðìèðîâàííàÿ ñèñòåìà íà [c, d] òàêàÿ, ÷òî ïî-

÷òè âñþäó íà [c, d] ñïðàâåäëèâî |ϕn(y)| ≤M, M íå çàâèñèò îò n. Òîãäà
1) äëÿ âñÿêîé èçìåðèìîé íà [c, d] ôóíêöèè f ∈ Lq([a, b], Lp(c, d)) , 1 < p ≤ 2, q = p

p−1

ïîñëåäîâàòåëüíîñòü {an(x)}n∈N ∈ lq(a, b), ãäå an(x) =
d∫
c

f(x, y)ϕn(y)dy è

∥∥{an}n∈N∥∥lq(a,b) ≤M
2−p
p ‖f‖Lq([a,b],Lp(c,d)) ;

2) äëÿ âñÿêîé ïîñëåäîâàòåëüíîñòè {an(x)}n∈N ∈ lp(a, b), 1 < p ≤ 2, ñóùåñòâóåò ôóíêöèÿ
f ∈ Lp([a, b], Lq(c, d)), q = p

p−1
, äëÿ êîòîðîé an(x) êîýôôèöèåíòû ðÿäà Ôóðüå ïî ñèñòåìå

{ϕn(y)}n∈N è

‖f‖Lp([a,b],Lq(c,d)) ≤M
2−p
p

∥∥{an}n∈N∥∥lp(a,b)
.
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Íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ çi çíà÷åííÿìè â
ïëîùèíi Áií à

Î.Î. Êàðëîâà, Î.Ä. Ìèðîíèê
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà

math.analysis.chnu@gmail.com

Àêòóàëüíèì ¹ âèâ÷åííÿ âëàñòèâîñòåé íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü òà ¨õ àíàëîãiâ,
ÿêi íàáóâàþòü çíà÷åíü ó ïðîñòîðàõ, áëèçüêèõ äî ìåòðèçîâíèõ, íàïðèêëàä, ó âè÷åðïíèõ
÷è σ-ìåòðèçîâíèõ ïðîñòîðàõ.

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ âè÷åðïíèì /íàïiââè÷åð-
ïíèì/ [1, 2], ÿêùî iñíó¹ òàêå âiäîáðàæåííÿ s : T (X) × N → F(X), ÿêå êîæíié âiäêðè-
òié â X ìíîæèíi U i êîæíîìó íîìåðó n ñòàâèòü ó âiäïîâiäíiñòü çàìêíåíó â X ìíîæèíó
Fn(U) = s(U, n), òàê, ùî

(i) Fn(U) ⊆ U äëÿ êîæíîãî n i
∞⋃
n=1

intFn(U)=U /
∞⋃
n=1

Fn(U)=U/;

(ii) U ⊆ V ⇒ (∀n)(Fn(U) ⊆ Fn(V )).
Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ (ñèëüíî) σ-ìåòðèçîâíèì, ÿêùî âií ¹ îá'¹äíàííÿì

çðîñòàþ÷î¨ ïîñëiäîâíîñòi ñâî¨õ çàìêíåíèõ ìåòðèçîâíèõ ïiäïðîñòîðiâXn (ïðè÷îìó äîâiëüíà
çáiæíà â X ïîñëiäîâíiñòü ïîâíiñòþ ìiñòèòüñÿ â äåÿêîìó ïðîñòîði Xn).

Ïëîùèíîþ Áií à B ìè íàçèâàòèìåìî çëi÷åííèé çâ'ÿçíèé ãàóñäîðôîâèé ïðîñòið, ðîç-
ãëÿíóòèé Ð. Áií îì â [3] (äèâ. òàêîæ [4, ïðèêëàä 6.1.6]), òîáòî,

B = {(x, y) : x, y ∈ Q i y ≥ 0},

à áàçó îêîëiâ òî÷êè p ∈ B óòâîðþ¹ ñèñòåìà B(p) = {Un(p) : n ∈ N}, äå ìíîæèíè Un(p)
áóäóþòüñÿ òàêèì ÷èíîì: äëÿ òî÷êè p = (x, 0) ìíîæèíà Un(p) ñêëàäà¹òüñÿ ç óñiõ ðàöiî-
íàëüíèõ òî÷îê îñi Ox, âiääàëåíèõ âiä òî÷êè p ìåíøå, íiæ íà 1

n
, à äëÿ òî÷êè p = (x, y),

y > 0, ìíîæèíà Un(p) ñêëàäà¹òüñÿ ç òî÷êè p i âñiõ ðàöiîíàëüíèõ òî÷îê îñi Ox, ÿêi ëåæàòü
íà âiäñòàíi, ìåíøié, íiæ 1

n
âiä îäíi¹¨ ç âåðøèí ðiâíîñòîðîííüîãî òðèêóòíèêà ç âåðøèíîþ

â òî÷öi p = (x, y) i îñíîâîþ íà îñi Ox.
Òåîðåìà 1. Ïëîùèíà Áií à B ¹ σ-ìåòðèçîâíèì, àëå íå ñèëüíî σ-ìåòðèçîâíèì ïðî-

ñòîðîì.
Òåîðåìà 2. Ïëîùèíà Áií à B ¹ íàïiââè÷åðïíèì, àëå íå âè÷åðïíèì ïðîñòîðîì.
Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ êîíòèíóóìîì, ÿêùî âií çâ'ÿçíèé

i êîìïàêòíèé. Òîïîëîãi÷íèé ïðîñòið X ìè áóäåìî íàçèâàòè σ-êîíòèíóóìîì, ÿêùî âií
ïîäà¹òüñÿ ó âèãëÿäi çðîñòàþ÷îãî îá'¹äíàííÿ ïîñëiäîâíîñòi êîíòèíóóìiâ.

Òåîðåìà 3. Íåõàé X i Y � σ-êîíòèíóóìè. Òîäi êîæíå íàðiçíî íåïåðåðâíå âiäîáðàæå-
ííÿ f : X × Y → B ñòàëå.
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Íàáëèæåííÿ äåÿêèõ ôóíêöié ëàíöþãîâèìè äðîáàìè
Ð.À. Êàöàëà

Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò, Ìóêà÷åâî, Óêðà¨íà
rkatsala@gmail.com

Ó áàãàòüîõ ïðèêëàäíèõ çàäà÷àõ íàáëèæåííÿ ôóíêöié ëàíöþãîâèìè äðîáàìè âèêîðè-
ñòîâó¹òüñÿ äëÿ îá÷èñëåííÿ öèõ ôóíêöié íà êîìï'þòåði. Îäíèì iç ñïîñîáiâ ðîçâèíåííÿ
ôóíêöié ó ëàíöþãîâèé äðiá ¹ ôîðìóëà Òiëå [1, 2]. Äàíà ôîðìóëà  ðóíòó¹òüñÿ íà îáåðíå-
íèõ ïîõiäíèõ ôóíêöi¨, äåÿêi âëàñòèâîñòi ÿêèõ âñòàíîâëåíi â ðîáîòi [3].

Iíøèé ñïîñiá íàáëèæåííÿ ôóíêöié çà äîïîìîãîþ ëàíöþãîâèõ äðîáiâ ïîëÿãà¹ ó âèêîðè-
ñòàííi êâàçiîáåðíåíîãî ëàíöþãîâîãî äðîáó òèïó Òiëå [4]

f(x) =

(
[0]f(x∗) +

x− x∗
[1]f(x∗) +

x− x∗
2
/(

[1]f(x∗)
)′ + · · · +

x− x∗
n
/(

[n−1]f(x∗)
)′ + · · ·

)−1

. (1)

Êîåôiöi¹íòè òàêîãî äðîáó âèçíà÷àþòüñÿ ÷åðåç îáåðíåíi ïîõiäíi 2�ãî òèïó ôóíêöi¨ îäíi¹¨
çìiííî¨, êîòði îá÷èñëþþòüñÿ çà äîïîìîãîþ ðåêóðåíòíèõ ôîðìóë

[0]f(x) =
1

f(x)
, [1]f(x) = −f

2(x)

f ′(x)
, [n]f(x) =

n(
[n−1]f(x)

)′ + [n−2]f(x), n = 2, 3, . . . .

Îòðèìàíi ôîðìóëè [5], ÿêi äàþòü çìîãó âèðàçèòè îáåðíåíi ïîõiäíi 2�ãî òèïó ÷åðåç
çâè÷àéíi ïîõiäíi çà äîïîìîãîþ âiäíîøåííÿ äâîõ âèçíà÷íèêiâ Ãàíêåëÿ. Òàêîæ âñòàíîâëåíèé
íåëiíiéíèé çâ'ÿçîê ìiæ îáåðíåíèìè ïîõiäíèìè 2�ãî òèïó i îáåðíåíèìè ïîõiäíèìè Òiëå.

Ëàíöþãîâèé äðiá (1) ìîæíà òàêîæ ïîäàòè ó âèãëÿäi åêâiâàëåíòíîãî êâàçiîáåðíåíîãî
ëàíöþãîâîãî äðîáó òèïó ïðàâèëüíîãî C�äðîáó

f(x) =

(
ω̃0 +

ω̃1(x− x∗)
1 +

ω̃2(x− x∗)
1 + · · ·+

ω̃n(x− x∗)
1 + · · ·

)−1

, (2)

äå ω̃0 =
1

f(x∗)
, ω̃1 =

1
[1]f(x∗)

, ω̃2 =

(
[1]f(x∗)

)′
2 [1]f(x∗)

, ω̃n =

(
[n−1]f(x∗)

)′ ([n−2]f(x∗)
)′

n (n− 1)
, n > 2.

Îäåðæàíèé çàãàëüíèé âèãëÿä îáåðíåíèõ ïîõiäíèõ 2�ãî òèïó äåÿêèõ ôóíêöié, à ñàìå
ëîãàðèôìi÷íî¨ ôóíêöi¨, òàíãåíñà, êîòàíãåíñà, ãiïåðáîëi÷íîãî òàíãåíñà òà ãiïåðáîëi÷íîãî
êîòàíãåíñà. Ïîáóäîâàíi ðîçâèíåííÿ öèõ ôóíêöié â ëàíöþãîâi äðîáè âèäó (1) i (2) òà âñòà-
íîâëåíi îáëàñòi çáiæíîñòi öèõ ðîçâèíåíü. Òàêîæ çíàéäåíi äåêiëüêà ïiäõiäíèõ äðîáiâ ðîç-
âèíåíü ñèíóñà, êîñèíóñà, àðêòàíãåíñà òà iíòåãðàëüíî¨ ïîêàçíèêîâî¨ ôóíêöi¨. Ðîçãëÿíóòi
÷èñëîâi ïðèêëàäè.

1. Thiele T. N. Interpolationsprechnung. � Leipzig: Commisission von B. G. Teubner, 1909.
2. Ïàãiðÿ Ì. Ì., Êàöàëà Ð. À. Ðîçâèòêè äåÿêèõ ôóíêöié ó ëàíöþãîâi äðîáè, Íàóê. âiñíèê

Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì., 2007, 14�15, Ñ. 107�116.
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5. Ïàãiðÿ Ì. Ì., Êàöàëà Ð. À. Çâ'ÿçêè îáåðíåíèõ ïîõiäíèõ äðóãîãî òèïó ç ïîõiäíèìè òà îáåð-
íåíèìè ïîõiäíèìè, Íàóê. âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì., 2011, 22, Ñ. 118�126.

Îöiíêè àïðîêñèìàòèâíèõ õàðàêòåðèñòèê êëàñiâ BΩ
p,θ

ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ iç çàäàíîþ
ìàæîðàíòîþ çìiøàíèõ ìîäóëiâ íåïåðåðâíîñòi

À.Ô. Êîíîãðàé
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

Konogray@i.ua

Äîñëiäæóþòüñÿ ðîçãëÿíóòi â [1] êëàñè BΩ
p,θ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ, ÿêi

âèçíà÷àþòüñÿ ôóíêöi¹þ Ω(t), ÿêà çàäîâîëüíÿ¹ óìîâè Áàði-Ñò¹÷êiíà (äèâ., íàïðèêëàä, [1])
(ïîçíà÷à¹ìî (S) i (Sl)), äåÿêîãî ñïåöiàëüíîãî âèãëÿäó

Ω(t) = Ω(t1, ..., td) =


d∏
j=1

trj(
log 1

tj

)bj
+

, ÿêùî tj > 0, j = 1, d;

0, ÿêùî
d∏
j=1

tj = 0.

(1)

Íàìè ðîçãëÿäàþòüñÿ ëîãàðèôìè çà îñíîâîþ 2, êðiì òîãî
(

log 1
tj

)
+

= max{1, log 1
tj
} òà

bj < r, j = 1, d, 0 < r < l.
Íåõàé Lq(πd) � ïðîñòið 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié ôóíêöié f(x) = f(x1, ..., xd)

çi ñòàíäàðòíîþ íîðìîþ. Îäåðæàíî òî÷íi çà ïîðÿäêîì îöiíêè îðòîïðîåêöiéíèõ ïîïåðå÷íè-
êiâ êëàñiâ BΩ

p,θ â ïðîñòîði Lq. Ùîá íàâåñòè îçíà÷åííÿ âåëè÷èíè, ùî íàìè äîñëiäæó¹òüñÿ,
ââåäåìî äåÿêi ïîçíà÷åííÿ.

Íåõàé {ui}Mi=1 � îðòîíîðìîâàíà ñèñòåìà ôóíêöié ui ∈ L∞. Êîæíié ôóíêöi¨ f ∈ Lq,

1 ≤ q ≤ ∞, ïîñòàâèìî ó âiäïîâiäíiñòü àïàðàò íàáëèæåííÿ âèãëÿäó
M∑
i=1

(f, ui)ui, òîáòî îðòî-

ãîíàëüíó ïðîåêöiþ ôóíêöi¨ f íà ïiäïðîñòið, ïîðîäæåíèé ñèñòåìîþ ôóíêöié {ui}Mi=1. Òîäi
îðòîïðîåêöiéíèé ïîïåðå÷íèê êëàñó BΩ

p,θ ó ïðîñòîði Lq âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì

d⊥M(BΩ
p,θ, Lq) = inf

{ui}Mi=1

sup
f∈BΩ

p,θ

∥∥f(x)−
M∑
i=1

(f, ui)ui(x)
∥∥
q
.

Òåîðåìà 1. Íåõàé 1 ≤ q ≤ p < ∞, p ≥ 2, 1 ≤ θ < ∞, à Ω(t) çàäàíà ôîðìóëîþ (1) ç
r > 0, òîäi âèêîíó¹òüñÿ íàñòóïíå ñïiââiäíîøåííÿ

d⊥M(BΩ
p,θ, Lq) �M−r( logM

)−b1−...−bd+(d−1)
(
r+
(

1
2
− 1
θ

)
+

)
,

äå a+ = max{a, 0}.
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Òåîðåìà 2. Íåõàé 1 ≤ q ≤ p ≤ 2, (p, q) 6= (1, 1), 1 ≤ θ <∞, à Ω(t) çàäàíà ôîðìóëîþ
(1) ç r > 0, òîäi ìà¹ ìiñöå îöiíêà

d⊥M(BΩ
p,θ, Lq) �M−r( logM

)−b1−...−bd+(d−1)
(
r+
(

1
p
− 1
θ

)
+

)
.

1. Sun Youngsheng, Wang Heping. Representation and approximation of multivariate periodic
functions with bounded mixed moduli of smoothness, Òð. ìàò. èí-òà èì.Â.À. Ñòåêëîâà, 1997, 219,
C. 356-377.

Ïðî áóäîâó ãîëîâíîãî ÷ëåíà àñèìïòîòèêè ïîõiäíèõ
âiä ëîãàðèôìi÷íî¨ ïîõiäíî¨ öiëî¨ ôóíêöi¨

Ì.�. Êîðåíêîâ, Ç.Â. Çàðèöüêà
Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

Ïîêàçàíî, ùî âiäîìi iç [1] àñèìïòîòè÷íi ôîðìóëè äëÿ F (s)(z), äå F (z) = f ′(z)/f(z),
f(z) � öiëà ôóíêöiÿ ïîðÿäêó ρ, ρ > 0, öiëêîì ðåãóëÿðíîãî ðîñòó âiäíîñíî óòî÷íåíîãî
ïîðÿäêó ρ(r), ρ(r) → ρ (r → ∞), â ðîçóìiííi Á.ß. Ëåâiíà�À. Ïôëþãåðà òà ç íóëÿìè, ÿêi
çíàõîäÿòüñÿ íà ñêií÷åííié ñèñòåìi ïðîìåíiâ, ìîæíà çàïèñàòè ó âèãëÿäi

F (s)(z) = ρ(ρ−1)...(ρ−s)e−(s+1)ϕi

{
h(ϕ)− i

ρ
h′(ϕ)

}
rρ(r)−s−1+o

(
rρ(r)−s−1

)
, (z →∞; z ∈ C\K),

äå z = reiϕ, K � äåÿêà ñèñòåìà êðóæêiâ íóëüîâî¨ µ�ùiëüíîñòi, 1 < µ ≤ 2. Òóò h(ϕ) �
iíäèêàòîð öiëî¨ ôóíêöi¨ f(z). Ó âèïàäêó öiëîãî ρ > 0, s ≥ ρ ïîïåðåäíÿ ôîðìóëà íàáóâà¹
âèãëÿäó

F (s)(z) = o
(
rρ(r)−s−1

)
, (z →∞; z ∈ C \K).

Çàóâàæåííÿ. Â ðîáîòi [1] ïîêàçàíî, ùî àñèìïòîòè÷íi ôîðìóëè äëÿ F (s)(z) ñïðà-
âåäëèâi çîâíi ñèñòåìè êóòiâ, ÿêi âêëþ÷àþòü ïðîìåíi, íà ÿêèõ çíàõîäÿòüñÿ íóëi f(z).
Âèêîðèñòîâóþ÷è ëåìó 3 iç [2], ìîæíà ïîêàçàòè, ùî âîíè ñïðàâåäëèâi i çîâíi ïåâíî¨ ñè-
ñòåìè êðóæêiâ íóëüîâî¨ µ�ùiëüíîñòi, 1 < µ ≤ 2.

1. Í.Å. Êîðåíêîâ. Àñèìïòîòèêà ïðîèçâîäíûõ îò ëîãàðèôìè÷åñêîé ïðîèçâîäíîé öåëîé ôóí-
êöèè, Óêð. ìàò. æóðí., 1977, 29:4, Ñ. 455�463.

2. À.À. Ãîëüäáåðã, Í.Å. Êîðåíêîâ. Àñèìïòîòèêà ëîãàðèôìè÷åñêîé ïðîèçâîäíîé öåëîé ôóí-
êöèè âïîëíå ðåãóëÿðíîãî ðîñòà, Ñèá. ìàò. æóðí., 1980, 21:3, Ñ. 63�79.
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Ñòåïåííûå ñðåäíèå è îáðàòíîå íåðàâåíñòâî
Ãåëüäåðà

À.À. Êîðåíîâñêèé
Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È. È. Ìå÷íèêîâà, Óêðàèíà

anakor@paco.net

Äëÿ íåîòðèöàòåëüíîé íà îòðåçêå [0, 1] ⊂ R ôóíêöèè ϕ ñòåïåííûì ñðåäíèì ïîðÿäêà

α 6= 0 íàçûâàåòñÿ ôóíêöèÿ Mαϕ(t) =
(

1
t

∫ t
0
ϕα(u) du

)1/α

(0 < t ≤ 1). Èç íåðàâåíñòâà

Ãåëüäåðà ñðàçó ñëåäóåò, ÷òî ñðåäíèåMα âîçðàñòàþò âìåñòå ñ α. Äëÿ α < β, α ·β 6= 0 ÷åðåç
RHα,β(B) îáîçíà÷àåì êëàññ âñåõ íåîòðèöàòåëüíûõ íà [0, 1] ôóíêöèé ϕ, óäîâëåòâîðÿþùèõ
îáðàòíîìó íåðàâåíñòâó Ãåëüäåðà

0 <Mβϕ(t) ≤ B · Mαϕ(t) < +∞, 0 < t ≤ 1, (1)

ãäå ïîñòîÿííàÿ B > 1 íå çàâèñèò îò t. Êëàññû RHα,β(B) ÿâëÿþòñÿ åñòåñòâåííûì îáîá-
ùåíèåì èçâåñòíûõ êëàññîâ Ìàêåíõàóïòà è Ãåðèíãà è íàõîäÿò ïðèëîæåíèÿ â òåîðèè âåñî-
âûõ ïðîñòðàíñòâ, êâàçèêîíôîðìíûõ îòîáðàæåíèé è â äðóãèõ âîïðîñàõ. Èõ çàìå÷àòåëüíîå
ñâîéñòâî çàêëþ÷àåòñÿ â òàê íàçûâàåìîì �ñàìîóëó÷øåíèè ïîêàçàòåëåé ñóììèðóåìîñòè�.
Ìû ïðèâîäèì ïðîñòîå äîêàçàòåëüñòâî ýòîãî ñâîéñòâà (ñì. [1]), êîòîðîå ïîçâîëÿåò óñòà-
íîâèòü òî÷íûå ãðàíèöû òàêîãî �ñàìîóëó÷øåíèÿ�. Ýòè ãðàíèöû âûðàæàþòñÿ â òåðìèíàõ
ôóíêöèè σα(γ) = (1− α/γ)1/α ïåðåìåííîé γ ∈ (−∞,min(0, α)) ∪ (max(0, α),+∞).

Îñíîâîé äîêàçàòåëüñòâà ñëóæèò ñëåäóþùàÿ òåîðåìà, ïðåäñòàâëÿþùàÿ, áûòü ìîæåò, è
ñàìîñòîÿòåëüíûé èíòåðåñ.

Òåîðåìà 1. Ïóñòü α < β, α · β 6= 0, B > 1 è ÷èñëà γ± � ïîëîæèòåëüíûé è îòðèöà-
òåëüíûé êîðíè óðàâíåíèÿ σα(γ) = B · σβ(γ). Òîãäà äëÿ ëþáîé ôóíêöèè ϕ ∈ RHα,β(B)

σα (γ+) ≤ Mβϕ(t)

Mα (Mβϕ) (t)
≤ σα (γ−) , σβ (γ+) ≤ Mαϕ(t)

Mβ (Mαϕ) (t)
≤ σβ (γ−) , 0 < t ≤ 1,

ïðè÷åì ïîñòîÿííûå â ëåâûõ è ïðàâûõ ÷àñòÿõ ýòèõ íåðàâåíñòâ íåëüçÿ óëó÷øèòü.
Ñ ïîìîùüþ òåîðåìû 1 óñòàíàâëèâàþòñÿ òî÷íûå ãðàíèöû ïîêàçàòåëåé ñóììèðóåìîñòè

äëÿ ñðåäíèõMαϕ èMβϕ.
Òåîðåìà 2. Ïóñòü α, β,B, γ± óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1, ϕ ∈ RHα,β(B).

Åñëè 0 6= γ < γ+, òî Mβϕ ∈ RHα,γ (σα (γ−)/σγ (γ+)) , Mαϕ ∈ RHβ,γ (σβ (γ−)/σγ (γ+)) .
Åñëè æå 0 6= γ > γ−, òîMβϕ ∈ RHγ,α (σγ (γ−)/σα (γ+)) ,Mαϕ ∈ RHγ,β (σγ (γ−)/σβ (γ+)) .
Ïðè ýòîì óñëîâèÿ γ < γ+ è γ > γ− íà ïàðàìåòð γ íå ìîãóò áûòü óëó÷øåíû.

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü óñëîâèå ìîíîòîííîñòè ôóíêöèè ϕ (õàðàêòåð ìîíî-
òîííîñòè çàâèñèò îò çíàêîâ ïàðàìåòðîâ α è β), òî èç òåîðåìû 2 ëåãêî ìîæíî ïîëó÷èòü
ñâîéñòâî �ñàìîóëó÷øåíèÿ ïîêàçàòåëåé ñóììèðóåìîñòè� äëÿ ìîíîòîííîé ϕ. Â îáùåì ñëó÷àå
óñëîâèå (1) ïðèíàäëåæíîñòè ôóíêöèè ϕ êëàññó RHα,β(B) ñëåäóåò çàìåíèòü áîëåå ñèëü-

íûì:
(
|I|−1

∫
I
ϕβ(t) dt

)1/β ≤ B
(
|I|−1

∫
I
ϕα(t) dt

)1/α
, êîòîðîå ïðåäïîëàãàåòñÿ âûïîëíåííûì

äëÿ âñåõ èíòåðâàëîâ I ⊂ [0, 1]. Òîãäà, ïðèìåíÿÿ èçâåñòíûå îöåíêè (ñì. [2]) ðàâíîèçìåðè-
ìûõ ïåðåñòàíîâîê ôóíêöèé, óäîâëåòâîðÿþùèõ îáðàòíîìó íåðàâåíñòâó Ãåëüäåðà, èç òåîðå-
ìû 2 ïîëó÷àåì òî÷íûå ãðàíèöû ðàñïðîñòðàíåíèÿ ñâîéñòâà �ñàìîóëó÷øåíèÿ ïîêàçàòåëåé
ñóììèðóåìîñòè� äëÿ ôóíêöèè ϕ áåç ïðåäïîëîæåíèÿ åå ìîíîòîííîñòè.

1. Â. Ä. Äèäåíêî, À. À. Êîðåíîâñêèé. Îáðàòíîå íåðàâåíñòâî Ãåëüäåðà äëÿ ñòåïåííûõ ñðåäíèõ,
Óêð. ìàòåì. âåñòíèê, 2012, 9:1, C. 18 � 31.

2. À. À. Êîðåíîâñêèé. Î òî÷íîì ïðîäîëæåíèè îáðàòíîãî íåðàâåíñòâà Ãåëüäåðà è óñëîâèÿ
Ìàêåíõàóïòà, Ìàòåì. çàìåòêè, 1992, 52:6, C. 32 � 44.
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Íåðàâåíñòâà äëÿ ïðîèçâîäíûõ ôóíêöèé íà îñè ñ
íåñèììåòðè÷íî îãðàíè÷åííûìè ñòàðøèìè

ïðîèçâîäíûìè
Â.À. Êîôàíîâ

Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà
vladimir.kofanov@gmail.com

×åðåç Lr∞(R) áóäåì îáîçíà÷àòü ïðîñòðàíñòâî ôóíêöèé x ∈ L∞(R), èìåþùèõ ëîêàëüíî
àáñîëþòíî íåïðåðûâíûå ïðîèçâîäíûå äî (r − 1)-ãî ïîðÿäêà, ïðè÷åì x(r) ∈ L∞(R). Ïîëî-
æèì

W r
∞,α,β(R) :=

{
x ∈ Lr∞(R) :

∥∥x(r)
∥∥
∞,α−1,β−1 ≤ 1

}
,

ãäå ‖x‖∞,α,β := ‖αx+ + βx−‖∞, à x±(t) := max{x±(t), 0}.
Äëÿ ôóíêöèé, îïðåäåëåííûõ íà âñåé îñè, íàìè ïîëó÷åíû àíàëîãè îäíîãî íåðàâåíñòâà

Â.Ô. Áàáåíêî [1] äëÿ ïåðèîäè÷åñêèõ ôóíêöèé. Èç íèõ, â ÷àñòíîñòè, âûòåêàåò, ÷òî äëÿ ëþ-
áîé ôóíêöèè x ∈ Lr∞(R) è ïðîèçâîëüíîãî îòðåçêà [a, b] ⊂ R, óäîâëåòâîðÿþùèõ óñëîâèÿì

1) x(k)(a) = x(k)(b) = 0, 2)

b∫
a

x(k)(t)dt = 0, (1)

ñïðàâåäëèâî íåðàâåíñòâî
‖x(k)
± ‖Lq [a,b] ≤

≤ min

{
µ±(x(k))

µ±(ϕα,βr−k)
,
b− a
2π

}1/q ∥∥∥∥(ϕα,βr−k)±
∥∥∥∥
q

(
E0(x)∞

E0(ϕα,βr )∞

)1−k/r

‖x(r)‖k/r∞,α−1,β−1 , (2)

ãäå

µ±(x(k)) := µ{t ∈ [a, b] : x
(k)
± (t) > 0}, µ±(ϕα,βr−k) := µ{t ∈ [0, 2π] : (ϕα,βr−k)±(t) > 0},

à ϕα,βr � íåñèììåòðè÷íûé èäåàëüíûé ñïëàéí Ýéëåðà ïîðÿäêà r. Åñëè æå âûïîëíåíî òîëüêî

ïåðâîå óñëîâèå (1), òî âåëè÷èíó min

{
µ±(x(k))

µ±(ϕα,βr−k)
, b−a

2π

}
â íåðàâåíñòâå (2) ñëåäóåò çàìåíèòü íà

µ±(x(k))

µ±(ϕα,βr−k)
. Äîêàçàíû òàêæå íåðàâåíñòâà, áîëåå îáùèå ÷åì (2), â êîòîðûõ âåëè÷èíû E0(x)∞

çàìåíåíû íà L(x±)p := sup
{
‖x±‖Lp[a,b] : a, b ∈ R, x±(t) > 0, t ∈ (a, b)

}
, p > 0.

Êðîìå òîãî, äëÿ ïðîèçâîëüíîãî îòðåçêà [a, b] ∈ R è çàäàííûõ A0, Ar > 0, ðåøåíà
ñëåäóþùàÿ "íåñèììåòðè÷íàÿ" ìîäèôèêàöèÿ çàäà÷è Á. Áîÿíîâà è Í. Íàéäåíîâà [2]:

‖x(k)‖Lq [a,b] → sup, 0 ≤ k ≤ r − 1, q ≥ 1,

íà êëàññå âñåõ ôóíêöèé x ∈ Lr∞(R), óäîâëåòâîðÿþùèõ óñëîâèÿì

L(x)p ≤ A0, ‖x(r)‖∞,α−1,β−1 ≤ Ar,

â ñëó÷àå, êîãäà r− k íå÷åòíî. Ðàññìîòðåíû ðàçíîîáðàçíûå ïðèëîæåíèÿ. Â ÷àñòíîñòè, äëÿ
ôóíêöèé ñ íåñèììåòðè÷íî îãðàíè÷åííûìè ñòàðøèìè ïðîèçâîäíûìè, äîêàçàíû íåðàâåí-
ñòâà òèïà Íàäÿ-Êîëìîãîðîâà äëÿ ïîëóíîðì Âåéëÿ è ðåøåíà ñîîòâåòñòâóþùàÿ çàäà÷à Êîë-
ìîãîðîâà î òðîéêå ÷èñåë.

1. Â.Ô. Áàáåíêî. Íåñèììåòðè÷íûå ýêñòðåìàëüíûå çàäà÷è òåîðèè ïðèáëèæåíèÿ, Äîêë. ÀÍ
ÑÑÑÐ, 1983, 269:3, C. 521�524.

2. B. Bojanov, N. Naidenov. An extension of the Landau-Kolmogorov inequality. Solution of a
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Âàðèàíò çàäà÷è Ñòå÷êèíà äëÿ îïåðàòîðà Ëàïëàñà
A.A. Êîøåëåâ

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Åêàòåðèíáóðã, Ðîññèÿ
aakoshelev@gmail.com

Ðàññìîòðèì Q2n
p (n ∈ N, n ≥ 2, 1 ≤ p ≤ ∞) âûïóêëûé öåíòðàëüíî ñèììåòðè÷íûé

êëàññ ôóíêöèé f ∈ Lp(Rm) ïðè 1 ≤ p < ∞ è f ∈ C(Rm) â ñëó÷àå p = ∞, ó êîòîðûõ ∆nf,
â ñìûñëå îáîáùåííûõ ôóíêöèé, ïðèíàäëåæèò L∞(Rm) è ‖∆nf‖∞ ≤ 1. Îáîçíà÷èì ÷åðåç
Lp(N) ìíîæåñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç Lp(Rm) â Lp(Rm) ïðè 1 ≤ p <∞,
è èç C(Rm) â C(Rm) ïðè p =∞. Ðàññìîòðèì âåëè÷èíó óêëîíåíèÿ îïåðàòîðà T ∈ Lp(N) îò
îïåðàòîðà ∆k íà êëàññå ôóíêöèé Q2n

p : U(T )p = sup{||∆kf − Tf ||p : f ∈ Q2n
p }. Ïðè N > 0

ïîëîæèì
E(N, k, n) = E(N) = E(N)p = inf{U(T )p : ||T ||Lp(N) ≤ N};

Ýòó âåëè÷èíó íàçûâàþò íàèëó÷øèì ïðèáëèæåíèåì k−òîé ñòåïåíè îïåðàòîðà Ëàïëàñà ∆k

ëèíåéíûìè îãðàíè÷åííûìè îïåðàòîðàìè íà êëàññå ýëåìåíòîâ Q2n
p . Äàííàÿ çàäà÷à ÿâëÿå-

òñÿ ÷àñòíûì ñëó÷àåì çàäà÷è Ñ.Á. Ñòå÷êèíà î íàèëó÷øåì ïðèáëèæåíèè íåîãðàíè÷åííîãî
îïåðàòîðà ëèíåéíûìè îãðàíè÷åííûìè îïåðàòîðàìè íà êëàññå ýëåìåíòîâ [1].

Äëÿ ïðîèçâîëüíîãî íåîòðèöàòåëüíîãî ÷èñëà δ ïîëîæèì

ω(δ) = ω(δ)p = sup{‖∆kf‖p : f ∈ Q2n
p , ‖f‖p ≤ δ};

ýòó ôóíêöèþ ïåðåìåííîãî δ ≥ 0 íàçûâàþò ìîäóëåì íåïðåðûâíîñòè (k−òîé ñòåïåíè îïåðà-
òîðà ∆k íà êëàññå Q2n

p ). Ðîäñòâåííîé ÿâëÿåòñÿ çàäà÷à îòûñêàíèÿ íàèëó÷øåé (íàèìåíüøåé)

êîíñòàíòû Kp â íåðàâåíñòâå Êîëìîãîðîâà ||∆kf ||p ≤ Kp · ||f ||
n−k
n

p · ||∆nf ||
k
n
p [2]. Äàííîå

íåðàâåíñòâî èçó÷àë Î. Êóí÷åâ â ðàáîòå [3].
Ðàññìîòðèì òàêæå çàäà÷ó âîññòàíîâëåíèÿ çíà÷åíèé k−òîé ñòåïåíè îïåðàòîðà Ëàïëàñà

∆k íà ýëåìåíòàõ êëàññàQ2n
p â ïðåäïîëîæåíèè, ÷òî ýëåìåíòû êëàññàQ2n

p çàäàíû ñ èçâåñòíîé
ïîãðåøíîñòüþ δ. Âîññòàíîâëåíèå îñóùåñòâëÿåòñÿ ñ ïîìîùüþ íåêîòîðîãî ìíîæåñòâà Rp

îïåðàòîðîâ (îäíîçíà÷íûõ îòîáðàæåíèé) ïðîñòðàíñòâà Lp(Rm) â Lp(Rm) ïðè 1 ≤ p <∞, è
ïðîñòðàíñòâà C(Rm) â C(Rm) ïðè p = ∞. Äëÿ îïåðàòîðà T ∈ Rp è ÷èñëà δ ≥ 0 ïîëàãàåì
Uδ(T )p = sup{‖∆kf − Tη‖p : f ∈ Q2n

p , η ∈ Lp(Rm), ‖f − η‖p ≤ δ}. Òîãäà

Eδ(Rp) = Eδ(Rp)p = inf{Uδ(T )p : T ∈ Rp}

åñòü âåëè÷èíà îøèáêè îïòèìàëüíîãî âîññòàíîâëåíèÿ k−òîé ñòåïåíè îïåðàòîðà Ëàïëàñà
∆k ñ ïîìîùüþ ìíîæåñòâà îòîáðàæåíèé (ìåòîäîâ âîññòàíîâëåíèÿ) Rp íà ýëåìåíòàõ êëàññà
Q2n
p , çàäàííûõ ñ èçâåñòíîé ïîãðåøíîñòüþ δ.
Äëÿ ñëó÷àÿ k = 1, n = 2,m ≥ 2, 1 ≤ p ≤ ∞ àâòîðîì ïîëó÷åíû òî÷íûå ïî ïîðÿäêó ñ

áëèçêèìè àáñîëþòíûìè êîíñòàíòàìè äâóñòîðîííèå îöåíêè èçó÷àåìûõ âåëè÷èí [4].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ïðîåêò � 11-01-00462 è Ìèíîáðíàóêè Ðîññèè

(Ãîñçàäàíèå 1.1544.2011).
1. Ñòå÷êèí Ñ.Á. Íàèëó÷øåå ïðèáëèæåíèå ëèíåéíûõ îïåðàòîðîâ, Ìàòåì. çàìåòêè, 1967, 1:2,

Ñ. 137�148.
2. Àðåñòîâ Â.Â. Ïðèáëèæåíèå íåîãðàíè÷åííûõ îïåðàòîðîâ îãðàíè÷åííûìè è ðîäñòâåííûå

ýêñòðåìàëüíûå çàäà÷è, Óñïåõè ìàò. íàóê, 1996, 51:6, Ñ. 89�124.
3. Kounchev O. Extremizers for the multivariate Landau�Kolmogorov inequality, Multivariate

Approximation, W. Haussmann et al. (eds.), Akademie Verlag, 1997, P. 123�132.
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4. Êîøåëåâ À.À. Íàèëó÷øåå Lp ïðèáëèæåíèå îïåðàòîðà Ëàïëàñà ëèíåéíûìè îãðàíè÷åííûìè
îïåðàòîðàìè íà êëàññàõ ôóíêöèé äâóõ è òðåõ ïåðåìåííûõ, Òð. Èí-òà ìàò. ìåõ. ÓðÎ ÐÀÍ, 2011,
17:3, Ñ. 217�224.

Ïðîáëåìè íàáëèæåíü ôóíêöié â ÿêiñíié òåîði¨
äèôåðåíöiàëüíèõ ðiâíÿíü

Ã.Ì. Êóëèê
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI Êè¨â

ganna 1953@ukr.net

Â òåîði¨ àâòîíîìíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ÷àñòî ç'ÿâëÿþòüñÿ êëàñè ôóíêöié
C ′(Rm; f). Öå òàêi êëàñè íåïåðåðâíèõ îáìåæåíèõ íà Rm ôóíêöié s(x) = s(x1, . . . , xm),
ùî ñóïåðïîçèöiÿ s(x(t;x0)), äå x(t;x0) � ðîçâ'ÿçîê çàäà÷i Êîøi dx/dt = f(x), x |t=0= x0,
¹ íåïåðåðâíî äèôåðåíöiéîâíîþ ïî çìiííié t ∈ R. Ïðè öüîìó çà îçíà÷åííÿì ṡ(x0) =
ds(x(t;x0))/dt |t=0. Iíøèìè ñëîâàìè ṡ(x) � öå ïîõiäíà íåïåðåðâíî¨ ôóíêöi¨ s(x) âçäîâæ
âåêòîðíîãî ïîëÿ, âèçíà÷åíîãî ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü dx/dt = f(x), ÿêà ¹ íå-
ïåðåðâíîþ i îáìåæåíîþ ôóíêöi¹þ íà Rm. Íàéâàæëèâiøèìè ïðèêëàäàìè òàêèõ ôóíêöié
¹

S(x) =

0∫
−∞

[
Ω0
τ (x)C(x(τ ;x))

][
Ω0
τ (x)C(x(τ ;x))

]T
dτ−

−
+∞∫
0

{
Ω0
τ (x)

[
C(x(τ ;x))− In

]}{
Ω0
τ (x)

[
C(x(τ ;x))− In

]}T
dτ, (1)

äå ïiäiíòåãðàëüíi ìàòðèöi çàäîâîëüíÿþòü òàêèì îöiíêàì ‖Ω0
τ (x)C(x(τ ;x))‖ ≤ K exp{−γτ},

τ ≤ 0, ‖Ω0
τ (x)

[
C(x(τ ;x))− In

]
‖ ≤ K exp{γτ}, τ ≥ 0, ç äîäàòíiìè êîíñòàíòàìè K, γ, íåçàëå-

æíèìè âiä τ ∈ R, x ∈ Rm. Âèíèêà¹ ïèòàííÿ: ÷è ìîæíà íàáëèçèòè íåïåðåðâíó i îáìåæåíó
íà Rm ôóíêöiþ S(x) íåïåðåðâíî äèôåðåíöiéîâíèìè ôóíêöiÿìè Sn(x) ç îäíî÷àñíèì íàáëè-
æåííÿì ¨¨ ïîõiäíî¨ Ṡ(x): Ṡn(x)⇒ Ṡ(x)? Ó âèïàäêó, êîëè ìîæëèâå òàêå íàáëèæåííÿ, ìîæíà
ñòâåðäæóâàòè ïðî iñíóâàííÿ ôóíêöi¨ Ãðiíà çàäà÷i ïðî îáìåæåíi iíâàðiàíòíi ìíîãîâèäè ïðè
ìàëèõ çáóðåííÿõ ôàçîâèõ çìiííèõ. ßêùî ðîçãëÿäàòè ÷àñòèííèé âèïàäîê, êîëè çìiííi x
íàëåæàòü ïåâíié êîìïàêòíié ìíîæèíi Tm iç Rm, äîñòàòíüîþ óìîâîþ òàêîãî íàáëèæåííÿ ¹
ðiâíiñòü lim

σ→+0

ω(σ;f)·ω(σ;S)
σ

= 0, äå ω(σ;S) � çàãàëüíèé ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ S(x):

ω(σ;S) = sup
‖x̄−x‖≤σ

∥∥S(x)−S(x̄)
∥∥. Äëÿ ¹äèíîñòi çàäà÷i Êîøi dx/dt = f(x), x |t=0= x0 íå âèñòà-

÷à¹ íåïåðåðâíîñòi ôóíêöi¨ f(x). Êðiì òîãî ïîòðiáíî òàêîæ, ùîá ¨¨ ìîäóëü íåïåðåðâíîñòi

ω(σ; f) çàäîâîëüíÿâ óìîâó lim
ε→+0

d∫
ε

dσ
ω(σ;f)

= ∞. Âðàõîâóþ÷è çâ'ÿçîê ìiæ ìîäóëÿìè íåïå-

ðåðâíîñòi ôóíêöi¨ (1) i ôóíêöi¨ f(x), îòðèìàíî óìîâó ìîæëèâîñòi íàáëèæåííÿ ôóíêöié
(1) íåïåðåðâíî äèôåðåíöiéîâíèìè ôóíêöiÿìè Sn(x) ç îäíî÷àñíèì íàáëèæåííÿì ïîõiäíî¨:

lim
σ→+0

ω(σ; f)

σ

d∫
σ

exp

{
− γ

z∫
σ

dt

ω(t; f)

}
dz = 0.

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé. � Ê.: Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
2002. � T. 1,2.
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2. Êóëèê Â.Ë., Êóëèê À.Í., Ñòåïàíåíêî Í.Â. Äîïîëíåíèå ñëàáî ðåãóëÿðíûõ ëèíåéíûõ ðà-
ñøèðåíèé äèíàìè÷åñêèõ ñèñòåì äî ðåãóëÿðíûõ, Ìàòåìàòè÷åñêèé æóðíàë Àëìàòû, 2011, 11:1,
Ñ. 74�86.

Íåðiâíîñòi òèïó Âiìàíà-Âàëiðîíà

áåç âèíÿòêîâèõ ìíîæèí äëÿ âèïàäêîâèõ
öiëèõ ôóíêöié âiä äåêiëüêîõ çìiííèõ

Àíäðié Êóðèëÿê, Îëåã Ñêàñêiâ
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. Ôðàíêà, Óêðà¨íà

kurylyak88@gmail.ru, matstud@franko.lviv.ua

Ðîçãëÿäà¹ìî öiëi ôóíêöi¨ f : Cp → C, p ≥ 2, âèãëÿäó

f(z) =
∑+∞

‖n‖=0
anz

n, z = (z1, . . . , zp) ∈ Cp, zn = zn1
1 . . . znpp , (1)

äå ‖n‖ =
∑p

i=1 ni, n = (n1 . . . np). Äëÿ r = (r1, . . . , rp) ∈ Rp
+ ïîçíà÷èìîMf (r) = max{|f(z)| :

|zi| ≤ ri, i ∈ {1, . . . , p}}, µf (r) = max{|an|rn : n ∈ Zp+} ìàêñèìóì ìîäóëÿ ôóíêöi¨ f(z) i
ìàêñèìàëüíèé ÷ëåí ðÿäó (1) âiäïîâiäíî. Íåõàé r∨ = min1≤i≤p ri, r

∧ = max1≤i≤p ri, Nf (r) =
N (r1, . . . , rp) = max{‖N‖ : |aN |rN = µf (r)}.

Íåõàé T p êëàñ öiëèõ ôóíêöié âèãëÿäó (1), ùî çà êîæíîþ çìiííîþ ¹ òðàíñöåíäåíòíèìè.
Ïîçíà÷èìî ÷åðåç H � êëàñ íåïåðåðâíèõ ñïðàâà íà (1,+∞) äiéñíèõ ôóíêöié h, äëÿ ÿêèõ
h(x) ↗ +∞, x → +∞. Íåõàé 4(h) = limr→+∞

lnh(r)
ln ln r

. Ìè òàêîæ ðîçãëÿäàòèìåìî ïiäêëàñ
L êëàñó H, ÿêèé ñêëàäà¹òüñÿ ç ââiãíóòèõ âiäíîñíî ëîãàðèôìà ôóíêöié l, äëÿ ÿêèõ ln r =
o(l(r)), r → +∞.

Â íàñòóïíèõ òåîðåìàõ âêàçàíî óìîâè íà çðîñòàííÿ Nf (r), lnMf (r), çà ÿêèõ âèêîíó¹òüñÿ
íåðiâíiñòü

lim
r∨→+∞

lnMf (r)− lnµf (r)

ln lnµf (r)
≤ α, α > 0. (2)

Òåîðåìà 1. Íåõàé α ∈ (0,+∞), h ∈ H. Äëÿ òîãî, ùîá äëÿ êîæíî¨ öiëî¨ ôóíêöi¨
f ∈ T p òàêî¨, ùî Nf (r) ≤ h(r∧), r∨ → +∞, âèêîíóâàëàñÿ íåðiâíiñòü (2), íåîáõiäíî i
äîñèòü, ùîá 4(h) ≤ α/p.

Òåîðåìà 2. Íåõàé α ∈ (0,+∞), l ∈ L. Äëÿ òîãî, ùîá äëÿ êîæíî¨ öiëî¨ ôóíêöi¨ f ∈ T p
òàêî¨, ùî lnMf (r) ≤ l(r∧), r∨ → +∞, âèêîíóâàëàñÿ íåðiâíiñòü (2), íåîáõiäíî i äîñèòü,
ùîá 4(l) ≤ 1 + α/p.

Ïîçíà÷èìî ÷åðåç Ξ � êëàñ ïîñëiäîâíîñòåé âèïàäêîâèõ âåëè÷èí (ξn) òàêèõ, ùî êîæíà ç
ïîñëiäîâíîñòåé (Re ξn), (Im ξnm) óòâîðþ¹ ìóëüòèïëiêàòèâíó ñèñòåìó i |ξn| = 1 äëÿ âñiõ
n ∈ Zp+. ×åðåç Mf (r, ω) ïîçíà÷èìî ìàêñèìóì ìîäóëÿ öiëî¨ âèïàäêîâî¨ ôóíêöi¨ f(z, ω)
âèãëÿäó

f(z, ω) =
∑+∞

‖n‖=0
ξn(ω)anz

n1
1 . . . znpp ,

äå ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí (ξn) ∈ Ξ.
Â íàñòóïíèõ òåîðåìàõ âêàçàíî óìîâè íà çðîñòàííÿ Nf (r), lnMf (r), çà ÿêèõ âèêîíó¹òüñÿ

íåðiâíiñòü

lim
r∨→+∞

lnMf (r, ω)− lnµf (r)

ln lnµf (r)
≤ β, β > 0. (3)
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Òåîðåìà 3. Íåõàé β ∈ (0,+∞), h ∈ H i (ξn) ∈ Ξ. Äëÿ òîãî, ùîá äëÿ êîæíî¨ öiëî¨ ôóí-
êöi¨ f ∈ T p òàêî¨, ùî Nf (r) ≤ h(r∧), r∨ → +∞, âèêîíóâàëàñÿ íåðiâíiñòü (3), íåîáõiäíî i
äîñèòü, ùîá 4(h) ≤ 2β/p.

Òåîðåìà 4. Íåõàé β ∈ (0,+∞), l ∈ L i (ξn) ∈ Ξ. Äëÿ òîãî, ùîá äëÿ êîæíî¨ öiëî¨
ôóíêöi¨ f ∈ T p òàêî¨, ùî lnMf (r) ≤ l(r∧), r∨ → +∞, âèêîíóâàëàñÿ íåðiâíiñòü (3),
íåîáõiäíî i äîñèòü, ùîá 4(l) ≤ 1 + 2β/p.

Ñèëüíàÿ ñóììèðóåìîñòü è ñâîéñòâà ðÿäîâ
Ôóðüå-Ëàïëàñà íà ñôåðå

Ð.À. Ëàñóðèÿ
Àáõàçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñóõóì

rlasuria67@yandex.ru

Â ðàáîòå èññëåäóåòñÿ ïîâåäåíèå âåëè÷èí, õàðàêòåðèçóþùèõ ñèëüíóþ ñóììèðóåìîñòü
ðÿäîâ Ôóðüå-Ëàïëàñà, è íà èõ îñíîâå ïðèâîäÿòñÿ íåêîòîðûå ñâîéñòâà ðÿäîâ Ôóðüå-
Ëàïëàñà ôóíêöèé êëàññà L2 (Sm−1).

Ïóñòü Sm−1 =

{
x = (x1, ..., xm) ∈ Rm :

m∑
i=1

|xi|2 = 1

}
, m ≥ 3,

Sn (f, x) =
n∑
k=0

Yk (f, x) =
n∑
k=0

ak∑
j=1

c
(k)
j Y

(k)
j (x) dS (x)

� ñóììû Ôóðüå-Ëàïëàñà ïîðÿäêà n, Λ = {λk}, k = 0, 1, ...� íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü
íåîòðèöàòåëüíûõ ÷èñåë, ∆λk = λk+1 − λk, k = 0, 1, ...

H2 (x) = H2 (f, x, λ)
df
=
∞∑
k=0

∆λk|f (x)− Sk (f, x)|2 .

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà âåëè÷èíûH2 (x) (ñì., [1�3]), õàðàêòåðèçóþùåé ñèëüíóþ
ñóììèðóåìîñòü ñ ïîêàçàòåëåì 2 ðÿäà Ôóðüå-Ëàïëàñà ôóíêöèè f ∈ L (Sm−1).

Îäèí èç ïîëó÷åííûõ ðåçóëüòàòîâ âûãëÿäèò ñëåäóþùèì îáðàçîì.
Òåîðåìà. Ïóñòü f (x) ∈ L2 (Sm−1), Λ = {λk}, k = 0, 1, ...� íåêîòîðàÿ

íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ ÷èñåë. Äëÿ òîãî, ÷òîáû ðÿä
∞∑
k=0

∆λk|f (x)− Sk (f, x)|2 ñõîäèëñÿ ïî÷òè âñþäó íà ñôåðå Sm−1 ê íåêîòîðîé ôóíêöèè

H2 (x) ∈ L (Sm−1) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ

∞∑
k=0

λk

ak∑
j=1

∣∣∣c(k)
j

∣∣∣2 <∞
èëè, ÷òî òî æå ñàìîå,

∞∑
k=0

λk ‖Yk (f, x)‖2
L2(Sm−1) <∞,

ïðè÷åì, åñëè H2 (x) ∈ L (Sm−1), òî

‖H2 (x)‖L(Sm−1) =
∞∑
k=1

(λk − λ0) ‖Yk (f, x)‖2
L2(Sm−1) .
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Íàáëèæåííÿ äiéñíîþ ôóíêöi¹þ åêñïåðèìåíòàëüíèõ
çíà÷åíü, îòðèìàíèõ ç ïîõèáêàìè

Ì.Ì. Ëè÷àê1, Â.Ï. �âòóøîê2, Í.À. Áàáié1

1Iíñòèòóò êîñìi÷íèõ äîñëiäæåíü ÍÀÍ òà ÄÊÀ Óêðà¨íè
2Õìåëüíèöüêèé íàöiîíàëüíèé óíiâåðñèòåò

Íåõàé ìîäåëü îòðèìàííÿ åêñïåðèìåíòàëüíèõ äàíèõ ìà¹ âèãëÿä

yn = xn + fn, n ∈ (1;M) (1)

äå yn - ÷èñëîâi äàíi, ùî îòðèìóþòüñÿ â ðåçóëüòàòi M âèìiðþâàíü, xn - iñòèííi çíà÷åííÿ
âèìiðþâàíîãî ïðîöåñó, à fn � íåâiäîìi ïîõèáêè âèìiðþâàíü. Íà îñíîâi öi¹¨ ìîäåëi äàëi ìî-
æå áóäóâàòèñÿ ïðîöåäóðà îáðîáêè îòðèìàíèõ çíà÷åíü äëÿ íàáëèæåííÿ äiéñíîþ ôóíêöi¹þ
iñòèííèõ ÷èñëîâèõ çíà÷åíü ïðîöåñó, òîáòî ¨õ àïðîêñèìàöiÿ. Àëå äëÿ öüîãî ñëiä ââåñòè
äåÿêi ïðèïóùåííÿ ïðî ïðèðîäó i õàðàêòåð ïîõèáîê fn, ÿêi îáóìîâëþþòü íåâèçíà÷åíiñòü
äàíèõ ïðî ïðîöåñ xn. Áóäåìî ââàæàòè, ùî çíà÷åííÿ ïîõèáîê âèìiðþâàíü ¹ îáìåæåíi, à
òàêîæ îáìåæåíà ¨õ ïåðøà ðiçíèöÿ

|fn| ≤ δ = const, |4fn| ≤ γ = const, ∀n, 4fn = fn+1 − fn. (2)

Òîáòî, çíà÷åííÿ ÷ëåíiâ ÷èñëîâî¨ ïîñëiäîâíîñòi fn ¹ íå ïåðåäáà÷óâàíèìè, àëå âîíè çàäî-
âîëüíÿþòü óìîâó (2). Öå äîçâîëÿ¹ âèêîðèñòîâóâàòè ìíîæèííó iíòåðïðåòàöiþ âêàçàíî¨
íåâèçíà÷åíîñòi. Áóäåìî ââàæàòè, ùî íàáëèæåííÿ ìîæíà ïðåäñòàâèòè ó âèãëÿäi ëiíiéíî¨
êîìáiíàöi¨ äåÿêèõ âiäîìèõ áàçèñíèõ ôóíêöié ϕk(n), (n ∈ [1,M ]), k = 1, 2 . . . , S:

xn =
S∑

k = 1
lk · ϕk(n), n = 1, 2, . . . ,M, (3)

äå lk � íåâiäîìi ÷èñëîâi êîåôiöi¹íòè, à S � ¨õ êiëüêiñòü. Âèêîðèñòîâóþ÷è (3), ïåðåïèøåìî
(1) ó âèäi

yn −
S∑

k = 1
lk · ϕk(n) = fn, n ∈ (1,M). (4)

Òîäi çàäà÷ó íàáëèæåííÿ ìîæíà ðîçãëÿäàòè ÿê âèáið òàêèõ êîåôiöi¹íòiâ lk , ùîá ðîçðàõî-
âàíi çãiäíî (4) íåâiäîìi çíà÷åííÿ fn çàäîâîëüíÿëè îáìåæåííÿì (2). Àëå ðîçâ'ÿçîê òàêî¨
çàäà÷i â çàãàëüíîìó âèïàäêó áóäå íåîäíîçíà÷íèì i ïåðø çà âñå çàëåæàòèìå âiä âèáîðó i
êiëüêîñòi áàçèñíèõ ôóíêöié. Òîáòî, äëÿ âåêòîðà êîåôiöi¹íòiâ LT = (l1, l2, . . . , ls) ìîæå áóòè
îòðèìàíà òàêà ìíîæèííà îöiíêà

L ∈ ΩL, (5)
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ùî äëÿ âñiõ åëåìåíòiâ ìíîæèíè ΩL âèêîíóþòüñÿ ïðè fn iç (4) îáìåæåííÿ (2). Îá'¹äíóþ÷è
çíà÷åííÿ xn ïî âñiõ L iç (5) îòðèìó¹ìî ìíîæèíó ΩX ó âèãëÿäi ½òðóáêè�, ùî ìiñòèòü âñi
ìîæëèâi ôóíêöi¨ íàáëèæåííÿ äëÿ âèáðàíèõ áàçèñíèõ ôóíêöié i ¨õ êiëüêîñòi. À öå äîçâîëÿ¹
ïîñòàâèòè çàäà÷ó îïòèìiçàöi¨ òàêîãî âèáîðó, ÿê çàáåçïå÷åííÿ ìiíiìàëüíèõ ðîçìiðiâ, â
ïåâíîìó ñåíñi, ìíîæèíè ΩX . Îïòèìàëüíèé âèáið ìîæå âiäáóâàòèñü íà îñíîâi ìiíiìiçàöi¨
ôóíêöiîíàëó ÿêîñòi îöiíþâàííÿ

J =
M∑

n = 1
[xmax(n)− xmin(n)]2 àáî J = max

n∈[1,M ]
[xmax(n)− xmin(n)]2 , (6)

äå

xmax(n) = max
L∈ΩL

 S∑
k = 1

[lk · ϕk(n)]

 , xmin(n) = min
L∈ΩL

 S∑
k = 1

[lk · ϕk(n)]

 .
Î÷åâèäíî, ùî îïòèìàëüíà âåëè÷èíà S äëÿ ôóíêöiîíàëó (6) áóäå îáìåæåíîþ, áî ïðè çðî-
ñòàííi ðîçìiðíîñòi âåêòîðà L çðîñòàþòü ðîçìiðè ìíîæèíè ΩL, à çíà÷èòü ðîçøèðþþòüñÿ
ìåæi iíòåðâàëüíî¨ îöiíêè xn i çðîñòà¹ ôóíêöiîíàë (6). Ïðîâåäåíå öèôðîâå ìîäåëþâàííÿ
ïiäòâåðäæó¹ iñíóâàííÿ ñêií÷åíîãî îïòèìàëüíîãî S. Ìîæëèâå çàñòîñóâàííÿ áiëüø ñêëà-
äíèõ iíòåðâàëüíèõ îöiíîê íåâiäîìèõ ïîõèáîê âèìiðþâàíü, êîëè òåîðåòèêî-ìíîæèííà ií-
òåðïðåòàöiÿ çàäà÷i íàáëèæåííÿ òàêîæ ïîëÿãà¹ â çíàõîäæåííi òàêèõ êîåôiöi¹íòiâ lk , ùîá
çàäîâîëüíÿëèñü öi iíòåðâàëüíi îáìåæåííÿ äëÿ fn iç (4). ßê âiäîìî, äëÿ âåëèêèõM âèíèêà¹
ïðîáëåìà iç çðîñòàííÿì îïòèìàëüíîãî S. Àëå iñíó¹ êàðäèíàëüíå ¨¨ âèðiøåííÿ øëÿõîì âè-
êîðèñòàííÿ â ðîëi áàçèñíèõ � ñïëàéí-ôóíêöié, êîëè íà êîæíîìó ïiäiíòåðâàëi àïðîêñèìàöiÿ
âiäáóâà¹òüñÿ ç îäíèìè i òèìè æ áàçèñíèìè ôóíêöiÿìè, àëå ç ðiçíèìè êîåôiöi¹íòàìè.

Óçàãàëüíåíå ðiâíÿííÿ Ðóáåëà
Þ.Ñ. Ëií÷óê

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò, Óêðà¨íà
yustlin@gmail.com

Íåõàé G � äîâiëüíà îáëàñòü êîìïëåêñíî¨ ïëîùèíè i H(G) � ïðîñòið óñiõ àíàëiòè÷íèõ
â îáëàñòi G ôóíêöié, ùî íàäiëåíèé òîïîëîãi¹þ êîìïàêòíî¨ çáiæíîñòi. Â [1] Â.À. Ðóáåë,
óçàãàëüíþþ÷è ôîðìóëó äëÿ äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, ïîñòàâèâ i ðîçâ'ÿçàâ
çàäà÷ó, ïðî çíàõîäæåííÿ âñiõ ïàð ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ L òà M íà ïðîñòîði
H(G), ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

L(fg) = L(f)M(g) + L(g)M(f)

äëÿ äîâiëüíèõ ôóíêöié f òà g ç ïðîñòîðó H(G). Ïiçíiøå â [2] Í.Ð. Íàíäàêóìàð ðîçâ'ÿçàâ
çàäà÷ó Ðóáåëà â êëàñi ëiíiéíèõ ôóíêöiîíàëiâ íà ïðîñòîði H(G). Ïîäàëüøi äîñëiäæåííÿ
ñòîñîâíî îïèñó ïàð ëiíiéíèõ ôóíêöiîíàëiâ íà ïðîñòîði H(G), ÿêi çàäîâîëüíÿþòü ïîäiáíi
ñïiââiäíîøåííÿ, ðîçãëÿíóòi Í.Ð. Íàíäàêóìàðîì òà Ï. Êàííàïàíîì â [3], [4]. Â [5] îïèñàíî
âñi ïàðè ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, ÿêi äiþòü ó ïðîñòîði H(G) i çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ, ÿêå ¹ îïåðàòîðíèì àíàëîãîì êëàñè÷íîãî ðiâíÿííÿ Ðóáåëà.

Äîïîâiäü ïðèñâÿ÷åíà äîñëiäæåííþ â êëàñi ëiíiéíèõ ôóíêöiîíàëiâ íà ïðîñòîði H(G)
ðîçâ'ÿçêiâ ðiâíÿííÿ

L(fg) = aL(f)M(g) + bL(g)M(f), (1)
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äå a, b � ôiêñîâàíi êîìïëåêñíi ÷èñëà.
Òåîðåìà. Äëÿ òîãî, ùîá ëiíiéíi íà ïðîñòîði H(G) ôóíêöiîíàëè L òàM çàäîâîëüíÿëè

ñïiââiäíîøåííÿ (1), íåîáõiäíî i äîñòàòíüî, ùîá ïàðà öèõ ôóíêöiîíàëiâ âèçíà÷àëàñÿ îäíi¹þ
ç íàñòóïíèõ óìîâ:
1) ßêùî a = b 6= 0, òî

1◦. L = 0, M � äîâiëüíèé ëiíiéíèé ôóíêöiîíàë íà H(G);
2◦. L(f) = Cf(z0), M(f) = 1

a+b
f(z0), z0 ∈ G, C ∈ C;

3◦. L(f) = Cf ′(z0), M(f) = 1
a
f(z0), äå z0 ∈ G, C ∈ C;

4◦. L(f) = C(f(z1)− f(z2)), M(f) = 1
2a

(f(z1) + f(z2)), äå z1, z2 ∈ G, C ∈ C.
2) ßêùî a 6= b, a 6= −b òî

1◦. L = 0, M � äîâiëüíèé ëiíiéíèé ôóíêöiîíàë íà H(G);
2◦. L(f) = Cf(z0), M(f) = 1

a+b
f(z0), z0 ∈ G, C ∈ C.

3) ßêùî a = −b òî L = 0, M � äîâiëüíèé ëiíiéíèé ôóíêöiîíàë íà H(G).
1. L. A. Rubel. Derivation pairs on the holomorphic functions, Funkcial. Ekvac, 1967, 10, P. 225-227.
2. N. R. Nandakumar. A Note on Derivation Pairs, Proc. Amer. Math. Soc, 1969, 21, P. 535�539.
3. N. R. Nandakumar. A note on the functional equation M(fg) = M(f)M(g) + L(f)L(g) on

H(G), Rend. Sem. Fac. Sci. Univ. Cagliari, 1998, 68, P. 13�17.
4. Pl. Kannappan, N. R. Nandakumar. On a cosine functional equation for operators on the algebra

of analytic functions in a domain, Aequationes Mathematicae, 2001, 61:3, P. 233-238.
5. Ëií÷óê Þ.Ñ. Îïåðàòîðíå óçàãàëüíåííÿ îäíîãî ðåçóëüòàòà Ðóáåëà, Óêð. ìàòåì. æóðíàë,

2011, 63:12, C. 1710-1716.

Iíòåðïîëÿöiéíi iíòåãðàëüíi ëàíöþãîâi äðîáè, ùî íå
âèìàãàþòü ïðàâèëà ïiäñòàíîâêè

Âîëîäèìèð Ìàêàðîâ, Iãîð Äåìêiâ
Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

ÍÓ �Ëüâiâñüêà ïîëiòåõíiêà�
ihor.demkiv@gmail.com

Óïåðøå iíòåðïîëÿöiéíi iíòåãðàëüíi ëàíöþãîâi äðîáè (I IËÄ) áóëè óâåäåíi ó ðîáîòi [1].
Ó [1] äîâåäåíî, ùî âêàçàíå òàì âèçíà÷åííÿ ÿäåð ¹ íåîáõiäíîþ óìîâîþ, ùîá iíòåãðàëüíèé
ëàíöþãîâèé äðiá áóâ iíòåðïîëÿöiéíèì íà êîíòèíóàëüíié ìíîæèíi âóçëiâ

xn (z, ξn) = x0 +
n∑
i=1

H (z − ξi) [xi (z)− xi−1 (z)] ,

ξn = (ξ1, ξ2, . . . , ξn) ∈ Ωn = {zn : 0 ≤ z1 ≤ . . . ≤ zn ≤ 1}

äëÿ ôóíêöiîíàëiâ F (x (·)) : L1 (0, 1)→ R1 .
Äîñòàòíi óìîâè iíòåðïîëÿöiéíîñòi iíòåãðàëüíîãî äðîáó ç [1] áóëè çíàéäåíi ó ðîáîòi [2]

i âîíè âèìàãàþòü âèêîíàííÿ �ïðàâèëà ïiäñòàíîâêè�. Óìîâè, ÿêi òðåáà íàêëàñòè íà ôóí-
êöiîíàë F (x (·)) , ùîá âií çàäîâîëüíÿâ �ïðàâèëó ïiäñòàíîâêè� íàâîäÿòüñÿ ó [3].

Àëå äîñëiäæóâàíi ó [1] òà [2] I IËÄ ìàþòü îäíó âàäó. ßêùî ïîêëàñòè çàìiñòü x (z)
òà âóçëiâ iíòåðïîëÿöi¨ xi (z) , i = 1, n êîíñòàíòè, òî I IËÄ íå ïåðåéäå ó iíòåðïîëÿöiéíèé
ëàíöþãîâèé äðiá äëÿ ôóíêöi¨ îäíi¹¨ çìiííî¨. Ùîá ïîçáóòèñÿ öi¹¨ âàäè ó [4] óâåäåíèé íîâèé
êëàñ IËÄ, âñòàíîâëåíi íåîáõiäíi òà äîñòàòíi óìîâè, ùîá âêàçàíèé IËÄ áóâ iíòåðïîëÿöiéíèì
äëÿ ãëàäêîãî ôóíêöiîíàëà F (x( · )) : Q[0, 1]→ R1 , äå Q[0, 1] � ïðîñòið êóñêîâî-íåïåðåðâíèõ
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ôóíêöié çi ñêií÷åííèì ÷èñëîì ðîçðèâiâ ïåðøîãî ðîäó. Äîñòàòíÿ óìîâà iíòåðïîëÿöiéíîñòi
òàêîæ âèìàãà¹, ùîá ôóíêöiîíàë F (x( · )) çàäîâîëüíÿâ �ïðàâèëî ïiäñòàíîâêè� [3].

�Ïðàâèëî ïiäñòàíîâêè� íàêëàäà¹ ñóòò¹âi îáìåæåííÿ íà ôóíêöiîíàë, òîìó äîïîâiäü ïðè-
ñâÿ÷åíà ïîáóäîâi òà äîñëiäæåííþ IËÄ, ùî iíòåðïîëþ¹ ôóíêöiîíàë F (x (·)) : Q [0, 1]→ R1 i
íå ïîòðåáó¹ éîãî âèêîíàííÿ. Ïðè öüîìó çàëèøà¹òüñÿ âèìîãà, ùîá âóçëè iíòåðïîëÿöi¨ áóëè
êîíòèíóàëüíèìè.

Äîâåäåíi íåîáõiäíi òà äîñòàòíi óìîâè iíòåðïîëÿöiéíîñòi IËÄ. Âñòàíîâëåíî ïðåäñòàâ-
ëåííÿ ôóíêöiîíàëó F (x (·)) ÷åðåç ïîáóäîâàíèé IËÄ. Ïîêàçàíî, ùî ïîáóäîâàíèé I IËÄ ¹
ïðèðîäíèì óçàãàëüíåííÿì iíòåðïîëÿöiéíîãî ëàíöþãîâîãî äðîáó äëÿ ôóíêöi¨ îäíi¹¨ çìií-
íî¨.
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3. Ìàêàðîâ Â.Ë., Äåìêiâ I.I., Ìèõàëü÷óê Á.Ð. Íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ôóíêöiî-
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Î ïðåäñòàâëåíèè ïëîñêîé ãëàäêîé çàìêíóòîé
êðèâîé

À.Í. Ìàðêîâñêèé
Êóáàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Ðîññèÿ

mark@kubsu.ru

Äëÿ ãëàäêîé êðèâîé, îãðàíè÷èâàþùåé îäíîñâÿçíóþ îáëàñòü, èñïîëüçóÿ ñâîéñòâà ïî-
òåíöèàëà Ðîáåíà íà ýêâèïîòåíöèàëè êîíå÷íîãî ðàíãà, äîêàçûâàåòñÿ ïðåäñòàâëåíèå â âèäå
ñóììû ôóíäàìåíòàëüíûõ ðåøåíèé óðàâíåíèÿ Ëàïëàñà.

1. Çàäàäèì íà ïëîñêîñòè ìíîæåñòâî òî÷åê zj = {xj, yj} è ñîîòâåòñòâóþùèå ýòèì òî÷êàì
ïîëîæèòåëüíûå ÷èñëà cj, j = 1, ..., n; îáðàçóåì ëèíåéíóþ êîìáèíàöèþ:

Ψ(z) :=
n∑
j=1

cjE(z − zj), (1)

ãäå E(z) := 1
2π

ln |z| � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â R2.
Ðàññìîòðèì ëèíèþ óðîâíÿ S ôóíêöèè Ψ(z), îïðåäåëåííóþ êîíñòàíòîé B

Ψ(z)|S = B. (2)

Ìîæíî ïîêàçàòü, ÷òî åñëè cj > 0, j = 1, 2, ..., n, òî ñóùåñòâóåò êîíñòàíòà B2, òàêàÿ
÷òî ïðè B > B2 ãåîìåòðè÷åñêîå ìåñòî òî÷åê, óäîâëåòâîðÿþùèõ òîæäåñòâó (2), îïðåäåëÿåò
êðèâóþ S, îãðàíè÷èâàþùóþ îäíîñâÿçíóþ îáëàñòü Q, ñîäåðæàùóþ òî÷êè zj, j = 1, 2, ..., n;
òàêóþ êðèâóþ áóäåì íàçûâàòü ýêâèïîòåíöèàëüþ êîíå÷íîãî ðàíãà. Ìíîæåñòâî {(zj, cj)}nj=1

òî÷åê è êîýôôèöèåíòîâ, îïðåäåëÿþùåå ýêâèïîòåíöèàëü êîíå÷íîãî ðàíãà S, åäèíñòâåííî.
2. Äëÿ ôóíêöèè Ψ(z) è ýêâèïîòåíöèàëè S ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå [1]

B = Ψ(z) =

∫
S

∂

∂n
Ψ(ζ)E(z − ζ)dSζ , z ∈ Q̄+ = R2\Q,
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ãäå ∂
∂n

� îïåðàöèÿ äèôôåðåíöèðîâàíèÿ ïî âíåøíåé äëÿ îáëàñòè Q íîðìàëè ê ãðàíèöå S,
à âûðàæåíèå â ïðàâîé ÷àñòè � ïîòåíöèàë Ðîáåíà.

3. Ïóñòü çàäàíà êðèâàÿ L ∈ C1+α, óäîâëåòâîðÿþùàÿ óñëîâèþ Ëÿïóíîâà ñ ïîêàçàòåëåì
α > 0; ñîîòâåòñòâóþùèå êîíñòàíòó è ïëîòíîñòü Ðîáåíà íà L îáîçíà÷èì R0 è ϕ∗.

Ðàññìîòðèì ôóíêöèîíàë ðàçíîñòè ïîòåíöèàëîâ íà êðèâîé L â íîðìå L2(L):

ρ2(L, S) :=

∥∥∥∥∫
L

∂

∂n
Ψ(ζ)E(z − ζ)dSζ −Ψ(z)

∥∥∥∥ ,
Ìîæíî ïîêàçàòü, ÷òî ρ2(L, S) = 0 òîãäà è òîëüêî òîãäà, êîãäà L = S.

4. Äàëåå, â òåðìèíàõ êîíñòàíòû R0 è ïëîòíîñòè ϕ∗ ïîòåíöèàëà Ðîáåíà ôîðìóëèðóå-
òñÿ äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ýêâèïîòåíöèàëåé Sk ê çàäàííîé
êðèâîé L (ρ2(L, Sk)→ 0, k →∞).

Ñëåäñòâèåì ñõîäèìîñòè ÿâëÿåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ìíîæåñòâà òî÷åê
zj è ïîëîæèòåëüíûõ êîýôôèöèåíòîâ cj, îïðåäåëÿþùèõ çàäàííóþ ãëàäêóþ êðèâóþ; òàê
ïðè çàäàííîé êîíñòàíòå B, êðèâàÿ ïðåäñòàâëÿåòñÿ ñóììîé ôóíäàìåíòàëüíûõ ðåøåíèé
óðàâíåíèÿ Ëàïëàñà ∑

j

cjE(z − zj) = B, z ∈ L.

1. Ìàðêîâñêèé À.Í. Èíòåãðàëüíîå ïðåäñòàâëåíèå ëèíåéíîé êîìáèíàöèè ôóíäàìåíòàëüíûõ
ðåøåíèé óðàâíåíèÿ Ëàïëàñà, Ýêîëîãè÷åñêèé âåñòíèê íàó÷íûõ öåíòðîâ ×åðíîìîðñêîãî ýêîíîìè-
÷åñêîãî ñîòðóäíè÷åñòâà, 2011, 4, Ñ. 49�54.

Íàáëèæåííÿ íàðiçíî íåïåðåðâíèõ ôóíêöié
Â.Ê. Ìàñëþ÷åíêî

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà
math.analysis.chnu@gmail.com

Âïðîäîâæ îñü óæå ïîíàäñòîëiòíüî¨ iñòîði¨ âèâ÷åííÿ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü
òà ¨õ àíàëîãiâ, öüîãî âàæëèâîãî ðîçäiëó àíàëiçó, äî 2000 ðîêó áóëî âñüîãî êiëüêà åïiçî-
äiâ éîãî âçà¹ìîäi¨ ç äàâíiøèì ðîçäiëîì àíàëiçó � òåîði¹þ íàáëèæåíü. Ïiîíåðñüêà ïðàöÿ
À.Ëåáå à [1], â ÿêié âií âñòàíîâèâ, ùî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : R2 → R
íàëåæèòü äî ïåðøîãî êëàñó Áåðà, âèêîðèñòîâó¹ àïðîêñèìàöiþ íåïåðåðâíèõ ôóíêöié ëà-
ìàíèìè. Íà òå, ùî öÿ àïðîêñèìàöiÿ ¹ ðiâíîìiðíîþ íà âiäðiçêó, âïåðøå çâåðíóâ óâàãó
Ì.Öóäæi [2], ÿêèé íà îñíîâi öüîãî âèâiâ ñâié âàðiàíò òåîðåìè Áåðà ïðî òå, ùî ïðîåêöi¨
ìíîæèíè D(f) òî÷îê ðîçðèâó íàðiçíî íåïåðåðâíèõ ôóíêöié f : [a, b]× [c, d]→ R íà îáèäâi
âiñi ¹ ìíîæèíàìè ïåðøî¨ êàòåãîði¨.

Ç iíøîãî áîêó, äîñëiäæåííÿ ïðî óìîâè íàëåæíîñòi íàðiçíî íåïåðåðâíèõ ôóíêöié f :
X × Y → Z äî ïåðøîãî êëàñó Áåðà, ÿêi ïîñòàëè ó XX ñòîëiòòi ÿê ðîçâèòîê ïåðâiñíîãî
ðåçóëüòàòó À.Ëåáå à, òàêîæ ñïèðàþòüñÿ íà ïîòî÷êîâó àïðîêñèìàöiþ íåïåðåðâíèõ ôóíêöié
ïåâíèìè àãðåãàòàìè. Íà öå ÿâíî âêàçàâ Ã.Ãàí [3], ðåçóëüòàòè ÿêîãî áóëè ðîçâèíóòi â [4]. Â
òàêîìó æ äóñi ìîæíà ïîäàòè i âiäîìèé ðåçóëüòàò Â.Ðóäiíà [5], â ÿêîìó âií îäèí iç ïåðøèõ
âèêîðèñòîâó¹ ðîçáèòòÿ îäèíèöi [4]. Öåé ðåçóëüòàò Ðóäiíà áóâ çíà÷íî ðîçâèíóòèé ó ïðàöÿõ
áàãàòüîõ ìàòåìàòèêiâ (Â.Ìàñëþ÷åíêî, Î.Ñîá÷óê, Â.Ìèõàéëþê, Î.Êàðëîâà, Ò.Áàíàõ).

Ó ïðàöi [6] áóëî âèÿâëåíî, ùî âàæëèâó ðîëü â àïðîêñèìàöi¨ íàðiçíî íåïåðåðâíèõ ôóí-
êöié âiäiãðàþòü ìíîãî÷ëåíè Áåðíøòåéíà. Ïiçíiøå, â [7] ìíîãî÷ëåíè Ôåé¹ðà i Äæåêñîíà
áóëè çàñòîñîâàíi äëÿ àïðîêñèìàöi¨ íàðiçíî i ñóêóïíî íåïåðåðâíèõ ôóíêöié f : X ×R→ R,
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ÿêi 2π-ïåðiîäè÷íi âiäíîñíî äðóãî¨ çìiííî¨, à â [8] � ðîçãëÿíóòi çàãàëüíi ïèòàííÿ àïðîêñè-
ìàöi¨ íàðiçíî i ñóêóïíî íåïåðåðâíèõ ôóíêöié f : X × Y → R, çîêðåìà, ó òîìó âèïàäêó,
êîëè Y � òàêèé êîìïàêò, ùî áàíàõiâ ïðîñòið C(Y ) íåïåðåðâíèõ ôóíêöié g : Y → R ç ðiâ-
íîìiðíîþ íîðìîþ ìà¹ áàçèñ Øàóäåðà. Î.Íåñòåðåíêî ïîìiòèâ, ùî çàìiñòü íàÿâíîñòi áàçèñó
Øàóäåðà, òóò ìîæíà çàñòîñîóââàòè iíøó òåõíiêó, ÿêà áàçó¹òüñÿ íà îäíîìó ðåçóëüòàòi ç [6]
i ïðèâîäèòü äî êðàùèõ ðåçóëüòàòiâ, êîëè Y � ìåòðèçîâíèé êîìïàêò.

Àáñòðàêòíà ñõåìà çàñòîñóâàíü ìåòîäiâ òåîði¨ íàáëèæåíü äëÿ àïðîêñèìàöi¨ íàðiçíî íå-
ïåðåðâíèõ ôóíêöié òàêà. Ðîçãëÿäà¹òüñÿ ïîñëiäîâíiñòü îïåðàòîðiâ An : C(Y )→ C(Y ), òàêà,
ùî Ang → g ïîòî÷êîâî ÷è ðiâíîìiðíî íà Y äëÿ êîæíî¨ ôóíêöi¨ g ∈ C(Y ). Äëÿ íàðiçíî
íåïåðåðâíî¨ ôóíêöi¨ f : X × Y → R ââîäÿòüñÿ ¨¨ x-ðîçðiçè fx : Y → R, fx(y) = f(x, y),
ÿêi ¹ íåïåðåðâíèìè ôóíêöiÿìè. Òîäi ïîñëiäîâíiñòü ôóíêöié fn(x, y) = (Anf

x)(y) áóäå íà-
áëèæàòè ôóíêöiþ f ó òîìó ÷è iíøîìó ñåíñi, ïðè öüîìó ôóíêöi¨ fn ìîæóòü âèÿâèòèñÿ óæå
ñóêóïíî íåïåðåðâíèìè. Âñi îòðèìàíi ðàíiøå ðåçóëüòàòè ïiäïàäàþòü ïiä öþ ñõåìó.

Öå i áóäå ïðåäìåòîì ðîçãëÿäó îãëÿäîâî¨ äîïîâiäi, â ÿêié âïåðøå ðiâíîìiðíà i ïîòî÷êî-
âà àïðîêñèìàöi¨ íàðiçíî íåïåðåðâíèõ ôóíêöié ïîäàþòüñÿ ç ¹äèíèõ ïîçèöié. Êðiì òîãî, â
äîïîâiäi áóäå ïîñòàâëåíî áàãàòî íåðîçâ'ÿçàíèõ ïðîáëåì, ùî ñòîñóþòüñÿ öi¹¨ òåìàòèêè.

1. Lebesgue H. Sur l'approximation des fonctions, Bull. Sci. Math., 1898, 22, P. 278�287.
2. Tsuji M. On Bair's Theorem concerning a function f(x, y) which is continuous with respect to

each variable x and y, J. Math. Soc. Japan., 1951, 2:3, P. 210�212.
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M.B.H., 1932. � 416 p.
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Ñ. 97�106.
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óê. âiñíèê ×åðíiâåöüêîãî óí-òó. Âèï. 336-337. Ìàòåìàòèêà. � ×åðíiâöi: Ðóòà, 2007, Ñ. 52-59.
7. Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê. Ïðî íàáëèæåííÿ íàðiçíî íåïåðåðâíèõ ôóíêöié, 2π-

ïåðiîäè÷íèõ âiäíîñíî äðóãî¨ çìiííî¨, Êàðï. ìàòåì. ïóáë., 2010, 2:1, Ñ. 4-14.
8. Âîëîøèí Ã.À., Ìàñëþ÷åíêî Â.Ê., Ìàñëþ÷åíêî Î.Â. Ïðî íàáëèæåííÿ íàðiçíî i ñóêóïíî

íåïåðåðâíèõ ôóíêöié, Êàðï. ìàòåì. ïóáë., 2010, 2:2, Ñ. 11-21.

Îá îäíîé îöåíêå ðàâíîèçìåðèìûõ ïåðåñòàíîâîê
ôóíêöèé èç îáîáù¼ííûõ ïðîñòðàíñòâ Ëîðåíöà

Ë.Â. Ìàòâèþê
lmatviuk@yandex.ru

Ïóñòü ôóíêöèÿ ψ(x) íå óáûâàåò è íåîòðèöàòåëüíà íà (0, 1), à ôóíêöèÿM(x) âîçðàñòàåò
è íåîòðèöàòåëüíà íà [0,+∞), êðîìå òîãî

M(+0) = 0, lim
x→+∞

M(x) = +∞.

Äàëåå áóäåì ñ÷èòàòü, ÷òî ôóíêöèè M(x), ψ(x) è ÷èñëî γ ∈ [0,+∞) òàêîâû, ÷òî

1∫
0

M(ψ(x))
dx

xγ
< +∞.
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×åðåç Mψ,γ îáîçíà÷èì êëàññ èçìåðèìûõ íà åäèíè÷íîì êóáå IN = [0, 1]N , N ∈ N, 1-ïå-
ðèîäè÷åñêèõ ïî êàæäîé ïåðåìåííîé ôóíêöèé f ∈ L(IN), äëÿ êîòîðûõ

||f ||∗Mψ,γ
=

1∫
0

M

ψ(x)

x

x∫
0

f ∗(t)dt

 dx

xγ
< +∞.

Çäåñü f ∗(t) - íåâîçðàñòàþùàÿ íà [0, 1] ôóíêöèÿ, ðàâíîèçìåðèìàÿ ñ ôóíêöèåé |f(t)|
íà åäèíè÷íîì êóáå IN . Çàìåòèì, ÷òî ||f ||∗Mψ,γ

, âîîáùå ãîâîðÿ, íîðìîé íå ÿâëÿåòñÿ. Åñëè
M(x) = xp ïðè 0 < p < ∞, γ = 1, òî êëàññ ôóíêöèé Mψ,γ ñîâïàäàåò ñ ïðîñòðàíñòâîì
Ëîðåíöà Λ(ψ, p), à åñëè ê òîìó æå βψ = lim

x→+0

ψ(2x)
ψ(x)

< 2, òî - ñ ïðîñòðàíñòâîì Ëîðåíöà

Λ∗(ψ, p).
Ïóñòü f ∈Mψ,γ. Ìîäóëåì íåïðåðûâíîñòè ôóíêöèè f íàçîâåì

ω∗Mψ,γ
(f, δ) = sup

0≤|hi|≤δ,
(i=1,...,N)

||∆hf ||∗Mψ,γ
,

ãäå ∆hf(x) = f(x+ h)− f(x), δ ∈ (0, 1).
Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ M(x) óäîâëåòâîðÿåò ∆2-óñëîâèþ, åñëè ñóùåñòâóåò ïî-

ñòîÿííàÿ CM ≥ 0 òàêàÿ, ÷òî äëÿ âñåõ x ∈ (0,+∞) âûïîëíÿåòñÿ íåðàâåíñòâî

M(2x) ≤ CMM(x).

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò.
Òåîðåìà. Åñëè ôóíêöèÿ M(x) óäîâëåòâîðÿåò ∆2-óñëîâèþ, òî äëÿ ëþáîé ôóíêöèè

f ∈Mψ,γ è äëÿ ëþáîãî s ∈ N âûïîëíåíî íåðàâåíñòâî

∞∑
n=s

M
(
ψ(2−nN)

(
f ∗(2−nN)− f ∗(2−(s−1)N)

))
2nN(γ−1) ≤ CM,N,γω

∗
Mψ,γ

(f, 2−s).

Àâòîðîì ðàíåå áûëè ïîëó÷åíû îöåíêè òàêîãî òèïà äëÿ ôóíêöèé èç îáîáù¼ííûõ ïðî-
ñòðàíñòâ Ëîðåíöà Λ(ψ, p) è Λ∗(ψ, p) ([1]).

1. Ìàòâèþê Ë. Â. Òåîðåìû âëîæåíèÿ êëàññîâ ôóíêöèé ñ çàäàííûìè ìàæîðàíòà-
ìè ìîäóëåé íåïðåðûâíîñòè(íàèëó÷øèõ ïðèáëèæåíèé): Äèññ. êàíä. ôèç.-ìàò. íàóê: ñïåö.
01.01.01./Ë. Â. Ìàòâèþê. � Îäåññà, 1990. - 115 c.
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Þæíî�Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé

óíèâåðñèòåò), ×åëÿáèíñê, Ðîññèÿ
yulimess@mail.ru

Ïóñòü V � êëàññ ðîñòêîâ âåùåñòâåííî-àíàëèòè÷åñêèõ âåêòîðíûõ ïîëåé â (R2, 0) ñ
ñåäëî-óçëîâîé îñîáîé òî÷êîé 0.

Ðîñòêè v è ṽ èç V íàçûâàþò àíàëèòè÷åñêè (ôîðìàëüíî) ýêâèâàëåíòíûìè, åñëè ñóùå-
ñòâóåò ëîêàëüíàÿ âåùåñòâåííî-àíàëèòè÷åñêàÿ (ôîðìàëüíàÿ) çàìåíà êîîðäèíàòH â (R2, 0),
ïåðåâîäÿùàÿ îäèí ðîñòîê â äðóãîé: H ′ · v = ṽ ◦H.
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Ðîñòêè v è ṽ èç V íàçûâàþò îðáèòàëüíî àíàëèòè÷åñêè (ôîðìàëüíî) ýêâèâàëåíòíûìè,
åñëè ñóùåñòâóåò ëîêàëüíàÿ âåùåñòâåííî-àíàëèòè÷åñêàÿ çàìåíà êîîðäèíàò, ïåðåâîäÿùàÿ
ôàçîâûé ïîðòðåò îäíîãî ðîñòêà â ôàçîâûé ïîðòðåò äðóãîãî (åñëè ñóùåñòâóåò ôîðìàëüíàÿ
çàìåíà êîîðäèíàòH è ôîðìàëüíûé ñòåïåííîé ðÿä k ñ íåíóëåâûì ñâîáîäíûì ÷ëåíîì òàêèå,
÷òî H ′ · v = k · ṽ ◦H).

Êàê èçâåñòíî [1,2], òèïè÷íûé ðîñòîê èç V ôîðìàëüíî îðáèòàëüíî ýêâèâàëåíòåí îäíîìó
èç ðîñòêîâ âèäà

vλ = x
∂

∂x
+

y2

1 + λy

∂

∂y
, λ ∈ R.

Îáîçíà÷èì ÷åðåç Vλ � êëàññ ðîñòêîâ, ôîðìàëüíî îðáèòàëüíî ýêâèâàëåíòíûõ vλ. Ñëå-
äóþùèå äâå òåîðåìû � âåùåñòâåííûå àíàëîãè îñíîâíûõ ðåçóëüòàòîâ èç [3].
Òåîðåìà î ôîðìàëüíîé êëàññèôèêàöèè. Êàæäûé ðîñòîê èç Vλ ôîðìàëüíî ýêâèâà-
ëåíòåí îäíîìó èç ðîñòêîâ vλ,a,b = vλ · (a+ by), ãäå a, b ∈ R.

ÏóñòüMλ � ïðîñòðàíñòâî âñåõ òðîåê (r, ϕ, ψ) òàêèõ, ÷òî r ∈ R; ϕ è ψ ãîëîìîðôíû â
(C, 0); ϕ(z) = ϕ−1(z̄), ψ(z̄) = ψ(z), ϕ′(0) = exp(2πiλ).

Äâå òðîéêè (r, ϕ, ψ) è (r̃, ϕ̃, ψ̃) èç Mλ áóäåì íàçûâàòü ýêâèâàëåíòíûìè, åñëè äëÿ
íåêîòîðîãî R ∈ R

r̃ = R · r, ϕ̃(z) ≡ Rϕ(R−1z), ψ̃(z) = ψ(R−1z).

Ïóñòü Mλ � ïðîñòðàíñòâî êëàññîâ ýêâèâàëåíòíîñòè èçMλ.
Òåîðåìà îá àíàëèòè÷åñêîé êëàññèôèêàöèè ðîñòêîâ èç Vλ,a,b. Ñóùåñòâóåò òàêîå
îòîáðàæåíèå

m : Vλ,a,b →Mλ,a,b,m : v 7→ mv,

÷òî ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1. v ∼ ṽ ⇔ mv = mṽ;
2. Äëÿ ëþáîãî m ∈Mλ,a,b ñóùåñòâóåò òàêîå v ∈ Vλ,a,b, ÷òî m = mv.
1. Martinet J., Ramis J.P. Probl�eme de modules pour des �equations di��erentielles non lin�eaires du

premier ordre, Publ. Math. Inst. Hautes �Etud. Sci., 1982, 55, P. 63�164.
2. Il'yashenko Yu. S. Nonlinear Stokes Phenomena, Nonlinear Stokes Phenomena, Il'yashenko Yu.,

editor, Adv. in Sov. Math., 14, Amer. Math. Soc. Providence, 1993.
3. Âîðîíèí Ñ.Ì., Ìåùåðÿêîâà Þ.È. Àíàëèòè÷åñêàÿ êëàññèôèêàöèÿ ðîñòêîâ ãîëîìîðôíûõ

âåêòîðíûõ ïîëåé ñ âûðîæäåííîé ýëåìåíòàðíîé îñîáîé òî÷êîé, Âåñòíèê ×åëÿáèíñêîãî óíèâåðñè-
òåòà, Ñåðèÿ 3. Ìàòåìàòèêà. Èíôîðìàòèêà. Ìåõàíèêà, 2003, 3, Ñ. 16-41.

Íàáëèæåííÿ êëàñiâ B Ω
p, θ ïåðiîäè÷íèõ ôóíêöié

áàãàòüîõ çìiííèõ ñóìàìè Ôóð'¹ â ïðîñòîði Lp,
p = 1,∞.

Â.Â. Ìèðîíþê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

vetalmyronjuk@ukr.net

Äîñëiäæóþòüñÿ íàáëèæåííÿ êëàñiâ B Ω
p, θ [1] ïåðiîäè÷íèõ ôóíêöié d (d ≥ 1) çìiííèõ ó

ìåòðèöi ïðîñòîðó Lp. Äàíi êëàñè ïðè ïåâíîìó âèáîði ôóíêöié Ω(t) ñïiâïàäàþòü ç âiäîìèìè
êëàñàìè Íiêîëüñüêîãî-Á¹ñîâà B r

p, θ. Íàäàëi áóäåìî ââàæàòè, ùî Ω(t) � çàäàíà ôóíêöiÿ
îäíi¹¨ çìiííî¨ òèïó ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, ÿêà çàäîâîëüíÿ¹ óìîâè Áàði�Ñò¹÷êiíà
(S) i (Sl) [2].
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Íåõàé Lp � ïðîñòið âèìiðíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f(x) = f(x1, . . . , xd) çi ñòàíäàð-
òíîþ íîðìîþ. Äëÿ f ∈ L1(πd) i n ∈ N ÷åðåç Sn(f, x) ïîçíà÷èìî êðàòíó ñóìó Ôóð'¹

Sn(f, x) =
∑
|kj |≤n
j=1,d

f̂(k)ei(k, x),

äå (k, x) = k1x1 + . . .+ kdxd i f̂(k) � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f .
Îòðèìàíà òî÷íà çà ïîðÿäêîì îöiíêà âåëè÷èíè âiäõèëåííÿ ÷àñòèííèõ ñóì Ôóð'¹ ïåðiî-

äè÷íèõ ôóíêöié d çìiííèõ iç êëàñiâ B Ω
p, θ â ïðîñòîði Lp, p = 1,∞, ÿêà âèçíà÷à¹òüñÿ òàêèì

÷èíîì:
En(B Ω

p, θ)p = sup
f∈B Ω

p, θ

||f(·)− Sn(f, ·)||p .

Ñôîðìóëþ¹ìî îòðèìàíèé ðåçóëüòàò.
Òåîðåìà. Íåõàé p = 1,∞ i ôóíêöiÿ Ω(t) çàäîâîëüíÿ¹ óìîâó (S) ç äåÿêèì α > 0, à

òàêîæ óìîâó (Sl), òîäi ïðè 1 ≤ θ ≤ ∞ ñïðàâåäëèâà ïîðÿäêîâà îöiíêà

En(B Ω
p, θ)p � Ω(n−1) lnd n.

Çàóâàæåííÿ 1. Ó âèïàäêó Ω(t) = tr, 0 < r < l i θ = ∞ ç äàíî¨ òåîðåìè îäåðæèìî
ïîðÿäêîâó îöiíêó äëÿ êëàñiâ Íiêîëüñüêîãî, ÿêà âñòàíîâëåíà â ìîíîãðàôi¨ [3, ðîçä. 2].

Çàóâàæåííÿ 2. Ïðè d = 1 âiäïîâiäíèé ðåçóëüòàò äëÿ êëàñiâ B Ω
1, θ áóâ îòðèìàíèé â [4],

à äëÿ êëàñiâ B r
1, θ, 1 ≤ θ <∞, r > 0 � â [5].

1. Liu Yongping. Xu Cuiqiao. The in�nite-dimensional widths and optimal recovery of generalized
Besov classes, J. Complexity, 2002, 18:3, P. 815 � 832.

2. Áàðè Í.Ê., Ñòå÷êèí Ñ.Á. Íàèëó÷øèå ïðèáëèæåíèÿ è äèôôåðåíöèàëüíûå ñâîéñòâà äâóõ
ñîïðÿæåííûõ ôóíêöèé, Òð. Ìîñê. ìàò. î-âà, 1956, 5, Ñ. 483 � 522.

3. Temlyakov V.N. Approximation of periodic functions. � New York: Nova Sci. Publ. Inc., 1993. �
272 p.

4. Ñòàñþê Ñ.À. Ïðèáëèæåíèå ñóììàìè Ôóðüå êëàññîâ B ω
1, θ ïåðèîäè÷åñêèõ ôóíêöèé â ïðî-

ñòðàíñòâå L1, Çá. Ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2010, 7:1, Ñ. 338 � 344.
5. Ðîìàíþê A.C. Ïðèáëèæåíèå êëàññîâ B r

p, θ ïåðèîäè÷åñêèõ ôóíêöèé îäíîé è ìíîãèõ ïåðå-
ìåííûõ, Ìàòåì. çàìåòêè, 2010, 87:3, Ñ. 429 � 442.

Î ëîêàëüíîé àïïðîêñèìàöèè êóáè÷åñêèìè
ñïëàéíàìè

Â.Ë. Ìèðîøíè÷åíêî
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

miroshn@math.nsc.ru

Ïóñòü íà îòðåçêå [a, b] â óçëàõ ñåòêè ∆: a = x0 < x1 < . . . < xn = b çàäàíû çíà÷åíèÿ
ôóíêöèè f(x): fi = f(xi), i = 0, . . . , n. Äîïîëíèì ñåòêó ∆ óçëàìè x−3 ≤ x−2 ≤ x−1 ≤ x0 è
xn+3 ≥ xn+2 ≥ xn+1 ≥ xn. Ôóíêöèÿ

S(x) =
n+1∑
i=−1

αiBi(x),
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ãäå Bi(x) ∈ C2 � êóáè÷åñêèå íîðìàëèçîâàííûå B-ñïëàéíû, à êàæäûé èç êîýôôèöèåíòîâ
αi ÿâíûì îáðàçîì îïðåäåëÿåòñÿ òîëüêî ÷åðåç íåñêîëüêî çíà÷åíèé fk èç îêðåñòíîñòè óçëà
xi, íàçûâàåòñÿ êóáè÷åñêèì ëîêàëüíî àïïðîêñèìàöèîííûì ñïëàéíîì (ëîêàëüíîé àïïðîêñè-
ìàöèåé) [1].

Ïðîñòåéøèé è ÷àñòî èñïîëüçóåìûé â ïðèëîæåíèÿõ âàðèàíò ëîêàëüíîé àïïðîêñèìàöèè:
αi = fi, i = 0, . . . , n; α−1 = f0, αn+1 = fn; x−j = x0, xn+j = xn, j = 0, 1, 2, 3.

Â ïðåäñòàâëåííîì äîêëàäå îáñóæäàþòñÿ ñëåäóþùèå âîïðîñû.

• Ïðèâîäèòñÿ îáçîð àëãîðèòìîâ ïîñòðîåíèÿ ôîðìóë ëîêàëüíîé àïïðîêñèìàöèè. Îñîáîå
âíèìàíèå ïðè ýòîì îáðàùàåòñÿ íà ñëó÷àé íåðàâíîìåðíîé ñåòêè ∆, íà âûáîð äîïîë-
íèòåëüíûõ óçëîâ ñåòêè è ñïîñîáû îïðåäåëåíèÿ êîýôôèöèåíòîâ αi âáëèçè êîíöîâ
îòðåçêà [a, b].

• Äà¼òñÿ îáçîð îöåíîê òî÷íîñòè ïðèáëèæåíèÿ ëîêàëüíûìè ñïëàéíàìè è ïðîâîäèòñÿ èõ
ñðàâíåíèå ñ àíàëîãè÷íûìè îöåíêàìè äëÿ êóáè÷åñêèõ èíòåðïîëÿöèîííûõ ñïëàéíîâ.

• Ïðîâîäèòñÿ àíàëèç èçîãåîìåòðè÷åñêèõ ñâîéñòâ ëîêàëüíîé àïïðîêñèìàöèè (ñîõðàíå-
íèå ìîíîòîííîñòè è âûïóêëîñòè èñõîäíûõ ñåòî÷íûõ äàííûõ). Çàìåòèì, ÷òî óïîìÿíó-
òàÿ âûøå ïðîñòåéøàÿ ôîðìóëà ëîêàëüíîé àïïðîêñèìàöèè íå íàñëåäóåò âûïóêëîñòü
èñõîäíûõ äàííûõ äàæå â ñëó÷àå ðàâíîìåðíîé ñåòêè ∆. Ïðèâîäÿòñÿ ôîðìóëû ëîêàëü-
íîé àïïðîêñèìàöèè, ãàðàíòèðóþùåé ñîõðàíåíèå ñâîéñòâ ìîíîòîííîñòè è âûïóêëîñòè
èñõîäíûõ äàííûõ íà ëþáîé íåðàâíîìåðíîé ñåòêå.

Èçëîæåíèå ìàòåðèàëà èëëþñòðèðóåòñÿ ÷èñëåííûìè ïðèìåðàìè.
1. Çàâüÿëîâ Þ.Ñ., Êâàñîâ Á.È., Ìèðîøíè÷åíêî Â.Ë. Ìåòîäû ñïëàéí-ôóíêöèé. � Ì.: Íàóêà,

1980.
2. Ìèðîøíè÷åíêî Â.Ë. Îá èíòåðïîëÿöèè è àïïðîêñèìàöèè ñïëàéíàìè, Âû÷èñëèòåëüíûå ñè-

ñòåìû, 1983, 100, C. 83�100.
3. Ìèðîøíè÷åíêî Â.Ë. Âûïóêëîñòü è ìîíîòîííîñòü êóáè÷åñêîé ëîêàëüíîé ñïëàéí-àïïðîêñè-

ìàöèè, Âû÷èñëèòåëüíûå ñèñòåìû, 1992, 147, C. 11�43.

Î ñâîéñòâàõ îáîáùåííîãî ïðîñòðàíñòâà òèïà
Áåñîâà-Ìîððè

À.Ì. Íàäæàôîâ, À.Ò. Îðóäæîâà
Àçåðáàéäæàíñêèé Àðõèòåêòóðíî-Ñòðîèòåëüíûé Óíèâåðñèòåò

Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè Íàöèîíàëüíîé Àêàäåìèè Íàóê Àçåðáàéäæàíà
nadjafov@rambler.ru

Â ðàáîòå ââîäèòñÿ ïðîñòðàíñòâî ñ ïàðàìåòðàìè òèïà

n⋂
i=0

L<li>pi,θi,a,æ,τ (G) (1)

è èçó÷àåòñÿ äèôôåðåíöèàëüíûå ñâîéñòâà ôóíêöèé èç ýòîãî ïðîñòðàíñòâà. Ñ ýòîé öåëüþ
ñíà÷àëà ïîëó÷åíû èíòåãðàëüíûå ïðåäñòàâëåíèÿ ôóíêöèé èç ïîñòðåííûõ ïðîñòðàíñòâ, êî-

ãäà îáëàñòü G óäîâëåòâîðÿåò óñëîâèþ ãèáêîãî ðîãà. Ïðîñòðàíñòâîì
n⋂
i=0

L<li>pi,θi,a,æ,τ (G) íà-

çîâåì íîðìèðîâàííîå ïðîñòðàíñòâî ôóíêöèè f îïðåäåëåííûõ íà G ñ êîíå÷íîé íîðìîé
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(mi
j > lij − kij > 0, j = 1, 2, . . . , n)

‖f‖⋂n
i=0 L

<li>

pi,θi,a,æ,τ
(G)

=
n∑
i=0


hi01∫
0

. . .

hi0n∫
0


∥∥∥∆mi (h,Gh)D

kif
∥∥∥
pi,a,æ,τ∏

j∈eli
h
lij−kij
j


θi ∏
j∈eli

dhj
hj


1

θi

,

‖f‖pi,a,æ,τ,G = sup
x∈G


∞∫

0

[
[t]
− (æ,a)

pi

1 ‖f‖pi,Gtæ(x)

]τ
dt

t


1
τ

,

ãäå li = (li1, l
i
2, . . . , l

i
n) , lij ≥ 0 (j 6= i, j = 1, 2, . . . , n), lii > 0 (j = i); mi = (mi

1,m
i
2, . . . ,m

i
n) ,

mi
j-íàòóðàëüíûå; k

i = (ki1, k
i
2, . . . , k

i
n) , kij-öåëûå íåîòðèöàòåëüíûå ÷èñëà, pi ∈ [1,∞);

θi, τ ∈ [1,∞]; a ∈ [0, 1]n, æ ∈ (0,∞)n; [t]1 = min{1, t}; Gtæ(x) = G
⋂{

y : |yj − xj| < 1
2
tæj ,

j = 1, 2, . . . , n} , eli- ìíîæåñòâî îòëè÷íûõ îò íóëÿ èíäåêñîâ êîìïîíåíò âåêòîðà li.
Îòìåòèì, ÷òî ïðîñòðàíñòâî (1) ñîâïàäàåò ñ ïðîñòðàíñòâîì òèïà Áåñîâà-Ìîððè

Bl1,l2,...,ln
p0,p1,...,pn,θ1,θ2,...,θn,a,æ,τ (G), â ñëó÷àå, êîãäà l0 = (0, . . . , 0) , li = (0, . . . , 0, li, 0, . . . , 0) êîòîðûå

èçó÷åíû â [1].
Äîêàçàíû òåîðåìû âëîæåíèÿ òèïà

1) Dν :
⋂n
i=0 L<l

i>
pi,θi,a,æ,τ1

(G) ↪→ Lq,b,æ,τ2(G) (C(G));
2) äîêàçàíî òàêæå, ÷òî äëÿ ôóíêöèè èç ïðîñòðàíñòâà (1), îáîáùåííûå ïðîèçâîäíûå Dνf
óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà â ìåòðèêå Lq(G) èëè C(G).

1. A.M. Najafov. On some properties of functions in the Besov-Morrey type spaces
Bl
p0,p1,...,pn,θ,a,æ,τ (G), Khazar Journal of Math., 2006, 2:1, P. 41-62.

Ïðî äåÿêi âëàñòèâîñòi ôðàêòàëiâ Íüþòîíà
Ì.Î. Íàçàðåíêî, Ò.À. Áðÿçêàëî

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Óêðà¨íà
oleksij@uos.net.ua, tianan@yandex.ru

Âàæëèâèì íàïðÿìîì ñó÷àñíî¨ ìàòåìàòèêè ¹ ôðàêòàëüíèé àíàëiç òà éîãî çàñòîñóâàííÿ.
Òåîðiÿ ôðàêòàëiâ äîñèòü ìîëîäà i ïåðñïåêòèâíà íàóêà, òîìó ñèñòåìàòèçàöiÿ, ïåðåîñìèñëå-
ííÿ i öiëiñíi ðåçóëüòàòè â öié ãàëóçi ìàþòü âåëèêå çíà÷åííÿ ÿê äëÿ ðîçâèòêó çàãàëüíî¨
òåîði¨, òàê i äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ ïðèêëàäíîãî õàðàêòåðó. Îäíîâèìiðíi êîìïëåêñíi
âiäîáðàæåííÿ ïîðîäæóþòü íàéïîïóëÿðíiøi îñòàííiìè ðîêàìè ôðàêòàëèÆþëià, Ìàíäåëü-
áðîòà, Íüþòîíà òà iíøi.[4]. Â äàíié äîïîâiäi çóïèíèìîñÿ íà íàéâàæëèâiøèõ âëàñòèâîñòÿõ
ôðàêòàëà Íüþòîíà.

Ðîçãëÿíåìî ðiâíÿííÿ âèäó p(z) = 0, äå p(z) � àëãåáðà¨÷íèé ìíîãî÷ëåí, çàäàíèé íà
êîìïëåêñíié ïëîùèíi C. Íàãàäà¹ìî [1], ùî ôðàêòàëîì Íüþòîíà íàçèâà¹òüñÿ ôiãóðà, äëÿ
ñòâîðåííÿ ÿêî¨ íåîáõiäíî äëÿ êîæíî¨ òî÷êè âèêîíàòè öèêë iòåðàöié çãiäíî ç ôîðìóëîþ:

zn+1 = zn − p(zn)/p′(zn), n = 0, 1, 2, . . . ,

äå z0 - ïî÷àòêîâà iòåðàöiÿ. Ïîñëiäîâíiñòü íàáëèæåíü {zm : m ≥ 1}, ùî áóäó¹òüñÿ çà äîïîìî-
ãîþ ìåòîäó Íüþòîíà ¹ òðà¹êòîði¹þ ðàöiîíàëüíîãî åíäîìîðôiçìà f : z 7→ z− (p(z))/(p′(z)).
Ïðèïóñòèìî, ùî íóëi {αi}ni=1 ìíîãî÷ëåíà p(z) ïðîñòi i αi ¹ ñóïåðïðèòÿãóþ÷èìè íåðóõîìè-
ìè òî÷êàìè åíäîìîðôiçìà f . Êðiì öüîãî, f ìà¹ íåðóõîìó òî÷êó ∞. Êðèòè÷íèìè òî÷êàìè
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f ¹ òî÷êè αi i íóëi ïîëiíîìà p′′(z). [2]. ßêùî ïî÷àòêîâå íàáëèæåííÿ z0 äîñòàòíüî áëèçüêå
äî αi, òî ïðîöåñ Íüþòîíà áóäå çáiãàòèñÿ äî αi ç åêñïîíåíöiéíîþ øâèäêiñòþ.[3]. Ðîçãëÿíåìî
ïèòàííÿ ïðî ãëîáàëüíó çáiæíiñòü ïðîöåñó Íüþòîíà.

Íåõàé òåïåð p(z) = zk − a, k ∈ N, a ∈ R. Òîäi çãiäíî [1] îòðèìà¹ìî :

zn+1 =
(k − 1)zkn + a

k(zk−1
n )

, n = 0, 1, 2 . . . .

Âèáèðàþ÷è áóäü-ÿêå ïî÷àòêîâå íàáëèæåííÿ, ìè çíàéäåìî êîðiíü k-îãî ñòåïåíÿ ç ÷èñëà a.
ßê âiäîìî, äàíå ðiâíÿííÿ ìà¹ k êîðåíiâ

zj+1 = k
√
a(cos(2jπ/k) + i sin(2jπ/k)), j = 0, 1, 2, . . . ,

ùî çíàõîäÿòüñÿ íà êîëi ðàäióñà k
√
a i âiääàëåíi îäèí âiä îäíîãî íà êóò 2π/k [1].

Òâåðäæåííÿ. Íåõàé ìíîãî÷ëåí p(z) ìà¹ äâà ïðîñòèõ íóëi α1, α2 i L - ïðÿìà, ïåð-
ïåíäèêóëÿðíà âiäðiçêó [α1, α2] i ïðîõîäèòü ÷åðåç éîãî ñåðåäèíó; P1, P2 - âiäêðèòi ïiâïëî-
ùèíè,íà ÿêi L ðàçáèâà¹ ïëîùèíó, ïðè÷îìó αi ∈ Pi. Òîäi ÿêùî z0 ∈ Pi, i = 1, 2, òî ïðîöåñ
Íüþòîíà {zm : m ≥ 1} çáiãà¹òüñÿ äî αi.

1. Ìîðîçîâ À.Ä. Ââåäåíèå â òåîðèþ ôðàêòàëîâ. � Ìîñêâà-Èæåâñê, 2004. � 160 ñ.
2. Ëþáè÷ Ì. Þ. Äèíàìèêà ðàöèîíàëüíûõ ïðåîáðàçîâàíèé: òîïîëîãè÷åñêàÿ êàðòèíà, Óñïåõè

ìàòåìàòè÷åñêèõ íàóê, âûïóñê 4 (250), 1986 (èþëü - àâãóñò), ò. 41.
3. Òóðáèí À.Ô., Ïðàöåâèòèé Í.Â. Ôðàêòàëüíûå ìíîæåñòâà, ôóíêöèè, ðàñïðåäåëåíèÿ. � Ê.:

Íàóêîâà äóìêà, 1992. � 200 ñ.
4. Mandelbrot B.B. Fractals: Form, Chance and Dimension. � San Francisco: Freeman, 1977. �

346 p.

Àïðîêñèìàöiÿ êîìïàêòíèõ îïóêëèõ ìíîæèí â
õàóñäîðôîâié ìåòðèöi
Ì.Î. Íàçàðåíêî, Â.Â. Øêàïà
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Òåîðiÿ íàáëèæåíü ¹ âàæëèâîþ ñêëàäîâîþ ÷àñòèíîþ ñó÷àñíîãî àíàëiçó. Íåîáõiäíiñòü
çîáðàæåííÿ ñêëàäíèõ ìàòåìàòè÷íèõ îá'¹êòiâ áiëüø ïðîñòèìè âèíèêà¹ ÿê ïðè ðîçãëÿäi
òåîðåòè÷íèõ ïèòàíü ìàòåìàòèêè, òàê i ïðè ðîçâ'ÿçàííi çàäà÷ ïðèêëàäíîãî çìiñòó. Ïðè
äîñëiäæåííi áàãàòüîõ çàäà÷ àïðîêñèìàöiéíîãî çìiñòó äîñèòü ïðèðîäíüî êîðèñòóâàòèñÿ õà-
óñäîðôîâîþ âiäñòàííþ ìiæ ìíîæèíàìè, ÿêà, íà âiäìiíó âiä iíøèõ ìåòðèê, âiçóàëüíî äà¹
áiëüø çðó÷íå ïðåäñòàâëåííÿ [4].

Â äàíîìó ïîâiäîìëåííi âèñâiòëþ¹òüñÿ çâ'ÿçîê õàóñäîðôîâî¨ ìåòðèêè ìiæ êîìïàêòíèìè
îïóêëèìè ìíîæèíàìè ç ðiâíîìiðíèì âiäõèëåííÿì ¨õ îïîðíèõ ôóíêöié. Íåõàé Kn - ìíî-
æèíà âñiõ íåïîðîæíiõ êîìïàêòíèõ îïóêëèõ ìíîæèí ó n-âèìiðíîìó åâêëiäîâîìó ïðîñòîði
Rn i {K1, K2} ⊂ Kn. Ðiâíiñòü

d(K1, K2) := max{ sup
x1∈K1

inf
x2∈K2

d(x1, x2), sup
x2∈K2

inf
x1∈K1

d(x1, x2)}, (1)

äå d(x1, x2) = ‖x2 − x1‖ � åâêëiäîâà ìåòðèêà ìiæ òî÷êàìè x1 i x2 âèçíà÷à¹ õàóñäîðôîâó
ìåòðèêó ìiæ îïóêëèìè êîìïàêòíèìè ìíîæèíàìè K1 i K2 [1]. Ó âèïàäêó îäíîòî÷êîâèõ
ìíîæèí öÿ ìåòðèêà ñïiâïàäà¹ ç åâêëiäîâîþ.
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ßêùî {K1, K2} ⊂ Kn � íåïîðîæíi êîìïàêòíi îïóêëi ìíîæèíè iç Rn ç îïîðíèìè ôóí-
êöiÿìè h1, h2 , òî ñïðàâåäëèâà íàñòóïíà ðiâíiñòü

d(K1, K2) = max
u∈∂B1(0)

|h2(u)− h1(u)|, (2)

äå ∂B1(0) � îäèíè÷íà ñôåðà â Rn ç öåíòðîì â òî÷öi 0.
Ðiâíiñòü (2) ïîêàçó¹, ùî êëàñ Kn ç ââåäåíîþ âiäñòàííþ d ¹ ìåòðè÷íèì ïðîñòîðîì.

Ïðè öüîìó òîïîëîãiþ, iíäóêîâàíó â Kn ìåòðèêîþ d, íàçèâàþòü õàóñäîðôîâîþ òîïîëîãi¹þ
ïðîñòîðó Kn [5].

1. Ëåéõòâåéñ Ê. Âûïóêëûå ìíîæåñòâà. � Ì.: Íàóêà, 1985. � 350 ñ.
2. Ìîêëÿ÷óê Ì. Ï. Îñíîâè îïóêëîãî àíàëiçó. � Ê.: ÒÂiÌÑ, 2004. � 240 ñ.
3. Ñåíäîâ Á. Õàóñäîðôîâûå ïðèáëèæåíèÿ. � Ñîôèÿ: Èçäàòåëüñòâî áîëãàðñêîé àêàäåìèè íàóê,

1979. � 280 ñ.
4. Ðîêàôåëëàð Ð. Âûïóêëûé àíàëèç. - Ì.: Ìèð, 1973. � 468 ñ.
5. Ìàãðèë-Èëüÿåâ Ã. Ã., Òèõîìèðîâ Â.Ì. Âûïóêëûé àíàëèç è åãî ïðèëîæåíèÿ. � Ì.: Åäèòî-

ðèàë ÓÐÑÑ, 2003. � 176 ñ.

Ïðî îäíó õàðàêòåðèçàöiþ êëiêîâîñòi ôóíêöié äâîõ
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Ðîçïî÷àòå â êëàñè÷íèõ ðîáîòàõ Ð.Áåðà òà Â.Îñãóäà äîñëiäæåííÿ çâ'ÿçêiâ ìiæ íàðiçíîþ
òà ñóêóïíîþ íåïåðåðâíiñòþ äiñòàëî ñâî¹ ïðîäîâæåííÿ â ïðàöÿõ áàãàòüîõ ìàòåìàòèêiâ ÕÕ
ñòîëiòòÿ. Â íèõ óìîâà íåïåðåðâíîñòi çàìiíþâàëàñÿ ðiçíèìè ¨¨ îñëàáëåííÿ. Îäíèì ç òàêèõ
îñëàáëåíü ¹ êëiêîâiñòü [1]. Íà âiäìiíó âiä íàðiçíî¨ íåïåðåðâíîñòi íàðiçíà êëiêîâiñòü ôóí-
êöié f : R × R → R íå ãàðàíòó¹ iñíóâàííÿ òî÷îê ñóêóïíî¨ êëiêîâîñòi. Îäíàê, Ë.Ôóäàëi â
[2] âñòàíîâèâ, ùî êîëè X � áåðiâñüêèé ïðîñòið, ïðîñòið Y ìà¹ çëi÷åííó ïñåâäîáàçó, Z �
ìåòðè÷íèé ïðîñòið, ôóíêöiÿ f : X × Y → Z êâàçiíåïåðåðâíà âiäíîñíî ïåðøî¨ çìiííî¨ i
êëiêîâà âiäíîñíî äðóãî¨, òî f êëiêîâà çà ñóêóïíiñòþ çìiííèõ.

Â öüîìó ïîâiäîìëåííi îãîëîøóþòüñÿ ðåçóëüòàòè, ÿêi íå òiëüêè óçàãàëüíþþòü òåîðåìó
Ôóäàëi, à é äàþòü õàðàêòåðèçàöiþ ñóêóïíî¨ êëiêîâîñòi ôóíêöié äâîõ çìiííèõ äëÿ ïåâíèõ
òèïiâ ïðîñòîðiâ.

Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè, à Z � ìåòðè÷íèé ïðîñòið. ×åðåç ωf (A) ïîçíà÷èìî
êîëèâàííÿ ôóíêöi¨ f : X → Z íà ìíîæèíi A ⊆ X. Äëÿ ôóíêöi¨ f : X × Y → Z i
äîâiëüíèõ òî÷îê x ∈ X òà y ∈ Y ðîçãëÿíåìî ôóíêöi¨ fx : Y → Z, fy : X → Z, ÿêi
âèçíà÷àþòüñÿ òàê: fx(y) = fy(x) = f(x, y). Îñêiëüêè â öüîìó ïîâiäîìëåííi ðîçãëÿäàþòüñÿ
ôóíêöi¨ ëèøå çi çíà÷åííÿìè â ìåòðè÷íîìó ïðîñòîði, òî ìè ïîäàìî îçíà÷åííÿ ïîòðiáíèõ
íàì òèïiâ îñëàáëåíî¨ íåïåðåðâíîñòi äëÿ ìåòðè÷íîãî ïðîñòîðó çíà÷åíü. Ôóíêöiÿ f : X → Z
íàçèâà¹òüñÿ êâàçiíåïåðåðâíîþ (êëiêîâîþ) ó òî÷öi x ∈ X, ÿêùî äëÿ êîæíîãî ε > 0 i îêîëó
U òî÷êè x â X iñíó¹ âiäêðèòà íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî G ⊆ U i ωf ({x}∪G) < ε
(ωf (G) < ε).

Ìè êàæåìî, ùî ôóíêöiÿ f : X × Y → Z çàäîâîëüíÿ¹ óìîâó (B), ÿêùî äëÿ êîæíîãî
ε > 0, äîâiëüíèõ âiäêðèòèõ íåïîðîæíiõ ìíîæèí U â X i V â Y , äîâiëüíî¨ ìíîæèíè E ⊆ X
ùiëüíî¨ â U , äëÿ ÿêèõ ωf (E × V ) < ε, iñíóþòü âiäêðèòi íåïîðîæíi ìíîæèíè G â X i H â
Y , òàêi, ùî G ⊆ U , H ⊆ V i ωf (G × H) < ε. Ôóíêöiÿ f : X × Y → Z çàäîâîëüíÿ¹ óìîâó
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(Ñ), ÿêùî äëÿ êîæíîãî ε > 0, äëÿ äîâiëüíî¨ ìíîæèíè E äðóãî¨ êàòåãîði¨ â X i äîâiëüíî¨
âiäêðèòî¨ íåïîðîæíüî¨ ìíîæèíè V â Y , iñíóþòü äåñü ùiëüíà ìíîæèíà E1 â X i òî÷êà
y ∈ V , òàêi, ùî E1 ⊆ E i ωfy(E1) < ε.

Âñòàíîâëåíî íàñòóïíi ðåçóëüòàòè.
Òåîðåìà 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, ïðîñòið Y ìà¹ çëi÷åííó ïñåâäîáàçó, Z �

ìåòðè÷íèé ïðîñòið, ôóíêöiÿ f : X×Y → Z çàäîâîëüíÿ¹ óìîâè (B) òà (C) i fx � êëiêîâà
äëÿ âñiõ x ç äåÿêî¨ çàëèøêîâî¨ ìíîæèíè M â X. Òîäi iñíó¹ çàëèøêîâà â X ìíîæèíà A,
òàêà, ùî ôóíêöiÿ f êëiêîâà â êîæíié òî÷öi ìíîæèíè A× Y .

Òåîðåìà 2. Íåõàé X � áåðiâñüêèé ïðîñòið, ïðîñòið Y ìà¹ çëi÷åííó ïñåâäîáàçó, Z �
ìåòðè÷íèé ïðîñòið i f : X × Y → Z � ôóíêöiÿ. Òîäi äëÿ òîãî, ùîá i ôóíêöiÿ f áóëà
êëiêîâîþ íåîáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ f çàäîâîëüíÿëà óìîâè (B) òà (C) i iñíóâàëà
çàëèøêîâà ìíîæèíà M â X, òàêà, ùî fx êëiêîâà äëÿ x ∈M .

1. Thielman H.P. Types of functions, Amer. Math. Monthly, 1953, 60, P. 156�161.
2. Fudali L.A. On cliquish functions on product spaces, Mathematica Slovaca, 1983, 33:1, P. 53�58.
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Ïîñòðîåíèå ýôôåêòèâíûõ ïðèáëèæåííûõ ìåòîäîâ ðåøåíèÿ è ñâÿçàííûå ñ íèì âîïðîñû
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ÿâëÿåòñÿ îäíîé èç âàæíûõ ïðîáëåì âû÷èñëè-
òåëüíîé ìàòåìàòèêè. Ñïîñîáíîñòü ñîâðåìåííûõ íàäåæíûõ àëãîðèòìîâ è ìàøèííûõ ïðî-
ãðàìì ê àâòîìàòè÷åñêîìó ðåøåíèþ ñëîæíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïîñòàâèëà ïåðåä êëàññè÷åñêèì ëèíåéíûì ìåòîäîì ðÿä ïðîáëåì.

Ìåòîä ïðÿìûõ ÿâëÿåòñÿ ïðîìåæóòî÷íûì ìåæäó àíàëèòè÷åñêèìè è ñåòî÷íûìè ìåòîäà-
ìè. Ñóùíîñòü ìåòîäà ñîñòîèò â òîì, ÷òî äëÿ äàííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ äèñêðåòèçèðóþòñÿ âñå íåçàâèñèìûå ïåðåìåííûå êðîìå îäíîé.
Ýòà ïîëóäèñêðåòíàÿ ïðîöåäóðà äàåò óäâîåííóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, êîòîðàÿ çàòåì ÷èñëåííî èíòåãðèðóåòñÿ.

Ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå äèôôóçèè

ut = [H(x, t, u)ux]x + f(x, t, u, ux), 0 < x < 1, 0 < t ≤ T,

u(x, 0) = F (x), 0 ≤ x ≤ 1,

α1(t)u(0, t) + α2(t)ux(0, t) = α3(t), 0 < t ≤ T,

β1(t)u(1, t) + β2(t)ux(1, t) = β3(t), 0 < t ≤ T,

ãäå äëÿ ñòàáèëüíîñòè: m ≤ H ≤M, u ∈ (−∞,∞).
Ïåðâûé øàã çàêëþ÷àåòñÿ â äèñêðåòèçàöèè ïðîñòðàíñòâåííîé ïåðåìåííîé â äèôôå-

ðåíöèàëüíîì óðàâíåíèè ñ ÷àñòíûìè ïðîèçâîäíûìè ñ öåëüþ ïîëó÷åíèÿ ñèñòåìû îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ýòî â ñâîþ î÷åðåäü òðåáóåò âûïîëíåíèÿ êðàåâûõ
óñëîâèé. Ïîëîæèì 4x = h = 1/N îãðàíè÷åíà ñëåâà ïðÿìîé i = 0, à ñïðàâà i = N, à
Hi±1/2 = H(xi±1/2, t, ui±1/2). Òîãäà äëÿ i = 0

du0

dt
=

 0, u0 = α3/α1, åñëè α2 = 0,
2

h

[
H1/2

ux − u0

h
−H0

α3 − α1u0

α2

]
+ f

(
x0, t, u0,

α3 − α1u0

α2

)
, åñëè α2 6= 0,

74



äëÿ i = 1, . . . , N − 1

dui
dt

=
[
Hi+1/2(ui+1 − ui)−Hi−1/2(ui − ui−1)

] 1

h2
+ f

(
xi, t, ui,

ui+1 − ui−1

2h

)
è äëÿ i = N

duN
dt

=

 0, uN = β3/β1, åñëè β2 = 0,
2

h

[
HN

β3 − β1uN
β2

−HN−1/2
uN − uN−1

h

]
+ f

(
xN , t, uN ,

β3 − β1uN
β2

)
, åñëè β2 6= 0.

Íà÷àëüíûå óñëîâèÿ: ui(0, xi) = F (xi), i = 0, 1, . . . , N.
Ñ ïîìîùüþ ëèíåéíîãî ìåòîäà ìîãóò áûòü ðåøåíû ðàçíîîáðàçíûå çàäà÷è. Ðåçóëüòàòû,

ïîëó÷åííûå ëèíåéíûì ìåòîäîì ïîäòâåðæäàþòñÿ àëüòåðíàòèâíûì èòåðàöèîííûì ìåòîäîì.
1. Ìèõëèí Ñ.Ã. Î ðàöèîíàëüíîì âûáîðå êîîðäèíàòíûõ ôóíêöèé â ìåòîäå Ðèòöà, Æóðí. âû÷.

ìàòåì. è ìàòåì. ôèç., 1962, 2:3.

Ïðî äiþ äèôåðåíöiàëüíîãî âèðàçó íåñêií÷åííîãî
ïîðÿäêó ó êëàñàõ àíàëiòè÷íèõ ó êðóçi ôóíêöié

Ç.Ì. Íèòðåáè÷
Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà� , Óêðà¨íà

znytrebych@gmail.com

Äîñëiäæåííÿ çàäà÷ ç ëîêàëüíèìè òà íåëîêàëüíèìè áàãàòîòî÷êîâèìè óìîâàìè, iíòåã-
ðàëüíèìè óìîâàìè òà óìîâàìè òèïó Äiðiõëå çà ÷àñîâîþ çìiííîþ ó ñìóãàõ äëÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî
ìåòîäó [1, 2] äîçâîëÿ¹ çîáðàæàòè ðîçâ'ÿçêè öèõ çàäà÷ ó âèãëÿäi äié äèôåðåíöiàëüíèõ âè-
ðàçiâ íåñêií÷åííîãî ïîðÿäêó, ñèìâîëàìè ÿêèõ ¹ ïðàâi ÷àñòèíè óìîâ, íà äåÿêi öiëi àáî
ìåðîìîðôíi ôóíêöi¨ ïàðàìåòðiâ. Íàïðèêëàä, ðîçâ'ÿçîê äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî
ðiâíÿííÿ

∂U(t, x)

∂t
= U(t, x+ 1), t ∈ (0, 1), x ∈ R, (1)

ùî çàäîâîëüíÿ¹ iíòåãðàëüíó óìîâó

1∫
0

U(t, x) dt = ϕ(x), x ∈ R, (2)

çîáðàæà¹òüñÿ ó âèãëÿäi

U(t, x) = ϕ
( d
dν

){exp[t exp[ν] + νx+ ν]

exp[exp[ν]]− 1

}∣∣∣∣∣
ν=0

. (3)

Ó ôiãóðíèõ äóæêàõ ôîðìóëè (3) ìiñòèòüñÿ ìåðîìîðôíà ôóíêöiÿ ùîäî ν. Íà íå¨ äi¹ çà

óìîâè àíàëiòè÷íîñòi ôóíêöi¨ ϕ(x) =
∞∑
n=0

anx
n äèôåðåíöiàëüíèé âèðàç

∞∑
n=0

an
(
d
dν

)n
. Ïiñëÿ

äi¨ ïàðàìåòð ν ïîêëàäà¹òüñÿ ðiâíèì íóëåâi.
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Ïðèêëàä çàäà÷i (1), (2) òà âèãëÿä (3) ðîçâ'ÿçêó öi¹¨ çàäà÷i çâîäèòüñÿ äî îáãðóíòóâàííÿ
êîðåêòíîñòi äi¨ äîâiëüíîãî äèôåðåíöiàëüíîãî âèðàçó íåñêií÷åííîãî ïîðÿäêó L( d

dz
) ç àíàëi-

òè÷íèì ñèìâîëîì L(λ) =
∞∑
n=0

anλ
n íà àíàëiòè÷íi â äåÿêîìó êðóçi ôóíêöi¨. Ñôîðìóëþ¹ìî

îòðèìàíèé ðåçóëüòàò.
Òåîðåìà. Íåõàé f(z) � àíàëiòè÷íà ôóíêöiÿ â êðóçi Bd = {z ∈ C : | z | < d}, d ∈ R,

d > 0, à L(λ) � öiëà ôóíêöiÿ åêñïîíåíöiéíîãî òèïó, ïðè÷îìó ìåíøîãî çà d. Òîäi L( d
dz

)f(z)
¹ àíàëiòè÷íîþ â Bd ôóíêöi¹þ.

Âiäïîâiäíî äî öi¹¨ òåîðåìè ðîçâ'ÿçîê çàäà÷i (1), (2) iñíó¹ òà ¹ ¹äèíèé ó âiäïîâiäíîìó
êëàñi ôóíêöié, ÿêùî ϕ(x) ¹ çâóæåííÿì íà R öiëî¨ ôóíêöi¨ ϕ(z) åêñïîíåíöiéíîãî òèïó σ,

äå 0 < σ <
√

ln2(2π) + π2.
1. Êàëåíþê Ï.I., Íèòðåáè÷ Ç.Ì. Óçàãàëüíåíà ñõåìà âiäîêðåìëåííÿ çìiííèõ. Äèôåðåíöiàëüíî-

ñèìâîëüíèé ìåòîä. � Ëüâiâ: Âèä-âî Íàö. óí-òó �Ëüâiâñüêà ïîëiòåõíiêà�, 2002. � 192 ñ.
2. Êàëåíþê Ï.È., Áàðàíåöêèé ß.Å., Íèòðåáè÷ Ç.Í. Îáîáùåííûé ìåòîä ðàçäåëåíèÿ ïåðåìåí-

íûõ. � Ê.: Íàóê. äóìêà, 1993. � 232 ñ.

Ñîëíå÷íîñòü ìíîæåñòâà âåùåñòâåííîçíà÷íûõ
íàèïðîñòåéøèõ äðîáåé â ïðîñòðàíñòâå C([a, b])

ßðîñëàâ Íîâàê
Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà

novak@imath.kiev.ua

Íàèïðîñòåéøåé äðîáüþ ñòåïåíè n íàçûâàåòñÿ ðàöèîíàëüíàÿ ôóíêöèÿ âèäà Rn(z) =
=
∑n

k=1
1

z−ak
, {ak}nk=1 ⊂ C (n ∈ N := {1, 2, . . .}). Î íàèïðîñòåéøèõ äðîáÿõ êàê

àïàðàòå ïðèáëèæåíèÿ ñì., íàïðèìåð, [1-3].
Ïóñòü X � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî (ñ íîðìîé ‖ · ‖), M ⊂ X � íåïóñòîå

ìíîæåñòâî. Ìåòðè÷åñêîé ïðîåêöèåé íà M íàçûâàåòñÿ ìíîãîçíà÷íîå îòîáðàæåíèå PM :
X → 2X PMx := {y ∈M : ‖x− y‖ = inf

z∈M
‖x− z‖}, x ∈ X.

Ìíîæåñòâî M ⊂ X íàçûâàåòñÿ ñòðîãèì ñîëíöåì (ñì., íàïðèìåð, [4]) â ïðîñòðàíñòâå
X, åñëè äëÿ êàæäîãî x ∈ X ìíîæåñòâî PMx íåïóñòîå è y ∈ PM{y + λ(x − y)} äëÿ âñåõ
y ∈ PMx, λ ≥ 0.

Ïóñòü X = C([a, b]) (a < b) ñ ðàâíîìåðíîé ìåòðèêîé, M � ìíîæåñòâî íàèïðîñòåéøèõ
äðîáåé ñòåïåíè, íå âûøå n, êîòîðûå íå èìåþò ïîëþñîâ íà ∆ := [a, b] (èëè, ÷òî òî æå,
M = SRn ∩C(∆)). Â ýòîì ñëó÷àå äëÿ äàííîé ôóíêöèè f ∈ C(∆) ìíîæåñòâî PMf ñîñòîèò
èç íàèïðîñòåéøèõ äðîáåé íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ôóíêöèè f íà îòðåçêå
∆.

Òåîðåìà. Ìíîæåñòâî SRn∩C(∆) ÿâëÿåòñÿ ñòðîãèì ñîëíöåì â ïðîñòðàíñòâå C(∆).
1. Äàí÷åíêî Â. È. Î ïðèáëèæåíèè íàèïðîñòåéøèìè äðîáÿìè, Ìàòåì. çàìåòêè, 2001, 70:4,

Ñ. 553�559.
2. Íîâàê ß. Â. Î íàèëó÷øåì ëîêàëüíîì ïðèáëèæåíèè íàèïðîñòåéøèìè äðîáÿìè, Ìàòåì.

çàìåòêè, 2008, 84:6, Ñ. 882��887.
3. Äàí÷åíêî Â. È., Êîíäàêîâà Å. Í. ×åáûøåâñêèé àëüòåðíàíñ ïðè àïïðîêñèìàöèè êîíñòàíò

íàèïðîñòåéøèìè äðîáÿìè, Òðóäû ìàò. èí-òà èì. Â.À. Ñòåêëîâà, 2010, 270, Ñ. 86�96.
4. Âëàñîâ Ë. Ï. Àïïðîêñèìàòèâíî âûïóêëûå ìíîæåñòâà â áàíàõîâûõ ïðîñòðàíñòâàõ, ÄÀÍ

ÑÑÑÐ, 1965, 163, Ñ. 18�21.

76



Ïðèáëèæåíèå ïåðèîäè÷åñêèõ àíàëèòè÷åñêèõ
ôóíêöèé ïîâòîðíûìè ñóììàìè Âàëëå Ïóññåíà

Î.À. Íîâèêîâ, Î.Ã. Ðîâåíñêàÿ, Ò.Â. Øóëèê
Ñëàâÿíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Óêðàèíà

sgpi@slav.dn.ua

Ñëåäóÿ À.È. Ñòåïàíöó [1], îáîçíà÷èì Cq
βHω, q ∈ (0; 1), β ∈ R, êëàññû íåïðåðûâíûõ

2π�ïåðèîäè÷åñêèõ ôóíêöèé f(x), êîòîðûå ìîæíî ïðåäñòàâèòü â âèäå ñâåðòêè

f(x) = A0 +
1

π

∫ π

−π
ϕ(x+ t)P q

β (t) dt,

â êîòîðîé P q
β (t) =

∞∑
k=1

qk cos(kt + βπ
2

) � ÿäðî Ïóàññîíà, à äëÿ ôóíêöèè ϕ(x) âûïîëíåíû

óñëîâèÿ |ϕ(t′) − ϕ(t′′)| ≤ ω(|t′ − t′′|), ∀t′, t′′ ∈ R, ãäå ω(t) � ïðîèçâîëüíûé ôèêñèðîâàííûé
ìîäóëü íåïðåðûâíîñòè.

Ïóñòü p1, p2, ..., pr � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà òàêèå, ÷òî
r∑

k=1

pk < n, Sn(f ;x)

� ñóììû Ôóðüå. Òîãäà r�ïîâòîðíûå ñóììû Âàëëå-Ïóññåíà îïðåäåëèì ñëåäóþùèì ñîîòíî-
øåíèåì

V
(r)
n,p (f, x) =

1

p1

n−1∑
k1=n−p1

1

p2

k1∑
k2=k1−p2+1

...
1

pr

kr−1∑
kr=kr−1−pr+1

Skr(f, x).

Äëÿ âåðõíèõ ãðàíåé óêëîíåíèé ìíîãî÷ëåíîâ V (r)
n,p (f, x) íà êëàññàõ Cq

βHω ïîëó÷åíî óòâåð-
æäåíèå.

Tåîðåìà. Ïóñòü q ∈ (0; 1), β ∈ R,
∑r

i=1 pi = Σp < n è ω(t) � ïðîèçâîëüíûé ìîäóëü
íåïðåðûâíîñòè. Òîãäà ïðè n− Σp →∞ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

E(Cq
βHω;V

(r)
n,p ) =

2qn−Σp+r

π2
r∏
i=1

pi

en−Σp(ω)

∫ π

0

Zr+1
q (x)dx+O(1)

qn−Σp+r

r∏
i=1

pi

ω ([n− Σp]
−1)

(n− Σp)
×

×
[

1

(1− q)r+3
+

1

(1− q)2r

]
+O(1)

1
r∏
i=1

pi

 ∑
α(r−1)⊂r

qn−Σ
α(r−1)
p +r

(1− q)r+1
ω
(
[n− Σα(r−1)

p ]−1
) ,

ãäå r = {1, 2, ..., r}, α(i) � ìíîæåñòâî, ñîäåðæàùåå i ýëåìåíòîâ, Σα
p =

∑
j∈α pj,

Zq(x) =
1√

1− 2q cosx+ q2
, en−Σp(ω) = θω(n)

∫ π
2

0

ω(2τ(n− Σp)
−1) sin τdτ,

θω(n) ∈ [1/2; 1], ïðè÷åì θω(n) = 1, åñëè ω(t) � âûïóêëûé ìîäóëü íåïðåðûâíîñòè, O(1) �
âåëè÷èíà ðàâíîìåðíî îãðàíè÷åííàÿ ïî n, q, β, pi, i = 1, 2, ..., r.

Äëÿ r = 2ν − 1, ν ∈ N∫ π

0

Zr+1
q (x)dx =

∫ π

0

dt

(1 + q2 − 2q cos t)ν
=

π

(1− q2)2ν−1

ν−1∑
k=0

(
Ck
ν−1

)2
q2k,

ãäå Ck
n = n!

k!(n−k)!
� áèíîìèàëüíûå êîýôôèöèåíòû.

1. Ñòåïàíåö À.È. Ïðèáëèæåíèå àíàëèòè÷åñêèõ íåïðåðûâíûõ ôóíêöèé, Ìàò. ñáîðíèê, 2001,
192:1, C. 113�138.
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èíòåðïîëÿöèÿ â êâàäðàòå ñ ìèíèìàëüíûì
çíà÷åíèåì ðàâíîìåðíîé íîðìû îïåðàòîðà ëàïëàñà

Ñ.È. Íîâèêîâ
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã, Ðîññèÿ

Sergey.Novikov@imm.uran.ru

Ïóñòü Ω = (0, 1)2 � åäèíè÷íûé êâàäðàò,

U =

{
u ∈ C1(Ω)

⋂
C(Ω) :

∂2u

∂x2
,
∂2u

∂y2
∈ L∞(Ω)

}
,

ãäå ïðîèçâîäíûå âòîðîãî ïîðÿäêà ïîíèìàþòñÿ â îáîáùåííîì ñìûñëå Ñîáîëåâà.
Îáîçíà÷èì ‖z‖lN∞ = max{|zj| : j = 1, 2. . . . , N} äëÿ 1 ≤ N <∞.
Ïóñòü

MN
∞ =

{
z : z = {zj}Nj=1, ‖z‖lN∞ ≤ 1

}
� ìíîæåñòâî èíòåðïîëèðóåìûõ äàííûõ, {(x(s), y(s))}Ns=1 ⊂ Ω � íàáîð òî÷åê èíòåðïîëÿöèè è

FN(z) =
{
u ∈ U : u

∣∣
∂Ω

= 0, u(x(s), y(s)) = zs, s = 1, 2, . . . , N
}

� êëàññ ôóíêöèé, èíòåðïîëèðóþùèõ ôèêñèðîâàííûé ýëåìåíò z ∈MN
∞.

Çàäà÷à ñîñòîèò â èññëåäîâàíèè âåëè÷èíû

aN∞(Ω) = sup
z∈MN

∞

inf
u∈FN (z)

‖∆u‖L∞(Ω),

êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ìèíèìàëüíóþ íîðìó îïåðàòîðà Ëàïëàñà îò èíòåðïîëÿíòà,
ïîñòðîåííîãî äëÿ "íàèõóäøåãî" íàáîðà èíòåðïîëèðóåìûõ äàííûõ. Ðàññìàòðèâàåìàÿ çàäà-
÷à ñâÿçàíà ñ èíòåðïîëÿöèîííîé çàäà÷åé Ôàâàðà è ïðîáëåìàòèêîé ýêñòðåìàëüíîé ôóíêöèî-
íàëüíîé èíòåðïîëÿöèè.

Äîêàçàíî, ÷òî â ýòîé çàäà÷å òî÷íàÿ âåðõíÿÿ ãðàíü äîñòèãàåòñÿ â êðàéíèõ (ýêñòðåìàëü-
íûõ) òî÷êàõ ìíîæåñòâà MN

∞.
Â ñëó÷àå, êîãäà òî÷êè èíòåðïîëÿöèè ðàñïîëîæåíû "ðàâíîìåðíî" âíóòðè êâàäðàòà, ò.å.

(x(s), y(s)) = ((2s−1)/(2N), 1/2), s = 1, 2, . . . , N , íàéäåíû òî÷íûå çíà÷åíèÿ âåëè÷èíû aN∞(Ω)
ïðè N = 1 è N = 2, à òàêæå äîêàçàíî, ÷òî ïðè äîñòàòî÷íî áîëüøîì ÷èñëå òî÷åê èíòåðïî-
ëÿöèè ñïðàâåäëèâû íåðàâåíñòâà

C1 N
2 < aN∞(Ω) ≤ C2 N

2,

ãäå C1, C2 � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, íå çàâèñÿùèå îò N .
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò 11-01-00347à) è ïðîãðàììû

ïðîåêòîâ èññëåäîâàíèé, âûïîëíÿåìûõ ñîâìåñòíî â Óðàëüñêîì è Ñèáèðñêîì îòäåëåíèÿõ
ÐÀÍ (ïðîåêò 12-C-1-1018).
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Ïðî ∗-çîáðàæåííÿ êîìóòàöiéíèõ ñïiââiäíîøåíü ç
óìîâàìè îðòîãîíàëüíîñòi

Î.Â. Îñòðîâñüêà, Ð.ß. ßêèìiâ
Íàöiîíàëüíèé óíiâåðñèòåò õàð÷îâèõ òåõíîëîãié, Êè¨â

Íàöiîíàëüíèé óíiâåðñèòåò áiîðåñóðñiâ òà ïðèðîäîêîðèñòóâàííÿ, Êè¨â
yakymiv@ukr.net

Â ðîáîòi âèâ÷à¹òüñÿ êàòåãîðiÿ iíòåãðîâíèõ ∗-çîáðàæåíü àëãåáð C(d)
0 , ïîðîäæåíèõ cïiâ-

âiäíîøåííÿìè íàñòóïíîãî âèãëÿäó

a∗i ai = 1 + aia
∗
i , a∗i aj = 0, i 6= j, i, j = 1, . . . , d. (1)

Îñêiëüêè â áóäü-ÿêîìó çîáðàæåííi ñïiââiäíîøåíü (1) îáðàçè òâiðíèõ ai, i = 1, . . . , d ¹ íå-
îáìåæåíèìè îïåðàòîðàìè, ïîñòà¹ ïèòàííÿ âèçíà÷åííÿ êëàñó iíòåãðîâíèõ (�well-behaved�)
çîáðàæåíü àëãåáðè C

(d)
0 íåîáìåæåíèìè îïåðàòîðàìè. Ìè äà¹ìî åêâiâàëåíòíi îçíà÷åííÿ

iíòåãðîâíèõ çîáðàæåíü C(d)
0 â òåðìiíàõ iíâàðiàíòíèõ îáëàñòåé òà â òåðìiíàõ îáìåæåíèõ

ôóíêöié âiä îïåðàòîðiâ. Çà äîïîìîãîþ öèõ îçíà÷åíü ìè âèçíà÷à¹ìî ïîíÿòòÿ êàòåãîði¨¨
iíòåãðîâíèõ çîáðàæåíü, RepC

(d)
0 , àëãåáðè C(d)

0 .
Àëãåáðîþ Êóíöà-Òüîïëiöà O(0)

d , äèâ. [1], íàçèâà¹òüñÿ ∗-àëãåáðà, ïîðîäæåíà içîìåòðè-
÷íèìè åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìîâè îðòîãîíàëüíîñòi:

O
(0)
d = C

〈
si, s

∗
i | s∗i si = 1, s∗i sj = 0, i 6= j, i, j = 1, . . . , d

〉
.

Î÷åâèäíî, ùî âñi çîáðàæåííÿ O0
d ¹ îáìåæåíèìè. Ïîçíà÷èìî ÷åðåç Rep0O

(0)
d ïîâíó ïiäêà-

òåãîðiþ êàòåãîði¨ çîáðàæåíü àëãåáðè Êóíöà-Òüîïëiöà, ùî ìà¹ îá'¹êòàìè êëàñè åêâiâàëåí-
òíîñòi çîáðàæåíü, â ÿêèõ êîæíà òâiðíà si ¹ ÷èñòîþ içîìåòði¹þ.

Îñíîâíèì ðåçóëüòàòîì ðîáîòè ¹ íàñòóïíà òåîðåìà.
Òåîðåìà. Êàòåãîði¨ RepC

(d)
0 òà Rep0O

(0)
d ¹ içîìîðôíèìè.

1. J. Cuntz. Simple C∗-algebras generated by isometries, Comm. Math. Phys., 1977, 57, no. 2,
p. 173�185.

Äåÿêi ñïîñîáè íàáëèæåííÿ ôóíêöié ëàíöþãîâèìè
äðîáàìè
Ì.Ì. Ïàãiðÿ

Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò, Ìóêà÷åâî, Óêðà¨íà
pahirya@mk.uz.ua

Äîñëiäæó¹òüñÿ íàñòóïíà çàäà÷à íåëiíiéíî¨ iíòåðïîëÿöi¨ ôóíêöié îäíi¹¨ äiéñíî¨ çìiííî¨.
Íåõàé ôóíêöiÿ f(x) çàäàíà ñâî¨ìè çíà÷åííÿìè íà ìíîæèíi òî÷îê {xi : x ∈ R ⊂ R,
xi 6= xj, i 6= j, i, j = 0, 1, 2, . . . , n} i ôóíêöiÿ t = g(x) � äåÿêà áàçîâà ôóíêöiÿ, ÿêà ñòðîãî
ìîíîòîííà íà R. Íàáëèæåííÿ ôóíêöi¨ øóêàþòü ó âèãëÿäi óçàãàëüíåíîãî iíòåðïîëÿöiéíî-
ãî ëàíöþãîâîãî äðîáó. Ðîçãëÿäàþòüñÿ äåÿêi iç òàêèõ òèïiâ ëàíöþãîâèõ äðîáiâ. Çîêðåìà
ôóíêöiÿ íàáëèæà¹òüñÿ:
I) ôóíêöiîíàëüíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó Òiëå

f(x) = b0 +
g(x)− g(x0)

b1 +

g(x)− g(x1)

b2 + · · · +

g(x)− g(xn−1)

bn
;
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II) ôóíêöiîíàëüíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó Ñ�äðîáó

f(x) = a0 +
a1(g(x)− g(x0))

1 +

a2(g(x)− g(x1))

1 + · · · +

an(g(x)− g(xn−1))

1
;

III) êâàçiîáåðíåíèì ôóíêöiîíàëüíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó Òiëå

f(x) =

(
d0 +

g(x)− g(x0)

d1 +

g(x)− g(x1)

d2 + · · · +

g(x)− g(xn−1)

dn

)−1

;

IV) êâàçiîáåðíåíèì ôóíêöiîíàëüíèì iíòåðïîëÿöiéíèì ëàíöþãîâèì äðîáîì òèïó Ñ�äðîáó

f(x) =

(
c0 +

c1(g(x)− g(x0))

1 +

c2(g(x)− g(x1))

1 + · · · +

cn(g(x)− g(xn−1))

1

)−1

.

Äëÿ êîæíîãî iç ðîçãëÿíóòèõ òèïiâ ôóíêöiîíàëüíèõ ëàíöþãîâèõ äðîáiâ âñòàíîâëåíi
îöiíêè çàëèøêîâèõ ÷ëåíiâ. Çðîáëåíî ïîðiâíÿííÿ åôåêòèâíîñòi íàáëèæåííÿ ôóíêöié ií-
òåðïîëÿöiéíèìè ëàíöþãîâèìè äðîáàìè òà ôóíêöiîíàëüíèìè iíòåðïîëÿöiéíèìè ëàíöþãî-
âèìè äðîáàìè âiäïîâiäíèõ òèïiâ. Âêàçàíî ïåðåâàãè çàïðîïîíîâàíîãî ïiäõîäó. Îòðèìàíi
ðåçóëüòàòè iëþñòðóþòüñÿ ÷èñëîâèìè ïðèêëàäàìè.

1. Ïàãiðÿ Ì. Ì. Ôóíêöiîíàëüíi ëàíöþãîâi äðîáè òèïó Òiëå, Íàóê. âiñíèê Óæãîðîä. óí�òó. Ñåð.
ìàòåì. i iíôîðì., 2010, 20, Ñ. 98�110.

ϕ-ñèëüíîå ñóììèðîâàíèå ðÿäîâ Ôóðüå
Í.Ë. Ïà÷óëèà

Àáõàçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñóõóì, Àáõàçèÿ
niaz-pachulia@rambler.ru

Ïóñòü L - ìíîæåñòâî ñóììèðóåìûõ, à C - íåïðåðûâíûõ 2π ïåðèîäè÷åñêèõ ôóíêöèé è

S[f ] =
∞∑
k=0

Ak(f ;x) (1)

ðÿä Ôóðüå ôóíêöèè f ∈ L, ãäå Ak = ak cos kx+bk sin kx, ïðè k ≥ 1 è A0 = a0

2
, ÷èñëà ak, bk �

êîýôôèöèåíòû Ôóðüå.
Äàëåå, ïóñòü Sn(f, x) - ÷àñòíàÿ ñóììà ïîðÿäêà n ðÿäà (1), à ρn(f, x) = f(x) − Sn(f, x)

ñîîòâåòñòâóþùåå îòêëîíåíèå. Îáîçíà÷èì ÷åðåç Φ - ìíîæåñòâî íåóáûâàþùèõ íåïðåðûâíûõ
íà ìíîæåñòâå [0,∞) ôóíêöèé ϕ, òàêèõ, ÷òî ϕ(0) = 0, ϕ(u) > 0 ïðè u > 0. Êðîìå òîãî ïóñòü

Φ1 = {ϕ ∈ Φ : ϕ(2u) ≤ aϕ(u), ∀u[0, 1]; lnϕ(u) = 0(u), ïðèu→∞},

Λ - ìíîæåñòâî íåîòðèöàòåëüíûõ ìàòðèö λ = (λnk), îïðåäåëÿþùèå ðåãóëÿðíûå λ ìåòîäû
ñóììèðîâàíèÿ ðÿäîâ.

Âåëè÷èíû Hϕ
n (f, x) =

∞∑
k=0

λnkϕ(|ρk(f, x)|) íàçûâàþò ϕ- ñèëüíûìè ñðåäíèìè ðÿäà (1) ìå-

òîäà λ. Â ðàáîòå [1] äîêàçàíà
Òåîðåìà 1. Ïóñòü f ∈ C, λ ∈ Λ è ϕ ∈ Φ1. Òîãäà

Hϕ
n (f, x, λ) ≤ A

∞∑
k=0

λnkϕ(Ek(f)), (2)
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ãäå Ek(f) - íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f òðèîãîíîìåòðè÷åñêèìè ïîëèíîìàìè ïî-
ðÿäêà íå âûøå n,A > 0 - ïîñòîÿííîå ÷èñëî.

Ñóùåñòâóåò ìåòîä ñóììèðîâàíèÿ λ ∈ Λ è f ∈ C ïðè ϕ ∈ Φ1 íåðàâåíñòâî (2) íå
âûïîëíÿåòñÿ.

Ñòàâèòñÿ çàäà÷à: íàéòè ñâÿçü ìåæäó ðîñòîì ôóíêöèè ϕ ∈ Φ è ïîäìíîæåñòâîì C0 ⊂ C
ïðè ∀f ∈ C0 âûïîëíÿåòñÿ íåðàâåíñòâî (2). Íà äàííóþ çàäà÷ó â ñâîå âðåìÿ ìîå âíèìàíèå
îáðàùàë À.È.Ñòåïàíåö. Â äîêëàä âêëþ÷åíû ðåçóëüòàòû ïîëó÷åííûå â äàííîì íàïðàâëå-
íèè.

Ïóñòü C0 = {f ∈ C : En(f) ln(n+ 2) ≤ µ}. Ñïðàâåäëèâû óòâåðæäåíèÿ
Òåîðåìà 2. Ïóñòü f ∈ C0 è ìåòîä λ ∈ Λ òàêîé, ÷òî ïðè ëþáîì n ∈ N, λnk óáûâàåò

îòíîñèòåëüíî k, χ(u) = eµu − 1, µ > 0 è ϕ ∈ Φ1. Òîãäà âûïîëíÿåòñÿ íåðàâåíñòâî

Hϕ(χ)
n (f, x) ≤ A

∞∑
k=0

λnkϕ(χ(Ek(f))).

Òåîðåìà 3. Ïóñòü ψ ∈MC ∪M∞, f ∈ Cψ
βC è ìåòîä λ ∈ Λ òàêîé, ÷òî λnk óáûâàåò

îòíîñèòåëüíî k ïðè ∀n ∈ N . Òîãäà åñëè χ(u) = eµu − 1, µ > 0 è ϕ ∈ Φ1, òî

Hϕ(χ)
n (f, x) ≤ A

∞∑
k=0

λnkϕ(χ(ψ(n)Ek(f
ψ
β ))),

ãäå Cψ
βC - êëàññû À.È.Ñòåïàíöà [2].

Äîêëàä áóäåò ñîäåðæàòü ðåçóëüòàòû, êàñàþùèåñÿ ñâîéñòâ ñèëüíûõ ïðåîáðàçîâàíèé ðÿ-
äîâ Ôóðüå.

1. Ïà÷óëèà Í.Ë. Î ñèëüíîé ñóììèðóåìîñòè ðÿäîâ Ôóðüå, Âîïðîñû ñóììèðîâàíèÿ ïðîñòûõ è
êðàòíûõ ðÿäîâ Ôóðüå. � Êèåâ. � 1987, C. 9�50 (Ïðåïðèíò ÀÍ ÓÑÑÐ, Èí-ò ìàòåìàòèêè 87.40).

2. Ñòåïàíåö À.È. Ïðèáëèæåíèå ñóììàìè Ôóðüå ôóíêöèè ñ ìåäëåííî óáûâàþùèìè êîýôôè-
öèåíòàìè Ôóðüå. � 1984. � 57 ñ. (Ïðåïðèíò ÀÍ ÓÑÑÐ, Èí-ò ìàòåìàòèêè 87.43).

Äâîñòîðîííi ìåòîäè ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ
íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Ð.ß. Ïåëåõ
Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, Óêðà¨íà

znytrebych@gmail.com

Áàãàòî ïðèêëàäíèõ çàäà÷, çîêðåìà ðîçðàõóíîê íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêî-
ñòiííèõ åëåìåíòiâ êîíñòðóêöié â çàãàëüíîìó âèïàäêó çâîäÿòüñÿ äî ðîçâ'ÿçàííÿ íåëiíiéíèõ
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü. Ïîðÿäîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü çàëåæèòü
âiä âèáðàíî¨ ìîäåëi. Çà ïåâíèõ óìîâ íàâàíòàæåííÿ äàíó ñèñòåìó ìîæíà çâåñòè äî ñèñòåìè
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó:

y′ = f (x, y) , y (x0) = y0, x ∈ [x0, x0 + L] , (1)

äå y(x) � äiéñíèé m � êîìïîíåíòíèé âåêòîð, f � äiéñíà âåêòîðíà ôóíêöiÿ çàëåæíî¨ òà íåçà-
ëåæíî¨ çìiííèõ, ïðè÷îìó ïðèïóñêà¹òüñÿ, ùî ôóíêöiÿ f âîëîäi¹ íåîáõiäíîþ äëÿ âèêëàäîê
ãëàäêiñòþ. Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî çíàõîäèòè íàáëèæåíi ðîçâ'ÿçêè çàäà÷i (1)
ó ñêàëÿðíîìó âèïàäêó, îñêiëüêè íà ñèñòåìè ðiâíÿíü âîíè ïåðåíîñÿòüñÿ ïîêîìïîíåíòíî.
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Ó çâ'ÿçêó ç âiäñóòíiñòþ åôåêòèâíîãî ñïîñîáó îöiíêè ïîõèáêè íàáëèæåíèõ ìåòîäiâ,
âèíèêëà íåîáõiäíiñòü ðîçðîáêè i äîñëiäæåííÿ äâîñòîðîííiõ àëãîðèòìiâ. Äëÿ ïîáóäîâè
äâîñòîðîííiõ ìåòîäiâ òèïó Ðóíãå-Êóòòà ðiçíèõ ïîðÿäêiâ òî÷íîñòi, øóêà¹ìî íàáëèæåíèé
ðîçâ'ÿçîê çàäà÷i (1) ó âèãëÿäi ëàíöþãîâîãî äðîáó :

y
[1,2]
n+1 =

yn

1 +
d1,0

1 +
d1,1

1 + d1,2

, (2)

äå

d1,0 = −σ1

yn
, d1,1 =

σ2
1 − ynσ2

ynσ1

, d1,2 =
σ1σ3 − σ2

σ2
1 − ynσ2

, (3)

σν = h ·
ν∑
i=1

aνiki, ν = 1, 2, 3, k1 = f (xn, yn) ,

k2 = f (xn + α2h, yn + β21hk1) , k3 = f (xn + α3h, yn + β31hk1 + β32hk2) .

Öi ðîçðàõóíêîâi ôîðìóëè áóäóþòüñÿ òàê, ùîá ëîêàëüíi ïîõèáêè ñõåìè â êîæíié âóçëî-
âié òî÷öi ìàëè âèãëÿä:

y (xn+1)− yn+1 = ωhpKF (f) +O(hp+1),

äå y(xn+1) i yn+1 � âiäïîâiäíî òî÷íèé i íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1), h � êðîê iíòåãðóâà-
ííÿ, F (f) � äåÿêèé äèôåðåíöiàëüíèé îïåðàòîð, îá÷èñëåíèé â òî÷öi (xn, yn), K � êîíñòàíòà,
ð � ïîðÿäîê òî÷íîñòi, ω � ïàðàìåòð äâîñòîðîííîñòi.

Çàóâàæèìî, ùî ó çàïðîïîíîâàíèõ îá÷èñëþâàëüíèõ ôîðìóëàõ (2), (3) ìîæíà îöiíèòè
çíà÷åííÿ F (f) áåç äîäàòêîâèõ çâåðòàíü äî ïðàâî¨ ÷àñòèíè äèôåðåíöiàëüíîãî ðiâíÿííÿ, ùî
âèãiäíî âiäðiçíÿ¹ öi ñõåìè âiä òðàäèöiéíèõ äâîñòîðîííiõ àëãîðèòìiâ.

×èñëîâi ìåòîäè ðîçâ'ÿçóâàííÿ íåëiíiéíèõ
iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó

ß.Ì. Ïåëåõ
Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, Óêðà¨íà

kalenyuk@polynet.ua

Çàäà÷i áóäiâåëüíî¨ ìåõàíiêè, ìåõàíiêè äåôîðìiâíîãî òâåðäîãî òiëà, êiíåòèêè, åëåêòðî-
íiêè, àâòîìàòè÷íîãî óïðàâëiííÿ, áàãàòîâèìiðíî¨ îïòèìiçàöi¨ ïðèâîäÿòü äî íåîáõiäíîñòi
ðîçâ'ÿçàííÿ íåëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà

F (x) =

∫ x

x0

F [x, y, f(y)]dy, x ∈ IL, (1)

äå ôóíêöiÿ F [x, y, f(y)] âîëîäi¹ íåîáõiäíîþ äëÿ îá÷èñëåíü ãëàäêiñòþ.
Ëàíöþãîâi (íåïåðåðâíi) äðîáè çíàõîäÿòü øèðîêå çàñòîñóâàííÿ â îá÷èñëþâàëüíié ìàòå-

ìàòèöi, ó çâ'ÿçêó ç ¨õ âàæëèâèì òåîðåòè÷íèì i ïðèêëàäíèì çíà÷åííÿì. Ïðè âiäïîâiäíèõ
óìîâàõ, âèêîðèñòàííÿ àïàðàòó ëàíöþãîâèõ äðîáiâ äà¹ âèñîêó øâèäêiñòü çáiæíîñòi àëãî-
ðèòìiâ, äâîñòîðîííi i ìîíîòîííi íàáëèæåííÿ, ñïðèÿ¹ îáìåæåíîìó íàêîïè÷åííþ ïîõèáîê
çàîêðóãëåííÿ ïðè ðîçðàõóíêó íà ÏÅÎÌ. Àïàðàò ëàíöþãîâèõ äðîáiâ ¹ îäíèì ç îñíîâíèõ
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äæåðåë îòðèìàííÿ äðîáîâî-ðàöiîíàëüíèõ íàáëèæåíü ôóíêöié, ÿêi âèêîðèñòîâóþòüñÿ â ñó-
÷àñíîìó çàáåçïå÷åííi ÏÅÎÌ. Çíà÷íå ïiäâèùåííÿ iíòåðåñó äî ëàíöþãîâèõ äðîáiâ ïîâ'ÿçàíå
ùå ç òèì, ùî ïðîöåñ ¨õ îá÷èñëåíü ¹ öèêëi÷íèì i ëåãêî ïiääà¹òüñÿ ïðîãðàìóâàííþ.

Äàíå ïîâiäîìëåííÿ ïðèñâÿ÷åíå çàñòîñóâàííþ íåïåðåðâíèõ äðîáiâ äëÿ ïîáóäîâè íîâèõ
÷èñëîâèõ ìåòîäiâ ðîçâ'ÿçàííÿ íåëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó.

Õàðàêòåðíîþ îñîáëèâiñòþ òàêèõ àëãîðèòìiâ ¹ òå, ùî ïðè âiäïîâiäíèõ çíà÷åííÿõ ïàðà-
ìåòðiâ, ÿêi âõîäÿòü ó çàïðîïîíîâàíi îá÷èñëþâàëüíi ñõåìè, ìîæíà îòðèìóâàòè ÿê íîâi, òàê
i òðàäèöiéíi ÷èñëîâi ìåòîäè ðîçâ'ÿçóâàííÿ iíòåãðàëüíèõ ðiâíÿíü (1).

Ïîáóäîâàíî ìåòîäè òèïó Ðóíãå-Êóòòà äðóãîãî òà òðåòüîãî ïîðÿäêó òî÷íîñòi äëÿ íàáëè-
æåíîãî ðîçâ'ÿçóâàííÿ ðiâíÿííÿ (1). Íà âiäïîâiäíèõ êëàñàõ ôóíêöié âèâåäåíi äâîñòîðîííi
ôîðìóëè ïåðøîãî òà äðóãîãî ïîðÿäêó òî÷íîñòi, ÿêi äîçâîëÿþòü çíàõîäèòè íå òiëüêè âåðõ-
í¹ òà íèæí¹ íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó, àëå é îòðèìóâàòè ëîêàëüíó îöiíêó ïîõèáêè
íà êîæíîìó êðîöi áåç äîäàòêîâèõ çâåðòàíü äî ïðàâî¨ ÷àñòèíè iíòåãðàëüíîãî ðiâíÿííÿ (1).

Âèêîðèñòîâóþ÷è ìîäèôiêîâàíå ïåðåòâîðåííÿ Ôåëüáåðãà òà íåïåðåðâíi äðîáè, ïîáó-
äîâàíî ìåòîäè (m+2)-ãî òà (m+3)-ãî ïîðÿäêó òî÷íîñòi äëÿ çíàõîäæåííÿ íàáëèæåíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1). Âèâåäåíî ñïiââiäíîøåííÿ òà çíàéäåíî çíà÷åííÿ âiäïîâiäíèõ ïà-
ðàìåòðiâ, ùî âèçíà÷àþòü ìíîæèíè äâîñòîðîííiõ ôîðìóë òèïó Ðóíãå-Êóòòà-Ôåëüáåðãà
(m+2)-ãî ïîðÿäêó òî÷íîñòi.

Âû÷èñëåíèå àïïðîêñèìàòèâíûõ ÷èñåë
äèàãîíàëüíûõ îïåðàòîðîâ, îãðàíè÷åííî

äåéñòâóþùèõ ìåæäó âåñîâûìè ïðîñòðàíñòâàìè
ïîñëåäîâàòåëüíîñòåé
Á.È. Ïåëåøåíêî, Ò.Í. Ñåìèðåíêî

Äíåïðîïåòðîâñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Óêðàèíà
dsaupelesh@mail.ru

Ïóñòü 0 < p < ∞, p < q ≤ ∞, îáîçíà÷èì ÷åðåç lqω(p,q) ïðîñòðàíñòâî àáñîëþòíî q-

ñóììèðóåìûõ ñ âåñîì ω(p, q) = n
1
p
− 1
q ïîñëåäîâàòåëüíîñòåé êîìïëåêñíûõ ÷èñåë x = {xk}∞k=1,

äëÿ êîòîðûõ êîíå÷íû êâàçèíîðìû (íîðìû, åñëè 1 < p < q ≤ ∞)

||x ||lq
ω(p,q)

=

{
∞∑
k=1

(
xkk

1
p

)q
k−1

} 1
q

, 0 < q <∞, è ||x ||l∞
ω(p,∞)

= sup
1≤k<∞

xkk
1
p , q =∞.

Ïðîñòðàíñòâî àáñîëþòíî p-ñóììèðóåìûõ ïîñëåäîâàòåëüíîñòåé êîìïëåêñíûõ ÷èñåë
îáîçíà÷àåòñÿ lp, ïîñëåäîâàòåëüíîñòü ÷èñåë {|xk|}∞k=1, ïåðåñòàâëåííàÿ â íåâîçðàñòàþùåì
ïîðÿäêå, îáîçíà÷àåòñÿ x∗ = {x∗k}∞k=1. Äëÿ çàäàííîé ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ
÷èñåë α = {αk}∞k=1 íà ïðîñòðàíñòâå l

q
ω(p,q) îïðåäåëÿåì îïåðàòîð Tα : x→ αx = {αkxk}∞k=1.

Òåîðåìà 1. Ïóñòü 1 < p < ∞, p < q ≤ ∞, α = {αk}∞k=1 - ïîñëåäîâàòåëüíîñòü

ïîëîæèòåëüíûõ ÷èñåë; Ak = α

pq
q−p
k k−1 , k ∈ N , åñëè q < ∞, èëè Ak = αpkk

−1, k ∈ N

â ñëó÷àå q = ∞. Åñëè ðÿä
∞∑
k=1

Ak ñõîäèòñÿ, òî îïåðàòîð Tα îãðàíè÷åííî äåéñòâóåò èç

ïðîñòðàíñòâà lqω(p,q) â l
p è åãî àïïðîêñèìàòèâíûå ÷èñëà âû÷èñëÿþòñÿ ïî ôîðìóëàì

an

(
Tα : lqω(p,q) → lp

)
=

{
∞∑
k=n

A∗k

} q−p
pq

, p < q <∞;
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an

(
Tα : lqω(p,q) → lp

)
=

{
∞∑
k=n

A∗k

} 1
p

, q =∞.

Îáîçíà÷èì ÷åðåç mn ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé y = {yk}∞k=1 êîìïëåêñíûõ ÷èñåë,
äëÿ êàæäîé èç êîòîðûõ ìîùíîñòü ìíîæåñòâà {k : yk 6= 0} íå áîëüøå n.

Òåîðåìà 2. Ïóñòü 0 < p < ∞, p < q < ∞, α = {αk}∞k=1 - ïîñëåäîâàòåëüíîñòü

ïîëîæèòåëüíûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ
∞∑
k=1

α

pq
q−p
k k−1 <∞ ; Ak = α

pq
q−p
k k−1, Bk =

α
(−q)
k k

q
p
−1, k ∈ N . Òîãäà

sup
||x ||

l
q
ω(p,q)

≤1

inf
y∈mn

||ax− y ||lp = σ
− p
q

1 (s)

[
(s− n)

q
q−p + σ

p
q−p
1 (s)σ

q−p
q

2 (s)

]
,

ãäå σ1(s) =
s∑

k=1

B∗k, σ2(s) =
∞∑

k=s+1

A∗k, à ÷èñëî s âûáðàíî èç óñëîâèÿ B
∗
s ≤ 1

s− n
s∑

k=1

B∗k ≤ B∗s+1.

Äèôåðåíöiàëüíi òà àïðîêñèìàöiéíi âëàñòèâîñòi
óçàãàëüíåíîãî îïåðàòîðà Àáåëÿ-Ïóàññîíà

Î.Ì. Ïiääóáíèé
Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê, Óêðà¨íà

Olexy2006@ukr.net

Íåõàé D := {z ∈ C : |z| < 1}, T := ∂D , Lp(T), 1 ≤ p < ∞, � ïðîñòið ôóíêöié f ,
ñóìîâíèõ íà T â p-òîìó ñòåïåíi i

Kl(ρe
it) :=

1

2
+
∞∑
k=1

ρk
l

cos kt, K̃l(ρe
it) :=

∞∑
k=1

ρk
l

sin kt. (0 < ρ < 1, l > 0).

Îïåðàòîð Pl, âèçíà÷åíèé íà Lp(T) ôîðìóëîþ

Pl(f)(z) =
1

π

∫ 2π

0

f(eit)Kl(ze
−it)dt (z ∈ D)

íàçèâà¹òüñÿ óçàãàëüíåíèì îïåðàòîðîì Àáåëÿ-Ïóàññîíà. À îïåðàòîð Ql, âèçíà÷åíèé íà
Lp(T) ôîðìóëîþ

Ql(f)(z) = − 1

π

∫ 2π

0

f(eit)K̃l(ze
−it)dt (z ∈ D)

íàçèâà¹òüñÿ ñïðÿæåíèì óçàãàëüíåíèì îïåðàòîðîì Àáåëÿ-Ïóàññîíà. Âñòàíîâëåíî íèçêó
âëàñòèâîñòåé ôóíêöi¨ v(θ, ρ) = Ql(f)(ρeiθ), àíàëîãi÷íèõ äî âëàñòèâîñòåé ôóíêöi¨ u(θ, ρ) =
Pl(f)(ρeiθ), íàâåäåíèõ â [1]. Îáåðíåíó òåîðåìó íàáëèæåííÿ ôóíêöié ñïåöiàëüíèìè îïåðà-
òîðàìè ïðîäîâæåííÿ, íàâåäåíó â [2], çàñòîñîâàíî äî äîñëiäæåííÿ ãðàíè÷íèõ âëàñòèâîñòåé
óçàãàëüíåíèõ îïåðàòîðiâ Àáåëÿ-Ïóàññîíà.

Òåîðåìà. Íåõàé f ∈ Lp(T), 1 ≤ p ≤ ∞ i ω(f, t) � ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f .
ßêùî äëÿ ôóíêöi¨ u(θ, r) = Pl(f)(reiθ) âèêîíó¹òüñÿ íåðiâíiñòü

‖u(·, r)− f(·)‖p ≤ Aλ(1− r), 0 < r < 1, A = const > 0,
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äå λ � ôóíêöiÿ òèïó ìîäóëÿ íåïåðåðâíîñòi, òî

ω(f, t) ≤ At1/l
∫ 1

t

λ(x)dx

x1/l+1
, 0 < t ≤ 1

2
,

äå A � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü âiä r.
1. Ïiääóáíèé Î.Ì. Äèôåðåíöiàëüíi âëàñòèâîñòi óçàãàëüíåíîãî îïåðàòîðà Ïóàññîíà, Òåîðiÿ

íàáëèæåííÿ ôóíêöié òà ¨¨ çàñòîñóâàííÿ / Ïðàöi ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2004,
Ñ. 227 � 240.

2. Ïiääóáíèé Î.Ì. Îáåðíåíà òåîðåìà íàáëèæåííÿ ôóíêöié çíà÷åííÿìè îïåðàòîðiâ îäíîãî
êëàñó, Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ñóìiæíi ïèòàííÿ / Çáiðíèê ïðàöü ií-òó ìàòåìàòèêè ÍÀÍ
Óêðà¨íè, Êè¨â, 2010, Ñ. 187 � 198.

Îöåíêà èíòåãðàëà îò ìîäóëÿ ñóììû ðÿäà ïî
ñèíóñàì ñ ìîíîòîííûìè êîýôôèöèåíòàìè

À.Þ. Ïîïîâ, Ñ.À. Òåëÿêîâñêèé1

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ, Ìîñêâà, Ðîññèÿ

mysfed@rambler.ru, sergeyAltel@yandex.ru

Òåîðåìà 1. Äëÿ ñîïðÿæ�åííîãî ÿäðà Äèðèõëå

Dn(x) =
n∑
k=1

sin kx, n = 1, 2, . . . ,

ñïðàâåäëèâî ðàâåíñòâî ∫ π

0

|Dn(x)| dx = 1 +
n∑
k=1

1

k
.

Åñëè ÷èñëà bk ïðè k →∞ ìîíîòîííî óáûâàþò ê íóëþ, òî ðÿä

∞∑
k=1

bk sin kx

ñõîäèòñÿ ïðè âñåõ x. Îáîçíà÷èì åãî ñóììó g(x).
Òåîðåìà 2. Åñëè ðÿä

∞∑
k=1

bk
k

(1)

ñõîäèòñÿ, òî èìåþò ìåñòî îöåíêè

b1 −
b2

2
+
∞∑
k=1

bk
k

6 2
∞∑
m=1

b2m−1

2m− 1
6
∫ π

0

|g(x)| dx 6 b1 +
∞∑
k=1

bk
k
.

Òåîðåìà 3. Íåçàâèñèìî îò òîãî, ñõîäèòñÿ èëè ðàñõîäèòñÿ ðÿä (1), ñïðàâåäëèâà îöåí-
êà ∫ π

0

(
|g(x)| − g(x)

)
dx 6

b2

2
.

1Ïðè âûïîëíåíèè ðàáîòû âòîðîé àâòîð èìåë ôèíàíñîâóþ ïîääåðæêó ÐÔÔÈ (ïðîåêò 11 � 01 � 00417).
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Ïðèáëèæåíèå ôóíêöèé èç Hp(Dn) ñðåäíèìè ×åçàðî
Ñ.Ã. Ïðèáåãèí

Îäåññêèé íàöèîíàëüíûé ìîðñêîé óíèâåðñèòåò, Óêðàèíà
ivanpribegin@rambler.ru

Ïóñòü Hp(Dn), p > 0, ïðîñòðàíñòâî Õàðäè â åäèíè÷íîì ïîëèêðóãå
Dn = {z ∈ Cn : |zj| < 1, j = 1, . . . , n}, f(ρeiθ) =

∑
k

f̂k(ρe
iθ)k � ðÿä Òåéëîðà ôóíêöèè

f ∈ Hp(Dn), ãäå k = (k1, . . . , kn), f̂k = f̂k1,...,kn� êîýôôèöèåíòû ðÿäà Òåéëîðà ôóíêöèè f
, à
(ρeiθ)k = ((ρ1e

iθ1)k1 , . . . , (ρne
iθn)kn)).

Ñðåäíèìè ×åçàðî (C, α) ïðè α > 0 äëÿ ôóíêöèè f ∈ Hp(Dn) íàçîâ¼ì:

σαm(f, eiθ) = (Aαm)−1
∑
k,

06|k|6m

Aαm−|k|f̂ke
ikθ

ãäå Aαm =
(
α+m
m

)
= Γ(m+α+1)

Γ(m+1)Γ(α+1)
, à |k| = k1 + . . .+ kn.

Ìîäóëÿìè ãëàäêîñòè ôóíêöèè f ∈ Hp(Dn) íàçîâ¼ì ôóíêöèè

ω(δ, f)p = sup
|hj |6δ,
j=1,...,n

 1

(2π)n

∫
Qn

|f(ei(θ+h))− f(eiθ)|pdθ


1
p

,

ω̃(δ, f)p = sup
|h|6δ

h1=...=hn=h

 1

(2π)n

∫
Qn

|f(ei(θ+h))− f(eiθ)|pdθ


1
p

,

ãäå Qn = [−π, π]n, dθ = dθ1 . . . dθn.
Òåîðåìà.Ïóñòü ôóíêöèÿ f ∈ Hp(Dn) è (0 < p 6 1) ∧ (α > n

p
− 1) ∨ (p > 1) ∧ (α > n− 1)

Òîãäà

C1(α, f)ω̃

(
1

m
, f

)
p

6 ‖f(eiθ)− σαm(f, eiθ)‖p 6 C2(α, p)ω

(
1

m
, f

)
p

.

Ïðè n = 1 îöåíêà ñâåðõó äîêàçàíà â [1].
1. Ñòîðîæåíêî Ý.À. Ïðèáëèæåíèå ôóíêöèé êëàññà Hp, 0 < p < 1, Ìàòåì. ñá., 1978, 105:4,

C. 601-621.

Ôóíêöi¨ iç çìiííèì ïåðiîäîì òà ìîæëèâîñòi ¨õ
íàáëèæåííÿ
Ì.Â. Ïðèéìàê

Òåðíîïiëüñüêèé íàö. òåõ. óí�ò iìåíi Iâàíà Ïóëþÿ, Óêðà¨íà
kaf_kn@tntu.edu.ua

Â ïðèêëàäíèõ äîñëiäæåííÿõ çóñòði÷àþòüñÿ ïåðiîäè÷íi ñèãíàëè, ïåðiîä ÿêèõ çìiíþ¹-
òüñÿ. Òàêèìè ¹ åëåêòðîêàðäiîãðàìè, îòðèìàíi ïðè ôiçè÷íîìó íàâàíòàæåííi. ßê ìîäåëü
òàêèõ ñèãíàëiâ â [1] áóâ ââåäåíèé êëàñ ôóíêöié iç çìiííèì ïåðiîäîì. Çà îçíà÷åííÿì ôóí-
êöiÿ f (t) , t ∈ I, íàçèâà¹òüñÿ ïåðiîäè÷íîþ iç çìiííèì ïåðiîäîì, ÿêùî iñíó¹ òàêà íåïåðåðâíà
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ôóíêöiÿ T (t) > 0, ùî âèêîíó¹òüñÿ ðiâíiñòü: f (t) = f (t+ T (t)). Ïðèêëàäîì òàêèõ ôóíêöié
¹ òðèãîíîìåòðè÷íi ôóíêöi¨ sin tα, cos tα, t ≥ 0, α > 0.

Ëåìà. Äëÿ ôóíêöié sin tα, cos tα, t ≥ 0, α > 0, ¨õ çìiííèé ïåðiîä T (t) = −t+(tα + 2π)
1
α

.
Òåîðåìà. Ñèñòåìà ôóíêöié cosntα, sinntα, n = 1, 2, ..., ¹ îðòîãîíàëüíîþ iç âàãîþ tα−1

íà êîæíîìó iíòåðâàëi [t0, t0 + T (t0)], ïðè÷îìó íîðìà êîæíî¨ iç ôóíêöié ðiâíà
√
π/α.

Íàÿâíiñòü îðòîãîíàëüíî¨ ñèñòåìè ôóíêöi¨ 1, cosntα, sinntα, n = 1, 2, ... âiä-
êðèâà¹ ïåðñïåêòèâè íàáëèæåííÿ ôóíêöi¨ f (t), çìiííé ïåðiîä ÿêèõ T (t) = −t +

(tα + 2π)
1
α , âiäïîâiäíèì ðÿäîì Ôóð'¹ a0

2
+
∑∞

n=1 an cosntα + bn sinntα, äå êîåôiöi¹íòè an =
α
π

∫ t0+T (t0)

t0
tα−1f (t) cosntαdt, bn = α

π

∫ t0+T (t0)

t0
tα−1f (t) sinntαdt, n = 0, 1, ....

Ïðèêëàä. Äëÿ ôóíêöi¨ f (t) = 2 sin t
4
3 + 0.4167 sin 3t

4
3 + 0.0910 sin 5t

4
3 , çìiííèé ïåðiîä

ÿêî¨ T (t) = −t +
(
t

4
3 + 2π

) 3
4
, áóëè çíàéäåíi ¨¨ êîåôiöi¹íòè Ôóð'¹, ïðè÷îìó äëÿ åêñïåðè-

ìåíòàëüíî¨ ïåðåâiðêè êîåôiöi¹íòè âèçíà÷àëèñÿ íà äâîõ ðiçíèõ iíòåðâàëàõ îðòîãîíàëüíîñòi
[1; 4, 433] i [5; 7, 558]. Ðåçóëüòàòè îá÷èñëåíü íàâåäåíi â òàáëèöi.

Iíòåðâàëè
îðòîãî-
íàëüíîñòi

Êîåôiöi¹íòè Ôóð'¹

b1 b2 b3 b4 b5

[1; 4, 433] 2, 000 0, 0003 0, 417 −0, 0001 0, 091
[5; 7, 558] 2, 000 0, 0003 0, 417 −0, 0001 0, 091
Ïîðiâíÿííÿ çíàéäåíèõ êîåôiöi¹íòiâ iç êîåôiöi¹íòàìè ôóíêöi¨ ïiäòâåðäæó¹ ìîæëèâiñòü

íàáëèæåííÿ ôóíêöié iç çìiííèì ïåðiîäîì ¨õ ðÿäàìè Ôóð'¹. Ïèòàííÿ ïîâíîòè ñèñòåìè ôóí-
êöié òà äåÿêi iíøi ïðîáëåìíi ïèòàííÿ â ïðîöåñi äîñëiäæåíü.

1. Ïðèéìàê Ì.Â., Áîäíàð÷óê I.Î., Ëóïåíêî Ñ.À. Óìîâíî ïåðiîäè÷íi âèïàäêîâi ïðîöåñè iç
çìiííèì ïåðiîäîì, Âiñíèê Òåðíîïiëüñüêîãî äåðæàâíîãî òåõíi÷íîãî óíiâåðñèòåòó, 2005, 8:3, Ñ. 17 �
21.

Îöiíêè ìið âèíÿòêîâèõ ìíîæèí ãëàäêèõ ôóíêöié
Á.É. Ïòàøíèê, Ì.Ì. Ñèìîòþê

Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè
ptashnyk@lms.lviv.ua, quaternion@ukr.net

Ïîçíà÷èìî: mesA � ìiðà Ëåáåãà âèìiðíî¨ ìíîæèíè A ⊂ R; Cm[a, b] � ïðîñòið äiéñíî-
çíà÷íèõ ôóíêöié, m ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ íà [a, b].

Òåîðåìà. Íåõàé ôóíêöi¨ f ∈ Cn[a, b], pj ∈ Cn[a, b], j ∈ {1, . . . , n}, ¹ òàêèìè, ùî

|L(d/dt)f(t)| := |f (n)(t) + p1(t)f (n−1)(t) + . . .+ pn(t)f(t)| ≥ δ > 0, t ∈ [a, b].

Òîäi äëÿ äîâiëüíîãî ε > 0 âèêîíó¹òüñÿ îöiíêà

mes {t ∈ [a, b] : |f(t)| < ε} ≤ C0(ε/δ)1/n,

äå C0 = C0(n, (b− a), G) > 0, G = 1 + max
1≤j≤n

‖pj(t);Cn[a, b] ‖.
Äàíå òâåðäæåííÿ âñòàíîâëåíî ç ìåòîþ îöiíþâàííÿ çíèçó ìàëèõ çíàìåííèêiâ [1], ùî âè-

íèêëè ïðè äîñëiäæåííi áàãàòîòî÷êîâèõ çàäà÷ äëÿ íàâàíòàæåíèõ ðiâíÿíü iç ÷àñòèííèìè ïî-
õiäíèìè. Ïîäiáíå òâåðäæåííÿ äëÿ âèïàäêó, êîëè f ∈ Cn+1[a, b], pj ∈ C[a, b], j ∈ {1, . . . , n},
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áóëî äîâåäåíî i çàñòîñîâàíî ó ïðàöi [2] äëÿ ðîçâ'ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ ó
áàãàòîòî÷êîâèõ çàäà÷àõ äëÿ ðiâíÿíü áåç íàâàíòàæåííÿ.

Äîâåäåííÿ ñôîðìóëüîâàíî¨ òåîðåìè ñïèðà¹òüñÿ íà ðåçóëüòàòè ðîáîòè [3]; ïðè öüî-
ìó ïîáóäîâàíî ðîçáèòòÿ (ïiäïîðÿäêîâàíå ôóíäàìåíòàëüíié ñèñòåìi ðîçâ'ÿçêiâ ðiâíÿííÿ
L(d/dt)y(t) = 0) ïðîìiæêà [a, b] íà âiäðiçêè, íà êîæíîìó ç ÿêèõ äèôåðåíöiàëüíèé âèðàç
L(d/dt) ðîçêëàäà¹òüñÿ ó äîáóòîê äèôåðåíöiàëüíèõ âèðàçiâ ïåðøîãî ïîðÿäêó ç äiéñíèìè
êîåôiöi¹íòàìè, îòðèìàíî îöiíêè çâåðõó äëÿ êiëüêîñòi âiäðiçêiâ ðîçáèòòÿ òà êîåôiöi¹íòiâ
ôàêòîðèçàöi¨.

Íàâåäåíà òåîðåìà óçàãàëüíþ¹ ëåìó 2.2 iç [1, ãë. 1], â ÿêié L(d/dt) := (d/dt)n.
Äîñëiäæåííÿ ÷àñòêîâî ïiäòðèìàíi ÄÔÔÄ Óêðà¨íè (ïðîåêò � Ô41.1/004).
1. Ïòàøíèê Á.È. Íåêîððåêòíûå ãðàíè÷íûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷à-

ñòíûìè ïðîèçâîäíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264 ñ.
2. Ñèìîòþê Ì.Ì. Áàãàòîòî÷êîâà çàäà÷à äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè

ïîõiäíèìè, Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ, 2003, 46:2, Ñ. 26�41.
3. Ñèìîòþê Ì.Ì. Ïðî îöiíêè ìið ìíîæèí, íà ÿêèõ ìîäóëü ãëàäêî¨ ôóíêöi¨ îáìåæåíèé çâåðõó,

Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ, 1999, 42:4, Ñ. 90�95.

Ïðî íåîáìåæåíiñòü ó ñêií÷åíèé ìîìåíò ÷àñó
ðîçâ'ÿçêó çìiøàíî¨ çàäà÷i äëÿ íåëiíiéíîãî

åâîëþöiéíîãî ðiâíÿííÿ
Ï.ß. Ïóêà÷

Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà" , Óêðà¨íà
ppukach@i.ua

Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði Rn (n ≥ 1) ç êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω ∈ C1.
Ïîçíà÷èìî Qτ = Ω×(0, τ), Sτ = ∂Ω×(0, τ), ïðè÷îìó ïðè τ = +∞ ïèñàòèìåìî Q,S çàìiñòü
âiäïîâiäíî Qτ i Sτ . Íåõàé Ωτ = {(x, t) : x ∈ Ω, t = τ}, τ ∈ (0,+∞).

Â îáëàñòi Q ðîçãëÿäà¹ìî ïåðøó çìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî ðiâíÿííÿ

utt +
∑

|α|=|β|=2

Dβ
(
aαβ(x)Dαut +Dβ (bαβ(x)Dαu)

)
+
∑
|α|=2

Dα(bα(x)|Dαu|q−2Dαu)−c0(x)|u|p−2u = 0

(1)
ç ïî÷àòêîâèìè óìîâàìè

u|t=0 = u0(x), ut|t=0 = u1(x) (2)

òà êðàéîâèìè óìîâàìè

u|S = 0,
∂u

∂ν

∣∣∣∣
S

= 0, (3)

äå Dα =
∂|α|

∂x1
α1 ...∂xnαn

, ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ïîâåðõíi ∂Ω.

Ôóíêöiþ u : Ω× [0, T )→ R (T � äîäàòíå ÷èñëî àáî +∞) òàêó, ùî

u ∈ C([0, T0];W 2,q
0 (Ω))∩Lp((0, T0);Lp(Ω)), ut ∈ C([0, T0];W 2,q

0 (Ω)), utt ∈ L∞((0, T0);L2(Ω))

äëÿ äîâiëüíîãî ÷èñëà T0 ç iíòåðâàëó (0, T ), íàçèâà¹ìî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�
(3) â îáëàñòi QT , ÿêùî âîíà çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (2) òà iíòåãðàëüíó òîòîæíiñòü∫

Ωt

[
uttv +

∑
|α|=|β|=2

aαβ(x)DαutD
βv +

∑
|α|=|β|=2

bαβ(x)DαuDβv+
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+
∑
|α|=2

bα(x)|Dαu|q−2DαuDαv − c0(x)|u|p−2uv
]
dx = 0

äëÿ ìàéæå âñiõ t ∈ (0, T ) òà äëÿ âñiõ v ∈ W 2,q
0 (Ω) ∩ Lp(Ω). ßêùî T = +∞, òî ðîçâ'ÿçîê

íàçèâà¹ìî ãëîáàëüíèì.
Îòðèìàíî äîñòàòíi óìîâè íåiñíóâàííÿ ãëîáàëüíîãî çà ÷àñîâîþ çìiííîþ óçàãàëüíåíîãî

ðîçâ'ÿçêó çìiøàíî¨ çàäà÷i (1)�(3) â ïðèïóùåííi, çîêðåìà, ùî p > q > 2, c(x) > 0 [1]. Iñíó-
âàííÿ ëîêàëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i ïðè âèêîíàííi ïåâíèõ (ñèëüíiøèõ,
íiæ íàâåäåíi ó öié äîïîâiäi) óìîâ íà âèõiäíi äàíi äîâåäåíî â [2].

1. Ïóêà÷ Ï.ß. Ïðî íåîáìåæåíiñòü ó ñêií÷åíèé ìîìåíò ÷àñó ðîçâ'ÿçêó çìiøàíî¨ çàäà÷i äëÿ
íåëiíiéíîãî åâîëþöiéíîãî ðiâíÿííÿ, Íåëiíiéíi êîëèâàííÿ, 2011, 14, C. 350�358.

2. Ïóêà÷ Ï.ß. Iñíóâàííÿ ëîêàëüíèõ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i äëÿ íåëiíiéíîãî åâîëþöiéíîãî
ðiâíÿííÿ ï'ÿòîãî ïîðÿäêó, Âiñíèê Íàö. óí-òó "Ëüâiâñüêà ïîëiòåõíiêà". Ñåð. ôiç.- ìàò. íàóêè, 2008,
601, C. 27�34.

Îöåíêè ñèíãóëÿðíûõ ÷èñåë èíòåãðàëüíîãî
îïåðàòîðà ÷åðåç ìîäóëü íåïðåðûâíîñòè åãî ÿäðà

Å.È. Ðàäçèåâñêàÿ
Íàöèîíàëüíûé óíèâåðñèòåò ïèùåâûõ òåõíîëîãèé, Êèåâ, Óêðàèíà

radzl58@mail.ru

Ðàññìîòðèì â L2[0; 1], èíòåãðàëüíûé îïåðàòîð

(Af)(t) :=

∫ 1

0

a(t, s)f(s) ds, f ∈  L2,

ñ ÿäðîì Ãèëüáåðòà-Øìèäòà, ò.å. a(t, s) èçìåðèìàÿ íà [0; 1]× [0; 1] ôóíêöèÿ ñ ñóììèðóåìûì
êâàäðàòîì, ∫ 1

0

∫ 1

0

|a(t, s)|2 dt ds <∞.

Äîêëàä ïîñâÿùåí îöåíêàì ñèíãóëÿðíûõ ÷èñåë (s-÷èñåë) îïåðàòîðà A. Ââåäåì èñïîëüçó-
åìûå äàëåå îáîçíà÷åíèÿ: λk(A) - ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A, çàíóìåðîâàííûå â
ïîðÿäêå íåâîçðàñòàíèÿ èõ ìîäóëåé; sk(A) =

√
λk(AA∗)- ñèíãóëÿðíûå ÷èñëà (s-÷èñëà) îïå-

ðàòîðà A, ãäå A∗ - îïåðàòîð ñîïðÿæåííûé ê A. Ðàññìîòðèì ñëó÷àé, êîãäà îáëàñòü çíà÷åíèé
îïåðàòîðà A ëåæèò â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé. Ââåäåì ïîíÿòèå ìîäóëÿ íåïðå-
ðûâíîñòè ïîðÿäêà m = 1, 2, ... ÿäðà a(t, s) ñëåäóþùèì îáðàçîì.

Ïóñòü 0 ≤ δ ≤ m−1.

ωm(δ, a) := sup
f∈L2,|f‖2=1

sup
0≤ h≤1

sup
0≤ t≤1−hm

|
m∑
q=0

(−1)q
(
m
q

)
(Af)(t+ hq)|

Äëÿ δ > m−1 ñ÷èòàåì, ÷òî ωm(δ, a) = ωm(m−1, a).
Òåîðåìà 1. Ï óñòü îáëàñòü çíà÷åíèé îïåðàòîðà A ëåæèò â ïðîñòðàíñòâå íåïðåðûâíûõ

ôóíêöèé, à m = 2, 3.... Òîãäà

∞∑
k=r

s2
k(A) ≤ 25ω2

m

(
2

r
, a

)
, r = m+ 1,m+ 2, ...
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Èç ýòîé òåîðåìû âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Ñëåäñòâèå. Ï óñòü îáëàñòü çíà÷åíèé îïåðàòîðà A ëåæèò â ïðîñòðàíñòâå íåïðåðûâíûõ

ôóíêöèé, è m = 2, 3.... Òîãäà

sk(A) ≤
(

10m

r

) 1
2

ωm

(
4

r
, a

)
.

1. Ãîõáåðã È.Ö., Êðåéí Ì.Ã. Ââåäåíèå â òåîðèþ ëèíåéíûõ íåñàìîñîïðÿæåííûõ îïåðàòîðîâ. �
Ì.: Íàóêà, 1965.

2. Óëüÿíîâ Ï.Ë. Òåîðåìû âëîæåíèÿ è ñîîòíîøåíèÿ ìåæäó íàèëó÷øèìè ïðèáëèæåíèÿìè (ìî-
äóëÿìè íåïðåðûâíîñòè) â ðàçíûõ ìåòðèêàõ, Ìàò. ñá., 1970, 81:1, C. 104�131.

Ïîïåðå÷íèêè êëàñiâ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ
çìiííèõ
À.Ñ. Ðîìàíþê

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
Romanyuk@imath.kiev.ua

Ó äîïîâiäi ìîâà áóäå éòè ïðî ïîðÿäêîâi îöiíêè ïîïåðå÷íèêiâ êëàñiâ ïåðiîäè÷íèõ ôóí-
êöié áàãàòüîõ çìiííèõ Íiêîëüñüêîãî�Á¹ñîâà Br

p,θ i Ñîáîë¹âà W
r
p,α â ïðîñòîði Lq, q ∈ {1,∞}.

Äëÿ òîãî, ùîá íàâåñòè äåÿêi ç îòðèìàíèõ ðåçóëüòàòiâ ñòîñîâíî ëiíiéíèõ ïîïåðå÷íèêiâ
êëàñiâ Br

p,θ i W
r
p,α íàãàäà¹ìî îçíà÷åííÿ âiäïîâiäíî¨ àïðîêñèìàòèâíî¨ õàðàêòåðèñòèêè.

Ëiíiéíèì ïîïåðå÷íèêîì öåíòðàëüíî-ñèìåòðè÷íî¨ ìíîæèíè W ó íîðìîâàíîìó ïðîñòîði
X íàçèâà¹òüñÿ âåëè÷èíà

λM(W,X ) = inf
Λ

sup
x∈W
‖x− Λx‖X ,

äå íèæíÿ ãðàíü áåðåòüñÿ ïî âñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðàõ, ÿêi äiþòü â X i ðîçìið-
íiñòü îáëàñòi çíà÷åíü ÿêèõ íå ïåðåâèùó¹ M . Ïîïåðå÷íèê λM(W,X ) áóâ ââåäåíèé â 1960 ð.
Â.Ì. Òiõîìiðîâèì [1].

Íåõàé Rd, d > 1 � åâêëiäiâ ïðîñòið ç åëåìåíòàìè x = (x1, . . . , xd) i Lp(πd),

πd =
d∏
j=1

[0; 2π] � ïðîñòið 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié ôóíêöié f äëÿ ÿêèõ

‖f‖p =

(
(2π)−d

∫
πd

|f(x)|pdx
) 1

p

<∞, 1 6 p <∞,

‖f‖∞ = ess sup
x∈πd

|f(x)| <∞.

Áóäåìî ââàæàòè, ùî êîîðäèíàòè âåêòîðiâ r = (r1, . . . , rd), ÿêi âõîäÿòü â îçíà÷åííÿ
êëàñiâ, âïîðÿäêîâàíi ó âèãëÿäi: 0 < r1 = r2 = . . . = rν < rν+1 6 . . . 6 rd.

Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé 2 ≤ p ≤ ∞, 2 ≤ θ ≤ ∞ i r1 > 0. Òîäi

λM(Br
p,θ, L1) �M−r1(logν−1M)r1+ 1

2
− 1
θ .

Çàóâàæèìî, ùî ïðè θ = ∞ ïîðÿäîê ïîïåðå÷íèêà λM(Br
p,∞, L1) âñòàíîâèâ Â.Ì. Òåìëÿ-

êîâ [2].
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Òåîðåìà 2. Íåõàé 1 < p <∞, r1 > 0. Òîäi

λM(W r
p,α, L1) � (M−1 logν−1M)r1 .

1. Òèõîìèðîâ B.Ì. Ïîïåðå÷íèêè ìíîæåñòâ â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ è òåîðèÿ ïðè-
áëèæåíèé, Óñïåõè ìàò. íàóê, 1960, 15:3, C. 81 � 120.

2. Òåìëÿêîâ Â.Í. Îöåíêè àñèìïòîòè÷åñêèõ õàðàêòåðèñòèê êëàññîâ ôóíêöèé ñ îãðàíè÷åííîé
ñìåøàííîé ïðîèçâîäíîé èëè ðàçíîñòüþ, Òð. Ìàò. èí-òà ÀÍ ÑÑÑÐ, 1989, 189, C. 138 � 168.

Áàçèñ Õààðà â ïðîñòîðàõ ôóíêöié áàãàòüîõ çìiííèõ
òà éîãî àïðîêñèìàòèâíi âëàñòèâîñòi

Â.Ñ. Ðîìàíþê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

romanyuk@imath.kiev.ua

Âèâ÷àþòüñÿ âëàñòèâîñòi áàçèñó Õààðà-Øàóäåðà Hd = {hi}∞i=0, d ∈ N, â ïðîñòîðàõ Ëå-
áåãà Lq

(
[0, 1]d

)
, íàäiëåíèõ ñòàíäàðòíîþ íîðìîþ ‖ · ‖q. Áàçèñ Hd ¹ ðåçóëüòàòîì íàëåæíîãî

âïîðÿäêóâàííÿ ñèñòåìè Hd
0 = {hk}k∈Zd+ ôóíêöié d çìiííèõ, ïîáóäîâàíié íà îñíîâi îäíîâè-

ìiðíîãî áàçèñó Õààðà i ñèñòåìè õàðàêòåðèñòè÷íèõ ôóíêöié äâiéêîâîãî ðîçáèòòÿ âiäðiçêà
[0, 1] (ùîäî áàçèñíîñòi ñèñòåìè Hd

0 äîâåäåíî âiäïîâiäíå òâåðäæåííÿ).
Â äîïîâiäi àíîíñóþòüñÿ òàêîæ äåÿêi ðåçóëüòàòè, ùî äåìîíñòðóþòü ìîæëèâîñòi áàçèñó

Hd (ñèñòåìè Hd
0) â çàäà÷àõ ëiíiéíî¨ òà íåëiíiéíî¨ àïðîêñèìàöi¨ iíäèâiäóàëüíèõ ôóíêöié i

êëàñiâ ôóíêöié iç ïðîñòîðiâ Lq
(
[0, 1]d

)
. Öi ìîæëèâîñòi îõàðàêòåðèçîâàíi, çîêðåìà, îöiíêàìè

íàñòóïíèõ âåëè÷èí:
EVn(f ;Hd

0;Lq) := inf
u∈Vn
‖f − u‖q (1)

� íàéêðàùîãî íàáëèæåííÿ ôóíêöi¨ f ∈ Lq
(
[0, 1]d

)
åëåìåíòàìè ïðîñòîðó Vn =

{
u : u =∑

k∈Yn,d

ckhk, ck ∈ R
}
, n ∈ N, äå Yn,d :=

{
k = (k1, . . . , kd) : 0 ≤ ki < 2n, i = 1, d

}
;

σm(f ; Hd;Lq) := inf
Λ⊂Z+
]Λ=m

inf
cα∈R

∥∥∥∥f −∑
α∈Λ

cαuα

∥∥∥∥
q

(2)

� íàéêðàùîãî m -÷ëåííîãî (m ∈ N) íàáëèæåííÿ ôóíêöi¨ f ∈ Lq
(
[0, 1]d

)
çà áàçèñîì Hd.

Ó âèãëÿäi âèðàçiâ âiä êîåôiöi¹íòiâ Ôóð'¹ çà ñèñòåìîþ Hd
0 (ðîçêëàäiâ çà áàçèñîì Hd) âñòà-

íîâëåíî åêâiâàëåíòíå äî ñòàíäàðòíîãî çîáðàæåííÿ íîðìè â içîòðîïíèõ ïðîñòîðàõ Á¹ñîâà
Br
p,θ, 0 < r < 1

p
, 1 ≤ θ < ∞, òà Ãåëüäåðà-Íiêîëüñüêîãî Hr

p , 0 < r < 1
p
. Íà îñíîâi öüîãî

çîáðàæåííÿ çíàéäåíî ïîðÿäêîâi îöiíêè äëÿ òî÷íèõ âåðõíiõ ìåæ âåëè÷èí σm(f ; Hd;Lq) íà
îäèíè÷íèõ êóëÿõ ïðîñòîðiâ Br

p,θ i H
r
p .
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Íàáëèæåííÿ ãîëîìîðôíèõ ôóíêöié ç êëàñó
Çèãìóíäà ñóìàìè Ôåé¹ðà

Âiêòîð Ñàâ÷óê, Ìàðèíà Ñàâ÷óê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

Iíñòèòóò ïiäãîòîâêè êàäðiâ äåðæàâíî¨ ñëóæáè çàéíÿòîñòi Óêðà¨íè, Êè¨â
savchuk@imath.kiev.ua, savchuk−m@ukr.net

Íåõàé 1 ≤ p ≤ ∞. Ðîçãëÿíåìî êëàñ Zp ôóíêöié f(z) = a2z
2 + a3z

3 + · · · , ãîëîìîðôíèõ
â êðóçi D := {z ∈ C : |z| < 1}, äëÿ ÿêèõ

Bp(f) := sup
%∈[0,1)

(1− %2)Mp(%, f
′′) ≤ 1,

äå Mp(%, f) := (1/(2π)
∫ 2π

0
|f(%eit)|pdt)1/p, ÿêùî p ≥ 1 i M∞(%, f) := maxt∈[0,2π] |f(%eit)|.

À. Çèãìóíä [1] ïîêàçàâ, ùî äëÿ ãîëîìîðôíî¨ ôóíêöi¨ f

Bp(f) <∞⇐⇒ ‖f ∗(· − h)− 2f ∗(·) + f ∗(·+ h)‖Lp = O(h), h→ 0+, (L∞ = C)

äå f ∗(t) := lim%→1− f(%eit). Òîìó êëàñ Zp ìîæíà ðîçãëÿäàòè ÿê �ãîëîìîðôíó ÷àñòèíó� êëàñó
Çèãìóíäà, ÿêèé ñêëàäà¹òüñÿ ç 2π-ïåðiîäè÷íèõ ôóíêöié g : R → C, ÿêi çàäîâîëüíÿþòü
óìîâó

‖g(· − h)− 2g(·) + g(·+ h)‖Lp ≤ C|h|, h ∈ R,

äå C � ïåâíà êîíñòàíòà.
Îá'¹êòîì íàøèõ äîñëiäæåíü ¹ âåëè÷èíà

Fn(Zp;Hp) := sup
{
‖f − σn(f)‖Hp : f ∈ Zp

}
, n ≥ 2,

äå

σn(f)(z) :=
n−1∑
k=0

(
1− k

n

)
akz

k

� ñóìà Ôåé¹ðà ôóíêöi¨ f i ‖f‖Hp = sup0≤%<1Mp(%, f).
Îñêiëüêè Z∞ ⊂ A(D), äå A(D) � äèñê-àëãåáðà ç íîðìîþ ‖f‖A(D) := maxz∈D |f(z)|, òî çà

ïðèíöèïîì ìàêñèìóìó Fn(Z∞;H∞) = Fn(Z∞;A(D)).
Òåîðåìà. Ïðè n→∞

Fn
(
Z∞;A(D)

)
=

lnn

2n
+O

(
1

n

)
i

lnn

πn
+O

(
1

n

)
≤ Fn(Z1;H1) ≤ lnn

2n
+O

(
1

n

)
.

1. Zygmund A. Smooth functions, Duke Math. J., 1945, 12, P. 47�76.
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Óñðåäíåíèå êâàçèïåðèîäè÷åñêèõ ôóíêöèé è
ãàðìîíè÷åñêèå ðàçëîæåíèÿ

Ã.Â. Ñàíäðàêîâ
Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà Øåâ÷åíêî, Óêðàèíà

sandrako@mail.ru

Êëàññè÷åñêàÿ òåîðåìà îá óñðåäíåíèè óòâåðæäàåò, ÷òî âðåìåííîå ñðåäíåå êâàçèïåðèî-
äè÷åñêîé ôóíêöèè ñ ðàöèîíàëüíî íåçàâèñèìûì íàáîðîì ÷àñòîò (ω1, . . . , ωN) ñîâïàäàåò ñ
ïðîñòðàíñòâåííûì ñðåäíèì. Äëÿ ðàöèîíàëüíî çàâèñèìûõ ÷àñòîò, âðåìåííîå ñðåäíåå êâà-
çèïåðèîäè÷åñêîé ôóíêöèè çàâèñèò îò íà÷àëüíîãî ïîëîæåíèÿ è ñîâïàäàåò ñ ïðîñòðàíñòâåí-
íûì ñðåäíèì ïî íåðåçîíàíñíîìó ïîäòîðó TN−d, îïðåäåëÿÿ ôóíêöèþ èç C(Td).

Òàêèì îáðàçîì, åñòåñòâåííî ïîïûòàòüñÿ ïîñòðîèòü "ãèëüáåðòîâû" ïðîñòðàíñòâà êâà-
çèïåðèîäè÷åñêèõ ôóíêöèé ñî çíà÷åíèÿìè â C(Td) è ñâåñòè â íåêîòîðîì ñìûñëå íåýðãî-
äè÷åñêóþ ñèòóàöèþ ê ýðãîäè÷åñêîé. Ïðîñòðàíñòâî C(Td) ÿâëÿåòñÿ ïðîñòåéøèì ïðèìå-
ðîì C∗-àëãåáðû. Ïîýòîìó áóäóò ðàññìàòðèâàòüñÿ ôóíêöèè ñî çíà÷åíèÿìè â ïðîèçâîëüíîé
óíèòàëüíîé (èìåþùåé åäèíèöó) C∗-àëãåáðå B. Àëãåáðà B, â îòëè÷èå îò ïîëÿ C, ÿâëÿå-
òñÿ òîëüêî êîëüöîì, è ïîä ãèëüáåðòîâûìè ïðîñòðàíñòâàìè â äàííîì ñëó÷àå åñòåñòâåííî
ïîíèìàòü ãèëüáåðòîâû ìîäóëè [1].

Â äîêëàäå ïðåäïîëàãàåòñÿ ðàññìîòðåòü íåêîòîðûå ñâîéñòâà òàêèõ ìîäóëåé: ãàðìîíè÷å-
ñêèå ðàçëîæåíèÿ â ðÿäû Ôóðüå, ïëîòíîñòü òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ (ñ êîýôôèöè-
åíòàìè èç B), ðàâåíñòâî Ñòåêëîâà-Ïàðñåâàëÿ. Êðîìå òîãî, áóäóò îïðåäåëåíû ïðîñòðàíñòâà
Ñîáîëåâà ôóíêöèé ñî çíà÷åíèÿìè â B, ïðîñòðàíñòâà Ñîáîëåâà-Áåçèêîâè÷à êâàçèïåðèîäè-
÷åñêèõ ôóíêöèé ñî çíà÷åíèÿìè â B è ðàññìîòðåíû íåêîòîðûå ñâîéñòâà òàêèõ ôóíêöèé
(òåîðåìû âëîæåíèÿ, ñëåäà è ïëîòíîñòè).

1. E. C. Lance. Hilbert C∗-Modules. � Cambridge: University Press, 1995.

Íàáëèæåííÿ ïåðiîäè÷íèõ àíàëiòè÷íèõ ôóíêöié
iíòåðïîëÿöiéíèìè òðèãîíîìåòðè÷íèìè ïîëiíîìàìè

À.Ñ. Ñåðäþê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

serdyuk@imath.kiev.ua

Íåõàé Cψ
βN � ââåäåíi Î.I. Ñòåïàíöåì [1] êëàñè 2π-ïåðiîäè÷íèõ íåïåðåðâíèõ (ψ, β)-

äèôåðåíöiéîâíèõ ôóíêöié f òàêèõ, ùî ¨õ (ψ, β)-ïîõiäíà fψβ íàëåæèòü äî ìíîæèíè N ⊂ L1.
Â ÿêîñòi N ðîçãëÿäàþòüñÿ îäèíè÷íi êóëi Up â ïðîñòîði Lp, 1 ≤ p ≤ ∞, òîáòî ìíîæèíè
Up = {ϕ ∈ Lp : ‖ϕ‖p ≤ 1}. Ïðè öüîìó ïîêëàäà¹ìî Cψ

β,p = Cψ
β Up. Áóäåìî ââàæàòè, ùî ïîñëi-

äîâíîñòi ψ = ψ(k), ÿêi ïîðîäæóþòü êëàñè Cψ
βN, çàäîâîëüíÿþòü óìîâó Dq: lim

k→∞
ψ(k+1)
ψ(k)

= q,

q ∈ (0, 1). Öåé ôàêò çàïèñóâàòèìåìî: ψ ∈ Dq. Êëàñè Cψ
β,p, ψ ∈ Dq, q ∈ (0, 1) ñêëàäàþòüñÿ

ç 2π-ïåðiîäè÷íèõ ôóíêöié f , ÿêi äîïóñêàþòü ðåãóëÿðíå ïðîäîâæåííÿ ó ñìóãó |Imz| ≤ ln 1
q

êîìïëåêñíî¨ ïëîùèíè.
×åðåç S̃n−1(f ;x) ïîçíà÷èìî òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n−1, ÿêèé iíòåðïîëþ¹

ôóíêöiþ f ∈ C ó òî÷êàõ x
(n−1)
k = 2kπ/(2n − 1), k = 0, 1, ..., (2n − 1), òîáòî òàêèé, ùî

S̃n−1(f ;x
(n−1)
k ) = f(x

(n−1)
k ).

Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ àñèìïòîòè÷íèõ ðiâíîñòåé âåëè÷èí

Ẽn(Cψ
β,p;x) = sup

f∈Cψβ,p

|f(x)− S̃n−1(f ;x)|, x ∈ R
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ïðè n→∞ çà óìîâè, ùî ψ ∈ Dq.
Òåîðåìà. Íåõàé ψ ∈ Dq, q ∈ (0, 1), β ∈ R i 1 ≤ p ≤ ∞. Òîäi äëÿ äîâiëüíèõ x ∈ R ïðè

n→∞ âèêîíó¹òüñÿ àñèìïòîòè÷íà ðiâíiñòü

Ẽn(Cψ
β,p;x)=| sin 2n− 1

2
x|ψ(n)

(
2‖ cos t‖p′

π
F 1/p′

(
p′

2
,
p′

2
; 1; q2

)
+O(1)

(
q

n(1− q)s(p)
+

εn
(1− q)2

))
,

â ÿêié 1
p

+ 1
p′

= 1, F (a, b; c; z) � ãiïåðãåîìåòðè÷íà ôóíêöiÿ Ãàóññà,

εn = εn(ψ) = sup
k≥n

∣∣∣∣ψ(k + 1)

ψ(k)
− q
∣∣∣∣ , s(p) =

{
1, p =∞,
2, 1 ≤ p <∞,

à O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà âiäíîñíî óñiõ ðîçãëÿäóâàíèõ ïàðàìåòðiâ.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Êèåâ.: Íàóê.

äóìêà, 1987. � 268 c.

Îöiíêè êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ
iíòåãðàëiâ Ïóàññîíà â ðiâíîìiðíié òà iíòåãðàëüíié

ìåòðèêàõ
À.Ñ. Ñåðäþê, Â.Â. Áîäåí÷óê

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
serdyuk@imath.kiev.ua, bodenchuk@ukr.net

Íåõàé L = L1 � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà [0, 2π] ôóíêöié ϕ ç íîðìîþ ‖ϕ‖L =

‖ϕ‖1 =
2π∫
0

|ϕ(t)|dt, L∞ � ïðîñòið âèìiðíèõ i ñóòò¹âî îáìåæåíèõ 2π-ïåðiîäè÷íèõ ôóíêöié

ϕ ç íîðìîþ ‖ϕ‖∞ = ess sup
t
|ϕ(t)|, C � ïðîñòið íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié ϕ, ó

ÿêîìó íîðìà çàäà¹òüñÿ ðiâíiñòþ ‖ϕ‖C = max
t
|ϕ(t)|.

Iíòåãðàëîì Ïóàññîíà ôóíêöi¨ ϕ ∈ L íàçèâàþòü ôóíêöiþ f(x), ÿêà ìàéæå ñêðiçü ìîæå
áóòè ïðåäñòàâëåíà ó âèãëÿäi çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Pq,β(t)dt, ϕ ⊥ 1 (1)

äå a0 ∈ R � äîâiëüíà ñòàëà, à Pq,β(t) =
∞∑
k=1

qk cos

(
kt− βπ

2

)
� ÿäðî Ïóàññîíà ç ïàðàìå-

òðàìè q ∈ (0, 1) i β ∈ R. Ìíîæèíó òàêèõ ôóíêöié f ∈ L ïîçíà÷àþòü ÷åðåç Lqβ. Ôóíêöiþ ϕ
ç ðiâíîñòi (1) íàçèâàþòü (q, β)-ïîõiäíîþ ôóíêöi¨ f i çàïèñóþòü f qβ . Ðîçãëÿäàþòüñÿ êëàñè
Lqβ,1 = {f ∈ Lqβ : ‖f qβ‖1 6 1}, Cq

β,∞ = {f ∈ C ∩ Lqβ : ‖f qβ‖∞ 6 1}.
Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ òî÷íèõ çíà÷åíü êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ

êëàñiâ N = Cq
β,∞ àáî N = Lqβ,1, òîáòî âåëè÷èí âèãëÿäó

dm(N, X) = inf
Fm⊂X

sup
f∈N

inf
g∈Fm

‖f − g‖X ,

äå çîâíiøíié inf áåðåòüñÿ ïî âñiõ m-âèìiðíèõ ëiíiéíèõ ïiäïðîñòîðàõ Fm iç X, êîëè â ÿêîñòi
X âèñòóïàþòü ïðîñòîðè C àáî L âiäïîâiäíî. Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà. Íåõàé q ∈ (0, 1). Òîäi iñíó¹ íîìåð n0 òàêèé, ùî äëÿ äîâiëüíîãî íîìåðà n > n0

i äîâiëüíîãî β ∈ R âèêîíóþòüñÿ ðiâíîñòi

d2n(Cq
β,∞, C) = d2n−1(Cq

β,∞, C) = d2n−1(Lqβ,1, L) =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θn −

βπ

2

)∣∣∣∣∣ , (2)

äå

θn = arcsin
(q2n − 1) cos

βπ

2√
1− 2q2n cos βπ + q4n

.

Ïðè β = 2l, l ∈ Z òåîðåìà ðàíiøå âñòàíîâëåíà Íãóåí Òõè Òõü¹ó Õîà [1]. Êðiì òîãî
ðiâíiñòü (2) äëÿ äîâiëüíèõ n ∈ N i 0 < q 6 q(β), äå q(β) = 0, 2 ïðè β ∈ Z òà q(β) = 0, 196881
ïðè β 6∈ Z, äîâåäåíà â ðîáîòi Â.Ò. Øåâàëäiíà [2].

1. Íãóåí Òõè Òõüåó Õîà. Ýêñòðåìàëüíûå çàäà÷è íà íåêîòîðûõ êëàññàõ ãëàäêèõ ïåðèîäè÷åñêèõ
ôóíêöèé : Äèñ. ... äîêòîðà ôèç.-ìàò. íàóê. � Ì. : ÌÈÀÍ èì. Ñòåêëîâà, 1994. � 219 ñ.

2. Øåâàëäèí Â.Ò. Ïîïåðå÷íèêè êëàññîâ ñâåðòîê ñ ÿäðîì Ïóàññîíà, Ìàò. çàìåòêè, 1992, 51:6,
Ñ. 126�136.

Íåðiâíîñòi òèïó Ëåáåãà äëÿ ñóì Âàëëå Ïóññåíà íà
êëàñàõ ïåðiîäè÷íèõ àíàëiòè÷íèõ ôóíêöié

À.Ñ. Ñåðäþê, À.Ï. Ìóñi¹íêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

serdyuk@imath.kiev.ua, andreymap@rambler.ru

Íåõàé Cψ
β Ls � ìíîæèíà 2π-ïåðiîäè÷íèõ ôóíêöié f , ùî çîáðàæàþòüñÿ çãîðòêàìè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ(t)dt, a0 ∈ R, ϕ ∈ Ls, ϕ ⊥ 1, β ∈ R (1)

ç ôiêñîâàíèìè ÿäðàìè Ψβ(t) =
∞∑
k=1

ψ(k) cos(kt − βπ
2

), êîåôiöi¹íòè ψ(k) ÿêèõ äîäàòíi i çà-

äîâîëüíÿþòü óìîâó Dq: lim
k→∞

ψ(k+1)
ψ(k)

= q, q ∈ (0, 1). Ôóíêöiþ ϕ ç ðiâíîñòi (1) íàçèâàþòü

(ψ, β)-ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àþòü ÷åðåç fψβ .

Òðèãîíîìåòðè÷íi ïîëiíîìè Vn,p(f ;x)= 1
p

∑n−1
k=n−pSk(f ;x), äå Sk(f ;x) � ÷àñòèíi ñóìè

Ôóð'¹ ïîðÿäêó k ôóíêöi¨ f , íàçèâàþòü ñóìàìè Âàëëå Ïóññåíà ôóíêöi¨ f ç ïàðàìåòðàìè n
i p.

×åðåç Em(ϕ)s � ïîçíà÷èìî íàéêðàùå íàáëèæåííÿ â ïðîñòîði Ls ôóíêöi¨ ϕ ∈
Ls òðèãîíîìåòðè÷íèìè ïîëiíîìàìè tm−1 ïîðÿäêó íå âèùîãî m − 1, òîáòî Em(ϕ)s =
inf
tm−1

‖ϕ(·)−tm−1(·)‖s.
Âñòàíîâëåíî àñèìïòîòè÷íî íåïîêðàùóâàíi íåðiâíîñòi òèïó Ëåáåãà, ùî âèðàæàþòü âiä-

õèëåííÿ ñóì Vn,p(f) äëÿ ôóíêöié ç ìíîæèíè Cψ
β Ls â ðiâíîìiðíié ìåòðèöi ÷åðåç íàéêðàùi

íàáëèæåííÿ (ψ, β)-ïîõiäíèõ öèõ ôóíêöié â ìåòðèöi ïðîñòîðó Ls.
Òåîðåìà. Íåõàé ψ ∈ Dq, 0 < q < 1, β ∈ R, n, p ∈ N, p ≤ n i 1 ≤ s ≤ ∞. Òîäi äëÿ

äîâiëüíî¨ ôóíêöi¨ f ∈ Cψ
β Ls ñïðàâåäëèâà íåðiâíiñòü

‖f(x)− Vn,p(f ;x)‖C ≤
ψ(n− p+ 1)

p

(
‖ cos t‖s′
π1+1/s′

Kq,p(s
′)+
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+O(1)

[
q

(n− p+ 1)(1− q)σ(s′,p)
+

εn−p+1

(1− q)2
min

{
p,

1

1− q

}])
En−p+1(fψβ )Ls , (2)

â ÿêié s′ = s
s−1

, εn−p+1 = sup
k≥n−p+1

∣∣∣ψ(k+1)
ψ(k)

− q
∣∣∣ ,

Kq,p(s
′) = 2−1/s′

∥∥∥∥√1−2qp cos pt+q2p

1−2q cos t+q2

∥∥∥∥
s′
i σ(s′, p) =


1 ïðè s′ = 1 i p = 1,
2 ïðè 1 < s′ ≤ ∞ i p = 1,
3 ïðè 1 ≤ s′ ≤ ∞ i p ∈ N\{1}.

Ïðè öüîìó äëÿ áóäü-ÿêî¨ ôóíêöi¨ f ∈ Cψ
β Ls, 1 ≤ s ≤ ∞ i äîâiëüíèõ n, p ∈ N,

p ≤ n, â ïðîñòîði Cψ
β Ls, 1 ≤ s ≤ ∞, çíàéäåòüñÿ ôóíêöiÿ F (x) = F (f ;n; p;x) òàêà, ùî

En−p+1(Fψ
β )

Ls
= En−p+1(fψβ )

Ls
, i äëÿ íå¨ ïðè n− p→∞ âèêîíó¹òüñÿ ðiâíiñòü:

‖F (x)− Vn,p(F ;x)‖C =
ψ(n− p+ 1)

p

(
‖ cos t‖s′
π1+1/s′

Kq,p(s
′)+

+O(1)

[
q

(n− p+ 1)(1− q)σ(s′,p)
+

εn−p+1

(1− q)2
min

{
p,

1

1− q

}])
En−p+1(Fψ

β )Ls . (3)

Ó (2) i (3) O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi âiäíîñíî âñiõ ðîçãëÿäóâàíèõ ïàðàìå-
òðiâ.

Ðàâíîìåðíîå ïðèáëèæåíèå àíàëèòè÷åñêèõ ôóíêöèé
ñóììàìè Âàëëå Ïóññåíà

À.Ñ. Ñåðäþê, Å.Þ. Îâñèé
Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ
serdyuk@imath.kiev.ua, ievgen.ovsii@gmail.com

Ïóñòü C � ïðîñòðàíñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé f , â êîòîðîì íîðìà
îïðåäåëÿåòñÿ ðàâåíñòâîì ‖f‖C = max

t
|f(t)|, àHα � êëàññ Ãåëüäåðà ïîðÿäêà α. Ðàññìîòðèì

ââåäåííûå À.È. Ñòåïàíöîì [1] êëàññû Cψ
βH

α ôóíêöèé f , ïðåäñòàâèìûõ â âèäå ñâåðòêè

f(x) =
a0(f)

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ(t) dt, ϕ ∈ Hα,

ñ ÿäðîì Ψβ(t) âèäà

Ψβ(t) =
∞∑
k=1

ψ(k) cos
(
kt− βπ

2

)
,

êîýôôèöèåíòû ψ(k) êîòîðîãî óäîâëåòâîðÿþò óñëîâèÿ

ψ(k) > 0, k ∈ N, lim
k→∞

ψ(k + 1)

ψ(k)
= q, q ∈ (0, 1).

Ìíîæåñòâî òàêèõ ψ îáîçíà÷èì ÷åðåç Dq. Ñîïîñòàâèì êàæäîé ôóíêöèè f ∈ Cψ
βH

α åå ñóììó
Âàëëå Ïóññåíà

Vn,p(f ;x) =
1

p

n−1∑
k=n−p

Sk(f ;x),
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ãäå Sk(f ;x) � ÷àñòíûå ñóììû Ôóðüå ïîðÿäêà k ôóíêöèè f , à n, p ∈ N, p 6 n. Â ïðèíÿòûõ
îáîçíà÷åíèÿõ ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü ψ ∈ Dq, q ∈ (0, 1), β ∈ R è α ∈ (0, 1). Òîãäà ïðè n− p→∞, n, p ∈ N,
p 6 n èìååò ìåñòî àñèìïòîòè÷åñêîå ðàâåíñòâî

sup
f∈CψβHα

‖f(·)− Vn,p(·)‖C =
ψ(n− p+ 1)

p(n− p+ 1)α

(
22+α

π2

1− q2p

1− q2
K(qp)

π/2∫
0

tα sin t dt+

+O(1)

(
1

(1− q)γ(p)(n− p+ 1)1−α +
εn−p+1

(1− q)2
min

{
p,

1

1− q

}))
,

ãäå K(ρ) � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà,

γ(p) =

{
2, p = 1,

3, p = 2, 3, . . . , n,

εn−p+1 = sup
k>n−p+1

∣∣ψ(k+1)
ψ(k)

− q
∣∣, à O(1) � âåëè÷èíà, ðàâíîìåðíî îãðàíè÷åííàÿ ïî n, p, q, α è

β.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Êèåâ: Íàóêîâà

äóìêà, 1987. � 268 c.

Àñèìïòîòèêà íàéêðàùèõ íàáëèæåíü óçàãàëüíåíèõ
iíòåãðàëiâ Ïóàññîíà ôóíêöié, ìîäóëi íåïåðåðâíîñòi

ÿêèõ íå ïåðåâèùóþòü çàäàíî¨ ìàæîðàíòè
À.C. Ñåðäþê, I.Â. Ñîêîëåíêî

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Íåõàé C i L � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi ñòàíäàðòíèìè íîðìàìè ‖ · ‖C i
‖·‖L, ω(t) � ôiêñîâàíèé ìîäóëü íåïåðåðâíîñòi i HωC = {ϕ ∈ C : ‖ϕ(·)−ϕ(·+ t)‖C ≤ ω(|t|)},
HωL = {ϕ ∈ L : ‖ϕ(·)− ϕ(·+ t)‖L ≤ ω(|t|)}.

Íåõàé, äàëi, Pα,r
β (t) =

∑∞
k=1 e

−αkr cos(kt − βπ/2), α > 0, r > 0, β ∈ R, � óçàãàëüíåíå
ÿäðî Ïóàññîíà, Cα,r

β HωC � ìíîæèíà ôóíêöié f , ÿêi ìîæíà çîáðàçèòè ó âèãëÿäi çãîðòêè

f(x) =
a0(f)

2
+

1

π

π∫
−π

ϕ(x− t)Pα,r
β (t)dt, ϕ⊥1, (1)

ϕ ∈ HωC , à L
α,r
β HωL � ìíîæèíà 2π-ïåðiîäè÷íèõ ñóìîâíèõ ôóíêöié, ùî åêâiâàëåíòíi âiäíî-

ñíî ìiðè Ëåáåãà çãîðòêàì (1), â ÿêèõ ϕ ∈ HωL .
ßêùî ôóíêöiÿ f íàëåæèòü äî êëàñó Cα,r

β HωC , òî ïðè r ∈ (0, 1) âîíà ¹ íåñêií÷åííî
äèôåðåöiéîâíîþ (äèâ. [1, ëåìà 3.5.6]), ïðè r = 1 äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ â ñìóãó
|Imz| ≤ α êîìïëåêñíî¨ ïëîùèíè, à ïðè r > 1 ¹ öiëîþ ôóíêöi¹þ (äèâ. [1, ï. 1.8.4]).

Íåõàé T2n−1 � ïiäïðîñòið âñiõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó ≤ n − 1. Äîñëi-
äæó¹òüñÿ àñèìïòîòè÷íà ïîâåäiíêà íàéêðàùèõ íàáëèæåíü

En(Cα,r
β HωC )C = sup

f∈Cα,rβ HωC

inf
Tn−1∈T2n−1

‖f − Tn−1‖C ,
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En(Lα,rβ HωL)L = sup
f∈Lα,rβ HωL

inf
Tn−1∈T2n−1

‖f − Tn−1‖L.

Òåîðåìà. Íåõàé α > 0, r > 0, β ∈ R i ω(t) � îïóêëèé ìîäóëü íåïåðåðâíîñòi. Òîäi
ïðè n→∞ âèêîíóþòüñÿ àñèìïòîòè÷íi ðiâíîñòi

En(Cα,r
β HωC )C

En(Lα,rβ HωL)L

 = e−αn
r

 2

π

π/2∫
0

ω

(
2t

n

)
sin tdt+O(1)ω(1/n)γn(α, r)

 ,

äå

γn(α, r) =


(rαnr)−1, r ∈ (0, 1),

(1 + α−1) e−αn−1, r = 1,

e−αrn
r−1
n−1, r > 1,

à âåëè÷èíà O(1) � ðiâíîìiðíî îáìåæåíà âiäíîñíî âñiõ ïàðàìåòðiâ.
1. Ñòåïàíåö À.È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Êèåâ: Íàóêîâà

äóìêà, 1987. � 268 c.

Íàáëèæåííÿ íåïåðåðâíèõ ïåðiîäè÷íèõ ôóíêöié
Λ−ìåòîäàìè ïiäñóìîâóâàííÿ ¨õ ðÿäiâ Ôóð'¹

�.Ñ. Ñiëií
Ñëîâ'ÿíñüêèé äåðæ. ïåä. óí-ò, Ñëîâ'ÿíñüê, Óêðà¨íà

silin-evgen@meta.ua

Íåõàé C � ïðîñòið íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié,

S[f ] =
a0

2
+
∞∑
k=1

(ak cos kx+ bk sin kx) ≡
∞∑
k=0

Ak(f ;x)

� ðÿä Ôóð'¹ ôóíêöi¨ f ∈ C, ψ = (ψ1;ψ2) � ïàðà äîâiëüíèõ ôiêñîâàíèõ ñèñòåì ÷èñåë ψ1(k)
i ψ2(k), k = 0, 1, . . . , ψ1(0) = 1, ψ2(0) = 0. ßêùî äëÿ äàíî¨ ôóíêöi¨ f i ïàðè (ψ1;ψ2) ðÿä

∞∑
k=0

(
ψ1(k)Ak(f ;x) + ψ2(k)

∼
Ak (f ;x)

)
,

∼
Ak (f, x) = ak sin kx− bk cos kx

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ F ∈ C, òî F íàçèâà¹òüñÿ ψ-iíòåãðàëîì ôóíêöi¨ f [1].
Ìíîæèíà ψ-iíòåãðàëiâ âñiõ ôóíêöié f ∈ C ïîçíà÷à¹òüñÿ ÿê Cψ. Ïîêëàäåìî M = {ϕ :

ess sup |ϕ(t)| < ∞}, òîäi ÷åðåç Cψ
∞ áóäåìî ïîçíà÷àòè ìíîæèíó ψ-iíòåãðàëiâ ôóíêöié f ç

îäèíè÷íî¨ êóëi ïðîñòîðóM.
Áóäåìî ââàæàòè, ùî çíà÷åííÿ ïàðè (ψ1;ψ2) ¹ çíà÷åííÿìè äåÿêèõ îïóêëèõ äîíèçó ïðè

âñiõ v ≥ 1 ôóíêöié ψi(v), i = 1, 2 íåïåðåðâíîãî àðãóìåíòó òàêèõ, ùî lim
v→∞

ψi(v) = 0. Iç

ìíîæèíè M âñiõ òàêèõ ôóíêöié âèäiëèìî ïiäìíîæèíè MC é M0 [1]. Íåõàé ψ ∈ M i
η(t) = ψ−1

(
1
2
ψ(t)

)
, µ(t) = µ(ψ; t) = t

η(t)−t .

Òîäi ∀t ≥ 1 MC = {ψ ∈M : 0 < K1 ≤ µ(t) ≤ K2}, M0 = {ψ ∈M : 0 < µ(t) ≤ K3}. Òóò
Ki, i = 1, 3 � äåÿêi äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä çìiííî¨ t.
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Íåõàé Λ = ‖λ(n)
k ‖, n, k = 0, 1, 2, . . . , λ

(n)
0 = 1, λ

(n)
k = 0 ïðè k ≥ n � íåñêií÷åííà òðè-

êóòíà ìàòðèöÿ ÷èñåë. Êîæíié f ∈ Cψ
∞, âèõîäÿ÷è ç ¨¨ ðîçêëàäó â ðÿä Ôóð'¹, ïîñòàâèìî ó

âiäïîâiäíiñòü ïîëiíîì

Un(f ;x; Λ) =
a0

2
+

n−1∑
k=1

λ
(n)
k Ak(f, x), n = 1, 2, . . . .

Â ðîáîòi ìè çíàõîäèìî àñèìïòîòè÷íi ôîðìóëè äëÿ âåðõíiõ ãðàíåé âiäõèëåíü

E(Cψ
∞;Un) = sup

f∈Cψ∞

‖f(·)− Un(f ; ·; Λ)‖C , n→∞,

ÿêi âèðàæåíi ÷åðåç êîåôiöi¹íòè ïîëiíîìiâ Un(f ;x; Λ).
Òåîðåìà. Íåõàé ψi ∈M0

⋃
MC , i = 1, 2. Òîäi ïðè n→∞

E(Cψ
∞;Un) =

4

π2

n−1∑
k=1

1

k
ξ(τ

(n)
k,2 , λ

(n)
n−kψ(n)) +O

(
n−1∑
k=1

k(n− k)

n
|∆2τ

(n)
k−1,1|+ |∆

2τ
(n)
k−1,2|

)
+O(ψ(n)),

äå

ξ(t, u) =

{
π
2
t, |u| ≤ |t|;
|t| arcsin | t

u
|+
√
u2 − t2, |t| < |u|,

τ
(n)
k,i = (1− λ(n)

k )ψi(k), ψ(n) =
√
ψ2

1(n) + ψ2
2(n), |∆2τ

(n)
k−1,i| = τ

(n)
k−1,i − 2τ

(n)
k,i + τ

(n)
k+1,i, i = 1, 2.

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ò. � Ê.: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
2002.

Òî÷íûå íåðàâåíñòâà äëÿ ïðîèçâîäíûõ ôóíêöèé
ìàëîé ãëàäêîñòè, çàäàííûõ íà êîíå÷íîì îòðåçêå

Ä.Ñ. Ñêîðîõîäîâ
Äíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà

dmitriy.skorokhodov@gmail.com

Äëÿ s ∈ [1,∞] ÷åðåç Ls îáîçíà÷èì ìíîæåñòâî ôóíêöèé x : [0, 1]→ R, èíòåãðèðóåìûõ â
ñòåïåíè s ïðè s <∞ è ñóùåñòâåííî îãðàíè÷åííûõ ïðè s =∞. Íîðìó ‖ · ‖s â ïðîñòðàíñòâå
Ls ââåäåì ñòàíäàðòíûì îáðàçîì. ×åðåç Lrs, r ∈ N è r > 2, îáîçíà÷èì ìíîæåñòâî ôóíêöèé
f : [0, 1] → R, èìåþùèõ ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ f (r−1), è òàêèõ,
÷òî x(r) ∈ Ls. Ïóñòü òàêæå k ∈ N, 1 6 k 6 r − 1, è q, s ∈ [1,∞]. Íåðàâåíñòâî âèäà∥∥f (k)

∥∥
q
≤ A‖f‖p +B

∥∥f (r)
∥∥
s
, (1)

êîòîðîå ïðè íåêîòîðûõ ôèêñèðîâàííûõ ïîñòîÿííûõ A è B èìååò ìåñòî äëÿ âñåõ ôóíêöèé
f ∈ Lrs, íàçûâàåòñÿ àääèòèâíûì íåðàâåíñòâîì òèïà Êîëìîãîðîâà.

Îáîçíà÷èì ÷åðåç Ak,r−1
p,q íåóëó÷øàåìóþ ïîñòîÿííóþ â íåðàâåíñòâå Ìàðêîâà-

Íèêîëüñêîãî
∥∥Q(k)

∥∥
q
≤ Ak,r−1

p,q ‖Q‖p äëÿ àëãåáðàè÷åñêèõ ìíîãî÷ëåíîâ Q ñòåïåíè íå âûøå

r − 1. Èçâåñòíî [1], ÷òî äëÿ âñåõ A ≥ Ak,r−1
p,q íàéäåòñÿ òàêîå ÷èñëî B, ÷òî àääèòèâíîå íå-

ðàâåíñòâî âèäà (1) ñïðàâåäëèâî äëÿ âñåõ ôóíêöèé f ∈ Lrs. Ïîýòîìó âîïðîñ î íàõîæäåíèè
íàèìåíüøåé âîçìîæíîé ïîñòîÿííîé B = B(A) â íåðàâåíñòâå (1) äëÿ êàæäîãî A ≥ Ak,r−1

p,q

ïðåäñòàâëÿåò îñîáûé èíòåðåñ.
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Íà äàííîå âðåìÿ èçâåñòíî ìàëî òî÷íûõ íåðàâåíñòâ âèäà (1), ïðè÷åì áîëüøèíñòâî èç
íèõ íàéäåíî â ñëó÷àå, êîãäà p = q = s = ∞ è r 6 4. Â äàííîì äîêëàäå ðàññìîòðåíà
ñèòóàöèÿ, êîãäà r = 3, p = q =∞ è s ∈ [1,∞). Â ÷àñòíîñòè, èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà. Ïóñòü A ≥ A1,2
∞,∞ = 8, ρA = 1

2
− 1

2

√
1− 8

A
è

GA(t) =

{
2t− 1+ρA

ρA
t2, t ∈ [0, ρA] ,

ρA
1−ρA

(1− t)2, t ∈ [ρA, 1] .

Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ L3
s, s ∈ [1,∞), âûïîëíåíî íåðàâåíñòâî

‖f ′‖∞ ≤ A‖f‖∞ +
1

2
‖GA‖(s−1)/s ‖f

′′′‖s.

Áîëåå òîãî, îáîçíà÷èì ÷åðåç xs ∈
(
0, 1

2

)
ðåøåíèå óðàâíåíèÿ

1− 2xs
2s

− 1− xs
3s− 1

=
x3
s

6s− 4
F

(
1,

4s− 2

s− 1
;
4s− 3

s− 1
;
1 + xs

2

)
,

ãäå F (a, b; c;x) � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ, è ïîëîæèì As = 2
xs(1−xs) . Òîãäà ïðè s = 1

íåðàâåíñòâî (1) ÿâëÿåòñÿ òî÷íûì äëÿ âñåõ A > 8, à ïðè s ∈ (1,∞) � äëÿ âñåõ A ∈ [8, As].
1. Â.Ô. Áàáåíêî, Í.Ï. Êîðíåé÷óê, Â.À. Êîôàíîâ, Ñ.À. Ïè÷óãîâ. Íåðàâåíñòâà äëÿ ïðîèçâî-

äíûõ. � Êèåâ: Íàóêîâà äóìêà, 2003.

Áiëiíiéíi íàáëèæåííÿ êëàñiâ SΩ
p,θB ïåðiîäè÷íèõ

ôóíêöié äâîõ çìiííèõ ó ïðîñòîði Lq
Ê.Â. Ñîëi÷

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
sokava@mail.ru

Äîñëiäæóþòüñÿ îöiíêè íàéêðàùèõ áiëiíiéíèõ íàáëèæåíü êëàñiâ S Ω
p, θB ïåðiîäè÷íèõ

ôóíêöié äâîõ çìiííèõ ó ïðîñòîði Lq ïðè äåÿêèõ ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè p, q, θ.
Âëàñòèâîñòi êëàñiâ SΩ

p,θB ⊂ Lp(πd) âèçíà÷àþòüñÿ çà äîïîìîãîþ: Ω(t), t = (t1, ..., td) ∈ Rd
+,

� ìàæîðàíòíî¨ ôóíêöi¨ äëÿ ìiøàíîãî ìîäóëÿ íåïåðåðâíîñòi l�ãî ïîðÿäêó (l ∈ N) ôóíêöi¨
f ∈ Lp(πd); ÷èñëîâèõ ïàðàìåòðiâ p i θ, 1 ≤ p, θ ≤ ∞. Êðiì òîãî ôóíêöiÿ Ω(t) çàäîâîëüíÿ¹,
òàê çâàíi, óìîâè Áàði � Ñò¹÷êiíà (Sα) i (Sl) [1].

Îçíà÷èìî äîñëiäæóâàíó àïðîêñèìàòèâíó õàðàêòåðèñòèêó. Íåõàé Lq(π2), q = (q1, q2), �
ìíîæèíà ôóíêöié f(x, y), x, y ∈ R, çi ñêií÷åííîþ ìiøàíîþ íîðìîþ

‖f(x, y)‖q1,q2 = ‖ ‖f(·, y)‖q1‖q2 ,

äå íîðìà îá÷èñëþ¹òüñÿ ñïî÷àòêó â ïðîñòîði Lq1([−π; π]) ïî çìiííié x ∈ R, à ïîòiì âiä
ðåçóëüòàòó � ïî çìiííié y ∈ R â ïðîñòîði Lq2([−π; π]). Äëÿ êëàñó ôóíêöié F ⊂ Lq(π2)
îçíà÷èìî íàéêðàùå áiëiíiéíå íàáëèæåííÿ ïîðÿäêó M :

τM(F )q1,q2 := sup
f∈F

inf
uj(x),vj(y)

‖f(x, y)−
M∑
j=1

uj(x)vj(y)‖q1,q2 ,

äå uj ∈ Lq1([−π; π]), vj ∈ Lq2([−π; π]) i τ0(f)q1,q2 := ‖f(x, y)‖q1,q2 .
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Çàóâàæèìî, ùî ó âèïàäêó q1 = q2 = q áóäåìî ïèñàòè τM(F )q.
Òåîðåìà. Íåõàé 1 ≤ p, q, θ ≤ ∞ i Ω ∈ Φ2

α,l, α > α0, äå

α0 =


1
p
− 1

q
, 1 ≤ p ≤ q ≤ 2,

1
2
, 2 ≤ p ≤ q ≤ ∞,

1
p
, 1 ≤ p < 2 < q ≤ ∞.

Òîäi ñïðàâåäëèâi íàñòóïíi îöiíêè

τM(SΩ
p,θB)q �


Ω(M−2)M

1
p
− 1
q , 1 ≤ p ≤ q ≤ 2,

Ω(M−2), 2 ≤ p ≤ q ≤ ∞,
Ω(M−2)M

1
p
− 1

2 , 1 ≤ p < 2 < q ≤ ∞.

Çàóâàæåííÿ 1. Ïðè θ =∞ òâåðäæåííÿ òåîðåìè ¹ ïîøèðåííÿì âiäïîâiäíèõ ðåçóëüòà-
òiâ Â.Ì. Òåìëÿêîâà [2, c. 101, òåîðåìà 4.2] äëÿ êëàñiâ Hr

p íà êëàñè S
Ω
p H.

2. Ç äîâåäåíî¨ òåîðåìè ïðè Ω(t) = tr i âiäïîâiäíèõ îáìåæåííÿõ íà ïàðàìåòð r > 0
îòðèìó¹òüñÿ òâåðäæåííÿ äëÿ êëàñiâ Br

p,θ, âñòàíîâëåíå â ðîáîòi [3].
1. Áàðè Í.Ê., Ñòå÷êèí Ñ.Á. Íàèëó÷øèå ïðèáëèæåíèÿ è äèôôåðåíöèàëüíûå ñâîéñòâà äâóõ

ñîïðÿæåííûõ ôóíêöèé, Òð. Ìîñê. ìàò. î-âà, 1956, 5, C. 483�522.
2. Òåìëÿêîâ Â.Í. Ïðèáëèæåíèå ôóíêöèé ñ îãðàíè÷åííîé ñìåøàííîé ïðîèçâîäíîé, Òð. Ìàò.

èí-òà ÀÍ ÑÑÑÐ, 1986, 178, Ñ. 1�112.
3. Ðîìàíþê À.Ñ., Ðîìàíþê Â.Ñ. Àñèìïòîòè÷åñêèå îöåíêè íàèëó÷øèõ òðèãîíîìåòðè÷åñêèõ è

áèëèíåéíûõ ïðèáëèæåíèé êëàññîâ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ, Óêð. ìàò. æóðí., 2010, 62:4,
C. 536�551.

Ñóìiñíå íàáëèæåííÿ iíòåãðàëiâ Ïóàññîíà ñóìàìè
Âàëëå Ïóññåíà
Â.À. Ñîðè÷, Í.Ì. Ñîðè÷

Êàì'ÿíåöü-Ïîäiëüñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Îãi¹íêà, Óêðà¨íà
evruka@i.ua

Íåõàé Cqβ,∞ - êëàñ íåïåðåðâíèõ 2π � ïåðiîäè÷íèõ ôóíêöié f (x), ÿêi ¹ çãîðòêàìè ÿäåð
Ïóàññîíà P q

β =
∑∞

t=0 q
k cos

(
kt+ βπ

2

)
iç ôóíêöiÿìè ϕ :‖ ϕ ‖∞6 1, ϕ ⊥ 1. Íåõàé, äàëi, ÷èñëà

qi, βi (i = 1,m) òàêi, ùî 0 < q < qi ≤ 1, βi ∈ R, β ∈ R.
Ó öüîìó ïîâiäîìëåííi, ç âèêîðèñòàííÿì ðåçóëüòàòiâ [1], äîñëiäæó¹òüñÿ àñèìïòîòè÷íà

ïîâåäiíêà âåëè÷èíè

εn,m(Cq
β,∞;Vn,p) = sup

f∈Cqβ,∞

‖
m∑
i=1

qn−p+1
i

(
f qiβi(x)− Vn,p(f qiβi ;x)

)
‖c,

äå f (qi)
βi

(x) � ïîõiäíi â ñåíñi Î.I. Ñòåïàíöÿ ïðè ψi(k) = q−ki , Vn,p(f, x) � ñóìè Âàëëå-Ïóññåíà(
Vn,p(f ;x) = 1

p

∑n
k=n−p+1 Sk(f ;x), Sk(f ;x) � ñóìà Ôóð'¹ ïîðÿäêó k

)
.

Òåîðåìà. ßêùî n→∞ i n− p→∞, òî ñïðàâåäëèâà ðiâíiñòü

εn,m(Cq
β,∞;Vn,p) =

2qn−p+1

π2p

( 2π∫
0

√
A2(t) +B2(t)dt+O(1)

1

n− p+ 1


q

q∗ − q
, p = 1

qq∗2

(q∗ − q)3
, p = 2, 3, . . .

)
,
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äå

A(t) =
m∑
i=1

z2
i (t)z

∗
i (pt) cos

(
2θi(t) + βi

π

2
− δi(t)

)
,

B(t) =
m∑
i=1

z2
i (t)z

∗
i (pt) sin

(
2θi(t) + βi

π

2
− δi(t)

)
, zq(t) = (1− 2q cos t+ q2)−

1
2 ,

z∗q (t) = (1− 2qp cos t+ q2p)
1
2 , θq(t) = arctg

q sin t

1− q cos t
, δq(t) = arctg

qp sin t

1− qp cos t
,

zi(t) = z q
qi

(t), z∗i (t) = z∗q
qi

(t), θi(t) = θ q
qi

(t), δi(t) = δ q
qi

(t),

q∗ = min
i
qi, O(1)� âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ïî n, q, qi, β, βi.

1. Ñåðäþê À.Ñ. Íàáëèæåííÿ iíòåãðàëiâ Ïóàññîíà ñóìàìè Âàëëå-Ïóññåíà, Óêð. ìàò. æóð., 2004,
56:1, C. 97�107.

Íàéêðàùå íàáëèæåííÿ àíàëîãiâ êëàñiâ Á¹ñîâà
ç ëîãàðèôìi÷íîþ ãëàäêiñòþ

Ñ.À. Ñòàñþê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

stasyuk@imath.kiev.ua

Íåõàé Lq, 1 ≤ q ≤ ∞, � ïðîñòið 2π-ïåðiîäè÷íèõ ôóíêöié f çi ñêií÷åííîþ íîðìîþ

||f ||q =

(
(2π)−1

2π∫
0

|f(x) |q dx
)1/q

, 1 ≤ q <∞,

||f ||∞ = ess sup
x∈[0,2π]

|f(x)|.

Äëÿ r > 0, 1 ≤ θ ≤ ∞ ïîçíà÷èìî

B0,r
∞,θ :=

{
f ∈ L∞ : ||f ||B0,r

∞,θ
≤ 1
}
,

äå

||f ||B0,r
∞,θ

:=

( ∞∑
s=0

((s+ 1)r||δs(f)||∞)θ
) 1

θ

, 1 ≤ θ <∞,

||f ||B0,r
∞,∞

:= sup
s

(s+ 1)r||δs(f)||∞,

i

δs(f) :=
∑

[2s−1]≤k<2s

f̂(k)eikx, f̂(k) := (2π)−1

2π∫
0

f(x)e−ikxdx.

Êëàñè B0,r
∞,θ ïðè 1 ≤ θ < ∞ ¹ àíàëîãàìè êëàñiâ Á¹ñîâà ç ëîãàðèôìi÷íîþ ãëàäêiñòþ, à

ïðè θ =∞ B0,r
∞,∞ ≡ LGr, äå LGr � êëàñè, ââåäåíi â [1].

Íåõàé tm(x) :=
m∑

k=−m
cke

ikx, äå ck � äîâiëüíi ÷èñëà. Äëÿ F ⊂ Lq ïîêëàäåìî

Em(F )q := sup
f∈F

inf
tm
||f − tm||q
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� íàéêðàùå íàáëèæåííÿ ôóíêöiîíàëüíîãî êëàñó F òðèãîíîìåòðè÷íèìè ïîëiíîìàìè
tm.

Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé 1 ≤ θ <∞, r > 1− 1
θ
, òîäi

Em(B0,r
∞,θ)∞ � (log2m)−r+1− 1

θ .

Òåîðåìà 2. Íåõàé 1 < q <∞, 1 ≤ θ <∞, r > (1
2
− 1

θ
)+, òîäi

Em(B0,r
∞,θ)q � (log2m)−r+( 1

2
− 1
θ

)+ ,

äå a+ = max{a; 0}.
Ó âèïàäêó θ =∞, òîáòî äëÿ êëàñiâ LGr, âiäïîâiäíi ïîðÿäêîâi îöiíêè âåëè÷èí Em(LGr)q

âñòàíîâëåíi â [1].
1. Êàøèí Á.Ñ., Òåìëÿêîâ Â.Í. Îá îäíîé íîðìå è àïïðîêñèìàöèîííûõ õàðàêòåðèñòèêàõ êëàñ-

ñîâ ôóíêöèé ìíîãèõ ïåðåìåííûõ, Òåîðèÿ ôóíêöèé, ÑÌÔÍ, 2007, 25, C. 58�79.

Ðàöiîíàëüíà ìîäèôiêàöiÿ åêñïîíåíöiàëüíèõ
iíòåãðàòîðiâ

Ðîêñîëÿíà Ñòîëÿð÷óê
Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, Óêðà¨íà

roksols@yahoo.com

Ïðîñòîðîâà äèñêðåòèçàöiÿ áàãàòüîõ åâîëþöiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïðè-
çâîäèòü äî æîðñòêèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Äëÿ ðîçâ'ÿçàííÿ òàêèõ
ñèñòåì íåîáõiäíî ðîçðîáèòè åôåêòèâíi ÷èñåëüíi ìåòîäè ç õîðîøîþ ñòiéêiñòþ òà âèñîêîþ
òî÷íiñòþ îòðèìàíèõ ðåçóëüòàòiâ.

Ðîçãëÿäàþòüñÿ ðàöiîíàëüíi áàãàòîêðîêîâi ìåòîäè äëÿ æîðñòêî¨ çàäà÷i

u′(t) = Au(t) + g(t, u(t)), u(0) = u0, (1)

äå ìàòðèöÿ A ìà¹ æîðñòêèé ñïåêòð, u(t) ¹ ëiíiéíîþ ÷àñòèíîþ, à g(t, u) � ãëàäêà íåëiíié-
íiñòü, ùî çàäîâîëüíÿ¹ ëîêàëüíó óìîâó Ëiïøèöÿ.

Ðîçâ'ÿçîê çàäà÷i (1) çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà

u(tn+1) = ehAun +

∫ h

0

e(h−τ)Ag(tn + τ, u(tn + τ))dτ. (2)

Ðàöiîíàëüíèé áàãàòîêðîêîâèé ìåòîä, ÿêèé ìà¹ âèãëÿä

un+1 = R(hA)un + h

p−1∑
j=0

Rj(hA)g(tn−j, un−j), (3)

ìîæíà ðîçãëÿäàòè ÿê àïðîêñèìàöiþ ñïiââiäíîøåííÿ (2), äå R(hA),Rj(hA) àïðîêñèìó¹ ehA,
à iíòåãðàë â (2) àïðîêñèìó¹òüñÿ êâàäðàòóðàìè çà ó÷àñòþ ïîïåðåäíiõ âåëè÷èí, ùî ¹ ïðè-
ðîäíiì äëÿ ñòðóêòóðè áàãàòîêðîêîâîãî ìåòîäó.
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Â ÿêîñòi ùå îäíi¹¨ ñïðîáè äëÿ íàáëèæåííÿ ðîçâ'ÿçêó çàäà÷i (1) ðîçãëÿäà¹òüñÿ äðîáîâî-
ðàöiîíàëüíèé ïiäõiä, çàïðîïîíîâàíèé â [2]:

(

p∑
j=0

αjZ
j)un+1 =

p∑
j=0

αjZ
jTp−j,n, Z = hA. (4)

Ñïiââiäíîøåííÿ (4) ðîçãëÿäà¹ìî ÿê îñíîâó äëÿ ðiçíîìàíiòíèõ ìîäèôiêàöié â çàëåæíîñòi
âiä òîãî, ÿê àïðîêñèìóþòüñÿ Òåéëîðiñüêi êîåôiöi¹íòè.

Â äàíié ðîáîòi ïðîïîíó¹òüñÿ áàãàòîêðîêîâà çàìiíà Òåéëîðiâñüêèõ íàáëèæåíü, ðåçóëü-
òàòîì ÿêî¨ ¹ ïî¹äíàííÿì ðàöiîíàëüíî¨ àïðîêñèìàöi¨ ëiíåàðèçîâàíî¨ çàäà÷i ç àïðîêñèìàöi¹þ
òèïó áàãàòîêðîêîâî¨ äëÿ íåëiíiéíî¨ ÷àñòèíè.

1. Hochbruck M., Ostermann A. Exponential integrators, Acta Numerica, 2010, P. 209�286.
2. Slonevsky R., Stolyarchuk R. Rational-fractional methods for solving sti� systems of di�erential

equations, Journal of Mathematical Sciences, 2008, 150:5, P. 2434�2438.
3. Verwer J.G. On generalized linear multistep methods with zero-parasitic roots and adaptive

principal root, Numer. Math., 1976, 27, P. 143�155.

Îá÷èñëåííÿ ñèíãóëÿðíèõ iíòåãðàëiâ ó ìåòîäi
ãðàíè÷íèõ åëåìåíòiâ ñòîñîâíî äî äâîâèìiðíèõ

êðàéîâèõ çàäà÷ òåîði¨ ïðóæíîñòi
Ì.À. Ñóõîðîëüñüêèé, I.Ñ. Êîñòåíêî, I.Ì. Çàøêiëüíÿê, Î.Ç. Ëþáèöüêà

Íàöiîíàëüíèé óíiâåðñèòåò "Ëüâiâñüêà ïîëiòåõíiêà" , Óêðà¨íà
irakos@gmail.com

Äâîâèìiðíi êðàéîâi çàäà÷i òåîði¨ ïðóæíîñòi ìîæíà ïðèâåñòè,  ðóíòóþ÷èñü íà òåîði¨ ïî-
òåíöiàëiâ, äî iíòåãðàëüíèõ ðiâíÿíü ç ñèíãóëÿðíèìè ÿäåðíèìè ôóíêöiÿìè, çîêðåìà ç ÿäåð-
íèìè ôóíêöiÿìè, ùî ìàþòü ëîãàðèôìi÷íó îñîáëèâiñòü àáî îñîáëèâiñòü ïîõiäíî¨ âiä ëî-
ãàðèôìi÷íî¨ ôóíêöi¨. Òðàäèöiéíî iíòåãðàëüíi ðiâíÿííÿ òàêîãî òèïó ðîçâ'ÿçóþòü ìåòîäîì
êîëîêàöi¨ ç âèêîðèñòàííÿì ðiâíîìiðíî¨ àïðîêñèìàöi¨ ãóñòèí. Â äàíié ðîáîòi,  ðóíòóþ÷èñü
íà ïîñëiäîâíiñíîìó ïiäõîäi äî ïîäàííÿ óçàãàëüíåíèõ ôóíêöié, äîñëiäæåíî çáiæíiñòü iíòå-
ãðàëüíèõ ñóì äëÿ êîíòóðíèõ iíòåãðàëiâ (iíòåãðàëüíèõ ðiâíÿíü) ç ñèíãóëÿðíèìè ÿäåðíèìè
ôóíêöiÿìè � ïîõiäíèìè âiä ëîãàðèôìi÷íî¨ ôóíêöi¨. Íàâåäåíî îöiíêó öèõ íàáëèæåíü.

Ðîçãëÿíåìî êðèâîëiíiéíèé iíòåãðàë,

J(t0) =

∫
L

[
∂

∂n(t0)
ln |t0 − t|+G(t0, t)]g(t)dl(t), (1)

ÿêèé ìiñòèòü ïîõiäíó âiä ëîãàðèôìi÷íîãî ïîòåíöiàëó ïðîñòîãî øàðó (ìîæëèâî ó íå-
ÿâíîìó âèãëÿäi). Òóò t0(x0, y0) ∈ D0 i t0(x0, y0) /∈ L; |t0 − t| =

√
(x0 − x)2 + (y0 − y)2;

D0 i L = ∂D0 - ¹, âiäïîâiäíî, îáìåæåíîþ îáëàñòþ i ãðàíèöåþ öi¹¨ îáëàñòi, t(x, y) ∈ L ;
g(t) - ôóíêöiÿ ãåëüäåðiâñüêîãî êëàñó, |g(t′) − g(t′′)| ≤ A|t′ − t′′|µ , t′, t′′ ∈ L, 0 ≤ µ ≤ 1 ,
A = const ; G(t0, t) - íåïåðåðâíà ôóíêöiÿ çà äâîìà çìiííèìè i ãåëüäåðiâñüêîãî êëàñó çà
çìiííîþ t ç ïîêàçíèêîì µ1, 0 ≤ µ1 ≤ 1 ; ∂

∂n(t0)
- ïîõiäíà çà íàïðÿìêîì îäèíè÷íîãî âåêòîðà

n̄(t0) = {n1(t0);n2(t0)}.
Âèáåðåìî äâi ìíîæèíè òî÷îê íà êðèâié L, E = {tk(xk, yk), k = 1, n}, tn+1 = t1; E0k =

{t0k(x0k, y0k), k = 1, n}, t0n+1 = t01 . Òî÷êè tk ðîçáèâàþòü êðèâó L íà n ÷àñòèí Lk, òî÷êè
t0k äîâiëüíî âèáèðà¹ìî íà äóãàõ tk−1tk .

Ðîçãëÿíåìî òàêîæ iíòåãðàëüíó ñóìó äëÿ iíòåãðàëó (1)
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Jn(t0) =
n∑
k=1

∂

∂n(t0)
ln |t0 − tk|g(tk)δlk +

n∑
k=1

G(t0, tk)g(tk)δlk, (2)

äå δlk =
√

(xk − xk−1)2 + (yk − yk−1)2.
Ðîçãëÿíåìî âèïàäîê ìíîæèíè E0k, êîëè òî÷êè t0k(x0k, y0k) ¹ ñåðåäíiìè òî÷êàìè äóã

ðîçáèòòÿ. Îöiíåíî ïîðÿäîê ìàëîñòi âiäíîñíî n âiäõèëåííÿ iíòåãðàëüíî¨ ñóìè (2) âiä âiä-
ïîâiäíîãî iíòåãðàëà (1), |J(t0)− Jn(t0)| ïðè t0 → t0k ∈ L âçäîâæ íîðìàëi äî L â òî÷öi t0k.
Ïðè öüîìó ââàæà¹ìî, ùî ãðàíè÷íèé ïåðåõiä âiäáóâà¹òüñÿ çà çàêîíîì

|t0 − t0k| =
ε0

nα
, (3)

äå ε0 i α � äîäàòíi ÷èñëà, 0 ≤ α ≤ 1 .
Òåîðåìà. ßêùî L - çàìêíóòèé êîíòóð Ëÿïóíîâà, òî çà âèêîíàííÿ óìîâè (3) âiäõè-

ëåííÿ iíòåãðàëà (1) âiä âiäïîâiäíî¨ iíòåãðàëüíî¨ ñóìè (2) ñïðàâäæó¹ íåðiâíiñòü

|J1(t0)− Jn(t0)| ≤ A(t0)

nµ0
,

äå t0 ∈ D; g(t) - ôóíêöiÿ, ùî ñïðàâäæó¹ óìîâó Ãåëüäåðà; G(t0, t) - íåïåðåðâíà ôóíêöiÿ çà
çìiííîþ t0 i ñïðàâäæó¹ óìîâó Ãåëüäåðà çà çìiííîþ t; µ0 = min(µ, µ1, 1 − α), A(t0) ≤ ∞ -
äîäàòíà âåëè÷èíà.

Î ðÿäàõ èç ìîäóëåé áëîêîâ ÷ëåíîâ
òðèãîíîìåòðè÷åñêèõ ðÿäîâ

Ñ.À. Òåëÿêîâñêèé1

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ, Ìîñêâà, Ðîññèÿ
sergeyAltel@yandex.ru

Ïóñòü Λ � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë 1 = n1 < n2 <
. . . , äëÿ êîòîðîé ñõîäèòñÿ ðÿä

∞∑
j=1

1

nj
.

Åñëè γ ∈ (0, 1) è äëÿ ÷èñåë bk → 0, k →∞, ñõîäèòñÿ ðÿä

∞∑
k=1

|bk − bk+1| kγ,

òî ðÿä
∞∑
j=1

∣∣∣∣ nj+1−1∑
k=nj

bk sin kx

∣∣∣∣ (1)

ñõîäèòñÿ ïðè âñåõ x. Ïóñòü GΛ(x) îáîçíà÷àåò åãî ñóììó.
Òåîðåìà 1. Åñëè γ ∈ (0, 1), òî èíòåãðàë∫ π

0

GΛ(x)
dx

xγ

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé
(ïðîåêò 11 � 01 � 00417).
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ñõîäèòñÿ â òîì è òîëüêî òîì ñëó÷àå, êîãäà ñõîäèòñÿ ðÿä

∞∑
j=1

|bnj+1
|
(
nj+1 − nj

)γ
.

Åñëè â (1) ñèíóñû çàìåíèòü íà êîñèíóñû, òî ïîëó÷åííûé ðÿä ïðè x ∈ (0, π] áóäåò
ñõîäèòñÿ è äëÿ ôóíêöèè FΛ(x) � ñóììû ýòîãî ðÿäà, áóäåò ñïðàâåäëèâ àíàëîã òåîðåìû 1.

Òåîðåìà 2. Åñëè ñõîäèòñÿ ðÿä

∞∑
k=1

|bk − bk+1| log(k + 1),

òî èíòåãðàë ∫ π

0

FΛ(x) dx

ñõîäèòñÿ â òîì è òîëüêî òîì ñëó÷àå, êîãäà ñõîäèòñÿ ðÿä

∞∑
j=1

|bnj+1
| log(nj+1 − nj + 1).

Òåîðåìà 2 àíàëîãè÷íà óñòàíîâëåííîìó â [1] óòâåðæäåíèþ î ôóíêöèè GΛ(x).
Äîêàçàòåëüñòâà ïðèâåäåííûõ ðåçóëüòàòîâ ñëåäóþò ñõåìå ðàññóæäåíèé èç [1].
1. Trigub R.M. A note on the paper of Telyakovskii "Certain properties of Fourier series of functions

with bounded variation East journal on approximation, 2007, 13:1, P. 1�6.

Íàèëó÷øèå ïðèáëèæåíèÿ è êðàòíûå ïðèáëèæåíèÿ
òèïà ñâåðòêè â ïðîñòðàíñòâå Spk

Ì.Ô. Òèìàí, Î.Á. Øàâðîâà
Äíåïðîïåòðîâñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Óêðàèíà

mtiman@yandex.ru, _oxana_13@mail.ru

Ðàññìàòðèâàþòñÿ ïåðèîäè÷åñêèå, èíòåãðèðóåìûå ïî Ëåáåãó ôóíêöèè ìíîãèõ ïåðåìåí-
íûõ f(x), x = (x1, ..., xk) íà êóáå ïåðèîäà Qk = [0, 2π]k, äëÿ êîòîðûõ ïðè íåêîòîðîì p
(1 ≤ p < ∞) ñõîäèòñÿ êðàòíûé ðÿä p-ûõ ñòåïåíåé èõ êîýôôèöèåíòîâ Ôóðüå. Êðîìå ýòî-
ãî, äëÿ òàêèõ ôóíêöèé èçó÷àþòñÿ òàê íàçûâàåìûå êðàòíûå ïðåîáðàçîâàíèÿ òèïà ñâåðòêè
âèäà

F (f ;σ;x;h) =

∫
Qk
f(x− hu) dσ(u). (1)

Äëÿ ôóíêöèé îäíîé ïåðåìåííîé îöåíêè òàêèõ ïðåîáðàçîâàíèé äëÿ êëàññè÷åñêèõ ïðî-
ñòðàíñòâ Lp ïðîâåäåíû â ðàáîòàõ: Øàïèðî (ñì. Acta Math., 1968. � V.120, � 3-4. � P.
279-292), Øàïèðî è Áîìàí (ñì. Bull.Amer.Math.Soc., 1969. � V.75, � 6. � Ð.1266-1268.),
Òèìàí Ì.Ô. (ñì. Ì.:ÄÀÍ ÑÑÑÐ, 1971. � Ò.198, � 4.� Ñ.776-779).

Äëÿ òàê íàçûâàåìûõ ïðîñòðàíñòâ Sp, êîòîðûå ñèñòåìàòè÷åñêè ðàññìàòðèâàëèñü â ðà-
áîòàõ Ñòåïàíöà À.È. (ñì. Ïðåïð./ÍÀÍ Óêðàèíû. Èí-ò ìàòåìàòèêè; 2000.2, Êèåâ, 2000. �
52 ñ. è Ïðåïð./ÍÀÍ Óêðàèíû. Èí-ò ìàòåìàòèêè; 2001.2, Êèåâ, 2001. � 85ñ); îáùèå îöåíêè
ïðåîáðàçîâàíèé òèïà ñâåðòêè ïðè k = 1 èçó÷àëèñü â ðàáîòå Øàâðîâîé Î.Á. (ñì. "Âiñíèê
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Äíiïðîïåòðîâñüêîãî óíiâåðñèòåòó. Ìàòåìàòèêà". Äíiïðîïåòðîâñüê. � 2006, � 11. � Ñ. 128-
134).

Äëÿ îòäåëüíûõ ñëó÷àåâ ôóíêöèé σ(u), îïðåäåëÿþùèõ îáùèå ïðåîáðàçîâàíèÿ òèïà
ñâåðòêè (1) îöåíêè òàêèõ ïðåîáðàçîâàíèé â ìåòðèêàõ Sp- ïðîñòðàíñòâà èçëîæåíû â ðà-
áîòå Ñòåïàíåö À. È., Ñåðäþê À.Ñ. (ñì. Óêð. ìàò. Æóðíàë. � 2002. � ò. 54, � 1. � Ñ.
106-124).

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îáùèå îöåíêè ïðåîáðàçîâàíèÿ (1) â ìåòðèêàõ ïðî-
ñòðàíñòâà Spk ñ ïîìîùüþ ÷àñòíûõ íàèëó÷øèõ ïðèáëèæåíèé òðèãîíîìåòðè÷åñêèìè ïîëè-
íîìàìè, êîãäà äëÿ ëþáîãî íàòóðàëüíîãî k dσ(u) = dσ1(u) · · · dσk(u). Ñëó÷àé ïðîñòðàíñòâ
Lp (1 ≤ p < ∞) äëÿ ôóíêöèé äâóõ ïåðåìåííûõ ðàññìîòðåí ðàííåå â ðàáîòå Øàâðîâîé
Î.Á. (ñì. Òðóäû ÈÏÌÌ ÍÀÍ Óêðàèíû. � Òîì 21, � Äîíåöê, 2010. � Ñ.238-244).

Îïèñ äåÿêèõ êëàñiâ ôóíêöié â òåðìiíàõ ôîðìóëè
ñåðåäíiõ çíà÷åíü

Î.Ä. Òðîôèìåíêî
Äîíåöüêèé íàöiîíàëüíèé óíiâåðñèòåò, Óêðà¨íà

odtro�menko@gmail.com

Íåõàé s ∈ Z, n,m ∈ N, n ≥ 3, 0 ≤ s ≤ m− 1.
Äàëi Js(z) - ôóíêöiÿ Áåññåëÿ ïîðÿäêó s òà BR - êðóã ðàäióñó R íà C.

Íåõàé ϕ(z) = Js+1(zr)−
m−1∑
n=s

(zr)2n−s+1(−1)n−s−1

(2n+2)(n−s)!n!22n−s , äå r ∈ (0, R).

Ïîçíà÷èìî ÷åðåç Zϕ - ìíîæèíó âñiõ íóëiâ ôóíêöi¨ ϕ(z).
Íåõàé Φk,l

λ,η =
(
d
dλ

)η
(Jk(λρ))Y

(k)
l (σ), äå Y (k)

l (σ) - ôiêñîâàíèé îðòîíîðìîâàíèé áàçèñ ïðî-
ñòîðó ñôåðè÷íèõ ãàðìîíiê ïîðÿäêó k íà êîëi S1, k ∈ Z+, λ ∈ Zϕ, η = 0, ..., nλ − 1 (nλ -
êðàòíiñòü λ), l = 0, 1.

Òåîðåìà. Íåõàé f ∈ C2m(BR) i r ∈ (0, R) - ôiêñîâàíèé. Òîäi äëÿ òîãî, ùîá f çàäî-
âîëüíÿëà ðiâíîñòi

m−1∑
n=s

r2n+2

(2n+ 2)(n− s)!n!

(
∂

∂z

)n−s(
∂

∂z̄

)n
f(z) =

1

2π

∫ ∫
|ζ−z|≤r

f(ζ)(ζ − z)sdξdη,

|z| < R− r, íåîáõiäíî i äîñòàòíüî, ùîá

f =
∞∑
k=0

1∑
l=0

∑
λ∈ZT

nλ−1∑
η=0

cλ,η,k,lΦ
k,l
λ,η +

∞∑
k=−∞

s−1−|k|
2∑

p=0

ck,pρ
|k|+2peikϕ

äå ck,p ∈ C, cλ,η,k,l ∈ C i max
η
|cλ,η,k,l| ≤ c 2+|λ|γ

|λ|2+2m , à c, γ - äåÿêi êîíñòàíòè, ùî íå çàëåæàòü

âiä λ, η .
Äàíèé ðåçóëüòàò ìîæíà çàñòîñîâóâàòè äî òåîðåìè ïðî äâà ðàäióñè äëÿ äåÿêèõ ïîëiàíàëi-
òè÷íèõ ôóíêöié.
Ìîæíà òàêîæ ïîêàçàòè, ùî ïðè äîñòàòüíüî âåëèêèõ |λ| nλ = 1. Öå äîçâîëÿ¹ äëÿ êîíñòàíòè
cλ,η,k,l îòðèìàòè íàñòóïíó îöiíêó
|cλ,η,k,l| ≤ c|λ|−b, äå b > 0 íå çàëåæèòü âiä λ.

1. Maxwell O. Reade. A theorem of F'edoro�, Duke Math.J., 1948, 18, P. 105�109.
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2. Volchkov V.V. Integral Geometry and Convolution Equations. � Dordrecht/ Boston/ London:
Kluwer Academic Publishers, 2003.

3. Òðîôèìåíêî Î.Ä. Óçàãàëüíåííÿ òåîðåìè ïðî ñåðåäí¹ äëÿ ïîëiàíàëiòè÷íèõ ôóíêöié ó âè-
ïàäêàõ êîëà òà êðóãà, Âiñíèê Äîíåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó, 2009, 1, ñåðiÿ À, C. 28-31.

Íåðiâíiñòü òèïó Áåðíøòåéíà äëÿ íîðì
(ψ; β)-ïîõiäíèõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ â

óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà
×àé÷åíêî Ñ.Î.

Ñëîâ'ÿíñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò
stolch@mail.ru

Íåõàé p = p(x) � 2π-ïåðiîäè÷íà âèìiðíà i iñòîòíî îáìåæåíà ôóíêöiÿ. ×åðåç Lp(·) ïî-

çíà÷àþòü ïðîñòîðè âèìiðíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f òàêèõ, ùî
π∫
−π
|f(x)|p(x) dx <∞.

ßêùî ess inf
x
|p(x)| > 1 i p̄ := ess sup

x
|p(x)| < ∞, òî Lp(·) ¹ áàíàõîâèìè ïðîñòîðàìè [1] ç

íîðìîþ, ÿêà ìîæå áóòè çàäàíà ôîðìóëîþ

‖f‖p(·) := inf

{
α > 0 :

π∫
−π

∣∣∣∣f(x)

α

∣∣∣∣p(x)

dx ≤ 1

}
.

Ïîçíà÷èìî ÷åðåç Pγ ìíîæèíó 2π-ïåðiîäè÷íèõ ïîêàçíèêiâ p = p(x) > 1, p̄ <∞, ÿêi íà
ïåðiîäi çàäîâîëüíÿþòü óìîâó Äiíi-Ëiïøèöÿ ïîðÿäêó γ :

sup
x1,x2∈[−π;π]

{
|p(x1)− p(x2)| : |x1 − x2| ≤ δ

}(
ln

1

δ

)γ
≤ K, 0 < δ < 1.

Íåõàé L � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà ïåðiîäi ôóíêöié, f ∈ L i

S[f ] =
a0(f)

2
+
∞∑
k=1

(ak(f) cos kx+ bk(f) sin kx)

� ðÿä Ôóð'¹ ôóíêöi¨ f . Íåõàé, äàëi, ψ(k) � äîâiëüíà ôóíêöiÿ íàòóðàëüíîãî àðãóìåíòó i
β ∈ R. ßêùî ðÿä

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+ bk(f) sin

(
kx+

βπ

2

))
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ ç L, òî öþ ôóíêöiþ, íàñëiäóþ÷è Î.I. Ñòåïàíöÿ [2, c. 142 �
143], íàçèâàþòü (ψ; β)-ïîõiäíîþ ôóíêöi¨ f(·) i ïîçíà÷àþòü ÷åðåç (Dψ

β f)(·).
Ôóíêöi¨ ψ(k) áóäåìî îáèðàòè ç ìíîæèíè M∗, äå

M∗ =
{
ψ(k) : ψ(k)− ψ(k + 1) ≥ 0, lim

k→∞
ψ(k) = 0, k ∈ N

}
.

Òåîðåìà. Íåõàé p ∈ Pγ, γ ≥ 1, β ∈ R i ψ ∈ M∗. Òîäi äëÿ äîâiëüíîãî òðèãîíîìåòðè-
÷íîãî ïîëiíîìó Tn, ïîðÿäêó íå âèùîãî çà n, âèêîíó¹òüñÿ íåðiâíiñòü

‖Dψ
βTn‖p(·) ≤

Kp

ψ(n)
‖Tn‖p(·), (1)
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äå Kp � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä ôóíêöi¨ p = p(x).
Âèêîðèñòîâóþ÷è íåðiâíiñòü (1), îäåðæóþòüñÿ îáåðíåíi òåîðåìè òåîði¨ íàáëèæåííÿ äëÿ

(ψ; β)-äèôåðåíöiéîâíèõ ôóíêöié ó ìåòðèöi ïðîñòîðiâ Lp(·).
1. Øàðàïóäèíîâ È.È. Î òîïîëîãèè ïðîñòðàíñòâà Lp(x)([0; 1]), Ìàò. çàìåòêè, 1979, 26:4, Ñ. 613�

632.
2. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû,

2002. � ×. I. � 427 ñ.

Ïðîäîëæåíèå ôóíêöèé ñ îãðàíè÷åííûì ñðåäíèì
êîëåáàíèåì

Ð.Â. Øàíèí
Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èì. È.È. Ìå÷íèêîâà, Óêðàèíà

ruslanshanin@gmail.com

Ïóñòü ëîêàëüíî ñóììèðóåìàÿ ôóíêöèÿ f çàäàíà íà íòåðâàëå I0 ⊂ R. Ãîâîðÿò, ÷òî îíà
èìååò îãðàíè÷åííîå ñðåäíåå êîëåáàíèå íà I0 (f ∈ BMO(I0)), åñëè

‖f‖∗,I0 = sup
I⊂I0

1

|I|

∫
I

|f(x)− fI |dx < +∞,

ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì îãðàíè÷åííûì èíòåðâàëàì I ⊂ I0, fI = |I|−1
∫
I

f(x)dx �

ñðåäíåå çíà÷åíèå f íà I.
Ðàññìàòðèâàåòñÿ çàäà÷à ïðîäîëæåíèÿ ôóíêöèè f ∈ BMO(I0) íà R òàêèì îáðàçîì,

÷òîáû ïðîäîëæåííàÿ ôóíêöèÿ èìåëà îãðàíè÷åííîå ñðåäíåå êîëåáàíèå íà R.
Ïóñòü 0 < γ ≤ 1. Äëÿ îãðàíè÷åííîãî èíòåðâàëà I0 ÷åðåç Iγ = (1 + 2γ)I0 îáîçíà÷èì

èíòåðâàë, êîíöåíòðè÷åñêèé ñ I0 è èìåþùèé äëèíó |Iγ| = (1 + 2γ)|I0|. Ïóñòü îïåðàòîð
T γ : BMO(I0) → BMO(R). Áóäåì ãîâîðèòü, ÷òî T γ óäîâëåòâîðÿåò óñëîâèþ A (T γ ∈ A),
åñëè T γf(x) = fI0 , x ∈ R \ Iγ.

Òåîðåìà 1. Ïóñòü 0 < γ ≤ 1, îãðàíè÷åííûé èíòåðâàë I0 ⊂ R. Ñóùåñòâóåò îïåðàòîð
T γ0 ∈ A, òàêîé, ÷òî

1) äëÿ ëþáîé f ∈ BMO(I0) ñïðàâåäëèâà îöåíêà

‖T γ0 f‖∗,R ≤
(

6 + 6e+
e

4
ln

1

γ

)
‖f‖∗,I0 ;

2) ñóùåñòâóþò òàêèå f ∈ BMO(I0) è γ0, ÷òî äëÿ âñåõ γ < γ0 ñïðàâåäëèâî

‖T γ0 f‖∗,R ≥
(
e

4
ln

1

γ
− e

4

)
‖f‖∗,I0 .

Ââåäåì â ðàññìîòðåíèå âåëè÷èíó

d(γ) = inf
T γ∈A

sup
f∈BMO(I0)

‖T γf‖∗,R
‖f‖∗,I0

.

Èç òåîðåìû 1 ñëåäóåò, ÷òî d(γ) ≤ 6 + 6e+ e
4

ln 1
γ
. Èìååò ìåñòî

Òåîðåìà 2. Ñïðàâåäëèâî ðàâåíñòâî

lim
γ→0+

d(γ)

ln 1
γ

=
e

4
.
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Òàêèì îáðàçîì, íîðìà îïåðàòîðà T γ0 ïðè γ → 0+ ýêâèâàëåíòíà íàèëó÷øåìó ïðîäîë-
æåíèþ.

Ïîðÿäêîâi îöiíêèíàáëèæåíü "ãðiäi" àïðîêñèìàíòàìè
êëàñiâ ôóíêöié Fψ

q,∞ â ïðîñòîðàõ Lp(T
d)

À.Ë. Øèäëi÷
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

andy709@list.ru

Íåõàé Rd, d≥1, � d-âèìiðíèé ïðîñòið ç åëåìåíòàìè x=(x1,. . ., xd), i Ldp=Lp(T
d), 1≤p<∞,

T d=
d∏
j=1

[−π, π], � ïðîñòið 2π-ïåðiîäè÷íèõ çà êîæíîþ çìiííîþ ôóíêöié f(x) çi ñòàíäàðòíîþ

íîðìîþ ||f ||Ldp . Ïîêëàäåìî (k,x) :=
∑d

j=1 kjxj i f̂(k) := (2π)−d
∫
Td f(x)e−i(k,x)dx, k ∈ Zd.

Íåõàé, äàëi, ψ = ψ(t), t ≥ 0, � äîâiëüíà äîäàòíà ñïàäíà äî íóëÿ ôóíêöiÿ, 0 < q <∞ i

Fψq,∞ :=

{
f ∈ Ld1 :

∑
k∈Zd

∣∣∣∣ f̂(k)

ψ(||k||∞)

∣∣∣∣q ≤ 1

}
,

äå ψ(||0||∞) := ψ(1), ||k||∞ := max{|k1|, . . . , |kd|}. Äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ Ld1 ïîçíà÷èìî
÷åðåç {k(l)}∞k=1 ïåðåñòàíîâêó ÷èñåë {f̂(k)}k∈Zd òàêó, ùî

|f̂(k(1))| ≥ |f̂(k(2))| ≥ . . . . (1)

ßêùî òàêà ïåðåñòàíîâêà íå ¹äèíà, òî ÷åðåç {k(l)}∞k=1 ïîçíà÷èìî áóäü-ÿêó ç ïåðåñòàíîâîê,
ÿêà çàäîâîëüíÿ¹ óìîâó (1). Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî äîñëiäæåííÿ äëÿ ôóíêöié f ∈ Fψq,∞
ïîâåäiíêè ïðè n→∞ âåëè÷èí

||f −Gn(f)||
Ldp

:= ||f(·)−
n∑
l=1

f̂(k(l))ei(k(l),·)||
Ldp
, (2)

çà óìîâè, ùî Fψq,∞ ⊂ Ldp. Âåëè÷èíè (2) íàçèâàþòü íàáëèæåííÿìè â ïðîñòîði Ldp ôóíêöi¨ f
çà äîïîìîãîþ "greedy" àïðîêñèìàíò.

Òåîðåìà. Íåõàé 1 ≤ p <∞, 0 < q <∞, ψ � äîâiëüíà äîäàòíà ñïàäíà äî íóëÿ ôóíêöiÿ,
äëÿ ÿêî¨ ψ(t)/ψ(2t) ≤ K1, t ≥ 1, i ÿêà ïðè 0 < p/(p− 1) < q, êðiì öüîãî, ¹ îïóêëîþ âíèç i
çàäîâîëüíÿ¹ óìîâó

t|ψ′(t)|
ψ(t)

≥ K2 >

{
d(1

2
− 1

q
), 1 < p ≤ 2,

d(1− 1
p
− 1

q
), 2≤ p<∞,

, ψ′(t) := ψ′(t+).

Òîäi

sup
f∈Fψq,∞

||f −Gn(f)||
Ldp
�


ψ(n

1
d )

n
1
q−

1
2
, 1 ≤ p ≤ 2,

ψ(n
1
d )

n
1
q+ 1

p−1
, 2≤ p<∞.

Çàçíà÷èìî, ùî ó âèïàäêó, êîëè ψ(t) = t−r, r > 0, àíàëîãi÷íi ïîðÿäêîâi îöiíêè äëÿ
âåëè÷èí sup

f∈Fψq,∞

||f −Gn(f)||
Ldp

áóëè îòðèìàíi â ðîáîòi [1].
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Çàçíà÷èìî òàêîæ, ùî ïðè 0 < q ≤ p/(p − 1) óìîâè äàíî¨ òåîðåìè çàäîâîëüíÿþòü,
íàïðèêëàä, ôóíêöi¨ ψ(t) = t−r lnε(t + e) äëÿ âñiõ r > 0 òà ε ∈ R i ôóíêöi¨ ψ(t) = lnε(t + e)
äëÿ âñiõ ε < 0. ßêùî æ 1 < p/(p − 1) < q, òî óìîâè òåîðåìè, çîêðåìà, çàäîâîëüíÿþòü
ôóíêöi¨ ψ(t) = t−r lnε(t+ e) ïðè âñiõ ε ∈ R òà r > d(1

2
− 1

q
), ÿêùî 1 < p ≤ 2, i ïðè âñiõ ε ∈ R

òà r > d(1− 1
p
− 1

q
), ÿêùî 2 < p <∞.

1. Temlyakov V.N. Greedy Algorithm andm-Term Trigonometric Approximation, Constr. Approx.,
1998, 14:4, P. 569�587.

Íàáëèæåííÿ ôóíêöié ç êëàñiâ Íiêîëüñüêîãî-Á¹ñîâà
öiëèìè ôóíêöiÿìè ñïåöiàëüíîãî âèãëÿäó

Ñ.ß. ßí÷åíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

Sergiy.Yan@Rambler.ru

Âèâ÷àþòüñÿ àïðîêñèìàòèâíi âëàñòèâîñòi êëàñiâ Srp,θB(Rd) ôóíêöié áàãàòüîõ çìiííèõ.
Äàíi êëàñè áóëè ðîçãëÿíóòi Àìàíîâèì Ò. I. [1], ïðè çíà÷åííi ïàðàìåòðà θ =∞ âîíè ñïiâ-
ïàäàþòü ç êëàñàìè Íiêîëüñüêîãî � SrpH(Rd) [2].

Íåõàé Lq(Rd), 1 6 q 6∞ � ïðîñòið âèìiðíèõ ôóíêöié f(x) = f(x1, . . . , xd) âèçíà÷åíèõ
íà Rd, d > 1, çi ñòàíäàðòíîþ ñêií÷åííîþ íîðìîþ.

Âèçíà÷èìî àïðîêñèìàòèâíó õàðàêòåðèñòèêó, ïðî ÿêó éòèìå ìîâà ó äîïîâiäi.
Ðîçãëÿíåìî ìíîæèíó M, ÿêà ñêëàäà¹òüñÿ iç ñêií÷åííî¨ êiëüêîñòi âåêòîðiâ s =

(s1, . . . , sd) ç öiëî÷èñëîâèìè êîîðäèíàòàìè i ìíîæèíó

Q2s :=
{
λ ∈ Rd : η(sj)2

sj−1 6 |λj| < 2sj , j = 1, d
}
, äå η(0) = 0 è η(t) = 1, t > 0.

Äëÿ f ∈ Lq(Rd), 1 < q <∞, ïîêëàäåìî

SM(f, x) =
∑
s∈M

δ∗s(f, x), (1)

äå δ∗s(f, x) = F−1(Ff · χQ2s
), Ff è F−1f � âiäïîâiäíî ïðÿìå é îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹

ôóíêöi¨ f , à χQ2s
� õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæèíè Q2s . Ðiâíiñòü (1) âèçíà÷à¹ öiëó

ôóíêöiþ SM(f, x), ÿêà íàëåæèòü ïðîñòîðó Lq(Rd) [3], íîñié ïåðåòâîðåííÿ Ôóð'¹ ÿêî¨ çîñå-
ðåäæåíèé íà ìíîæèíi

⋃
s∈MQ2s .

Äëÿ f ∈ Lq(Rd), ðîçãëÿíåìî íàñòóïíó àïðîêñèìàòèâíó õàðàêòåðèñòèêó

eFm(f)q = inf
M:mes

⋃
s∈M

Q2s6m
‖f(·)− SM(f, ·)‖q,

äå mesA ïîçíà÷à¹ ëåáåãîâó ìiðó ìíîæèíè A.
ßêùî F ⊂ Lq(Rd) � äåÿêèé êëàñ ôóíêöié, òî ïîêëàäåìî

eFm(F )q = sup
f∈F

eFm(f)q.

Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé 1 < p < q < ∞, r1 > 1/p − 1/q. Òîäi äëÿ 1 6 θ 6 ∞ ñïðàâåäëèâå

ïîðÿäêîâå ñïiââiäíîøåííÿ

eFm(Srp,θB)q � m−(r1− 1
p

+ 1
q

)(logν−1m)(r1− 1
p

+ 2
q
− 1
θ

)+ ,
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äå a+ = max{a; 0}.
Òåîðåìà 2. Íåõàé 1 < p 6 2, r1 > 0. Òîäi äëÿ 1 6 θ 6∞ ìà¹ ìiñöå ïîðÿäêîâà îöiíêà

eFm(Srp,θB)p � m−r1(logν−1m)(r1+ 1
p
− 1
θ

)+ .

1. Àìàíîâ Ò.È. Òåîðåìû ïðåäñòàâëåíèÿ è âëîæåíèÿ äëÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ
S

(r)
p,θB(Rn) è S(r)∗

p,θ B (0 6 xj 6 2π, j = 1, ..., n), Òð. Ìàò. èí-òà ÀÍ ÑÑÑÐ, 1965, 77, Ñ. 5 � 34.
2. Íèêîëüñêèé Ñ.Ì. Ôóíêöèè ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé, óäîâëåòâîðÿþùåé

êðàòíîìó óñëîâèþ Ãåëüäåðà, Ñèá. ìàò. æóðí., 1963, 4:6, C. 1342 � 1364.
3. Ëèçîðêèí Ï.È. Îáîáùåííîå ëèóâèëëåâñêîå äèôôåðåíöèðîâàíèå è ìåòîä ìóëüòèïëèêàòîðîâ

â òåîðèè âëîæåíèé êëàññîâ äèôôåðåíöèðóåìûõ ôóíêöèé, Òð. Ìàò. èí-òà ÀÍ ÑÑÑÐ, 1969, 105,
C. 89 � 167.

On an extremal problem in approximation theory
F.G. Abdullayev

Mersin University, Turkey
fabdul@mersin.edu.tr

Let C be a complex plane, C = C ∪ {∞} and let G ⊂ C be a �nite Jordan region with
0 ∈ G; L := ∂G, Ω := C\G; w = ϕ(z) be the conformal mapping of G onto the disk B(0, ρ0) :=
{w : |w| < ρ0} normalized by ϕ(0) = 0, ϕ′(0) = 1; where ρ0 = ρ0 (0, G) is a conformal radius
of G with respect to 0. For p > 0 let A1

p(G) denote the set of analytic in G functions f(z)
normalized by f(0) = 0, f ′(0) = 1 and such that ‖f‖p := ‖f‖A1

p(G) < ∞, where dσz denotes
two dimensional Lebesque measure.

Let us consider the extremal problem:

‖f‖p , f ∈ A
1
p(G)→ inf .

Well known (see, for exaple, [1, p.435]), that the unique function

ϕp(z) :=

z∫
0

[ϕ′(ζ)]
2
p dζ, z ∈ G,

is the solution of this extremal problem.
Let us denote by ℘n the class of all polynomials Pn(z), degPn(z) ≤ n, satisfying the

conditions: Pn(0) = 0, P ′n(0) = 1. For each p > 0 we consider the following extremal problem:{
‖ϕp − Pn‖p , Pn ∈ ℘n

}
→ inf .

For any p > 0 there exists a polynomial P ∗n,p(z) furnishing a minimum to the integral
‖ϕp − Pn‖p in the class ℘n, and for p > 1 this polynomial are determined uniquely. This unique
polynomial we call the n-th generalized Bieberbach polynomial for the pair (G, 0) and denote
from πn,p(z). In case of p = 2, πn,2(z) coincides with the Bieberbach polynomial for the pair
(G, 0).

If G is a Carath�eodory region, then ‖ϕp − πn,p‖p → 0 for n → ∞, and so the sequence
{πn,p(z)}∞n=0 converges uniformly to ϕp(z) on compact subsets ofG. Our purpose is to extend the
uniform convergence of the sequence {πn,p(z)}∞n=0 to ϕp(z) on G. Moreover, we will investigate
the estimate

‖ϕp − πn,p‖C(G) := max
{
|ϕp(z)− πn,p(z)| , z ∈ G

}
= O(εn,p),
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where εn,p = εn,p(G)→ 0, n→∞, depending on the geometric properties of G.
1. Privalov I.I. Introduction to the theory of functions of a complex variable. � Moscow: Nauka,

1984.

On the approximation properties of some extremal
polynomials in regions of the complex plane

F.G. Abdullayev, P. �Ozkartepe
Mersin University, Turkey

fabdul@mersin.edu.tr, pelinozkartepe@mersin.edu.tr

Let C be a complex plane, C = C ∪ {∞} and let G ⊂ C be a �nite Jordan region with
0 ∈ G; L := ∂G, Ω := C\G; w = ϕ(z) be the conformal mapping of G onto the disk B(0, ρ0) :=
{w : |w| < ρ0} normalized by ϕ(0) = 0, ϕ′(0) = 1.

For p > 0 let A1
p(G) denote the set of analytic in G functions f(z) normalized by f(0) = 0,

f ′(0) = 1 and such that

‖f‖p := ‖f‖A1
p(G) :=

∫∫
G

|f ′(z)|p dσz

 1
p

<∞,

where dσz denotes two dimensional Lebesque measure.
Let us set

ϕp(z) :=

z∫
0

[ϕ′(ζ)]
2
p dζ, z ∈ G,

and let πn,p(z) be the generalized Bieberbach polynomial of degree n for the pair (G, 0) that
minimizes the norm ‖ϕp − Pn‖p in the class of all polynomials Pn(z), degPn ≤ n; Pn(0) = 0,
P ′n(0) = 1.

Well known, if G is a Carath�eodory region, then ‖ϕp − πn,p‖p → 0 for n→∞. Our purpose
is investigate the estimate

‖ϕp − πn,p‖p = O(εn,p),

where εn,p = εn,p(G) → 0, n → ∞, depending on the geometric properties of G in case when
the region G has a interior and exterior zero angles.

In particular, for the Bieberbach polynomials obtained the best estimate at the rate of
convergence to ϕ for these regions.
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Defect-based error analysis
of exponential splitting methods

Winfried Auzinger, Othmar Koch, Mechthild Thalhammer
Institute for Analysis and Scienti�c Computing,

Vienna University of Technology, Austria

w.auzinger@tuwien.ac.at

In many applications, linear or nonlinear evolution equations appear where the right hand
side splits up in two parts,

d
dt
u(t) = H(u(t)) = F (u(t)) +G(u(t)), u(t0) = u0,

where u : [0, T ] → B, B a Banach space. Splitting approximations are motivated by the fact
that separate numerical integration of the individual subproblems associated with F and G,
respectively, can usually be performed in a much more e�cient way than for the full problem
at hand. Let ΦH(t; ·) denote the �ow of the full problem, and consider the �ows ΦF (t; ·) and
ΦG(t; ·) of the two subproblems. The simplest splitting methods are the �rst order Lie -Trotter
splitting method and the second order Strang splitting method: One integration step from tn
up to tn+1 = tn + h with stepsize h, starting from un, is given by

un+1 = S(h;un) = ΦF (h; ΦG(h;un)) (Lie -Trotter splitting),

or
un+1 = S(h;un) = ΦF (h

2
; ΦG(h; ΦF (h

2
;un))) (Strang splitting),

respectively.
The aim of this contribution is to show how the accuracy of such schemes can be analyzed

and also controlled via the defect of the splitting approximation, i.e., the residual of the splitting
�ow with respect to the original evolution equation, which is a computable quantity. We explain
the idea in detail for the linear case; the analysis is based on generalized Sylvester equations
which are satis�ed by the individual sub�ows.

Theorem. Consider the defect Dn+1 of a splitting step un 7→ un+1 with stepsize h, i.e.

Dn+1 = d
dt
S(t;un)

∣∣
t=h
−H(S(h;un)).

Then, under appropriate regularity assumptions,

h
2
Dn+1 or h

3
Dn+1

is an asymptotically correct estimate for the local error of a Lie -Trotter or Strang splitting step,
respectively. The error of the estimate is asymptotically, for h → 0, of higher order than the
local error itself, and it can be characterized in terms of iterated commutators of the operators
F and G.

The extension to nonlinear problems and higher-order splitting schemes is also brie�y dis-
cussed; this subject to current investigations. Numerical results are given for a time-dependent
Schr�odinger equation with a harmonic potential.

1. W. Auzinger, O. Koch, M. Thalhammer. Defect-based local error estimators for splitting
methods, with application to Schr�odinger equations. Part I: The linear case, J. Comput. Appl. Math.,
2012, 236, P. 2643�2659.
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A boundary value problem with integral conditions
for second order hyperbolic equation in the

rectangle
E.I. Azizbekov

Baku State University, Baku, Azerbaijan
azel_azerbaijan@mail.ru

Consider the equation equation

utt(x, t)− uxx(x, t) = q(t)u(x, t) (1)

in the domain DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} and state for it a problem with initial
conditions

u(x, 0) = φ(x), ut(x, 0) = ψ(x), (0 ≤ x ≤ 1), (2)

and non-local conditions
u(0, t) = βu(1, t) (0 ≤ t ≤ T ), (3)∫ 1

0

u(x, t)dx = 0 (0 ≤ t ≤ T ). (4)

where β 6= ±1 is a given number, q(t), f(t, x), φ(x), ψ(x) are given functions; à and u(x, t) is
the sought function.

Earlier, the boundary value problems for hyperbolic equations with non-local integral condi-
tions were considered in the papers [1-3].

Here, for β = 0 we have the boundary condition type Ionkin [4].
De�nition. Under the classic solution of problem (1)-(4) we understand the function v(x, t),

continuous in a closed domain DT together with all its derivatives contained on equation (1),
and satisfying all conditions (1)-(4) in the ordinary sense.

Su�cient conditions on the data that allow us to prove the existence and uniqueness of
classical solutions of boundary value problem (1) - (4).

For obtain the main results using following lemma.
Lemma. Let q(t) ∈ C[0, T ], f(x, t) ∈ C(DT ), φ(x), ψ(x) ∈ C[0, 1],

∫ 1

0
f(x, t)dx = 0, and

the following agreement conditions be ful�lled:

φ(0)− βφ(1) = 0,
∫ 1

0
φ(x)dx = 0,

ψ(0)− βψ(1) = 0,
∫ 1

0
ψ(x)dx = 0.

(5)

Then the problem on �nding the classic solution of problem (1)-(4) is equivalent to the
problem on de�ning of the function u(x, t) from (1)-(3) and

ux(0, t) = ux(1, t). (6)

1. L. S. Pulkina. Non local problem with integral conditions for a hyperbolic equation, Di�erential
Equations, 2004, 40:7, P. 887�892.

2. A. Bouziani. Solution forte d'un probleme mixte avec conditions non locales pour une classe
d'equations hyperboliques, Bulletin de la Classe des Sciences, Academie Royale de Belgique, 1997, 8,
P. 53�70.

3. S. A. Beilin. Existence of solutions for one-dimensional wave equations with non-local condition,
Electronic Journal of Di�erential Equations, 2001, 76, P. 1�8.

4. N. I. Ionkin. Solution of a boundary value problem of heat conductivity theory with non-classical
boundary conditions, Di�erential Equations, 1977, 13:2, P. 294�304.
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On the weighted variable spaces Lp(x), ω for
0 < p(x) < 1 and weighted Hardy inequality

Rovshan A. Bandaliev
Institute of Mathematics and Mechanics of National Academy of Sciences of Azerbaijan

bandaliyevr@gmail.com

Let Rn be the n-dimensional Euclidean space of points x = (x1, ..., xn) and Ω be a Lebesgue

measurable subset in Rn and |x| =

(
n∑
i=1

x2
i

)1/2

. Suppose that p is a Lebesgue measurable

function on Ω such that 0 < p ≤ p(x) ≤ p < 1, p = ess infx∈Ω p(x), p = ess supx∈Ω p(x), and ω
is a weight function on Ω, i.e. ω is non-negative, almost everywhere (a.e.) positive function on
Ω. By Lp(x), ω(Ω) we denote the set of measurable functions f on Ω such that

Ip, ω(f) =

∫
Ω

(|f(x)|ω(x))p(x) dx <∞.

Note that the expression ‖f‖Lp(x), ω(Ω) = ‖f‖p, ω,Ω = inf

λ > 0 :

∫
Ω

(
|f(x)|ω(x)

λ

)p(x)

dx ≤ 1


de�nes a quasi-Banach spaces.

Lemma. Let 0 < p ≤ p(x) ≤ p < 1 and f, g ∈ Lp(x), ω(Ω). Then

‖f‖p, ω,Ω + ‖g‖p, ω,Ω ≤ ‖|f |+ |g|‖p, ω,Ω ≤ 21/p (‖f‖p, ω,Ω + ‖g‖p, ω,Ω) ,

where p = ess infx∈Ω p(x).

Theorem 1. Let 0 < p ≤ p(x) ≤ p < 1 and p′(x) =
p(x)

p(x)− 1
and ω be a weight function

de�ned on Ω. Then the inequality∫
Ω

|f(x) g(x)| dx ≥
(

1

p
+

1

p′

)
‖f‖p,ω,Ω ‖g‖p′, ω−1,Ω

holds for every f ∈ Lp(x),ω(Ω) and g ∈ Lp′(x),ω−1(Ω).

We consider the classical Hardy operator de�ned as Hf(x) = 1
x

x∫
0

f(t) dt, where f is

nonnegative function on (0,∞).

Theorem 2. Let x ∈ (0,∞), 0 < p ≤ p(x) ≤ q(x) ≤ q < 1, r(x) =
p p(x)

p(x)− p
and f(x) are

non-negative and decreasing function de�ned on (0,∞). Suppose ω1 and ω2 are weight functions
de�ned on (0,∞). Then for any f ∈ Lp(x), ω1(0, ∞) the inequality

‖Hf‖Lq(·), ω2
(0,∞) ≤ p

1
p cp,q dp

∥∥∥∥∥∥
t1/p

′ ∥∥ω2

x

∥∥
Lq(·)(t,∞)

ω1

∥∥∥∥∥∥
Lr(·)(0,∞)

‖f‖Lp(·), ω1
(0,∞) ,

where cp,q =

(
‖χS1‖L∞(0,∞) + ‖χS2‖L∞(0,∞) + p

(
1

q
− 1

q

))(
‖χS1‖L∞(0,∞) + ‖χS2‖L∞(0,∞)

)
,

S1 =
{
x ∈ (0,∞) : p(x) = p

}
, S2 = (0,∞) \ S1, and dp =

(
1 +

p− p
p

+ ‖χS1‖L∞(0,∞)

)1/p

.
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Existence theorems for analytic in a ball functions
of bounded L-index in direction

A.I. Bandura, O.B. Skaskiv
Ivano-Frankivs'k National Technical University Oil and Gas, Ukraine

L'viv Ivan Franko National University, Ukraine
andriykopanytsia@gmail.com, skask@km.ru

Let F be an analytic function in DR = {z ∈ Cn : |z| < R}, 0 < R ≤ +∞. And L(z) is a
positive continuous function for |z| < R such that L(z) > β

R−|z| , (|z| < R), β = const > 1.

De�nition An analytic in disc function of F (z), |z| < R, is called function of bounded
L-index in the direction of b ∈ Cn, if there exists m0 ∈ Z+, such that for m ∈ Z+ and every z,
|z| < R, next inequality is true

1

m!Lm(z)

∣∣∣∣∂mF (z)

∂bm

∣∣∣∣ ≤ max

{
1

k!Lk(z)

∣∣∣∣∂kF (z)

∂bk

∣∣∣∣ : 0 ≤ k ≤ m0

}
,

where ∂0F (z)
∂b0 = F (z), ∂F (z)

∂b
=

n∑
j=1

∂F (z)
∂zj

bj,
∂kF (z)
∂bk

= ∂
∂b

(∂
k−1F (z)
∂bk−1 ), k≥ 2. If L(z) ≡ 1 then F (z) is

called function of bounded index in direction b.
For one-dimensional case for some time mathematicians were interested two problems �

the problem of existence an entire function of bounded l-index for a given l and the problem of
existence function l for a given entire function f such that f is of bounded l-index (see [1]-[4]).
It is clear that the same problems can be formulated for analytic in a ball function.

For �xed z0 ∈ DR we consider function F (z0 + tb). If F (z0 + tb) 6≡ 0, then we denote
pb(z0 +a0

kb) is a multiplicity zero a0
k of function F (z0 + tb). If F (z0 + tb) ≡ 0 for some z0 ∈ Cn,

then we put pb(z0 + tb) = 1.
Our main results is next.
Theorem 1. In order that for analytic in a ball DR function F, z ∈ Cn, there exists a positive

continuous function L(z) such that F (z) is a function of bounded L-index in the direction of
b it is necessary and su�cient that all p0

k were uniformly bounded, i.e. ∃p ∈ Z+ ∀z0 ∈ DR ∀k
pb(z0 + a0

kb) ≤ p.
1. Bordulyak M. T., Sheremeta M. M. On the existence of entire functions of bounded l-index and

l-regular growth, Ukr. math. journ., 1996, 48:9, P. 1166�1182 (in Russian).
2. Goldberg A. A., Sheremeta M. M. On the existence of an entire transcendental function of

bounded l-index, Mat. zametki, 1995, 57:1, P. 125�129 (in Russian).
3. Bordulyak M. T. A proof of Sheremeta conjecture concerning entire function of bounded l-index,

Matem. Studii, 1999, 11:2, P. 108�110.
4. Sheremeta M.M. Remark to existence theorem for entire function of bounded l-index, Matem.

Studii, 2000, 13:1, P. 97�99.
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Infinite-dimensional dynamical system approximation
of granular flows

Denis Blackmore1,∗ and Anatoliy K. Prykarpatsky2,3

1 New Jersey Institute of Technology, New Jersey, USA
2AGH University of Science and Technology, Krakow, Poland

3Ivan Franko State Pedagogical University, Drogobych, Ukraine
deblac@m.njit.edu, pryk.anat@ua.fm, pryanat@cybergal.com

We shall brie�y describe our recent research on the analysis and applications of the approxi-
mate continuum model for particulate �ows on manifolds

ut +∇uu = E(x, t) +

∫
M

Θ
(
x, y, t, u‖x(y, t)− u(x, t);µ

)
dy,

which was introduced in [1]. Here ∇u is the usual covariant derivative (for �xed t) on the
m-dimensional Riemannian manifold M , E is the external force, dy is the standard Lebesgue
measure based di�erential associated with integration on M , u‖x is the parallel transport of
the (velocity) vector u(y, t) along a geodesic from y to x on M , and µ is a parameter vector
embodying the physical characteristics of the system. Everything is assumed to be smooth (i.e.
C∞) with the integrand (kernel) having compact support for each �xed x. Our focus shall be
on the case where M = Rm, as this is where most applications are found, so that the equation
assumes the following simpler form:

ut +∇uu = E(x, t) +

∫
Rm

Θ (x, y, t, u(y, t)− u(x, t);µ) dy,

where ∇uu = u · ∇u = (u · ∇u1, . . . , u · ∇um) for any natural number m in N and dy denotes
the standard m-dimensional Lebesgue measure.

Two main questions are addressed: (1) What are the dynamics of the above model? (2)
How well do the dynamical predictions from the model agree with simulation and experimental
results - especially those obtained from granular �ows? It is shown in [2] that the model for
the 1-dimensional case for perfectly elastic granular �ows is integrable, with soliton solutions
of the same form seen in simulations, while in [3] it was found that the behavior of a tapped 1-
dimensional system is in close agreement with model predictions. Encouraged by these successes,
we plan to extend the analysis and applications to higher dimensions.

Another problem of interest is related to vortices that can be generated by the model when
the kernel has certain kinds of singularities. We plan to use various techniques, such as those
delineated in [4], to investigate these vortical �ows - especially in the planar case.

1. D. Blackmore, R. Samulyak and A. Rosato. New mathematical models for for particle �ow
dynamics, J. Nonlin. Math. Phys., 1999, 6, P. 198�221.

2. D. Blackmore, K. Urban, K. and A. Rosato. Integrability analysis of regular and fractional
Blackmore-Samulyak-Rosato �elds, Condensed Matter Phys., 2010, 13, 43403: P. 1�7.

3. D. Blackmore, A. Rosato, X. Tricoche, K. Urban and V. Ratnaswamy. Tapping dynamics for a
column of particles and beyond, J. Mech. Materials & Structures, 2011, 6, P. 71�86

4. D. Blackmore, A.K. Prykarpatsky and V.Hr. Samoylenko. Nonlinear Dynamical Systems of
Mathematical Physics. � Singapore: World Scienti�c, 2011.

*Research supported in part by NSF Grant CMMI-1029809.
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Approximation properties of the function mups(x)
I.V. Brysina, V.A. Makarichev

National N.Ye. Zhukovsky aerospace university "Kharkiv aviation institute" , Ukraine
iryna.brysina@gmail.com, victor.makarichev@gmail.com

Consider the function

mups(x) =
1

2π
·
∞∫

−∞

eitx · Fs(t)dt,

where

Fs(t) =
∞∏
k=1

sin2
(

s·t
(2s)k

)
s2 · t

(2s)k
· sin t

(2s)k

and s = 2, 3, 4, . . . .

The functionmups(x) is a solution with a compact support of the functional di�erential equation

y′(x) = 2 ·
s∑

k=1

(y(2s · x+ 2s− 2k + 1)− y(2s · x− 2k + 1)) .

Let s = 2m, where m ∈ N. Denote by M̃UPm the space of functions ϕ(x) such that

ϕ(x) =
∑
j

cj ·mup2m

(
x

π
− j

2m

)
, x ∈ [−π, π]

and ϕ(p)(−π) = ϕ(p)(π) for any p = 0, 1, 2, . . .. Dimension of M̃UPm equals 2m+1.
Let W̃ 1

2 be a class of functions f ∈ C[−π,π] such that f(−π) = f(π), f(x) is absolutely
continuous and ‖f ′‖L2[−π,π] ≤ 1.

The following result was obtained.
Theorem 1. For any m ∈ N it is true that

EL2[−π,π]

(
W̃ 1

2 , M̃UPm

)
≤ C · d2m

(
W̃ 1

2 , L2[−π, π]
)
,

where
EX(K,L) = sup

ϕ∈K
inf
ψ∈L
‖ϕ− ψ‖X

is the best approximation of the class K by L in norm of X and

dN(K,X) = inf
dim L=N

sup
ϕ∈K

inf
ψ∈L
‖ϕ− ψ‖X

is the Kolmogorov width.
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Approximation of subharmonic functions in the unit
disc

Igor Chyzhykov
Ivan Franko National University of L'viv, Ukraine

chyzhykov@yahoo.com

Theorem. Let u be a subharmonic function in D = {z ∈ C : |z| < 1}. There exist an
absolute constant C and an analytic function f in D such that

∫
D |u(z)− log |f(z)|| dm(z) < C

where m denotes the planar Lebesgue measure.
We also give some su�cient conditions that provide possibility of such kind of approximation

in the uniform metric outside, probably, some exceptional set.
1. Chyzhykov I. Approximation of subharmonic functions in the unit disk, J. math physics, analysis,

geometry, 2008, 4:1, P. 211�236.

On fuzzy approximation space
G�okhan �Cuvalcio�glu

University of Mersin, Mersin, Turkey
gcuvalcioglu@mersin.edu.tr

The combination of the rough set theory, vague set theory and fuzzy set theory is a new
research direction.. This paper mainly concerns the problem of how to construct rough approxi-
mations of a vague set in fuzzy approximation space and what is the intuitionistic Fuzzy
approximation space and its property. Firstly, a new operator and its complement operator
are introduced, and some new properties are examined. Secondly, the approximation operators
are constructed based on this operator.

Finally, some properties of two types of approximation operators are studied.
1. L.A. Zadeh. Fuzzy sets, Information and Control, 1965, 8, P. 338�356.
2. Z. Pawlak. Rough sets, International Journal of Computer and Information Sciences, 1982, 11,

P. 341�356.
3. Z. Pawlak. Rough sets and fuzzy sets, Fuzzy Sets and Systems, 1985, 17, P. 99�102.
4. Y.Y. Yao. Semantics of fuzzy sets in rough set theory, LNCS Transactions on Rough Sets, 2004,

2, P. 310�331.
5. J. Wang, S.Y. Liu, J. Zhang. Roughness of a vague set, International Journal of Computational

Cognition, 2005, 3:3, P. 83�87.
6. M. Banerjee, K.P. Sankar. Roughness of a fuzzy set, Information Sciences, 1996, 93, P. 235�246.
7. T. Eswarlal. Roughness of a Boolean vague set, International Journal of Computational Cogni-

tion, 2008, 6:1, P. 8�11.
8. K. Atanassov, S. Stoeva. Intuitionistic fuzzy sets, in: Polish Symposium on Interval and Fuzzy

Mathematics, 1983, P. 23�26.
9. K. Atanassov, V. Kreinovch. Intuitionsitic fuzzy interpretation of interval dada, Notes on Intui-

tionistic Fuzzy Sets, 1999, 5, P. 1�8.
10. K. Atanassov. Remark on the intuitionistic fuzzy logics, Fuzzy Sets and Systems, 1998, 95, P.

127�129.
11. G. Deschrijver, E. Kerre. On the composition of intuitionistic fuzzy relations, Fuzzy Sets and

Systems, 2003, 136, P. 333�361.
12. Sh.M. Chen. Measures of similarity between vague sets, Fuzzy Sets and Systems, 1995, 74, P.

217�227.
13. H. Bustince, P. Burillo. Vague sets are intuitionistic fuzzy sets, Fuzzy Sets and Systems, 1996,

79, P. 403�405.
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14. J. Wang, S.Y. Liu, J. Zhang. Roughness of a vague set, International Journal of Computational
Cognition, 2005, 3:3, P. 83�87.

15. G.L. Liu. The axiomatic systems of rough fuzzy sets on fuzzy approximation spaces, Chinese
Journal of Computers, 2004, 27, P. 1187�1191 (in Chinese).

16. A. Mieszkowicz-Rolka, L. Rolka. Fuzzy rough approximations of process data, International
Journal of Approximate Reasoning, 2008, 49, P. 301�315.

On Degree of Approximation by Fourier Series in
Generalized H�older Metric

U. De�ger
Mersin University, Turkey
udeger@mersin.edu.tr

In this work, we studies the degree of approximation of functions by matrix means of their
Fourier series in a new space of functions introduced in [1]. Especially, we extend some results
of Leindler [2] to more general Cλ-method obtained by deleting a set of rows from the Ces�aro
matrix C1.

1. G. Das, A. Nath and B. K. Ray. An estimate of the rate of convergence of Fourier series in
generalized H�older metric, Analysis and Applications, (Ujjain, 1999), Narosa (New Delhi, 2002), P. 43 �
60.

2. L. Leindler. A relaxed estimate of the degree of approximation by Fourier series in generalized
H�older metric, Analysis Mathematica, 2009, 35, P. 51�60.

Faster Rate of Convergence on Modified Discrete
and Integral Operators

Naokant Deo
Delhi Technological University, Delhi, India

dr_naokant_deo@yahoo.com

In this contribution we consider modi�ed discrete [1] operators and we are able to achieve faster
convergence for our modi�ed operators over the original operators. Our results include some
approximation properties, which include rate of convergence and Voronovskaya kind results. In
the last section we discuss about integral [2] operators.

1. Bal�azs K. Approximation by Bernstein type rational functions, Acta Math. Acad. Sci. Hungar,
1975, 26:1, P. 123�134.

2. Lupa�s A. Die Folge der Beta operatorem, Dissertation, Universit�at Stuttgart, 1972.

The correspondence between the formal multiple
power series and multidimensional g-fraction with

independent variables
Roman Dmytryshyn

Vasyl Stefanyk PreCarpathian National University, Ukraine
dmytryshynr@hotmail.com

One of the methods of expanding the functions of multiple variables, given by the formal
multiple power series, into a branched continued fractions is the construction of corresponding
branched continued fractions [1].
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The correspondence between the multidimensional g-fraction with independent variables

s0

1 +
N∑
i1=1

gi(1)zi1

1 +
i1∑
i2=1

gi(2)(1− gi(1))zi2

1 +
i2∑
i3=1

gi(3)(1− gi(2))zi3
1. + ...

, (1)

where s0 > 0, i(k) = i1, i2, . . . , ik is multiindex, 0 < gi(k) < 1, k ≥ 1, 1 ≤ in ≤ in−1, 1 ≤ n ≤
k, i0 = N, N ∈ N, gi(0) = 0, z = (z1, z2, . . . , zN) ∈ CN , and formal multiple power series∑

|m(N)|≥0

(−1)|m(N)|sm(N)z
m(N), (2)

wherem(N) = m1,m2 . . . ,mN is multiindex,mi ∈ Z+, 0 ≤ i ≤ N, |m(N)| = m1+m2+· · ·+mN ,
z ∈ CN , zm(N) = zm1

1 · zm1
1 · . . . · z

mN
N , sm(N) ∈ R, moreover s0(N) = s0,0,...,0 = s0, means that the

expansion of each nth approximant, n ≥ 1, into the formal multiple power series coincides with
the given series for all homogeneous polynomials to the degree n− 1 inclusively.

We study the correspondence between the formal multiple power series (2) and the multidi-
mensional g-fraction with independent variables (1). As a result the algorithm for the expansion
of the formal multiple power series (2) into the corresponding multidimensional g-fraction wi-
th independent variables (1) has been constructed and the conditions of existence of such an
algorithm have been established. The expansion of some functions into corresponding multidi-
mensional g-fraction with independent variables (1) is constructed and e�ciency of approaching
by approximants of the obtained expansion is shown.

1. Bodnar D.I. Branched continued fractions. � Kiev: Naukova Dumka, 1986 (in Russian).

On the best approximation from below by isotone
subadditive functions
O. Dovgoshey and E. Petrov

Institute of Applied Mathematics and Mechanics of NASU, Donetsk, Ukraine
aleksdov@mail.ru, eugeniy.petrov@gmail.com

Let R+ := [0,∞). For given ā = (a1, . . . , an) and b̄ = (b1, . . . , bn) from Rn
+ we shall write ā 6 b̄

if and only if ai 6 bi for every i ∈ {1, . . . , n}. Recall that a function Φ : Rn
+ → R+ is isotone

if Φ(x̄) 6 Φ(ȳ) whenever x̄ 6 ȳ, moreover Φ is subadditive if Φ(x̄ + ȳ) 6 Φ(x̄) + Φ(ȳ) for all
x̄, ȳ ∈ Rn

+.
Theorem 1 ([1]). Let A be a nonempty subset of Rn

+. The following conditions are equivalent
for every function Φ : A→ R+.

(i) There is an isotone and subadditive function Ψ : Rn
+ → R+ such that Ψ|A = Φ.

(ii) The implication

(x̄ 6
m∑
i=1

x̄i)⇒ (Φ(x̄) 6
m∑
i=1

Φ(x̄i))

holds for all x̄, x̄1, . . . , x̄m ∈ A and every positive integer m.
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For given A ⊆ Rn
+ and x̄ ∈ Rn

+ de�ne the subset S(x̄) = S(x̄, A) of the set
∞⋃
k=1

Ak, where

A1 = A, A2 = A × A, A3 = A × A × A and so on, by the rule: an element (x̄1, . . . , x̄k) of the

set
∞⋃
k=1

Ak belongs to S(x̄) if and only if x̄ 6
k∑
i=1

x̄i.

Theorem 2([1]). Let A be a nonempty subset of Rn
+ such that for every j ∈ {1, . . . , n}

there is ā = (a1, . . . , an) ∈ A satisfying the inequality aj > 0. Then, for every Φ : A→ R+, the
function

Ψ(x̄) := inf{
m∑
i=1

Φ(x̄i) : (x̄1, . . . , x̄m) ∈ S(x̄)}, x̄ ∈ Rn
+

has the following properties.

(i) Ψ is isotone and subadditive.

(ii) The inequality Φ(x̄) > Ψ(x̄) holds for every x̄ ∈ A.

(iii) The function Ψ is a continuation of Φ, Ψ|A = Φ, if and only if condition (ii) from
Theorem 1 is ful�lled.

(iv) If F : Rn
+ → R+ is isotone subadditive function such that the inequality Φ(x̄) > F (x̄)

holds for every x̄ ∈ A, then the inequality Ψ(x̄) > F (x̄) also holds for every x̄ ∈ Rn
+.

Theorem 1 gives us an intrinsic description of functions Φ : A → R+ which have isotone
subadditive continuations on Rn

+. The function Ψ de�ned in Theorem 2 is the largest subadditive
isotone minorant of the given Φ : A → R+. For the case A = Rn

+, the function Ψ is closely
related to the in�mal convolution and has some similar properties [2].

1. O. Dovgoshey, E. Petrov and G. Kozub. Metric products and continuation of isotone functions,
(in preparation).

2. Thomas Str�omberg. The operation of in�mal convolution, Dissertations Math. (Rozprawy Mat.),
1996. � 58 p.

Functional inequalities in functional analysis
W lodzimierz Fechner

University of Silesia, Katowice, Poland
fechner@math.us.edu.pl; wlodzimierz.fechner@us.edu.pl

Alfred Tarski in 1930 posed as a question (or an exercise) and then proved the following
identity for real numbers x, y (see ref. no. 8.):∣∣ |x| − |y| ∣∣ = |x+ y|+ |x− y| − |x| − |y|. (1)

More recently, Lech Maligranda (see ref. no 6. and 7.) presented the following multi-dimensional
analogue of the identity of Tarski:∣∣ ‖x‖ − ‖y‖ ∣∣ ≤ ‖x+ y‖+ ‖x− y‖ − ‖x‖ − ‖y‖ ≤ min{‖x+ y‖, ‖x− y‖} (2)

for any elements x, y from an arbitrary normed space.
The purpose of the talk is to present a few results in functional equations and inequalities

which are motivated by foregoing inequalities. We will discuss the following problems:
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A) functional inequality (see ref. no 2.):

|f(x)− f(y)| ≤ f(x+ y) + f(x− y)− f(x)− f(y) ≤ min{f(x+ y), f(x− y)}; (3)

B) functional equation (see ref. no 2.):

|f(x)− f(y)| = f(x+ y) + f(x− y)− f(x)− f(y); (4)

C) stability of functional equation (4) (see ref. no 2.):∥∥ |f(x)− f(y)| − [f(x+ y) + f(x− y)− f(x)− f(y)]
∥∥ ≤ ε; (5)

D) composite functional equation (see ref. no 1. and 5.):

f(f(x)− f(y)) = f(x+ y) + f(x− y)− f(x)− f(y); (6)

E) stability of composite functional equation (6) (see ref. no 4.):∥∥f(f(x)− f(y))− [f(x+ y) + f(x− y)− f(x)− f(y)]
∥∥ ≤ ε;

F) composite functional inequalities (see ref. no 3.):

f(f(x)− f(y)) ≤ f(x+ y) + f(f(x− y))− f(x)− f(y);

f(f(x)− f(y)) ≤ f(f(x+ y)) + f(x− y)− f(x)− f(y);

f(f(x)− f(y)) ≤ f(f(x+ y)) + f(f(x− y))− f(f(x))− f(y).

1. W. Fechner. On a composite functional equation on Abelian groups, Aequationes Math., 2009,
78, P. 185�193.

2. W. Fechner. Functional characterization of a sharpening of the triangle inequality, Math. Inequal.
Appl., 2010, 13:3, P. 571�578.

3. W. Fechner. On some composite functional inequalities, Aequationes Math., 2010, 79:3, P. 307�
314.

4. W. Fechner. Stability of a composite functional equation related to idempotent mappings, J.
Approx. Theory, 2011, 163, P. 328�335.

5. T. Kochanek. On a composite functional equation ful�lled by modulus of an additive function,
Aequationes Math., 2010, 80:1, P. 155�172.

6. L. Maligranda. Simple norm inequalities, Amer. Math. Monthly, 2006, 113, P. 256�260.
7. L. Maligranda. Some remarks of the triangle inequality for norms, Banach J. Math. Anal., 2008,

2:2, P. 31�41.
8. A. Tarski. Problem no. 83, Parametr 1/6 (1930), 231; Solution: M lody Matematyk 1/1 (1931),

90 (in Polish).
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Regulated Functions with Values in C(H,C):
approximation by step functions.

L. A. O. Fernandes and R. Arbach
State University of São Paulo, UNESP-Ilha Solteira, BRAZIL

lafo@mat.feis.unesp.br,roseli@mat.feis.unesp.br

We use that every regulated function f : [a, b]→ A is an uniform limit of a sequence of step
functions to construct an aproximation for integral functionals (in Dushnik sense), when A is
a Banach algebra. This is a consequence of the Theorem below.

If x, y ∈ A and c, d ∈ [a, b], we will denote by fxd and gyc (t) the �jump �functions

fxd (t) = [X[a,d[x](t) =


x , t ∈ [a, d[ ,

0 , t ∈ [d, b] ,
gyc (t) = [X]c,b]y](t) =


0 , t ∈ [a, c] ,

y , t ∈]c, b] .

We consider two Banach algebras A and B, with multiplications ×
A
and ×

B
, respectivaly,

and denote by L(A,B) the Banach algebra of linear operators between A and B.
Theorem. Let fxd , g

y
c : [a, b] → A be two jump functions, as above, c, d ∈ [a, b], c < d, and

x, y ∈ A. Consider a bounded semivariation function α : [a, b]→ L(A,B). Then∫ b

a

· d α(t) · [fxd ×B
gyc ](t) = [α(d)− α(c)] · [x×

A
y] .

The hypothesis about the family of linear operators α is su�cient to garantee the existence
of the Dushnik integral in the formula above (see the reference [6]). For examples we consider
the Banach algebras C(H,C), of all complex continuous functions, and G([a, b], C(H,C)), of
all regulated functions f : [a, b] → C(H,C). The functionals considered then are de�ned on
G([a, b], C(H,C)).

1. J. Dieudonné. Foundations of Modern Analysis. � Academic Press, 1969.
2. R. G. Douglas. Banach Algebra Techniques in Operator Theory. � Springer, 1998.
3. L. A. O. Fernandes and R. Arbach. Regulated Functions with values in the Banach Algebra of

Quaternions, ICAEM, World Congress on Engineering (WCE), 2011, 1, P. 196-201.
4. L. A. O. Fernandes and R. Arbach. Integral Functionals on the Space of Regulated Functions with

values in Banach Algebras, 8TH International Conference on Functions Spaces, Di�erential Operators
and Nonlinear Analysis, FSDONA 2011, Tabarz/Thuringia, Germany, 2011.

5. D. Franková. Regulated Functions, Mathematica Bohemica, 1991, 116:1, P. 20-59.
6. C. S. Hönig. Volterra-Stieltjes Integral Equations. Math. Studies 16, North Holland Publ.

Company, 1975.
7. C. Go�man, G. Moran and D. Waterman. The Structure of Regulated Functions, Proceedings

of the American Mathematical Society, 1976, 57:1, P. 61-65.
8. W. Rudin. Functional Analysis: second edition. � McGraw-Hill, 1991.
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Bounds on the range of multivariate rational
functions by Bernstein expansion with applications

J�urgen Garlo�, Andrew P. Smith
Faculty of Computer Science, University of Applied Sciences (HTWG) Konstanz

garlo�@htwg-konstanz.de

Bernstein polynomials are often used for the approximation of multivariate polynomials.
The expansion of a given n-variate polynomial p into Bernstein polynomials can also be used
to tightly bound the range of p over an n-dimensional box, see [1, 4]. The interval spanned
by the minimum and the maximum of the coe�cients of this expansion encloses the range. A
disadvantage of this approach is that the number of the coe�cients to be computed explicitly
grows exponentially with the number of variables n. In [3] a method was presented by which
the number of coe�cients which are needed for the enclosure is only approximately linear in
the number of the terms of the polynomial.

The talk addresses the question of the way in which the tight bounds on the range of a
polynomial can be employed to construct bounds on the range of the ratio of two multivariate
polynomials. The naive method of bounding the ranges of the two polynomials independently
and dividing the two resulting intervals neglects the dependency between the variables of the
polynomials and may result in gross overestimation of the range.

In our talk, a linearisation technique is presented which leads to much tighter enclosures for
the ranges of rational functions.

In the second part of our talk, we apply these bounds to the enclosure of the solution
set of a parametric system of linear equations. This is a system of linear equations where
the coe�cients of the matrix and the right hand side depend on parameters which vary within
given intervals. We employ a parametric residual iteration based on interval arithmetic [2] which
requires bounding the range of a multivariate rational function over a box. Applications to the
veri�ed solution of some simple �nite element models for truss structures are also presented.

1. J. Garlo�. Convergent bounds for the range of multivariate polynomials, in K. Nickel, ed., Interval
Mathematics 1985, Lecture Notes in Computer Science vol. 212, 37�56. - Berlin, Heidelberg, New York:
Springer, 1986.

2. J. Garlo�, E. D, Popova, and A. P. Smith. Solving linear systems with polynomial parameter
dependency with application to the veri�ed solution of problems in structural mechanics, in A. Chi-
nchuluun, P. M. Pardalos, R. Enkhbat, and E. N. Pistikopoulos, eds., Proceedings of the International
Conference on Optimization, Simulation and Control, Ulaanbaatar, Mongolia (2010), Series Springer
Optimization and Its Applications, Springer-Verlag, to appear.

3. A. P. Smith. Fast construction of constant bound functions for sparse polynomials, J. Global
Optimization, 2009, 43 (2�3), P. 445�458.

4. M. Zettler and J. Garlo�. Robustness analysis of polynomials with polynomial parameter
dependency using Bernstein expansion, IEEE Trans. Automat. Contr., 1998, 43, P. 425�431.

On the Convergence and Summability of Multiple
Fourier series of Functions of Bounded Partial

Generalized Variation
Ushangi Goginava

Tbilisi State University, Georgia
zazagoginava@gmail.com

The convergence and summability by Ces�aro method of multiple Fourier series of functions
of bounded partial Λ -variation is investigated. The su�cient and neccessary conditions on the
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sequence Λ = {λn} found for the convergence of partial sums and Ces�aro means of Fourier series
of functions of bounded partial Λ -variation. We introduce a new concept of Λ -variation of
bivariate functions and investgate its connection with the convergence of double Fourier series.

On Lomonosov Spaces
Omer Gok

Yildiz Technical University, Istanbul, Turkey
gok@yildiz.edu.tr

Let A ⊂ C (K,X) be a subset of the space C (K,X) of continuos functions from a topological
space K to a locally convex space X.The convex subset L (A) ⊂ C (K,X),de�ned by

L (A) = {
∑n

k=1 akTk : Tk ∈ A, ak ∈ C(K,X)and
∑n

k=1 ak = 1;n <∞} is called the
Lomonosov space associated with the set A, and a function γ ∈ L (A) is called a Lomonosov
function.

The set S = {x′ ∈ X ′ : ‖x′‖ ≤ 1} denotes the unit ball in the dual space X ′ equipped with
its weak∗ toplology.

In this talk we give a characterization of transitivity for the algebra m (C (K)) in terms of
the Lomonosov space L((m(C(K)))∗) with respect to the uniform topology induced on C(S,X ′)
by the weak∗ topology on the dual Banach space X ′.

1. Abramovich Y.A., Arenson E.L., Kitover A.K. Banach C(K)-Modules and Operator Preserving
Disjointness, 277. � J.Wiley, Essex, 1992.

2. Simonic A. A construction of Lomonosov functions and applications to the invariant subspace
problem, Pasi�c J.Math., 1990, 175, P. 257-270.

Trigonometric series and correlation between
continuous and discrete in natural sciences

M.L. Gorbachuk and V.I. Gorbachuk
Institute of Mathematics, National Academy of Sciences of Ukraine

imath@horbach.kiev.ua

As is well-known, trigonometric series, which emerged in 17th centure, have played especi-
ally important role in the further development of mathematics. It su�ces to recall that the
problem of trigonometric-series expansions of functions has stimulated appearing a number
of basis notions of mathematical analysis, such, for example, as function, generalized functi-
on, convergence, summability of a series, integral, variation etc, and led to �nding one of the
fundamental methods for solution of problems of mathematical physics, namely,the separation
of variables method.

However, since antiquity, the development of natural, in particular, mathematical sciences
was being realized under the in�uence of two opposite, but sometimes interconnected tendenci-
es. Their essence may be characterized by the words continues and discrete. The theory of
trigonometric series, created under impact of contradiction between these notions, established
their one-to-one correspondence with each other, and made it possible to give for various physi-
cal processes both continuous and discrete interpretation simulteneously.

In the talk, the attention is focussed on the following topics connected with relationship
between continuity and discreteness in the di�erent historical periods:

• the discussions among Hellenic mathematicians (Pythagorean school's views, Zeno
papadoxes, Democrite geometric atom, Eudox ratio theory, Archimedes' view points on
the possibility of co-existence of continuous and discrete);
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• the wave and corpuscular light theory and power series (Huygens, Newton);

• the waves superposition principle and trigonometric series (discussion by d'Alembert,
Euler, and D. Bernoulli);

• the heat theory and representation of a function in the form of trigonometric series
(Lagrange, Fourier, Poisson, Ostrogradskii, Dirichlet, Riemann, Du Bois-Reymond, Fejér,
Luzin);

• wave and matrix quantum mechanics and Riesz-Fisher theorem;

• generalized functions and trigonometric series.

The especial attention is given to the subjects of the latter item.

On approximation of solutions of the Cauchy
problem for parabolic differential equations in a

Banach space
V.M. Gorbachuk

National Technical University of Ukraine "KPI Kyiv, Ukraine
volod@horbach.kiev.ua

Let A be a closed linear operator with dense domain D(A) in a Banach space B. Denote
by G{0}(A) the space of entire vectors of exponential type for the operator A:

G{0}(A) = {x ∈
⋂
n∈N

D(An)
∣∣∃α > 0,∃c = c(x) > 0,∀k ∈ N : ‖Akx‖ ≤ cαk}.

Consider the Cauchy problem

y′(t) = Ay(t), t ∈ (0,∞), (1)

y(0) = x, x ∈ B. (2)

If the operator A is bounded, then G{0}(A) = B, and the solution of problem (1)-(2) is
represented in the form

y(t) =
∞∑
k=0

tkAkx

k!
. (3)

Moreover, series (3) converges uniformly on each compact setK ⊂ C, and the following estimate
holds: ∥∥∥∥∥y(t)−

n∑
k=0

tkAkx

k!

∥∥∥∥∥ ≤ c1
tn+1

(n+ 1)!
αn+1, α ≤ ‖A‖, 0 < c1 = const. (4)

If A is unbouded, then series (3) may, generally, be nonconvergent for any x ∈ B, x 6= 0,
even in the case where problem (1)-(2) is uniformly correct. But for x ∈ G{0}(A), this series
converges and estimate (4) is ful�lled.

We show that the condition G{0}(A) = B and correctness of problem (1)-(2) imply that
every solution y(t) of (1)-(2) admits the approximation by polynomials Pn(t) of the form

Pn(t) =
n∑
k=0

cknt
k, ckn =

Akxn
k!

,
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where G{0}(A) 3 xn → x in B as n → ∞, and give an estimate for the approximation error
by means of both the error of approximation of x by entire vectors xn of exponential type for
the operator A and estimate (4) for the solutions yn(t) of (1)-(2) with x = xn. Observe that
such approximation may be used in the case where A is the generating operator of an analytic
semigroup of linear operators with angle θ = π

2
, whose resolvent Rλ(A) satis�es the condition

1∫
0

ln lnM(s) ds <∞, M(s) = sup
λ:=λ≥s

‖Rλ(A)‖,

when approaching to the real axis. The latter takes place if, for example, A is an upper semi-
bounded selfadjoint operator on a Hilbert space.

The method proposed above is applicable to the construction of approximate solutions of
the Cauchy problem for certain classes of systems of parabolic partial di�erential equations.
Note also that the similar results are valid for solutions of the Dirichlet problem for an abstract
elliptic equation in a Banach space.

Riesz potentials on commutative hypergroups
Mubariz G. Hajibayov

National Aviation Academy, Baku, Azerbaijan,
Institute of Mathematics and Mechanics, Baku, Azerbaijan

hajibayovm@yahoo.com

Let (K, ∗) a commutative hypergroup (see [1 ], [2]). It is well known that every commutative
hypergroup K possesses a Haar measure which will be denoted by λ. That is, for every Borel
measurable function f on K,∫

K

f(δx ∗ δy)dλ(y) =

∫
K

f(y)dλ(y) (x ∈ K),

where δz is a point measure on K. De�ne the generalized translation operators T x, x ∈ K, by

T xf(y) =

∫
K

fd(δx ∗ δy)

for all y ∈ K. If K is a commutative hypergroup, then T xf(y) = T yf(x) and the convolution
of two functions is de�ned by

(f ∗ ϕ)(x) =

∫
K

T xf(y)ϕ(y∼)dλ(y),

where y∼ is a involution of y ∈ K For 1 < p <∞, the Lebesgue space Lp (K,λ) is de�ned as

Lp (K,λ) = {f : f isλ -measurable onK, ‖f‖p =

∫
K

|f (x)|p dλ (x)

 1
p

<∞}

Let ρ(x, y) be a quasi-metric on K and e be an identity element of hypergroup K. De�ne a
ball B(e, r) = {y ∈ K : ρ(e, y) < r} with a center e and a radius r. Let

λB(e, r) = ArN , (1)
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where A is a positive constant.
For 0 < α < N , de�ne the Riesz potential

Iαf(x) =
(
ρ(e, ·)α−N ∗ f

)
(x),

on commutative hypergroup (K, ∗).
Theorem. Let (K, ∗) be a commutative hypergroup, with quasi-metric ρ and Haar measure

λ satisfying (1). Assume that 1 < p < ∞, 0 < α <
N

p
. If f ∈ Lp (K,λ), then Iαf ∈ Lq (K,λ)

and
‖Iαf‖q ≤ C‖f‖p,

where
1

q
=

1

p
− α

n
and C =

3pq

p− 1

(
p

q

) 1
p
− 1
q N

α
A

N−α
N .

1. W. R. Bloom and H. Heyer. Harmonic analysis of probability measures on hypergroups. � Berlin:
de Gruyter Stud. Math., vol. 20, Walter de Gruyter & Co., 1995.

2. R. L. Jewett. Spaces with an abstract convolution of measures, Adv. in Math., 1975, 18:1,
P. 1 � 101.

Logarithms of entire functions form nowhere dense
set in the space of plurisubharmonic functions

Markiyan Hirnyk
Lviv Academy of Commerce, Lviv, Ukraine

hirnyk@yandex.ua

We need a few de�nitions to formulate our result. A sequence of plurisubharmonic functions
un is said to converge exponentially and uniformly on compacts to the function u if expun
converges to expu uniformly on compacts. One can prove that the limit function u is pluri-
subharmonic too. As far as we know it, we introduce this convergence in the �rst time. The
topology in the space of all the plurisubharmonic functions PSH, induced by exponential
convergence, is also generated by the following metrics. Let Cj be an exhausting sequence of
compacts, i. e. ∀j(Cj ⊂ Cj+1), ∪∞j=1Cj = Cp. We put dj(u, v) := sup{| expu(z)− exp v(z)| : z ∈
Cj}. Then the metrics on PSH is de�ned by

d(u, v) :=
∞∑
j=1

2−jdj(u, v)

1 + dj(u, v)
. (1)

Our principal result is as follows.
Theorem. The set of the logarithms of the moduli of entire functions log |E| is nowhere

dense in PSH with metrics (1).
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On Convergence of N�orlund Branched Continued
Fraction on Polydisc

Natalya Hoyenko, Lesya Manzij, Volodymyr Hladun
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

National University �Lvivska Politechnika�, Lviv, Ukraine
hoyenko@gmail.com, lesly@ukr.net, v_hladun@yahoo.com

Let

v0(z) +
∞
D
k=1

N∑
ik=1

ui(k)(z)

vi(k)(z)

be the N�orlund branched continued fraction with coe�cients

ui(k)(z) =
(a+ k)(bik + pi(k))

(c+ k − 1)(c+ k)
zik(1− zik), k = 1, 2, . . . ,

vi(k)(z) = 1− a+ k

c+ k
zik −

N∑
j=1

bj + pi(k)j

c+ k
zj, k = 0, 1, 2, . . . ,

where a, b1, . . . , bN , c are complex numbers (c 6= 0,−1,−2, . . .), z = (z1, z2, . . . , zN) ∈ CN ,

i(n) ∈ I = {i(k) = i1i2 . . . ik : is = 1, N, s = 1, k, k ∈ N}, i(0) = 0, zi0 = z1, pi(k) =
k−1∑
l=1

δikij + δ1
ik
,

i = 1, N , and δji is the Kronecker symbol.
Using the correspondence of the N�orlund branched continued fraction to the formal multi-

ple power series [1] and convergence remains of the N�orlund branched continued fraction, we
proved the uniformly convergence of the N�orlund branched continued fraction on a polidysc for
arbitrary complex parameters of the Lauricella functions [2].

Theorem. Let a, b1, . . . , bn, c are complex numbers (c 6= 0,−1,−2, . . .), then the N�orlund
branched continued fraction (

v0(z) +
∞
D
k=1

N∑
ik=1

ui(k)(z)

vi(k)(z)

)−1

converges uniformly on every compact subset of the polydisc

G :=
{
z ∈ CN : |zj| < 1/8, j = 1, N

}
to the ratio of the Lauricella hypergeometric functions

F
(N)
D (a+ 1, b1 + 1, b2, . . . , bN ; c+ 1; z)

F
(N)
D (a, b1, b2, . . . , bN ; c; z)

.

1. Jones W. B., Thron W. J. Continued fractions: analytic theory and applications. � London,
Amsterdam, Don Mills, Ontario, Sydney, Tokyo, 1980.

2. Exton H. Multiple hypergeometric functions and applications. � New York�Sydney�Toronto,
Chichester, Ellis Horwood, 1976.
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Copositive Approximation By Elements of Finite
Dimensional Chebyshev Subspaces of C(Q)

Aref Kazem Kamal
Dept Of Math & Stat., S. Q. University, Oman

akamal@squ.edu.om

If M is a subspace of C(Q), f ∈ C(Q) and g ∈ M , then g is said to be "copositive" with
f on Q if f(x)g(x) ≥ 0 for all x ∈ Q. The element g0 ∈ M is called a "best copositive
approximation" for f from M if g0 is copositive with f on Q and; ||f − g0|| = inf{||f − g||;
g ∈ M , and g is copositive with f on Q}. If Q is a compact subset of real numbers then the
n-dimensional subspace M of C(Q) is called a "Chebyshev subspace of C (Q)" if each g 6= 0 in
M has at most n − 1 zeros. If each g ∈ M has no more than n − 1 changes of sign then the
n-dimensional Chebyshev subspace M is called a "Strong Chebyshev subspace".

In this talk the author writes a simple characterization for the best copositive approximation
for elements of C(Q) by elements of �nite dimensional Strong Chebyshev subspacesM of C(Q).
The results are given when Q is any compact subset of real numbers. He will also show that this
best copositive approximation is unique. At the end of the talk the author applies this result
for di�erent types of Q.

Solution to time dependent wave propagation in an
unbounded medium using a numerical Laplace

transform and potential theory
Korey Kilburn

Edinboro University of Pennsylvania, USA
kkilburn@edinboro.edu

This talk presents the development of a semi-analytic technique developed for the determi-
nation of far �eld acoustic radiation in the time domain. This method solves linear, time
dependent wave propagation in an unbounded medium using a numerical Laplace transform and
potential theory. The end result is a robust procedure that is accurate and computationally e�-
cient. The Transform Potential Theoretic (TPT) method is mesh-less and can handle arbitrary
geometries. The procedure assumes the linearity of the sound �eld away from a bounded region
surrounding the object. The TPT method depends on the sound pressure on the boundary of
this region (referred to as the Kirchho� surface). The Euler equations are linearized about a
uniform mean �ow. First, the problem is transformed via the Laplace transform (with appropri-
ate initial conditions) into a reduced wave equation. By application of a dependent variable
transformation, the anisotropic terms are removed and a Helmholtz-like equation with complex
wave number is obtained where both single and double layer potential theory applies. This allows
the calculation of the far-�eld acoustic pressure in the Laplace domain. Then, an inversion of
the dependent variable transform is applied. Upon application of numerical inverse Laplace
transform techniques, far-�eld acoustic pressure is then successfully obtained as a function
of space and time. Using transient monopole radiation in a uniform free-stream, accuracy is
analyzed with excellent results. This method shows many advantages over direct simulation,
including vast savings in computational time. The free-stream Mach number is only a parameter
in the TPT method and has no bearing on the run time, unlike direct methods.

1. Kilburn, Korey, A Laplace Transform/Potential-Theoretic Method For Transient Acoustic
Propagation in Three-Dimensional Subsonic Flows, Dissertation, 2010.
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Function approximation
by two-dimensional continued fractions

Khrystyna Kuchmins'ka
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NAS of

Ukraine, L'viv, Ukraine
kuchminska_khrys@hotmail.com

The two-dimensional continued fraction (TDCF) approximation of two-variable functions
are grouped into several families, the main ones being the two-dimensional C-fractions, S-
fractions, g-fractions, associated fractions, J-fractions, and both the Thiele-type and Newton-
Thiele-type interpolating TDCFs. The following properties of these TDCFs can be checked:

(i) de�ning property; (ii) symmetry property; (iii) projection property; (iv) reciprocal
property.

Inverse, reciprocal or blending partial di�erences serve to construct two-dimensional
interpola-ting continued fractions [1,2]. Passing to the limits in these fractions we receive
a Thiele-type or associated - type TDCF expansion. An alternative of this scheme for the
construction of such fractions (as in the case of the Thiele continued fraction expansion) is
based on the Viscovato�-like algorithm [1].

Approximation constructions for two-variable analytic functions are based on
correspondence of a TDCF to the formal double Taylor series. In particular, we consi-
der regular two-dimensional C-fractions

Φ0 +
∞
D
i=1

ai,iz1z2

Φi

, (1)

or
(Φ0 +

∞
D
i=1

ai,iz1z2

Φi

)−1, (2)

where
Φk = 1 +

∞
D
j=1

ak+j,kz1

1
+
∞
D
j=1

ak,k+jz2

1
, k = 0, 1, . . . , (3)

with approximants

fn = Φ
(n)
0 +

n

D
i=1

ai,iz1z2

Φ
(n−i)
i

, n = 1, 2, . . . , (4)

or
fn = (Φ

(n−1)
0 +

n−1

D
i=1

ai,iz1z2

Φ
(n−i−1)
i

)−1, n = 1, 2, . . . , (5)

where

Φ
(0)
i = 1, Φ

(k)
i = 1 +

k

D
j=1

ai+j,iz1

1
+

k

D
j=1

ai,i+jz2

1
, i = 0, 1, . . . , k = 1, 2, . . . .

We will discuss the approximate properties of other types of TDCFs, di�er from (1),(3),(4)
or (2),(3),(5) also, and the error estimates of the approximation.

1. Êó÷ìiíñüêà Õ. É. Äâîâèìiðíi íåïåðåðâíi äðîáè. � Ëüâiâ: Iíñòèòóò ïðèêëàäíèõ ïðîáëåì
ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, 2010.

2. Kuchminskaya Kh. Yo. On approximation of functions by two-dimensional continued fractions,
Lecture Notes in Math. Springer-Verlag, 1987, 1237, P. 205 � 216.
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Local error in the approximation of Bergman kernel
function

M. Kucukaslan and Y.G. Dardagan
Mersin University, Mersin, Turkey

mkucukaslan@mersin.edu.tr, ydardagan@gmail.com

Let G be a �nite region in the complex plane bounded by Jordan curve L = ∂G. Let
z0 ∈ B ⊂ G be a �xed point and K(z; z0) be the Bergman Kernel function of G with respect
to z0.

Also let Kn(z, z0) denote the n-th degree polynomial approximation to K(z, z0) given by
the classical Bergman Kernel method.

We are going to investigate approximation error of Kn(z, z0) to K(z, z0) in the weighted
L2(h,G) norm for some regions of the complex domain which has singularity on the boundary,
i.e.

‖K(·, z0)−Kn(·, z0)‖L2(h,G) ≤
c(z0, B)

nβ(h,∂G)

when the constant c(z0, B) depends on the compact subset B of G and β(h, ∂G) depends on
the properties of the weight function and geometric properties of the boundary.

Approximation of Functions by Matrix-Euler Means
of Fourier series in generalized H�older Metric

Shyam Lal
Department of Mathematics, Faculty of Science, Banaras Hindu University, Varanasi, India

shyam_lal@redi�mail.com

The degree of approximation of a function f belonging to Lipα class by N�orlund summabi-
lity method (N, pn) has been determined by several investigators like Khan[3], Qureshi[4], Lei-
ndler[5], Stepantes[2] and Lal[7]. Working in quite di�erent direction, Mazharand Totik[8], and
Chandra[6] have studied the approximation of functions in H�older space H(w). But till now no
work seems to have been done to obtain the degree of approximation of functions f belonging to
class H(w)

r , r ≥ 1, by product matrix-Euler (∆E1) summability means. In an attempt to make
an advance study in this direction, in this paper, a new estimate for degree of trigonometric
approximation of a function f ∈ H

(w)
r space has been determined. It is important to note

that space H(w)
r r ≥ 1 is a generalization of H(w) and H(α),r and Hα spaces. Some important

applications of main theorem has been also investigated.
In fact we prove the following:
Theorem. Let ∆ = (an,k) be a regular lower triangular in�nite matrix such that an,k ≥ 0,

n−1∑
k=0

|∆an,k| = O

(
1

n+ 1

)
, (n+ 1)am,n = O(1).

If f : [0, 2π]→ R is 2π-periodic, Lebesgue integrable on [0, 2π] and is belonging generalized
H

(w)
r class r ≥ 1; w, v be positive, non-decreasing then the degree of approximation of f by

triangular-Euler means t∆En =
n∑
k=0

an,k
1

2k

k∑
ν=0

(
k

ν

)
sν of its Fourier series is given by

∥∥t∆En − f
∥∥(v)

r
= O

(
1

n+ 1

∫ π

1
n+1

w(t)

t2v(t)
dt

)
.
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Approximation of holomorphic functions by Zygmund
means

Iryna Meremelia
Institute of Mathematics of NAS of Ukraine, Kyiv

irameremelya@gmail.com

Let f(z) =
∑∞

k=0 f̂kz
k, f̂k := f (k)(0)/k!, be a holomorphic function in the unit disk D :=

= {z ∈ C : |z| < 1} and

Zn,r(f)(z) :=
n−1∑
k=0

(
1− kr

nr

)
f̂kz

k, r, n ∈ N,

be a Zygmund means of Taylor series of function f .
We determine the exact value of the quantity

En(Hm+r
p ;Zn,r) := sup{‖f − Zn,r(f)‖p : f ∈ Hm+r

p },

where

Hm+r
p :=

{
f : f is holomorphic in D and

∥∥∥∥ ∂m+r

∂θm+r
f(z)

∥∥∥∥
p

≤ 1, θ = arg z

}
, m ∈ N,

and ‖ · ‖p is a norm in the Hardy space Hp.
Theorem 1. Let 1 ≤ p ≤ ∞, r ∈ N. Then for any m ∈ N

En(Hm+r
p ;Zn,r) =

1

nr
∀ n ∈ N.

In the case when m = 0 we have the following statement.
Theorem 2. Let 1 ≤ p ≤ ∞, r ∈ N. Then

1

nr
≤ En(Hr

p ;Zn,r) ≤
2r

(n+ 1)r
∀ n ∈ N.
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It was shoved by A. Zygmund [1] that inequalities En(Hr
p ;Zn,r) ≤ Arn

−r, r ∈ N, holds for
some constant Ar. But compared with our result the constant Ar is strictly greater than 2r.

For r = 1 the theorems 1 and 2 was proved by V.V. Savchuk [2,3].
1. Zygmund A. The approximation of functions by typical means of their Fourier series, Duke Math.

J., 1945, 12, P. 695�704.
2. Ñàâ÷óê Â.Â. Ïðèáëèæåíèÿ ñðåäíèìè Ôåéåðà ôóíêöèé êëàññà Äèðèõëå, Ìàò. çàìåòêè, 2007,

81:5, Ñ. 744 � 750.
3. Ñàâ÷óê Â.Â. Íàáëèæåííÿ êëàñiâ ãîëîìîðôíèõ ôóíêöié ñóìàìè Ôåé¹ðà, Òåîðiÿ íàáëèæåííÿ

ôóíêöié òà ñóìiæíi ïèòàííÿ: Çá. ïð. Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2012, 9:1, Ñ. 309� 323.

Trigonometric approximation of functions of
generalized Zygmund class by Hausdorff matrix

summability means of its Fourier series
Abhishek Mishra

Banaras Hindu University, Varanasi, India
abhi87mangal@gmail.com

Alexits [3] investigated the degree of approximation of functions f ∈ Lipα, 0 < α < 1
by (C, δ) means of its Fourier series. Later on Khan and Ram [4] has obtained an estimate of
degree of approximation by Euler's mean for functions belonging to Lip(ξ(t), r). Working in a
slight di�erent direction Lal and Singh [5] obtained the degree of approximation by product
summability of the form (C, 1)(E, 1). Being the product of two Hausdor� matrices (C, 1)(E, 1)
means is also a Hausdor� matrix. Recently Rhoades, Ozkoklu and Albayrak [3] established a
theorem on the degree of approximation of functions f ∈ Lip(α, r) class by regular Hausdor�
means of its Fourier series. But till now no work seems to have been done to obtain the degree of
approximation of functions of generalized Zygmund class by regular Hausdor� matrix summabi-
lity means. It is important to note that Lipschitz class is a sub class of Zygmund class. In an
attempt to make an advance study in this direction, in this paper, a new theorem on the
degree of approximation of functions of generalized Zygmund class by regular Hausdor� matrix
summability means of its Fourier series has been established in the following form

Theorem. If f : [0, 2π]→ R is 2π-periodic, Lebesgue integrable on [0, 2π] and is belonging
to the class Zyg(ξ, r), (r ≥ 1), then its degree of approximation by regular Hausdor� matrix
summability means tHn of its Fourier series satis�es,

∥∥tHn − f∥∥r = O

(
1

n+ 1

∫ π

1
n+1

ξ(t)

t2
dt

)

for n=0,1,2,3,...,

provided ξ(t) is a positive monotonic non-decreasing function of t.

Some important and interesting applications of the main theorem has also been obtained in
the form of corollaries.

1. A. Zygmund. Trigonometric series, 2nd rev.ed. I. -Cambridge: Cambridge Univ. Press, 1968.
2. B.E. Rhoades, Kevser Ozkoklu and Inci Albayrak. On the degree of approximation of functions

belonging to a Lipschitz class by Hausdor� means of its Fourier series, Applied Mathematics and
Computation, 2011, 217, P. 6868-6871.

3. G. Alexits. Convergence problems of orthogonal series. � London: Pergamon Press, 1961.
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4. Huzoor H. Khan and Govind Ram. On the degree of approximation, Ser. Math. Inform., 2003,
18, P. 47�57.

5. Shyam Lal and Prem Narain Singh. On the approximation of Lip(ξ(t), p) function by (C, 1)(E, 1)

means of its Fourier series, Indian J. pure appl. math., 2002, 33:9, P. 1443-1449.

On the Asymptotic Stablity of Bound States in 4D
Quadratic Schr�odinger Equation

�Ozg�ur M�zrak
Mersin University, Mersin, Turkey

ozgurmizrak@gmail.com

In this work the quadratic nonlinear Schr�odinger equation in four space dimensions with
potential is considered.

i
∂u

∂t
= (−∆ + V )u+ λ|u|u, x ∈ R4, t ∈ R, λ ∈ R

Asymptotic stability of the nonlinear bound states, ie. periodic in time localized in space soluti-
ons is studied. It is shown that all solutions with small, localized in space initial data, converge
to the set of bound states. Hence, the center manifold in this problem is a global attractor.
This result is coincides with papers of Pillet and Wayne [1] and So�er and Weinstein [2]. Our
method is better in the sense that ours is also applicable to sub-quadratic nonlinearities.

1. Claude-Alain Pillet and C. Eugene Wayne. Invariant manifolds for a class of dispersive, Hami-
ltonian, partial di�erential equations, J. Di�erential Equations, 1997, 141:2, P. 310�326.

2. A. So�er and M. Weinstein. Multichannel nonlinear scattering. II. The case of anisotropic potenti-
als and data, J. Di�erential Equations, 1992, 98, P. 376�390.

A Common Fixed Point Theorem for Weakly
Compatible Mappings in Non-Archimedean Menger

PM-Spaces
Amit Singh

Govt. Degree College Billawar, Jammu and Kashmir, INDIA
singhamit841@gmail.com

In the present paper we prove a unique common �xed point theorem for four weakly compati-
ble self maps in non-Archimedean Menger PM-spaces without using the notion of continuity.
Our result generalizes and extends the results of Khan and Sumitra [1] and others.

1. M.A. Khan, Sumitra. A common �xed point theorem in non-Archimedean Menger PM-space,
Novi Sad J. Math., 2009, 39:1, P. 81-87.
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A Note About Connected Topological Groups
Ali Tavakoli

Department of Mathematics, Majlesi Branch, Islamic Azad University, Isfahan, Iran
at4300125@gmail.com

In this paper we will give the positive answer to the following problem proposed by
N. Aronszajn (Problem 2.48 of [1]);
Let G be a connected topological group locally satisfying some identical relation f |U = 1, where
U is a neighborhood of the identity element of G. Is it true that f |G = 1?
We have the following theorems:
Theorem 1. All locally relation satisfy for discrete topological groups.
Theorem 2. For every Abelian connected topological groups and every compact connected
topological groups, the Aronszajn' problem has positive answer.

1. V. D. Mazurov and E. I. Khukhro. The kourovka notebook, Unsolved problems in group theory,
Seventeenth edition, Russian Academy of Sciences Siberian Division, Institute of Mathematics, Novosi-
birsk, 2010.

Approximation Properties of some Positive Linear
Operators with two Variables

Tuncay Tunc, Ersin Simsek
Mersin University, Mersin, Turkey

ttunc77@hotmail.com, ersinnsimsek@hotmail.com

In this study, we introduce some two dimensional hybrid positive linear operators by means
of Szasz-Mirakyan and Bernstein operators and investigate some approximation properties of
these operators in the space of functions which are continuous on some compact subsets of two
dimensional Euclidean space. We also �nd the order of this approximation by using modulus
of continuity, and give the Voronovskaya-type theorem for the sequence of this operators.
Furthermore, we obtain the partial derivatives of this operators for a given function, converges
the partial derivatives of the function.

Approximation of differentiable functions to
average by polynomials in a segment and by entire

functions of exponential type at the whole real axis
S.B. Vakarchuk

Albert Nobel University, Dnipropetrovs'k, Ukraine
sbvakarchuk@mail.ru

Let us consider one of the obtained results according to the theme, indicated at the title
of abstract. Di�erent aspects of the approximation by entire functions of exponential type at
the whole real axis R := {x : −∞ < x < ∞} were studied in the works of S.N. Bernshtein,
N. I. Akhiezer, S.M. Nikolsky, A. F. Timan, M.F. Timan, I. I. Ibragimov and many others (see,
for example, [1] - [3]). Let Lr2(R), r ∈ N, be a class of functions f ∈ L2(R), whose derivatives
f (r−1) (f (0) ≡ f) are locally absolutely continuous and f (r) ∈ L2(R). For f ∈ L2(R) we assume
Aσ(f)2 := inf{‖f − g‖2 : g ∈ Bσ,2} where Bσ,2 is the subspace of entire functions of exponential
type 6 σ belonging to L2(R).

Let ωk(f, t)2 be the integral modulus of continuity of k-th order for a function f ∈ L2(R).
We assume the ratio 0/0 be equal to zero.
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Theorem. Let 0 < σ < ∞; 0 < t 6 π/σ;µ, r ∈ Z+, µ 6 r; k ∈ N; 0 < p 6 2; ψ is a
nonnegative measurable and summable function at the segment [0, t] which is nonequivalent to
zero. Then the next double inequalities hold

1

βσ,k,µ,p(ψ, t)
6 sup

f∈Lr2(R)

Aσ(f (r−µ))2{
t∫

0

ωpk(f
(r), t)2ψ(τ)dτ

}1/p
6

1

inf{βu,k,µ,p(ψ, t) : σ 6 u <∞}
,

and
1

σµ(σt)k
6 sup

f∈Lr2(R)

Aσ(f (r−µ))2

ωk(f (r), t)2

6
1

σµ

{
1

2
+

1

(σt)2

}k/2
,

were

βu,k,µ,p(ψ, t) := 2k/2uµ


t∫

0

(1− cosuτ)kp/2 ψ(τ)dτ


1/p

(in the case r = 0 L0
2(R) ≡ L2(R) and sup is calculated in terms of functions f ∈ L2(R) which

are nonequivalent to zero).
For classes of functions determined by means of the modulus of continuity, the exact values

of the linear, Bernshtein and Kolmogorov average widths are found in L2(R).
1. Vakarchuk S.B. Exact constant in an inequality of Jackson type for L2 approximation on the line

and exact values of mean widths of functional classes, East Journal on Approximations, 2004, 10:1, P.
27�39.

2. Vakarchuk S.B., Vakarchuk M.B. On the best mean square approximation by means of entire
functions of �nite degree on the straight line, Bulletin of Dnipropetrovsk University. Mathematics,
2009, 17:14, P. 36�41 (in Russian).

3. Vakarchuk S.B., Doronin V.G. The best mean square approximation by entire functions of �nite
degree at the line and exact values of the mean widths of functional classes, Ukrainian Mathematical
Journal, 2010, 62:8, P. 920�941.

On the approximation of higher derivatives of
interpolating splines

Yuriy S. Volkov
Sobolev Institute of Mathematics, Novosibirsk, Russia

volkov@math.nsc.ru

It is well known that polynomial splines s(x) interpolating the values of a smooth functi-
on f(x) possess good approximation properties; moreover, not only such splines approximate
the function f(x), but also their derivatives s(k)(x) approximate the corresponding derivatives
f (k)(x) of the function being interpolated. We suppose that simple spline s(x) of degree 2n− 1
interpolates the values of a su�ciently smooth function f(x) at the points of the partition
∆ : a = x0 < x1 < . . . < xN = b. Most surprisingly, we can approximate the derivative f (2n)(x)
of the interpolated function, although the derivative of any link (a polynomial piece) of such a
spline is identically zero. It is the value of the discontinuity

βi = s(2n−1)(xi + 0)− s(2n−1)(xi − 0)

of the highest, (2n− 1)th, derivative of the spline at the point xi divided by the step-width of
the uniform grid (called a jump) that approximates the (2n)th derivative of the function f(x).
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We discuss the problems of the approximation of derivatives of the interpolation spline and
the convergence of the interpolation process. The interrelation of questions of approximation
of the higher and lower derivatives is shown. Found that the jump can not only approximate
the (2n)th derivative on uniform grids, but also on some nonuniform special grids.

This work was supported by the Russian Foundation for Basic Research (project 11-07-
00447), and by the Joint Projects of the Siberian Branch of the Russian Academy of Sciences
and the Ural Branch of the Russian Academy of Sciences (project 2012-32).

On the two-dimensional moment problem
Sergey M. Zagorodnyuk

V.N. Karazin Kharkiv National University, Ukraine
Sergey.M.Zagorodnyuk@univer.kharkov.ua

We present an algorithm towards solving the two-dimensional moment problem. Recall that
this problem consists of �nding a non-negative Borel measure µ in R2 such that (see [1-3])∫

R2

xm1 x
n
2dµ = sm,n, m, n ∈ Z+,

where {sm,n}m,n∈Z+ is a prescribed sequence of complex numbers.
The algorithm gives the necessary and su�cient conditions for the solvability of the moment
problem. An idea of our algorithm is to extend the symmetric operators related to the two-
dimensional moment problem, not "entirely", but on a discrete set of points. It is shown that
all solutions of the two-dimensional moment problem can be constructed on this way. Roughly
speaking, the �nal algorithm reduces to the solving of �nite and in�nite linear systems of
equations with parameters.
In a consequence, analogous results are obtained for the complex moment problem.

1. J.A. Shohat, J.D. Tamarkin. The Problem of Moments. � New York City: Amer. Math. Soc.,
1943.

2. N.I. Akhiezer. Classical Moment Problem. � Moscow: Fizmatlit., 1961. (in Russian).
3. Ju.M. Berezanskii. Expansions in Eigenfunctions of Selfadjoint Operators. � Providence, RI:

Amer. Math. Soc., 1968. (Russian edition: Naukova Dumka, Kiev, 1965).
4. S.M. Zagorodnyuk. On the two-dimensional moment problem, Ann. Funct. Anal., 2010, 1:1,

P. 80�104.

140



Iìåííèé ïîêàæ÷èê / Author Index

Àâä¹¹âà Ò.Â. 10
Àãîøêîâà Ò.À. 10
Àäàìîâ À.Í. 11
Àêèøåâ Ã. 12
Àíòîíîâà Ò. 13
Áàáåíêî Â.Ô. 14, 15, 16, 17, 18, 19
Áàáié Í.À. 61
Áàéäàêîâà Í.Â. 20
Áàðàí Î.�. 20
Áèëàëîâ Á.Ò. 21, 22
Áèëè÷åíêî Ð.Î. 14
Áîãäàíîâ Â.Â. 23
Áîäåí÷óê Â.Â. 94
Áîäíàð Ä.I. 24
Áîäðàÿ Â.I. 25, 26
Áîéöóí Ë.Ã. 27
Áðÿçêàëî Ò.À. 71
Áóáíÿê Ì.Ì. 24
Áóøåâ Ä.Ì. 27
Âàêàð÷óê Ñ.Á. 44
Âîéòîâè÷ Â.À. 28
Âîëêîâ Þ.È. 30
Âîëêîâíèöüêèé Ä.Ñ. 31
Âîëîøèí Ã.À. 32, 33
Ãàáäóëëèí Ì.Ð. 34
Ãàåâñêèé Ì.Â.
Ãàï'ÿê I.Â. 36
Ãåðàñèìåíêî Â.I. 36
Ãíàòþê Â.Î. 36, 37, 41
Ãíàòþê Þ.Â. 36, 37, 41
Ãîëóá À.Ï. 38
Ãîðèñëàâåöü Ò.Â. 35, 39
Ãðàáîâà Ó.Ç. 40
Ãóäèìà Ó.Â. 36, 37, 41
Ãóëèåâà Ô.À. 21
Äæàáðàèëîâà À.Í. 50

Äåìêiâ I. 63
Äåíåãà I.Â. 42
Äåðåâ'ÿíêî Í.Â. 43
Æèð Ñ.È. 44
Çàäåðåé Í.Ì. 39
Çàäåðåé Ï.Â. 35, 45
Çàäîðîæíèé Î.Î. 46
Çàðèöüêà Ç.Â. 54
Çàøêiëüíÿê I.Ì. 104
Çåëèíñêèé Þ.Á. 47
Çiêðà÷ Ä.Þ. 47
Çîíòîâ Â.À. 15
�âòóøîê Â.Ï. 61
Èâàùóê Î.Â. 25, 26
Iâàùóê ß.Ã. 48
Iëëi÷åâà Ë.Ì. 10
Iëüêiâ Â.Ñ. 49
Èñìàéëîâ Ì.È. 50
Êàëü÷óê I.Â. 46
Êàðëîâà Î.Î. 51
Êàöàëà Ð.À. 52
Êîâàëåíêî Î.Â. 16
Êîâàëü÷óê Î.ß. 24
Êîíîãðàé À.Ô. 53
Êîðåíêîâ Ì.�. 54
Êîðåíîâñêèé À.À. 55
Êîñòåíêî I.Ñ. 104
Êîôàíîâ Â.À. 56
Êîøåëåâ À.À. 57
Êóëèê Ã.Ì. 58
Êóðèëÿê A. 59
Ëàñóðèÿ Ð.À. 60
Ëåâ÷åíêî Ä.À. 17
Ëè÷àê Ì.Ì. 61
Ëií÷óê Þ.Ñ. 62
Ëþáèöüêà Î.Ç. 104

141



Ìàêàðîâ Â. 63
Ìàðêîâñêèé À.Í. 64
Ìàñëþ÷åíêî Â.Ê. 32, 33, 65
Ìàòâèþê Ë.Â. 66
Ìåùåðÿêîâà Þ.È. 67
Ìèðîíèê Î.Ä. 51
Ìèðîíþê Â.Â. 68
Ìèðîøíè÷åíêî Â.Ë. 69
Ìóñi¹íêî À.Ï. 95
Íàäæàôîâ À.Ì. 70
Íàäæàôîâ Ò.È. 22
Íàçàðåíêî Ì.Î. 71, 72
Íåñòåðåíêî Â. 73
Íåñòåðåíêî Í.Â. 74
Íåñòåðåíêî Î.Í. 33
Íèòðåáè÷ Ç.Ì. 75
Íîâàê ß. 76
Íîâèêîâ Î.À. 77
Íîâèêîâ Ñ.È. 78
Îâñèé Å.Þ. 96
Îðóäæîâà À.Ò. 70
Îñòðîâñüêà Î.Â. 79
Ïàãiðÿ Ì.Ì. 79
Ïàðôèíîâè÷ Í.Â. 18
Ïà÷óëèà Í.Ë. 80
Ïåëåõ Ð.ß. 81
Ïåëåõ ß.Ì. 82
Ïåëåøåíêî Á.È. 83
Ïiääóáíèé Î.Ì. 84
Ïîïîâ À.Þ. 85
Ïðèáåãèí Ñ.Ã. 86
Ïðèéìàê Ì.Â. 86
Ïòàøíèê Á.É. 87
Ïóêà÷ Ï.ß. 88
Ðàäçèåâñêàÿ Å.È. 89
Ðûáíèêîâà Ò.È. 27
Ðîâåíñêàÿ Î.Ã. 77
Ðîìàíþê À.Ñ. 90

Ðîìàíþê Â.Ñ. 91
Ñàâåëà Ñ.Â. 19
Ñàâêà I.ß. 49
Ñàâ÷óê Â. 92
Ñàâ÷óê Ì. 92
Ñàíäðàêîâ Ã.Â. 93
Ñåìèðåíêî Ò.Í. 83
Ñåðäþê À.Ñ. 40, 93, 94, 95, 96, 97
Ñèìîòþê Ì.Ì. 49, 87
Ñiëií �.Ñ. 98
Ñêàñêiâ O.Á. 47, 59
Ñêîðîõîäîâ Ä.Ñ. 18, 99
Ñîêîëåíêî I.Â. 97
Ñîëi÷ Ê.Â. 100
Ñîðè÷ Â.À. 101
Ñîðè÷ Í.Ì. 101
Ñòàñþê Ñ.À. 102
Ñóñü Î. 13
Ñòîëÿð÷óê Ð. 103
Ñóõîðîëüñüêèé Ì.À. 104
Òåëÿêîâñêèé Ñ.À. 85, 105
Òèìàí Ì.Ô. 106
Òîâêà÷ Ð.Â. 45
Òðîôèìåíêî Î.Ä. 107
Ôiëîçîô Ë.I. 27
Õàðêåâè÷ Þ.I. 46
×àé÷åíêî Ñ.Î. 108
×åðíåöüêà Ë.Î. 38
×óðèëîâà Ì.Ñ. 18
Øàâðîâà Î.Á. 106
Øàíèí Ð.Â. 109
Øèäëi÷ À.Ë. 110
Øêàïà Â.Â. 72
Øóëèê Ò.Â. 77
ßêèìiâ Ð.ß. 79
ßí÷åíêî Ñ.ß. 111

142



Abdullayev F.G. 112, 113
Arbach R. 125
Auzinger W. 114
Azizbekov E.I. 115
Bandaliev R.A. 116
Bandura A.I. 117
Blackmore D. 118
Brysina I.V. 119
Chyzhykov I. 120
�Cuvalcio�glu G. 120
Dardagan Y.G. 134
De�ger U. 121
Deo N. 121
Dmytryshyn R. 121
Dovgoshey O. 122
Fechner W. 123
Fernandes L.A.O. 125
Garlo� J. 126
Goginava U. 126
Gok O. 127
Gorbachuk M.L. 127
Gorbachuk V.I. 127
Gorbachuk V.M. 128
Hajibayov M.G. 129
Hirnyk M. 130
Hladun V. 131
Hoyenko N. 131
Kamal A.K. 132
Kilburn K. 132
Koch O. 114
Kuchmins'ka K. 133
Kucukaslan M. 134
Lal S. 134
Makarichev V.A. 119
Manzij L. 131
Meremelia I. 135
Mishra A. 136
M�zrak �O. 137

�Ozkartepe P. 113
Petrov E. 122
Prykarpatsky A.K. 118
Simsek E. 138
Singh A. 137
Skaskiv O.B. 117
Smith A.P. 126
Tavakoli A. 138
Thalhammer M. 114
Tunc T. 138
Vakarchuk S.B. 138
Volkov Y.S. 139
Zagorodnyuk S.M. 140

143


