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MAXIMAL COHEN-MACAULAY MODULES OVER
NON-ISOLATED SURFACE SINGULARITIES

IGOR BURBAN AND YURIY DROZD

Dedicated to Claus Ringel on the occasion of his 65th birthday

Abstract. In this paper we develop a new method to deal with Cohen-Macaulay mod-
ules over non-isolated surface singularities. In particular, we give a negative answer on an
old question of Schreyer about surface singularities with only countably many indecom-
posable Cohen-Macaulay modules. Next, we show that the degenerate cusp singularities
have tame Cohen-Macaulay representation type. Our approach is illustrated on the case
of the rings kX, y, z[Z{x3 + y? — xyz), kX, y, z[Z(xyz) and kX, y, u, vIZ{xy, uv). This
study of Cohen-Macaulay modules over non-isolated singularities leads to a new class of
problems of linear algebra, which we call representations of decorated bunches of chains.
We prove that these matrix problems have tame representation type and describe the
underlying canonical forms.

1. Introduction, motivation and historical remarks

In this article we essentially deal with the following question. Let f € (x,y,2)? C
Cld, y, z[F: S be a polynomial. How to describe all pairs of matrices (p, 1) € Matnxn(S)
such that ¢ - = ¢ - = f - 1,? Such a pair of matrices (g, ) is also called matrix
factorization of f. One of the earliest examples of this kind, dating back to Dirac, is the
following formula for a “square root” of the Laplace operator:

1 I I O N —1 1 1 1 LI
82+82+82 1_8 1 0 +8 01+8 0 4
oz oy2 922 oz 0 -1 oy 10 0z —1 0

Equivalently, the pair (p, ¢) is a matrix factorization of the polynomial f = x2 + y? + 22:
1 1

T Y — 1z

Y= y+iz —x

One can show (see, for example [43, Chapter 11]) that up to a certain natural equivalence
relation, the pair (g, ) is the only non-trivial matrix factorization of f. This fact was
probably known already to Dirac. One of results of our paper is a complete classifiaction
of all matrix factorizations of the polynomial f = zyz.

The interest to a study of matrix factorizations of more general polynomials grew up
considerably in recent years after Kapustin and Li [28] discovered their applications to
the topological quantum field theories. On the other hand, the question of classification
of all matrix factorizations of a polynomial f is equivalent to the problem of describing
of all maximal Cohen-Macaulay modules over the hypersurface singularity A = S/f. The
latter problem can be posed in a much broader context of local Noetherian rings or even
in the non-commutative set-up of orders over a local Noetherian rings. The theory of
Cohen-Macaulay modules over orders dates back to the beginning of the twenties century
and has its origin in the theory of integral representations of finite groups.
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In this article we focus on the study of maximal Cohen-Macaulay modules over surface
singularities. In this case the theory of Cohen-Macaulay modules is particularly rich and
interesting. In a certain sense (which can be rigorously formulated) it is parallel to the
theory of vector bundles on projective curves. Following this analogy, the normal surface
singularities correspond to smooth projective curves. One of the beautiful applications
of this theory is a conceptual explanation of the McKay correspondence for the finite
subgroups of SLy(C), see [1,, 3] 43}, [9].

The main objective of this article is to study representation-theoretic properties of the
category of maximal Cohen-Macaulay modules over a surface singularity. In is well-known
that in the case of a simple hypersurface singularity =2 + "1 + 22, n > 1 (type A,),
22y +y" L+ 22 n > 4 (type Dy) and 22 + 3yt + 22, 2% + 2y + 22 and 23 + ¢° + 22 (types
Eg, E7 and Eg) there are only finitely many indecomposable matrix factorizations.

It was shown by Buchweitz, Greuel and Schreyer [8] that two limiting non-isolated
hypersurface singularities Ao, and Do, given by the equations zy + 22 and 2%y + 2?2 re-
spectively, have only countably many indecomposable Cohen-Macaulay modules. In other
words, A and D.. have discrete (or countable) Cohen-Macaulay representation type.
Moreover, in [8] it was shown that the simple hypersurface singularities are exactly the
hypersurface singularities of finite Cohen-Macauly representation type and Aw and De
are the only hypersurface singularities of discrete Cohen-Macaulay representation type.

Going in another direction, in works of Kahn [27], Dieterich [12], Drozd, Greuel and
Kashuba [17] it was shown that the minimally elliptic hypersurface singularities

Toqr(N) = 2P + 7 + 2" + Aayz,

where % + % + % <1, X € CHhave tame Cohen-Macaulay representation type. In the case

%+ % +1 = 1 the singularity Tp,q,-()) is quasi-homogeneous and called simply elliptic. For

s+3+1 < Litisacusp singularity, in this case one can without a loss of generality assume
A = 1. In the approach of Kahn [27], a description of maximal Cohen-Macaulay modules
over the simply elliptic singularities reduces to the study of vector bundles on elliptic
curves, whereas in the case of the cusp singularities [17] it boils down to a classification
of vector bundles on the Kodaira cycles of projective lines. In both cases the complete
classification of the indecomposable vector bundles is known: see [2] for the case of elliptic
curves and [16], 5] for the case of Kodaira cycles. The method of Dieterich [12] is based on
the technique of representation theory of finite dimensional algebras and can be applied
only for some simple elliptic singularities. Unfortunally, all these techniques do not lead
to an explicit description of the indecomposable matrix factorizations.

Our article grew up from an attempt to answer the following questions:

(1) Let A be a non-isolated Cohen-Macaulay surface singularity of discrete Cohen-
Macaulay representation type over an algebraically closed field of characteristic
zero. Is it true that A = B®, where B is a singularity of type Ae 0or Do, and G
is a finite group of automorphisms of B?

(2) Can a non-isolated surface singularity have tame Cohen-Macaulay representation

type?
The first question was posed for the first time in 1987 by Schreyer [35]. In this article we
show that the answer on it is negative. For example, the ring

1 1
A = klzh, za,y1,y2, 20, where I = zyy1, 2192, T2y1, T2, Y2, T12 — T, Y12 — Y5
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has discrete Cohen-Macaulay representation type. In the case n = m this ring is isomor-
phic to a ring of invariants of A but for n # m is not.

Contrarily to many expectations, the answer on the second question is positive. For
example, the ordinary triple point Tewocooo = klzly, z[/{xyz) turns out to be of tame
Cohen-Macaulay representation type. This is very surprising from the following reason.
The category of Cohen-Macaulalay modules over a simple elliptic singularity Ty q,r(A) is
tame of polynomial growth. The cusp singularities T o r are tame of exponential growth.
In the approach of Kahn, one reduces first the classification problem to a description of
vector bundles on Kodaira cycles on projective lines. The latter problem can be reduced
to a well-known problem of linear algebra of type “representations of bunches of chains”
[6]. This class of matrix problems was believed to be the most general one among the tame
ones having exponential growth. The singularity Tesooo IS the natural limit of the entire
family of all T}, 4, r()\) singularities. The tameness of the underlying classification problem
would suggest that it has to be of the type, which goes beyond representations of bunches
of chains. But no problems of such type have been known before in the representation
theory of finite dimensional algebras!

In this paper, we have discovered a new class of tame matrix problem of exponential
growth called “representations of decorated bunches of chains”. As an application we show
that a wide class of non-isolated Gorenstein surface singularities called degenerate cusps
[37]138] is of tame Cohen-Macaulay representation type. As the name suggests, these sin-
gularities are natural limits of families of cusp singularities. Examples of degenerate cusps
are the already mentioned singularity Teococo, its analogue of the embedding dimension four
Teocoooce = klz y, z, wlAxy, zw) as well as their deformations Tpeoeo = kL y, 2L/ (2P +
l'yZ), qu°° = kmv Y, Z'—,—[(xp + yq + l'yZ), Tpoooooo = km Y, =, wmﬂh P — ZUJ), qu0°°° =
kldd y, z, wlAzy, 2P + y9 — zw) and Theoqeo = klal y, z, w/A2P — 2w, 29 — zy). It is plau-
sible that this is actually the complete list of non-isolated surface singularities of tame
Cohen-Macaulay type, which are complete intersections.

It is interesting to observe, that a description of indecomposable maximal Cohen-
Macaulay modules over degenerate cusps turns out to be much more accessible than in the
case of minimally elliptic and cusp singularities. In particular, after some e orts one can
obtain a description of indecomposable maximal Cohen-Macaulay modules in terms of their
minimal free resolutions. We illustrate our method on the rings k[ y, z[(z3 + y? — zy2),
klz y, 2L (zyz) and kld y, u, vL(zy, uw).

Using the periodicity of Knorrer [30] one can also conclude that the non-reduced curve
singularities k[, y [/{xy)? and k[, y [(z?y?—2P), p > 3 are Cohen-Macaulay tame. These
results are also new, since the technique developed in [29, [24, [14] does not apply for non-
reduced singularities.
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supported by the DFG project Bu-1866/1-2 and the research of the second-named author
was supported by the INTAS grant 06-1000017-9093. The first-named author would like
to thank Duco van Straten for helpful discussions of the results of this article.



4 IGOR BURBAN AND YURIY DROZD

2. Generalities on Cohen-Macaulay modules over surface singularities

Let (A, m) be a Noetherian local ring, K = A/m its residue field and d = kr.dim(A) its
Krull dimension. Throughout the paper A—mod denotes the category of Noetherian (i.e.
finitely generated) A-modules, whereas A—Mod stands for the category of all A-modules.

Definition 2.1. A Noetherian A-module M is called maximal Cohen-Macaulay if
Exta(k, M) =0 for all 0 < i < d. In what follows, we simply call such modules Cohen-
Macaulay.

In this article we study the case of Noetherian rings of Krull dimension two, also called
surface singularities. This case is very special because of the following well-known lemma.

Lemma 2.2. Let (4, m) be a surface singularity, N be a Cohen-Macaulay A-module and
M a Noetherian A-module. Then the A-module Homa (M, V) is Cohen-Macaulay.

Proof. From a free presentation A" 3) A™ — M — 0 of M we obtain an exact sequence:

1
0 — Homa(M, N) — N™ 255 N s coker(o5'— 0.

Since deptha (V) = 2, applying the Depth Lemma twice we obtain:
1] (|
depth, Homa(M,N) > 2.
Hence, the module Homa (M, N) is Cohen-Macaulay. d

Theorem 2.3. Let (A, m) be a surface singularity. Then we have:

(1) The ring A is normal (i.e. it is a domain, which is integrally closed in its field of
fractions) if and only if it is Cohen-Macaulay and isolated.

(2) Assume A to be Cohen-Macaulay and Gorenstein in codimension one (e.g. A is
normal) and M be a Noetherian A-module. Then M is Cohen-Macaulay if and
only if it is reflexive.

This theorem is a classical result of Serre [36], see also [9, Proposition 3.7]. d

The following theorem underlines features of Cohen-Macaulay modules which occur only
in the case of the surface singularities.

Theorem 2.4. Let (A, m) be a reduced Cohen-Macaulay surface singularity with a canon-
ical module K. Then we have:

(1) The canonical embedding furHor CM@4) — rA__I—mod has a left adjoint functor

M % M := MTTE Homa Homa(M, K), K . In other words, for an arbitrary
Noetherian module M and Cohen-Macaulay module N the map ¢ induces an iso-
morphism Homa(M', N) = Homa(M, N). The constructed functor 1 will be called
Macaulafication functor.

(2) Moreover, for any Noetherian A-module M the following sequence is exact:

0—tor(M) — M s M" — T 0,

where tor(M) = ker(M — @ ®a M) is the torsion part of M and 7 is some
A-module of finite length.

(3) Moreover, if A is Gorenstein in codimension one, then for any Noetherian A—
module M there exists a natural isomorphism MT = M Twhere « = Homa(—, A).
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For a proof of the above statements, see for example Proposition 3.2 and Proposition 3.7
of our survey article [9]. d

The following lemma is a useful tool to compute the Macaulayfication of a given Noetherian
module.

Lemma 2.5. Let M be a Noetherian A-module, which is a submodule of an A-module
X. Let z € X \ M be such that mtz € M for some ¢t > 1. Then we have: M' 2 (M, z)T,
where (M, z) is the A—submodule of X generated by M and z.

Proof. Consider the short exact sequence 0 — M - (M,x) — T — 0. From the assump-
tions of Lemma it follows that T is a finite length module. In particular, for any p € P
the map 1, is an isomorphism. By the functoriality of Macaulayfication we conclude that
the morphism ' : MT — (M, z)! is an isomorphism in codimension one. By [9, Lemma
3.6], the morphism :' is an isomorphism. d

Let us additionally assume our Cohen-Macaulay surface singularity A to be Henselian
and A C B to be a finite ring extension. Then the ring B is semi-local. Moreover,
B = (B1,n1) x (Ba,n2) x --- x (Bg,ny), where all (Bj,n;) are local. Assume all the rings
B; are Cohen-Macaulay.

Proposition 2.6. The functor B Xa — : CM(A) — CM(B) mapping a Cohen-Macaulay
module M to BXa M = (B ®a M)' is left adjoint to the forgetful functor CM(B) —
CM(A). In other words, for any Cohen-Macaulay A-module M and a Cohen-Macaulay
B-module N we have: Homg (B Xa M, N) = Homa (M, N).

Assume additionally A and B to be both reduced. Then for any Noetherian B-module
M there exist a natural isomorphism M4 = MT5 in the category of A-modules.

For a proof see for example [9, Proposition 3.18]. O

Lemma 2.7. Let (A, m) be a reduced Noetherian ring of Krull dimension one with a canon-
ical module K. Then for any Noetherian A-module M we have a functorial isomorphism:
M "H2 M/ tor(M), where V = Homa(—, K).

Proof. From the canonicgl-short exaré%'%quence 0 — tor(M) - M — M/tor(M) — O
we get the isomorphism M/ tor(M) —— M %-Since M/ tor(M) is a Cohen-Macaulay
A-module and V is a dualizing functor, we get two natural isomorphisms
o —
M/ tor(M) — M/tor(M)@E%'; MHED
being a part of the commutative diagram

M M/ tor(M)

|

M %|4/tor(M)@:Ij

)

in which all the morphisms are canonical. This yields the claim. d

Corollary 2.8. Let (A, m) be a reduced Cohen-Macaulay surface singularity with a canon-
ical module K and A C R be its normalization. Then for any Noetherian A-module M
and any p € Spec(A) such that ht(p) = 1 we have a natural isomorphism
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Proof. Note A, is a reduced Cohen-Macaulay ring of Krull dimension one, K, is the
canonical module of A, that R, is the normalization of A,. Hence, this corollary is a
consequence of Lemma [Z.71 d

3. Main construction

Let (A, m) be a reduced complete (or analytic) Cohen-Macaulay ring of Krull dimension
two, which is not an isolated singularity, and let R be its normalization. It is well-known
that R is again complete (resp. analytic) and the ring extension A C R is finite, see [25]
or [1I]. Moreover, the ring R is isomorphic to the product of a finite number of normal
local rings:

R = (R1,n1) x (R1,n1) X -+ X (R, Ny).

Note that all rings R; are automatically Cohen-Macaulay, see Theorem [Z3
Let 7 = ann(R/A) be the conductor ideal. It is easy to see that I is also an ideal in R.
Denote A= A/I and R = R/I.

Lemma 3.1. In the notations as above we have.

(1) The ideal I is Cohen-Macaulay both as A- and R—module.

(2) The rings A and R are Cohen-Macaulay of Krull dimension one.

(3) The inclusion A — R induces the injective homomorphism of rings of fractions
Q(A) — Q(R). Moreover, the canonical morphism R ®z Q(A4) — Q(R) is an
isomorphism.

Proof. First note that 7 = Homa(R, A). Hence, by Lemma [2Z], the ideal I is Cohen-
Macaulay, viewed as A-module. Since the ring extension A C R is finite, I is also Cohen-
Macaulay as a module over R.

Next, the closed subscheme V(1) C Spec(A) is exactly the non-normal locus of A If fHs
normal then A = R and there is nothing to prove. If A is not normal, then kr.dim V(I) >
1. Indeed, by Thereom [2.3] an isolated two-dimensional surface singularity yhich (is; not
normal, can not be Cohen-Macaulay. Since A is reduced, we have: kr.dim V(I) = 1.
In particular, kr.dim(A) = 1 = kr.dim(R). Applying Depth Lemma to the short exact
sequences

0—I-—3A—A—0 and 0—T—3R—R—0

we conclude that A and R are Cohen-Macaulay (but not necessarily reduced).

Let « € A be a non-zero divisor. Since R is a Cohen-Macaulay A-module, a is a
non-zero divisor in R, too. Hence, we obtain a well-defined injective morphism of rings
QA) — Q(R). _ _ _

Finally, consider the canonical ring homomorphism v : R ®z Q(A) — Q(R), mapping

a simple tensor F@_@ % t_o %. Since any element of R A Q(E) has the form r ® % for

some r € R and b € A, it is easy to see ~ is injective. Next, consider the canonical
ring homomorphism R — R ®4 Q(A). It is easy to see that r ® 1 is a non-zero divisor
in R ®z Q(A) provided r is a non-zero divisor in R. Since R ®z Q(A) is a finite ring
extension of Q(A), it is Noetherian of Krull dimension zero. In particular, any non-zero
divisor in this ring is invertible. From the universal property of localization we obtain a
ring homomorphism Q(R) — R ®4 Q(A), which is inverse to . O

Lemma 3.2. Let M be a Cohen-Macaulay A-module. The we have:
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e The canonical morphism of Q(R)—-modules

Ll (| (I (I (I
O 1 Q(R) QQ(A) Q(A) KAM — Q(R) ®r R®AM — Q(R)®r RNa M

is an epimorphism.
e The canonical morphism of Q(A) modules

0.y — (| 1
NE Q(A) QA M — Q(R) KA M — Q(R) ®r RXa M
is a monomorphism.

Proof. By Theorem [2.4], the cokernel of the canonical morphism R @a M — RXa M has
finite length. Hence, it vanishes after tensoring with Q(R) and 6y, is an epimorphism.
The first statement of lemma is proven.

Denote by R ®a M/torg(R ®a M) and M—==IMT_First note that the canonical
morphism of A-modules M —< — [1 ® m] is a monomorphism. As a result, the
morphism 1M LN Ihich is a restriction of &, is also injective. Moreover, & is also
surjective: forany a € I,b € Rand m € M we have: a-[b®m] =[ab®@m] = [1® (ab) - m]
and ab € 1.

Since the module M ishorsion free, by Theorem [Z.4] we have a short exact sequence

0—>1\'§'—D—_E|—>1\]4:|;T—>0,

where T is a module of finite length. It implies that the cokernel of the induced map

1M, 70 halb finite length as well. Let M —= M belthe composition of » and ¢ and

1M —3 1M belthe induced map. Then we have the following commutative diagram with
exact rows:

0 IM M ASaM—=0

I

0 W= = R or == 0.

Since j is injective and the cokernel  is of finite length, the snake lemma implies that ker(7)
is of finite length. Since Q(A) ®45 — is an exact functor, we obtain an exact sequence

0 — QA) @4 ker() — Q(A) ©5 Axa M 25 Q(A) 94 R or N

It remains to take into account that Q(E) ®4 ker(n) =0, Q(E) QA R= Q(ﬁ) and 1®n
coincides with the morphism ] 0

Definition 3.3. In the notations of this section, consider the following category of triples
Tri(4). Its objects are triples (M532W), where Mis-h Cohen-Macaulay R-module, V is
a Noetherian Q(A)-module and 6 : Q(R) R V — Q(R) @r Mis-hn epimorphism of
Q(R) —modules such that the induced morphlsm of Q(A)-modules

V — Q(R) ®oa) V — Q(R) ©r M1

is an monomorphism. In what follows, 6 will be frequently called gluing map.
A morphism between two triples (M532h) and (W34 is given by a pair (¢, 1),
where ¢ 1 M1 Misla morphism of R-modules and ¢ : V — V"is a morphism of
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Q(E)—modules such that the following diagram

Q(R) @A) V Q(R) ©r M—]1

i e

Q(R) ©q(a) V" Q(R) ©r NH
is commutative in the category of Q(ﬁ)—modules.
Remark 3.4. Note that we have a pair of functors
) CM(R) REE, () -mod 2250~ 01y mod.

The category Tri(A) is a full subcategory of the comma-category defined by (2).

This definition is motivated by the following theorem.

Theorem 3.5. Let (A, m) a reduced complete Cohen-Macaulay ring which is a non-isolated
singularity. Then in the notations of Definition [3.3] the functor

1 - 1
F:CM(A) — Tri(4A), M — F(M):= RXa M,Q(A) ®a M,0\
is an equivalence of categories.

Lemma 8.2 insures the functor F is well-defined. The proof of this theorem as well as
the construction of a quasi-inverse functor G will be given in the next section.

Now we shall investigate the compatibility of the functor F with localizations with
respect to the prime ideals of height 1

1 1
Proposition 3.6. Let a(/) :=ass(/) = p1,p2,.--,Pt be the associator of the conductor
ideal 7 C A. Then we have:

(1) for all 1 <4 <t the ideal p; has height one;
(2) Let p e P. Then (R/A), =0 for all p ¢ a([);
(3) Let p; be the image of pj in the ring A for 1 <4 <t. Then

Q(A) = Ag, x -+ x As, and Q(R) = Ry, X --- x Ry,.

(4) Moreover, for any p € a(f) the ring R, is the normalization of A,, I, is the
conductor ideal of Ay, Q(A)p = Ap and Q(R)p = Rp.

Proof. By Lemma[3.]], the ideal I is maximal Cohen-Macaulay over A. Hence, it is equidi-
mensional: all its associated prime ideals have the same height, which is automatically
equal to one. This proves the first statement.

Next, it is well-known that a([) coincides with the set of minimal elements of Supp(A)
see [36]. Hence, for any p € P we have: A, 7 0 if and only if p € a(J). Since the ring
extension A C Ris finite, R, # 0 if and only if p € a(Z). This proves the second statement.

The ring A is g-epe-dimepsional Cohen-Macaulay ring and the set of its minimal prime
ideals is a(0) = pi,...,pt . Hence, we have: Az, = Q(A)g, Q(A) forall 1 < <t¢. Since

ring A is Cohen- mcaulay the total ring of fractions Q(A) is artinian. Moreover,
P1Q(A),...,ptQ(A) is the set of maximal ideals of Q(A). In particular, the morphism

mult

Apy %+ x Ap, — Q(A)p0m) X QA0 %+ X Q(A)s00a) — Q(A)
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is an isomorphism. Taking int&laccount LemmélBll, we obtain an isomorphism
Rpy % --- x Ry, — Ap, x -+ x Ay, @5 R — Q(A) ©5 R — Q(R).

This concludes a proof of the third statement.
r any prine ideal p the ring R, is the normalization of Ap. Next, we have: I, =
anna(R/A) , = anna,(Rp/Ap), hence I, is the conductor ideal of Ap. The ring isomor-

phisms Q(E)p = Ap and Q(R)p = R; follow from the previous part. O
Remark 3.7. For a one-dimensional reduced local Noetherian ring C' one can define the

category of triples Tri(C) in a similar way it was done for rings of Krull dimension two.
We refer to Appendix [I0 for the definition and properties of Tri(C).

Proposition 3.8. For any prime ideal p € a(I) we have the localization functor L, :
Tri(A) — Tri(4p) mapping a triple 7 = (M535H) to the triple T, = Ly(T) = (M4, 6).
Moreover, there is the following diagram of categories and functors

Ap it

E A
/4

TH(A) — > Tri(4p)

is commutative, where ¢ : FA o (4, ®a —) — Lp o FA is an isomorphism of functors.

Moreover, for a triple 7' = (M534H) the gluing morphism 6 is an isomorphism if and only
if 6, is an isomorphism for all p € a(l).

Proof. Let T = (M-32b) be an object of Tri(A). By Proposition 3.8} for any prime ideal
p the localization I, is the conductor ideal of the ring A,, Q(A) = Ap, x --- x Ap, and
Q(R) = Rp, x --- x Rp,. Hence, for any prime ideal p € a(I) we have: Mi-isla Cohen-
Macaulay R,-module, V, = V; is a Noetherian Ag-module. We have a commutative
diagram

- [ 1 —
QR)@qa) V % Q(R) ®R1\I4J%:Ll

% l‘D
Ry @45 Vp Ry @R, Mp—1
where both vertical maps are canonical isomorphisms. In a similar way, we have a com-

mutative diagram
65 ] —
Vo Q) M

]1[ ll_:l
] _
Vo —— Rp @, Mp—]

and the morphisms §p and 6, are mapped to each other under the adjunction maps.

By Corollary [2.8] for any p € P and any Cohen-Macaulay A-module M we have an
isomorphism (R Xa M);g — Rp ®a, Mp/ tor(Ry ®a, Mp) which is natural in M. Moreover,
this map coincides the localization ¢y, of the canonical morphism 6. This shows the
claim. O




10 IGOR BURBAN AND YURIY DROZD

Combining Theorem 3.5, Theorem[I0.5and Proposition 3.8, we obtain the following result.

Theorem 3.9. Let CM'f(A4) be the full subcategory of CM(A) consisting of those Cohen-
Macaulay modules which are locally free on the punctured spectrum of A. In the notations
of Theorem [3.5, the functor F establishes an equivalence between CM'f(A) and the full

subcategory Tri"(A4) of Tri(4) consisting of those triples (M-32¥) for which the morphism
@ is an isomorphism.

4. Serre gquotients and proof of Main Theorem

The goal of this section is to give a proof of Theorem which is the main tool of
our approach. To do that we need the technique of Serre quotient categories, studied in
details in the thesis of Gabriel [22], see also [32].

Definition 4.1. For a Noetherian ring A let fnlg(A) be the category of finite length mod-
ules. Then fnlg(A) is a thick subcategory, i.e. it is closed under taking kernels, cokernels
and extensions inside of A—mod. The Serre quotient category
M(A) = A—mod/ fnig(A)
is defined as follows.
1. The objects of M(A) and A—mod are the same.
2. To define morphisms in M(A), for any pair of Aqmpdules M and V;consider the
following partially ordered set of quadruples Iyn = Q = (X,p,Y,?) , where X and
Y are A-modules, X i> M is an injective homomorphism of A-modules whose cokernel
belongs to fnig(A) and N i> Y is a surjective homomorphism of A-modules whose kernel
belongs to fnlg(A). For a pair of such quadruples @ = (X, ¢, Y, ) and Q"= (X5 JYTyH
we say that Q < QUif any only if there exists morphisms X925, X and v - vDsuch
that "= ¢ and y"= (. Then Iy N is a directed partially ordered set and we define:
HomM(A)(M, N) = I|_m> Homa(X,Y).
QL N

3. Note that for any pair of A-modules M and N we have a canonical homomorphism of
abelian groups p(M, N) : Homa(M, N) — I|_m> Homa(X,Y) = Hompa) (M, N).

Theorem 4.2. The category M(A) is abelian and the canonical functor
Pa: A—mod — M(A4)

is exact. In particular, if M Y Nisa morphism in A—mod then Pa(v) is a monomor-
phism (resp. epimorphism) if and only if the kernel (resp. cokernel) of ¢ belongs to fnig(A).

Moreover, M(A) is equivalent to the localized category M(A)° = A—mod[Z~'], where
the localizing subclass > C Mor(A) consists of all the morphisms in the category A—mod,
whose kernels and cokernels have finite length.

Proof. The first part of this theorem was shown by Gabriel, see [22, Chapitre I11]. For the
second part we refer to [32]. In particular, for any pair of objects A and N and a morphism

MY Ninthe category M(A) there exists an A-module E and a pair of morphisms M &
E i> N such that ker(¢) and coker(¢) belong to fnlg(A) and 1 = Pa(y) - Pa(¢)™!. O

It turns out that the category M(A) is very natural from the point of view of the singularity
theory. The following theorem summarizes some of its well-known properties.
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Theorem 4.3. Let (A, m) be a local Noetherian ring.

(1) If Ais Cohen-Macaulay of Krull dimension one then the exact functor Q(A)®a — :
A—mod — Q(A)—mod induces an equivalence of categories M(4) — Q(A)—maod;

(2) Let X = Spec(A) and x = {m} be the unique closed point of X. For U :=
X\ {z} let+: U — X be the canonical embedding and Cohy(X) be the category of
coherent sheaves on X supported at z. Then the functor :™induces an equivalence
of categories Coh(X)/ Cohx(X) — Coh(U). In particular, the categories M(A) and
Coh(U) are equivalent.

(3) Let A be of Krull dimension at least two then the canonical functor

I: CM(A) —s A—mod =% M(A)

is fully faithful. Moreover, if A is a normal surface singularity then the category
Coh(U) is hereditary and CM(A) is equivalent to the category VB(U) of locally free
coherent sheaves on U.

(4) Let A be a reduced Cohen-Macaulay surface singularity then the Macaulayfication
functor 1 : A—mod — CM(A) induces a functor M(A) — CM(A) which is left
adjoint to the embedding I. Moreover, for a torsion free A—-module M we have
a natural isomorphism MT — FrfAD—Ahere M—islthe coherent sheaf on X
obtained by sheafifying the module M.

Proof. () Let A—Mod be the category of all A—-modules and Tor(A) be its full subcategory
consisting of those modules, for which any element if m—torsion. In other words, Tor(A)
is the category of modules, which are direct limits of its finite length submodules.

The total ring of fractions Q(A) is flat as A-module, hence F = Q(A)®a : A—Mod —
Q(A)—Mod is exact. The forgetful functor G : Q(A)—Mod — A—Mod is right adjoint to
F. Now note that the counit of the adjunction § : FG — L1g(a)—mod IS @n isomorphism
of functors. Since F is right exact and G is exact, the composition FG is right exact.
Moreover, FG commutes with arbitrary direct products. Hence, to prove that ¢ is an
isomorphism, it is su cient to show that the canonical morphism of Q(A)-modules

Soa) = mult: Q(A) ®a Q(A) — Q(A)
is an isomorphism, what is a basic property of localization.

Since A is a Cohen-Macaulay ring of Krull dimension one, the category T = ker(F) is
equal to Tor(A4). Let M@1) = A—Mod/ Tor(A) (one can consult [32] for the definition of
the Serre quotients categories in the case they are not small). By [22, Proposition 111.2.4]
the functor F induces an equivalence of categories F : I@él) — Q(A)—Mod.

It is clear that Tor(A) N A—mod = fnlg(A), hence basic properties of Serre quotients
imply that the functor given by the composition

A—mod, fnlg(A) —s A—Mod,/ Tor(A) - Q(A)—Mod

is fully faithful. Since Q(A4) = IE(A) and F : Endma)(A) — Q(A) is an isomorphism of
rings, the functor F : M(4) — Q(A)—mod is essentially surjective.

@) The proof of this statement is similar to the previous one. The functor ;™ QCoh(X) —
QCoh(U) has a right adjoint 2= QCoh(U) — QCoh(X) and the counit of the adjunction
17t Lgeonuy is an isomorphism. It is easy to see that the kernel of the functor »'s
the category QCohy(X) consisting of the quasi-coherent sheaves on X supported at the
closed point z. Again, by [22, Proposition I11.2.4] the inverse image functor 2induces
an equivalence of categories QCoh(X)/QCohy(X) — QCoh(U). This functor restricts to
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a fully faithful functor Coh(X)/Cohx(X) — Coh(U). It remains to verify this functor is
essentially surjective.

Let F be a coherent sheaf on U, then the direct image sheaf G := % is quasi-coherent.
However, any quasi-coherent sheaf on a Noetherian scheme can be written as the direct
limit of an increasing sequence of coherent subsheaves G; C Gy C --- C G. Since the
functor s exact, we obtain an increasing filtration "¢, C /¢, C ... C 4. But
o'g = «NF = F. Since the scheme U is Noetherian and F is coherent, it implies that
F 240G, for some t > 1. Hence, the functor 2™ Coh(X) — Coh(U) is essentially surjective
and the induced functor Coh(X)/ Cohy(X) — Coh(U) is an equivalence of categories.

@) The fact that the functor | : CM(A) — M(A) is fully faithful, follows for example from
[22] Lemme 111.2.1]. It is well-known that for a normal surface singularity A the category
Coh(U) is hereditary. A proof of the equivalence between CM(A) and VB(U) can be found
for instance in [9, Corollary 3.12]. Note that if A is an algebra over C, the space U is
homotopic to the link of the singularity Spec(A).

@) Let A be a reduced Cohen-Macaulay surface singularity. From [9, Lemma 3.6] we
obtain that t : A—mod — CM(A) induces the functor M(A)° — CM(A), which for a
sake of simplicity will be denoted by the same symbol . Moreover, for any Noetherian
A-module M and a Cohen-Macaulay A-module N we have isomorphisms

Hompa) (M, N) <2 Homa (M, N) —s Homepa) (M, N),

which are natural in both arguments. For a proof of the isomorphism M" — (¢ A5
we refer to [9, Proposition 3.10]. O

Lemma 4.4. Let A C B be a finite extension of Noetherian rings. Then the forgetful
functor for : B—mod — A—mod and the functor B ® o — : A—mod — B—mod form an
adjoint pair and induce the functors

for : M(B) — M(4A) and B®a— : M(A) — M(B)

which are again adjoint. Moreover, for an arbitrary A-module X and a B—-module Y the
following diagram is commutative:

Homa(X,Y) can Homg (B ®a X,Y)

3 [P

Hompa) (X, Y) il Hompg)(BRAX,Y)

where both horizontal maps are canonical isomorphism given by adjunction.

Proof. Since the ring extension A C B is finite, the functor B ®a — maps the category
fnlg(A) to fnlg(B). The functors F = BRa — : M(4)” — M(B)° and G : M(B)” — M(4)°
are obtained from the adjoint pair of functors B@a — and for using the universal property
of the localization:

for

A—mod Blat B—mod B—mod A—mod

o

M(A)® - Fo= M(B)® M(B)® G = M(A)°.
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For an A-module M let &y @ M — B®a M be the unit of adjunction. Let : M — N be

a morphism in M(A)° represented by the pair of M LE & N, where ker(¢) and coker(¢)

have finite length. Since the diagram

M ©* g °* N

S B

B®AM<EB®AE£EB®AN

is commutative, we get a natural transformation of functors ¢ : 1y, — GF. In the
similar way, we construct a natural transformation ¢ : FG — 1y . Note that the natural
transformations

FI% FGrSF and 6% GFrG 2%
are 1 and 1g, respectively. Hence, (F,G) is an adjoint pair of functors. O

Now we possess all necessary ingredients to formulate an alternative definition of the
category of triples Tri(A), given in Definition [3.3l Note that we have a pair of functors

3) cM(R) B2 MRy &5 mea),

Definition 4.5. The category Tri(A) in the following full subcategory of the comma
category defined by the pair of functors @). Its objects are triples (M-34b), where M1

is a Cohen-Macaulay R-module, V an object of M(4) and 6 : R®sV — RogrM-ishn
epimorphism in M(R) such that the adjoint morphism in M(A)

V — R25V > RopM—1
is an monomorphism.
A morphism between two triples (M35b) and (A0 is given by a pair (¢,),

where ¢ : M—Ilish morphism in CM(R) and ¢ : V' — VUis a morphism in M(A) such
that the following diagram

__ o _
ROAV ReorM—1

of

- a0l _
LENG Rop M

is commutative in the category M(}_z).

Recall that for a Cohen-Macaulay module M we have denoted W—=l1R K M and 6y
is the canonical morphism of R—modules given by the composition

ROAAAM — RRIgROAM — R®r (RXa M).

By Theorem [Z4], the canonical morphism R ®a M 2R Xa M has cokernel of finite
length, hence 8\, has finite length cokernel as well. This implies that the morphism
Pe(Om) : R®s A®a M — R @R (RKa M)

is an epimorphism in M(}_z). Next, we have the following commutative diagram in the
category of A-modules:
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0 IM M —> Aga M —=0

@ % % Jou

0 V= = R op M=+ 0,

where Mt=RXa M, j: M — Misdhe canonical morphism and 7 is its restriction on IM.
The morphism j is injective. Moreover, for any p € P the morphism 7, : (IM), — (I Mz
is an isomorphism, see the proof of Lemma 0.2l Hence, coker(y) is an A-module of finite
length. Snake Lemma implies that ker(§) is a submodule of coker(y). Hence, it has finite
length, too. By Lemma[4.4] the morphisms Pz(6m) and PA(aM) are mapped to each other
under the morphisms of adjunction. This yields the following corollary.

Corollary 4.6. We haves functor FEem@4) — TfﬂA) assigning to a Cohen-Macaulay
A-module M the triple R Xa M, A®AM Pg(@m) . Moreover, the equivalences of cate-
gories M(A) — Q(A)—mod and M(R) — Q(R)—mod constructed in Theorem [4.3] induce
an equivalence of categories E : Tri'{4) — Tri(A) such that the functors F and E F7are
isomorphic.

Definition 4.7. Consider the functor B : Tri{4) — M(A) defined as follows. For an

object T = (W-32b) of the category Tri{A) let M==IR wr Manli v : M—IMbelthe

canonical morphism of R-modules. Let M1l belthe morphism in M(A) obtained by

applying to ~ the functor Pr and then the forgetful functor M(R) — M(A). Then we set
(|

v
N :=B(T) = kermm LN =

and define B on morphisms using the universal property of a kernel. Equivalently, we have
a commutative diagram in the category M(A):

0 == N L 0

Tl b

0— 1l = =4 0.

The proof of Theorem reduces to the following statement.

Theorem 4.8. The functor G : Tri'{A) — CM(A) given by the composition of the functors
B: Tri'{4) — M(A) and 1 : M(4) — CM(A), is quasi-inverse to FX

Proof. Let M be a Cohen-Macaulay A-module. In the notations of the commutative
diagram (@), we have the following exact sequence in the category of A-modules:

©) RSN o v CAINS: rae N

where M = E@A M. Since Pa(y) is an isomorphism in M(A), the image of the sequence
@) under the functor P becomes short exact.

The morphism M Q MeaWT is natural in the category of A-modules, thus it is

natural in M(A) as well and we obtain an isomorphism of functors Icya) — Go FY This
yields that G is full on the essential image of F~ Hence, in order to prove that Fand G



COHEN-MACAULAY MODULES OVER NON-ISOLATED SINGULARITIES 15

are quasi-inverse equivalences of categories, it is su cient to show that F™is essentially
surjective and G is faithful.

We first show the second statement. Let 7' = (M=32b) and T°= (W3416Y be a pair
of objects in Tri{z) andp, v) : T — T be a morphism in Tri'(A). Let M = B(T), M =
B(TYH and ¢ = B (p,v) . Then we have a commutative diagram in the category M(A):

0—— M —— N - =0
L
O%Mbmwmo

First note that (y,) = 0 in Tri'(4) if and only if ¢ = 0. Indeed, one direction is obvious.
To show the second, let ¢ = 0. Then ¢ = 0 and #"b+) = 0. It remains to note that #"is a
monomorphism.

Next, a morphism ¢ : M—IWislzero in CM(R) if and only if 1 ® ¢ : Q(A) @ M—
Q(A) @A MHislzero in Q(A) — mod. Assume the morphism of triples (¢, ) : T — T"is
non-zerop—Apply-the functor Q(A) ®a — on the diagram (7). It follows that 1 ® ¢ # 0,
hence G (p,v) # 0 as well. Hence, G is faithful.

Thedi cult part of the proof is to show that for an arbitrary triple 7' = (M534H) there

exists an isomorphism 7" = F'(T)) in the category Tri'(A). We split up our arguments in
several steps.
Step 1. Since A is a Cohen-Macaulay ring of Krull dimension one, the kernel tor(V) of the
canonical map V — Q(A)® 4V is annihilated by a power of the maximal ideal. Hence, the
canonical map V AN V/tor(V) =: VUis surjective and is an isomorphism in the category
M(A). We have an isomorphism

(1,v) : (EVD) — (e,

where #5is the map induced by v. Hence, we may without a loss of generality assume the
object V' of the category M(A) is represented by a Cohen-Macaulay A-module.

Step 2. For a Cohen-Macaulay R-module W-—eedsider the following commutative diagram
in the category of R—modules:

0 []\]4_?]\]4_\.4]\]4_!0

SN

0—— (5 =3 JE=—-0,

where 7MY 7 M58 the canonical morphism determined by the Macaulayfication func-
tor. Hence, coker(§) is an R—module of finite length. Snake Lemma yields that p is a

surjective morphism of R—modules and ker(p) = coker(d). In particular, annihi-
lated by the conductor ideal I, hence it is an R-module. Depth Lemma implies that
depthg (W) depthz (W) 1, hence Cohen-Macaulay over R. Moreover, the
morphism p := Pg(p) : M—IW=—islan isomorphism in M(R).
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Step 3. In the notations as above we have the following isomorphism in the category M(A):
1

- v
Ll 5 (| 5 ]
ker mﬁﬂﬂker /I LN
where §° = p 1 V — M=—3ince M—isla Cohen-Macaulay R-module, it is also Cohen-
Macaulay over A. In particular, it has no A-submodules of finite length. From the
definition of the category M(A) it follows that the morphism 6° can be written as

0" =Pa@ - Pa(r)™!, V< vEE NE
where 7 : VP— V_is a monomorphism of A-modules with cokernel of finite length and 6
is @ morphism of A-modules. Since we have assumed V' to be Cohen-Macaulay over A, its
submodule V5is Cohen-Macaulay over A as well. Next, 6° is a monomorphism in M(A),
hence the kernel of d has finite length. But ker@) is a submodule of a Cohen-Macaulay
A-module V2 Hence, § is a monomorphism of A-modules.
Identifying V and V""in the category M(A) we may without a loss of generality assume:

e In the triple T = (MW-34H), the module V is Cohen-Macaulay over A and the
morphism 6° : V — M(A) is the image of an injective morphism of A-
modules under the functor P4. For a sake of simplicity, we denote the latter
morphism by the same Ietteﬂ}.

e The object N = B(T) € Ob M(A) can be obtained by applying Pa to the middle
term of the upper short exact sequence in the following diagram in A—mod:

1

0— (M5~ N 1% 0
T
0—— (5~ =2 =30,

Since 6° is injective in A—mod, Snake Lemma yields that N is a torsion free A-module.
Step 4. In the notations of the commutative diagram (8)), consider the canonical morphism

N % NT. Then we obtain the following commutative diagram in A—mod:

0— (UM 1= N—T>V 0
:l La jé[l
0 — (3% Nt " —0,

where 7and s are induced morphisms. Since N is a torsion free A-module, ¢ is injective
and its cokernel has finite length, see Theorem [Z4l Snake Lemma implies that coker (5"
has finite length, too. Moreover, the universal prg)erty of Macaulayfication implies there
exists an injective morphism of A-modules N — Msudh that j 6 = «. In particular, we
have: 7 a' =1 a = ° and the following diagram

nd

.
0 — (M~ Nt W

|

0
LD
5 .
0 —— (N~ =3~ JF==+->0,
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commutes in A—mod, where ;”is the morphism induced by 5. Since j is injective, the
morphism ;Uis injective as well. Hence, the A-module W is annihilated by the conductor
ideal I. Thus, it is a Cohen-Macaulay A-module and the morphism Ps(0% : V. — W is
an isomorphism in M(A).

Step 5. In other words, we have shown that any object T of the category Tri'{A) has a

representative (ME32H) such that V is Cohen-Macaulay, the morphism v 2 M=bdlongs
to the image of the functor P5 and the module N given by the diagram (8) is Cohen-
Macaulay over A. By the definition of the functor G, we have: N = G(T"). It remains to
find an isomorphism between the triples F{N) and T.

Let 727 MHTHe the canonical morphism and :™ 1M — (IMDTHe the composition
of the restriction of : on I N with 6. Since 2 is injective, it is easy to see that the following
diagram is commutative:

0 IN-PY Ly 0
|E{ Il lK
00— (I >N —T>V 0.

By LemmalI0.2, the morphism 2 is injective and its cokernel has finite length. Since ker(x)
is a subobject of coker(:%) the morphism Ps(x) : N — V is an isomorphism in M(A). Next,
the morphism of Cohen-Macaulay A-modules 2 : N — M—irduces a morphism of Cohen-
Macaulay R-modules 7: R Xa N — M—Fheorem implies that 7, : (R Xa N)p — Mg—1
is an isomorphism of Ap—modules for all prime ideals p € . Hence, 7 is an isomorphism
in CM(R).

. ] L] . . .
Step 6. It remains to observe that 7,Ps(x) : F{N) — (M32h) is an isomorphism
in the category of triples Tri'¢A). Since boghymorphisins 7 and P4(x) are known to be
isomorphisms, it is su cient to show that 7, Ps(x) is a morphism in TriA). In the
notations of the commutative diagram (@), this fact follows from the commutativity of the
following diagram in the category A—mod:

- 8
R®a N al
can
1 R ®r (R ®a
RosV —2 ==
what can be verified by a simple diagram chasing. Theorem is proven. O

As a result, we get the following practical rule to+gconsgryct a Cohen-Macaulay A-
module M from the corresponding triple F(M) € Ob Tri(A) .

Corollary 4.9. Let T = (M532H) be an object of the category of triples Tri(4). Then
there exists a Cohen-Macaulay A-module U, an injective morphism of A-modules ¢ : U —
R ®r M—anll an isomorphism v : Q(R) ®x U — Q(R) ®ga) V' such that the following
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diagram
1L

is commutative in the category of Q(E)—modules. Consider the following commutative
diagram with exact rows in the category of A—modules:

0 I —+=N U 0

|k

0 W= = R op == 0.

Then we have: G(T') = NT. In particular, the isomorphy class of NT does not depend on
the choice of U and .

As we shall see later, in some cases the module N obtained by the recipe described in
Corollary [4.9], turns out to be automatically Cohen-Macaulay. This can be tested using
the following useful result.

Lemma 4.10. In the notations of this section, let Mrbel Cohen-Macaulay R-module, V
be a Cohen-Macaulay A-module and 6 : V — M—belan injective morphism of A-modules.
Consider the A-module N given by the following commutative diagram:

0 IN——=N V 0

Ny S

Then there is the following short exact sequence of A—modules:

N
9) 0— N— N"— HJ , coker(§) — 0.

In particular, N is a Cohen-Macaulay A-module if and only if coker(g) is a Cohen-
Macaulay A-module.

Proof. By the snake lemma, we get the short exact sequence
0— N - N—1 coker(§) — 0.

. (| ~ [
Since the module Mris-&ohen-Macaulay over A, we have: HY, , coker(d) = H] ,(N). On
the other hand, the module N is torsion free and in the canonical short exact seqeunce

0—N->N —T-—0
the module T has finite length. Hence, we have:
o 770 o 77l S e
T H{m}(T) = H{m}(N) = Hgm coker(6)

yielding the desired short exact sequence (@). O
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5. Degenerate cusps and singularities obtained by gluing of cyclic
quotient singularities

In this section we recall the definition and some basic properties of an important class
of non-isolated surface singularities called “degenerate cusps”.

5.1. Non-isolated surface singularities obtained by gluing of normal rings. Let k
be an algebraically closed field and (R1,n1), (R2,Nn2), ..., (R, ny) be complete local normal
k—-algebras of Krull dimension two, where ¢t > 1. Forany 1 <i <t let wj : Rj — Rj =
kg, vi [ ujvi) be a surjective ring homomorphism, uj, vi € Rj be some preimages of u;
and v; respectively and I; = ker(rj). Consider the ring homomorphism

7= @Y, 7)Y Ry — D = kX k@
obtained by composing 7 with the normalization map k[, vi [ ujvi) — kdCk k]

Definition 5.1. In the above notations, consider the subring A of the ring R := Ry x
Ry x --- x Rt defined as

1 ]
(10) A= G ) € ROy =70 ), 1< i<t
where we identify R¢,1 with Ry and ¢y with .

Proposition 5.2. In the above notations we have:

(1) The ring As local and reduc%r The ring extension A R is finite.

2) Let I := (r1,79,...,7t) € Rwi(ri) =0, 1 <i <t . Then I = Homa(R, 4). In
other words, I is the conductor ideal.

(3) The ring A is Noetherian and complete and R is its normalization. In particular,
A has Krull dimension two. _

(4) We have: A := A/l = kluh,wo,...,w[wjwj|ll <i<j<t)yand R =R/I =
kb, v vy X - -+ X kluk, v [Zugor. The canonical morphism A — R maps wj to
vi +ujyq for all 1 <i <t, where ugy1 = uy.

(5) The ring A is Cohen-Macaulay.

Proof. (1) Let » = (r1,72,...,7t) € R be an element of A. Then r(0) = r,(0) = --- =
r¢(0) € k and r is invertible if and only if »1(0) # 0. This shows that A is local. Since
A is a subring of a reduced ring, it is reduced, too. To show the ring extension A C R is
finite, we consider separately the following two cases.

Case 1. Lett > 2 and ey, eo,...,er be the idempotent elements of R corresponding to
the units of the rings Ry, Ra,...,Rt. Then we have: R = (ej,ea,...,er)a. Indeed, let
r={(ry,79,...,7t) € R be an arbitrary element. By the definition, we have: rj = ¢;j-r and
r=ry+ro+---+7re Hence, itissu cient to show that for any 1 <i <t and any rj € Rj
we have: rj € (e1,e3,...,€et)A.

To prove this, it is su cient to show the following statement: given an element rj € Rj
there exist such elements rj € R;, j # i that r = (r,72,...,7t) € A. Note that without
loss of generality we may assume rj € nj. Then Tj(rij) € D belongs to the radical n of the
ring D. Since the ring homomorphisms 7 : Rj — D induces a surjective map nj — n, there
exist elements rj € nj, j € {i—1,i+1} that % (r;) = 72, (ri=1) and 7 () = 7, (i)
Proceeding by induction, we get an element r» = (ry,r9,...,1t) € A we are looking for.
Case 2. Lett =1 and u = uj,v =v; € R be some preimages of the elements v = u; and
v =v € R under the map = = m;. Then we have: R = (u,v)a.



20 IGOR BURBAN AND YURIY DROZD

Indeed, any element » € R can be written as » = ¢+ up(u) + vq(v) + r for some power
series p,q € k[M[Ja scalar c € k and rPc I = ker(r) C A. Letw=u+ve Rand w € R
be its preimage in A C R. Then the element r™:= r — up(w) — vg(w) belongs to I, hence
to A, and the result follows.

@) Since 7 is a ring homomorphism, it is clear that I is an ideal in R and A. We need
to show that I = J := anna(R/A) = {a € A|aR C A}. The inclusion I C J is obvious.
Hence, we have to show that J C I.

Since J is an ideal in R, we have an isomorphism of R—modules J = J, & o ® - -- & Ji,
where Jj is an ideal in R; for all 1 < < t. Again, we distinguish two cases.

Casel. Lett > 2 and a = (a1,a2,...,at) € J, where aj = ej-a,1 < i <t. In order to
show that ¢ € I it is su cient to prove that 7j(a;j) =0 for all 1 <i <'t.

By the definition, the element a; = ¢j-a = (0,...,0,qi,0,...,0) belongs to J C A for
all 1 <i <t Itimplies that 7 (a;) = 0 for k = 1,2, thus mi(a;) =0 for all 1 < i < ¢ as
wanted.

Case 2. Let t = 1. Then any element a € A can be written in the form a = p(w) + a5
where p(T") € k[T a formal power series and a™c I. If a belongs to J then we have:

7 (ua) = up(u) = 7 (ua) = 0.
Hence, p(T) =0 and a = a ¢ I.

@) Since R is a Noetherian ring and I is an ideal in R, I is a finitely generated R—module.

Next, R is a finite module over A, hence there exists elements ci,co, ..., ¢ € I such that
I ={c1,co,...,c)a. Forany 1 <i <t let wj = vi +ujr; € A. Then any element a € A
can be written in the form
1
a=  pi(wi) +c,

i=1
where ¢ € T and pi(T) € k[MLJ1 < 4 < t are some power series. Consider the ring
homomorphism
S = klﬂl,...,xt;zl,...,mlﬂi) R
defined by the rule: ¢(zi) = wi forall 1 < ¢ <t and p(zj) =¢j forall 1 < j <. Itis
clear that the image of ¢ belongs to A. In oder to show A is Noetherian and complete, it
is su cient to prove that the ring homomorphism ¢ : S — A is surjective.

For any integer ¢ > 1, let Aqbe the image of A under the canonical morphism R — R/nd.
To show ¢ is surjective it su ces to prove that the ring homomorphism S — Aq:i]s surjective
for all ¢ > 1. Any element a € A can be written as

1 IT — 1
a= pi(wi) + bj cj + bjg%j
i=1 j=1 j=1
where py,...,pt € k[OCHT ... b k and bT... bTe I. Then
a) = pi(wj) + b}jc] elm(p) and a— aM en?.
i=1 j=1

\Ai(pjti@imilar expansions for b .. be I C A, we end up with a sequence of elements
a™ "~ _ such that o™ € Im(p) and a — a(™ € n"*! for all n > 1. This shows the
surjectivity of .
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We have shown that the ring A is Noetherian and the ring extension A C R is finite.
Hence, A has Krull dimension two. Moreover, the total rings of fractions of A and R
are equal. Indeed, if ¢ > 2 then R = (ey,...et)a, Where all elements ¢; € R satisfy the
equation e? = e;j, hence e;j € Q(A). For t = 1 we have the equality u? — uw + uv = 0,
where w € A and uwv € I C A. Hence, u € Q(A). In a similar way, v € Q(A). Thus, in
both cases we have Q(A) = Q(R), hence R is the normalization of A.

(@) Recall that we have: R = R/I = kluh, v [uyvg X - - - X kluk, ve [lurvr. By the definition,
thering A C R is generated by power series in the elements w; = vj+ujy1, where 1 < i < ¢.

In R we have the relations wjw; = 0 for all ¢ # j. Assume there is any additional relation
in A between wy,...,wt. Then it has necessarily the form: 15 =0 forsomel <i<t¢and
n > 1. Butis |mpI|es that we have the relations v]' = 0 = ]!, ;. Contradiction. Hence, we
have: A = kldy, wo, ..., wilBwiw; [ 1 <1 <j < t> and the canonical imbedding A — R
is given by the rule wj — vj + ujy1.

®) We have a short exact sequence of Noetherian A-modules0 - A - R — R/A — 0.
Since R is a normal surface singularity, it is Cohen-Macaulay. In particular,

depthgr (R) = 2 = depth (R).

Next, the A-module R/A is annihilated by I, hence it is an A-module. Moreover, we have
an isomorphism of A-modules R/A = R/A. Our goal is to show that depthz(R/A) = 1.
It is equivalent to the statement that the A-module R/ A has no finite length submodules.
Let m be the maximal ideal of A. It su ces to show that there is no element r € R\ A
such that m - r € A.
et pi,qi € klEZ]]Eble:Power serie[%s_qch that pj(0) = ¢i(0) for all 1 < i < tand r =
p1(u1),qi(v1) ..., pe(ur),q(ve) € R be an element satisfying wj - r € A. But this
implies that for all 1 < ¢ < ¢ we have equalities of the power series T'qi(T) = Tpi1(T).
Hence, ¢i = pjuq1 forall 1 <i <t and r € A as wanted. Applying the Depth Lemma we
get: deptha(A) = 2, hence A is Cohen-Macaulay. d

Corollary 5.3. In the notations of Proposition we have: the ring A is Noetherian,
local, reduced, complete and Cohen-Macaulay. The ring R the normalization of A and [
is the conductor ideal. The canonical commutative diagram

A— A
R—R
is a pull-back diagram in the category of Noetherian rings. Moreover, we have:
- _ _ — 1 _ .. 1 _ ..
Q(A) = E((w1)) x -+ - x k((wy)) and Q(R) = k((u1)) x k((v1)) x ... KE((ur)) x k((vr))
and the canonical ring homomorphism Q(ﬁ) — Q(é) sends the element wj t0 vj + ujiq.

Lemma 5.4. In the notations of Proposition 5.2 we have: for any prime ideal p € P the
localization A, is either regular or Ay-2Y(p)[u, v[/kw, where k(p) is the residue field of
Ap. In particular, the ring A is Gorenstein in codimension one.

Proof. Let p € P. By Proposition 3.6, the local ring Ay is regular unless p belongs to the
associator of the conductor ideal I. Let p be the image of p in A. Then p is a prime ideal
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in A of height zero, Ry is the normalization of Ay, I, is the conductor ideal of A, and we
have a pull-back diagram

|

R—— ép
in the category of Noetherian rings. Since we know that
Ak, wy,. .., o fwiwy | 1<i<j<t)

the ideal p = (w1, ..., wi—1,Wis1,...,wt) for some 1 < i < t. In this case we have:
Ap = k((wi)) and Rp = k((vi)) x k((ui+1)) Hence, the conductor ideal of the local
one-dimensional ring A, is its maximal ideal, it contains its residue field £((¢)) and there
exists a pull-back diagram

Ap k((t))

| |

Ry — k((?)) x k((?))-
Hence, the completion of A is isomorphic to k((t)) [, v[/kw, as wanted. O

5.2. Generalities about cyclic quotient singularities. Let S = kluv[Chnd G =
Chm C GLa(k) be a small cyclic subgroup group of order n. Tlhipl With<f\u_{—|a loss of

generality we may assume that G is generated by the matrix g = , Where ¢ is

£

0 &M
a primitive n-th root of unity, and 0 < m < n is such that gcd(m,n) = 1. The group G
acts on S by the rule « RN Eu, v RN &My, Let R = R(n,m) = S© be the corresponding
ring of invariants and N = MN(n,m) = {0,1,...,n — 1}. For an element [ € I we denote
by [ the unique element in I such that [ = Im mod n. The following result is due to
Riemenschneider [33]

Theorem 5.5. In the above notations we have:
(1) R=Fkl v 1ol . w1 o"[k S = kv
(2) More precisely, let n/(n — m) = a3 —1/(ag — --- — 1/ae), where a; > 2 for all
1 < i < e. Define the positive integers ¢; and d; by the following recurrent formulae:

cp =n,c1 =n—m,ciy1 = aici — ci—1, do =0,d1 = 1,di;1 = aidi — dj—1.

Then R = k[, x1, ..., Te, Tes1 /L, Where z; = uCiv%i(; =0,1,... e+ 1) and the
ideal L C klzh, x1,...,xe, Ter1 (s generated by the relations

(1) Ti—1Tj41 = TiTj Ty 1<i<j<e.
k=i
(3) Let J be the ideal in R generated by (z1,z2,...,2e). Then J = (" 1ol ... uv" R
and R := R/J = klahy, zet1 A zg zetr1) = D = kld y [ xy).
(4) The closed subset V(J) C Spec(R) is the;image of thg-tnion of the coordinate axes
V(uv) C Spec S) under the map Spec S) — Spec R .

In what follows we shall also need the following result about the exceptional divisor of a
minimal resolution of singularities of Spec(R).
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Theorem 5.6. Let X = Spec(R), o = {m} € X be its unique closed point and X5 X be
a minimal resolution of singularities. Then the exceptional divisor E = 7~ 1(0) is a tree
of projective lines. More precisely, the dual graph of E is

by [ by
[ ] [ ] [ ]
where n/m =b; —1/(bg —---—1/bg) and bj > 2 forall 1 <i < f.

5.3. Degenerate cusps and their basic properties. In this subsection we recall the
definition of an important class of non-isolated surface singularities called degenerate cusps.

Definition 5.7. Let ¢t > 1 and %I”Ll,ml),(ng,mg),...,(nt,mt)lzle (Z*)t be a collection
of integers such that 0 < mj < nj and gcd(mij,nj) = 1 forall 1 < i <t Let Rj =
R(ni,mi) = kg, v m C Kk, vi Cbe the corresponding cyclic quotient singularity,
Ji C R; the ideal defined in Theorem .5 and

1]
A:fﬁ'nl,ml)a(nmmz)?---7(nt7mt) CRixRyx---xR='R

be the ring obtained by the construction of Befinition .1l Then A is called degenerate
cusp of type  (n1,m1), (n2,ma), ..., (ne,mt) .

Lemgap 5.8. Given a local completet—algebra A, which is a degenerate cusp. Then its
type (n1,mq), (n2,ms),...,(ng,m¢) is uniquely determined up to an action of the dihedral
group Dy (i.e. up to a shift and reflection).

Sketch of a proof. Let X = Spec(A) and Y L X beits improvement, see [37] and [39, 40].
Let o = {m} € X be the unique closed point of X and Z = 7~ !(0) be the exceptional
divisor. Then Z is a cycle of projective lines. Moreover, Z is a union of trees of projective
lines: Z = Z1UZyU---U Zy, where each Zj is isomorphic to thﬁpxceptmﬁl divisor Ej of a
minimal resolution X5-bf the cyclic quotient singularity Spec R(ni,mi) . The irreducible
components of each tree Z; have the same intersection multiplicities in Y as the intersection
multiplicities of the corresponding irreducible components of E; in 25 These components

Ey, Es, ..., Ey intersect precisely at those points of E, where the variety Y is not smooth.
Thus, Theorem 5.8 allows to reconstruct the parameters (nq,m1), (n2, ms), ..., (nt, m¢) as
well as the order of gluing of the corresponding cyclic quotient singularities. O

The following important result is due to Shepherd-Barron [37].
Theorem 5.9. Let A be a degenerate cusp. Then A is Gorenstein.

5.4. Irreducible degenerate cusps. In this subsection we write down equations of irre-
ducible degenerate cusps. Let R = klzh, 21, ..., ze, ve+1 [ZIL be acyclic quotient singularity
(@I) and J C R be the ideal defined by (z1,...,2z¢). Then R := R/J = klzl, zet1 koret1
and we define the ring A via the pull-back diagram in the category of commutative rings

A—= A
(12) l lv

R—R,

where A = k[zand 5 A—R maps z to xg + xe11. Our goal is to write explicitly a list
of generators and relations of the ring A.
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Case 1. Consider first case when the cyclic group is trivial and R = k[ul v[IThen the ring
A is generated by the power series in z =« + v, y = uwv and z = »?v. In the quotient ring
Q(R) we have the equalities
u=2 and v=24"Z2
Y Y

The equality y = uv implies the relation: 3>+ 22 —2yz = 0. We have a ring homomorphism
7@ k[ y, 23+ R defined by the formulae = — u + v, y — wv and z — u?v, whose image
is the ring A. Moreover, y3 + 22 — 2yz belongs to ker(r). If ker(x) has further generators
then k[a, y, z[Zker(7) has Krull dimension which is not bigger than one. Contradiction.
Hence, A is a hypersurface singularity

(13) A=Fkldy, zlz(y3 + 22— TYz).

Case 2. Lete=1,n>2and m=n—1. Then R = klu v, w/(v" —uw) and J = (v). As
in the previous case, one can show that A is generated by the power seriesin z = v,y = uv
and z = u +w. In the quotient ring Q(R) we have the equalities

uzy and w =
x x

Tz —y

Hence, the relation wv = v" reads as "2 + 2 = zyz. As in the previous case, we get:
(14) A=k y, 22" + % — zy2).

Since z"2 + y? — ayz = "2 + (y — Jx2)? + T2%2%, the equation of A can be rewritten
in the form A = k[, y, 2 [(2? (2" + 22) + ¢?).

Case 3. Lete =2and n/(n—m) = p—1/q = (pq — 1)/q, where p,q > 2. The ring
R = klzh, x1, x9, 22 [ZIL is given by Riemenschneider’s relations

p—1 _g—1

Toxy = w?, T1T3 = xg and xpr3 =27 =z

The subring A C R is generated by the elements x = z1, y = 22 and z = zy + x3. We
have the following equality in R: 25" + 23" = z,29(x0 + x3). Hence, we get:
(15) A=k y, 2P + 0 —ay2), pg > 2.

Summing up, in the all considered cases we get the singularities

Thgeo = klal y, mep +y — zy2),
where p > ¢ > 2 and (p, q) # (2,2).
Case 4. Lete =3 and n/(n —m) = p—1/(q —1/r), where p, ¢, » > 2. Then R =
kld z,y, z,vJIL, where the Riemenschneider’s relations are:

(16) wy=2aP, zz =%, yv = 2", uz = 2P0, po = 07T o = P02

The ring A is generated by the power series in the elements w = v + v, z,y and z. Next,
we have the following equality in R: wy? = wrz = (u+v)xz = 2Py9~ 1+ 997127 implying
the equality wy = 2P + 2". One can show that in this case we have:

A=kldy, z,wlAzz —yd yw — 2P — 2")

for p, ¢, r > 2. In other words, A is a Tpqreo—Singularity.
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Case 5. For e > 4 the ring A is no longer a complete intersection. We the sake of
completeness, we give its presentation via generators and relations. Let 0 < m < n be

coprime integers and
n

=a; —1/ag — - —1/ae,

n—m
where all aj > 2,1 < i <e. Then one can show that A = k[zh, xo, ..., xze, 2[/IL, where the

ideal L is generated by
1

a Ijrall_zcl
X9 = x7 tas | Te,
1=3

_2El

Te—1 = T Te—2,
_ _ lﬂfa!_zcl_ _ EIE!”_QEI ‘

2Tj = 1 x Ti—1 + Tit1 x Te, 2<i<e—2,

1=1 I=i+1

ﬂ_2m o

T 1Tjr1 = T Ty zj, 2<i<j<e—1L

k=i

5.5. Other cases of degenerate cusps which are complete intersections. In this
subsection we shall describe all other cases of the degenerate cusps which are complete
intersections.

Case 6. Let R = klzh,zo [k ko, y. L1 Then A is generated by the power series in the
elements x = (z1,y2), y = (x2,41) and z = (x1x2,0). The following relation is obviously
satisfied: zyz = 22. Hence, we have:

(18) A=kl y, 20(wyz — 2%) = ki y, 2[(z%y° + 2°).

Case 7. Let R = klzh, xo X kg, y1, yo Lyoy2 — yi’), p > 2. Then A is generated by the
power series in the elements © = (21, y0), ¥ = (22, y2) and z = (0, y1). Moreover, we have:
xyz = 2P+ and

(19) A=Ek@y, z:[(zyz — 2P, p>2.
In other words, Case 6 and Case 7 yield the class of Theco—Singularities.

Case 8. Let R = klah, o[k klyh,y2 Tk k2, 201 Then the ring A is generated by the
power series in the elements =z = (x2,%1,0), ¥ = (0,y2,21) and =z = (z1,0,22). They
satisfy the relation zyz = 0 and we have:

(20) A=kl y, 20 (xyz).

Case 9. Let R = klh, x1, m2 [/ woxs — 21) x kO, y1, y2 LA yoy2 — 47), p,q > 2. Then the
degenerate cusp A is generated by the power series in the elements

T = ($07y2)7 Yy = (x27y0)7 z= (l’l,O) and w= (anl)

Then we have the following equalities in R: zy = 2P +w% and zw = 0. One can show
that we have:

(21) A=kl y,z,wl/(zP +wl — 2y, wz).
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Case 10. Let R = R; x Ro, where Ry = klzh,zo[Cand Ry, = k@b,yl,yg,yglz(yoyg —
v° y1ys — 3 woys — ¥PTyd™h), where p,q > 2. Then A is generated by the power series
in the elements = = (z1,¥3), ¥y = (x2,%0), 2 = (0,41), w = (0,y2) and we have:

(22) A=kldy,z,wAyw — 2P, xz — w).

Case 11. Let R = klah,zo [k klod, yo Tk klZh, 21, 22 (/2022 — 27), where p > 2. Then the
ring A is generated by the power series in the elements

T = (x27 Y1, 0)7 y= (07 Y2, ZO), z = (x17 07 22)7 w = (07 07 Zl)'
The following relations are satisfied: zw =0 and yz = wP and we get

(23) A=kl y, z,wAzw,yz — wP).

Case 12. Let R = klzh, xo X klyh, yo Tk k2, 20 X kb, wo [L1Then A is generated by the
power series in the elements

T = (w27y17070)7 y= (an27z170)7 z= (0707 22,'11)1) and w= (fL’l,0,0,wg)
and we have:

(24) A =kldy, z, wlzz, yw).

6. Matrix problem for Cohen-Macaulay modules over degenerate cusps

The goal of this section is to state a matrix problem @cribing Cohen-Macaulay modules
over a degenerate cusp A = 1,m1),...,(ng,my) . Recall that the normalization of
Ais R = Ry x Ry x -+ x Rg, where each component R; = R(nj,mj), 1 < i < tisa
cyclic quotient singularity of type (ni,mj). As a first step, we recall a description of the
indecomposable Cohen-Macaulay modules over cyclic quotient singularities.

6.1. Cohen-Macaulay modules on the cyclic quotient surface singularities. Let k
be an algebraically closed field of characteristic zero, S = klul v[And G={n,m EE}2(k)
e 0
0 &M
€ is a primitive n-th root of unity, and 0 < m < n is such that gcd(m,n) = 1. Let
R = R(n,m) = SC be the corresponding ring of invariants, A = S« G and N = MN(n, m) =
{0,1,...,n —1}. For an element [ € I we denote by [ the unique element in N such that
I =Im mod n. Recall that

be a cyclic subgroup group of order n generated by the matrix ¢ = , Where

R= klﬂq,un_lvi,...,uvn_l,vnmi S=kluvCE A=kldvHAG

is the center of A, rad(A\) = (u,v) * G and A/rad(A) = k[G]. The following result is due
to Auslander [3], see also [43] and [42].

Theorem 6.1. In the above notations, let Pro(/\) be the category of finitely generated
left A—modules. Then the functor of taking invarjants Pro(A) — CM(R), assighing to a
projective module P its invariant ﬁ:\rt P = gzecPlg-x=zforallgec G andtoa

morphism P — @ its restriction f5, is an equivalence of categories.

Let U be an irreducible representation of G. Then it defines a left A-module Py := S®yU,
where an element p[g] € A acts on a simple tensor » ® v by the rule

plgl - (r @ v) = pg(r) @ g(v).
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It is easy to see that P is projective and indecomposable and the top of Py is U viewed
as a A-module.

Since G is a finite cyclic group, all its irreducible representations are one-dimensional.
For any [ € M let V; = k be the representation of G determined by the condition g-1 = ¢~
From Theorem [6.T]we obtain the following description of indecomposable Cohen-Macaulay
modules over R.

Corollary 6.2. In the above notations, there exist precisely n indecomposable Cohen-
Macaulay R-modules. For any [ € I the corresponding Cohen-Macaulay R-module I

1S 1 1
(25) I = (S @k W)C = i aiju't! %+ mj =1 mod n,aij € k _CS.

1,]=0

- — [
In other words, I} = %J,u"lvl,...,uv"l,v' g C 5.

Our next goal is to describe the morphisms between the indecomposable Cohen-Macaulay
R—modules.

Lemma 6.3. For any p € I, let B, = S ®x V,, be the corresponding projective left A—
module. Next, for any pfg € I we set:

1
Spq = ' aijulvj +mj:q_pm0dn>aij 6k‘i|__C‘|S'
1,]=0

Then we have:
(1) For any pair p,q € 'l we have an isomorphism of R—modules Sp ¢ — Homu (5, Fy)
assigning to a polynomial a € Spq the map r ® 1 +— ar ® 1.
(2) Moreover, these isomorphisms are compatible with compositions of morphisms: for
any triple p, q,t € 'l the diagram

Sg,t X Sp,g — = Homy (P, Pr) x Homy (P, Fy)

ot |

Spt Homy (Fp, Fr)

is commutative.
(3) In particular, for any p € 'l we have an isomorphism of rings

Proof. We only give a proof of the first statement of this lemma, since the remaining two
follow from the first one. For any pair p,q € 'l we certainly have:

Hence, any A-linear morphism ¢ from B, to Fy is given by the multiplication with a
certain power series a € S. In other words, ¢ = a3, where pa(b® 1) =ab® 1 for b € S.
Since 4 has to be A-linear, we have:

1 1 - .
va g-(b®1) =agl) ®E T =g palb®1) = g(a)g(b) ® &,
where g is a generator of G. It implies that g(a) = £97P a, hence a € Sq—p as stated. [
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Corollary 6.4. Let P be a projective left A-module. Then P = @pmﬂgnp for some
uniquely determined multiplicities m, € Z,.. Moreover, any endomorphism ¢ € End, (P)
can be written in the matrix form

1 1
0,0 ©o0,1 e ©0,n—1
1,0 ©1,1 ®1,n—1
Y = . . i .
Yn—-1,0 ¥Yn-11 --- ¥n—-1,n—1

where ¢q,p € Matm,xm, (Sq—p) for all p, g € M. Moreover, ¢ is an isomorphism if and only
if the matrices op p(0) € Matm,<xm, (k) are invertible for all p € I1.

[ S
Lemma 6.5. Let J = «"'v!,...,uo"™!  be the ideal introduced in Theorem .5 and
R = R/J. Then the following statements are true.
(1) We have a ring isomorphism ¢ = v : D = kla y[[xy) — R given by the formula
Y(z) = u" and Y(y) = o".
(2) For any p € N\ {0} there exists an isomorphism of D—-modules
Pp k@D k3 — R QR Ip/ torg (R @R Ip)
given by ¥p(1x) = [1 ® uP] and 9p(1y) = [1 ® vP].

Proof. The first statement of this lemma is a part of Theorem B8 We only give a proof
of the second statement. _

Since R is a domain and I, is Cohen-Macaulay over R of rank one, the module R ®r
I/ torg(R ®r Ip) is Cohen-Macaulay of multi-rank (1,1) over the ring D. Hence, it is
su cient to show that 1, is well-defined and is an epimorphism. In order to show i, is
well-defined, it is su cient to check that x - ¢p(ly) = 0 = y - ¢p(1x). The first equality
follows from the fact that

1] N N I [
z-Yp(ly) = Tou™P = "My @u™PTt =0

in R ®r Ip/torg(R ®r Ip) because u"~™Mv € J and «M™vP~! € I, (note that p — 1 > 0).
The second equality y - ¥p(1x) = 0 can be proven in tﬁ same way.

In oder to show ¢y, is surjective, recall that I, = wP,uP~'o!, ... uwP™!, 0P . Hence,
it is su cient to prove that for any pair 1 < ¢, j < n such that i +mj = p mod n we have:

1eu € torg(ﬁ QR Ip).
To show this, it is su cient to observe that
z-(Qou)=10u" T ="Myt~ =0

in R®R I because u""Mv € J and w'+MuI~1 € T,. In a similar way, we have the equality
y-(Leuv)=0in Reg . O
Definition 6.6. On the set M =TM(n,m) = 0,1,...,n—1 there are two orderings <y
and <y defined as follows:

(1) p <« g ifand only if p < g, where p and ¢ are regarded as natural numbers.

(2) p <y qifandonly if p < g, where p and ¢ are regarded as natural numbers.

Proposition 6.7. Let M = &, dp ” be a Cohen-Macaulay module over the ring R.
p OI¥p
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—1 . .
Q) fm= o I/ tp then we have an isomorphism

— — = - L1
v QM) = Q(R) @ R@r M/tor(R@r M) — k(@)™ & k()™

induced by the isomorphisms 1, (p € M) from Proposition 6.5l

(2) Let p € Endr(M) be an automorphism of M and ¢ be the induced automorphism
of Q(M). Taking the basis of Q(M) ingdced by vm, the endprporphjsm ¢ can be
written as a pair of matrices ¢* € GL, klzland ¢Y € GLyy kgl Isuch that

I:I7 —1 —1 —1
—X —X y -y -y
%0,0 Y01 - ¥0,n—1 809,0 909,1 e ‘Pg),,n—l
[ X X X ¥ > A

—~ _ ¥1,0 Y11 -0 Pl Ly _ 11,0 Y11 -0 Pln-
Y = . . = . . .

—X —X —X ) -y . -y . -y .

“n-1,0 %n-1,1 -+ ¥n-1,n—1 Yn-10 %n-11 -+ ¥n—-1,n—1

Moreover, the blocks of-the pratrices ¢* and ¢¥ satisfy the feHpwingproperties:
(@) »qp € Matm,xm, IJﬁ'lﬂ%f p<xgand ¢y, € Matqumpl__a;{clﬂ%f D >x q.
(b) @Yp € Matm,~m, kIif p <y g and @4 p € Matm, xm, ykIif p >y q.
(c) For any p € I we have: &5 ,(0) Tj?,ép@ € Glymy (k

(3) Any pair of matrices (p*,¢Y) € GLyy k[ 1x GLy, kly1having a decomposition
into blocks as above and satisfying the above conditions (Za)), (2b) and (2d), is
induced by an automorphism ¢ € Endr(M).

Proof. This proposition is a corollary of Theorem Lemma Corollary and
Lemma 6.5l O

6.2. Matrix problem for Cohen-Macaulay modules over the degenerate cusps.
The main idea of our approach to a stu f Cohen-Macaulay modules ever non-isolated
singularities is the following. Let A = 1,m1), (ne,ma), ..., (ng,m¢) be a degenerate
cusp. By Theorem[3.5] the classification of indecomposable Cohen-Macaulay modules over
A is equivalent to a description of indecomposable objects of the category of triples Tri(A).
The latter problem turns out to be more accessible, because it can be reformulated as a
certain matrix problem. Indeed, recall that

(1) The normalization R of the ring A is a product of the cyclic quotient singularities:
R=Ry X Ry X --- x Rt = R(n1,m1) x R(na, msg) X --- x R(ng, my).
(2) If I =anna(R/A) is the conductor ideal and A= A/I and R= R/I then
A=kl 29,..., 2L,
where the ideal L is generated by the monomials zjzj, 1 <i# j <t and
R =k, y1 heyyn X ki, yo Llhoays X -+ x kzk, ye Llreys.
(3) Under the canonical morphism A — R, the element zi (1 < i < t)is mapped to
i + yi—1, Where yo = yt.
Let 7 = (M534H) be an object of the category Tri(A). Then we have:
1. le?l\m Cohen-Macaulay module over R; = R(ni,mi), 1 < i < t.

In particular, Mi—= pi:f] I,dp” for some uniquely determined multiplicities dj, € Z>,

where Ij p is the rank one Cohen-Macaulay Rj—module defined by (23)).
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2. The second term of the triple 7" is a module V' over the semi-simple ring Q(/_l) =
k((21)) x k((22)) x - - - x k((z)). Hence, V = k((z1))" @ k((22))2 & - - - & k((2¢))" for some
uniquely determined multiplicities I1,lo, ..., € Z>p.

3. Using the isomorphism ¢ z—frpm Proposition we have:
_ (| L1
Q(R) ®r A@E((wl)) ® k((y1)) o ® k((x2)) ® k((y2)) = @@ k((z1) ® k((y) @,

where dj = ;;!di forany 1 <i<t.
p=0 P

4 The morphism ¢ : Q(R) oA V — Q(R) ®r M—ishiven by a collection of matrices
(0%,07),(6%,03),...,(0%,6{) . These matrices satilsi){ the fI%IIIowing conditions:

1]
(1) For any 1 < i <t we have: 6 € Maty, x|, k((xzi)) and 6 € Matg;x1,,, k((vi))
have full row rank. [ ] ]
(2) Forany 1 < <t the matrix gyi—l (2) € Mat(g,_, 44,)x1; k((2)) has a full column
rank.

Corollary 6.8. Let A = 4@11,7711),(712,7)@2),...,(nt,mt)EtI)e a degenerate cusp over
an algebraically closed field k. Then a description of isomorphy classes of objects in the
category Tri(A) (and thus, of the isomorphy classes of Cohen-Macaulay modules over A)
reduces to the following matrix problem. Let D = k[zILIm = zk[zland K = k((2)).

(1) We have 2t matrices X1, X,,..., Xt and Y7,Y5, ..., Y; over the field K. More
precisely, X; € Maty, <, (K) and Y; € Maty, x),_, () for all 1 < ¢ < ¢. In particular,
the matrices X and Y; have the same number of rows and the matrices Xj, Yi—1
have the same number of columns (as usual, we set here Yy = Y}).

(2) For any 1 < i < t, the matrices X; and Y; are diyidgd into horizpagal stripes
labeled by the elements of the set N = M(nj,mij) = 0,1,...,nj —1 . Moreover,
the blocks labeled by the same letter p € M;, have the same number of rows (which
is allowed to be zero).

(3) The matrices X1, X,,..., Xt and Y1,Y5,. .., Y; satisfy the following constraints:

(@) For any 1 <i <t the matrices=X;i apehYi have a full row rank.

(b) For any 1 < <t the matrix ¢~ has a full column rank.

(4) It is allowed to do the following transformations with matrices X;, Y, 1 <i <t
(a) One can perform any elementary transformations of rows of the matrices
X1,Xo,..., Xtand Y7,Ys, ..., Y; with coe cients in the maximal ideal m.

(b) For any 1 < <t one can do any simultaneous transformations of columns of
the matrices X and Yj—; over the field of fractions K.

(c) Forany 1 < ¢ < t and any p € [ll(nj,mj) one can do any simultaneous
transformations of rows of the horizontal stripes of the matrices X; and Y;j
marked by the label p over the residue field k.

(d) Let 1 <34 <t be fixed and p # q € M(nj, mj) be two labels.

(i) If p <x ¢ then one can add a multiple over k£ of any row of the matrix
X; of the block labeled by p to any row of X; of the block labeled by g.
(it) Similarly, if p <y ¢ then one can add a multiple over k of any row of the
matrix Y; of the block labeled by p to any row of Yj of the block labeled

by gq.

Remark 6.9. The matrix problem obtained in Corollary [6.8] has not been studied in an
earlier literature. In the subsequent section we shall show that it has tame representation
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type. In particular, the category of Cohen-Macaulay modules over a degenerate cusp has
tame representation type. This result is very surprising because for a long time there was
a belief that a non-isolated surface singularity can not be representation-tame.

7. Decorated bunches of chains

In this section we study a general class of matrix problems, which contain as a subclass
the ones describing Cohen-Macaulay modules over degenerate cusps, see Corollary

7.1. Definitions. In this subsection we consider the matrix problem defined by the fol-
lowing combinatorial data.

Definition 7.1. A decorated bunch of chains X = { £, F,~, —, <, <} consists of:

e Two sets £, F without common elements. We denote X = £ U F and write z || y if
rzyeforx,ye F,andx Lyifx €& ye F or vice versa.

e An equivalence relation ~ on X’ such that each equivalence class consists of at most two
elements.

e A symmetric relation — on X such that z — y implies that z 1 y. We denote by 6 the
smallest equivalence relation containing the relation —, and for each #-equivalence class ¢
set&c=cn& and Fo =cnN F.

e A (partial) order < on X, which we suppose to be concentrated on the classes & and
Fe, i.e. such that x <y implies that z || y and z0y.

e A convex subrelation < C <. “Convex” means that if x <y < z and <z, then also x <y
and y <z (in particular, if x <y, then also z <x and y <y). We denote by < the di erence
<\, i.e. z <y means that x <y, butnot x <y. We also denote A={zec X | z<dz}
and call the elements from A decorated.

These relations < and — must satisfy the following conditions:

(i) For each #-class ¢ both & and F¢ is a chain (linear ordered set) with respect to
the ordering <.

(i) fz~yandx e A, then also y € A.

@iii) If z < 2By < yHo — yH2"— y and 25— ¢ then also x — y.

Certainly, we write x < y, or x <y, or z < y if x # y and, respectively, z <y, or z <y,
orx Xuy.

Let D be a discrete valuation ring with the field of quotients K, the maximal ideal pD
and the residue field £ = D/pD. We define a category C = C(X, D) and a C-bimodule
B = B(X, D) as follows.

Definition 7.2. Let X = { &, F,~,—,<,<} be a decorated bunch of chains.
e First set, for z,y € X,

1
K ife—y zeF,yef

B(z,y) = i
(@.9) 0 otherwise.
C1
% if x,y are non-comparable or x < y,
if y <,
Cla.y) = % if y <z
pD ifz < .
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e The objects of the category C are the equivalence classes with respect to ~. If a,b
such classes and either a # b or ¢ = b consists of one element, then C(a,b) =
Xmﬁ(x,y), considered, as the set of b x a-matrices, i.e. the matrices with columns
numbered by z € a, the rows humbered by y € b and the yg-ery being from C(z,y). If
a=b={z,y}, x #y, we define C(a,a) as the subset of Xy =f (x,y) consisting of all
such matrices Syx that

SXX - Syy |f x ¢ A,
The multiplication of morphisms from C is given by usual matrix multiplication.

o Now we define the C-bimodule 5 setting
1

B(a,b) = B(z,y)
x [@y [h1l
also considered as the set of b x a-matrices with the yx-entries from B(z,y). The action of
the morphisms from C on the elements of B is also given by the usual matric multiplication
and replacing all products that appear on a “zero” place by zeros. Note that the condition
(iii) above guarantees the associativity of this multiplication.

Definition 7.3. Now we define the category of representations rep(X, D) of the decorated
bunch of chains X over the ring D as the bimodule category EI(B) (or the category of
elements of the bimodule 5). Recall that it is defined as follows. Let addC be the Hive
closure of C, i.e. the category, whose objects are forﬂil;qinite) direct sums X = i=1Xj
(Xj € ObC), while morphisms from X to Y = ;_,Y; are just m x n matrices with
the ij-entries from C(Xj,Yi). One extends the bimodule B up to a addC-module such
that B(X, Y)—'ﬁ—lthe set of m x n matrices with the ¢j-entries from B(Xj,Yi). Then
ObEI(B) = « ropadac B(X,X) and morphisms from o € B(X,X) to g € B(Y,Y) are
those morphisms f : X — Y that fa = gf (note that both sides are from B(X,Y)). We
denote this set of morphisms by Homx(«, 5). If a € B(X, X), we call X the support of «.

More explicitly, one can consider objects from rep(X, D) as block matrices as follows.
Denote by X' (2) the set of pairs (z,y), where z € £, y € F, x — y. Choose non-negative
integers my for all x € X so that my = my if x ~ y. Then a representation of X is given
by a set of matrices M = { Myy € Mat(mx x my, K) | (z,y) € X(2) } . A morphism from
such a representation M to another one N = { Nyy }, where Ny, € Mat(ny x ny, K), is
given by a set of matrices S = { Sx,Sxy | ,y € X, <y or y <« } such that

Sx € Mat(nx x mx, K) if x ¢ A,
Sx € Mat(ny x my, D) if z € A,
(e1) Sx =8y ifx~yandz ¢ A,
(e2) Sx =Sy(mod p) ifxz~yandxzecA,
Sxy € Mat(nx x my, K) if x <y,
Sxy € Mat(ny x my, D) if x <y,
Sxy € pMat(nx x my, D) if y <.

and, for each pair (z,y) withx € &, y € F, z — v,
1 1
(26) SxMxy + SXXIjWXQ = nySy + NXyDSy@ .

x<xUor xTix yt<y or y<ay™
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Recall that the radical R of the category rep(X) is, by definition, such an ideal of this
category that Homyx(«, 8)/R(«, 8) is a semi-simple artinian ring for all objects «, 8 and
a morphism f : o — f is invertible provided it is invertible modulo R. One easily verifies
that a set of matrices S = { Sx, Sxy } as above defines a morphism from R if and only if
Sx = 0 for each non-decorated = and Sx = 0 gm@d jp)-fpr each decorated z. In particular,
two sets of matrices M = { My, } and M"= M, (of the same size) define isomorphic
representations if and only if they can be transformed into the other by a sequence of the
following “elementary transformations™:

(T1)

(T2)

(Transformations of stripes.)

Choose a set of matrices { Sx | = € X' }, where Sx € GL(mx, D) if z € A, Sx €

GL(mx, K) otherwise, such that Sy = Sy if z ~ y, z ¢ A and Sx = Sy (mod p) if

x ~y, z €A Now replace each Myy by SyMyy St

(Transformations between the stripes.)

(a) Choose two elements z,y € X such that + < y and a matrix Syy of size
my X my With entries from K, if x <y, or from D, if z <y. Now, if 2,y € &,
replace each My, by My, + SxyMy,, and if x,y € F, replace each M, by
sz + szSxy-

(b) Choose two elements =,y € X such that y <z and a matrix Sxy of size my xmx
with entries from D. Now, if z,y € &, replace each My, by My, + pSxy My,
and if z,y € F, replace each M,y by M,y + pMxSxy.

7.2. Description of representations. In this subsection we describe the combinatorics
of indecomposable representations of a given decorated bunch of chains.

Definition 7.4. (1) An X-word (or simply a word if X is fixed) is a sequence w =

)

3

4)

.. d; ]
T1r1x2T2 . . . Tn—1Tn—1Zn, Where zj € X and rj is either ~ or — for some integer dj,

such that
(@) If rj =~, then zj ~ zj41 Iin X, otherwise xj — zj1 in X.

(b) If rj =~, then rj4q :CE and vice versa.
(c) If there is y € X such that z; ~ y and z1 # y (zrn ~ y and zn # y), then
r1 =~ (respectively, rn—1 =~).
We set w™E znr—12n—1 ... raxor1z1 and call the word w™bpposite to w. We call
n the length of w.

If in a word w as above z;j ¢ A and rj :CE, we say that the word w™obtained from
w by replacing d; with d; + k (k € Z) and, if i > 3, simulteneously replacing dj—»
with dj—s + k, where + is taken if x;j || zj—1, — is taken if zj L xj_q, is elementary
equivalent to w. If there is a sequence of words w = wg, w1, ..., wx = wtsuch that
wj is elementary equivalent to zj—; for 1 < i < n, we say that the words w and w"
are equivalent. Note that if neither x; in w is decorated, the word w is equivalent

_ _ _ _ . _ 0 . d;
to wg = x17r1x272 . . . Tn—1"n—12Zn, Where rj =~ if rj =~ and rj =— if ri =—. Then
we call the word wq standardized.

A word w is called cyclic if r;y = rn—1 =~ and xn —x1. We call a cycle a pair W =
d
(w, d), where w is a cyclic word and d € Z. For such a cycle we set d, = d, rn =—,

where n is the length of w, xjikn = =i, Ti+kn = ri and djixn = d; for all k. Note
that the length n of a cycle is always even.
We call a cycle decorated if at least one of z;j is so.
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(5) We call two non-decorated cycles (w, d) and (w5 dY equivalent if so are the words w
and w" Actually, it means that every non-decorated cycle is equivalent to (wy, 0),
where wy is the word defined in (). The latter cycle is also called standardized.

(6) We define equivalent decorated cycles similar to equivalent words, but omitting the
condition i > 3 in the defnition of the elementary equivalence, using instead for
1 = 1 the agreement d—; = dn—; and allowing the case i = n.

(7) We call a cycle W periodic if there is a shorter cyclic word v such that w =
V—UV—-+— 7.

(8) For a cycle W we define its k-th shift as the cycle WX = (w® dy), where
1<k<n/2and

w® = ToKk4+1T2k+1T2k+2 -+ - - TNTIT1L2 - . . T2k T2k -
Let m be the number of integers ¢ such that 0 < i < k and x9j+1 || xei. We call
the k-th shift of TV even or odd if so is m.
(9) We define the cycle W ~bpposite to W = (w, d) as the pair (w5H)

Now we are able to define our main personages, string and band representations. We
alsways present them in the matrix form as described above.

Definition 7.5. (1) Given a word w = zirixory...Tn—1"n—1Ln, We construct the
corresponding string representation A/ (w) = { Mxyy } as follows:
(a) The rows of each matrix My are numbered by the indices {7 | zj = = }, while
its columns are numbered by the indices {j | zj =y }.

d;
(b) If ri == and zj = z, ziy1 =y, then the (¢,¢ + 1)-th entry of Myy equals pYi.

If r =§ and zj =y, ziy1 = x, then the (¢ + 1,7)-th entry of M,y equals pYi.
(c) All other entries of Myy equal zero.

(2) Let W = (w,d), where w = x1r1xor9 . .. zn—17n—12n be a non-periodic cycle, which
is either decorated or standardized, m be a positive integer and ¢(t) # ¢ be an
irreducible polynomial over the field & if this cycle is decorated and over the field K
if it is standardized. We construct the band representation M (W, m, ¢) as follows:

(a) Each matrix M,y is a block matrix with all blocks of size m xm. Its horizontal
stripes are numbered by the indices {7 | xj = x }, while its vertical stripes are
numbered by the indices {j | z; =y }.

d;
O Ifri=— (A <i<n-1)and zj =z, zjiy1 = y, then the (i,7 + 1)-th block of

My equals p%i I If 7 =% and zj =y, rjr1 = x, then the (7 + 1,4)-th block
of Myy equals p%Im. (Im is the identity m x m matrix.)

(c) If this cycle is standardized, we denote by ® the Frobenius matrix over the
field K with the characteristic polynomial ¢(¢)™. If it is decorated, we choose
a matrix @ over the ring D such that modulo p it coincides with the Frobenius
matrix over the field & with the characteristic polynomial ¢(t).

(d) If z, = z, 1 = y, then the (nl)-th block equals p@®. If z; = z, zn = y, then
the (1n)-th block equals pd®. (Recall that in the standardized case d; = 0 for
all 4.)

(e) All other blocks of My equal zero.

The main theorem about the decorated bunches of chains is the following.

Theorem 7.6. (1) String and band representations are indecomposable and every in-
decomposable representation of X is isomorphic to one of them.
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(2) Neither string representation is isomorphic to a band one.

(3) Two string representations M (w) and M (w" are isomorphic if and only if w5is
equivalent either to w or to w™’ .

(4) Two band representatlons MW, m,¢) and M WD HeXt) are equivalent if and

only if m = mY there is an integer k& (0 < k < n/2) such that W& is equivalent
either to T7or to (WS eHt) = o(t) if the k-th shift of T is even, and ¢%t) =
t"¢(1/t), where r = deg ¢(t), if this shift is odd. (Note that such &, if exists, is
unique, since the cycle is non-periodic.)

In particular, bunches of chains are of tame representation type, at least with respect to
the intuitive conception of this term. (We shall not try to precise its meaning right now.)

7.3. Reduction algorithm. The main tool in the proof of Theorem is the so-called
reduction algorithm. Actually it put a part of the matrices Myy describing a representation
to a certain “normal form”; then we only consider the transformations that do not change
this form. It turns out that the new matrix problem can be again considered as one on the
representations of a new decorated bunch of chains. It allows to prove the main theorem
by a recursive procedure. In what follows we may only consider faithful representations
«, 1.e. such that the support of « contains all objects of C as direct summands. In the
terms of matrices it means that for every class a € ObC there is an element x € a and an
element y € & such that My, # 0 or Myx 7 0.

For an element a € K let v(a) =sup{m | € p™D } (the valuation of «); in particu-
lar, v(0) = oco. If A= (ajj) is a matrix with the entries from K, let v(A4) = minv(ajj).

We call a <-interval in X a maximal subchain (with respect to the order <) X C X
such that if z,y € X and x < y, then z < y. If X C &, Y C F are two <-intervals such
that x — y for some x € X, y € Y, we write X — Y, denote by Mxy the block matrix
consisting of the blocks Myy for x € X, y € Y. In particular, the number v(M; X,Y) =
min{v(Myy) | z € X,y €Y } is defined. We also write X < Y if there are elements
z € X,y € Y such that z < y (if X # Y, it means that x < y). We fix one 6-class
Xy = & U Fy and choose, among all <i-intervals contained in Xy, a pair Xy C &, Yy C Fo
such that

o If Xy < X, then Mxy =0 forall Y.
o If Y <Yy, then MXOY =0.

Obviously, such a pair always exists and is unique. Let d = v(Mx,y,). Now we choose the
elements =g € Xy, yo € Yp such that v(My,y,) = d and, moreover,

o If 29 <z, then v(Myy) > d for all y.
o If Y < Yo, then V(Mxoy) > d.

Such a pair also exists and is unique. Moreover, this pair is invariant under isomorphisms
and in the case, when xy and y are both decorated, the value d is also invariant under
isomorphisms. On the contrary, if either xy or yg is non-decorated, we may, and always
will suppose that d = 0. We call the pair (zq, o) leading pair of the representation M and
denote by rep(X; xg, yo, d) the full subcategory of rep(X) consisting of all representations
with the leading pair (zo, yo) and v(Mx,y,) = d. We also denote by rep™ (X; zo, v, d) the
union of all subcategories rep(X; z,y, d) such that one of the following conditions holds:

e Either z < zg or z < g, d < d-
e x = x( and either y < yor y"<y, d < d¥
e x =10, y=1ypand d < d-
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Actually, we deal with each of these subcategories separately. The idea of the reduction
algorithm is to construct a new bunch of chains X"such that €7D &£ and F”D F, a
“well-described” subset S of “special” representations from rep(X; zg, yo, d) and functors

F: rep(x’ Z0o, Yo, d)/( S> — rep+(XE1|$0> Yo, d)v
where (S) is the ideal generated by the identity morphisms of the objects from S, and
G : rep™ (X5 @, yo, d) — rep(X; 0,10, d)/(S)

such that FG ~ Id, GF(a) ~ « for all objects o and if f € Homx(«, 3), where both
a, B € rep(X; zg, yo, d) and have no direct summands from S, then GF(f) = f (mod R).
Then the functor F' has the evident properties:

(1) Fis full and dense (i.e. every object from rep™ (X z, yo, d) is isomorphic to F(c)
for some object a € rep(X; xg, yo, d)).
(2) F is conservative, i.e. a morphism f is an isomorphism if and only if so is F'(f).

A functor with these properties is called an epivalence. Then also an object « is inde-
composable if and only if so is F'(«). Therefore, F' induces a one-to-one correspondence
between isoclasses of indecomposable objects in rep(X; zg, yo, d), except those from S, and
rep™ (XY o, yo, d). Moreover, we shall provide an explicit construction that gives a corre-
spondence between string and band representations from rep(X; zg, yo, d) and those from
rep™ (XY o, yo, d).

The construction of the bunch X and the functors F, G depends on the following cases
that can happen:

(Case 1) Both x4 and yy are non-decorated and zy # yo.
(Case 2) Both x4 and yy are non-decorated and =y ~ .
(Case 3) xo Is decorated and yq is not (or vice versa).
(Case 4) Both x4 and gy are decorated and zq ¢ yo.
(Case b) Both x( and y, are decorated and xgy ~ .

We denote v(Mx,y,) = d. Let My,y, be of size m x n. Since the cases 1 and 2 do not
essentially di er from the case of “usual” (non-decorated) bunches of chains described in
[6, [31] (and are simpler than the other cases), we shall not consider them here.

Case 4. This case seems to be the simplest among the “decorated” ones. Uping eIemerLtarE,
0 I

pd+1N po '

for some r, N € Mat((m —r) x (n —r), D). Then, using the transformations of type (T2),
one can make zeros all rows and columns that match up those of I, in all matrices outside
Myoyo- The resulting set of matrices will be called (xzoyo)-reduced. Suppose that both
M and MYare already (zoyo)-reduced. It is easy to check that, for any set of matrices

S = { Sx, Sxy } defining a morphism M — M"Y the matrices Sy, and Sy, are of the form

1 1 1 1

transformation of type (T1), one can reduce the matrix My,y, to the form

_  S1 S2 _ S5 S3
Sxo = ’ Syo = psaN  s1

ps3  s4
for some blocks s (1 < s <5).
We define a new decorated bunch of chains X"in the following way.
(1) The set XYcoincide with X if there are no such elements z € X \ {zg,y0} that
2z ~ g or 28~ yo. If such an element exists in £ (F), we add to £ (F) a new
decorated element z9r 2t
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(2) All relations = ~ y, « # y in XPare the same as in X except the case, when there
are elements z ~ x, z # x and z"~ y, z7# y; then we add the relation z v 2,

(3) The order relations (< and <) between the elements of X remain the same in X"
If 22D is the new element inserted above, we set 2z 2z (2M< zP,and the other
order relations for z{(zpP,are the same as for z.

(4) All relations — for the elements from X are the same as in X; for a new element
z{zPywe set z=  if and only if z — z (respectively, 24  if and only if 2P~ z).

We also set S = {pd},lﬂere Exoy, denotes the representation with support zg + yo
. .0

given by the matrix 00

Since the (zgyo)-reduced representations form a full subcategory equivalent to the whole
rep(X; o, yo, d), it is enough to construct the functor F' for such representations. On the
matrix level its construction is quite evident: we just cross out all rows and columns that
math up those of the unit part Iy of Mygy,. If 2 ~ xo, 2 # xo (Or 2P~ yo, 25# o),
we divide each matrix of the z-th stripe into two parts: the first » of them (respectively,
the last r) are sent to the corresponding z-matrix (respectively, zf-matrix), while the
last n, — r (respectively, the first n, — r) are sent into the new z-matrix (respectively,
zHmatrix) (with the same second index). In the same way, in each set of matrices defining
a morphism we cross out the rows and columns corresponding to xzg and yo, and divide
the matrices corresponding to z ~ z or zU~ y just as for representations. One easily sees
that F' is indeed a functor.

Let now a representation o € rept (X5 o, y0,d) be given by a set of matrices N =
{Nxy | (z,y) € X%2)}. We define G(a) as a representation of X given by the (o, yo)-
reduced set of matrices M = { Myy | (z,y) € X(2) }, where:

® My = Nxy if z £ 20, y # yo.
o If there is an element z ~ xg, z # o, but there is no element 2"~ yq, 25 yq, or

there is gn-glenpent = ~ yo, z # yo, but therg-isino elefpent 2"~ xo, 2"# zo, then:

My = ]]\\f?m for y # yo and My, = ]]\\%m 8 , Where zero part has n,_,
Ay ZYyo
columns, if z € €. 1 1
My; = (Nxz Nxzp), for z # xo and My,; = NO NO , Where zero part has
XoZ XoZ11

nnfows, if z € F
e If there is both an element z ~ zg, z # xo and an element 27~ o, 29 # yo,
tlh«_eﬁ My are |eliﬁned as in the previous @ with thm{ception of M,,0 =

Nawzph Nazip, if z€ &, 28 For Myz = %Zz% Ny if 2z F, 25 €.

NZZ:D NZZE NZQD
o If there is neither an element z ~ zp;=1 7 xo nor@nRgelement z ~ yo, 2 # yo, then
d
Mxoyo = Nxoyo; otherwise MXOYO = ny pOIr . where r = O
0Y0

Just in the same way we define f = G(g) = { Sx, sxy }, Where g = { Ty, Ty } is @ morphism
from rept (X% zg,40,d). Certainly, here we must remember the rule (e2) frefn Defini—

TZ|:| TZZ|:|

tion[Z.3l Therefore, if there is z ~ ¢ (or z ~ yp), we have to set Sy, = S; = T T
1y z
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|:T| T 1
Z 2y Again it is quite evident that G is a func-

TZZD TZ|:|
tor rept (X5 zo,v0,d) — rep(X; zo,yo,d) such that FG = id. Moreover, if M is (zoyo)-
reduced, then either GF(M) = M, if there is an element z ~ xg or z ~ g, and
M ~ GF(M) @ (pdEXOyO)r if there are no such elements. In both cases M ~ GF(M)
in rep(X; o, 0,d)/(S). Moreover, in the former case, if M, M are (xyo)-reduced and
f M — M"Y then all matrices SX,SXy describing f — GF(f) are zero except, maybe,
SXO and Syo, and the latter are with entries from pD. Therefore, f — GF(f) € R, so all
conditions on F' and G hold. ] ]

It is easy to see that a string M (w) or a band representatlon M w,d,¢(t) belongs to

(respectively, Sy, = S; =

rep(X; o, yo, d), then, for every entry z — y or y — x, where z € £, y € F

e either = is non-comparable with zq, or xg <z and d < ¢, or x <xg and d < ¢, or
xr < X,
o if x = x, then either y <typ and d < cor yo <y and d < ¢, or yy < ¥.

d d
Note that if there is neither z ~ x nor z ~ yo, the fragment wy, = ¢ — yo (or wi=yo —

d
x0) can not be prolonged, so there is the unique representation M (zg — yo) = dExqy, Where
this fragment can occur. If there is z ~ ¢ but no 25~ yg, then w; (wh)can only occur at

d
the beginning (respectively, end) of a word w (never cyclic) as z ~ xg — yo (respectively,

d

Yo — xo ~ z). If itis the whole word w, then M(w) = p Exoy0 Otherwise we replacguch 7

triple by zthus obtaining an X“word w" that defines the string representation F' M (w)

from rep™ (X5 z0, yo, d). On the contrary, since z—¢ « for any = € XY it only can occur at
d

the beginning or end of a X“word ». Replacing it, respectively, with z ~ m&'— yOEOIr with

d
Yo — xo ~ z, we obtain an X-word v® defining the string representation G M (v) . These

two operations are mutually converse, so we get a one-to-one correspondence between
string representations from rep(X; zo, yo,d) and those from rep™ (X% zo,y0,d). At last,

if there are both z ~ xo and 2"~ vy, each time, when w; or wi-bccurs in a word w,

_ _ d d
it matches, respectively, w, = z ~ xg — yo ~ z50r wx, = 2P~ yo — g ~ 2. We

replace these fragments, respectively, with z—~ z29r 22 21t gives again a one-to-one
correspondence between string representations compatible with the functors F and G. If
the XRword w is cyclic, so is the new X=word wF and vice versa. Moreover, both w and
w" are decorated, so we also get a compatible one-to-one correspondence correspondence
between band representations. Moreover, one easily sees that equivalent X-words produce
equivalent X2words and vice versa, which accomplishes the proof in Case 4.

Case 5. Let My,y, = p?A, where A € Mat(myx x mx, D) and v(A) = 0. Set Amodp = A.
Using transformations of type (T1), one can transformpthg matgix;A to the Frobenius

normal form, so we suppose that is already so. Let A= /(1)0 AQ , Where /_10 is nilpotent
— 1 Ag O

and A is invertible. Moreover, one can reduce A to the form A = 00 A with
1

Ag = Apmodp and A; = Aymodp. Using transformations of type (T2), one can make
zero all rows and columns outside M,y that match the rows and columns of A;. Then M
splits as My & My, where M7 hasa unique non-zero block, namely, the (zqy0) one, which
equals A1, while the (zgyo)-block of M, equals Ay. According to our rules, M; is a direct
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sum of band representations M (W, mj, ¢i(t)), where W = (x¢ ~ yo,d) and ¢;j(t)™ are
the characteristic polynomials of the Frobenius blocks occuring in A;. We define S as

the set of all such epresentations. Therefore, in what follows we may suppose that
A=Ay, thus A= | _, rcJk, where Jy is the nilpotent Jordan matrix of size k x k. It is
convenient to rewrite the direct sum ?‘ik_las
—1
0 I, 0 ...
640 I, ... 0
J(k?, T‘k) S8 i T
010 0 ... I,
O o 0 ... O

Again, we can make zero all rows (columns) in all matrices My, that match the nonzero
rows (columns) of Ay, except the units on the places where they are in A.We call the
representations with these properties (zoyo)-reduced. Now we define the new bunch of
chains X"as follows.

(1) EF=(E\{zo}) U{ex | k € Z}, where ¢ are new symbols.

2@ FPf=(F\{yoDU{fc | k€Z}, where fi are new symbols.

(3) ex ~ fk; all other relations ~ are the same as in X.

(4) The elements ey (fk) inherit the relations —, <1, < with the elements of X'\ {z¢, y0}
from the element x, (respectively, yo); we also add the relations ey — fj for all £, 7,
ej ek and fkﬂfj if j <k.

Every object of rep(X; xo, yo,d)/(S) is isomorphic to an (xzoyo)-reduced one, thus we
only have top construct F'M = N for such representations. But it has actually been done:
now we only have to cross out in all matrices defining M all rows (columns) that match
the non-zero rows (columns) of A. Afterwords, we have to take for Ny, or of Nx¢,, or of
Ne, £, the block, respectively, of Mxy,y, or of Mxyy,, or of My,y, corresponding, respectively,
to the zero rows of J(k,rk), or to zero columns of J(rj,kj), or to both. Just in the same
way F' can be defined on morphisms.

In order to construct a representation M = GN corresponding to a representation of
rep™ (XY o, yo, d), we set

o Myy = Ngy for z,y € X.

]
.Mxyoz Nxfl|Nxf20|Nxf300|“‘|Nxfl 0... 0 forl‘eg\{l'(]}, Wherel
is the biggest number such that f; occurs in V. Analogously My, is defined for
yeF

o Myyy, k=1"J(k,ne,) (note that ne, = ng,).
Just as in Case 4, one easily verifies that FG ~ Id, GF(M) ~ M and GF(f) — f € R.
Let wy = Yo~ L0 — Yo ~rFer -+ Yo ~ To— If M(w) is a string representation from

k times

rep(X; xzo, yo, d) \ S, find all fragments of the word w of the form = —wy —y and y—wkl:'— x,
where x # xg, y # yo there may be no z or y if wy or wﬁ)ccur at the beginning or at the
end of w). For each of such fragments we replace wy (U’E by ex ~ fk (fk ~ ex). Thus
we get an X“word w" such that FM(w) ~ M(wF). The inverse procedure just replace
every fragment ex ~ fik (fk ~ ex) by wg (wk@. It gives us, for every string representation
M (v) from rept (XY zq, v, d), a string representation M (v®) ~ GM (v), and accomplishes
the proof for Case 5.

Case 3. We suppose that yq is decorated, while x( is not (the opposite case is quite
analogous). Here we must consider the whole matrix Mx,y, (actually, it only has one
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horizontal stripe corresponding to z). Recall that here we suppose that d =0, so My =

Mx,v, is a matrix over D. Let Yy = {yo,vy1,...,9k }- (yo coincide with one of y) One
can reduce the matrix M, to the form
1 1
O I/ 0 O0|...] 0 O
—$ o 0 I 0 0
& 0| 0 O 0 I
pNyg O0|pNy O pNy O

Here the matrices My,y, are shown by the blocks consisting of two vertical stripes (they
are marked out). We do not precise the sizes of the unit matrices I. They may di ers in
di erent blocks; moreover, some of them may be lacking (for instance, it is always the case
if yi <yo). Now, using the transformations of type (T2), one can make zero all rows and
columns that match those of unit parts of M. If there is no element z ~ xg, z # x¢, and

0
no element 2"~ i, 7% yi, then M has a direct summand Exoy; = M (20 — yi), moreover,

it is a unique case when a fragment z, ° yi can occur in X-words. In what follows, we
suppose that M does not have any such direct summands, i.e. either there is an element
z ~ xq or (and) there is an element ziDN yj for each ¢ =0,1,..., k. For such elements we
introduce new symbols zj—9r (and) z-and define the new bunch of chains X"as follows:

(1) X=X U{zice] 1 <i<k}; zicor z;-belongs to EYif 2 or zPwas in &, and to
F if z or zj was in F.

(2) All relations = ~ y, « # y in Xare the same as in X except the case, when there
are both an element z ~ x, z # z and an element z=~ i, z7# ;; then we add the
relation zi 21

(3) The order relations (< and <) between the elements of X’ remain the same in X"
If zi (z)yis the new element inserted above, we set zi—< z (21 2); and zi=<0 zj
(2111 z;hif yi < yj. The other order relations for zj{(z{-are the same as for z
(25.

(4) All relations — for the elements from X" are the same as in X; for new elements zj—
(2D, we set zj—  if and only if z — x (respectively, {4 x if and only if 27~ ).

We also set S = { Ex,y, | 0 <i<k}. Now the construction of F' and G, as well as of
the correspondence for strings and bands coincide in fact with that for Case 5 with the
obvious changes necessary to deal with several objects y; instead of one object yq as in
Case 5.

Corollary 7.7. Let A be a degenerate cusp. Then the category of Cohen-Macaulay mod-
ules over A is representation tame.

In the next section we shall see how these results about representations of decorated
bunches of chains can be translated back to obtain an explicit description of indecompos-
able Cohen-Macaulay modules.

8. Explicit description of Cohen-Macaulay modules over certain
degenerate cusps

In this section we consider in details three important examples of degenerate cusps:
kly, 200(2* + y° — 2yz), k@ y, 2[/keyz and k@ y, 2, wl/(zy, zw).



COHEN-MACAULAY MODULES OVER NON-ISOLATED SINGULARITIES 41

8.1. Singularity Th3e.. Let A = k@ y, z[/{2® + y? — 2y2z) be a Thzo—singularity. Recall
that its normalization R is k[ v[Iwhere w = £ and v = 2. Next, I = (z,9)A =
(uv)R_is the conductor ideal. Hence A = A/I = k[zI,whereas R = k[ul v[The canonical
map A — R maps z to u +v. We have: Q(A) = k((2)) and Q(R) = k((u)) x k((v)).

Let (M534H) be an object of Tri(A). Since R is regular, we have: M—=IR™ for some
integer m > 1. Next, V is just a vector space over the field k((z)), hence V = k((z))" for
some n > 1. The gluing map-{ is given by a pair-f matrjces of full row rank and the same
size: 0 = (Oy,60v) € Matxn k((u)) x Matmxn k((v)) . The transformation rule is

(27) - (6u, 0v) = (Sl‘le%, S;levi%

where T € GL n, k((z)) and S; € GL m, klu] Sy € GL m,klﬂlﬁ%re such that S1(0) =
S2(0). This matrix problem is an example of representations of a decorated bunch of
chains. By Theorem the pair (0y,6,) splits into a direct sum of the following inde-
composable blocks.

C1 1
Continuous series. Let [,t > 1 be positive integers, w = (mi1,n1),...,(m,nt) € (Zi)t

be a “non-periodic sequence” such that min(mi,n;) =1forall 1 <i <tand X € K~ Then
we have the corresponding canonical form:

1
u™FE 0 0 0
0 u™E 0 0
Ou = : : . . :
0 0 RO VAL 0
0 0 0 u™E
(28) 1 1
0 v™E 0 ... 0
0 0 vBE 0 0
o = ; ; ; S
0 0 0 . o™ME
MJOA) 0 0 ... 0

where E' = Ej is the identity [ x [-matrix and J(\) = Ji(A\)d§ the Jordan block of size
I x 1 with the eigenvalue X. The triple RY, k((2))Y, (6u,6y)) defines an indecomposable
Cohen-Macaulay module M(w,l, ), which is locally free of rank ¢/ on the punctured
spectrum of A. Moreover, any indecomposable Cohen-Macaulay module which is locally
free on the punctured spectrum, is described by a triple of the above form.

Discrete series. Indecomposable Cohen-Macaulay A-modules which are not locally free
on the punctured spectrum, correspeRd to the string representatigry. They are described
by a single discrete parameter w = mgy(mi,n1), ..., (M, nt), N1 , Where mg =ngq =1
and min(mj,nj) = 1 for all 1 < ¢ < ¢t. Consider the matrices 6, and 6, of the size

t+1) x (¢t + 2) given as follows:
( )< I;L; —1 —1 —1
umo Q0 o ... 0 0 »™ 0 ... 0
g v 0 ... 0 o 0 "2 .. 0
(29) 6y = ] . _ ] nd 6,= 0
0 0o ... u™ 0 0 O 0 ... ym=

] 1
In the case t = 0 we set #, = (1 0) and 6, = (0 1). The triple R k((2))*"!, (b4, 6y)
defines an indecomposable Cohen-Macaulay A-module N(w) of rank ¢ + 1, which is not
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locally free on the punctured spectrum. Moreover, any indecomposable Cohen-Macaulay
A-module, which is not locally free on the punctured spectrum is isomorphic to a module
of the form N (w). O

Our next goal is to describe an algorithm to construct Cohen-Macaulay A-modules cor-
responding to the canonical forms (Z8) and (29). The following lemma is straightforward.

Lemma 8.1. Let (6y,6y) be the canonical form given either by a band data (w,l,\) or
by a string data w. Let # = 6, + 6, € Homz(AP, RY) be the corresponding morphism of
A-modules, where p = ¢ = ¢l in the case of bands and p =t + 2, ¢ = ¢+ 1 in the case of
strings. Then the induced morphism of Q(A)-modules 1 ® 0 : Q(A)P — Q(R)Y is given by
the original matrices (6y, 6y), where we use the canonical isomorphism Q(A)®zR — Q(R).

As a consequence, we get a complete description of the indecomposable Cohen-Macaulay
modules over the ring A = k[ y, z[[(x> + y? — zy2).

Corollary 8.2. Let (6y,6y) be the canonical form defined either by a band data (w,[, \)
or by a string data w and 6 = 6, + 6, and p,q be as in Lemma [B.1l Consider the matrix

- [ 1
9 = .Z'Iq ‘y,[q ’9 € Math2q+p(R).

Let L C RY be the A-module generated by the columns of the matrix 9. Then the Cohen-
Macaulay A-module M := LT = L ™ datisfies:

L L]
F(M) = RYE((2)P, (0u, 00) -

In other words, M is the indecomposable Cohen-Macaulay A-module corresponding to the
canonical forms (Z8) and (29).

Corollary allows to deduce the following result.

Proposition 8.3. For the ring A = k[ y, z[/{z? + 3? — 2yz) the classification of the
Cohen-Macaulay A-modules of rank one is as follows.

(1) There exists exactly one module N = N 1(,)1 , which is not locally free on the
punctured spectrum. We have the following A-module isomorphisms: N =] = R.

(2) The rank one Cohen-Macaulay A-modules, which are locally free on the punctured
spectrum, have the following shape:

L] (I L] ]
M (1,m),N =Inx and M (m,1),1,A = Jm

] ]
rem > 1, \ ¢ kl;llm,m: oMyl + A(wz — )™ C A and Jy A =
ML yM + XM (22 —y) C A.

Proof. The fact that there exists precisely one Cohen-Macaulay A-module of rank one,
which is not locally free on the punctured spectrum, follows from our classification given
in Corollary B2l Both modules I and R have share the property to be Cohen-Macaulay
of rank one, and to be not locally free on the punctured spectrum.

Let 6, = u™, 6, = \o" and 6 = 4, + 6y, where X € k~and min(m,n) = 1. Then unless
max(m,n) = 1 and A = 1, the cokernel of the morphism of A-modules 6§ : A — R has no
finite length submodules. By Lemma [£.10] and Corollary B2 we get:

L1 1 [ 1] L] 1 [ 1]
M (m,1), LA = x,y,um+/\vAgR and M (1,m),1,A = z,y,u+ " A C R

Next, observe that v = % fulfills the equation «?> — zu + 2 = 0. By induction it is not
di cult to show that for any m > 2 there exists polynomials pm (X, Z) and ¢m(X, Z2) from
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kX, Z [duch that the following equality holds in R: «™ = pm(z, 2)u+ gm(z, ). Using this
fact it is not di cuItI:t]o derive that

ye xu+ M = %H,xmy,xm_ly + A\zz —y)" ,.

L ]
In asimilar way, y € z,u™+ v , = 2™ gMy ™+ A" (22 —y) L. O

It is very instructive to compute the matrix factorizations corresponding to some rank
one Cohen-Macaulayrinoduleg—Nqgte thatthe conductor ideal I corresponds to the
y

. . . X -y
matrix factorization —yx2oyz 0y x2-yz

. . I [ _,

Consider now the family of modules M (1,1),1,A = =z, £+ X |, where \ €
k%ﬁl}. The-pgpecial value A = 1 has to be treated sepayately: in this casg we have
M (1,1),1, A = A. For A #1we know that M (1,1),1,A = =z ,y+ﬁwz A+ The new
moduli parameter u, = ﬁ %es its values in P1\ {(1: —1)} = (kU {oc}) \ {~1}. One

can check that M (1,1),1,\ has a presentation:

1
X+U(u+1)22 y+pxz
y—(utlxz  —x?

5 5 Cl] 1
A A — M (1,1),1,A — 0.

Note that the forbidden value = —1 corresponds to the module R = I, whereas the value
p = oo corresponds the regutay modulg—=. In other words, the “pragmatic moduli space”
of the rank one modules M (1,1),1, A can be naturally compactified to the nodal cubic
curve zy? = 3 + 222, where the unique singular point corresponds to the unique rank one
Cohen-Macaulay A-module, which is not locally free on the punctured sqﬁtrum.

Next, let us compute the matrix factorization describing the family M (2,1),1, A . By
Corollary [8.2] we have:

Cl 1 1 1 1
M (2,1),1,\ = I%!S,yz+)\(mz—y)m N I%“L’,gnyz+)\(alcz—y)alc N I%g,y(z—)\)+)\mz A
This family has the following presentation:

|
X(2—=N)2+Az8 y(z—N)—Axz
y(z—N\)—xz2 x2

5 5 (| (|
A A*— M (2,1),1,A0 — 0.

Our approach can be also applied to describe Cohen-Macaulay modules of higher rank.
Consider the long exact sequence

0—A—D—A—k—0,

corresponding to the generator of the A-module ExtA (k, A) = k. The module D is called
the fundamental module. By a result of Auslander [3], it is Cohen-Macaulay and it plays a
central role in the theory of almost split sequences in the category CM(A). Let us compute
a presentation of D using our method. First, one can show that D corresponds to the

triple
P 1

1 5 ]
R R, (39, (51 = R%LE()? 0u=(83).0v = (8V
Consider the module N given by the diagram
0 2 N A? 0

1

0 I? R2 R2 0.




44 IGOR BURBAN AND YURIY DROZD

Then we have:
ch) O] ] il ] e

Ty 0 0 Tz —y
0 ) 0 ) I’2 ) Y ) 0 ) Y A
and D = NT. Note that the element a := (¥) € A2 does not belong to N, however
ma € N. Applying Lemma and Lemma we conclude that
¢ PRlyIng @ o1 IIZ?]_I L1

N = C A?

X 0 -y : 0 C A2.

o Nt =
D=N 0 * —z2 0 ay Ty A

Moreover, D has the following presentation:

1, ; x o B
y 0 X
%Exz 0 y-z =
At 0 ¥y2¥0y 44, p_s.
One can check that we have an isomorphism D 2 syz3(k), what matches with a result
obtained by Yoshino and Kawamoto [44].

Remark 8.4. By results of Kahn [27] and Drozd, Greuel and Kashuba [17] it is known
that the isolated hypersurface singularity B = k[ y, 2 [/{x> +y%+ 2P — \zyz), where p > 6
and X\ € k% ’has tame Cohen-Macaulay representation type. On the other hand, a concrete
description of indecomposable Cohen-Macaulay B-modules still remains widely unknown.
It would be interesting to know what Cohen-Macaulay modules over the degenerate cusp
A can be deformed to Cohen-Macaulay modules over the normal surface singularity B.

8.2. Cohen-Macaulay modules over the ordinary triple point k[l y, z[/kyz. Let
A =klx y, z[kyz be a Teooo—Singularity and
T:A— R= R1 X R2 X R3 = k‘lﬂl,yglj k‘@l,Zﬂ:}k ]{TE,Z‘QD

be its normalization, where n(x) = 1 + 22, 7(y) = y1 + yo and w(z) = z; + z5. Let
I = anna(R/A) be the conductor ideal. Then we have:

1] [ I

I'= wzy,xz,yz \= x1Y2,Y1%22, 2122 -

Next, we have: A = A/l = k@A y, z[(xy, xz,yz) and R = R/I = R x Ry x ég =
kL, yo LAw1y2) X kyh, 20 [(y122) X kL2, 22 [/(z122). It is convenient to introduce the ring
A= kAT kX kZINote that the canonical map A — R factorizes through A

Our goal is to describe indecomposable Cohen-Macaulay modules over A which are locally
free on the punctured spectrum.

Definition 8.5. Consider the following band data:
e a non-periodic sequence of integers
w = (a1, b1, c1,d1, €1, f2), (a2, b2, 2, da, €3, f3), . .., (at, by, cx, dy, ex, f1) € Z°,
t > 1 such that min(aj, fi) = min(bi, ¢ij) = min(dj,ej) =1 forall 1 <i <t.
e a positive integer | € Z~q and a continuous parameter \ € k&

Then we attach to the data (w,{, A) the following matrices:
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I I

_ =
o O ...sc\] Oo ...OS;P‘
N N
_ -
8y O g, o
R N
K =
) o O - O e
Il Il
N N
K =
oo S e s
= =
~ -
SN =
- -
— o s O — L O
Il Il
> >
00T i
- -
o o & — o ‘.:No
8 8
. -
© & © S o o
8 S
'\
O T e
8

:vgll FE
0
—1

I Il
X X
o
where E = F) is the identity [ x [ matrix and J = J;(}\) is the Jordan block of size [ x [
with the eigenvalue ). Denote
0*=07+0% 0¥=0)+0} and 0% = O} + 6%.
The indecomposable Cohen-Macaulay A-module M = M (w,l, ) attached to the band
data (w, !, \) is constructed by the following recipe: O
(1) Consider the A-linear morphism © = oxjev|ez : At I’%‘t’ where we write
ke kit k1M and use the isomorphisms Hom 5 k[ IR) = k[zl8tc.
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(2) Consider the torsion free A—-module L = L(w, !, A) given by the following commu-
tative diagram with exact rows:

0 It L Altl 0
1)k
0 It Rt R't 0.

(3) From the above description it follows that L is the A—submodule of R't generated

by the columns of the matrix
1 1

:L'lygE | yleE | leL'gE | o* | oY | e? S Mat|t><6|t(R).

(4) Finally, we have: M(w,Il,\) = L(w,l,)\)%Moreovle_ﬁ, the following sequence is
exact: 0 — L(w,l,\) —» M(w,l,\) = H {m} coker(®@) — 0.
The ring R = Ry X Ry x Rj is a subring of the total ring of fractions QQ(A). The units of
R;j (1 <14 < 3) are the idempotents
o= ——2  ep=—  and eg=———
rxy t+yz+axz Ty +tyz+xz rxytyz+az
Itis easy to see that e; +ex+e3 = 1 and ejej = djjej forall 1 < 7,5 < 3. In these notations
we can write the elements x, 2,1, y2, 21, 22 Of the normalization R as elements of the
total ring of fractions Q(A) in the following way:

Tl = e, Y2 = ey, Y1 = ey, 22 = €2z, 21 = ezz and xy = e3x.

Next, the element zy + yz + zx € A is not a zero divisor. Since the module L is torsion
free, we have: L 2 (zy +yz + zz) - L C A't. As a corollary, we obtain the following result.

Theorem 8.6. Let A = k[xl y, z[/{xyz) and (w,l,\) be a band data as in Definition 8.5
Consider the following matrices:

Cxhi+iyE 0 . 0 1+1xE 0 - o
0 xe2+lyg | 0 ybe+ixg . 0
0 0 ... x“t+1yE 0 ... yhrtIxE
Lyl 0 . 0 I;&l”'lyE 0 . o
0 yee+tizE L. 0 zR*lyE 0
0 0 ... yatlzE 0 ... zWrlyE
L, xf2*1zE .. L diviye 0 o
. . . ze2+lxg ... 0
wH L Hs B U H
0 0 xft+1zE : " :
xf1+1z3 0 0 ... zetYIxE

where EE = E) is the identity [ x [ matrix and J = J.()\) is the Jordan block of size [ x [
with the eigenvalue \. Denote &= &+ &X] dvl= &Y+ &F) dzk= b2 dZland consider

the A-module LYw, 1, \) generated by the columns of the matrix
1 1
(@)’ E | (y2)*E | (22)° B | & & &2 € Matiexoie(4).

Then we have:
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(1) The module M(w,1,)\) := L¥w, 1, \) ™% an indecomposable Cohen-Macaulay mod-
ule over A. Moreover, it is locally free of rank It on the punctured spectrum.
(2) Any indecomposable Cohen-Macaulay module over A which is locally free of rank
on the punctured spectrum, is isomorphic to some module M (w,1, A).
(3) M(w,1,)) = MWSI9)\Y if and only if I =15 X = \Mand w"is obtained from w by
a cyclic shift.
Remark 8.7. The indecomposable Cohen-Macaulay A-modules which are not locally free
on the punctured spectrum, correspond to the string data. They can be described along
similar lines as above, what is left to the reader as an exercise.

Corollary 8.8. Let M be a Cohen-Macaulay A—module which is locally free of rank one
on the punctured sl%actrum. Then we have: O

M= M(w,\) = @), (y2)2, (22)2, e™F Ly AgMetl, M+l natly ity lotl, R
for some w = (m1,ma), (n1,n2), (l1,12) € Z5 and X € k5Iwhere
min(my, msy) = min(ny,ng) = min(ly, l5) = 1.
Moreover, M(w, ) = M (w5 \Y if and only if w = wMand A = A"
The above description can be elaborated one step further.

Proposition 8.9. Let M be a Cohen-Macaulay A—module which is locally free of rank one
on the punctured spectrum. Then M is generated either by two or by three elements.

1. Assume M is generated by two elements. Then there exists a bijection {u,v,w} —
{z,y, 47y a pairgf integers p, ¢ > 1 and A € kSuch that M = coker(A? 8, A2) with
0="0i (p,q),N) , 1§%3, where

U 0
P+ Al vw

C1 1 L[] L]
and 93 (p7Q)7)‘) :01 (p7 Q)7)\) .

2. Assume M is generated by three elements. Then there exists a bijection {u,v,w} —

{z,y, 113 a triple pfjintegers m, n, [ > 1 and X € k=Such that M = coker(A® 9, 43 with
0=0; (mn,0),\,4<i<7, where

1
Au + Pt dtt

L1 1 L1 1
91 (pvq)7>\) = ) 02 (pvq)7>\) = uq—i—l VW

O] ] uw w 0 ] O] w w A"
0y (m,n, ), = L4 o ™ Lo (m,n),N =Ll ¢y ™ L
A0 w 0 0 w

Lyl lerl

L1 1] L1 L1 1] L1
0 (m,n,0),A\ =04 (m,n,0),A = and 67 (m,n,0),\ =05 (m,n,0),\ .
C1
Proof. By CorqHary B.8we know that M = M(w,\) = L(w, \) Hfbr some w = (mq, ma),
(n1,n2),(l1,12) € Z%and X € k5 where min(my, ms) = min(ny, ng) = min(ly, lx) = 1.

Case la. Assume my = ny = [y = 1. Denote for simplicity ms = m, no =n, lo =1 and

"z and ug = 22z + 2ty

w = 22y + Mz, ue = P2+ y
Then we have: (zy)? = zuy, (y2)? = yup and (z2)? = zus. Hence, L = (uy,ua, u3)a.
Moreover, in this case L is already Cohen-Macaulay and we have an exact sequence

:Iz —-y" 0 L
0 x —zt
A" 0y

A3 A3 — L —0.
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Case 1b. Assume mgo = ny = Iy = 1. Again, we denote m; =m, ny =n, [y =1 and

— wm+1 n+1 1+1

V1 y+)\x22, Vg =Y z+y2wandv3=z w+22y.
Then we have: (zy)? = zv1, (y2)? = yvs and M(z2)? = zv1. Hence, L = (vy,v2,v3)a. AS

in the previous case, the module L is Cohen-Macaulay and we have an exact sequence
5 o oy T

—z! 0
0 —im z
A3

A — L —0.

Case 2. Assume mq =1y =ny = 1. Denote mo =m, ny =nand iy, =1[. Thecasen =1
has been already treated in Case la. Hence, without a loss of generality we may assume
that n > 2. Denote

n+1 2 I+1

m+l, r+z "y

wy = 2y + A , we = y" Tz + %z and wy = 2

C1 ]
We have: (zy)* = zw; and (z2)* = zws. Hence, L = (yz)*, w1, w2, w3 ,. Note that the
case m = [ =1 has been already considered in Case 1b.

Case 2a. Assume m =1 and [ > 2. Consider the element r = zy +y"z + A(zz + 2'y) € A
and the module £2 (L,r)a C A. First note that

Tr =wi, Yyr = wg + /\zl_z(yz)2 and zr = y""2(y2)? + Aws.

By L@ma&%the Macaulayfications of the modules L and £-dre isomorphic. Moreover,
£3 7 (y2)?  is Cohen-Macaulay and we have an exact sequence

(-
X yn—l_,’_}\zl—l
9 0 yz 2
A A2 s E1 0.

Case 2b. Assume m > 2. The case | = 1 reduces to the Case 2a. Hence, we may without
a loss of generality assume that [ > 2. Consider the element r = zy + y"2 + X2z € A
and L= (L,r)a € A. Then we have: zr = wy, yr = wg and zr = yn_2(@2 + /\xm_ll_yi)g.
Hence, the Macaulayfications of L and £-dre isomorphic. Next, &% (yz)?,ws,r , is
Cohen-Macaulay and it has a presentation

X _Zl—l _yn—2 -

0 y —axm1

AP0 0z AP — E1s0

Note that the case n = 2 has to be treated separately because in that case the presentation
is not minimal. Indeed, (yz)? = z(zy + y%>z + AxMz) = zr. Hence,

1 1
E2 222+ My + %2 + A2z ACA

is generated by two elements. It is easy to see that £-Has a presentation

| 1
Ay-+xm—lzi=1 7l

A? T Xz A2 S B0

The remaining cases reduce to the ones considered above. d
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8.3. Cohen-Macaulay modules over k[al y, u, v[/{zy,uv). It seems that the only con-
crete examples of families of indecomposable Cohen-Macaulay modules over surface singu-
larities, which have been constructed so far, deal with the case of hypersurface singularities.
From this perspective it is particularly interesting to consider the case of a degenerate cusp
A = k@ y, u, v[/{zy,uv). Indecomposable Cohen-Macaulay modules over A can be de-
scribed using the same technique as in Subsection and Subsection 8.2l Omitting the
details, we state the following result.

L] |
Proposition 8.10. Let A = kL y, u,v[Azy,uwv), J = (zu)?, (zv)?, (yu)?, (yv)* , and
M be a Cohen-Macaulay A-module which is locally free of rank one on the punctured
spectrum. Then M & M(w, \) =

J,a:m1+1uE|/\xm2+1v,unl+1y+un2+1m,ypl+llzvl+ PPty ity 4 Uq2+1y%3& A
for some w = (m1,m2), (n1,n2), (p1,p2), (¢1,q2) € Z8 and X\ € k5 Iwhere
min(my,mz2) = min(ny,n2) = Min(p1, p2) = mMin(q1, g2) = 1.
Moreover, M(w, ) = M (w5 \Y if and only if w = wMand A = A"

Remark 8.11. In the above notations, let m; = ny =p1 = ¢ =1 and my = m,ny =
n,p2 = p, g2 = q. Then the corresponding Cohen-Macaulay module is
M= Mw,\) = z2u+ Az o,y + " e y?o + P, 0?e + 09Ty A CA

Moreover, M has a presentation

Lydo000 v um 0 o B
[6y000 0 x y? 0 [
00x00 0 O uve
0O00UOAX™ 0 0 vy

A8 A —s M — 0.

9. Cohen-Macaulay rings of discrete and tame representation type

First note that our results on classification of Cohen-Macaulay modules over surface
singularities imply the following interesting result for non-reduced curve singularities.

Theorem 9.1. Let k& be an algebraically closed field of characteristic zero, f = xz2y? or
22y + 2P, p > 3 and A = k[ y[/lf. Then the curve singularity A has tame Cohen-
Macaulay representation type.

Proof. By a result of Kndrrer [30], the ring A has the same Cohen-Macaulay representation
type as the surface singularity B = kL, y, zII(f+z2) Hence, itissu cient to observe that

Bis adegenerate cusp. Indeed, u?+uvw = (u+3 vw)z—lv2w2 = 22 —2?y? for z = u+Low,
r=wvandy = §w In a similar way, u +vp+uvw = (u+3 vw)2+vp 1 2 w? = 22+aP—2%y?
f0l’z—u+%vw :U—vandy—§w. O

Remark 9.2. Note that Knorrer’s periodicity theorem [30] only requires that the charac-
teristic of the base field & is di erent from two. Since the normalization of the singularity
k[, v, w[/{u? +uvw) is a product of two regular rings, it is tame in the case of an arbitrary
characteristic. Hence, k[, y[/{xy)? is tame provided char(k) # 2. We conjecture that the
rings from Theorem are tame in the case of an arbitrary field k.

Note that by a result of Drozd and Greuel [15], the reduced curve singularities 7 q(\) =
kL y 7P + o9 + \a2y?, where rlJ + é < 1 and A € k5l have tame Cohen-Macaulay
representation type for an arbitrary field %, see also [10].
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Next, we describe some surface singularities with infinitely but only countably many
indecomposable Cohen-Macaulay modules. In a work of Buchweitz, Greuel and Schreyer
[8] it was shown that the hypersurface singularities k[ y, z[/{zy) (As—Singularity) and
k@ y, 2 [(x?y+2%) (Deo—singularity, also called “swallowtail””) have countable (also called
discrete) Cohen-Macaulay representation type, see also [9] for a di erent proof. Moreover,
they have shown that these two singularities are the only two-dimensional hypersurface
singularities of countable Cohen-Macaulay representation type. This lead Schreyer [35] to
the following question.

Question 9.3. Let k£ be an algebraically closed field and A = klzh,xo,...,2n /1 be a
Cohen-Macaulay surface singularity over k£ of countable Cohen-Macaulay representation
type. Is it true that A is isomorphic to the ring of invariants of A 0Or Do With respect
to a finite group of automorphisms?

It turns out that the answer on this question is negative. We follow our notation from
Section Bl and in particular of Theorem

Definition 9.4. Let t > 2 and I%I"Ll,ml),(?"LQ,mQ),...,(nt,mt)lzle (Z*)t be a collection
of integers such that 0 < m; < nj, and gcd(mi,nj) = 0 for all 1 < i < ¢. Let R} =
R(ni,mi) = kg, vi®hm C kg, viCbe the corresponding cyclic quotient singularity,
Ji C R; the ideal defined in Theorem 5.5, Rj = R;i/J;i = k4, yi [ziy;) and

C =k, z1,..., 2z | 0 < i < j < ).

C1 ]
Weset A := A (n1,my), (ne, msa),...,(nt,mt) C R to be the ring defined by the following
pull-back diagram in the category of commutative rings:

A C
| ]

- _ —
R R1><---><Rt,

where 7 is the canonical map, and ~ is given by the rule: v(z¢) = x1, v(zi) = yi + i1 for
1<i<t—1and v(z) = yt.

C1 (|
Proposition 9.5. Let A = A (n1,m1), (n2,ms),...,(nt,m¢) be the ring introduced in
Definition 9.4 Then we have:

(1) The ring A is a complete reduced Cohen-Macaulay surface singularity and R is the
normalization of A.

(2) Let I = anna(R/A) be the conductor ideal. Then we have the following isomorphisms:
AT =k, .. 21 Wzizgg |1 <i<j<t—1) and Q(A/I) = k((21)) % - -+ X k((2t—1))-

Moreover, R/I = k‘@lD( k@,ygmgyg X oo X km—layt—l Izh't—lyt—l x klzk[Cand the
canonical map A/I — R/I maps zj to yj + zj4q1 forany 1 <i <t¢—1.

The proof of this proposition is the same as of Proposition[5.21and is therefore skipped. O

C1 ]
Remark 9.6. By Proposition @5 the ring A (n1,m1), (n2,m2),...,(nt,mt) has the
same total ring of fractions as R(ni,m1) x --- X R(nt,m¢). Hence, it has t irreducible
components. Note that A(1,0) = k[, v, w/kv is the Ac—singularity.

As is Subsection [6.2, we obtain the following corollary.
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Corollary 9.7. In the above notations, let A = A%Izl,ml), (ng,m3), ..., (nt,mt) I.:IThen
a description of Cohen-Macaulay modules over A reduces to the following matrix problem.
Let D = k[zILdm = zk[Z@And K = k((2)).

(1) We have 2(t — 1) matrices Xo,..., Xt and Yi,...,Y;— over the field K. More
precisely, Y; € Maty,x),(K) and Xj;; € Maty,, x,(K) forall 1 <: <¢—1. In
particular, for all 2 < ¢ < t — 1 the matrices X; and Y; have the same number
of rows and for all 1 < i < ¢ — 1 the matrices Xj,1, Yj have the same number of
columns.

(2) Forany 2 < <t — 2, the matrices X; and Yj are diyided into horizpntal stripes
labeled by the elements of the set IM; = M(nj,mij) = 0,1,...,n;j —1 introduced
in Definition Moreover, the blocks labeled by the same letter p € I, have the
same number of rows (which is allowed to be zero). Similarly, the matrices Y; and
X are divided into horizontal stripes labeled by the elements of N(n,m;) and
M(ng, my) respectively.

(3) The matrices Xs,..., Xt and Y3,Y5,. .., Yi—; satisfy the following additional con-
straints:

(@) Forany 1 <i<t—1the matriceg=i+1@Rd Yi have a full row rank.

b) Forany 1 <i <t — 1 the matrix X has a full column rank.
1

(4) It is allowed to do the following transformations of X 1,Y;, 1 <i <t —1:

(a) One can perform any elementary transformations of rows of the matrices
Xo,..., Xt and Y7,...,Y;— with coe cients in the maximal ideal m.

(b) Forany 1 < ¢ < t—1 one can do any simultaneous transformations of columns
of the matrices Xj;; and Y; over the field of fractions K.

(c) Forany 2 < i <t—1and any p € lN(nj, m;) one can do any simultaneous
transformations of rows of the horizontal stripes of the matrices Xj; and Yj
marked by the label p over the residue field k.

(d) Let 2 < i <t befixed and p # g € MN(nj, m;) be two labels. If p <x g then one
can add a multiple over k of any row of the matrix X; of the block labeled by
p to any row of X; of the block labeled by gq.

(e) Similarly, if 1 <7 <t -1, p# q € MN(ni,m;) are such that p <y ¢ then one
can add a multiple over k of any row of the matrix Yj of the block labeled by
p to any row of Y; of the block labeled by g.

Corollary-f.71shows that classification of-gohen-Macaulay modules over the surface singu-
larity A (n1,m1), (no,m2), ..., (nt, mt) reduces to representations of a certain decorated
bunch of chains. Moreover, by Theorem [Z.€] this matrix problem has discrete representa-
tion type and the following result is true.

Theorem 9.8. Let t > 2, %I’Ll,ml),(ng,mg),...,(TLt,’I’)’Lt)I:IG (Z>)t be a collection of
in@ers such that 0 < mj < mand gcd(mi,nij) = 0 forall 1 < i < t, and A =
A (n1,m1), (n2,m2),...,(nt,my) be the ring introduced in Definition 9.4 Then there
exists only countably many indecomposable Cohen-Macaulay A-modules. Moreover, any

such module has multi-rank of the type (0,...,0,1,...,1,0,...,0).

Proof. As we have shown before, the matrix problem stated in Corollary has discrete
representation type. Moreover, indecomposable objects of the category of triples Tri(A)
are described by discrete parameters (i, j, w), where

(1) The parameters i anglyj are positive integgrs;such that 1 <i < j <t.

(2) The parameter w = (mi,ni),...,(mj,nj) has the following shape:
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(@ my,meZforalli+1<1<j—1, whereas mj,nj € {1,00};

(b) If ¢ = 1 then we automatically have m; = oo. Similarly, for j = t we auto-
matically have nj = oo.

(c) forall i <1< j—1we have: min(mjyi,n) = 1.

Then the corresponding triple T; j(w) = (M535¥) € Ob Tri(A) s the following:

(D) V= k()P @ k((z01) @ - @ k() & k((2541))°5
() M=h; @---@Rfj*‘"’.
(3) Finally, the gluing morphism @ is given by the matrices X, = (z™) and Y; = (")
for i <1 < j. If mj = oo (resp. nj = oo) then the corresponding matrix X;
(resp. Yj) is empty.
Let;M = Mij(w) be the Cohen-Macaulay module corresponding to the triple 7j j(w), i.e.
F Mijw) =Tjjw). Then we have: Q @a M = Qi @ --- @ Qj, where Q = Q(4) = Q(R)
is the total ring of fractions of A and @, = Q(Ry) is the quotient field of R, 1 <[ < t.
This proves the statement about the multi-rank of an indecomposable Cohen-Macaulay
A-module. 0

Remark 9.9. The spectrum of the ring of invariants of the ring Ao, or Do, with respect
to the action of a finite groyp,of automorphisms has at mogtjtwo irreducible components.
The spectrum of the ring A (n1,m1), (no,mo), ..., (nt,m¢) has t irreducible components,
where t can be arbitrarily large. This shows that the answer on Question is negative.

It turns out that the technique developed in this paper can be applied to other inter-
esting classes of non-isolated surface singularities.

Example 9.10. Let k be a field, R = kld y[1R = kld y[/ky and 7 : R — R be the
canonical morphism. Let A = k@ y[/Iy and v : A — R the the ring homomorphism
given by the rule v(Z) = 22 and ~(3) = 32. Consider the ring A given by the pull-back
diagram (I2) in the category of commutative rings. Then we have:

k@ yD A = kP, o2, zy, 2%y, v 3 kW, v, w, a, b uv —w?, ab—w?, aw — bu, bw — av).
Moreover, A is an integral Cohen-Macaulay surface singularity and R is its normalization.
Note that Exta(k,A) = k2, hence A is not Gorenstein. Let I = anna(R/A) be the
conductor ideal. Then we have: I = (w,a,b)a = (zy)r. In particular, we can identify
A/I with A, R/I with R and the canonical ring homomorphism A/I — R/I with ~. The
classification of Cohen-Macaulay A-modules reduces to the following matrix problem.
Let K = k((2)), L = k((z?)), D = kzand m = zk[zWe have a pair of matrices
O Matmxp(K) and oTe Matmxq () of full row rank such that for the decompositions
"= 07+ 207 and 0= 0+ 0"
:I@D 1 Iil@m 1
with ©F, OF € Matmxp(L) and OF)0Pe Matmxq(L) the matrices —e}]— and —e%m
2 2
have full column rank. Oneglin do the following transformations:
(30) @D,@DFH %'91@%95E1@Bf“ﬂ,:|
where SYS™are arbitrary matrices from GLm (D) such that S{0) = S™0) and 77 ¢
GLp(L), T™e GLq(L).

L1 1]
Definition 9.11. Lett > 1and (ni,m1), (n2,m2),...,(n,my) € (Z?)t be a collection of
integers such that 0 < m; < nj, and gcd(mi,nj) =0forall 1 <i <t. Let Rj = R(nj, mj) =
k[, vi (€1 mi C k[, vi CBe the corresponding cyclic quotient singularity, J; C R; the ideal
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defined in Theorem B5, R = Ri/J; = k@, yi [Aziyi) and 7 : R — Ry x ... R to be the
canonical projection. Consider theliilng
C:=kldzi,...,20-1, v 2izj, 1 <i < j <t —Luzj,vzi;1 <i <t -1 .
(1) Lety:C — El X oo X ﬁft be the ring homomorphism given by the rule: v(u) = 22,
v(zi) = yi +xjpq for L <i <t —1and v(z) = yt.
(2) In a similar way, let 5 : C — Ry x --- x Ry be given by the rule: v(u) = 22,
v(zi) = yirhzip for 1 <i <t —1and vy = ytZD ]
(3) We set D (n1, m1), (n2, ma), . (ne,m) =7+ 7(C) .
(4) In a similar way, we define Zﬁ?zl,ml), (no,ma),...,(ng,my) ==

Remark 9.12. Note that D(1,0) = k[ y, z[(z?y — 2?) is a hypersurface singular-
ity of type Do and 6@, 0) is the ring considered i Example @.10L Along the sgme
li as in Proposition it canﬂe shown that D (nq,m1), (n2, m2),...,(nt, my) and
[%1, my), (ng,ms), ..., (nt,m¢) arereduced Cohen-Macaulay surface singularities whose
normalization is the ring R(ny,m1) X - -+ X R(ng, mt).

-
“13(0) .

As in Subsection we get the following corollary.

Corollary 9.13. In the above notations, let A = ﬁml,ml),(n%mg),...,(nt,mt) .
Then a description of Cohen-Macaulay modules over A reduces to the following matrix
problem. Let D = kzLIm = zk LK = k((2)) and L = k((z?)).

(1) We have 2t matrices X1,..., Xy and Yi,..., Yy over the field K. Forall 1 <i <t
the matrices X and Yj have the same number of rows and for all 1 <¢ <¢—1 the
matrices Xj.1, Y;i have the same number of columns.

(2) For any 1 < i < t, the matrices X and Y; are diyidgd into horizgntal stripes
labeled by the elements of the set IN; = M(nj,mij) = 0,1,...,nj —1 introduced
in Definition Moreover, the blocks labeled by the same letter p € IM;, have the
same number of rows (which is allowed to be zero).

(3) The matrices Xi,..., Xt and Y7q,..., Yi— satisfy the following constraints:

(@) Forany 1 <1 <t the matrices Xjand Y;have a full row rank.

(b) Forany 1 <i<t—1thematrix i1 has a full column rank.
(c) Let X; = X+ zX{"and Yy = V{4 2Y;" where X1, }fand ¥ Yy {arg mptriges
O O
with entries from the field L. Then the matrices —i&m and —}}:1[[5 have
1 t

full column rank.
(4) It is allowed to do the following transformations of Xj;,Yi, 1 <i <t:

(a) One can perform any elementary transformations of rows of the matrices
Xq,..., Xt and Y7,...,Y; with coe cients in the maximal ideal m.

(b) Forany 1 < ¢ < t—1 one can do any simultaneous transformations of columns
of the matrices Xj,; and Y; over the field K.

(c) One can perform any independent transformations of columns of the matrices
X7 and Y; over the field L.

(d) For any 1 < i < t and any p € Tl(nj,mj) one can do any simultaneous
transformations of rows of the horizontal stripes of the matrices X; and Yj
marked by the label p over the residue field k.

(e) Let1 < <t befixed and p # q € MN(nj, mj) be two labels. If p <x ¢ then one
can add a multiple over k of any row of the matrix Xj of the block labeled by
p to any row of Xj of the block labeled by g¢.
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(f) Similarly, if 1 <i <t -1, p # q € N(nj,m;) are such that p <y ¢ then one
can add a multiple over &k of any row of the matrix Y; of the block labeled by
p to any row of Yj of the block labeled by g.

Remark 9.14. The matrixjproblem correspondipg to the classification of Cohen-Macaulay
modules over the ring D (ny,m1),...,(nt,m¢) is very similar to the one described in
Corollary @131 The only di erence with that case is that we have only 2t — 1 matrices
Xq,...,Xtand Y7, ..., Y (the last “special matrix” Yz, which was conjugate with X, is
missing). However, the allowed transformations of this collection of matrices are the same
as in Corollary 0,13l

Remark 9.15. In the case of the singularity D(1,0) = k[ y, z[/{z?y — 22), the corre-
sponding matrix problem was treated in our survey article [9]. We have shown that in this
case there exist only countably many indecomposable Cohen-Macaulay modules (what
was already proven by Buchweitz, Greuel and Schrgyer [8] by other methods). It turns
out that the singularities D (n{,m1), .~ ,(nt,m¢) have dis[;_L?te Cohen-Macaulay repre-

sentation type and the singularities lﬁ;zl, my),...,(ng, mg) have tame Cohen-Macaulay
representation type. This follows from the classification result for the corresponding ma-
trix problem, recently announced by Drozd-Koroleva.

We conclude this section by stating several conjectures about Cohen-Macaulay repre-
sentation type of non-isolated surface singularities.

Conjecture 9.16. Let k£ be an algebraically closed field and A be a reduced complete
Cohen-Macaulay non-isolated surface singularity.

(1) Assume A has discrete Cohen-Maequlay representationtype. Then A is isomorphic
eitﬁe,r to a singularity ofl—_tg,/pe A (n1,m1),...,(ng, my) or to a singularity of type
D (nl, ’I’)’Ll), ey (nt, ’I’)’Lt) .

(2) Assume A has tame Cohen—Mfﬁjlay representation ll_s,’pe. Then A isomorphic
i%ﬁr to a singularity ofﬂ/pe 1,m1),...,(ng,mt) or to a singularity of type

nlaml)a .. '7(ntamt) .

The second conjecture is inspired by our study of Cohen-Macaulay modules over surface
singularities. However, it can be stated in pure deformation-theoretic terms.

Conjecture 9.17. Let k& be an algebraically closed field of characteristic zero and X LB
be a flat morphism of Noetherian schemes over k of relative dimension two. For a closed
point b € B be denote by X, the scheme-theoretic fiber 7—1(b). Let by € B be a closed point
and X, = X, be the corresponding fiber. Assume that for all closed points b € B\ {bo}
the surface X} is normal.
C1 [ N
(1) Assume X, p_aF only singularities of types A (n1,m1),...,(ng,m¢) or D (ny,mq),
...,(nt,mt) . Then there exists on open neighborhood B™of b, such that for all
b€ BR\ {b} the surface X, has only quotient singularities.
(2) Assume X has only degenerate cusps as singularities. Then there exists on open
neighborhood Bof b, such that for all b € BX\ {by} the surface X, has only simple,

simple elliptic or cusp singularities. ]

(3) Assume X, p_aF only singularities of types f&ll, mi),...,(ng, mg) Or lﬁzl, mi),
...,(nt,mt) . Then there exists on open neighborhood B™of b, such that for all
b € B\ {b} the surface X, has only guotient or log-canonical singularities.
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The evidence for this conjecture is the following. By results of Auslander [3] and Esnault
[20] it is known that the quotient surface singularities are the only surface singularities of
finite Cohen-Macaulay representation type. In particular, the representation-finite Goren-
stein surface singularities are precisely the simple hypersurface singularities.

By results of Kahn [27] and Drozd, Greuel and Kashuba [17] it is known that log-
canonical surface singularities have tame Cohen-Macaulay representation type. Moreover,
it is conjectured that these are the only tame normal surface singularities. The semi-
continuity conjecture (known to be true in the case of the reduced curve singularities,
see [29] and [14]) claims that the representation type can be only improved by a flat
local deformation: Cohen-Macaulay finite singularities deform to Cohen-Macaulay finite
singularities, Cohen-Macaulay discrete singularities deform to Cohen-Macaulay finite or
discrete singularities and Cohen-Macaulay tame singularity can not deform to Cohen-
Macaulay wild singularities. On the other hand, Esnault and Viehweg have shown that
the class of quotient surface singularities is closed under deformations [21].

10. Appendix: Category of triples in dimension one

The goal of this section is to provide full details of a construction, which allows to reduce
a description of Cohen-Macaulay modules over a reduced local Noetherian ring (A, m) of
Krull dimension one to a matrix problem. It seems that for the first time it appeared in a
work of Drozd and Roiter [18]. Similar constructions can be also found in works of Ringel
and Roggenkamp [34], Green and Reiner [23] and Wiegand [41]. Since this construction
plays a key role in our approach to Cohen-Macaulay modules over non-isolated surface
singularities and its presentation in all above references is essentially di erent from the
one given below, we have decided to give its detailed exposition in this appendix.

Let (A,m) be a reduced local Noetherian ring of Krull dimension one, A C R be a
finite ring extension such that R C Q(A), where Q(A) is the total ring of fractions of A.
Let I = anna(R/A) = Homa(R, A) be the corresponding conductor ideal. In the main
applications, R is taken taken to be the normalization of A. Recall that if one assume the
completion A-tb be reduced then the ring extension A C R is automatically finite, see [7,
Chapitre 9, AC 1X.33]. The following result is well-known.

Lemma 10.1. In the notations as above, I is a sub-ideal of the Jacobson’s radical of R.
Moreover, the rings A= A/I and R = R/I have finite length.

Proof. Let nq,...,n be the set of the maximal ideals of R. Since the ring extension A C R
is finite, for any 1 < ¢ < t we have: njnN A = m. Since [ is a proper ideal in A, it is contained
in m. Hence, I is contained in ny NNy N ---Nng, too.

Let p be a prime ideal in A of height zero. Since the ring A is reduced, the localization
Ap is a field. On the other hand I, = Homa,(Rp, Ap) # 0. Hence, I, = Ap and A, = 0.
It implies that the associator of the A-module A is {m}, hence A has finite length. Since
A C R is finite, R has finite length, too. O

Lemma 10.2. For a Cohen-Macaulay A-module M we denote by
AEIR@AM/tOI'R(R®AM), MZ:/_1®/_\M and ]\E‘é@RAD

Then the following properties hold:

(1) Mish Cohen-Macaulay module over R;
(2) the canonical morphism of A-modules M - M — [1 © m] is injective;
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(3) the canonical morphism M My M—adm — a®jm (m) is injective and the induced
morphism R ©x M 2% Mk im s 7 - Oy (i) is surjective.
Proof. Since M—ista torsion free Noetherian R-module, it is Cohen-Macaulay over R.

Next, M is a torsion free A-module, hence ker(snm) is again torsion free. However, the
morphism

Q) ®a M 4 Q(R) @r M

is an isomorphism, hence ker(sm) = 0. As a result, the morphism 7M 2% 1M which is
a restriction of jyv, is also injective. Moreover, 7\ is also surjective: forany a € I,b € R
and m € M we have: a-[b®@m]=[ab®m] =[1® (ab) -m] and ab € I.

Next, note that we have the following commutative diagram with exact rows:

0 IM M M 0
(31) E\Jfl @L CJY,
0 1= = I =—=-+0.

Since jpm is injective and 7y is an isomorphism, by the snake lemma Om is a monomor-
phism. Finally, it remains to note that 0y, coincides with the composition of canonical
morphisms:

1
R®AA®AM — R®R R®a M — R®R R®AM/IOI’R(R®AM)
where the first morphism is an isomorphism and the second one is an epimorphism. [

Definition 10.3. Consider the following category of triples Tri(A). Its objects are the
triples (M5348), where Mis-& Cohen-Macaulay R-module, V is a Noetherian A-module
and 0 : R RV — R @r M—istan epimorphism of R-modules such that the induced
morphism of A-modules § : V — J§®AV N J§®R Mfis-dn monomorphism. A morphism
between two triples (M5328) and (W3476Y is given by a pair (v, ©), where ¢ : M—IE 1
is a morphism of R-modules and ¢ : V — VUis a morphism of A-modules such that the
following diagram of A-modules

RA é@R]\D
'3% Jrow
E QAV é@RJ\MII

is commutative.

Remark 10.4. Note that the morphisms ¢ and ) correspond to each other under the
canonical isomorphisms Homgz(R @4 V, R ®r MD-=IHom 4(V, R @r M)

Definition [10.3] is motivated by the following theorem.

Theorem 10.5The funct[% F: CM(A4) — Tri(A) mapping a Cohen-Macaulay module
M to the triple ' Om , IS an equivalence of categories.
Moreover,the category of free A—modules is equivalent to the full subcategory Tri™(A)

consisting of those triples (M34H) for which MW—ardl V are free modules and the morphism
@ is an isomorphism.
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Proof. We have to construct a functor G : Tri(4) — CM(A), which is quasi-inverse to F.

For a triple 7' = (M£3%¥) consider the canonical morphism « := 4% M=lRer M
and define N := G(T") by taking a kernel of the following morphism in A—mod:

PG CON e BVAr e 0]

Equivalently, we have a commutative diagram in the category of A-modules
0— M= N ——V 0

N A B

1 -~ [
In other words, N =~~~ Im(0) .

Since 4 is a monomorphism, the snake lemma implies that : is a monomorphism, too.
Moreover, M—is-torsion free viewed as A-module, hence N is torsion free as well. From
the definition of morphisms in the category Tri(A) and the universal property of a kernel
it follows that the correspondence Tri(A) € T — N € CM(A) uniquely extends on the
morphisms in Tri(A). Hence, G is a well-defined functor. _

Let M be a Noetherian A-module and my : M — M := A ®a M be the canonical
morphism. Then we have the short exact sequence

O, &

0 M ety Yt

yielding an isomorphism of functors £ : 1cma) — G o F. This implies that F is fully
faithful and G is dense and full on the essential image of the functor F.

Next, we show the functor G is faithful. Let 7' = (M532b) and 79= (WE3405 be
a pair of objects in Tri(A) andp, ¥) 7T — TYbe a morphism in Tri(4). Let M =
G(T),M"= G(T" and ¢ = G (p,v)) . Then we have a commutative diagram in the
category of A-modules:

(32)

0—> M —— N ¥ = Jr=1>0
(33) q,t W =

First note that (¢,%) = 0 in Tri(A) if and only if ¢ = 0. Indeed, one direction is obvious.
To show the second, let ¢ = 0. Then ¢ = 0 and 6% ¢» = 0. Since #%is a monomorphism,
we have: ¢ = 0.

Next, a morphism of Cohen-Macaulay R-modules ¢ : W—1Mislzero if and only if
1® ¢ Q(A) @a M—10Q(A) ®a WMHislzero in Q(4) — mod. Assume the morphism of
triples (o, %) : T — T is no-zerg—Apply-the functor Q(A) ®a — on the diagram (@3). It
follows that 1 ® ¢ # 0, hence G (p,v) # 0 as well. Hence, G is faithful.

Hence, it remains to show the functor F is dense. For this, it is su cient to prove that
for any object 7' = (M534H) € Tri(A) we have: T = FG(T).

Let N := G(T), so that we have the diagram (32). In these notations, the morphism
11 N — M+edtricts to the morphism 7 : IN — IM—subh that the following diagram is
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commutative:

where ¢ is the canonical inclusion. From the equality 5v = 12 = 1 and the fact that
1 is @ monomorphism, we conclude that a:w = . In particular, we obtain the following
commutative diagram with exact rows:

0— 1 3 30
o @ 6

0 IN—>N-"" N 0
T = ¢

= 1 é
Bir Yz
0 1N = pr—= i —-0.

First observe that by the snake lemma, the morphism ¢ is an epimorphism. Next, there
exists a unique morphism of R—modules v : Ns Msudh that ¢ o jn =1 in the category
A—mod. This follows from the natural isomorphisms

Homa (N, My-=IHomg (R @4 N, M)-=AHomg (AAMD-—]

Since the morphisms 2 and jN are rational isomorphisms (i.e. they become isomorphisms
after applying the functor Q(A) ® A —) the map + is a rational isomorphism, too. Hence,
1 is a monomorphism.

Consider the morphism N1 Minduced by . It is not di cult to see that the
following diagram is commutative:

= 6
R@z N a N

o e

R®sV Ja—

Since the morphisms 6,0y and ¢ are epimorphisms, i an epimorphism, too. Moreover,
by Lemma [I0.I] I is a subideal of the Jacobson’s radical of R. Hence, by Nakayama’s
lemma, ¢ is an epimorphism, hence an isomorphism.

Note, that the map 7N—1¥s 1M -which is a restriction of <, is again an isomorphism.
Since » = v oy and 7N is an isomorphism, 2 is an isomorphism, too. Hence, ¢ is an
isomorphism as well. It remains to observe that we get the following isomorphism in
the category Tri(A): (¥, ) : (N, 0n) — (ME34H), what can be checked by a simple
diagram chasing left for the reader. This concludes the proof of the fact that F and G are
quasi-inverse equivalences of categories.
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It remains to characterize triples corresponding to the images of free modules. One
direction is clear: if M = A" for some n > 1 then F(M) = (R", A", 0), where 6 is given
by the identity matrix in Matpxn(R).

On the other hand, let T" = (R", A",0) be a triple, such that the morphism 6 €

Mat,xn(R) is an isomorphism. First note the induced morphism A" - R"is au-
tomatically injective. Next, Nakayama’s lemma implies that the canonical morphism
GLn(R) — GLn(R) is an epimorphism. This means that ¢ can lpejlifted torap isemorphisip
¥ : R" — R"™ and we get an isomorphism of triples (,1) : R", A" 1 — R", A" 6.
Hence, the triple T" belongs to the image of the functor F. Since F and G are quasi-inverse
equivalences of categories, this concludes the proof of the theorem. O
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