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Introduction

In the paper [7] Nazarova described 2-adic representations of the alternating group
24 of order 4. Unfortunately, it is very difficult to use this description for other pur-
poses, such as calculation of cohomologies. In this paper we propose another approach,
analogous to the study of representations and cohomologies of the Klein 4-group in
[5]. Namely, we use the technique of Bdickstrom orders from [8,9] and thus relate the
description of 2-adic representations of 2[4 with representations of a wvalued graph [1].
It allows to completely describe the Auslander-Reiten quiver of 2-adic representations.
As the Auslander-Reiten transform in this case coincides with syzygy, it gives almost
immediately the values of all Tate cohomologies of 2-adic 24-lattices. Since 3-adic repre-
sentations of 2, are very simple, we also describe all integral representations and their
cohomologies. Note that knowing cohomologies is important for applications, such as
classification of crystallographic and Chernikov groups etc.

1. Representations. Local structure

Let G = 2A4 be the alternating group of degree 4, N be its Klein subgroup N =~
{L,a,b,c|a®>=b2>=1,ab=ba=c}, H=G/K ~ (o | 0 = 1). We denote by A = ZG
the group ring of G' and set A, = A® Z,, the p-adic completion of A, and QA = AR Q,
the rational envelope of A. By A-lat (respectively Ap,-lat) we denote the category of
A-lattices, i.e. A-modules M such that, as a group, M is a free abelian group of finite
rank (respectively, free Z,-module of finite rank). For an A-lattice M we also denote
QM =M ®Q and M, = M ® Z,. Note that QM, ~ M ® Q,.

The ring A can be considered as the crossed product K x H, where K = ZN and H
naturally acts on K by conjugation. Here QK ~ Q* with the basis {e1, €4, €5, €.}, where

_ l+a+b+c
A=
B l+a—b—c
T
_l-a+b-c
KT
_ l—-a—-b+c
ec—f.

Under this identification, K, = Z‘; if p # 2 and Ky embeds into Z3 so that a, b, c identify,
respectively, with the elements (1,1, -1, -1),(1,—1,1,—1) and (1, -1, —1,1). The action
of H is trivial on the first component of QK and cyclically permutes the other three.
Hence

QA~QK «H ~QH x Mat(3,Q) ~ Q x Q[f] x Mat(3,Q),
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where 6 is a primitive cubic root of 1. If p ¢ {2, 3}, then
A, ~ 7y x Lpl0] x Mat(3,Z,) (a maximal order in QA,),
and
Az ~ ZsH x Mat(3,Z3).

Therefore, all indecomposable A,-lattices for p ¢ {2, 3} are irreducible lattices Z,, Z,[0]
and I, = Zg, and for Az there is one more indecomposable lattice Z3H.

The case p = 2 is quite different, since Z5 K is no longer a maximal order. Recall that
every group ring R = ZG is Gorenstein, i.e. inj.dimz R = 1. Therefore, all non-projective
R,-lattices are actually lattices over the overing RT = Endg(rad R,) [3]. As #(H) is
invertible in Zs, for the crossed product Ay = K+ H we have that rad Ay = (rad ZoK)+«H
and AT = K+ x H. Note that KT is a Bdckstrém order in the sense of [8]. It means
that there is a hereditary order K such that K > K+ D rad K = rad K. In our case
K = Z3 and Kt = {(z1,72,74,74) | 71 = 22 = 23 = 74 (mod 2)}. As A=K H is also
hereditary, AT is also a Bickstréom order. Namely,

A~ 7y @® Zy[0] x Mat (3, Zs).

One can easily see that AT embeds into A as the subring of triples (21,29, 23), where
x1 € Z, x5 € Z[0) and z3 = (&;;) € Mat(3,Z2), such that z1 = &1 (mod 2), &2 = &13 =

&1 = &31 = 0 (mod 2) and p(as) = (giz 22) (mod 2), where p denotes the regular

representation of Z[0]: p(u + vf) = (u - ) We denote by Ly, Lo, L3 the irreducible

UV uU—v
A-lattices belonging, respectively, to the components Zs, Z5[6] and Mat(3,Z5), and by
P, and P, the indecomposable projective At-lattices P; = Ate;, where e; = %
and e3 = 1 — e;. Note that the only indecomposable Aj-lattices that are not AT-lattices
are B; = Ase;. They are bijective, i.e. both projective and injective in the exact category
Ag—lat.

Recall [8], that representations of a Béckstrém order are classified by representations
of a weighted graph T in the sense of [1]. Namely, the vertices of ' are in one-to-one
correspondence with the simple components of semisimple algebras A = A% /rad AT
and A’ = A/rad A. In our case

A= (K" /rad K*)« H~FoH ~Fy x Fy
and
A~ (K/rad K) « H ~TFy « H x Mat(3,F3) ~ Fy x Fy x Mat(3,Fs).

Hence, the corresponding graph I' (with orientation) is of type Fy:
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Here 1,2, 3 correspond, respectively, to the components Fy, F; and Mat (3, Fy) of A’, while
1’ and 2’ correspond, respectively, to the components Fy and F4 of A. The weights of all
arrows except v2 are (1, 1), so we do note write them. In representations of ' the arrows
«, 71 correspond to matrices with entries from Fo, the arrows 2, 8 correspond to matrices

with entries from F4. The vector dimension of a representation M of I' we denote by

d
d; . Recall that the AT-lattice M corresponding to a representation V' of this graph
d2

is the preimage in M = L% @ L% @ LE of Imp(V), where p(V) : V(1) @ V(2') —
V(1)@ V(3) @ V(2) is given by the matrix

V(a) 0
(V(%) V(%)) ,
0 V()

dys
dy/

and we identify V(1) @ V(2) @ V(3) with M /2M. The Auslander-Reiten quiver of the
category of representations of graph I' consists of preprojective, preinjective and regular
components. When we pass to representations of the Backstrom order, we have to glue
the preprojective and preinjective components into one component (we call it principal)
[9]. Namely, we omit simple injective and simple projective modules and then add ar-
rows from the remaining injective to the remaining projective modules. As a result, the
principal component for the order AT becomes:

L? Li L Lyt L2
/ NN SN S AN A \

. P? P} P, pl—l e
NN AN S N S
L3 L} L3 Ly! L2
N N SN N TN
. P P; P Pyt o
NN NS N S
L} L} Ly Lyt Ly?

Here by M* we denote the k-th Auslander-Reiten transform 7%M of the lattice M over
the ring As. As shown in [3], M* ~ Q¥ M| the k-th syzyzy of M as of As-module, and P}
are just the injective At -lattices, i.e. those dual to projective ones, or, the same, injective
in the exact category AT-lat. Actually, P; is the unique minimal overmodule and P} is
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the unique maximal submodule of B; = Ase;. Recall that B; are the only indecomposable
As-lattices which are not AT-lattices. They are bijective, i.e. both projective and injective
in As-lat. Note also that the other irreducible A™-lattices are Llil (just as L3 they belong
to the component Mat(3,Z)).

The dimensions of the corresponding representations of I' are given in the next dia-
gram.

[
[ V)
[
=
[
=
[
[ V)

! 51 L0 1 )1
34 22 1} 12 2
1 1 0 1 1
N\ S N\ S N\ S N\ S
12 29 0! 22
34 22 12 24
1 1 1 1
/ N\ / N\ / N\ / N\
22 20 0? 0! 22
22 12 19 12 12
1 0 1 0 1

Note that the symmetry with respect to the central (dotted) column corresponds to the
natural duality M — M* = Homg, (M, Z5) in the category of As-lattices arising from

Lin the group ring.

the anti-isomorphism ¢ — g~

The regular components for A™-lattices are the same as those for the graph I'. They
consist of homogeneous tubes T/ corresponding to monic irreducible polynomials from
Fo[t], except t — 1 and 2 +t + 1, and two special tubes T* and 7. The homogeneous
tubes are of the form

(" " f—

In these components the Auslander-Reiten transform (or, the same, the syzygy) acts

kd
trivially. The dimension of the representation of I' corresponding to T,{ is gﬁg 3kd |,
kd

where d = deg f.
The special tubes are of the forms:

Tlll T112 T113 >< e

1 1 1
T2 1 T22 T23
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and

0 0 0
Tl 1 Tl 2 Tl 3

R
SR

0 0 0
T2 1 T22 T13

The dimensions of the corresponding representations of I' are:

32 3:k for T}y, (k> 0)
} i + ;’]z 3} for T} 911
} % + ;: 3} for T3 911
ilz gg for Tfjgk (k>0)
g % + iz gg for T19,3k+1
? g + iz gg for T29,3k+1
2 % +| g% for T4 1.1
3 % + ﬁ g% for T19,3k+2
; % + iz g% for T20,3k+2
2 z; +| g% for T4 ;. 4o-

The Auslander-Reiten transform (or, the same, syzyzy) acts as follows:

1l —————r1
le Tk

Tlek \Tiek/ T39 k
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2. Globalization
To describe indecomposable A-lattices, we use the following results of [6].

Proposition 2.1. Let M (p) be A,-lattices given for all prime p.

(1) There is an A-lattice M such that M, ~ M(p) for all p if and only if there is a
QA-module V' such that QM (p) ~ Q, ®q V for all p. Then we say that all M(p)
are of the same rational type.

(2) Such lattice M is decomposable if and only if there are direct summands N(p) of
every M (p) such that all N(p) are of the same rational type. In particular, if M’ is
another lattice with the same localizations, M and M’ decomposes simultaneously.

They say that two A-lattices M and M’ are of the same genus if M, ~ M]’g for all p.
As A C 6A, the following result follows from [2, Thm. 3.7].

Proposition 2.2. If two A-lattices belong to the same genus, they are isomorphic.

Note that if p ¢ {2,3}, for every QA-module V there is a unique A,-lattice L such
that QL ~ Q, ®qg V. Therefore, an A-lattice is completely defined by its 2-adic and
3-adic localizations. If p € {2, 3}, every QA,-module is of the form Q, ®g V, where V is
a QA-module. V decomposes as V ~ Q™ @ Q[A]™ & W3, where W is the unique simple
Mat(3, Q)-module. We write rt M), = (r1,r2,73) and call rt M, the rational type of M.
Hence an A-lattice is defined by a pair My, M3 of lattices over As and Az which are of
the same rational type.

Note that the unique indecomposable As-lattice which is not irreducible is the lattice
A = Zs3H. The rational type of A is (1,1,0). From now on, let M be an A-lattice
of rational type (di,ds,ds) and M3 = Z§1 @ Z3[0)* @ L§3 @ AF, where Ls is the
irreducible Mat(3, Z3)-lattice. Note that the dimension of the corresponding represen-

d
d; for some dy/,ds. Proposition 2.1 means that
da

ki1+k=dy, ko + k = ds and k3 = ds. It implies a description of A-lattices M such that
M5 is indecomposable.

dy

tation of the valued graph T' is d
2/

Theorem 2.3. Let N be an indecomposable As-lattice, 1t N = (c1,c2,c3) and ¢ =
min(cy, ca). Denote by N*¥ (0 < k < &) the A-lattice such that N¥ ~ N and N¥
A @ 237" @ Z3[0) % @ L. Every A-lattice M such that My ~ N is isomorphic to
one of N*.

12

Let now My ~ @;_, N, where s > 1, 1t N* = (c14, Co4, ¢34) and & = min(cyy, c2;)-
The following result is obvious.
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Proposition 2.4. If k < >°7 | &, then M decomposes as @;_, M*, where M4 ~ N* and
M~ AF @ Zg“_b"' @® Z3[0]°2 % @ LS, where b; are arbitrary integers such that b; < &
and >0_, b; = k.

Thus from now on we suppose that k > >7_, ¢.

Proposition 2.5. If N is a direct summand of Ms of rational type (c,c,c3), then M has
a direct summand M’ such that M} ~ N.

Therefore, if M is indecomposable, M5 has no proper direct summands of rational
type (¢, ¢, c3). In what follows we always suppose that this condition is satisfied.

Proposition 2.6. If c1; < co; for all i or c1; > co; for all i, then M decomposes.

Proof. Let ¢1; < cg9; for all ¢ and c¢q7 is the minimal among ¢;. Then M has a direct
summand M’ such that M} ~ N' and M} ~ A“ @ Zs[f]* 1 @ L. O

Propositions 2.4-2.6 imply a description of indecomposable A-lattices M such that
M5 has two indecomposable components.

Proposition 2.7. If M is indecomposable and s = 2, then, up to permutation of N' and
N2, c11 < co1 and cia > coo. There are ¢t — ¢ such lattices, where é = & + & and
¢t =min(er1 + 12,01 + c22) corresponding to decompositions Mz ~ AF @ Z§11+012_k @
Za[g)czrtes2—k @ [51F2 where & < k < ¢t

The description of 2-adic lattices shows that |c1; — co;| < 2. If all |e1; — coi| = 1,
Proposition 2.5 implies that M contains a direct summand M’ such that M'? ~ N'@ N7
for some ¢ # j. The same holds if ¢1; — c2; = c2; — ¢1; = 2. Hence we can suppose now
that there is one ¢ such that ¢i; — co; = 2 and ¢g; — ¢1; = 1 for all j # ¢ (or vice versa).
Then Proposition 2.5 implies that if M is indecomposable, there are at most two such
indices j. One immediately sees that the unique possibility with two such indices is when
Mg ~ AF @Lgs, where k = ¢, + éo + 2.

Thus, we have described all indecomposable A-lattices M with decomposable M.

Theorem 2.8. Denote by

o ! be the set of indecomposable As-lattices such that c; — cp = 1,
o N2 be the set of indecomposable As-lattices such that c; — cp = 2,
o Ny be the set of indecomposable As-lattices such that co — ¢y =1,
o Ny be the set of indecomposable As-lattices such that co — ¢y = 2.

Then the only possibilities for indecomposable A-lattices M such that Ms is decomposable
are the following:
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(1) My ~ N' @ N?%, where N' € W UN?, N2 € MW UMN,, My ~ AS+etl ¢ L. We
denote such M by N'»>aN2.

(2) My~ N'& N2, where N* € %, NQ2 € My, M3 ~ A5+ T2 5 L3 We denote such
M by N's2 N2,

(3) My ~ N' @ N2 ® N3, where N € M2, N2, N3 € My or N' € My, N2, N3 ¢ ML,
My ~ N&1+et8+2 ¢ 1% We denote such M by N'><i(N? @ N3).

All lattices described in (1-3) are indecomposable and pairwise nonisomorphic.

Theorems 2.3 and 2.8 give a complete description of indecomposable A-lattices.
Note that the decomposition of an A-lattice M into a direct sum of indecomposables
is far from being unique.

Example 2.9.

(1) IEN,N' € "' UN2 and L, L' € My UMNy, then NL & N'>1L’ ~ Ni<aL' & N'sL.

(2) Let M € M2, N,L € My, M’ € Ny and N, L’ € N*. Then M<(N & L) & M'>a(N' &
L") ~ M M' & Ne<xN' @ Li<L’. Hence even the number of indecomposable sum-
mands can differ in different decompositions.

3. Cohomology

We are going to calculate Tate cohomologies of G-lattices. As #(G) = 12, for ev-
ery G-module M the groups ﬁ"(G,M) split into their 2-components fI"(G, M) and
3-components H™(G, M)3. Moreover, if M is a lattice, H"(G, M), ~ H™(G, M,). So we
can consider 2-adic and 3-adic cases separately.

For the group G = 2l the spectral sequence EY! = HP(H,HY(N,M)) = H"(G, M)
degenerates both in 2-adic and in 3-adic case. Namely, for 2-adic lattices E5? = 0 if
p # 0. So we obtain isomorphisms

H™(G,M) ~ H™(N, M)".
For 3-adic lattices EY? = 0 if ¢ # 0, hence
H™(G, M) ~ H"(C, M™N).
In the 3-adic case we have indecomposable lattices Z, Z[e], ZH and I5. Note that K acts

trivially on Zs, Z3[e] and Z3zH and has no fixed points on Is. The quotient H is cyclic,
so its cohomologies are periodic with period 2. Easy calculations give:

F3 if n is even,

H™(G,Zs) =
0 if nis odd,;
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0 if n is even,

H"(G,Zs]e]) =
( 3le) {IFg if n is odd.

The other indecomposable lattices are projective, hence have trivial Tate cohomologies.
For 2-adic lattices we use the following result analogous to [5, Lem. 2.2] and with
analogous proof.

Lemma 3.1. Let M be an indecomposable AT -lattice corresponding to the representation

d N
V' of the quiver I' of dimension 21' ds |. If M % Ly, then HY(G, M) ~FJ.
2/ ds

Proof. Recall that H°(G, M) = M /tr M, where MG is the set of invariants: MC =
{me M| gm=mforallg € G} and tr = 3 ;9. If we consider M as a sublattice
between M = AM = LY @ LY @ L9 and rad M = 2M = 2L @ 2L% @ 2L, Then
MGC = L and ME = MG N M D 2L". Let w : M — M be the projection. If u € M¢
and 7(u) ¢ 2M%, then M® = U @ N, where U = Zou. Combining the restriction of
7 onto M with the projection M% — U, we obtain a homomorphism n: M —U
such that ne = 1y, where ¢ : U — M is the embedding. Therefore, U is a direct
summand of M and M ~ U ~ L;, which is impossible. Hence M = 2Mg. On the
other hand, w(M) = 7(M), since the projection of A* onto the first component of QA
is maximal. Therefore tr M = tr M = tr ME = 12MC = 2MG, since tr M - ME. Thus
HO(G,M) = MC/2M% ~F$. 0

Note that the rational types of the lattices M and M™* are equal, hence H O(M) ~
HO(M*). As also H"(G,M*) ~ H~"(G, M) ([4, Prop. 3.2]), one immediately obtains
by an obvious induction the following corollary.

Corollary 3.2. The groups ﬁ"(]\/[) do not change when one replaces n by —n or M by
M*.

Having the Auslander-Reiten quiver, we only need to know H 9%(G, M) for all inde-
composable M, since ﬁ"(G,M) ~ ﬁO(G,T"M), as TM = QM. Actually, for every
representation V from the preinjective component of the Auslander-Reiten quiver there

is a number m|6 such that dim 7™M = dim M + qw, where w = | 23 | and ¢ € {1,2}.

Therefore, the value of dy just changes by ¢. It gives a simple procedure for calculation
of cohomologies of lattices from the principal component. Here is the result of these
calculations.

Theorem 3.3. Let M be an idecomposable AT -lattice from the principal component,
namely, M = M{, where My € {L1, Lo, L, Py, Po}. Set k = [[n+7r|/m], i = |[n+r|—km.
Then fl”(G,M) ~ ]ng'k”, except the case when My = Ly and i = 0. The values m,q
and r; depend on My. Namely:
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If My = Ly, then m =6, g =1 and

1 |1]2]|3[4]5
1001110

If My = Ls, then m =6, g =2 and

1 |01]2|3]4|5
r, |0]0[2]10]2]2

If Mg = L3, thenm=2,q=1 and r =i.
If Mg = Py, thenm =3, q=1 and

If My = P, then m =3, ¢ =2 and

If M ~ L% and 6|(n +7), then H"(M) ~ ZJAZ.

153

For representations from tubes the situation is even easier, since the values of dj,

hence of HO, are given on page 148 after the description of tubes, and we know the

action of 7. So we obtain the following result.

Theorem 3.4.

H"(G, T,f) ~ }AIO(G,ka) ~ ¥ where d = deg f.
}AIQ"J”(G,TZ%%_H) ~ ﬁO(G,Til,)j) ~ F*¢  where
1 ifj=d =1,
C =
0 ifj=0ord =0
(' =i+r (mod 2), and i’ € {0,1}).
.FAI?’"“(G,T%,CH) ~ ﬁO(G,Tﬂ’j) ~ F2FF¢ ) where

?

2 ifj=1,i=2o0rj=2,i+#0,
0 otherwise

(' =i+r (mod 3), and j' € {0,1,2}).
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