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On Algorithms Inverting the Burau Representation

The Burau representation ρ of the braid group Bn has been exploited for cryptography
based on the braid group. In process of solving braid conjugacy problem using linear
algebra methods, it is essential to know, how to recover preimage braids from the image
of this representation. We propose the inverting algorithms for Burau representation,
which are different from [3].

Let us recall that the n-braid group Bn can be presented by the n− 1 Artin generators

σ1, . . . , σn−1 and relations

{
σiσj = σjσi, if |i− j| > 1

σiσjσi = σjσiσj, if |i− j| = 1
.

The Burau representation ρB : Bn → GLn(Z[x, x−1]) is defined by rule

ρB(σi) = diag(Ii−1,

(
1− x x

1 0

)
, In−i+1) for all i ∈ {1, . . . , n− 1}.

This representation is known to be unfaithful for all n ≥ 5. Images A = ρB(w) of braids
w ∈ Bn are called the Burau matrices, which satisfy following conditions

∑n
i=1 aji = 1

and
∑n

i=1 aijx
i = xj, for all j ∈ {1, . . . , n}.

In [1] Hughes used algorithm inverting ρB for security analysis of the braid group
cryptosystem. The main idea is to reconstruct w from ρB(w) generator by generator from
right to left by assuming that the first column with highest degree entry in A = ρB(w)
indicates a last generator of w. Lee and Park [2] improved Hughes algorithm and proposed
two new algorithms. These algorithms were compared [3] with respect to their success
rate and elapsed time.

We proposed the algorithms inverting Burau representation of the submonoid B+
n of

Bn and the braid group Bn. Our algorithms compute Artin generators of w from left
to right and from both sides simultaneously. Using [4] we have obtained experimental
results, which show that these algorithms have the higher success probabilities, but they
are slower due to their self-correction process.
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