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Abstract

A geometric formulation of an important class of non-local transformations is pre-
sented.

The contemporary geometric theory of Béacklund transformations (BT) [1-4] is based on
certain integrability conditions for a system of differential equations which are determine
it. These equations are written in terms of connections in the submanifold of a jet-bundle
foliation. One of the first nontrivial examples of BT in three dimensions was described
in paper [1]. In this paper, a geometric formulation of an important class of non-local
transformations is presented. The generalization is obtained due to the use of non-local
transformations of dependent variables and integrability conditions of a more general type.
1. In the fibered submanifold (E7, M, p’) with the k-jet bundle J' (M N'), we set an
equation of order t =2 < [:

Ll (y,vﬂl),g) =0,
, (1)

v:{vB}, M/:R(l,...,n—l), (qzl,...,m, B:I,...,m/).

We use here such notations:

ou
ox,,’

Opu = {z,} = (xo,21,. .., 2n—1).
Let now equation (1) be written in the form of n-th order exterior differential forms
(n-forms)
1
af = Eafmmun_l(y, v)dy*® Ady*t AL NdyPrt (e=1,.000,7). (2)
When this system of forms a¢ is equal to zero, then (1) is fulfiled. So, the system of
a¢ = 0 forms generates an ideal I = {a°}. The condition for system (2) to be closed is
da® C I. Let now consider 1-forms of connections which generate the standard basis of
contact forms

wA:duAlef(x,U,g);u)dx“, (u=0,....,n—1, A=1,...,m). (3)
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The differential prolongation of (3) gives us such a system of contact forms:

wA :duf}l — HA (m,v,g},g;u,?{) dz*, ...,

B B
A A A (4)
_ _ . i
Wit = dum---uku Hul---uku :U,v,’tl),g,u,...,% dxt.

Let us construct the set of (n — 1)-forms
QB:ﬁE/\wA, (B=1,...,m), (5)

where 3% are some (n — 2)-forms of the type

1
pE = 72)'@?/“.“#”72 (x,u)dzht Ndzh? AL A dxhre2,

=
An extended ideal I is obtained by adding forms (5) to I:

I ={a* Q).
Demand QF be closed:

aarcr. (6)
This condition is given by

dP = o B o008, (7)
where 6 is some 1-form such as, for example,

0 = 0,dz", 6,, = const.

Equation (7) is the basic for determining the functions H: from connections (3)

[0t
and for finding 85 and f¥ coefficients . In [1], ﬂfm--- sin_, Satisfy such commuting condi-
tions, from which it follows

1% = -4 HS + B4 HS,
' = —BIAHY + B4 HS, (8)
?4A = —B2AHS 4+ BHAHS.

2

It makes us possible to write the equation L3(z,v) = 0 in the form of the conservation law
O = 0. (9)

Hj have a special structure, which allows us to write

i

I#A:Xa(xvv)[/UA]'fﬂa (IE,U,’llj,), (/‘LZO,]-’Qa CL:L...,T), (10)
and then obtain the incomplete Lie algebra
Xo(z,v) = X5 (2, 0)0pe. (11)

Additional conditions on X, allow it to become a complete Lie algebra.
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2. In the space E'(y,v), let an invariance Lie algebra of infinitesimal operators for the
equation Li(z,v) =0 be given:

X, = gg(y,v)aﬂ—l—nf(y,v)@vs, [Xa, Xp) = Ay Xey, (a=1,...,m5 B=1,...,m)(12)

and the projection ,0/ : EY = M in a fibre bundle(E/, M/, p,) to each operator X, set the
corresponding shorted operator

X¢ = €y, 0)0p. (13)
Operator (12) acting in E' is closely connected with an operator, which acts in M [5]
Qaly,v) = (Y v)0u —1a(y.v),  mav” =ng. (14)
Determine now Q,-invariant solutions v of the equation L{(y,v) = 0:
Qa(y, v)[v"] = €i(y, v) 00" — 07 (y,v) = 0. (15)

If u?(z) # vP(y), then it follows from (15) that

Qu(y, U)[uA] = Ffa (y,v, U ) u® # 0. (15a)

In more general case, it is
Qaly,v)[u] = T4 (y, U Uy ;u) #0. (15Db)
Let now consider 1-forms of connections (3)
wA = (&UuuA)dx“ — H;? (x,v,?f; u) dx*. (16)
Interior product of w? and the vector field
W, = Dy h* Oy, (17)

where

Wl = 1on - o

) (?E Ha()aala'“aanfl”Ta

is obtained [2—4] in the form
Wy _|w? = Dy h#0puu® — Dy h¥ - HL. (18)

Here, we use the notation

Dyv h*Opi|pr = Oy |y - (19)
So

W, _Jw? = 0pu? — Dyt - H. (20)
For each fixed v, we multiply the scalar equation (20) by a 1-form dy” and then find the
sum

~A

W = [0put — Dyht - H| dy” = du — Dy h¥ - H} - dy. (21)
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An interior product of the vector field (13) and the form (21) is
X7 |5 = €y, 0)0put = ni (g, 0)ul — (€05, 0) Dy - HA =i (o)) (22)
Let us set
Ea(y,v)Dyw hH - Hl‘:‘ —ni(y,v)ut =172 (y, U, ) u®. (23)
In a more general case, we have
En(y,v) Dy hH - H;:‘ — i (y,v)ut = T4 (y, Uy u) . (24)

In new notations, (22) will have the form

r~NA
X2 15" = Quly v)lu) = T (v, ) (25)

!/

When (25) is equal to zero, it determines a linear connection along the vector field X5 .
~A
We calculate now the exterior differential of scalar (25) and mark a result as w . The

interior product of this form and the vector field X/ is

X{ 5 = e (y, 0)o (Xg'r &A) — €4y, 1)y (Qu[u?]) — (3, v) Dy TA =
= (& (y,v)0pe — M) Qalu’!] + MQalut] — & (¥, v)Oyu T4 = QpQalu’] — QuT's, (26)

1A
<X£’_\w :O).

With (26), let construct an equality

~

{[Qa> Qo] — X54Qc} u =Q T} + Tiae Ty = ANt T2 Loy = 0. (27)

Here, @, is the projection of the operator @, on E' (not differentiate with respect to
u-variables)

A . =8,T2

au® —

If the connection is linear, equation (27) is of the form

{Q[ar,ﬁc + Fﬁ‘” K|rg< — AP e | 13=0. (27a)

lc c
So the equation, which determines the reducing of a non-local transformation system to

’

the equation Li(y,v) =0, is (X§ = X,):

wt =Ny Lut T (28)

] c

2
St

Here, we use the notation [2, 3]:

~A
Lu=X_|du, F:{aC,X_|w }
X
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The system of exterior differential equations a® = 0 gives us the representation of
Li(y,v) = 0. Condition (28) shows that

/ / ~A ’ LA , A
*{X@—\d<X§ 1&% = xg(xt |0 )}—ff'ac—*gfs (X5 18 ):o. (282)

* is the Hodge operator in R(0,n).

Equation (28a) can be represented in terms of covariant derivatives Vx, along the
vector field X,. If connections are linear, the covariant and Lie derivatives are identical.
So, from

A A K p A —
{Qualhje + Tl T je = AapL petu® (2= 0,

lc

we obtain

{[Vx2: Vg | + Vi xpe = R(Xa, Xp) u = 0. (29)
Here,

R(Xa, Xp)u® = A, T uc (30)

is the tensor field of curvature of the corresponding connections [4].

Theorem. The non-local transformation represented by system (25) via integrability con-
ditions (27) for variables u has, as a consequence, the equation Li(y,v) = 0 when (28a)
18 fulfiled.
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