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Abstract

The classification of symmetry properties of a generalized system of Burgers equations
ua

0 + ua
11 = F ab(�u)ua

1 is investigated in those cases where the invariance with respect
to the Galilean algebra retains.

The symmetry of the classical Burgers equation

u0 + λuu1 + u11 = 0,

is well known (see, for example, [1]). Its widest algebra of invariance in the class of the
Lie’s operators is given by the following basic elements

∂0 =
∂

∂x0
, ∂1 =

∂

∂x1
, G = x0∂1 +

1
λ

∂u,

D = 2x0∂0 + x1∂1 − u∂u, Π = x2
0∂0 + x0x1∂1 +

(x1

λ
− x0u

)
∂u.

In the paper [2], the classification of symmetry properties of the generalized Burgers
equation

u0 + u11 = F (u, u1), (1)

was investigated depending on a nonlinear function F (u, u1) with which the invariance of
equation (1) with respect to the Galilean algebra retains.

A problem of a wider generalization of equation (1) is stated. In this paper, the
symmetry properties of the generalized system of the Burgers equations

ua
0 + ua

11 = F ab(�u)ua
1. (2)

are studied. In these equations, �u(u1, u2), �u = �u(x), x = (x0, x1), uµ = ∂µu, ∂µ =
∂

∂xµ
,

µ = 0, 1; F ab are arbitrary differentiable functions.
The following statements are true.

Theorem 1. System (2) is invariant with respect to the Galilean algebra AG = 〈∂0, ∂1, G〉
in the next cases:
a) If G = G1 = x0∂1 + k1∂u1 + k2∂u2, then

F 11 = −u1

k1
+ ϕ11(ω), F 12 = ϕ12(ω),

F 21 = ϕ21(ω), F 22 = −u2

k2
+ ϕ22(ω),

where ω = k2u
1−k1u

2, ϕab are arbitrary differentiable functions; ki are arbitrary constants.
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b) If G = G2 = x0∂1 + (k1u
1 + k2)∂u1 + (k3u

2 + k4)∂u2, then

F 11 = − 1
k1

lnω1 + ϕ11(ω2), F 12 = ω
1−k3/k1

1 ϕ12(ω2),

F 21 = ω
1−k3/k1

1 ϕ21(ω), F 22 = − 1
k1

lnω1 + ϕ22(ω),

where ω1 = k2u
1 +k2, ω2 =

(k1u
1 + k2)k3/k1

k3u2 + k4
, ϕab are arbitrary differentiable functions; ki

are arbitrary constants.

c) If G = G3 = x0∂1 + k1u
2∂u1, then

F 11 =
u1

u2

(
ϕ21(u2)− 1

k1

)
+ ϕ11(u2),

F 12 =
u1

u2

(
ϕ22(u2)− ϕ11(u2)

) − ϕ21(u2)
(

u1

u2

)2

+ ϕ12(u2),

F 21 = ϕ21(u2), F 22 = −u1

u2

(
ϕ21(u2) +

1
k1

)
+ ϕ22(u2),

where ϕab are arbitrary differentiable functions; k1 is an arbitrary constant.

d) If G = G4 = x0∂1 + k2u
1∂u2, then

F 11 = −u2

u1

(
ϕ12(u1) +

1
k2

)
+ ϕ11(u1), F 12 = ϕ12(u1),

F 21 =
u2

u1

(
ϕ11(u1)− ϕ22(u1)

) − ϕ12(u1)
(

u2

u1

)2

+ ϕ21(u1),

F 22 =
u2

u1

(
ϕ12(u1)− 1

k1

)
+ ϕ22(u1),

where ϕab are arbitrary differentiable functions; k2 is an arbitrary constant.

Theorem 2. System (2) is invariant with respect to the Galilean algebra
AG1 = 〈∂0, ∂1, G, D〉 in the next cases:
1) G = G1, D = D1 = 2x0∂0 + x1∂1 +

(−u1 + m1ω
)
∂u1 +

(−u2 + m2ω
)
∂u2 ;

F 11 = F 22 = m1u
2 − m2u

1, F 12 = F 21 = 0,

where ω = k2u
1 − k1u

2, ϕab are arbitrary differentiable functions; ki, mi are arbitrary
constants.

2) G = G4, D = D2 = 2x0∂0 + x1∂1 + Au1∂u1 + (A − 1)u2∂u2 , where A is an arbitrary
constant (AC).

a) A �= 0

F 11 = −u2

u1

(
1
k2

+ c12

)
+ c11(u1)−1/A, F 12 = c12,

F 21 = c21(u1)−2/A + (c11 − c22)u2(u1)−1−1/A − c12

(
u2

u1

)2

,

F 22 =
u2

u1

(
− 1

k2
+ c12

)
+ c22(u1)−1/A,

where cab, k2 are arbitrary constants.
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b) A = 0

F 11 = −u2

u1

(
1
k2

+ ϕ12(u1)
)

, F 12 = ϕ12(u1),

F 21 = −ϕ12(u1)
(

u2

u1

)2

, F 22 =
u2

u1

(
− 1

k2
+ ϕ12(u1)

)
,

where ϕab are arbitrary differentiable functions.

3) G = G3, D = D3 = 2x0∂0 + x1∂1 + (B − 1)u1∂u1 + Bu2∂u2, where B is an arbitrary
constant.

a) B �= 0

F 11 =
u1

u2

(
− 1

k1
+ c12

)
+ c11(u2)−1/B,

F 12 = c12(u2)−2/B + (c22 − c11)u1(u2)−1−1/B − c21

(
u1

u2

)2

,

F 21 = c12, F 22 = −u1

u2

(
1
k1

+ c12

)
+ c22(u2)−1/B,

where cab, k1 are arbitrary constants.
b) B = 0

F 11 =
u1

u2

(
− 1

k1
+ ϕ21(u2)

)
, F 12 = −ϕ21(u2)

(
u1

u2

)2

,

F 21 = ϕ21(u2), F 22 = −u1

u2

(
1
k1

+ ϕ21(u2)
)

,

where ϕab are arbitrary differentiable functions.

Theorem 3. System (2) is invariant with respect to the Galilean algebra
AG2 = 〈∂0, ∂1, G, D,Π〉, when

G = G1, D = D1, Π = x2
0∂0+x0x1∂1−ua∂ua+x0ω(α2∂u1−α1∂u2)−x1(β2∂u1−β1∂u2),

where ω = �β�u, F ab = δab�α�u, αi, βi are arbitrary constants, and
∣∣∣∣β1 β2

α1 α2

∣∣∣∣ = 1.

Proof of Theorems 1–3. Let an infinitesimal operator X (see [3]) be

X = ξ0 (x, �u) ∂0 + ξ1 (x, u) ∂1 + η1 (x, u) ∂u1 + η2 (x, u) ∂u2 . (3)

Using the invariance condition of equation (2) with respect to operator (3), we obtain
defining equations for the coordinates of operator (3) and functions F ab(u1, u2):

ξ0
1 = ξ0

ua = 0, ξ1
ua = 0, ξ0

0 = 2ξ1
1 , ηa

ubuc = 0,

−F 11η1
1 − F 21η2

1 + η1
0 + η1

11 = 0, −F 21η1
1 − F 22η2

1 + η2
0 + η2

11 = 0,

F 11
u1 η1 + F 11

u2 η2 + F 12η1
u1 + ξ1

0 − 2η1
1u1 + F 11ξ1

1 − F 21η1
u2 = 0,

F 22
u1 η1 + F 22

u2 η2 + F 21η1
u22 + ξ1

0 − 2η2
1u2 + F 22ξ1

1 − F 12η2
u1 = 0,

F 12
u1 η1 + F 12

u2 η2 + F 11η1
u2 − F 12(η1

u1 − η2
u2 − ξ1

1)− 2η1
1u2 − F 22η1

u2 = 0,

F 21
u1 η1 + F 21

u2 η2 + F 22η2
u1 − F 21(η2

u2 − η1
u1 − ξ1

1)− 2η2
1u1 − F 11η2

u1 = 0.

(4)
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Solutions of system (4) define a form of the nonlinear functions F ab and invariance
algebra.

Theorem 4. The widest invariance algebra of the equation

�u0 + (�λ�u)�u1 + �u11 = 0 (5)

consists of the operators

∂0, ∂1, Ga = λax0∂1 + ∂ua , Da = λa(2x0∂0 + x1∂1)− �λ�u∂ua ,

Πa = λa(x2
0∂0 + x0x1∂1+) +

(
x1 − x0

�λ�u
)

∂ua , Qij = ui(λn∂uj − λj∂un),
(6)

where a = 1, . . . , n; i, j = 1, . . . , n − 1.

This theorem is proved by the standard Lie’s method.
Commutation relations of the operators of algebra (6) are as follows:

[∂0, ∂1] = 0; [∂0, Ga] = λa∂1; [∂0, Da] = 2λa∂0;

[∂0,Πa] = Da; [∂0, Qij ] = 0; [∂1, Ga] = 0;

[∂1, Da] = λa∂1; [∂1,Πa] = Ga; [∂1, Qij ] = 0;

[Qij , Qab] = 0; [Da, Db] = λaDb − λbDa; [Ga, Db] = −λaGb;

[Ga,Πb] = 0; [Ga, Qij ] = δai(λnGj − λjGn); [Ga, Gb] = 0;

[Da,Πb] = λaΠb + λbΠa; [Da, Qij ] = δai(λjDn − λnDj); [Πa,Πb] = 0;

[Πa, Qij ] = δai(λnΠj − λjΠn).
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