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Abstract

The classification of symmetry properties of a generalized system of Burgers equations
ul + ufy, = F(@)u$ is investigated in those cases where the invariance with respect
to the Galilean algebra retains.

The symmetry of the classical Burgers equation
ug + Auug + uip = 0,

is well known (see, for example, [1]). Its widest algebra of invariance in the class of the
Lie’s operators is given by the following basic elements

0 0 1
60_8—:160’ oh = 8—.%1’ G_$081+Xaua
D =2x00) + 101 —ud,, II= x%(")o + xox101 + <% — :Eou> Ou-

In the paper [2], the classification of symmetry properties of the generalized Burgers
equation

uo + u11 = F(u,uy), (1)

was investigated depending on a nonlinear function F'(u,u;) with which the invariance of
equation (1) with respect to the Galilean algebra retains.

A problem of a wider generalization of equation (1) is stated. In this paper, the
symmetry properties of the generalized system of the Burgers equations

uf +ufy = F(@)uf. (2)
are studied. In these equations, @(u',u?), @ = @(x), x = (zo, 1), uy = dyu, d), =

p=0,1; F® are arbitrary differentiable functions.
The following statements are true.

Theorem 1. System (2) is invariant with respect to the Galilean algebra AG = (0, 01, G)
in the next cases:
a) If G =Gy = 2901 + k10,1 + k20,2, then

1

u
FUl = -t ellw), PP =oPw),
2
u
F21 — @21((41), F22 — _k_2 + @22((,«)),

where w = kou' —ki1u?, ® are arbitrary differentiable functions; k; are arbitrary constants.



464 L. Tulupova and A. Gleba

b) If G = Gy = 2001 + (klul + ]ﬁz)aul + (k3u2 + k4)8u2, then
1 -
Pl - Inwy + ¢!l (ws), FI2= Wi ka/k19012(w2)’
1

1

F2l w}*k3/k1(p2l(w)7 F22 _ -
1

Inw; + ¢*(w),

(k‘lul + k‘g)k3/k1
/€3u2 + k4

where wy = kou' + ks, wo = , ©® are arbitrary differentiable functions; k;
are arbitrary constants.

¢) If G = G3 = 2001 + k1u?0,1, then

Fll — u_l S021(u2) _ i + (pll(UQ)

’LL2 kl ’
12 u! 22/ 2 11,2 21/, 2 ul)? 12/, 2
FP =5 (07 @) = () =7 (@) { 5 ) + (),

ul 1
F21 — ()021(,“2)7 F22 — (@21@2) + k_1> + 9022('“2)7

where ® are arbitrary differentiable functions; ki is an arbitrary constant.

d) If G =G4y =200, + kg’ulauz, then

u

u? 1

Fll__1< 12(u1)+k_> —|—<p11(u1), F12:<p12(u1),
u 2

21 u? 11/, 1 22/ 1 12/, 1 u? 2 21/ 1

F :ﬁ(@ (u’) — ¢ (U))_SD (u”) ul + o7 (u),
2

20 U 12/, 1 1 22/ 1

P =t () - )+ )

where ™ are arbitrary differentiable functions; ky is an arbitrary constant.

Theorem 2. System (2) is invariant with respect to the Galilean algebra
AG1 = {0y, 01,G, D) in the next cases:
1) G=G1, D=Dy=2x00)+ x101 + (—ul + mlw) 8u1 + (—u2 + mgw) 8u2;

FU = F2 — o — moul, F12_ 2l _
where w = kou' — k1u?, ©™ are arbitrary differentiable functions; ki, m; are arbitrary
constants.
2) G =Gy, D = Dy=2x00)+ 1101 + Au'd, + (A — 1)ud,2, where A is an arbitrary
constant (AC).

a) A#0
11 w? (1 1\—1/A 12
Frlr=——|—-+ca: +en (uh) VA, F* =,
u kg

_ o u?\”
F21 _ 621<u1) 2/A + (Cll o 022)u2(u1) 1-1/A C1o (J) ,
u? 1 _
F? = o (_k_z + C12) + cop(uh) A,

where cqp, ko are arbitrary constants.
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b) A=0
11 u? (1 12/, 1 12 12/, 1
F Y kf2+<ﬂ (w) |, F==¢"(u),
2\ 2 2
21 12/, 1\ [ U 2 U 1 12/, 1
P (B) = (e,

where ©® are arbitrary differentiable functions.

3) G=Gs, D= D3=2x000+ 2101 + (B —1)u'd, + Bu?0,2, where B is an arbitrary
constant.

a) B#0
1
11 _ U 1 2\—1/B
= 2 <_k_1+012) +c11(u”) /B,
ul)
F12 _ C12(u2)72/3 + (022 o cll)ul(UQ)flfl/B — Coq <¥> ’
21 22 u' (1 2\-1/B
F* = ca, F =z k—1+612 + c22(u”) ,
where cqp, k1 are arbitrary constants.
b) B=0
ul 1 ul
F = = <_k_1 +<P21(u2)> , PP = = (u?) (ﬁ) :
F21 — @21(’[1,2) F22 — _u_l i + @21(11,2)
) U2 kl )

where ™ are arbitrary differentiable functions.

Theorem 3. System (2) is invariant with respect to the Galilean algebra
AG9 = (0y, 01, G, D,11), when

G=Gy, D=D;, II= x%@o—i—xoxlﬁl —u*Oya —|—$0w(0428u1 —Ozlauz)—:tl(ﬂzaul —ﬂlaqﬁ),
B B
(6%

1 Q2

where w = Bit, F* = §,4,d1, oy, B; are arbitrary constants, and =1

Proof of Theorems 1-3. Let an infinitesimal operator X (see [3]) be
X = §0 (.%', ﬁ) Oo + €1 (x7 u) o+ 771 (x7 u) O + 772 (.%', 'LL) D2 (3)

Using the invariance condition of equation (2) with respect to operator (3), we obtain
defining equations for the coordinates of operator (3) and functions F(ul, u?):

§=8.=0, &.=0, &=2¢, n%,.=0,

—FUni — F?'n 4+ +niy =0, —F'nf — F2nf + 05 + 7, =0,
Fuln' + Fun? + FPn, + & — 2n{,0 + F1E - F2lnl, =0,

F2n' + FE0? + F¥npy + & — 27,2 + F22¢] — F%, =0,

1*—;}12771 + F1122772 +1:’11777112 - Flz(mltl - 7732 - f%) - 277iu2 - F2 }LQ =Y

F2in' + F2p® + F2nly — F2 (02 =y — &) = 207, — F'ply = 0.
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Solutions of system (4) define a form of the nonlinear functions F% and invariance
algebra.

Theorem 4. The widest invariance algebra of the equation
ﬁo + (X’J)’lfl + ’1111 =0 (5)
consists of the operators

B, 01, Ga =001 + Oa, Do = Aa(22080 + 181) — XiiDya,

. 4 (6)
T, = Ao (2200 + zoz101+) + (:z:l - xom) Oun,  Qi; = (A — AjOun),

wherea=1,....,n;4,7=1,...,n—1.

This theorem is proved by the standard Lie’s method.
Commutation relations of the operators of algebra (6) are as follows:

[0o, 01] = 0; [00, Ga] = A 61, [00, Dg] = 2X000;
00, ] = Dy 00, Qij] = 01, G4 = 0;
[01, Da] = XaOh; 01, 11a] = Gla; 01, Qij] = 0;

[Qij, Qab] = 0; [Da, Dy] = Aa Dy — Xy Dq; (G, Dy] = —AaGh;
(G, TIy] = [Gay Qij] = 60i(MnGj — XiGr);  [Ga, Gy = 0;

[Dg, ILy] = A1l 4 Nplly; [Da, Qij] = 0ai(A\jDn — AnDj);  [Ilg, 1] = 0;

[

I, Qij] = dai( A1l — N\IL,).
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