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Abstract

The procedure of constructing linear ansatzes is algorithmized. Some exact solutions
of a generalized complex Euler equation for a vector field, invariant under subalgebras
of the Poincaré algebra AP (1, 3) are found.

In this article, we consider the equation

∂Σk

∂x0
+Σl

∂Σk

∂xl
= 0, Σk = Ek + iHk (k, l = 1, 2, 3). (1)

It was proposed by W. Fushchych [1] to describe vector fields. This equation can be con-
sidered as a complex generalization of the Euler equation for ideal liquid [2]. Equation (1)
is equivalent to the system of real equations for �E = (E1, E2, E3) and �H = (H1, H2, H3):


∂Ek

∂x0
+ El

∂Ek

∂xl
−Hl

∂Hk

∂xl
= 0,

∂Hk

∂x0
+Hl

∂Ek

∂xl
+ El

∂Hk

∂xl
= 0.

(2)

It was established in paper [1] that the maximal invariance algebra of system (2) is a 24-
dimensional Lie algebra containing the affine algebra AIGL(4,R) with the basis elements

Pα =
∂

∂xα
(α = 0, 1, 2, 3), Γa0 = −x0

∂

∂xa
− ∂

∂Ea
,

Γ00 = −x0
∂

∂x0
+ El

∂

∂El
+Hl

∂

∂Hl
(l = 1, 2, 3),

Γaa = −xa
∂

∂xa
− Ea

∂

∂Ea
−Ha

∂

∂Ha
(no sum over a),

Γ0a = −xa
∂

∂x0
+ (EaEk −HaHk)

∂

∂Ek
+ (EaHk +HaEk)

∂

∂Hk
,

Γac = −xc
∂

∂xa
− Ec

∂

∂Ea
−Hc

∂

∂Ha
(a �= c; a, c = 1, 2, 3).

(3)

The algebra AIGL(4,R) contains as a subalgebra the Poincaré algebra AP (1, 3) with the
basis elements

J0a = −Γ0a − Γa0, Jab = Γba − Γab, Pα (a, b = 1, 2, 3; α = 0, 1, 2, 3).
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The purpose of our investigation is to construct invariant solutions to system (2) by
reducing this system to systems of ordinary differential equations on subalgebras of the
algebra AP (1, 3).

On the basis of Proposition 1 [3] and the necessary existence condition for nondegen-
erate invariant solutions [4], we obtain that to perform the reduction under consideration,
we need the list of three-dimensional subalgebras of the Poincaré algebra AP (1, 3) with
only one main invariant of the variables x0, x1, x2, x3. We can consider subalgebras of
the algebra AP (1, 3) up to affine conjugacy.

Let us denote Ga = J0a − Ja3 (a = 1, 2).

Proposition 1. Up to affine conjugacy, three-dimensional subalgebras of the algebra
AP (1, 3), having only one main invariant depending on the variables x0, x1, x2, x3, are
exhausted by the following subalgebras:

〈P1, P2, P3〉, 〈J12 + αJ03, P0, P3〉, 〈J12 + αJ03, P1, P2〉 (α �= 0), 〈J03, P1, P2〉,
〈G1, P0 + P3, P2 + αP1〉, 〈G1, G2, P0 + P3〉, 〈G1, J03, P2〉, 〈J12, J03, P0 + P3〉,
〈J03 + P1, P0, P3〉, 〈G1, G2, J12 + αJ03〉 (α > 0), 〈J12 + P0, P1, P2〉, 〈G1, G2, J03〉,
〈J03 + γP1, P0 + P3, P2〉 (γ = 0, 1), 〈G1 + P2, P0 + P3, P1〉,
〈G1 + P0 − P3, P0 + P3, P2〉, 〈G1 + P0 − P3, P0 + P3, P1 + αP2〉,
〈G1, G2 + P2, P0 + P3〉, 〈G1, J03 + αP1 + βP2, P0 + P3〉,
〈G1 + P2, G2 − P1 + βP2, P0 + P3〉, 〈G1, G2, J12 + P0 + P3〉.

To obtain this list of subalgebras, we should apply the affine conjugacy to the list of
subalgebras of the algebra AP (1, 3), considered up to P (1, 3)-conjugacy [5]. In so do-
ing, in particular, we may identify all one-dimensional subspaces of the translation space
〈P0, P1, P2, P3〉.

The linear span Q of a system of operators, obtained from basis (3) by excluding the
operators Γ0a (a = 1, 2, 3), forms a Lie subalgebra of the algebra AIGL(4,R). Each
operator Y ∈ Q can be presented as

Y = aα(x)
∂

∂xα
+ bij

(
Ej

∂

∂Ei
+Hj

∂

∂Hi

)
+ ci

∂

∂Ei
, (4)

where x = (x0, x1, x2, x3); bij , ci are real numbers; α = 0, 1, 2, 3; i, j = 1, 2, 3.
Definition. An invariant of a subalgebra L of the algebra Q, that is a linear function in
the variables Ea, Ha (a = 1, 2, 3), is called linear. A vector function �F ( �E, �H) is called a
linear invariant of a subalgebra L if its components are linear invariants of this subalgebra.

Let

B =


 b11 b12 b13
b21 b22 b23
b31 b32 b33


 , �C =


 c1
c2
c3


 , U =


u11(x) u12(x) u13(x)
u21(x) u22(x) u23(x)
u31(x) u32(x) u33(x)


 , �V =


 v1(x)
v2(x)
v3(x)


 .

Theorem. The vector function U �E + �V is a linear invariant of the operator Y if and
only if

aα(x)
∂U

∂xα
+ UB = 0, aα(x)

∂�V

∂xα
+ U �C = �0.
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The vector function U �H is a linear invariant of the operator Y if and only if

aα(x)
∂U

∂xα
+ UB = 0.

Proposition 2. Let

Yj = a(j)
α (x)

∂

∂xα
+

3∑
i,k=1

b
(j)
ik

(
Ek

∂

∂Ei
+Hk

∂

∂Hi

)
+

3∑
i=1

c
(j)
i

∂

∂Ei
(j = 1, 2, 3) (5)

be operators of the form (4) and their corresponding matrices B1, B2, B3 be linearly
independent and satisfy the commutation relations

[B3, Bj ] = Bj (j = 1, 2), [B1, B2] = 0.

The vector function U �H with the matrix U =
3∏

i=1
exp[fi(x)Bi] is a linear invariant of the

algebra 〈Y1, Y2, Y3〉 if and only if

a(i)
α (x)

∂fj

∂xα
+ gij(x) = 0, (6)

where i, j = 1, 2, 3 and (gij) = diag [ef3 , ef3 , 1].

Proof. On the basis of the Campbell-Hausdorff formula, we have

exp(θB3)·Bj ·exp(−θB3) = Bj +
θ

1!
Bj +

θ2

2!
Bj + · · · = eθ Bj (j = 1, 2).

Therefore,

Bj exp(θB3) = e−θ exp(θB3)Bj (j = 1, 2).

For this reason

a(j)
α (x)

∂U

∂xα
= a(j)

α (x)
∂f1

∂xα
exp(f1B1)B1 exp(f2B2) exp(f3B3)+

+a(j)
α (x)

∂f2

∂xα
exp(f1B1) exp(f2B2)B2 exp(f3B3)+

+a(j)
α (x)

∂f3

∂xα
exp(f1B1) exp(f2B2) exp(f3B3)fB3 =

= a(j)
α (x)

∂f1

∂xα
e−f3 UB1 + a(j)

α (x)
∂f2

∂xα
e−f3 UB2 + a(j)

α (x)
∂f3

∂xα
UB3.

It follows from this that a(1)
α (x)

∂U

∂xα
+ UB1 = 0 if and only if

a(1)
α (x)

∂f1

∂xα
e−f3 +1 = 0, a(1)

α (x)
∂f2

∂xα
= 0, a(1)

α (x)
∂f3

∂xα
= 0.

Similarly, a(2)
α (x)

∂U

∂xα
+ UB2 = 0 if and only if

a(2)
α (x)

∂f1

∂xα
= 0, a(2)

α (x)
∂f2

∂xα
e−f3 +1 = 0, a(2)

α (x)
∂f3

∂xα
= 0.
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Finally, a(3)
α (x)

∂U

∂xα
+ UB3 = 0 if and only if

a(3)
α (x)

∂f1

∂xα
= 0, a(3)

α (x)
∂f2

∂xα
= 0, a(3)

α (x)
∂f3

∂xα
+ 1 = 0.

The proposition is proved.

Proposition 3. Let Yj (j = 1, 2, 3) be operators (5) and their corresponding matrices B1,
B2, B3 = B′

3 +B′′
3 be linearly independent and satisfy the commutation relations

[B′
3, Bj ] = ρBj (j = 1, 2), [B′′

3 , B1] = −B2, [B′′
3 , B2] = B1,

[B′
3, B

′′
3 ] = 0, [B1, B2] = 0.

The vector function U �H with the matrix U =
3∏

i=1
exp[fi(x)Bi] is a linear invariant of the

algebra 〈Y1, Y2, Y3〉 if and only if functions f1(x), f2(x), f3(x) satisfy system (6), where

(gij) =


 eρf3 cos f3 − eρf3 sin f3 0

eρf3 sin f3 eρf3 cos f3 0
0 0 1


 .

Proof. Let us apply the Campbell-Hausdorff formula:

exp(θB3)(γB1 + δB2) exp(−θB3) =

= exp(θB′′
3 ) exp(θB

′
3)(γB1 + δB2) exp(θB′

3) exp(θB
′′
3 ) =

= eρθ

{
γB1 + δB2 +

θ

1!
(−γB2 + δB1) +

θ2

2!
(−γB1 − δB2) + · · ·

}
=

= eρθ {(γB1 + δB2) cos θ + (−γB2 + δB1) sin θ} =

= eρθ {(γ cos θ + δ sin θ)B1 + (δ cos θ − γ sin θ)B2} .

Hence,

(γB1 + δB2) exp(θB3) =

= e−ρθ exp(θB3) {(γ cos θ − δ sin θ)B1 + (δ cos θ + γ sin θ)B2} .

On the basis of the formula obtained, we get

a(j)
α (x)

∂U

∂xα
= a(j)

α (x)
∂f1

∂xα
U e−ρf3(cos f3B1 + sin f3B2)+

+a(j)
α (x)

∂f2

∂xα
U e−ρf3(− sin f3B1 + cos f3B2) + a(j)

α (x)
∂f3

∂xα
UB3.

It follows from this that

a(1)
α (x)

∂U

∂xα
+ UB1 = 0



Symmetry Reduction of a Generalized Complex Euler Equation 459

if and only if


a(1)
α (x)

∂f1

∂xα
cos f3 − a(1)

α (x)
∂f2

∂xα
sin f3 + eρf3 = 0,

a(1)
α (x)

∂f1

∂xα
sin f3 + a(1)

α (x)
∂f2

∂xα
cos f3 = 0,

a(1)
α (x)

∂f3

∂xα
= 0.

If we consider the obtained system as a linear inhomogeneous system in the variables

a(1)
α (x)

∂f1

∂xα
, a(1)

α (x)
∂f2

∂xα
, a(1)

α (x)
∂f3

∂xα
, then it is equivalent to the system

a(1)
α (x)

∂f1

∂xα
= − eρf3 cos f3, a(1)

α (x)
∂f2

∂xα
= eρf3 sin f3, a(1)

α (x)
∂f3

∂xα
= 0.

Reasoning similarly, we obtain that

a(2)
α (x)

∂U

∂xα
+ UB2 = 0

if and only if


a(2)
α (x)

∂f1

∂xα
cos f3 − a(2)

α (x)
∂f2

∂xα
sin f3 = 0,

a(2)
α (x)

∂f1

∂xα
sin f3 + a(2)

α (x)
∂f2

∂xα
cos f3 + eρf3 = 0,

a(2)
α (x)

∂f3

∂xα
= 0

or

a(2)
α (x)

∂f1

∂xα
= eρf3 sin f3, a(2)

α (x)
∂f2

∂xα
= eρf3 cos f3, a(2)

α (x)
∂f3

∂xα
= 0.

The equality

a(3)
α (x)

∂U

∂xα
+ UB3 = 0

holds if and only if


a(3)
α (x)

∂f1

∂xα
cos f3 − a(3)

α (x)
∂f2

∂xα
sin f3 = 0,

a(3)
α (x)

∂f1

∂xα
sin f3 + a(3)

α (x)
∂f2

∂xα
cos f3 = 0,

a(3)
α (x)

∂f3

∂xα
+ 1 = 0

or

a(3)
α (x)

∂f1

∂xα
= 0, a(3)

α (x)
∂f2

∂xα
= 0, a(3)

α (x)
∂f3

∂xα
+ 1 = 0.

The proposition is proved.
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Using subalgebras from Proposition 1, we construct ansatzes of the form

U �E + �V = �M(ω), U �H = �N(ω) (7)

or

�E = U−1 �M(ω)− U−1�V , �H = U−1 �N(ω), (8)

where �M(ω), �N(ω) are unknown three-component functions, the matrices U , �V are known,
and detU �= 0 in some domain of the point x space.

Ansatzes of the form (7) or (8) are called linear.
Since the generators G1, G2, J03 are nonlinear differential operators, we act on sub-

algebras containing them by the inner automorphism corresponding to the element g =
exp

(π
4
X

)
, where

X = −Γ03 +Γ30 = x3
∂

∂x0
− x0

∂

∂x3
+ (H3Hk −E3Ek)

∂

∂Ek
− (E3Ek +H3Hk)

∂

∂Hk
− ∂

∂E3
.

Let us denote J ′
αβ = gJαβg

−1, P ′
α = gPαg

−1, G′
α =

√
2
2
gGαg

−1. It is not difficult to verify
that

G′
a = J ′

0a − J ′
a3 = x0

∂

∂xa
+ xa

∂

∂x3
+ Ea

∂

∂E3
+Ha

∂

∂H3
+

∂

∂Ea
(a = 1, 2),

J ′
12 = J12 = x2

∂

∂x1
− x1

∂

∂x2
+ E2

∂

∂E1
− E1

∂

∂E2
+H2

∂

∂H1
−H1

∂

∂H2
,

J ′
03 = −x0

∂

∂x0
+ x3

∂

∂x3
+

2∑
k=1

(
Ek

∂

∂Ek
+Hk

∂

∂Hk

)
+ 2E3

∂

∂E3
+ 2H3

∂

∂H3
,

P ′
0 =

√
2
2

(P0 + P3), P ′
3 = −

√
2
2

(P0 − P3), P ′
1 = P1, P ′

2 = P2.

Employing some subalgebras from Proposition 1, let us perform the reduction of system
(2) to systems of ODEs, on solutions of which we construct the corresponding solutions of
system (2). For each of these subalgebras, we write out its corresponding ansatz, the re-
duced system, particular or general solution of the reduced system, and the corresponding
solution of system (2).

1. 〈G′
1, G

′
2, J

′
03〉 : E1 =

x1

x0
+

1
x0
M1(ω), E2 =

x2

x0
+

1
x0
M2(ω),

E3 =
x2

1 + x2
2

2x2
0

+
x1

x2
0

M1(ω) +
x2

x2
0

M2(ω) +
1
x2

0

M3(ω), H1 =
1
x0
N1(ω),

H2 =
1
x0
N2(ω), H3 =

x1

x2
0

N1(ω) +
x2

x2
0

N2(ω) +
1
x2

0

N3(ω), ω = x2
1 + x2

2 − 2x0x3,




Ṁ1(ω − 2M3) + 2N3Ṅ1 = 0, Ṁ2(ω − 2M3) + 2N3Ṅ2 = 0,

Ṁ3(ω − 2M3)− 2M3 +M2
1 +M2

2 −N2
1 −N2

2 + 2N3Ṅ3 = 0,

Ṅ1(ω − 2M3)− 2N3Ṁ1 = 0, Ṅ2(ω − 2M3)− 2N3Ṁ2 = 0,

Ṅ3(ω − 2M3)− 2N3 + 2M1N1 + 2M2N2 − 2N3Ṁ3 = 0.
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The reduced system has the solution

M1 = C1, M2 = C2, M3 =
1
2
(C2

1 + C2
2 − C2

3 − C2
4 ),

N1 = C3, N2 = C4, N3 = C1C3 + C2C4,

where Ci (i = 1, 4 ) are arbitrary constants. The corresponding invariant solution of
system (2) is of the form

E1 =
x1 + C1

x0
, E2 =

x2 + C2

x0
,

E3 =
x2

1 + x2
2 + 2(C1x1 + C2x2) + C2

1 + C2
2 − C2

3 − C2
4

2x2
0

,

H1 =
C3

x0
, H2 =

C4

x0
, H3 =

C3x1 + C4x2 + C1C3 + C2C4

x2
0

.

2. 〈G′
1, P3, P2 + αP1〉 : E1 =

x1 − αx2

x0
+M1(ω), E2 = M2(ω),

E3 =
(x1 − αx2)2

2x2
0

+
x1 − αx2

x0
M1(ω) +M3(ω), H1 = N1(ω), H2 = N2(ω),

H3 =
x1 − αx2

x0
N1(ω) +N3(ω), ω = x0,

{
ωṀ1 +M1 − αM2 = 0, Ṁ2 = 0, ωṀ3 +M2

1 − αM1M2 −N2
1 + αN1N2 = 0,

ωṄ1 +N1 − αN2 = 0, Ṅ2 = 0, ωṄ3 + 2M1N1 − αM1N2 − αM2N1 = 0.

The general solution of the reduced system is

M1 =
C3

ω
+ αC1, M2 = C1, M3 =

C2
3 − C2

4

2ω2
+
α(C1C3 − C2C4)

ω
+ C5,

N1 =
C4

ω
+ αC2, N2 = C2, N3 =

C3C4

ω2
+
α(C1C4 + C2C3)

ω
+ C6,

where Ci (i = 1, 6 ) are arbitrary constants.
The corresponding invariant solution of system (2) is of the form

E1 =
x1 − αx2 + C3

x0
+ αC1, E2 = C1, H1 =

C4

x0
+ αC2, H2 = C2,

E3 =
(x1 − αx2 + C3)2 − C2

4

2x2
0

+
α[C1(x1 − αx2 + C3)− C2C4]

x0
+ C5,

H3 =
C4(x1 − αx2 + C3)

x2
0

+
α[C2(x1 − αx2 + C3) + C1C4]

x0
+ C6.

3. 〈G′
1, G

′
2, J

′
12 + P3〉 : E1 =

x1

x0
+M1(ω) cos f3 −M2(ω) sin f3,

E2 =
x2

x0
+M1(ω) sin f3 +M2(ω) cos f3, E3 =

x2
1 + x2

2

2x2
0

+
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+
1
x0

(x1 cos f3 + x2 sin f3)M1(ω)− 1
x0

(x1 sin f3 − x2 cos f3)M2(ω) +M3(ω),

H1 = N1(ω) cos f3 −N2(ω) sin f3, H2 = N1(ω) sin f3 +N2(ω) cos f3,

H3 =
1
x0

(x1 cos f3 + x2 sin f3)N1(ω)− 1
x0

(x1 sin f3 − x2 cos f3)N2(ω) +N3(ω),

ω = x0, f3 =
x2

1 + x2
2

2x0
− x3.

This ansatz reduces system (2) to the system


Ṁ1 +M2M3 −N2N3 +
M1

ω
= 0, Ṁ2 −M1M3 +N1N3 +

M2

ω
= 0,

M2
1 +M2

2 −N2
1 −N2

2 = 0, Ṅ3 = 0,

Ṅ1 +M3N2 +M2N3 +
N1

ω
= 0, Ṅ2 −M3N1 −M1N3 +

N2

ω
= 0.

The reduced system has the following particular solution:

M1 = N1 =
C1

ω
, M2 = N2 =

C2

ω
, M3 = N3 = 0,

where C1, C2 are integration constants.
The corresponding solution of system (2), invariant with respect to the subalgebra

〈G′
1, G

′
2, J

′
12 + P3〉, is of the form

E1 =
x1

x0
+
C1

x0
cos f3 − C2

x0
sin f3, E2 =

x2

x0
+
C1

x0
sin f3 +

C2

x0
cos f3,

E3 =
x2

1 + x2
2

2x2
0

+
C1

x2
0

(x1 cos f3 + x2 sin f3)− C2

x2
0

(x1 sin f3 − x2 cos f3),

H1 =
C1

x0
cos f3 − C2

x0
sin f3, H2 =

C1

x0
sin f3 +

C2

x0
cos f3,

H3 =
C1

x2
0

(x1 cos f3 + x2 sin f3)− C2

x2
0

(x1 sin f3 − x2 cos f3),

where f3 =
x2

1 + x2
2

2x0
− x3.
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