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Abstract

The procedure of constructing linear ansatzes is algorithmized. Some exact solutions
of a generalized complex Euler equation for a vector field, invariant under subalgebras
of the Poincaré algebra AP(1,3) are found.

In this article, we consider the equation

0k, 0%y .
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It was proposed by W. Fushchych [1] to describe vector fields. This equation can be con-

sidered as a complex generalization of the Euler equation for ideal liquid [2]. Equation (1)

is equivalent to the system of real equations for E = (E1, Fs, E3) and H = (Hy, Hy, H3):

OF OE OH,

k k
E - H =0
8.%0 T+ 8.%1 ! 8.%‘1 ’ (2)
OHj, OE}, OHj,
H, E, =0.
81‘0 A axl + 8$l

It was established in paper [1] that the maximal invariance algebra of system (2) is a 24-
dimensional Lie algebra containing the affine algebra AIGL(4,IR) with the basis elements
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Tou = —2a-2 4 (BaBy — HyHy)~2 + (EuHy + HyEy) 0
Oa — aaxo al“k atll aEk alllk atZk aHka

0 0 0
Fac = —.Ica—xa — Eca—E'a - Hca—[{a (CL # Cc, a,c= 1,2,3)

The algebra AIGL(4,R) contains as a subalgebra the Poincaré algebra AP(1,3) with the
basis elements

Joa = —Toa —Ta0, Jab=Tea —Tap, Pa (a,0=1,2,3; a=0,1,2,3).
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The purpose of our investigation is to construct invariant solutions to system (2) by
reducing this system to systems of ordinary differential equations on subalgebras of the
algebra AP(1,3).

On the basis of Proposition 1 [3] and the necessary existence condition for nondegen-
erate invariant solutions [4], we obtain that to perform the reduction under consideration,
we need the list of three-dimensional subalgebras of the Poincaré algebra AP(1,3) with
only one main invariant of the variables xg, z1, x2, x3. We can consider subalgebras of
the algebra AP(1,3) up to affine conjugacy.

Let us denote Gy = Jog — Jusz (a = 1,2).

Proposition 1. Up to affine conjugacy, three-dimensional subalgebras of the algebra
AP(1,3), having only one main invariant depending on the variables xq, x1, x2, T3, are
exhausted by the following subalgebras:

(P1, Py, P3), (J12 + adoz, Po, P3), (Ji2 + ados, P1, P) (a #0), (Jo3, P1, P),
(G1, Po + P3, Py + aPy), (G1,Ga, Po + Ps), (G1,Jos, o), (J12, Jos, Po + Ps),
(Jos + Pi, Po, P3), (G1,Ga, J12 + aJdys) (a > 0), (Jia + Py, P1, P2), (G1,G2, Jo3),
(Jog +vP1,Po+ P3, Py) (v=0,1), (G1 + P, Py + P3, P1),

(Gi+ Py — P3,Py+ P3,P), (G1+ Py — P3,Py+ P3, P + aPs),
<G1,G2+P2,P0+P3>, <G1,J[)3+04P1+5P2,P0+P3>,

(G1+ P2,Gy — Py + P, Py + P3), (G1,G2,J12 + Py + P3).

To obtain this list of subalgebras, we should apply the affine conjugacy to the list of
subalgebras of the algebra AP(1,3), considered up to P(1,3)-conjugacy [5]. In so do-
ing, in particular, we may identify all one-dimensional subspaces of the translation space
(Py, P1, Py, Ps).

The linear span @ of a system of operators, obtained from basis (3) by excluding the
operators g, (@ = 1,2,3), forms a Lie subalgebra of the algebra AIGL(4,R). Each
operator Y € @ can be presented as

0 0 0 0
aa(l‘)axa—k z]( J8E1+ ]0H¢)+618Ei’ ( )
where x = (zg, 1, 22, 23); b;j, ¢; are real numbers; a =0,1,2,3; 4,5 =1,2,3.
Definition. An invariant of a subalgebra L of the algebra @, that is a linear function in
the variables E,, H, (a = 1,2,3), is called linear. A vector function F(E, H) is called a
linear invariant of a subalgebra L if its components are linear invariants of this subalgebra.
Let

bin bz b3 . 1 ur(z)  ui(z) wiz(w) . vi(z)
B = b21 bgg b23 s C = Co s U = UQl(:E) UQQ(JZ) UQg(.r) s V = UQ(:E)
b1  b3a b33 3 ug1(z) use(z) wusz(x) v3(x)

Theorem. The vector function UE + V is a linear invariant of the operator Y if and

aa(z)a—U +UB =0, aa(m)g%

UC =0.
0%q +
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The vector function UH is a linear invariant of the operator'Y if and only if
oU

«

Proposition 2. Let

; 0 0
——) ()
Y, =a) (x )8xa +“§ 1% (EkaE +HkaH> E ¢ 6E (j=1,2,3) (5)

be operators of the form (4) and their corresponding matrices By, Ba, Bs be linearly
independent and satisfy the commutation relations

[Bs,Bj] =B; (j=1,2), [Bi,Bs]=0.

. 3
The vector function UH with the matriz U = [] exp[fi(x)B;] is a linear invariant of the
i=1
algebra (Y1,Y2,Y3) if and only if

7 f] —
A @)L + giga) =0, (©
where i,j = 1,2,3 and (gij) = diag[e’?,e/2 1].

Proof. On the basis of the Campbell-Hausdorff formula, we have

0 02 _
exp(0Bs)- Bj-exp(—0Bs) = B + ;B + 5y B+ = !B (j=1,2).

Therefore,
Bjexp(B3) = e Yexp(0B3)B; (j=1,2).

For this reason

U af

0. =al ($)8—xa exp(f1B1)B1 exp(faBa) exp(f3Bs3)+

+ay) (fﬂ)ng exp(f1B1) exp(f2B2) B2 exp(fsBs)+

a()()

+ag)($)§% exp(f1B1) exp(f2Ba2) exp(f3Bs) fBs =

of _ oy Of2 df3
(]) f3 () f3
(x )6xa UB;i +ag’(x )5£Ua UBy + a{)(x )a:EaUBg.
It follows from this that ay’(x )6— +UB; =0 if and only if
Lo
ofi _ df2 0fs
W ()L o—F3 11 — (1) — (1) —
ay, (x)f)xa e B+1=0, ay’'(z )8a:a 0, ay’(z )E)xa 0.
Similarly, a,; (x)% + UB; =0 if and only if
ofr _ @902 =15 4 _ @ 9f3 _
& ) oy~ O e )axa FL=0, etz =0.
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Finally, () (x)g—U + UBs =0 if and only if
T

91
0xq

02
0xq

—0, @@ 1120,

D)7~ B

=0, a ()

The proposition is proved.

Proposition 3. LetY; (j = 1,2,3) be operators (5) and their corresponding matrices By,
By, Bs = B + BY be linearly independent and satisfy the commutation relations

[Bé7Bj] = ij (] = 172)) [Bg7Bl] = — By, [BngQ] = By,
(B}, B3] =0, [B1,Bs]=0.

The vector function UH with the matriz U = H exp|fi(z)B;] is a linear invariant of the
algebra (Y1,Y2,Y3) if and only if functions f1( ) fo(x), f3(z) satisfy system (6), where

ePfscos fy3 —ePP3sinfy 0
(i) = | essinfy  efocosfy 0
0 0 1

Proof. Let us apply the Campbell-Hausdorff formula:

exp(0B3)(yB1 + 6B2) exp(—0B3) =
= exp(0BY) exp(0B5)(yB1 + dB) exp(0B5) exp(0BY) =

0 62
vB1 + 0By + 1'( ’yBQ+5Bl) 2'( ")/B1—6B2) } =

P9 {(yBy + 6Bg) cos O + (—yBy 4 0B;) sin 0} =
P9 {(ycosf + dsinf)By + (§cosf — ysin ) By} .

Hence,
(vB1 + 0B2) exp(0B3) =
= e P exp(0B3) {(ycos — §sin) By + (6 cosf + ysinf) By} .
On the basis of the formula obtained, we get

oU of:
CL

a( )( )836 ( )830 Ue™ pf3(cosf331 + sin f3Bg)+
+a) (x )ng U e P3(—sin f3By + cos f3Bs) + (.)(x)%UBg.

It follows from this that

oU
1) - B =
ag, ()a$a+U 1=0
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if and only if

=0.

oV (z )gj: cos f3 — a(l)(x)% sin f3 + €3 =0,
afd (sc)% sin f5 400 (2) S22 cos f; =
NC2E
If we consider the obtained system as a linear inhomogeneous system in the variables
oM (z )gfl a&l)(az)gﬁ, oD (z ) f3 , then it is equivalent to the system
Lo
o) ST = —orhcos g, amgg —osinfy, af)(@) O
Reasoning similarly, we obtain that
ou
0l (@) 5~ +UBy =0
if and only if
0
a? (x )ﬁcosfg—a (x )a—iczsmfg =0,
ag)(x)% sin f3 4 al?) (a:)% cos f3 +ePf3 =0,
of:
0P (x) 5= =0
or
a? (m)g% = "3 sin f3, a((f)(x)g% 3 cos fz,  alP(x )gi =0.
The equality
ou
a® (z z)5— +UB;=0
holds if and only if
0
a® (x )%cosfg—a (z )a—ismfg =0,
a®) (l‘)% sin f3 + al) (w)% cos f3 =0,
0
o (z )% +1=0
or
22! Of2 Ofs
(3) — G2 41 =
@G =0, @)t =0, @3 +1-0

The proposition is proved.
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Using subalgebras from Proposition 1, we construct ansatzes of the form
UE+V =Mw), UH=N(w) (7)
or
E=U""Mw)-U"W, H=U"'Nw), (8)

where M (w), N (w) are unknown three-component functions, the matrices U, V are known,
and det U # 0 in some domain of the point x space.

Ansatzes of the form (7) or (8) are called linear.

Since the generators G, Ga, Jys3 are nonlinear differential operators, we act on sub-
algebras containing them by the inner automorphism corresponding to the element g =

exp (%X), where
0 0 0 0 d
X =-T I'sg =23— — 20— HsH;, — EsEy)— — (E3E, + H3Hy) —— — —.
03 + I'0 3 50 $08$3+( sHy, — E3 k)(?Ek (E3E) + Hj k)aHk OF;
2
Let us denote J;, 5 = 9Japg™ L, Pl =gPag™t, Gl = ggGag_l. It is not difficult to verify
that

B, 9 9 0 0
G,:J, - J — - a~ E(z— Ha— :1727
o= Joa = Jag = 205~ F Tag —+ Bagp + Hage & 5 (0 )
B, 9 0 ) ) 9
Jig=Jig=29— —21-— + E -FE H - H
12 12 x281‘1 xla$2+ 2§E1 16E2+ 26H1 16H2’
2
) 9 B, B, B, B,
gl — Y Ep—— + H,—— | +2E 2H.
03 z08x0+$383@3+;<k8Ek+ k@Hk)+ 0B 3 oH,
V2 V2
P6:7(P0+P3)7 P?::_T(PO_P?))v P{:Pb PQIZPQ

Employing some subalgebras from Proposition 1, let us perform the reduction of system
(2) to systems of ODEs, on solutions of which we construct the corresponding solutions of
system (2). For each of these subalgebras, we write out its corresponding ansatz, the re-
duced system, particular or general solution of the reduced system, and the corresponding
solution of system (2).

1 xTo 1
1.(CGL T B =2 S By=22 1 2 My(w),

(G1,Ga, Jos) = Er $0+Jfo 1(w), Eo $0+$0 2(w)
2., .2
7 +x T o 1 1

Ey="L1"24 2 ) =M M H = —N

3 2.%% + ng 1((.0) + x% 2((4.)) + x(Q) 3(("“))7 1 70 l(w)7

1 x T 1

Hy = —Ns(w), Hs = —;Nl(w) + —;Ng(w) + = N3(w), w= 2 + 23 — 2xgs,
i) .’IJO HJO I’O

Ml(w — 2M3) + 2N3N1 = 0, Mz(w — 2M3) + 2N3N2 = 0,
M3(w — 2M3) — 2M3 4+ M} 4+ M} — N? — N3 + 2N3N3 = 0,
Nl(w_2M3 _2N3M1:0, NQ(UJ—2M3)—2N3M2:0’

)
Ny(w — 2M3) — 2N3 + 2M; Ny + 2My Ny — 2N3 M3 = 0.
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The reduced system has the solution
1
My =Cy, My=Cy Ms3= 5(012 +C5 - C5 - CY),
N1 =03, N2=Cy N3=C1C5+ CoCy,

where C; (i = 1,4) are arbitrary constants. The corresponding invariant solution of
system (2) is of the form

E1:$1+C1’ E2:$2+02’
i) i)
Fa — x%+l’%+2(01$1+02:L‘2)+012+022—C32—CZ
5T 2:6% ’
H, = @, Hy = %, Hi = Ca1 + Cazy +20103 + 0204'
) ) xo
Tl —ox
2 (G Py Py o) s Br= =] T4 M), B = Mal),
(11 — arg)? 1 — ams
B3 = 2 + My(w) + M3(w), H;= Ni(w), H;= Ny(w),
QJ’O o
Tl —ox
Hj = %Nl(w) + N3(w), w = o,

WMy + My —aMy =0, My;=0, wMsz+ M —aM;My;— N+ aN;Ny =0,
wN1+N1 —alNy =0, NQ =0, LUN3+2M1N1 — aMiNy — aMsN; = 0.

The general solution of the reduced system is

2 2 B
My = % +aCy, My=C), Ms= 032w204 L UGG — CxCl)

w
Cy C3Cy . a(C1Cy + C2Cs)
w? w

+ Cs,

N1 = —+aC;, Ny=C3 N3=

+ 067

w
where C; (i = 1,6 ) are arbitrary constants.
The corresponding invariant solution of system (2) is of the form

_ C C.
El:—xl ax2+ 3 +O{Cl7 EQZCl7 Hl :—4+O(CQ, HQ:CQ’
X0 Zo
B, — (1 — axs +2C3)2 —C? N alC(z1 — axe + C3) — CoCy] 4 C,
2x§ o
Hy — Cy(x1 —;xz + Cs3) n aCa(z1 — a$i+ C3) + C1Cy] o
0 0

X
3. (G1,GY, Jia + Ps) : E1:m—(1)+M1(w)cosf3—M2(w)sinf3,

:L‘% + SU%
2
23:0

By = % + My (w) sin f3 + Ma(w) cos f3, E3 =
0
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1 1
+x—(l‘1 cos f3 + wasin f3) My (w) — x—(fﬂl sin f3 — z cos f3) Ma(w) + M3z(w),
0 0

H; = Ny(w)cos f3 — No(w)sin f3, Hy = Ni(w)sin f3 + Na(w) cos f3,

1 . 1 :
Hs = l,_o(xl cos f3 + xgsin f3) N1 (w) — m_o(xl sin f3 — @2 cos f3) Na(w) + N3(w),

3 + 23

w=umx9, f3= 520

— I3.

This ansatz reduces system (2) to the system

. M . M
M1+M2M3—N2N3+71:0, MQ—M1M3+N1N3+72:07
M2+ M2 - N} —N2=0, N3=0,

\ Nl : NQ
N1+M3N2+M2N3+U:0, NQ—MgNl—MlN:;—i—U:O_

The reduced system has the following particular solution:
C C

Mi=Ny=22, My=Ny=-"2 My=N;3=0,
w w
where C1, Cs are integration constants.

The corresponding solution of system (2), invariant with respect to the subalgebra
(G, G, J{s + Ps), is of the form

1 O Cy . z2  Cp Co

Fy=—+4 —cos f3 — —sin f3, Ko = — + —sin f3 + — cos f3,
To  Zo Zo To  Zo o
o} + 5

C . C: .
Es = + $—21(a:1 cos f3 4+ zgsin f3) — x—22($1 sin f3 — xa cos f3),
0

2
02% C C OC
1 2 . 1. 2

Hy = —cos f3 — —sin f3, Ho = —sin f3 + — cos f3,
i) i) i) )

C4 . Co .
H; = ?(1‘1 cos f3 + wosin f3) — ?(ajl sin fg — z9 cos f3),
0

0
2 2
i +x
where f3 = “L—"2 _ g4,
2.%‘0
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