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Abstract

Lie and conditional symmetries of nonlinear diffusion equations with convection term
are described. Examples of new ansétze and exact solutions are presented.

1. Introduction

In the present paper, we consider nonlinear diffusion equations with convection term of
the form

Ui = [A(U)U,], + B(U)U, + C(U), (1)

where U = U(t, x) is the unknown function and A(U), B(U), C(U) are arbitrary smooth
functions. The indices ¢ and = denote differentiating with respect to these variables.
Equation (1) generalizes a great number of the well-known nonlinear second-order evolu-
tion equations, describing various processes in physics, chemistry, biology (in paper [1],
one can find a wide list of references).

In the case A =1, B = C = 0, the classical heat equation

Uy = Uy (2)

follows from equation (1). S. Lie [2] was the first to calculate the maximal invariance
algebra (i.e., the Lie symmetry) of the linear heat equation (2). The algebra found is the
generalized Galilei algebra AG2(1.1) that generates the six-parameter group of time- and
space translations and Galilei, scale, and projective transformations (for details, see, e.g.,
3, 4]).

In the case B = C = 0, the standard nonlinear heat equation

Ur = [A(U)Ud], (3)

follows from equation (1). Lie symmetries of equation (3) were completely described by
Ovsyannikov [5]. It has been shown that equation (3) is invariant under a non-trivial
algebra of Lie symmetries only in the cases A = \gexp(mU) and A = A\o(U + ag)*, where
Ao, M, k, o are arbitrary constants.
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Finally, in the case B(U) = 0, we obtain the known nonlinear heat equation with a
source

Uy = [A(U)U,], + C(U). (4)

The Lie symmetry of equation (4) was completely described in [6].

An approach to finding a non-classical symmetry (conditional symmetry) of the linear
heat equation (2) was suggested in [7] (see also [8]). The conditional symmetry of nonlinear
heat equation (4) was studied in [9, 10].

In the present paper (section 2), the Lie symmetries of equation (1) are completely
described. In particular, such operators of invariance are found that are absent for equa-
tions (3) and (4).

In section 3, new operators of conditional symmetry of equations (1) and (4) are con-
structed. With the help of these operators, new ansitze and exact solutions for some
equations of the form (1) are found.

2. Lie symmetries of the nonlinear equation (1)

It is easily shown that equation (1) is reduced by the local substitution (see, e.g., [11])

U U = / AU)AU = Ag(U) (5)
to the form
Uy, = Fo(UU; + FL(UNU; + F>(U™), (6)
where
_ 1 __B() _

and Ay 1is the inverse function to Ag(U). Hereinafter, the sign * is omitted, i.e., the
equation

Uze = Fo(U)U + F1(U)U, + F»(U) (8)

is considered.

Now let us formulate theorems which give complete information on local symmetry
properties of equation (8). Note that we do not consider the cases in which Fy(U) = 0
since these cases have been studied in [6].

It is clear that equation (8) is invariant with respect to the trivial algebra

0 0
P=— P =_— 9
o Tt o ©)
for arbitrary functions Fy(U), F1(U), F>(U). Hereinafter, operators (9) are not listed since
they are common for all cases.

Theorem 1. The mazimal algebra of invariance of equation (8) in the case Fy =1 is the
Lie algebra with basic operators (9) and

a) Dy =2mtP,+maP, —UPy, if Fy=MU™, F,=\U?"""
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A
b) gl = exp (*)\Qt) <Px — )\_2PU) N Zf F1 = )\1U, F2 = )\QU, )\2 7& 0;
1
1
C) Gl Zth—F)\—UPU, DQZQtPt—FJJPx—UPU,
1

I = 2P, + tzP, + (Aﬁ - tU) Py if Fy=MU, Fy=0;
1
1
d) Gy =tP+-UPy, if Fi=M\IU, Fy=XU;
1

A
e) Go =exp(—Ast) (Pac - A—gUPU) ,
1
if Fi=XMInU, F,=XU+X3UnU, )\3750;

A2 Al
f) Y:exp Z—Ag t—i-?l' UPU,
)\2
if Fy=AInU, FQ:A2U+)\3U1nU—ZlU1n2U,

0
where A1 # 0, A2, A3 and m # 0 are arbitrary constants, Py = ETi

Theorem 2. The mazimal algebra of invariance of equation (8) in the case Fy = exp(mU)
is the Lie algebra with basic operators (9) and

D = (2n—m)tP, + nzP, — Py

if F1 = Mexp(nU), F» = daexp(2nU), where A1 # 0, 2, m and n # 0 are arbitrary
constants.

Theorem 3. The mazimal algebra of invariance of equation (8) in the case Fy = U¥,
k # 0 is the Lie algebra with basic operators (9) and

a) D= 2m—k)tP,+mzP, — UPy,
if Fy=MU™, Fy=XMU*" m£0,m#km#k/2
b) T =exp(=Xskt) (P, —X\sUPy), if Fi=oq, Fy= U+ AU,

¢) X =exp(—arkz)(P; +20qUPy),
if FL=MNUR? 4 (k+4)ay, Fo=MUM1 - 20 MU 4 U, k# —4;

d) Dy=ktP,+UPy, X, if Fi=ai(k+4), Fpo=MU, k# —4
e) T, X, if Fi=oq1(k+4), Fy=MU+\U  k+—4,

where oy # 0,1 # 0, A, and A3 # 0 are arbitrary constants \y = —2a2(k + 2).

The proofs of Theorems 1, 2 and 3 are based on the classical Lie scheme (see,
e.g., [12, 13]) and here they are omitted. Note that these proofs are non-trivial because
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equation (8) contains three arbitrary functions Fy(U), F1(U), Fo(U) (for details see our
recently published paper [14]).

Using Theorems 1-3 and [6], one can show that some nonliner convection equations of
the form (8) contain the operators G1,Y and X that are not invariance operators for any
nonlinear equation of the form (4).

In particular, it follows from Theorem 1 that the nonlinear convection equation

Uy = Upe — M (InU)U, — AU

is invariant under the Galilei algebra with basic operators P;, P, and G, in which the
unit operator is absent. Note that the Burgers equation is also invariant under the Galilei
algebra (see Theorem 1, case (c)), which does not contain a unit operator. All second-
order equations, which are invariant with respect to the similar representation of the Galilei
algebra, were described in [3].

On the other hand, all nonlinear equations of the form (4) do not have the Galilei
symmetry [3]. The Galilei algebra of the linear heat equation contains the unit operator
I = UQdy and is essentially different from that of the Burgers equation. Nonlinear equa-
tions and systems of equations, preserving the Galilei algebra of the linear heat equation,
have been described in [4], [15], [16].

3. Conditional symmetries of the nonlinear equation (1)

In this section, we study the @-conditional symmetry (see the definition of conditional
symmetry in [13]) of the nonlinear equation (8) if Fy(U) # 0.

Theorem 4. Equation (8) is Q-conditional invariant under the operator
Q = fo(tv Z, U)Pt + £I(t7 xz, U)Pw + 77(757 xz, U)PU

if the functions €9, &Y, n satisfy the following equations:
case 1.

=1, uy=0, nuuv=2F & F)+ 28y,
n(F1 = §'Fo)u — (& + 2676, — 365 Fo + &, F1 + 36 Fy — 2000 + &5, = 0, (10)
n(nFo + F2)u + (26 = nu)(nFo + F2) + e Fo + 0o Fi — 1ea = 0;
case 2.
{50 =0, &'=1, nlne+mu—nF— )= )
= (Nax + 2020 + *uw — N2FL — 0P — nF + nu Fo) Fo + ne .
The dot above Fy, F1, Fo denotes differentiating with respect to the variable U.

One can prove this theorem using [13], §5.7 .
The systems of the nonlinear equations (10) and (11) are very complicated and we did
not construct their general solutions. A partial solution of equations (10) has the form

51 :U+)\47 77:7)3(U)7
F| = (U + )\4)F0 4+ 3X3U + Xg, Fy= —Pg(U)(FO + /\3),
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where P3(U) = Ao + MU + \oU? + \3U3, M €R, p=0,...,4, Fy(U) is an arbitrary
smooth function.
A partial solution of equation (11) is the following:

1 ) ) . dU )
=_—HU Fo=XMH, Fi=MH+MNH | ——, FF=MHH
n n (0), 0 041, 1 141 + Ag /H(U)’ 2 2 )

where H = H(U) is an arbitrary smooth function. So, we obtain the following result: the
equation

Uz = Fo(U)[Up + (U + Ag)Uy — P3(U)] + (33U + X2)U, — A3P3(U) (12)
is a Q-conditional invariant under the operator
Q=P+ U+ M)P.+P3(U)Py (13)
and the equation
Upe = H(U) [)\OU,: + ()\1 + Ao / d—U> Uy + )\QH(U)} (14)
H(U)
is a Q-conditional invariant under the Galilei operator
G=tP,+H{U)Py. (15)
Using operators (13) and (15), we find the ansétze
L;);(}?;d(] —z=pw), w= % —t; (16)
7~ O+ T a7)

After the substitution of ansétze (16) and (17) into (12) and (14), some ODEs are obtained
that can be solved. Having solutions of these ODEs and using ansétze (16) and (17), we
obtain the exact solution

dU dr U+ XM\ T+ M\
20 ) Patr) Pi(0) Pilr) 1)
of equation (12) in the parametrical form, and the solution
dU z 1 /1 1
—— =—+4+ — | =Int— A1 — =)Aot 1
@) t+)\0<tn 1 22) (19)

of equation (14).

Finally, note that operators of conditional symmerty give a possibility to construct
anséatze and solutions of PDEs that can not be obtained by the Lie method. A construction
of new ansétze and solutions of other types will be considered in the next paper.
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