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Abstract
The symmetry reduction of the equation ug+V [u‘é Vu} =0 to ordinary differential

equations with respect to all subalgebras of rank three of the algebra AE (1) & AC (3)
is carried out. New invariant solutions are constructed for this equation.

1 Introduction

This paper is concerned with some invariant solutions to the three-dimensional nonlinear
diffusion equation
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Its symmetry properties are know [1, 2]. The maximal Lie point symmetry algebra F' of

equation (1) has the basis
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with a,b = 1,2,3. It is easy to see that F = AE(1) & AC(3), where AE(1) = (Py, D) is
an extended Euclidean algebra and AC(3) = (P, K4, Jap, D2 : a,b = 1,2, 3) is a conformal

algebra. If we make the transformation u = v°, we obtain the equation
ov 4
_— FAv=0. 2
gz 20 (2)
Clearly, we see that
0 0
Su— = v—
u@u U@v

In the present article, the symmetry reduction of equation (2) is carried out with respect
to all subalgebras of rank three of the algebra F', up to conjugacy with respect to the group
of inner automorphisms. Some exact solutions of equation (1) are obtained by means of
this reduction (for the concepts and results used here, see also [3, 4]).
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2 Classification of subalgebras of the invariance algebra

If v = v(x1, x2, x3) is a solution of equation (2), then v is a solution of the Laplace equation
Av = 0. In this connection, let us restrict ourselves to those subalgebras of the algebra F
that do not contain Py. Among subalgebras possessing the same invariants, there exists a
subalgebra containing all the other subalgebras. We call it [-maximal.

Theorem 1 Up to the conjugation under to the group of inner automorphisms, the algebra
F has 18 I-mazimal subalgebras of rank three which do not contain Py:

Ly = (P, Py, P3, J1a, J13, Jag), Lo = (Po — P1, P, Ps, Jas),
L3 = (P, P3, Jo3, D1 + aD3) (a« € R), Ly = (Py— Pi,P3,D1 + Do),
Ls = (Ps,J12,D1 + aD3) (¢ € R), Lg = (Py— Ps3,J12, D1 + D2),
L7 = (P3,Jia+aPy,Dy+ BPR) (a=1, BER ora=0 and g =0,+1),
Lg = (P, P3, Jog, D1 — Py), Lg = (P, P3, Jog, Do + aPy) (v =0,41),
Lip = (P3,D1 + aJi2, D2+ B8J12) (>0, feRora=0, 5>0),
L1y = (Ji2, D1, Do), L1a = (J12, 13, J23, D1 + aDs) (a € R),
L1z = (J12, 13, J23, D2 + aFy) (o = 0,%1), L4 = (J12, K3 — P3, D1),
Lis = (P1 + K1, P> + K3, J12, D1),
Lig = (K1 — P1, Ko — P», K3 — P3, J12, J13, J23),
Liz =(P1+ K1, Py + Ko, J12, K3 — Ps+ aD1) (a € R),
Lig = (P1 + K1, P> + K3, P3 + K3, J12, J13, J23).

Proof. Let

%(Pa-i-Ka)a Qa4:%(Ka_Pa>a Qap = —Jap, Qoa=D

with a,b = 1,2,3. They satisfy the following commutation relations:

QOa =

Qa8 Qys5] = 90628y + 98825 — Jar 285 — 985820,

where o, 8,7,6 = 0,1,2,3,4 and (go3) = diag [1, —1, -1, —1, —1]. It follows from this that
AC (3) =2 AO(1,4).

The classification of subalgebras of the algebra AO (1,4) up to O (1,4)-conjugacy is
done in [5]. Let L is an I-maximal subalgebra of rank three of the algebra F' and Py ¢ L.
Denote by K the projection of L onto AO (1,4). If K has an invariant isotropic subspace in
the Minkowski space R; 4, then K is conjugate to a subalgebra of the extended Euclidean
algebra AE(S) with the basis Py, Ju, D2 (a,b=1,2,3). In this case, on the basis of
Theorem 1 [6], L is conjugate with one of the subalgebras Li,...,Ly3. If K has no
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invariant isotropic subspace in the space Ry 4, then K is conjugate with one of the following
algebras [5]:

Ny = (Q12,Q34), N2 = AO(1,2) = (Qo1, Qo2, N2),

N3 = (Q12 + Q34, Q13 — Qag, Qo3 + Q14),

Ny = (Q12 + Q34, N3 — Qo4, Qo3 + Q14) S (Q12 — Q34),

N5 = AO(1,2) & AO(2) = (Qo1, Q02, 12, Q34),

No = AO(4) = (Qup: a,b=1,2,3,4), Ny =AO(1,3) = (Qug: a,f =0,1,2,3),
Ns = AO(1,4) = (Qup = a,f=0,1,2,3,4).

The rank of N; equals 2 for j = 1,2; 3 for j = 3,...,7; 4 for j = 8. From this we
conclude that L is conjugate with one of the subalgebras Liy4,...,L1s. The theorem is
proved.

3 Reduction of the diffusion equation to the ordinary dif-
ferential equations

For each of the subalgebras Li,..., Lig obtained in Theorem 1, we point out the corre-
sponding ansatz w' = ¢ (w) solved for v, where w and w’ are functionally independent
invariants of a subalgebra, as well as the reduced equation which is obtained by means of
this ansatz. The numbering of the considered cases corresponds to the numbering of the
subalgebras L1, ..., Lis.

3.1. v = ¢p(w), w =z, ¢ = 0. The corresponding exact solution of the diffusion

equation (1) is trivial: v = C.

)
3.2. v=¢p(w), w=u1z9— 21, then

P +¢ly’ = 0. (3)

The general solution of equation (3) is of the form

dp 1
== C
/Cl—</95 59 ¢

where C7 and (5 are arbitrary constants. If Cy = 0, then

5 \1
v <4w+C> '

The corresponding invariant solution of equation (1) is of the form

‘T [4(1‘0—5901)%-0]1'
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1-2a
33.v=27" ¢Ww), w=uz127", then

1 -2«
¢ — awpty’ + T“OE) = 0. (4)

_1
The nonzero function ¢ = (Aw2 + Bw + C’) 1 is a solution of equation (4) if and only if
one of the following conditions is satisfied:

1. azl,AzO,C’ngQ.
2 a:O,A:—l,C:—§B2
4
1
3. A=—=, B=C=0
3
5 1
4. a==, A=—-, B=0
T 3’
1
5. a=, A=0, B=0

By means of ¢ obtained above, we find such invariant solutions of equation (1):

5 5
5 T 1220 1 x? 2\~
u= | Bz —i——B%) , U= [——} , U= <——1—|—Bx3> ,
< R (221 + 3B)* 30 0

where B is an arbitrary constant.

ot

3.4. v= (20— a:l)_i @ (W), w=x9 (0 —21) ",

5 5 1
1 2 /! o 4 / - __5:0. 5
(1+w?)e +(2 w>w¢+1690 4 (5)

The function ¢ = (Aw + B) i, where A and B are constants, satisfies equation (5) if

4
and only if A> = —B (B — g> The corresponding invariant solution of equation (1) is

_5
1

of the form u = [Azy + B (xg — x1)] 4. It is easy to see that the coefficient B can take

4
on any value from the interval | 0; )
1—2a
35. v=10," ¢Ww), w=(2?+a3)x,%,
1 -2«
4

©® = 0.

4w + (4 — 2aw<p4) o+

5
Integrating this equation for o = 37 we obtain the following equation:

4wy’ —wp® = C,
where C is an arbitrary constant. If C = 0, then

1
4

p=(-w+B)"
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Thus, we find the exact solution

ot

u = (Bx%— x%—i—x%)
o
3.6. v=(x0— 333)_i ¢ (w), w= (2% +23) (w0 — 23) "2, then

1
(14 w)¢" + (Tw+4 =206 ' + 20— 767 = 0.

_1 _B
3.7.v=(a14+23) TpWw), w= (33% + m%) 2 exp (3}0 + avarctan ﬂ), then
Z2

1
(a® + B " + (" +® + 52 + B) wy' + Vi 0.

. Consequently, we find the exact solution

IS

For a« = 8 =0, we have ¢p = (—Inw — C)

2, .2\ — 3
7+
EL

xg+ C
1

3.8. v=zlp (W), w=um —Inz,

1
90”—(,04@,-1-1905:0-

_1
3.9. v=1,*¢p(w), w=uz]"exp(xp), then
2 2 4., 2 r, 3
a‘wp +(g0 +a +2a)wg0 +Z<,0:0.

If « =0, then

=

1 _
v <_3lnw+C)

Whence we obtain the exact solution of (1):

- <_3x0+0)%

= 2
)

1 _1
3.10. v==af (27 +23) "o (w), w= arctan - + alnzy + gln (z3 + 23),
T2

1
(1+8%) "+ (a9 = B) @'+ (0 +¢°) = 0.
3.11. v = ZL'§ (23 + m%)_% ¢ (w), w= (23 +23) 23, then

40 (1+w) " + (6w? +2w) ' + i (p+¢°) =0.
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1-2a
3.12. v=1," (W), w= (22 +23+2%) 2,7, then

1 -2«
4

4w + (6 — 2awpt) ¢’ + ©® =0. (6)

5
Integrating this reduced equation for oo = o we find the equation

4wy’ + 2p — wpd = C,

where C is an arbitrary constant. If C = 0, then the general solution of this reduced
equation is of the form

_1
p= (C’u)2 + w) 4.
The corresponding invariant solution of equation (1) is a function

5
1

26
u= 0
C (23 + 23 +a3)” + 2§ (o3 + 23 + 23)
)
For o = D) equation (6) has a solution given by
1
p=W+C) 1.

Thus, we find the exact solution

5

6 4
u = o
((:c%+x§+x§)x8+c> '

1
3.13. v= (27 + 23+ 23) * ¢ (w), w=2w — aln(z? + 23 + 23), then

1
2042(,0//+904§0/—§‘~P:0-

1
1

1
For a = 0 we have ¢ = <§w + C) . Whence we obtain the exact solution

xo+ C
u = R ]
z? + a3 + 23

3.14. v = :L'é (23 + :U%)_l

sl

IS

©

£
|

(w2 — 4) O+ 2w + igp (1 + cp4) = 0.

1 1 2 2 2_1
3.15.U:w§x32g0(w),w:x1+x2+$3 ,
r3

(w2 + 4) 0" + 3wy’ + ig@ (3 + @4) =0.
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_1
3.16. v=(zi+ 23 +23+1) 29 (w), w=w, then
O3 —3=0.

In this case, ¢ = (12w + C’)i, and therefore

1

12z + C
(a3 + a3+ a3 +1)°

u =

i+ ad+adi—1
2:133

=

3.17. v = [(ac% + x% + :c% — 1)2 + 4x§] exp [% arctan

o3+ a3 +a% -1
2x3

w = «aarctan — 21In xg,

2
16
402" + [042 —2p% exp (g)} o'+ < IE p=0.

We have the exact solution

WOt

0—41‘0
(a3 + a3 + 3 1) + 4o

u =

3.18. v = (2} + 23 + 23 — 1)_% ¢ (w), w=xp, then
o +3=0.
Integrating this equation, we obtain
o= (—12w+ )i .
The corresponding invariant solution of equation (1) is of the form

5
C — 12z *
(a:% —i—a:% —i—:c% — 1)2

u =

4 Multiplication of solutions

¢ (W),

Solving the Lie equations corresponding to the basis elements of the algebra F', we obtain
a one-parameter group of transformations (zo, z1, 2, z3, u) — (xf, 2}, 25, 5, u') generated

by these vector fields:

!/

exp(OF): z,=20+0, z,=m, (a=1,2,3), u =u;

exp(OF,): xy==1z0, Th=12,—0, 2.=x.forc#a, v =u;

a

exp (OJy) @ =m0, T, =1T4c080 — 18O,

T = Tq8in0O + 2 c08 0, 2. = 20, v =u, where {a,b,c} ={1,2,3};
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50
exp (©D1): z(=1z0exp(0), 2, =2z4,(a=1,2,3), u =uexp (—) ;

4
/ / /! 56
exp (©D3): x5 =m0, z,=z.exp(0)(a=1,2,3), u =wuexp —5 )i
, , T — 04 OT2
exp (OK,): zy=wx0, x.= (c=1,2,3),

1— 20z, + 0272

5
v =u(l-20z,+0%%%)2, where i*=2a]+ 13+ a3
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