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Abstract

We give the construction of a line bundle over the based Brownian bridge, as well as
the construction of spinor fields over the based and the free Brownian bridge.

Introduction

The Dirac operator over the free loop space is a very important object for the algebraic
topology [24]; its index gives the Witten genus and it can predict the rigidity theorem
of Witten: the index of some classical operator is rigid under a geometrical action of the
circle over the manifold. Unfortunately, the Dirac operator over the free loop space is an
hypothetical object.

In [13], we have constructed an approximation of it by considering the Brownian mea-
sure over the loop space: why is a measure important? It is to compute the adjoint of the
Dirac operator, the associated Laplacian, and the Hilbert space of spinors where it acts;
the choice of physicists gives a hypothetical measure over the loop space. The purpose
of [13] is to replace the formal measure of physicists by a well-defined measure, that is
the Brownian bridge measure. The fiber of the Dirac operator is related to the Fourier
expansion. After [25, 13] the Fourier expansion has extended in an invariant by rotation
way for the natural circle action over the free loop space. Unfortunately, this works only
for small loops.

The problem to construct the spin bundle over the free loop space is now a well-
understood problem in mathematics (see [14, 24, 26, 7, 6, 20]). In order to construct
a suitable stochastic Dirac operator over the free loop space, it should be reasonable to
define a Hilbert space of spinor fields over the free loop space where the operator acts.
It should be nice to extend the previous work mentioned in the references above in the
stochastic context. It is the subject of [17, 18] and [19]. The goal of this paper is to do a
review of the results of [17, 18, 19].

In the first part, we study the problem to construct stochastic line bundles over the
stochastic loop space: their transition functions are only almost surely defined. Therefore,
we define the line bundle by its sections. If we consider the path space as a family of
Brownian bridges, we meet the problem to glue together all the line bundles over the
Brownian bridge into a line bundle over the Brownian motion. There is an obstruction
which is measured in [5] for smooth loops. When the criterium of this obstruction is
satisfied, the tools of the quasi-sure analysis allow one to restrict a smooth section of the
line bundle over the Brownian motion into a section of the line bundle over the Brownian
bridge. Moreover, if we consider the bundle associated to a given curvature (we neglect
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all torsion phenomena by considering the case where the loop space is simply connected)
whose fiber is a circle, we cannot define it by its sections because they do not exist: we
define it by its functionals. This way to define topological spaces is very useful in algebra.

In the second part, we study the case of the based Brownian bridge in order to construct
spinor fields over it. This part is based upon [6] when there is no measure. We consider
the case of a principal bundle Q → M over the compact manifold M . The based loop
space Le(Q) is a principal bundle over the based loop space Lx(M) of M with the based
loop group of G as a structure group. The problem to construct spinor fields (or a string
structure) is to construct a lift of Le(Q), L̃e(Q), by the basical central extension of Le(G)
if G is supposed simple simply laced (see [23]). This allows us, when the first Pontryagin
class of Q is equal to 0, to construct a set of transition functions with values in L̃e,f (G), the
basical central extension of the group of finite energy based loops in G. These transition
functions are almost surely defined: we can impose some rigidity by saying they belong
to some Sobolev spaces. If there exists a unitary representation of L̃e,f (G) called Spin∞,
this allows us to define the Hilbert space of sections of the associated bundle. The second
part treats too the problem to construct the L̃e,f (G) principal bundle (and not only the
associated bundle which is defined by its sections). For that, we construct a measure
over Le(Q) and by using a suitable connection, we define Sobolev spaces over Le(Q).
We construct a circle bundle L̃e(Q) over Le(Q) by using its functionals, called string
functionals: the space of Lp string functionals is therefore defined. There is an Albeverio-
Hoegh-Krohn density over L̃e,f associated to right and left translations by a deterministic
element of L̃e,2(G) (the central extension of the group of loops with two derivatives), which
belongs only in L1. This shows that the stochastic gauge transform of the formal bundle
L̃e(Q) → Lx(M) operate only in L∞(L̃e(Q)).

In the third part, we treat the free loop space case by considering the formalism of
[7] related to the Chern-Simons theory. In such a case, it is possible to consider the spin
representation of the free loop group when G is the finite-dimensional spinor group (see
[23, 4] for instance). We construct an Hilbert space of spinor fields invariant by rotation.

1. Bundles over the Brownian bridge

Let M be a compact Riemannian manifold. Let Lx(M) be the space of continuous loops
over M starting from x and arriving in time 1 over x. Let dP1,x be the Brownian bridge
measure over Lx(M). Let γt be a loop. We consider τt, the parallel transport from γ0 to
γt. The tangent space [3, 12] of a loop γt is the space of sections Xt over γt of T (M) such
that

Xt = τtHt; H0 = H1 = 0 (1.1)

with the Hilbert norm ‖X‖2 =

1∫
0

‖H ′
s‖2ds. We suppose that Lx(M) is simply connected

in order to avoid all torsion phenomena.
Let ω be a form which is a representative of H3(M ;Z). We consider the transgression

τ(ω) =

1∫
0

ω(dγs, ., .). (1.2)
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It is the special case of a stochastic Chen form, which is closed. If we consider a smooth
loop, it is Z-valued.

Let γi be a dense countable set of finite energy loops. Let γref be a loop of reference.
If γ ∈ B(γi, δ), the open ball of radius δ and of center γi for the uniform norm, we
can produce a distinguished path going from γ to γref . Between γ and γi, it is s →
expγi,s

[t(γs − γi,s)] = li,t(s) and between γi and γref , it is any deterministic path. Over
B(γi, δ), we say that the line bundle is trivial, and we assimilate an element α over γ to αi

over γref by the parallel transport for the connection whose the curvature is τ(ω): there
is a choice. The consistency relation between αi and αj is given by the parallel transport
along the path joining γref to γref by going from γref to γ by li runned in the opposite
sense and going from γ to γref by lj . First of all, we fulfill the small stochastic triangle
γ, γi and γj by a small stochastic surface and we use for that the exponential charts as
before. After we use the fact that Lx(M) is supposed simply connected. We fullfill the
big deterministic triangle γref , γi, γj by a big deterministic surface. We get, if we glue
the two previous surfaces, a stochastic surface Si,j(γ) constituted of the loop li,j,u,v. The
desired holonomy should be equal to

ρi,j(γ) = exp

[
−2iπ

∫
Si,j(γ)

τ(ω)

]
.

Let us remark that
∫

Si,j(γ)
τ(ω) is well defined by using the theory of non anticipative

Stratonovitch integrals. Namely, ∂/∂u li,j,u,v as well as the derivative with respect to
v are semi-martingales. Moreover, if we choose the polygonal approximation γn of γ,
ρi,j(γn) → ρi,j(γ) almost surely, we get:
Theorem 1.1. Almost surely over B(γi, δ) ∩B(γj , δ),

ρi,j(γ)ρj,i(γ) = 1 (1.3)

and, over B(γi, δ) ∩B(γj , δ) ∩B(γk, δ)

ρi,j(γ)ρj,k(γ)ρk,i(γ) = 1 (1.4)

Proof. We use the fact that τ(ω) is Z-valued such that (1.3) and (1.4) are true surely for
γn. It remains to pass to the limit. ♦

Moreover, γ → ρi,j(γ) belongs locally to all the Sobolev spaces.
This allows us to give the following definition:

Definition 1.2. A measurable section φ of the formal bundle associated to τ(ω) is a
collection of random variables with values in C αi over B(γi, δ) subjected to the rule

αi = ρi,jαj . (1.5)

Over B(γi, δ), we put the metric:

‖α(γ)‖2 =| αi |2 . (1.6)

Since the transition functions are of modulus one, this metric is consistent with the
change of charts. We can give the definition:
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Definition 1.3. The Lp space of sections of the formal bundle associated to τ(ω) is the
space of measurable sections φ endowed with the norm:

‖φ‖Lp = ‖ ‖φ‖ ‖Lp . (1.7)

We can define too the circle bundle L̃x(M) (the fiber is a circle) associated to τ(ω) by
its functionals (instead of its sections).

Definition 1.4. A measurable functional F̃ of L̃x(M) is a family of random variables
Fi(γ, ui) over B(γi, δ) × S1 submitted to the relation

Fi(γ, ui) = Fj(γ, uj), (1.8)

where ui = ujρj,i almost surely.
Over the fiber, we put:

‖F̃‖p,γ =


∫

S1

| Fi(γ, ui) |p



1
p

. (1.9)

Since the measure over the circle is invariant by rotation, ‖F̃‖pγ is intrinsically defined
and is a random functional over the basis Lx(M). We can give:

Definition 1.5. An Lp functional over L̃x(M) is a functional F̃ such that ‖F̃‖p,γ belongs
to Lp(Lx(M)).

We will give a baby model due to [5] of the problem to construct a string structure. Let
Px(M) be the space of continuous applications from [0,1] into M . dP x

1 is the law of the
Brownian motion starting from x and dP1,x,y is the law of the Brownian bridge between
x and y: it is a probability measure over Lx,y(M), the space of continuous paths starting
from x and arriving in y. Let pt(x, y) be the heat kernel associated to the heat semi-group.
We say that Px(M) = ∪Lx,y(M) by using the following formula:

dP x
1 = p1(x, y)dy ⊗ dP1,x,y. (1.10)

By repeating the same considerations, τ(ω) is an element of H2(Lx,y, Z) if we consider
smooth loops. In particular, we can consider a formal line bundle Λx,y over Lx,y(M). The
problem is to glue together all these formal line bundles Λx,y into a formal line bundle
Λx over Px(M). If we consider smooth paths, the obstruction is measured in [5]. It is
dβ = −ω. We can perturb τ(ω) by

τ̃(ω) = β(γ1) + τ(ω). (1.11)

such that τ̃(ω) = τ(ω) over Lx,y(M) and such that τ̃(ω) is closed Z-valued over Px(M).
So, we can construct the formal global line bundle Λx over Px(M) by its sections. It
remains to show that a section of Λx restricts into a section of Λx,y. We meet the problem
that a section of Λx is only almost surely defined. We will proceed as in the quasi-sure
analysis [10, 1]: a smooth functional over the flat Wiener space restricts into a functional
over a finite codimensional manifold by using integration by parts formulas. We would
like to state the analogous result for a smooth section of Λx.
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In order to speak of Sobolev spaces over Px(M), we consider the tangent space (1.1)
with only the condition H0 = 0. This allows us to perform integration by parts [8, 3]. We
can speak of the connection one form Ai of Λx over B(γi, δ). We get over Px(M)

∇Λxαi = dαi + Ai(γ)αi (1.12)

which is almost surely consistent with the change of charts. Following the convention of
differential geometry, we can iterate the operation of covariant differentiation and we get
the operation ∇k,Λx which is a k Hilbert-Schmidt cotensor in the tangent space connection,
if we add the trivial connection in the tangent space (the tangent space of Px(M) is trivial
modulo the parallel transport τt).
Definition 1.6. The space Wk,p(Λx) is the space of sections of the formal line bundle Λx

such that ∇k′,Λxφ belongs to Lp for k′ ≤ k. The space of smooth sections W∞,∞−(Λx) is
the intersection of all Sobolev spaces Wk,p(Λ).
Theorem 1.7. A smooth section φ of Λx restricts to a section Φy of Λx,y.

2. String structure over the Brownian bridge

Let us consider the finite energy based path space Pf (G) and the finite energy loop group
Lf (G). Let us consider the two form over Pf (G), which on the level of a Lie algebra
satisfies to:

c(X., Y.) =
1

8π2

1∫
0

(〈Xs, dYs〉 − 〈Ys, dXs〉) . (2.1)

Its restriction over Lf (G) gives a central extension L̃f (G) of Lf (G) if G is supposed simple
simply laced [23]: in particular, Spin2n is simply laced.

Let us introduce the Bismut bundle over Lx(M) if Q is a principal bundle over M with
structure group G: qs is a loop over γs such that qs = τQ

s gs, where τQ
s is the parallel

transport over Q for any connection over Q. We suppose that g. is of finite energy.
Moreover, g1 = (τQ

1 )−1. Let f be the map from Lx(M) to G:

γ. → (τQ
1 )−1. (2.2)

Let π be the projection from Le(Q) over Lx(M) and π the projection from Pf (G) over G:
g. → g1. We get a commutative diagram of bundles (see [6]):

Le(Q) → Pf (G)
↓ ↓

Lx(M) → G
(2.3)

Let ω be the 3 form:

ω(X,Y, Z) =
1

8π2
〈X, [Y, Z]〉. (2.4)

We get [6, 17]: π∗ω = dc. If the first Pontryagin class of Q is equal to 0, (f∗)∗c−π = A8∗ν
is a closed form over Le(Q): in such a case namely f∗ω = dν, where ν is a nice iterated
integral over Lx(M). We can perturb (f∗)∗c−π∗ν by a closed iterated integral in the basis
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such that we get a closed Z-valued 2 form FQ over Le(Q) (in the smooth loop context).
We do the following hypothesis, for smooth loop:
Hypothesis. Le(Q) is simply connected. Lf (G) is simply connected. Lx(M) is simply
connected.

The obstruction to trivialize Le(Q) is the holonomy: we can restrict the transition
functions Pf (G) → G to be an element of smooth loop in G. We can introduce a connection
over this bundle ∇∞ and we can pullback this connection into a connection ∇∞ over the
bundle Le(Q) → Lx(M). This allows us to lift the distinguished paths over Lx(M) (we are
now in the stochastic context) into distinguished paths over Le(Q), which will allow us to
produce a system of transition functions with values in L̃f (Q), because the stochastic part
of FQ is a sum of iterated integrals. But the obstruction to trivialize Le(Q) is τQ

1 which
is almost surely defined. We cannot work over open neighborhoods in order to trivialize
our lift.

Let us resume: we can find a set of subset Oi of Lx(M) such that:

i) ∪Oi = Lx(M) almost surely.

ii) There exists a sequence of smooth functionals Gn
i such that Gn

i > 0 is included into
Oi and such that Gn

i tends increasingly almost surely to the indicatrix function of Oi.

iii) Over Oi ∩Oj , there exists a map ρ̃i,j(γ) with values in L̃f (G) such that

ρ̃i,j(γ)ρ̃j,i(γ) = ẽ (2.5)

(ẽ is the unique element of L̃f (G)) and such that, over Oi ∪Oj ∪Ok,

ρ̃i,j(γ)ρ̃j,k(γ)ρ̃k,i(γ)ẽ (2.6)

iv) Moreover, ρ̃i,j(γ) is smooth in the following way: ρ̃i,j(γ) = (li,j,.(γ), αi,j), where
li,j,.(γ) is a path in Lf (G) starting from e. which depends smoothly on γ and αi,j

a functional in S1 which depends smoothly on γ. (Let us recall that the central
extension L̃f (G) can be seen as a set of couple of paths in Lf (G) and an element of
the circle, submitted to an equivalence relation as was discussed in the first part).

Let us suppose that there exists a unitary representation Spin∞ of L̃f (G).
Definition 2.1. A measurable section of Spin is a family of random variables from Oi

into Spin∞ submitted to the relation:

ψj = ρ̃j,iψi. (2.7)

The modulus ‖ψ‖ is intrinsically defined, because the representation is unitary.
Definition 2.2. A Lp section of Spin is a measurable section ψ such that

‖ψ‖Lp = ‖ ‖ψ‖ ‖Lp < ∞. (2.8)

We would like to speak of a bundle whose fiber should be L̃f (G), by doing as in the
first part: the problem is that there is no Haar measure over L̃f (G). We will begin to
construct an S1 bundle over Le(Q), and for that, we need to construct a measure over
Le(Q). This requires to construct a measure over Lf (G).
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For that, we consider the stochastic differential equation:

dgs = gs(C + Bs), g0 = e, (2.9)

where Bs is a Brownian motion starting from 0 in the Lie algebra of G and C is an
independent Gaussian variable over the Lie algebra of G with average 0 and covariance Id.
The law of g1 has a density q(g) > 0. If we consider a C2 deterministic path in G starting
from e, ksgs and gsks have a law which is absolutely continuous with respect to the original
law, but the density is only in L1 (unlike the traditional case of [2] for continuous loops,
where the density is in all the Lp). We can get infinitesimal quasi-invariance formulas,
that is integration by parts formulas: we take as tangent vector fields Xs = gsKs or
Xs = Ksgs (K0 = 0), where Ks has values in the Lie algebra of G. We take as the Hilbert

norm

1∫
0

‖K”s‖2ds (instead of

1∫
0

‖K ′
s‖2ds for the continuous case). If K. is deterministic,

we get an integration by parts formula:

EPf (G) [〈dF,X〉] = EPf (G)[F div X], (2.10)

where div X belongs to all the Lp.
This allows us, since q(g) > 0, to desintegrate the measure over the set of finite energy

paths going from e to g. We get a measure dPg, and we get a measure over Le(Q):

dµtot = dP1,x ⊗ dP
(τQ

1 )−1 . (2.11)

Let us suppose that (τQ
1 )−1 belongs to a small open neighborhood Gi of G, where the

bundle Pf (G) → G is trivial. Let Ki,. be the connection one form of this bundle in this
trivialization. We split the tangent space of Le(Q) into the orthonormal sum of a vertical
one and a horizontal one:

— The vertical one is constituted of vector fields of the type qsKs (Ks is a loop in the

Lie algebra of G with two derivatives) with the Hilbert norm

1∫
0

‖K”s‖2ds).

— The horizontal one is a set of vectors of the type

Xh
s = τsHs −Ki,s

(
〈d(τQ

1 )−1), X〉
)
gs, (2.12)

where Xs = τsHs and Hs checks (1.1). The Hilbert norm is

1∫
0

‖H ′
s‖2ds.

We get:

Proposition 2.3. Let F be a cylindrical functional over Le(Q). We have the integration
by parts formula:

µtot[< dF,X >] = µtot[F div X] (2.13)
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if X corresponds to a vertical or a horizontal vector fields which are associated to deter-
ministic Ks or deterministic Hs. Moreover, divX belongs to all the Lp.

This integration by parts formula allows us to get Sobolev spaces over Le(Q).
We repeat the considerations which lead to the transition functions ρ̃i,j(γ) but over

Le(Q). We get a system of charts (Oi, ρi,j(q.) with the difference that Oi ⊂ Le(Q) and
ρi,j(q;) belong to S1. It is easier to say in this context that ρi,j(q.) belong locally to all
the Sobolev spaces.

Definition 2.4. A measurable functional F̃ (q̃.) associated to the formal circle bundle
over Le(Q) constructed from the system of ρi,j is a family of measurable functionals Fi :
Oi × S1 → R such that almost surely in q. and u (we choose the Haar measure over the
circle)

Fi(q., ui) = Fj(q., uj), (2.14)

where uj = uiρi,j(q.) almost surely.

Since there is the Haar measure over the circle, we can do as in the first part in order
to speak of functionals F̃ (q̃.) which belong to Lp(µ̃tot), by integrating in the fiber.

An ”element” q̃. of L̃e(Q) can be seen formally as the couple of a distinguished path in
Le(Q) arriving in q. = π(q̃.) and an element of the circle. An element g̃. of L̃2(G) can be
seen as the couple of a distinguished path in L2(G), the group of based loops in G with
two derivatives, and an element of the circle. g̃. acts over q̃. by multiplying vertically the
end loop of the distinguished path associated to q̃. and multiplying the two element of the
circle. Moreover, the action of L2(G) leads to quasi-invariance formulas over Pf (G). This
motivates the following definition:

Definition 2.5. A stochastic gauge transform Ψ of the formal bundle L̃e(Q) is a mea-
surable application from Lx(M) into L̃2(G).

A gauge transform induces a transformation Ψ of functionals over L̃2(Q):

Ψ(F̃ (q̃.) = F̃ (q̃.Ψ(q.)). (2.15)

This definition has a rigorous sense at the level of functionals.

Theorem 2.6. The group of gauge transforms acts naturally by isometries over L∞(µ̃tot).

3. The case of the free loop space

Let us suppose that we consider the free loop space of continuous applications from the
circle S1 into M with the measure

dP = p1(x, x)dx⊗ dP1,x. (3.1)

The tangent space is as in (1.1), but we have to take the periodicity condition X0 = X1. We

take as Hilbert structure the Hilbert structure

1∫
0

‖H ′
s‖2ds+

1∫
0

‖Xs‖2ds which is invariant

by rotation.
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Let AQ be the connection 1-form over the principal bundle Q → M : it is a one form
from the tangent space of Q into the Lie algebra of Q. We associate following [7] the 2
form over L(Q) to the free loop space of Q for smooth loops:

ωQ =
1

4π2

1∫
0

1/2〈Aq, d/dtAQ〉. (3.2)

This two form gives the central extension of L(G) in the fiber of L(Q). We have to perturb
it by a form in order to get a form which is Z-valued closed over L(Q) and which gives
ωQ in the fiber.

Following [7], we perturb ωQ into a form ω′
Q over the smooth free loop space of Q:

ω′
Q =

1
4π2

1∫
0

1/2〈AQ, d/dtAQ〉 − 〈RQ, AQ(dqs)〉, (3.3)

where RQ is the curvature tensor of AQ. Let σQ be the 3 form over Q:

σQ =
1

8π2
〈AQ, RQ − 1/6[AQ, AQ]〉. (3.4)

We get

dσQ = π∗p1(Q), (3.5)

where p1(Q) is the first Pontryiagin class of Q. If p1(Q) = 0, we can choose a form over
M such that p1(Q) = −dν and such that σQ − π∗ν is a Z-valued closed 3 form over Q.
Let τ be the operation of transgression over L(Q). Following [7], we choose as curvature
term in order to define the S1 bundle over L(Q) the expression FQ = ω′

Q − τ(π∗ν).
We repeat the considerations of the second part with the main difference that we don’t

have globally a commutative diagram as (2.2). This leads to some difficulties, but since
we have such a diagram locally at the starting point, we can produce a system of charts
Oi, ρ̃i,j(γ) with the difference that Oi ⊂ L(M) and that ρ̃i,j(γ) takes its values in L̃f (G),
the basical central extension of the free loop space of G (we consider loops with finite
energy).

If G = Spin2n, the central extension of the free loop group has got a unitary repre-
sentation by using the fermionic Fock space. This allows us to repeat Definition 2.1 and
Definition 2.2.

Moreover, Fq is invariant under rotation. The natural circle action lifts to the section
of the spin bundle over L(M).
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