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Abstract

The MHD equations describing flows of a viscous homogeneous incompressible fluid of
finite electrical conductivity are reduced to ordinary differential equations by means
of Lie symmetries.

The MHD equations (the MHDES) describing flows of a viscous homogeneous incompress-
ible fluid of finite electrical conductivity have the following form:

iy + (@- V)i — AN+ Vp+ H x rot H=0,

. . L . 1
H; —rot (i x H) — v,y AH =0, div =0, div H = 0. W)

System (1) is very complicated and the construction of new exact solutions is a difficult
problem. Following [1], in this paper we reduce the MHDEs (1) to ordinary differential
equations by means of three-dimensional subalgebras of the maximal Lie invariance algebra
of the MHDEs.

In (1) and below, 4@ = {u®(t,Z)} denotes the velocity field of a fluid, p = p(¢, %)
denotes the pressure, H = {H*(t,Z)} denotes the magnetic intensity, v, is the coefficient
of magnetic viscosity, Z = {z4}, 0 = 0/0t, Oy = 8/0x4, V = {8a}, &N = V - V is the
Laplacian. The kinematic coefficient of viscosity and fluid density are set equal to unity,
permeability is done (47)~!. Subscript of a function denotes differentiation with respect
to the corresponding variables. The maximal Lie invariance algebra of the MHDESs (1) is
an infinite-dimensional algebra A(MHD) with the basis elements (see [2])

3t, D = t@t + %l‘aaa — %Ua ue — %HaaHa — pap,
Jab = a0y — 0, + u0pp — uPOya + Hyy — HbﬁHa, a<b, (2)
R(m) = R(1i(t)) = m*0q + m{Oue — mxadp,  Z(n) = Z(n(t)) = 10y,

where m® = m®(t) and n = n(t) are arbitrary smooth functions of ¢ (for example, from
C*((to,t1),R) ). We sum over repeated indices. The indices a, b take values in {1, 2,3}
and the indices 4, j in {1,2}. The algebra A(MHD) is isomorphic to the maximal Lie
invariance algebra A(NS) of the Navier-Stokes equations [3, 4, 5].
Besides continuous transformations generated by operators (2), the MHDEs admit
discrete transformations I of the form
E: ta i'b = —Tp, i‘a = Ta,

p=p, @W=-uv’, H'=-H' a°=u’ H'=H" a#b,

where b is fixed.
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We construct a complete set of A(MHD)-inequivalent three-dimensional subalgebras of
A(MHD) and choose those algebras from this set which can be used to construct ansatzes
for the MHD field. The list of the classes of these algebras is given below.

1. A3 = (D, 8,, Jia).

2. A3 = (D + 3KJ12, 04, R(0,0,1)),
where x > 0. Here and below, &, 0;j, €;, 11, and v are real constants.

3. A3 = (D, Jia + R(0,0,v|t|Y?In|t]) + Z(vealt| "  In |t| 4+ e1|t| ),
R(0,0,[t]7H1/2) + Z(e2[t|7 1)),
where ov =0, geg =0, €1 >0, and v > 0.
4. A3 = (04, Ji2 + R(0,0,vt) + Z(veot + 1), R(0,0,e) + Z(g2et)),

where ov =0, oeg =0, o0€{-1;0;1}, and, if o = 0, the constants v, €1, and &5 satisfy
one of the following conditions:

v=1,¢e2>0 v=0,e1=1,e2>0; v=¢1=0,¢e3€{0;1}.
5. A3 = (D + kJia, R([t[V2f9(6)A(t)E;) + Z(|t| 71 9 (t)ej),i = 1,2),
6. A3 = (0 + kJi2, R(f9(t)A(t)E;) + Z(f7 (V)ej),i=1,2),
Here, (fY(t), f%(t)),j = 1,2, are solutions of the Cauchy problems
U=y fM, f9(0) = &,
where 7 = In|t| in the case of the algebra A% and 7 = t in the case of the algebra Ag.
€' = const : €' - & = J;5, 0;; is the Kronecker delta,

O'ii(O'lg — 0921 — 2/@K€1 . 52) == O, 5i(0ik0-kj6j - 2/4,0'in€]') == 0, J12 + 091 — 0.

cos( —sin¢ O 010 Al —
A(()=|sin¢ cos¢ 0|, K=|[-1 0 0 [, A(t) B
0 0 1 000 (t) =

A(kInl|t]),
A(kt).

ke Key-€ =0if op; = 0 and e, (26Ke€), - € — opy) = 0 if o5 = oy = 0, where k and [ take
fixed values from {1;2}, k # I. To simplify parameters in A3 and A3, one can also use the
adjoint actions generated by I, D, Jio, and, if k = 0, Jog and J31.

7. A3 = <J12 +R(0a0a773)7 R(771777270)7 R(_T/2>n1’0)>’

where 7% are smooth functions of t, nin® # 0, n3 # 0, nin? — n'nZ = 0. The algebras
A3t n% ) and A3(Rt, 7%, 7°) are equivalent if IF; e R\{0}, I0€R, I(b;;) €O(2):

i'(t) = Exbijn'(t), () = Ean’ (1),
where t = E?t + 0.

8. A} = (R(m"), a=1,3),

where 1m® are smooth functions of ¢, rank (m!, m?2, m3) = 3, m& - m® —m? - mY, = 0. The
algebras A3(m!,m? m3) and Ag(nj’tl, 17?12,7%3) are equivalent if 3E; € R\{0}, 30 € R,
dB€0(3), and I(dgp) : det(dqp) # 0 such that

0 (0) = dup BEA(1),
where t = E?t + 6.



On Lie Reduction of the MHD Equations to Ordinary Differential Equations 229

The way of obtaining (and the form of writing down) the algebras A3 — A3 differs
slightly from the one used in [1].

By means of subalgebras A3 — A3, one can construct the following ansatzes that reduce
the MHDESs to ODEs:

1. ul =21 R720Y — 29(Rr)t? + zya3r 1 R72¢3,
u? = 2o R72p + 21 (Rr) 1 ? + zox3r 1 R72¢3,
ud = 23R2p! —rR72p3,
p =R7*h,
where w = arctanr/x3, the expressions for H® are obtained by means of the substitution
of ¥® for ¢* in the expressions for u®.
Here and below, ¢* = ¢%w), ¥* = ¥*(w), h = h(w), R = (27 + 23 + 23)1/2,

r = (23 4+ 23)"/2. The numeration of ansatzes and reduced systems corresponds to that
of the algebras above. All the parameters satisfy the equations given for these algebras.

2. ul =72t —wap?), WP =1 P(ap! tang?), WP =171t p=1T7h,

where w = arctanzo/x; — klnr, the expressions for H®* are obtained by means of substi-
tuting ¥* for ¢® in the expressions for u®.
3. ul =r 2 (219! — 2op?) + 2aqt 7,
u? = r (2o + 219?) + St
u? = [t|712¢% + (0 + $)ast ™t + v[t|V/ 2 Larctan 2y /21,
H' = 12! —290?),  H? =r 2o +219?),  H® = [t[71/23,

po= ‘t‘_lh + %xaxat_Q - %02.73%15_2 + €1|t|_1 arctan xg/l‘l + 52x3’t’_3/2’

where w = [t|71/?r.
4. ul = r72(z1p! — 209?),  u? = r (2! + 219?),
ud = 3 + ox3 + varctan za /1,
H' =r (19! —299?), H? =r?(z2p' + 219°%), H® =7,

p =h— 30%3 + e arctanxo /1 + £913,

where w = 7.
5. @ =t AT+ Sat — wKa@tt,  H = |t/ TA®)G,

it|71q + %{L‘al'at_2 + %mzxﬂit_z,

p

where i = [t|"Y2A(t)TZ.

—

6. @=A(t)o— kKT, H=AWMG, p=q+ixaz;, (4)
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—

In (3) and (4) U, G, ¢, and w are defined by means of the following formulas:

7. ul = plcosz — p?sinz + 210" + 19602,

u? = plsinz + p? cosz — 21602 + 96",

u? =% + 0} ()" as,
H'=9ylcosz —¢?sinz, H?='sinz+¢?cosz, H?> =13,

po=h—gnm*) " af — gy (n'n') '

p=h=A"'(mg - (A - L) + gAA (0, - M) (A D) (A - ),
where w = t, m%, - m® —m® - mY, =0, A = mim2m3 £ 0,
it =m?xm?, At =m3 xm, i@ =m! xm?

Substituting the ansatzes 1-8 into the MHDES, we obtain the following systems of ODE
in the functions ¢%, ¢*, and h:
L. Py — Pl — Pu — pl cotw — % — 2h =0,
POl — V3L — 0l — w0l cotw + P sin TP w + (pp? — YY) cotw = 0,
Wil — W3S — l, — @l cotw + P sinT? w — 2, + hy + YL~
((¥*)? = (¥*)?) cotw = 0,
Py — V30l — m (Yo + Yy, cotw) =0,
P2 — P30 — v (Y2, + Y5 cotw — P sin T2 w) 4 2(Plp? — YPpl)+
(VP¢* = 9*p%) cotw = 0,
P2 — P38 — v (W2, + 92 cotw — P sinTEw + 20L) + 2(¢ 1 —9p!) = 0,
o3 +dcotw+ ol =0, P2 +Y3cotw+ Yl =0.

2. @xpl — P2l — vl — oo’ + i — 2h — Khy, =0,
B8 — P22 — vo2, — 2(0L + K@2) + hy =0,
B2 — P23 — vl — 1% + Y — 2kd — 03 =0,
Pl — D2l — iy, =0,
P2 — Pl — 2, + 201 0% — oY) = 2um (YL + my2) =0,
3 — 23 — o3, + 1% — 3 — v (263 4+ %) =0,
gL =0, 92=0,
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where ¢% = @2 — k!, 2 = 2 — k!, h=h + %w‘lw“, v=1+k2% U =uvn(l+k>).

3-4.

wH@lel, — L) — oL, +w el —w (Pt — YY)+
w(h + sw= 2t + 2 (9)?), = 0,

-1

wHprpn —NW2) — Pl Fw Tl +e1 =0,

w o'l - zb ¢3) Pl — WPl +vew 2 + e’ + &3 =0,
W by — 10l) = v (Y —w L) —edpt =0,

w M — 1 02) — v (Y2, —wTW2) + 2w (W1 ? — YPp!) —eby? = 0,
w (o'l - %Zfl 5) — Vm(1/1w +w ) —vew ? — (0 4 6)ey? =0,

oL+ (o + %5)5w =0, . =0,

where e =sign t and 6 = 1 in case 3 and € = 1 and 6 = 0 in case 4.

9-6.

P3G — V3 + 0308 — 26K G — £B e + (h + 1) - ) Es+
£i€; + 2kwo;j (K& - &3)é; = 0,

3P — VPP — 03VE) — UmEBuw — 00 =0,

@3+ o +36=0, Y3 =0,

where ¢® =€, - G, Y* = €, - ¥;

e=signtand 6 =1 in case 5 and e = 1 and § = 0 in case 6.

7. @i T 0"+ (1)) + 207 — () 1?) + 3 () T = 0,
— oM (02 = (1°) %) + 2 (00 + (n°)7?) =P (nP) Tt =0,

@2+ (n°) e =0,
Yo + (0" + v (1) 72) =207 + (°) %) + 03 () Te? = 0,
V2 +¢ (92 (1°) 7' 9%) + (0" + v (n®) %) — 3 () ! =0,
Yo — VP (1°)H =0, 200+ (n%) 7t = 0.

8. ng+)\’1(ﬁ“-g5)1ﬁff,:6, Y — AN @ P)yme =0, 7% ms = 0.
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