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Abstract

New exact solutions of the Euler equations describing flows of an ideal homogeneous
incompressible fluid are obtained by means of a modification of the ”ansatz” method.

In recent years, several new methods for finding exact solutions of the partial differential
equations have been developed. Often these methods are generalizations of older ones
and are reduced to either appending additional differential equations (the method of
differential constraints, side conditions, conditional symmetry, and so on) or to assuming
a general form for the solution (the ”ansatz” method called often the direct method, and
the generalization of the usual ”separation of variables” technique). Both approaches are
closely connected with each other.

In our paper [1], the Euler equations (the EEs)

iy + (- V)i+Vp=0, divi=0 (1)
which describe flows of an ideal homogeneous incompressible fluid were considered with
the following additional condition:

up = u? = 0. (2)

All the solutions of system (1)—(2) were found. They can be interpreted as a particular case
of translation flows. In this paper, we construct more general classes of exact solutions
for EEs (1) by means of a modification of the ”ansatz” method.

Let us transform the variables in (1):
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t, §=0T(t)7,
where O = O(t) is an orthogonal matrix function depending on t, i.e., transformation
(3) defines time-depending space rotation. It can be noted that the non-Lie invariance
of hydrodynamics equations under transformations of the type (3) was investigated, for

instance, in [2, 3]. As a result of transformation (3), we obtain equations in new unknown
functions @ and ¢ and new independent variables 7 and ¥:

By + (0 - V)W + Vg — 27 x @ —7; x i =0, (4)
div @ = 0, (5)

(3)

T

where the vector function ¥ = ¥(t) is defined by means of the formula

¥xzZ=0roz vzt
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(The matrix Of O being antisymmetric, the vector 7 exists.)
In fact, instead of equation (4), we investigate its differential consequence

(rot @), + (@ - V)rot @ — (rot @ - V)@ + 2(5 - V)& — 27, = 0. (6)

Equation (4) will be used only to find the expression for p. To simplify solutions of (4)—(5),
we make transformations generated by a Lie symmetry operator of the form
R(7) = n0y, + n%0ye — (Tirr — 2y X @iy — Yy X 1) - § 0y, (7)

where 71 is an arbitrary smooth vector function of 7. The vector function @ is to be found
in the form

w! = v (1, y2,y3) + o (7)1,

w2 = 02(7—7 Y1, y3) + QQ(T)y27 (8)

w? = B1(1)yi + 3 (7)ys,
where vi,0%, # 0, i.e., it is to satisfy the additional conditions
w%a = w%a = w(?z)b = 07 w%Qw%I 7é 0.
Note that the functions v* depend on the different ”similarity” variables.

Here and below, we sum over repeated indices. Subscript of a function denotes diffe-
rentiation with respect to the corresponding variables. The indices a, b take values in
{1,2,3} and the indices i, j in {1,2}.

It follows from (5) that a® = —(a! + a?). Substituting (8) into (6), we obtain the
equations to find the functions v*, 5, o’ and ~*:

B —vi — v (vt +aly) = (B'yi — (@ + a®)ys)vds — (52 — v§)at + Blog—

U%'U?l) +2ylat + 2920 + 2731)% — 29} =0,
v, — Br + (V2 + @Pya)vgy + (B'yi — (o' + a®)ys)viy — F20f — (v — B1)a?+

vvg +29'0f + 2970 + 29%03 — 297 =0, (9)
b+ 01+ alg)os — (0 + )il + 035 — o

(vf —v3)(a' +a?) + (B'yi — (a' + a®)ys)(vf; — vi)+

2918 + 29232 — 293(al + a?) — 293 = 0.

Unlike the "ansatz” method, we do not demand realizing the reduction conditions in
system (9). The differential consequences of system (9) are the equations

1.2 .21
U22V1111 = V11V22225

i.e.,

@222 ’0%111
== =—5—i=h= h(t,x3), (10)
Va2 U1,

and

(v3901)3 = 0. (11)
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Consider the particular cases.
Case I. h > 0. Let k := h'/2. Then equation (10) gives that
Ul — flekyg 4 fZefkyg 4 f3y2 4 f4,

where f™ = f"(7,y3), g™ = g™ (7,y3), m = 1,4, f'f" #0, g'g" # 0. It follows from (11)
that

(12)

ks =0, (f'¢’)3=0

Therefore, there exist the functions p* = p*(7), v* = v (1), f = f(7,93), and g = g(7,y3)
such that

Substituting expression (12) for v* into system (9) and using a linear independence of the
functions

yiek(iniyl), €k(iy1iy2), y12> Y192, Yi, and 17

we obtain the complicated system for the rest of functions:
i(52g3 - (_ )zf3 ) = 07 /ﬂ(ﬁl]% - (_1)2k93f) = 07
Vi((kr + alk)g — (=1)'8'g3) =0, p'((k- + o?k)f — (—1)'32f3) = 0,
V(B2 gss + (8% — 291 kg + (—1)'43kgs) = 0,
ph (B fa3 + (BT 4+ 292k f — (1)K f3) = 0,
vig+ v (gr — (=1)'kfg — (a* + a?)ysgs + a?g) = 0,
pif + i (fr — (=1)kg*f — (@' + a?)ysfs + a' f) =0,
—(f29%)3 — B%933 + 27213 = 0, (f39%)3+ B f33 + 27°g3 = 0,
f3r = (0t +oP)ysfizs + B2 f33 =0, g3, — (o' +a?)ysgss + Blgss =0, (13)
ﬁl(f??_Qg?%):()’ 62(2f§’_g§) =0, Biff%:ﬁiggiizo
B2 — g4, — (f*9%)s + (o' + a®)ysgds + algs + (B +292) 3+
293 f§ — 29t — ' (B* = 291) =0,
fh = B+ (g* %) — (o' + a®)ysfas — @l f§ — (8% — 292) g+
27395 + (B! +29%) — 27 =0,
— 2= (ot +a?)ys(g8 — f3) + Blgs — B2f5 + (ot +a2) (g — £3)+
296" — 293 (e + a®) — 29} = 0.

Here we do not sum over the index 1.
We integrate system (13), substitute the obtained expressions for the functions f™,
g™, m =14, k, of, 8¢, and ¥ into (12) and (8). Then, integrating equation (4) to find
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the function ¢, we get solutions of (4)—(5) that are simplified by means of transformations
generated by operators of the form (8)

Depending on different means of integrating system (13), the following solutions of
(4)—(5) can be obtained in such a way:

L (2 + (') #0,7#0:
w' = CiikeM2 4 Croke ™2 — k k™ 1y,
w? = CorkeMt + Cooke ™ 1 — ko k™ by,
w? = —292y; + 2y ys + 2k KLy,
q= fk:Q(C'neky2 — Chge k2 4 2*y3k‘_2)(0216k91 — Coge kyr — 2v3k~2)+
skrrk T (YT + 93 — 203) — (kek™1)2IF17 — 2(v Y2 — 2Py1)+
(V2 + 492k k™Y yrys — (72 + 47 kT )yoys

2. (W'2)? + (u'p?)? # 0, ¥ = 0. Then the matrix O can be considered to be equal to the

—

unit matrix, and W =14, ¢ =p, ¥y =, 7 = t.

ul = keS@) (Cllekx2 + 0126_’“2) — ktk‘_l.Tl,

u? = ke_C(w)(Czlekm + nge_kxl) — ktk_lxg,

u? = 2k ks,

p = —]{22(0116kx2 — 0126_k$2)(021€kx1 — 022e—kx1)+

%kttkﬁ_l(CE% + .’E% — QIE%) — (k‘tk?_l)Q‘fP,

where w = k~2(t)x3, k is an arbitrary function of ¢+ which does not vanish, ¢ is an arbitrary
function of w.
3.l p? = v'?

=0, f' =~% =0. Then 4* = 0 and, as above, we can assume that @ = 1,
G=p, Y=, 7=t

ul = Crkexp{(—1)'kxo + H(1,w)} + (= 1) kF(w) — ksk~tay,
u? = Cokexp{(—1)kxy — H(t,w)} — (—=1)7kF(w) — ktk~Lag,
u3 = thk_ll’g,

p= _Cl02(_1)z‘+jk26(—1)ikx2+(—1)jm1 + %kttk_l(l'% + 22 — 222) — (ke 1)2| 7%,
where w = k~2(7)x3, k is an arbitrary function of ¢ which does not vanish.
H:pwﬂﬂ@/ﬁwa+am.

F and G are arbitrary functions of w, i and j assumed to be fixed from {1;2}.

4. ptp? = v'v? =0, B8 + (v*)? # 0. The solution obtained in this case is very compli-
cated, and we omit it.



226 H. Popovych

Case 2. h < 0. Let k := (—h)"/2. Then equation (10) gives that

fleos(kyr) + f2sin(kyr) + fPy1 + f4,
v? = g' cos(kyz) + ¢?sin(kys) + g3y + g,

where f™ = f™(z,y3), g™ = g"™(7,ys), m = LA, fifi # 0, g'g' # 0. Tn a way being
analogous to Case 1, we obtain the following solutions of equations (4)—(5):
1. 7#0:

w' = Cy1k cos(kys) + Craksin(kya) — k-~ Ly,
w? = Cark cos(kyy) + Casksin(ky1) — k-k~Lys,
w® = =29%y1 + 2y Y2 + 2k ks,
q = k?(Cqy sin(ky) — C1a cos(kyz) — 273k =2)(Cay sin(kyy ) — Cag cos(kyy ) +2v3 k2 )+
skerk TNyt 4+ 93 — 203) — (ko k719 — 2(v g2 — 7Pun) %+
(V2 + 49k k™ yrys — (v + 47 k™ )yays,

where 7 is an arbitrary vector function of 7, k = C |’y3\% if ¥3 # 0 and k is an arbitrary
function of 7 if v3 = 0.

2. 7= 0. As above, we can consider that @ =@, ¢g=p, =&, 7 = t.
u' = keS@)(C1y cos(kxo) 4+ Crasin(kxs)) — kek 'y,
u? = ke @) (Cy cos(kxy) + Cogsin(kay)) — kk ™o,
u? = 2k ks,
p = k%(C1y sin(kxg) — Cha cos(kxa))(Coy sin(kxy) — Cog cos(kry))+
Shuk™ (23 + 23 — 223) — (kik™1)?|2)2,

where w = k=2(t)z3, ( = ((w) and k = k(7) are arbitrary functions of their arguments,

k #0.

Case h = 0 is impossible.
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