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Abstract

The evolution equation of the following form uy = f(u, Au) which is invariant under
the conformal algebra are investigated. The symmetry property of this equation is
used for the construction of its exact solutions.

Analyzing the symmetry of the nonlinear heat equation
up = O (u1f(u)) (1)
in paper [1], L. Ovsyannikov showd that, in case
4
F(u) = Au" 3,

the widest invariance algebra consists of the operators:

G, G,
—— .01 = —, Dy = 4x00y + 3udy, Dy = 2210, + udy, K = 120, + x1ud,,)
89@0 8951

(00 =
We shall consider a generalization of equation (1) in the form:
up = F(u,u11) (2)

and define functions F' with which equation (2) is invariant with respect to the algebra:

0 0

A:<60:87x07 1:87.%'1’

Dy = 22101 + u0y, K = w%@l + x1udy). (3)

Theorem 1. Equation (2) is invariant with respect to algebra (3) under the condition:
F(u,un) = uf(uun), (4)

where f is an arbitrary function.

Proof. Coordinates &9, &1, i of the infinitesimal operator
X = 5080 + gaaa + 773u,
of algebra (3) have a form

50 :07 gl :J}%, n=aru,
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Using the invariance condition of equation (2) with respect to algebra (3) (see, for example,
[2]) we have:

OF OF
— — — =F
u ou 3U118u11 (5)

The general solution of equation (5) has the form (4). Theorem is prooved.

When the function F is given by formula (4), equation (2) has the form:
up = wf (udury). (6)
We research the Lie’s symmetry of equation (6).

Theorem 2. Equation (6) is invariant with respect to the algebra:

a 781:£

1. A:<80:a—$0 851317

Dy =21101 + 1o, K = 56%31 + x1u8u> (7)
if f is an arbitrary smooth function,

4
2. Ay = (A, Dy = 22000 + udy, G = udy, Ky = z1ud) + u?d,) (8)

1
if f = Muuiy, (A1 is an arbitrary constant),

3. Ay =(A,Q1 = 6_%’\23:0317 Q2 = 6_%’\”0(50 + Aoudy)), 9)

1
if f =X uui; + A2, (A2 is an arbitrary constant Ag # 0),
Theorem 2 is proved by the standard Lie’s method [2].

Remark 1. From results of Theorem 2, it is follows that equation (6) has the widest
symmetry in case where it has a form:

1
up = \uu,. (10)

We use the symmetry of equation (10) to find its exact solutions. The invariant solu-
tions of this equation have such a form:

W = p(w), (11)
where w, W are first integrals of the system of differential equations:
Ty = 4Kk1x9 + do,
71 = a12? + (agx1 + gu + 2k21 + di, (12)
0 = ayriu + agu? + (kg — 3K1)u;

Depending on values of the parameters x1, ko, dg, d1, a1, as, g, we receive different solutions
system (12).

Substituting anzatses built with the help of invariants of algebra (8) in equation (10),
we obtain reduced equations. The solutions of system (12), corresponding anzatzes, and
reduced equations are given in Table 1.
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Remark 2. All the received results can be generated by the formulae:

4
zy = e 3%2x0 + 6

, 2031 + 0720 + 05
€r1 =
! 14 05041‘16203 + 06egu + 0, (13)
efatb2y,

!/

u = y
1+ 0594:618293 + 06egu + 6y

where 01, ...,07 are arbitrary constants. The way of generation is described in [3].

We shall consider the case of variables x = (z¢, Z) € Rit,. We generalize equation (1)
in such a way

ug = F(u, Au), (14)
and the operator K is replaced by the conformal operators
K, = 22,D — 720, (15)

where D = 2,0y + k(u)0y, k = k(u) is an arbitrary smooth function.

Theorem 3. Equation (8) is invariant with respect to the conformal algebra AC(n) with
the basic operators

0 2—n
1. 0, = a_l‘a7 Jab = 2aOp — Tp0a, D = 2,0, + 9 Uy, (16)
Ko =2x,D —#%0,; a,b=1,...,n,
if
24n
F = u®(uzn Au), n # 2. (17)
2. 0u, Jio=x100 — 1201, D = 2,0, + 20y, K, =2x,D — ”6,1; a=1,2, (18)
if

F = ®(e"Au), n=2. (19)

Proof. Using the invariance condition of equation (14) with respect to operators (15) to
find function F', we have the following system

KF—kF — (K —2)AuFy, =0,
(20)
(2K'+n—2)F, = 0.
From the second equation of system (20), we receive
9 _
k= 2nu, n # 2, (21)

k = const, n=2. (22)
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Table 1.
N w Anzatzes Reduced equations
1]z u=pw) "'=0
2 | xo u = xlgo(w) =0
A7
3|z u=/r1p(w = _p3
0 VI1p(w) @ s
7
4 | xg u= /2% + lp(w) ¢ = Ak2p3
5| @ u=/z} - lpw) ¢ = -\
z1 k 3
6 | xo T Te2= p(w) ¢ = —=A\V2k
"1
7| z1 + maxg u=p(w) o = Ap?p3
]. 1
8 | — +muxo u=z10(w) ¢ = /\g02<p?1
Ty
/ 2 1 ]‘ %
9| Inzy + mxo U = 4 /xup(w) o = )\sp o — Z('o
1
10 | arctg x1 + mzo u= /2% + lp(w) ¢ = —)\\3/%902@0” + )3
1
1 \3
11 | arcth z1 + mxg u= /2% — 1p(w) ¢ = Ap? (np" — Zgo) ’
1 k
12 | — 4+ mao gl — = ¢p(w) my' = Ap(pp — 2¢)3
7iL uoou
13 | — + mxo — = p(w) me' = —\(2k — @")é
u 1 1
14 | 21 + kzou +mzy | u= p(w) k1 +mw = —Xw?p3

15 | z1 + mlnxg

1
16 | — +mlnxg
T

17 | Inzqy + mlnzxg

3 1
my' = o = ApPp
71

3 m
mi' = = Ap?p’3

3 1 5
m' = e = Ap’ (—Zso - so”)

_3 3
18 | arctg x1 +mlnzy | u= x5 *\/2? + 1p(w) mcp’—?p:/\k%(pQ(cp—l—tp”)%

_3 3
19 | arcth z; + mInzg | u =z, * /23 — lp(w) | my’ — i )\k:ggoQ(cp” - ga)%
1 -3 2
20 | —+mlnxg zo 2rut = p(w) p = g/\w(2cp’ + wcp”)%
u
T -3 1 3 / " ni
21 | —+mlnxg zy *uT = p(w) m— Wy = —dw(wp” +2¢')3
u

Substituting (21) and (22) into the first equation of system (20), we have
2

1) F—uF1+2+—"AuF2=o, if 02
-n

2) — kI +20uFs =0, if n=2.
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Without restricting the generality, we assume k = 2. Solving equations (23) and (24), we
obtain formulas (17), (19), and algebra (16), (18). Theorem is proved.

The following theorems are proved by the standard Lie’s method.

Theorem 4. The widest Lie’s algebra of invariance of equation (17) for n # 2 consists
of the operators:

1. (16), Oy, when ® is an arbitrary smooth function;
2. (16), 0o, Do = 2mxzo0p+1,0,, when ®(w) = Aw™, (A, m are arbitrary constants).

Theorem 5. The widest Lie’s algebra of invariance of equation (19) for n = 2 consists
of the operators:

1. (18), Oy, when ® is an arbitrary smooth function;

2. (18), Oy, Do = 2mxo0y+,04, when ®(w) = Aw™, (X, m are arbitrary constants).
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