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Abstract

The problem of separation of variables in a (1+42)-dimensional Fokker-Planck equa-
tion is considered. For the case of constant coefficients of second derivatives, the
classification of coordinate systems, where the variables in the Fokker-Planck equa-
tion are separable, is made and new coordinate systems for one class of this equation,
which provide a separation of variables, are obtained.

Let us consider the Fokker-Planck equation

U = (dijuxj)xi — (a;u)y, i,j=1,n.
ou u . S
Here, u; = i and u,, = Eroe Coefficients d;; and a; depend on ¢,Z, and d;; are non-
Zi

negative definite quadratic form coefficients. The summation is done over indeices ¢ and j.
If d;; = const, then the two-dimensional Fokker-Planck equation is reduced to

Ut = Ugy gy + Ugomy — (alu)m - (QQU)IQ (1)

by a linear change of variables.
To separate variables in the given equation means to find new variables wp, wi,ws and
a function Q(t,x1,x2) such that equation (1) splits after the substitution of

u=Q(t,x1,x2)po(wo, A1, A2)p1(wi, A1, A2)pa(wa, A1, A2) (2)

into three ordinary differential equations for the functions g, 1, w2. Here, A1, Ao are
separation constants.

A method of classification of coordinate systems, which allow a separation of variables
for the Schrodinger equation, is realized in [1, 2]. It allows one also to obtain explicitly
potentials for which a separation of variables is possible. Let us use this method for the
classification of coordinate systems, which allow us to separate variables in equation (1).
Let

wo=1t, wi(t,r1,22), 1=1,2,
and suppose that solution (2) and

u' = Q' (t, A1, A9) @1 (W, A1, Ag) @ (wh, AT, AY)
are equivalent if

Q/ = Q@l(wl)fbg(wg), wg = Qi(wi), )\; = Ai(/\l, )\2), 1= 1, 2. (3)
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d
Substituting (2) to (1), splitting the obtained equation with respect to o, ¢1, Y2, d_gm’
w1
d
d—(’DQ, A1, A2, and considering the relations of equivalency (3), we have that (1) splits into
w2
the system of three linear ordinary differential equations
d
T = () + dara(t) + ro(6) o,
d2<P1 .
7 (A1b11(w1) + Agbai(wr) + boi(wi))e1 (4)
1
s
T2 (A1bi2(w2) + Aabaa(wa) + bo2(w2)) w2,
2
where
oo
rank b11 b21 =2
bi2 b2

and the functions w1, wo, @, a1, ag satisfy the system of equations

WigWog, + WigoWog, = 0, (5)
bin (w1) Wiy, + Wig,) + biz(w) (W, + w3y, +71(8) =0, i=1,2, (6)
Qw’it - QAWZ - 2Q$1wi1‘1 - 2Q$2wi1‘2 + alei:D1 + a?Qwiwz = 07 1= 17 27 (7)

Qt - AQ - Qb()l (wl)(w%zl + w%xz) - Qb02 (WQ)(w%x1 + w%xg)_
—Qro(t) + Qe a1 + Quya2 + Q(a14, + a24,) = 0.

While solving equations (5) and (6), we define coordinate systems providing a separa-
tion of variables in equation (1), determined up to the equivalency relation (3). Substi-
tuting the obtained expressions for wi,ws into equation (7), we have functions Q(t, x1, x2)
explicitly for each of the found coordinate systems and also the condition, imposed on a1,
as for a providing of system compatibility. The substitution of the obtained results into
(8) gives the equation for coefficients aq, ay. If we succeed in solution of this equation,
we obtain the functions aj, ag, with which the variables in equation (1) separate in the
corresponding coordinate systems. Here, we give the list of coordinate systems, which
provide the separation of variables in equation (1) and the functions Q(t, z1, z2) explicitly,
which correspond to these variables.

1) w1 = A(t)(x1 cos at + zgsinat) + Wi(t),
wo = B(t)(x1 sinat — xg cos at) + Wa(t),

A B
Q(t, 1, z2) = exp 1A (23 cos? at + 23 sin? at) + 1B (2% sin? at + x3 cos? ozt)) X
x 1(A_B in ot cos ot + Wl( t+zpsinat) | x
xpl=|——= in — in
exp | 5| 3 — g | rzsinatcosal + o (i cosal +apsina

Wa, F
x exp | — (x1 sinat — x5 cos at) + 5
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2) xp = W(t)e*t cos(wa + at) + Wi(t), w9 =W(t)e*" sin(ws + at) + Wa(t),
Q(t,x1,12) = R(t, 71, 72)

1
3) x1=WI(t) (wlwg cos ot + §(w§ — w})sin at) + Wi (t),

1
xo = W(t) <w1w2 sin at + §(w§ — w?) cos at) + Wa(t),

Q(t,xz1,12) = R(t, 1, 22).
4) W (t)(coshwy cosws cos ait + sinh wy sinws sin at) + Wi (t),
W (t)(sinh wy sin wy cos at — cosh wy cosws sin at) + Wa(t),

(t T1,T 2) R(t 1'1,1'2)
Wi

Here, A(t), B(t), W(t), Wi(t), and Ws(t) are arbitrary sufficiently smooth functions,
F oF
0, = axg + a1, Os = —axy + ay, Qlgy — G2, = —20,
R(t,xl,l’g) = exp (—E((:cl — W1)2 + (.TQ — W2)2) — 1W1x1 — 1VVQ%Q) X
AW 2 2

a « F
X exp <—§W2x1 + §W1x2 + 5) .

We note that equation (1) reduces for ag;, —aiz, = 0 to the heat equation with potential
(see [2]).
As an example , let us consider the equation:
Up = Ugyzy + Ugyzy — ((@1121 + a1222)U) 0y — ((a2171 + a2272)0) 4, - 9)

If a12 = a1 (a = 0), it is reduced [2] to heat equation and provides the separation
of variables in five coordinate systems. Equation (9) proves to allow the separation of
variables also when a9 = —a91, a11 = a9s. In this case, four coordinate systems are
obtained, in which equation (9) is separated:

(sin(a1(t + C1))) "L (a1 cos at + z9sin at) + Cy(sin(ay1 (t + C1))) =2,
(C3 + sin(2ay1(t + C1))) Y2 (1 cos at + zosin at),
(sin(a11(t + C4)))~H(z1 sinat — z9 cos at) + Cs(sin(a11 (t + Cy))) 72,
w
2 (Cg + sin(2a11 (t + Cy)))~V/?(z1 sin at — x5 cos at),

Ci,...,Cg are arbitrary real constants.
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