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Abstract

Representations of subdirect sums of the extended Euclid algebras AE(3) and AE(1)
in the class of Lie vector fields are constructed. Differential invariants of these algebras
are obtained.

Description of general classes of partial differential equations invariant with respect to a
given group is one of the central problems of the group analysis of differential equations.
As is well known, to get the most general solution of this problem, we have to construct
the complete set of functionally independent differential invariants of some fixed order
for all possible realizations of the local transformation group under study. Fushchych
and Yehorchenko [2-4] found the complete set of first- and second-order differential in-
variants for the standard representations of the groups P(1,n), E(n), G(1,n). Rideau
and Winternitz [5, 6] have obtained new realizations of the Poincaré and Galilei group in
two-dimensional space-time. New (nonlinear) realizations of the Poincaré groups P(1,2),
P(2,2) and Euclid group E(3) were found by Yehorchenko [7] and Fushchych, Zhdanov &
Lahno [8, 9, 10].

In this paper, we consider the problem of constructing the complete set of the second-
order differential invariants of subalgebras of a subdirect sum of extended Euclid algebras.
These algebras are invariance algebras of a number of important differential equations (for
example, the Boussinesq equation, equations for the polytropic gas [11]).

1. Let V= X x U = R* x R! be the space of real variables zg, x = (1, 22, x3) and u, G
be a local transformation group acting in V' and having the generators

Q = 7(z0, x,u)0z, + £*(x0, T, u)0s, + n(x0, T, u)0y. (1)

By definition the operators (Q1,...,Qn) form the Lie algebra AG and fulfill the commu-
tation relations

[Qaqu] = Cnga a, b,C - 17 e 7N' (2)

The problem of classification of realizations of the transformation group G is reduced to
classifying realizations of its Lie algebra AG within the class of Lie vector fields.
Introduce the binary relation on the set of realizations of the Lie algebra AG. Two
realizations are called equivalent if there exists a nondegenerate change of variables
:f($07x7u)7 a:172737 (3)

/

:U6 = h(xo,z,u), x; = ga(zo, z,u), u
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transforming them one into another. Note that the introduced equivalence relation does
not affect the form of relations (2) [1]. Furthermore, it divides the set of all possible
representations into equivalence classes.

We consider covariant realizations of subalgebras of a subdirect sum of the extended
Euclid algebras AE(1) and AFE(3). Saying about a subdirect sum of these algebras, we
mean two algebras. If L is a direct sum of the algebras AF(1) and AE(3), then its basis
operators satisfy the following commutation relations:

[Po, Pa] = [Po, Jab] = [P, Ps] = 0;
[Pa7 ch} = 5ach - 5(1ch; (4)

[Jaln ch] = 5adec + 5chad - 5achd - 5bd<]ac§

[P()u-Dl]:POv [PaaDQ]:Paa

[Po, D2] = [D1, Da) = [Py, D1] = [Jay, D1] = [Jap, D2] = 0, ®)

where a,b,c,=1,2,3, dup is Kronecker symbol.

Next, if K is a subdirect sum of the algebras AE(1) and AE(3) and K is not isomorphic
to L, then its basis is formed by the operators Py, P,, Ju, D that satisfy the commutation
relations (4), and

[Py, D] = kPy, [P,,D]|=P,, [Jw,D]=0, (6)
where a,b=1,2,3, k#0, k € R.

Lemma 1. An arbitrary covariant representation of the algebra AE(1) & AE(3) in the
class of vector fields is reduced by transformations (3) to the following representation:

PO = 83307 Pa = 8:ca7 Jab = xaaxb - xbaza7 a, b= 1; 27 3. (7)

The proff of Lemma 1 follows from the results of Theorem 1 [8].

Theorem 1. Nonequivalent covariant representations of the Lie algebra L in the class of
vector fields are exhausted by representations (7) of the translation and rotation generators
and one of the following representations of dilatation operators:

Dy = 200z, D2 = 740z,; (8)
Dy = 200z, D2 = 240, + 2udy; (9)
Dy = 200y, — u0y, Dy = x40y, + kud,, k#0; (10)
Dy = 200z, — udy, Do = x40s,; (11)
Dy = 290z, +u0y, D2 = u0y, + x404,. (12)

Theorem 2. Nonequivalent covariant representations of the algebra K in the class of
vector fields are exhausted by representations (7) of the translation and rotation generators
and one of the following representations of dilatation operators:

D = kxg0yy + 2405,, k #0, (13)
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D = kxo0y, + x40z, +udy,, k#D0. (14)

To prove these theorems, it is sufficient to complete the representation of the algebra
AE(1)® AE(3) obtained in Lemma 1 by dilatation operators of the form (1) and to verify
that the commutation relations (5) or (6) are true.

2. Consider the problem of description of second-order partial differential equations of
the most general form

F (ac,u,u,u) =0, (15)
12

invariant with respect to the obtained realizations of the algebras L and K in the class of
the first-order differential operators.

As is known [1], this problem can be reduced to obtaining the differential invariants of
the given algebras, i.e., solving the following first-order partial differential equations:

X; v (xo,x,u,u) =0, i=1,...,N,
2 12
where X; (i =1,...,N) are basis operators of the algebras L or K.
2

Lemma 2. The functions

u, Uo, uoo

Sl = UqUq, SQ = Uqa, 53 = UqUgbUp, (16)
Sy = UgpUah, S5 = UgUabUpcle, 56 = UghUpcUcas

S7 = UqUpq, S8 = UpaUpas S9 = UgaUobUab

form the fundamental system of second—order differential invariants of the algebra AE(1)®
AE(3). Here, a,b,c = 1,2,3, we mean summation from 1 to 3 over the repeated indices,
Ju B 0%u
8—%7 Hab = axa(‘)xb'

The lemma is proved in the same way as it is done in the paper by Fushchych and
Yegorchenko [4].

Theorem 3. The functions Aj (j =1,2,...,10) given below form the basis of the funda-
mental system of differential invariants of the second-order of the algebra L:
1) Ay = ugoyg 2, Ay =SSy, Az =S35;7, Ay = 54572,
As = S557%, As = S6S13, A7 =Srug'Syt,  As = Ssuy?St,
Ag = SQUGZS;Q, Ao = u,

if the generators Dy, Doy are of the form (8).

Ugq =

2) A =St Ay =5, Az =Ssu™t,  Ay= Sy, As = Ssu™?,
A6 = S@, A7 = S7u61, Ag = S’guugz, Ag = S’guu62, A10 = U(]ouuaz,
if the generators Dy, Dy are of the form (9).
3) Ay = ut" ey, Sk, Ay = uuy 2S5k, Az = uS 3k sk
Ay = uS~ Py gk, As = u!2~ oy 85k Ag = u12-3ky 05k,

A7 — u—k—i—4uak—2Sl7c7 AS _ u4u—2k—25§:’ Ag — U_k+8u_2k_2sg7

—2
A1o = uug “ugo,
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if the generators Dy, Dy are of the form (10).
4) A = u_3u00, Ay = USQSfl, A3 = US3Sf2, Ay = u2545f2,
As = u?S5873,  Ag=ulSeSy3, Ay =u1S757!, Ag=u"2SS; ",
Ag = U_1395;2, A10 = U_QUO,

if the generators Dy, Dy are of the form (11).

5) A1 = ug®udyexp(2ugt) Sy,

A2 = u56u00 exp(2ual)[u0051 + U(Q)SQ — 2’U,()S7],

Az = u514u80 exp(4u51)[u003f — 2uS1 S7 + u3Ss),

Ay = ug Pudyexp(dug 1) [2ud(S1Ss + S2) + udy S+
’11654 — 4ugugnS157 — 4’11651_15357 + 2ugu0053],

As = ugmuéo exp(ﬁual)[u5455 — 4u= 5357+
u66(3515$ + S%Sg + 2u00515’3) — 4ua7u005%57 + uasu%OSf,

Ag = uglsugo exp(6u51)[u856 — 2u8(5’§5’751—2 + 255575’1_1)—1—
3u3(3159 + S3.5% + 2535351_1 + UO()Sg,) - 2u(3)(3515758 + S; + 6U0083S7)+
3u%u00(51258 + 3515% + u005153) — GUOugOS%S7 + u%OSi”],

A7 = u67u00 exp(2u51)(u0051 — U()S7),

Ag = uaﬁ exp(2u51)(u3051 — 2uguopSt + udSs),

Ag = uauuoo exp(4ual)[u659 — 2u}(S7Ss + u00S357S7 )+
u%(?)uooS% + 2100 S1.5% + ugoSg) - 4UO'LL%05157 + ugOS%],

A1o = uug ugo,

if the generators Dy, Do are of the form (12).
Here S1,53,...,S9 are of the form (16).

Theorem 4. The functions Q; (j =1,2,...,11) given below form the basis of the funda-
mental system of differential invariants of the second-order of the algebra K :

—2 2 —4 —4
k, —6 k, —6 k, —(2+k) k, —2(1+k
Q5 = Skug®, Qs = Skug®,  Qp = Shug @™ Qg = Skug 2R,
—2(k+2 _9
Qg = Sku, ( ), Qo = woouy °, Q11 = u,

if the generator D is of the form (13).

2) =05, Qy = Sou, Q3 = S3u, Q4 = Syu?,
Q5 = Ssu?, O = Sgu®, Q7 = S7uk, Qg = Squk,
Qg = Sou? 1 Q19 = ugou?~1, Q1 = uput1,

if the generator D is of the form (14).
It follows from Theorems 3, 4 that for the case of the algebra L (15), reads as

F(AI’A27 o e 7A10) . O,
and for the case of the algebra K, (15) takes the form

(I)(Ql, QQ, cey Qll) = 0.
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