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Abstract

We study scalar representations of the Poincaré algebra p(1,n) with n > 2. We present
functional bases of the first- and second-order differential invariants for a nonlinear
representation of the Poincaré algebra p(1,2) and describe new nonlinear Poincaré-
invariant equations.

0. Introduction

The classical linear Poincaré algebra p(1,n) can be represented by basis operators
, 0
Pu = Zguuaiv J;W = TupPv — TvPu, (1)
Ty

where p, v take values 0,1, ..., n; summation is implied over repeated indices (if they are

small Greek letters) in the following way:
r,T, = 1,00 =¥y, =23 — 2t — - — 22

no
g =diag(1,—-1,...,—-1). (2)

We consider z, and z¥ equivalent with respect to summation. Algebra (1) is an invari-
ance algebra of many important equations of mathematical physics, such as the nonlinear
wave equation

Ou = F(u)
or the eikonal equation
UaUe = 0,

and such invariance reflects compliance with the Poincaré relativity principle. Poincaré-
invariant equations can be used for construction of meaningful mathematical models of
relativistic processes. For more detail, see [11].
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In paper [8], scalar representations of the algebra p(1,1) were studied, and it appeared
that there exist nonlinear representations which are not equivalent to (1). Here, we inves-
tigate the same possibility for the algebra p(1,n) with n > 2. We prove that there is one
representation for p(1,2) which is nonlinear and non-equivalent to (1). For n > 2, there
are no scalar representations non-equivalent to (1).

To describe invariant equations with respect to our new representation, we need its
differential invariants. A functional basis of these invariants is presented below together
with examples of new nonlinear Poincaré-invariant equations.

1. Construction of a new representation for the scalar Poincaré algebra

The Poincaré algebra p(1,2) is defined by the commutational relations

[Jo1, Jo2] = iJ12,  [Jo1, Ji2] = iJo2,  [Jo2, Ji2] = —iJoi; (3)
[P;uj;w] =1P, v =0,1,2; (4)
[P,uvpl/] =0. (5)

We look for new representations of the operators P, .J,, in the form
X = 5“($u,u)3xu + 77(»% 1)y (6)

We get from (3), (4), (5) that up to equivalence with respect to local transformations
of x, and u, we can take P,, J,, in the following form:

=1 ,
Pu Guv O

: , ™
Juw = 2Py — TPy + 1 f(w) Oy, (8u = %> )

We designate fo1 = a, foo = b, fi2 = ¢ and get from (2) the conditions on these
functions:

aby, —bay, =¢, acy —ca,=0b, bc, —cb, = —a.

Whence
1

(n(r+vi+r2))

F=a®+b, a=br, c=bA+r)V? b=

Y
u
where r is an arbitrary function of w.

Up to a transformation u — ¢(u), we can consider the following nonlinear representa-
tion of the operators J,,:

Jo1 = —1 (.%'081 + 219y + sin u&u) ,
Joa = —i (xgO2 + 2200 + cosudy) , (8)
Jig = —1 (56132 — 2901 + au) .

It is easily checked that the representation P, (1), J,, (8) is not equivalent to the repre-
sentation (1).
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To prove that there are no representations of p(1,n) , n > 2, which would be non-
equivalent to (1), we take P,, J,, in the form (6) and use the commutational relations of
the algebra p(1,n). Similarly to the previous case, we can take P,,.J,, in the form (7),
and get from commutation relations for .J,,, that

f()2a+fgb:f3bv f3b+fl)20+fgc:0a a,b,c=1,...,n.

Whence all f,,, = 0, what was to be proved.

2. First-order differential invariants for a nonlinear representation

Definition. The function F(z,u, Ul ,1’%), where x = (xg, X1, . . .,xn),% is the set of
all k-th order partial derivatives of the function u, is called a dif ferential invariant for
the Lie algebra L with basis elements X of the form (6) if it is an invariant of the m-th
prolongation of this algebra:

m
XsF(x’“’ﬁ"g""’},‘L):)‘8($7u’71"7é‘""’%)F' 9)

Theoretical studies of differential invariants and their applications can be found in
[1-4].

Here, only absolute differential invariants are considered, for which all Ay, = 0. We
look for a first-order absolute differential invariant in the form F = F (u,llb) We use

designations ug = x,u; = y,us = z, and from (9) get the following defining conditions for
F:

sinulF, — xFy — yFy + cosu(xFy, + yFy + 2F,) =0,
cosuFy, — xF, — 2F, —sinu(xF, + yF, + 2F,) = 0,
P, —yF, +z2F, = 0.

From the above equations, we get the only non-equivalent absolute differential invariant
of the first order for the representation P, (1), Ju (8):

7 Ug — U1 COS U + ug sin u 10
1= u? — u? — u2 ' (10)
0 1 2

The expressions
Ug — U1 COSU + Uz sinu (11)
and
uf — ui —u3 = uyuy, (12)

are relative differential invariants for the representation P, (1), J,. (8).
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3. Second-order differential invariants for a nonlinear representation

Here, we adduce a functional basis of second-order differential invariants for the represen-

tation P, (1), Ju (8). These invariants are found using the system of partial differential

equations, obtained from the definition of differential invariants (9). The basis we present

contains six more invariants in addition to I; (10).
Fy

I = (13)
2_ .2 9\3/2°
(uf — ui — u3) /
where
Fi = Muo — ug cosu + ug sinu) = ugp — 2ug1 cos u + 2ugz sinu + u11 cos? u—
—2u1g sinw cos u 4 ujg sin® u — uguy sin u — ugua COS U — u% sin u cos u+ (14)
+ujug(cos? u — sin? u) + u? sin u cos u.

L is an operator of invariant differentiation for the algebra p(1,2), P, (1), Ju (8):

L = 9y — cosud; + sin u0ds. (15)
Its first Lie prolongation has the form

1

L =L — (uj cosu + ug Sin u)uq0y,, -

Fy
el

Iy = (16)

where
1
Fy = L(uf — ui — u3). (17)

The remaining invariants from our chosen basis do not contain trigonometric functions.
To construct them, we use second-order differential invariants of the standard linear scalar
representation of p(1,2) (1) [5]. The notations used for these invariants are as follows:

r= U(Q) - U% - u%’ S1=0u, S2= UppyUpy S = UpUpy Uy, (18)
18
Sy = UppUpalya, S5 = UpUppUpaUe-
It is easy to see that the expressions r, 51, S92, 53, S4, S5, where p,v,a = 0,1, 2, are func-
tionally independent. The absolute differential invariants of the nonlinear representation
of p(1,2) Iy, I5, Is, Iy look as follows:

Iy = (S3—rS))r~32, I = (Syr? — S2)r™3,  Ig = (Ssr — S2)r—3,

1 (19)
Iy = (7«54 — 3(S155 — S7 S5 + grsf) r5/2,

Proof of the fact that the invariants Iy, I, ..., I7 present a functional basis of absolute
differential invariants of the nonlinear representation of p(1,2) consists of the following
steps:

1. Proof of functional independence.

2. Proof of completeness of the set of invariants.

The first step is made by direct verification. The second requires calculation of the rank
of the basis of the non-linear representation of p(1,2). The rank of the set (Jo1, Jo2, Ji2)

(8) is equal to 2, and F' (u, u, 121) depends on 9 variables. So, a complete set has to consist

of 7 invariants.
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4. Examples of invariant equations and their symmetry
The equation
ug —ugcosu + ugsinu =0 (20)

is invariant with respect to the algebra p(1,2) with basis operators P, (1), J,. (8). The
following theorem describes its maximal symmetry:

Theorem 1. FEquation (20) is invariant with respect to an infinite-dimensional algebra
generated by operators

X = &%z, u)d + &' (z, u) O + (2, u)d2 + n(x, u)dy,
where
n =n(u,x1 + xgcosu, xg — xgsinu),
€0 = €920, u, 21 + T0 COSU, T2 — TSN U),
&' = ol (u, 21 + 20 cOSU, T2 — T SinU) + Nrgsinu — &y cos u,
€2 = p?(u, z1 + 0 COSU, T2 — T SiNU) + NI cos u + &g sinu;
n, €2, !, ©? are arbitrary functions of their arguments.

The theorem is proved by means of the Lie algorithm [6, 7, 12].

The infinite-dimensional algebra described above contains as subalgebras the Poincaré
algebra p(1,2) (operators P, of the form (1), J,, of the form(8)) and also its extension
- a nonlinear representation of the conformal algebra ¢(1,2). For details on nonlinear
representations of ¢(1,2), see [10]. A basis of this algebra is formed by operators P, (1),

T (8),
D =x,0,, K,=2z,x,0,— 220, +in¥(x,u)dy; p,v=0,1,2, (21)
where
n° = 2(x1sinu+ ax9cosu), 7' = —2(xa — xosinu), 7*=2(x1 + xcosu).
Equation (20) has the general solution
u=®(x1 + xocCcosu, xa — xgsinu).
The transformation
u=u, xTo==x9, I1=I1+TpCoSuU, Tg9 = Ty — TosSinu

applied to (20) yields the equation

17;0 =0. (22)
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A simplest linear equation (22) appears to be invariant with respect to the following
nonlinear representation of p(1,2):

Py = i(COS w0y — sinudy + 60), ﬁl = —i01, ﬁz = —i0sy,

2u — x1 cosu)d; — sinu(zy — xo cosu)da+

j()l = —i((xo sin
+(z1 — o cosu)dp + sin u@u),

2 — wg cosu)dy + cosu(xe + g cosu)d+

Joz = —i((aco cos
+(z9 + xgsinu)dy — cos uf)u),
j12 = —1(1'182 — 2901 + 8u)

Examples of explicit solutions for equation (20):

cos le 1 (T cos™! T
u = 2—212 + tan — ] U=——""
(22 + 23)~Y T2 c—
1 /c—x 1 /ct+x0+x
u—tanl( 1); u:2tanl(#>.
T2 T2
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