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Abstract

In performing the Painlevé test for nonintegrable partial differential equations, one ob-
tains differential constraints describing a movable singularity manifold. We show, for a
class of wave equations, that the constraints are in the form of Bateman equations. In
particular, for some higher dimensional wave equations, we derive the exact relations,
and show that the singularity manifold condition is equivalent to the higher dimen-
sional Bateman equation. The equations under consideration are: the sine-Gordon,
Liouville, Mikhailov, and double sine-Gordon equations as well as two polynomial field
theory equations.

1 Introduction

The Painlevé analysis, as a test for integrability of PDEs, was proposed by Weiss, Tabor
and Carnevale in 1983 [20]. It is an generalization of the singular point analysis for ODEs,
which dates back to the work of S. Kovalevsky in 1888. A PDE is said to possess the
Painlevé property if solutions of the PDE are single-valued in the neighbourhood of non-
characteristic, movable singularity manifolds (Ward [17], Steeb and Euler [15], Ablowitz
and Clarkson [1]). Weiss, Tabor and Carnevale [20] proposed a test of integrability (which
may be viewed as a necessary condition of integrability), analogous to the algorithm given
by Ablowitz, Ramani and Segur [2] to determine whether a given ODE has the Painlevé
property. One seeks a solution of a given PDE (in rational form) in the form of a Laurent
series (also known as the Painlevé series)

w@) = ¢~"(®) Y uj(x)¢ (=), (1.1)
j=0
where u;(x) are analytic functions of the complex variables = (2o, z1,...,2n—1) (we do

not change the notation for the complex domain), with uy # 0, in the neighbourhood of a
non-characteristic, movable singularity manifold defined by ¢(x) = 0 (the pole manifold),
where ¢(x) is an analytic function of xg,x1,...,2,—1. The PDE is said to pass the
Painlevé test if, on substituting (1.1) in the PDE, one obtains the correct number of
arbitrary functions as required by the Cauchy-Kovalevsky theorem, given by the expansion
coefficients in (1.1), whereby ¢ should be one of arbitrary functions. The positions in the
Painlevé expansion where arbitrary functions are to appear, are known as the resonances.
If a PDE passes the Painlevé test, it is usually (Newell et al [13]) possible to construct
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Bécklund transformations and Lax pairs (Weiss [18], Steeb and Euler [15]), which proves
the necessary condition of integrability.

Recently much attention was given to the construction of exact solutions of noninte-
grable PDEs by the use of a truncated Painlevé series (Cariello and Tabor [3], Euler et al.
[10], Webb and Zank [17], Euler [5]). On applying the Painlevé test to nonintegrable PDEs,
one usually obtains conditions on ¢ at resonances; the singular manifold conditions. With
a truncated series, one usually obtains additional constraints on the singularity manifolds,
leading to a compatibility problem for the solution of ¢.

In the present paper, we show that the general solution of the Bateman equation,
as generalized by Fairlie [11], solves the singularity manifold condition at the resonance
for a particular class of wave equations. For the n-dimensional (n > 3) sine-Gordon,
Liouville, and Mikhailov equations, the n-dimensional Bateman equation is the general
solution of the singularity manifold condition, whereas, the Bateman equation is only a
special solution of the polynomial field theory equations which were only studied in two
dimensions. For the n-dimensional (n > 2) double sine-Gordon equation, the Bateman
equation also solves the constraint at the resonance in general.

2 The Bateman equation for the singularity manifold

The Bateman equation in two dimensions has the following form:

¢x0xo¢;2cl + ¢zlm1 Qbio - 2¢mo¢x1 ¢xoxl = 0. (2~2)

In the Painlevé analysis of PDEs, (2.2) was first obtained by Weiss [19] in his study of
the double sine-Gordon equation. As pointed out by Weiss [19], the Bateman equation
(2.2) may be linearized by a Legendre transformation. Moreover, it is invariant under the
Moebius group. The general implicit solution of (2.2) is

zo fo(®) +z1f1(9) = c, (2.3)

where fy and f; are arbitrary smooth functions and ¢ an arbitrary constant. Fairlie [11]
proposed the following generalization of (2.2) for n dimensions:

0 ¢x0 ¢I1 T ¢$n—1
Qb:vo beowo waoxl T (Zsaroa:nq

det | %= Doz brrer Dmizay = 0. (2.4)

¢$n71 d)l"ornﬂ ¢E1$n71 ¢xn71mn71

We call (2.4) the n-dimensional Bateman equation. It admits the following general implicit
solution

n—1
Yoz fild) =c, (2.5)
§=0

where f; are n arbitrary functions.
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Let us consider the following direct n-dimensional generalization of the well-known
sine-Gordon, Liouville, and Mikhailov equations, as given respectively by

O,u 4+ sinu = 0,
O,u + exp(u) =0, (2.6)
Opu 4 exp(u) 4 exp(—2u) = 0.

By a direct n-dimensional generalization, we mean that we merely consider the d’Alembert
operator O in the n-dimensional Minkowski space, i.e.,

o2 n—1 92
g, :

= —2 — —2_
Oz st 8xj

It is well known that the above given wave equations are integrable if n = 2, i.e., time
and one space coordinates. We call PDEs integrable if they can be solved by an inverse
scattering transform and there exists a nontrivial Lax pair (see, for example, the book of
Ablowitz and Clarkson [1] for more details). For such integrable equations, the Painlevé
test is passed and there are no conditions at the resonance, so that ¢ is an arbitrary
function.

Before we state our proposition for the singularity manifold of the above given wave
equations, we have to introduce some notations and a lemma. We call the (n+1) x (n+1)-
matrix, of which the determinant is the general Bateman equation, the Bateman matrix
and denote this matrix by B, i.e.,

0 QSIO ¢$1 T ¢xn—1
(bxo ¢x0.’[0 (bl'orl e ¢$0xn,1
B:i=| %« Doy Peizr 0 Pziwa ) (2.7)
¢1‘n71 ¢1‘Own71 gbwlmnfl T stnflwnfl
Definition. Let
ij]_xjé“'zjr
denote the determinant of the submatriz that remains after the rows and columns contain-
ing the derivatives ¢z, , Gu; s - .., G, have been deleted from the Bateman matriz (2.7).
If

Jis-egr€{0,1,...on =1}, 1 <jo<--+<jp, r<n—2, forn>3,
then M,

ez, are the determinants of Bateman matrices, and we call the equations
1:]11:]2 iL'JT. )

=0 (2.8)

the minor Bateman equations of (2.4).

Tj1Tjg - Ljr

Note that the n-dimensional Bateman equation (2.4) has n!/[r!(n—r)!] minor Bateman
equations. Consider an example. If n = 5 and r = 2, then there exist 10 minor Bateman
equations, one of which is given by M., i.e.,

0 ¢2p  Pu1  Pay

det 0 00 ot ot =0. 2.9
¢J31 (;5.1}0321 (;5.1}1.721 ¢x1x4 ( )
¢$4 ¢)$0$4 ¢:p1:1:4 ¢x4x4
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Note that the subscript of M, namely xo and x3, indicates that the derivatives of ¢ w.r.t.
9 or x3 do not appear in the minor Bateman equation.
We can now state the following

Lemma. The Bateman equation (2.4) is equivalent to the following sum of minor Bate-
man equations

n—1 n—1
Z M*le*rjz"'mjr - Z M$0$j133j2“'$j771 =0, (210)
J1:325e-50r=1 J1g2,ejr—1=1

where j1,...,5, €{1,...,n =1}, j1<joe<--<jgp, 7<n—2, mn>3.

Proof. It is easy to show that the general solution of the n-dimensional Bateman equation
satisfies every minor Bateman equation in n dimensions identically. Thus, equations (2.4)
and (2.10) have the same general solution and are therefore equivalent. O

Theorem 1. For n > 3, the singularity manifold condition of the direct n-dimensional
generalization of the sine-Gordon, Liouville and Mikhailov equations (2.6), is given by the
n-dimensional Bateman equation (2.4).

The detailed proof will be presented elsewhere. Let us sketch the proof for the sine-
Gordon equation. By the substitution

v(@) = expliu(a)].
the n-dimensional sine-Gordon equation takes the following form:
2 13 _
vOpv — (Vpv)” + 5 (v — v) =0, (2.11)

where

The dominant behaviour of (2.11) is 2, so that the Painlevé expansion is
0 .
(@) =) vj(@)¢’ ().
=0

The resonance is at 2 and the first two expansion coefficients have the following form:

vy = —4 (Vn¢)2 ) v = 40,¢.

We first consider n = 3. The singularity manifold condition at the resonance is then given
by

O d).'bo d)ml QS.’EQ
det ¢.Z‘0 (bx().r() ¢1‘0I1 ¢1‘01‘2 — 0’

qbﬂ?l ¢x0:p1 qula:l gbxlazg
¢z2 ¢xoz2 ¢x1z2 ¢$2z2

which is exactly the 2-dimensional Bateman equation as defined by (2.4).



The Higher Dimensional Bateman Equation and Painlevé Analysis 189

Consider now n > 4. At the resonance, we then obtain the following condition

n—1 n—1

Z Mmjlzjz'“wjn,g - Z M:Jcolesz...zjn74 =0, (2.12)
J1,925-Jn—3=1 J1:J25,jn—4=1

where

]17‘~'7jn—3€{1)-'->n_1}7 j1<j2<"'<jn—3)

i.e., Mxh%---xjnfg and Mxogghxh,__g,;jni4 are the determinants of all possible 4 x 4 Bateman
matrices. By the Lemma give above, equation (2.12) is equivalent to the n-dimensional
Bateman equation (2.4).

The proof for the Liouville and Mikhailov equations is similar.

The wave equations studied above have the common feature that they are integrable

in two dimensions. Let us consider the double sine-Gordon equation in n dimensions:
LU .
O,u + sin 3 + sinu = 0. (2.13)

It was shown by Weiss [19] that this equation does not pass the Painlevé test for n = 2,
and that the singularity manifold condition is given by the Bateman equation (2.2). For
n dimensions, we can state the following

Theorem 2. Forn > 2, the singularity manifold condition of the n-dimensional double
sine-Gordon equation (2.13) is given by the n-dimensional Bateman equation (2.4).

The proof will be presented elsewhere.
In Euler et al. [4], we studied the above wave equations with explicitly space- and
time-dependence in one space dimension.

3 Higher order singularity manifold conditions

It is well known that in one and more space dimensions, polynomial field equations such
as the nonlinear Klein-Gordon equation

Oou + m?u 4+ Mu™ = 0 (3.14)

cannot be solved exactly for n = 3, even for the case m = 0. In light-cone coordinates,
ie.,

w0 — (@0 — r1), X — 5(900 + 1),

(3.14) takes the form

9%u
69c08:c1

u" =0 3.15
, (3.15)

where we let m = 0 and A = 1. The Painlevé test for the case n = 3 was performed by
Euler et al. [10]. We are now interested in the relation between the Bateman equation
and the singularity maifold condition of (3.15) for the case n = 3 as well as n = 2.
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First, we consider equation (3.15) with n = 3. Performing the Painlevé test (Euler et
al. [10]), we find that the dominant behaviour is —1, the resonance is 4, and the first
three expansion coefficients in the Painlevé expansion are

u% = 2¢:}c0 ¢z1 5

Uy = 3 (U0¢z0x1 + U0w1¢zo + u0$0¢x1)

9.2
Up
-3 2
UQzgz1 uouy ),
us = F (u2¢mom1 + u2gy ¢(E0 + u2m0¢w1 + Ulpgr; — 6UOUIU2) .
0

At the resonance, we obtain the following singularity manifold condition:
g — (¢930¢$1 - ¢ac1 ¢x0)2 — 07 (316)

where @ is the two-dimensional Bateman equation given by (2.2) and

0 = (24¢0 85, uorozo Prozo — HAD2, D%, Dromo Prozors — 180595, Pzt Prozomo
F18¢3 92, Brows Prozor + 3605 O, ProwoPuowrar — 392,05, Paowororo
3602 Duy0 02, Duozoss — 60L Buone B2, Parwray + 1808 O3 bugws Dagwray
—6¢3 bz101 D%, Dagmomo T 2408, b2y D2y ararar — HADD, B2, Darar aozran
—18¢% 02, Pagmy Pararar — 305 02, Prrararar + 120503 Guorrara
—18¢% &% bagmoaizr + 1203, 8% brozozoas + 480z, uoa: D20 B2y
—3003, 03 zoz0Paoz: Parzr + 302, Doozg Py Parar — 205,05, 85 4,
308 02 PaowoD2izy — 1508 B2 2oy Paray — 2085 63 4,

480 03, Dozt Prgwy — 2005, D3z — 150505, Bron, Buoro) / (365,02,)-

Clearly, the general solution of the two-dimensional Bateman equation solves (3.16).
For the equation

2
=0 3.17
0xp011 tu ’ ( )

the singularity manifold condition is even more complicated. However, also in this case,
we are able to express the singularity manifold condition in terms of ®. The dominant

behaviour of (3.17) is —2 and the resonance is at 6. The first five expansion coefficients
in the Painlevé expansion are as follows:

ug = _6¢I0¢1‘17
! (W01 2o + Uowe Py + U0Paor,)
U T — U U ,
1= ¢m0¢3:1 Tu o U0z, Pxg Oxo Px1 0Pxoxq
Uy = _2U0 (u()a:oarl + Ul ulwﬂbmg - ulxod’azl - U1¢xox1) s
1
us = —7—— (u1I0x1 + 2”1“2) B

2U(]
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1 2
Ug = —m (U3¢xox1 + Ugpzy + 2U1U3 + U3, Py + U3wy Py + UQ) )
1

_m (2“1U4 =+ QU4¢$0$1 + QU4$O¢$1 =+ QU43E1¢$0 + 2uoug + u:;xozl) .
xo Px1

us =

At the resonance, the singularity manifold condition is a PDE of order six, which consists
of 372 terms (!) all of which are derivatives of ¢ with respect to zg and z;. This condition
may be written in the following form:

1P 4 02U + (¢py U, — G, Wy — 030 — 04D)% = 0, (3.18)
where ® is the two-dimensional Bateman equation (2.2), and
U= ¢x0q)x1 - d):mq)a:o-

The ¢’s are huge expressions consisting of derivatives of ¢ with respect to g and x1. We
do not present these expressions here. Thus, the general solution of the Bateman equation
satisfies the full singularity manifold condition for (3.17).

Solution (2.5) may now be exploited in the construction of exact solutions for the above
wave equations, by truncating their Painlevé series. A similar method, as was used in the
papers of Webb and Zank [17] and Euler [5], may be applied. This will be the subject of
a future paper.

References

[1] Ablowitz M.J. and Clarkson P.A., Solitons, Nonlinear Evolution Equations and Inverse Scattering,
Cambridge University Press, Cambridge, 1991.

[2] Ablowitz M.J., Ramani A. and Segur H., A connection between nonlinear evolution equations and
ordinary differential equations of P-type. I and II, J. Math. Phys., 1980, V.21, 715-721; 1006—-1015.

[3] Cariello F. and Tabor M., Painlevé expansion for nonintegrable evolution equations, Physica, 1989,
V.D39, 77-94.

[4] Euler M., Euler N., Lindblom O. and Persson L.-E., Invariance and integrability. Properties of some
nonlinear realativistic wave equations, Research report 1997:5, Dept. of Math., Lulea University of
Technology, ISSN 1400-4003, 45p.

[5] Euler N., Painlevé series for (1 + 1)- and (1 4 2)-dimensional discrete-velocity Boltzmann equations,
Lulea University of Technology, Deparment of Mathematics, Research Report, V.7, 1997.

[6] Euler N., Shul’ga W.M. and Steeb W.-H., Lie symmetries and Painlevé test for explicitly space- and
time-dependent wave equations, J. Phys. A: Math. Gen., 1993, V.26, L.307-L313.

[7] Euler N. and Steeb W.-H., Painlevé test and discrete Boltzmann equations, Aust. J. Phys., 1989,
V.42, 1-15.

[8] Euler N. and Steeb W.-H., Continuous Symmetries, Lie Algebras and Differential Equations, B.I.
Wissenschaftsverlag, Mannheim, 1992.

[9] Euler N. and Steeb W.-H., Nonlinear differential equations, Lie symmetries, and the Painlevé test, in:
Modern group analysis: Advanced and computational methods in mathematical physics, edited by
Ibragimov N.H., Torrisi M. and Valenti A., Kluwer Academic Publishers, Dordrecht, 1993, 209-215.



192 N. Euler, O. Lindblom, M. Euler and L.-E. Persson

[10] Euler N., Steeb W.-H. and Cyrus K., Polynomial field theories and nonintegrability, Physica Scripta,
1990, V.41, 298-301.

[11] Fairlie D.B., Integrable systems in higher dimensions, Prog. of Theor. Phys. Supp., 1995, N 118,
309-327.

[12] McLeod J.B. and Olver P.J., The connection between partial differential equations soluble by inverse
scattering and ordinary differential equations of Painlevé type, SIAM J. Math. Anal., 1983, V.14,
488-506.

[13] Newell A.C., Tabor M. and Zeng Y.B., A unified approach to Painlevé expansions, Physica, 1987,
V.29D, 1-68.

[14] Steeb W.-H., Continuous symmetries, Lie algebras, differential equations, and computer algebra,
World Scientific, Singapore, 1996.

[15] Steeb W.-H. and Euler N., Nonlinear evolution equations and Painlevé test, World Scientific, Singa-
pore, 1988.

[16] Ward R.S., The Painlevé property for self-dual gauge-field equations, Phys. Lett., 1984, V.102A,
279-282.

[17] Webb G.M. and Zank G.P., On the Painlevé analysis of the two-dimensional Burgers’ equation, Nonl.
Anal. Theory Meth. Appl., 1992, V.19, 167-176.

[18] Weiss J. The Painlevé property for partial differential equations II: Backlund transformations, Lax
pairs, and the Schwarzian derivative, J. Math. Phys., 1983, V.24, V.1405-1413.

[19] Weiss J., The sine-Gordon equation: Complete and partial integrability, J. Math. Phys., 1984, V.25.

[20] Weiss J., Tabor M. and Carnevale G., The Painlevé property for partial differential equations,

J. Math. Phys., 1983, V.24, 522-526.



