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Abstract

We study symmetry of the Schrodinger equation with potential as a new dependent
variable, i.e., transformations which do not change the form of a class of equations,
which are called equivalence trasformations. We consider the systems comprising a
Schrédinger equation and a certain condition for the potential. Symmetry properties
of the equation with convection term are investigated.

This talk is based on the results obtained by the
authors in collaboration with Prof. W. Fushchych
and dedicated to his memory.

1. Introduction

Consider the following generalization of the Schrodinger equation:

0y o
AT t 7 (t, & -0, 1
T A+ W(E 9+ Vil 7) 5 = 0 (1)
0? S
where A = g &= I,n, ¥ = (t,Z) is an unknown complex function, W =

1
W (t,z,|¢|) and V, = V,(t, Z) are potentials of interaction (for convenience, we set m = 5)

In the case where V,, = 0 in (1), we have the standard Schrédinger equation. Symmetry
properties of this equation were thoroughly investigated (see, e.g., [1]-[4]). For arbitrary
W (t,Z,|v|), equation (1) admits only the trivial group of identical transformations ¥ —
T=Ft—t =t — =[], [3].

In [5]-{7], the method of extension of the symmetry group of equation (1) was suggested.
The idea lies in the fact that, in equation (1), we assume that W (¢, Z, |¢|) and V, (¢, Z) are
new dependent variables. This means that equation (1) is regarded as a nonlinear equation
even in the case where the potential W does not depend on . Symmetry operators of
this type generate transformations called equivalence transformations.
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2. Symmetry of the Schrodinger equation with potential

Using the above idea, we obtain the invariance algebra of the Schrodinger equation with
potential

N (AT &)

Theorem 1. Equation (2) is invariant under the infinite-dimensional Lie algebra with
basis operators of the form

Jab = a0z — Tp0y,,

Qa = U0y, + %Ua:ca(?/@w — P 0y+) + %Ual‘aaWa

Qa =240, + Any, + L Aweae(wdy — "0y )~ 3)
_ %(waw bt + G A woe — QWA) o

Qp = iB(Y0y — *0y+) + Bow, Zy = ¢y, Zy = * Oy,

where Uy (t), A(t), B(t) are arbitrary smooth functions of t, there is summation from 1 to
n over the repeated index ¢ and no summation over the repeated index a, a,b = 1,n, the
upper dot means the derivative with respect to time.

Note that the invariance algebra (3) includes the operators of space (U, = 1) and time
(A = 1/2) translations, the Galilei operator (U, = t), the dilation (A = t) and projective
(A = t?/2) operators.

Proof of Theorem 1. We seek the symmetry operators of equation (2) in the class of
first-order differential operators of the form:

X = é‘ﬂ(tj fﬂ ¢7w*)8xu + n(ta f?¢7¢*)6w + n*(t>fa¢7¢*)a¢* + p(t7faw7w*a W)aW (4)

Using the invariance condition [1], [8], [9] of equation (2) under the operator (4) and the

equations:

§=€.=0, &=0, &=¢, g+e&=0, &§=2
N =0, Myyp =0,  Nya = (1/2)&5,

My =0, My =0, My = —(i/2)&5,

110 + Nee — MWt + 2WEND + W + pp = 0,

—ing + Nee — M= W™ + 2W Y™ + W™ + py* = 0,

py = py= =0,

we obtain the system of determining

where the index j varies from 0 to n, a,b = 1,n, we mean summation from 1 to n over the
repeated index ¢ and no summation over the indices a, b.



Equivalence Transformations and Symmetry of the Schréodinger Equation 179

We solve system (5) and obtain the following result:

=24, ¢ = Az, +C%zy +U,, a=1,n,

i /1. .
n= 5 <§Axcxc +Ucz. + B) 1/)7

WA )
77* = _% (§Axcxc + Uecx, +E> 1#*7

1/1 .. .. . n. . .
pzi §Aa:ca:c+Uc:z:c+B —EzA—ZWA,

where A, U,, B are arbitrary functions of t, E = B — 2inA + C;, C% = —C% and C; are
arbitrary constants. Theorem 1 is proved.

The operators Qp generate the finite transformations
t'=t T =4z,
V' =vexp(iB(t)a), ¢ =y exp(~iB(t)a), (6)
W' =W + B(t)a,

where « is a group parameter, B(t) is an arbitrary smooth function.
Using the Lie equations, we obtain that the following transformations correspond to
the operators Qg:

t/ = t, CCg) = Ua(t)ﬁaéab + Tp,
’ i 2 iy
Qp = ¢exp ZUaUaﬁa + §Ua$a5a y

7!)*/ = Q;Z)* exp (_anUaﬁg - ;Uaxaﬁa) s

1. 1.
W' =W + - Uazafa + 7Uala 2

where 3,(a = 1,n) are group parameters, U, = U,(t) are arbitrary smooth functions, there
is no summation over the index a, d4p is a Kronecker symbol. In particular, if U,(t) = ¢,
then the operators ), are the standard Galilei operators

Go = 1, + %aza(w% — D). (8)

For the operators @ 4, it is difficult to write out finite transformations in the general
form. We consider several particular cases:
(a) A(t) =t.
Then Q4 = 2t0; + 2.0, — g(zpaw +1"0y+) — 2W 0w is a dilation operator generating the
transformations
t' =texp(2\), xl. =x.exp(N),

v (~5A)u, v —exp (-5A) 0" (9)
W' =W exp(—2\),

where X is a group parameter.
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(b) A(t) = t2/2. .

Then Qq = (20, + tweds, + %xcxc(waw — POy — gt(zm + )" 9y) — 2tW Ay is the
operator of projective transformations:

, t , Te

=7 LY==
1—ut 1—put

1T L
0= (1 ) exp (G

(1—pt) (10)
# 1 — ut n/2 ( chxc”)
Y7 =7 (1 — pt)" " exp 00—
W' =W(1— ut)?,
1 is an arbitrary parameter.
Consider the example. Let
1 1
W = — = . 11
2 e (11)

We find how new potentials are generated from potential (11) under transformations (6),
(7). (9). (10).
(i) @p:

1 1

1
— W' = +B{t)a—-W'= — +B(t)(a+d) — -,
Tcle LTcle Tcle

W =

where B(t) is an arbitrary smooth function, o and o’ are arbitrary real parameters.

(il) Qa:

W = — W,
Tele
W' = ! +1UUﬁ2+lUﬂ( — Uaf)
" (0~ Ua(t)Ba)? T apay 4 @7 Pa T glelula ™ Belia)s
W/ N W//
W ! AT R
(xa - Ua(t)(ﬁa + /8(/1))2 + TpTy 4 ¢ ¢

b 2080+ )~ U+ ) + SOuUafhy = -,

where U, are arbitrary smooth functions, 3, and [, are real parameters, there is no
summation over a but there is summation over b (b # a). In particular, if U,(t) = ¢, then
we have the standard Galilei operator (8) and

1 1 1
W — _ W/ — _ W// — _
Lele (xa - tﬁa)Q + TpTyp («Ta - t(ﬂa + 5&))2 + TpTy
(iii) Q4 for A(t) =t or A(t) = t?/2 do not change the potential, i.e.,
W: —)W/: 1 —)W”: 1 — ..

Lk Lcle T
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3. The Schrodinger equation and conditions for the potential

Consider several examples of the systems in which one of the equations is equation (2) with
potential W = W (¢, Z), and the second equation is a certain condition for the potential
W. We find the invariance algebras of these systems in the class of operators

X = §u<tvfa w7w*7 W)aaiu + Tl(tyfﬂ/% ¢*7 W)adl + n*(t7:f7w7 w*a W)8¢*+
+ p(t, T, b, W)ow .

(i) Consider equation (2) with the additional condition for the potential, namely, the
Laplace equation:

ot
AW = 0.

{ia—¢+A¢+W(t,a‘:’)¢:0, 2)

System (12) admits the infinite-dimensional Lie algebra with the basis operators

Py = ata P, = Ta s Jab :xaazb _xb8$a7

Qa = Uaaxa + %Uaxa(wa’tb - Waw*) + %UaxaaW7 a = 17”7
D = 2,0, + 20, — g(waw P Oye) — 2W o, (13)

A =120, + tw 0y, + ixcxc(waw — D) — gt(zpaw + 1t ye) — 2W O,

Qp = iB(18y — v dy+) + Bow, Z1 = ¥y, Za ="y,

where U,(t) (a = 1,n) and B(t) are arbitrary smooth functions. In particular, algebra
(13) includes the Galilei operator (8).
(ii) The condition for the potential is the wave equation:

0P L
ZE—FAw—I—W(t,x)w—O, (14)
aw = 0.
The maximal invariance algebra of system (14) is (Py, P,, Ju, Z1, Z2, Z3,Z4), where
Py, P, Jay, Z1, Zo have the form (13) and
Z3 = it(¢a¢ — ¢*8¢*) + Ow, Zy = it2(¢a¢ — ’(ﬁ*ad,*) + 2ty .

(iii) Consider the important case in a (1 + 1)-dimensional space—time where the condition
for the potential is the KdV equation:
O 0%

v + 922 +Wi(t,x)y =0,

ow ow W

5 TAW -+ hp g =F(Y), A #0.

For an arbitrary F'(|1]), system (15) is invariant under the Galilei operator and the max-
imal invariance algebra is the following:
Py =0, Py =0z, Z =110y — *0yx),

i 2 . 1

(15)

(16)
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For F' = C' = const, system (15) admits the extension, namely, it is invariant under the
algebra (Py, P1,G, Z1, Z3), where G has the form (16).
The Galilei operator G generates the following transformations:

1
t'=t, o' =x+06t, W’:W+)\—9,
1
’ Yo+ Lot 4+ Lo?
' =Y exp (29$+/\19t+49 t),
* % _2. _i _3-2
v =Y exp( 293: )\1915 4975),

where 6 is a group parameter. Here, it is important that A\; # 0, since otherwise, sys-
tem (15) does not admit the Galilei operator.

4. The Schrodinger equation with convection term

Consider equation (1) for W = 0, i.e., the Schrédinger equation with convection term

C N
ig Ay = Vaa%, (17)

where 1) and V, (a = 1,n) are complex functions of ¢ and #. For extension of symmetry,
we again regard the functions V, as dependent variables. Note that the requirement that
the functions V, be complex is essential for symmetry of (17).

Let us investigate symmetry of (17) in the class of first-order differential operators

X =0y, + 00y + 1 0y + p*Ov, + p™Ovy,
where &# n,n*, p®, p*® are functions of ¢, Z, ¥, Y*, 17, 7ad

Theorem 2. [10] Equation (17) is invariant under the infinite-dimensional Lie algebra
with the basis operators

Qa = 240, + Aw.0y, — 1Az (O, — Ovs) — A(Vedy, + Vo),
Qab = Eab@aamb — xp0y, + VaOy, — VO, + V' Oy — Vy Oy )— a18)
— 1B (2,0v, — 0y, — :caa\/;;* + xp0v+ ),
Qa = UaOs, — iUa(0v, — Ovs), Z1 = Y0y, Zo = "0y, Z3 =y, Zy = Oyr,
where A, Eq, Uy are arbitrary smooth functions of t, we mean summation over the index

c and no summation over indices a and b.

This theorem is proved by analogy with the previous one.
Note that algebra (18) includes as a particular case the Galilei operator of the form:

Go = t0y, — idy, + idys. (19)
This operator generates the following finite transformations:
{1‘2 =2y + ﬂatéaba t = t,

W =, P = V=V —iBuday, Vi = VI 4 iBubab,
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where 3, is an arbitrary real parameter. Operator (19) is essentially different from the
standard Galilei operator (8) of the Schrodinger equation, and we cannot derive opera-
tor (8) from algebra (18).

Consider now the system of equation (17) with the additional condition for the poten-
tials V,, namely, the complex Euler equation:

ot 0z, (20)
oV, Ve A
o Von, _F(W‘)axa’

Here, ¢ and V, are complex dependent variables of ¢ and &, F' is a function of |¢)|. The
coefficients of the second equation of the system provide the broad symmetry of this
system.

Let us investigate the symmetry classification of system (20). Consider the following
five cases:
1. F' is an arbitrary smooth function.
The maximal invariance algebra is (Py, Py, Jgp, C~¥G>, where

Jap = xaa:vb — 240z, + Vaa\/b - VbaVa + V(jaVb* - Vb*a\/a*a

G, has the form (19).

2. F = C|¢|F, where C is an arbitrary complex constant, C' # 0, k is an arbitrary real
number, k # 0 and k # —1.

The maximal invariance algebra is (P, Py, Jgp, éa, D(l)), where

2
DO = 240, + ey, — Ve, = Vi Oz = 177 (00 + 070y,

C
3. FF= — where C is an arbitrary complex constant, C # 0.

]

The maximal invariance algebra is (P, Py, Jgp, éa, Z = 7y + Zs), where
7 = ﬂ}&/) + w*&/)*, Zy = Ll)&p, Zy = Q/J*a¢*

4. F'=C #0, where C is an arbitrary complex constant.
The maximal invariance algebra is (Py, P,, Jap, Ga, DWW, Z,. Zy), where

Z3 = &p, Zy = 81/,*.

5. F =0.
In this case, system (20) admits the widest maximal invariance algebra, namely, (Py, P,
Jab; Ga7 Da A7 Z17 ZQa Z37 Z4>7 where

D = 2tat + ajcal'c - ‘/vca‘/c - ‘/C*avc*7
A =120, 4 tx o0y, — (ixe + tVe)Oy, + (ize — tV})Oys.

In conclusion, we note that the equivalence groups can be successfully used for con-
struction of exact solutions of the nonlinear Schrédinger equation.
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