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Abstract

Non-local transformation, which connects the 3-dimensional Burgers-type equation
with a linear heat equation, is constructed. Via this transformation, nonlinear super-
position formulae for solutions are obtained and the conditional non-local symmetry
of this equation is studied.

The multidimensional generalization of the Burgers equation
Li(u) =ug — u|Vu| — Au =0, (1)

is called further the Burgers-type equation. This equation was suggested by W. Fushchych
in [1]. We use here such notations:

ou
ox,’
Vu = [Juy, ug, ""u”HT7 (n=0,n—1),

aﬂu - {Z’M} = (1.0,:617 "’7'1:71—1)7
Vul= (Va2 A= (V=R i+,

In the present paper, we construct the non-local transformation, which connects the 3-
dimensional equation (1) with a linear heat equation. Via this transformation, we obtain
nonlinear superposition formulae for solutions of equation (1). Also we investigate the
conditional non-local symmetry of equation (1) and obtain formulae generating solutions
of this equation.

1. Conditional non-local superposition
Let us consider the 3-dimensional scalar heat equation

La(w) = wp — Aw = 0. (2)
For the vector-function H, such equations are fulfiled:

H=2VIlnw, H=|hth% 1", (3)

%(H)2+(V-H):801nw, V x H=0. (4)
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From the integrability condition for equations (3), (4), it follows that equation (2) is
connected with the vector equations

H—%(H)Q—V(V-H):O, V x H=0. (5)

Let |H|? = (b))% + (h?)? + (h®)2 = u? for H = 0 - u, where |0] =1, 0 = |0*,62,0%|T. Then
we obtain from (5) that V x # = 0 and the equality

0 [uo — u|Vu| — Au] =u [y — 2VInu(V - 0) — V(V - 0)].

Let relations
Li(u) = up — u|Vu| — Au =0, (6)
6p —2VInu(V-0) - V(V-6) =0, ™
V x0=0.

be fulfiled on the some subset of solutions of equation (5). System (3), (4) in new variables,
which connect equations (2) and (6), has the form

1
Vihw = §9u, (8)

0o Inw = %uz—l—%(v-é?u). (9)

So via transformations (8), (9), PDE (6) is reduced to the linear equation (2). The
corresponding generalization of the Cole-Hopf transformation (substitution) is obtained
in the form

u=21/(VIinw)2. (10)

Theorem 1. The non-local substitution (10) is a linearization of the 3-dimensional
Burgers-type equation (1), and the operator equality

d(Vinw) —2(Vlnw) - Alnw — V(Alnw) = [w 'V —w™ 2 Vu] - (wg — Aw) =0
1s fulfiled.
Example 1. The function

u = 21/[VInp(zg,w)]?, W= =%, (a=1,2,3), (11)

is a non-Lie solution of the nonlinear equation (1). Let us substitute this non-local ansatz
into equation (1). We find the condition on ¢:

[@_1 Oy — 90_2 ) 900-1] ’ [900 - Saww] =0. (12)

So, we obtain the non-local reduction of equation (1) to the form (12). Analogously, with
the ansatz

u= 2\/[V In{2(n — V)zg + x}]2, x=(21,22,23), (n=4), (13)
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one obtains
[w™V —w™2Vuw] - [0g — A] - {2(n — 1)z + z}. (14)

Here, w = 2(n — 1)zo + x.

The linearization of the differential equation (1) makes it possible via a linear superpo-
sition of solutions of equation (2) and the non-local transformation (8), (9) to construct
the principle of nonlinear superposition for solutions of equation (1).

k
Theorem 2. The superposition formula for a subset of solutions (u)(x), (k =1,2) of
equation (1) has the form

MOD)  (2)(2)(2)

W (@) =2|L u(?)+ (Z)u “ .
T —|— T
3 -1 1 2
O () =2 ((;) N g)) ((;)(3(9) . (?)(5)(9)> |
(k)
k (k) (k
o= % P2+ 8D, (15)
k k
- (k) _ % (ﬁ)(ﬁ)(e),vX (‘9>7
1 2 1 2
Q@ (;)(%L)(9> N (g)(a)(9> (71')(’111,)(9) n (72_)(3(9)
dIn(7 + 7) = + |V
1 @ 1 @
T —|— T T —|— T

k s k
Here, (u), (k = 1,2) are known solutions of equation (1), (u), (s=1,2,3) and (T), (k=1,2)

(k) (%)

. k
are functional parameters, and 79 —/ 7= 0.

2. Conditional non-local invariance
Let us consider the potential hydrodynamic-type system in R(1, 3) of independent variables
Ho+ (H,V)H — AH =0, V x H=0, (16)
or, in the form (5),
Hy + %V(H)z ~V(V-H)=0, VxH=0. (17)
Let |H| = u or, in other words
\H|? = (HY? + (H2)? + (H%)? = 2.
Then we have such equalities:

H=0 |Hl =0-u, (0=H-|H|™). (18)
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So, 6 is a unit vector collinear with H. Let V x 6§ = 0. It makes one possible to obtain

[V x6ul=u-[Vx0+[Vux0 — Vux6=0,
Vu=10-|Vul, (V-0u)=u(V-0)+0-Vu, (19)
V(V-0u)=u-V(V-0)+2Vu-(V-60)+60Au.

Substituting H of the form (18) into equation (17), we find the operator equation
Olug+u|Vu| — Au) = —ulfy —2VInu(V -0) — V(V - 6)].

Let now pick out the subset of solutions of this equation, which consists of solutions of
the system

uo+u|Vu| — Au = 0, (20)
0o —2VInu(V-0)—-V(V-0)=0. (21)

Variables 0 =|| 6,602,603 |7 are playing the role of supplementary parameters. Notice
that, for a known solution u of equation (20), equation (21) is linear.
Let us take another copy of equation (17):

Qo + %V(Q)Z _V(V-Q)=0, VxQ=0. (22)

Let @ = 7w, where w = |Q| and V x 7 = 0. The differential equation (22) can be
substituted now by the system

wo + w|Vw| — Aw = 0, (23)
7 —2Vhhw-(V.-7)=V(V-7)=0. (24)
Assume now such equalities:

—2VInw=H — Q,

1 (25)

Oy lnw = %(H-Q) ~ |y - (v m)].

Excluding w from this system by cross-differentiation, we obtain

Ho+ 3V(H) ~ V(Y- H) = Qo+ ;V(H Q). (26)
So, with the condition

Qo+ V(@) =0, 27)

we get equation (17). Let

S Q)= (@7 - (V Q). (28)
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Then (27) becomes equation (22). As one can see, condition (28) is the necessary condition
for reducing equations (20), (21) via the non-local transformation (25), (28) to system (23),
(24). Substituting

H=7-w—-2Vhw
into (28), one obtains

wo +w - |Vw| — Aw = %w{]Vw\ —(V-Q)}.

Let us put the condition

Vol = (V- Q). (29)
Since

(V-Tw) =w(V- 1)+ |Vw|,
it follows from condition (29) that

(V1) = —4|VInw|.

2 1
Introducing notations u E(u), w E(U), we can formulate such a theorem:

1
Theorem 3. Let (u) be a known solution of equation (1)

uo+u - |Vu| — Au = 0.

2
Then its new solution (u) is defined by the formulae

D=1 % —2.60.vin ¥,

@)
%(9 ) WD 1200w W= % W —(v.0D),
0 (221): T (11} —2-Vin ('lli),

Bo—2-VIn'it (V-6)—V(V-0) =0,

1
T —2-VIn W (V-7)— V(V-7) =0,
Vx8=0, Vx7=0, (V-17)=—-4[Vinw|
The last equalities are additional conditions for the non-local invariance of equation (1)

with respect to the non-local transformation (25), (26).
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