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Abstract

A new simple method for constructing solutions of multidimensional nonlinear wave
equations is proposed

1 Introduction

The method of the symmetry reduction of an equation to equations with fewer variables,
in particularly, to ordinary differential equations [1-3] is among efficient methods for con-
structing solutions of nonlinear equations of mathematical physics. This method is based
on investigation of the subgroup structure of an invariance group of a given differential
equation. Solutions being obtained in this way are invariant with respect to a subgroup of
the invariance group of the equation. It is worth to note that the invariance imposes very
severe constraints on solutions. For this reason, the symmetry reduction doesn’t allow to
obtain in many cases sufficiently wide classes of solutions.

At last time, the idea of the conditional invariance of differential equations, proposed
in [3-6], draws intent attention to itself. By conditional symmetry of an equation, one
means the symmetry of some solution set. For a lot of important nonlinear equations of
mathematical physics, there exist solution subsets, the symmetry of which is essentially
different from that of the whole solution set. One chooses such solution subsets, as a rule,
with the help of additional conditions representing partial differential equations. The
description of these additional conditions in the explicit form is a difficult problem and
unfortunately there are no efficient methods to solve it.

In this paper, we propose a constructive and simple method for constructing some
classes of exact solutions to nonlinear equations of mathematical physics. The essence of
the method is the following. Let we have a partial differential equation

F(x7u71f7g7""gl):07 (1)
where v = u(x), = (zo,x1,...,2,) € Ry, u is a collection of all possible derivatives of
m

order m, and let equation (1) have a nontrivial symmetry algebra. To construct solutions
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of equation (1), we use the symmetry (or conditional symmetry) ansatz [3]. Suppose that
it is of the form

u= f@)pwr . wk) + 9(x), (2)

where w1 = wi(zg,21,...,2Zpn),-..,wr = wg(zo,z1,...,2,) are new independent variables.
Ansatz (2) singles out some subset S from the whole solution set of equation (1). Construct
(if it is possible) a new ansatz

U:f(.CC)QO(Wl,...,wk,warl,...,WZ)+g(.’IJ), (3)
being a generalization of ansatz (2). Here wy1,...,w; are new variables that should be
determined. We choose the variables wg1,...,w; from the condition that the reduced

equation corresponding to ansatz (3) coincides with the reduced equation corresponding
to ansatz (2). Ansatz (3) singles out a subset S; of solutions to equation (1), being an
extension of the subset S. If solutions of the subset S are known, then one also can
construct solutions of the subset S7. These solutions are constructed in the following way.
Let u = u(x,C1,...,Ct) be a multiparameter solution set of the form (2) of equation (1),
where C1,...,C; are arbitrary constants. We shall obtain a more general solution set of
equation (1) if we take constants C; in the solution u = u(z,Cy,...,Ct) to be arbitrary
smooth functions of wgy1,...,w;.

Basic aspects of our approach are presented by the examples of d’Alembert, Liouville
and eikonal equations.

2 Nonlinear d’Alembert equations

Let us consider a nonlinear Poincaré-invariant d’Alembert equation

Du+ F(u) =0, (4)
where
I
-~ 0x3  0a? ox2’

F(u) is an arbitrary smooth function. Papers [3, 7-9] are devoted to the construction of
exact solutions to equation (4) for different restrictions on the function F'(x). Majority of
these solutions is invariant with respect to a subgroup of the invariance group of equation
(4), i.e., they are Lie solutions. One of the methods for constructing solutions is the
method of symmetry reduction of equation (4) to ordinary differential equations. The
essence of this method for equation (4) consists in the following.

Equation (4) is invariant under the Poincaré algebra AP(1,n) with the basis elements

Joa = 2004 + 1400, Jap = Tp0s — a0,
Py=0y, P,=0, (a,b=1,2,....,n).

Let L be an arbitrary rank n subalgebra of the algebra AP(1,n). The subalgebra L
has two main invariants u, w = w(xg, z1,...,x,). The ansatz u = ¢(w) corresponding to
the subalgebra L reduces equation (4) to the ordinary differential equation

H(Vw)? 4+ ¢0w + F(p) =0, (5)
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Ow \ 2 Ow \ 2 Ow \?
oo (B () - (&)
Oxg ox1 0z,
Such a reduction is called the symmetry reduction, and the ansatz is called the symme-
try ansatz. There exist eight types of nonequivalent rank n subalgebras of the algebra

AP(1,n) [7]. In Table 1, we write out these subalgebras, their invariants and values of
(Vw)?, Ow for each invariant.

Table 1.
N Algebra Invariant w (Vw)? Ow
1. Pl,...,Pn o 1 0
Po,Pl ...,Pn,1 In —1 0
1
3. Pl, e ,Pn_l, J()n (.I‘g — .%'721)2 1 -
w
k—1
4. | Ty (ab=1,....k), (23 4 - 4 a2)/? S T
w
Pk-l-la"'aan Py (k22)
k
5. | Go = Joa — Jak, Jab (a;(z) —z? - - x%)l/z 1 »
(a,b=1,...,k—=1)
Jok, Pry1,., P (B >1)
6. | P,...,P,_9, Py + P, aln(xg — xy) + Tp—1 -1 0
JOn""aPn—l
7. | Ph+ P, P1,..., P, xro — T 0 0
8. | Py (a=1,...,n—2),
Gn1+Py—Po, Po+ P, | (z0 —7)% — day1 -1 0

The method proposed in [11] of reduction of equation (4) to ODE is a generalization
of the symmetry reduction method. Equation (4) is reduced to ODE with the help of the
ansatz u = ¢(w), where w = w(z) is a new variable, if w(z) satisfies the equations

Ow = Fi(w), (Vw)? = F(w). (6)

Here FY, F5 are arbitrary smooth functions depending only on w.

Thus, if we construct all solutions to system (6), hence we get the set of all values of
the variable w, for which the ansatz u = ¢(w) reduces equation (4) to ODE in the variable
w. Papers [10-11] are devoted to the investigation of system (6).

Note, however, that ansatzes obtained by solving system (6), don’t exaust the set of all
ansatzes reducing equation (4) to ordinary differential equations. For this purpose, let us
consider the process of finding generalized ansatzes (3) on the known symmetry ansatzes
(2) of equation (4).
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a) Consider the symmetry ansatz u = p(w;) for equation (4), where wy = (2% — 23 —

—22), k > 2. The ansatz reduces equation (4) to the equation

k
11+ —p1+ F(w) =0, (7)
w1
d%p dy . .
where 11 = R 1= Jor” This ansatz should be regarded as a partial case of the more
wl w1

general ansatz u = (w1, wsz), where ws is an unknown variable. The ansatz u = p(w1,w2)
reduces equation (4) to the equation

k
w11 + w—1<P1 + 2012(Vw; - Vws) 4 pa0wy + @22(Vaws)? + F(p) = 0, (8)
where
Vi iy = 201 0wz 0wy Owp - O Owy
! 27 Oxg Oxg Ox1 011 0z, Oz,

Let us impose the condition on equation (8), under which equation (8) coincides with the
reduced equation (7). Under such assumption, equation (8) decomposes into two equations

k
P11+ w—lsm + F(p) =0, 9)

2p12(Vwr-Vuws) + 22(Vews)? + ¢120wp = 0. (10)
Equation (10) will be fulfilled for an arbitrary function ¢ if we impose the conditions

Owy, =0, (Vws)? =0, (11)

Vw;-Vwy =0 (12)

on the variable wy. Therefore, if we choose the variable wy such that conditions (11), (12)
are satisfied, then the multidimensional equation (4) is reduced to the ordinary differential
equation (7) and solutions of the latter equation give us solutions of equation (4). So, the
problem of reduction is reduced to the construction of general or partial solutions to system
(11), (12).

The overdetermined system (11) is studied in detail in papers [12-13]. A wide class of
solutions to system (11) is constructed in papers [12-13]. These solutions are constructed
in the following way. Let us consider a linear algebraic equation in variables xg, z1,...,Z,
with coefficients depending on the unknown ws:

ag(w2)xo — ay(wa)z1 — - -+ — ap(w2)zy — b(wa) = 0. (13)
Let the coefficients of this equation represent analytic functions of wo satisfying the con-
dition

lao(w2))* = [a1(wp)]* = -+ — [an(w2)]* = 0.

Suppose that equation (13) is solvable for ws and let a solution of this equation represent
some real or complex function

w2(xo,x1,...,$n). (14)
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Then function (14) is a solution to system (11). Single out those solutions (14), that
possess the additional property Vwy-Vws = 0. It is obvious that

Owy _ _G0 Owy _m Owy _ an
drg & Oxrp & T Odx,
where
d(w2) = ag(we)xo — ar(wa)xr — -+ — ap(w2)Ty — blwa)

and ¢’ is the derivative of § with respect to ws. Since

owi  xg Oowq T Oowy T
Oxg w1 Ox1 w7 Oz, wy’
we have
1
Vwi-Vwy = oy (apxo — @121 — -+ — ApTp).
1

Hence, with regard for (13), the equality Vw;-Vwse = 0 is fulfilled if and only if b(wy) = 0.
Therefore, we have constructed the wide class of ansatzes reducing the d’Alembert equation
to ordinary differential equations. The arbitrariness in choosing the function we may be
used to satisfy some additional conditions (initial, boundary and so on).

b) The symmetry ansatz v = ¢(w;), w1 = (34 - -+a:12)1/2, 1 <1< n—1,1is generalized
in the following way. Let wy be an arbitrary solution to the system of equations

0w Ow 0w

8.2 9.2 T g9 T W
dzy  Oxpy,y oxz,

<5_w>2_< 0w )2_..._(8_”)2_0
Oxg 8%[.,.1 Oxy, -

The ansatz u = (w1, ws) reduces equation (4) to the equation

d%p k—1de

- F(p) = 0.
dw% w1 dw1+ (90)

If | = n — 1, then the ansatz u = p(w1,ws2), we = xg — =, is a generalization of the
symmetry ansatz u = o(w1).

Ansatzes corresponding to subalgebras 2, 6 and 8 in Table 1, are particular cases of the
ansatz constructed above. Doing in a similar way, one can obtain wide classes of ansatzes
reducing equation (4) to two-dimensional, three-dimensional and so on equations. Let us
present some of them.

¢) The ansatz v = p(wi,...,w;,w;+1), where wi = x1,...,w; = 2y, wi4q 1S an ar-
bitary solution of system (15), [ < n — 1, is a generalization of the symmetry ansatz
u = (w1, ...,w) and reduces equation (4) to the equation
0? 0? 0?
A A L L F(p) =0
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1/2
d) The ansatz u = @(wi,...,ws,wst1), Where wy = (2§ — 23 — - — 27) 2wy =

Tialy ey Ws = Xpgs—1, L > 2,14+ 5—1<n, wsy is an arbitrary solution of the system
2 .
Owsy1 =0, (vws+1) =0, vwi'vws-i-l =0, i1=12,...,s, (16)

is a generalization of the symmetry ansatz u = p(wy,...,ws) and reduces equation (4) to
the equation

l
9011—w—1¢1—¢22—"'—%s+F(90):0-

Let us construct in the way described above some classes of exact solutions of the
equation

Ou+ M =0, k+#1. (17)

The following solution of equation (17) is obtained in paper [9]:

u =gk )(af+- - +a7), (18)
where
A1 — k)2
)= —— =1,2.....n.
U( 7) 2(l_lk+2k)7 b b 7n

Solution (18) defines a multiparameter solution set
W = ok, ) [(@1+ CO2 4+ (w4 G2

where C1,...,C] are arbitrary constants. Hence, according to c), we obtain the following
set of solutions to equation (17) for [ < mn — 1:

l

utF = o (k, 1) [(xl +hi(w)2 4+ (g + hl(w))ﬂ , k# —9’

where w is an arbitrary solution of system (15) and hj(w),..., h(w) are arbitrary twice
differentiable functions of w. In particular, if n = 3 and [ = 1, then equation (17) possesses
in the space R 3 the solution set
M1 —k)?
kM=)

:EH:B{m+hmm% k+# —1.

Next, let us consider the following solution of equation (4) [9]:

ul—k:a(k,s)(a:%—x?—---—xﬁ), s=2,...,n, (19)
where
A1 —k)? s+1
k,s) = — k :
o(k;s) 2(s—ks+k+1) e

Solution (19) defines the multiparameter solution set

ul=F = o(k,s) [m% — m% — = le — (131 + C’l+1)2 — = (T + 03)2] ,



104 A. Barannyk and 1. Yuryk

where Cjy1,...,Cs are arbitrary constants. According to d) we obtain the following solu-
tion set for [ > 2
. 2 2
W R = (k) [a3 — o — - = af — (@ + @) - — (g + ho(w))?]
where w is an arbitrary solution of system (16), and h;41(w), ..., hs(w) are arbitrary twice

differentiable functions. In particular, if [ = 2 and s = 3, then equation (4) possesses in
the space Ry 3 the following solution set

2
M - )], kA2

The equation
Ou 4 6u® =0 (20)

possesses the solution u = P(x3+C2), where P(x3+C?) is an elliptic Weierstrass function
with the invariants go = 0 and g3 = C. Therefore, according to c¢) we get the following
set of solutions of equation (20):

u=P(x3+ h(w)),

where w is an arbitrary solution to system (15) and h(w) is an arbitrary twice differentiable
function of w.
Next consider the Liouville equation

Ou+ Aexpu = 0. (21)
The symmetry ansatz u = ¢(w1), w1 = z3, reduces equation (21) to the equation

d?¢

d—w% = Aexp p(w1).

Integrating this equation, we obtain that ¢ coincides with one of the following functions:

In { (—% sec? [ ;Cl (w1 + Cs)

)} (Cl<0,/\>0,CQER);

n { 2C105 exp(v/Ciwr)
Al — Gy exp(v/Crwr )|

2
A
—In (\/;wl + C) .

Hence, according to c) we get the following solutions set for equation (21):
h —h
u=In { (— 12(;]) sec? [ 21(w) (w1 + h2(w))]> } (hi(w) <0, A>0);

I { 2h1(w)he(w) exp(y/h1(w)w1)
Al = ho(w) exp(y/hi(w)wr)]?

} (C1 >0, \Cy > 0);

} (h1(w) > 0, Aho(w) > 0);
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2
u=—1In (\/gwl + h(w)) ,

where hj(w), ha(w), h(w) are arbitrary twice differentaible functions; w is an arbitrary
solution to system (15).
Using, for example, the solution to the Liouville equation (21) [9]
2(s —2)

=1
B e e )

s #£ 2,

S

we obtain the wide class of solutions to the Liouville equation

2(s—2)
u=1In 5 5 5 5 5
Alzg — a1 = =27 = (@1 + hia(w)" = - = (@5 + hs(w))7]
where w is an arbitrary solution to system (16), and h;y;1(w),. .., hs(w) are arbitrary twice

differentaible functions. If s = 3, then equation (21) possesses in the space R;3 the
following solution set

2
Mag — 2t — a3 — (w3 + ha(w))’]

u =1In

Let us consider now the sine-Gordon equation
Ou + sinu = 0.

Doing in an analogous way, we get the following solutions:

1
u = 4arctan h; (w) exp(eoz3) — 5(1 —e)m, eo==1, e ==%1;

1
u = 2arccos[dn (x3 + hi(w)), m] + 5(1 +e)m, 0<m<1,;

u = 2 arccos [cn <:U3+h1(w)> , }

1
m|+-(1+e)m, 0<m<1,
m 2

where hj(w) is an arbitrary twice differentiable function, w is is an arbitrary solution to
system (15).

3 Eikonal equation

Consider the eikonal equation

() - Ge) - () - () =+ &

The symmetry ansatz u = p(w1), wy = 23 — 17 — x5 — 2%, reduces equation (22) to the
equation

dy 2 B
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We shall look for a generalized ansatz in the form u = ¢(wi,w2). This ansatz reduces
equation (22) to the equation

9 \? 9y 2 (09’
4 — 2(Vwy-Vwa) —— \Y% — ] =1 24
! (8011) 2V W2)3w1 (Vi) <(‘9w2) (2
Impose the condition on equation (24), under which equation (24) coincides with equa-
tion (23). It is obvious that this condition will be fulfilled if we impose the conditions

(Vws)? =0, Vwi-Vwy =0 (25)

on the variable wy. Having solved system (25), we get the explicit form of the variable wy.
It is easy to see that an arbitrary function of a solution to system (25) is also a solution
to this system.

Having integrated equation (23), we obtain (u+ C)? = 23 — 23 — 23 — 2%, where C is an
arbitrary constant. We shall obtain a more general solution set for the eikonal equation if
we take C' to be an arbitrary solution to system (25).

The symmetry ansatz u = p(w1,ws), w1 = T3 — 73 — T3, wy = 3 can be generalized in
the following way. Let w3 be an arbitrary solution to the system of equations

(G- (- ()

ng aw?, 8&)3
=0.
o 81‘0 o 8:r1 + 3 8$2

Then the ansatz u = p(w1,ws,ws) reduces the eikonal equation to the equation

dy 2 dy 2 B

Equation (27) possesses the solution [9]

= + ——a3+C
2Ch ( 7o) 2C s 2

Lo 1~ L2
(p+ Ca)* = x§ — af — a5 — (x3 + C1)%,

that can be easily found by using the symmetry reduction method of equation (27) to
ordinary differential equation. Having replaced arbitary constants C; and Cy by arbitrary
functions hi(w) and ha(w), we get the more wide classes of exact solutions to the eikonal
equation:

hl(w3)2 -1

(ZL‘% — ﬂj‘% — 1'%)1/2 + m$3 + h2(u)3),

. h1 <W3)2 +1
2h1(w3)

(u+ hg(wg))2 =2 —x? — 2k (23 + hl(W3))2.
Let us note, since the Born—Infeld equation is a differential consequence of the eikonal

equation [3], hence we also constructed wide classes of exact solutions of the Born-Infeld
equation.
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