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NONLINEAR TRANSFORMATIONS OF SMOOTH MEASURES 
ON INFINITE-DIMENSIONAL SPACES

A. M. Kulik  and  A. Yu. Pilipenko UDC  519.21

We investigate the properties of the image of a differentiable measure on an infinitely-dimensional Ba-
nach space under nonlinear transformations of the space.  We prove a general result concerning the ab-
solute continuity of this image with respect to the initial measure and obtain a formula for density
similar to the Ramer – Kusuoka formula for the transformations of the Gaussian measure.  We prove the
absolute continuity of the image for classes of transformations that possess additional structural proper-
ties, namely, for adapted and monotone transformations, as well as for transformations generated by a
differential flow.  The latter are used for the realization of the method of characteristics for the solution
of infinite-dimensional first-order partial differential equations and linear equations with an extended
stochastic integral with respect to the given measure. 

Introduction

The problem of absolute continuity of the image of a measure on an infinite-dimensional space under nonlinear
transformations has a rich history.  One of the first results in this direction was obtained by Gikhman and Skorokhod
for transformations of measures on a Hilbert space (see [1]; see also Theorem 3 in [2, Chap. 3]).  The density for-
mula obtained in the works cited above in the special case of a measure on a finite-dimensional space is an immedi-
ate consequence of an ordinary formula for a change of variables.  The application of this formula for obtaining infi-
nite-dimensional results requires the approximation of the original transformation by a finite-dimensional one and
the proof of the convergence of the sequence of the corresponding densities. 

Conditions that guarantee this convergence in a more general and compact form were obtained for the transfor-
mations of Gaussian measures (see [3, 4] and the survey [5]).  The available results for non-Gaussian measures are
considerably weaker and, as a rule, they require additional strong assumptions concerning the structure of a measure
or a transformation [2, 6, 7].  Significant difficulties arise even if one tries to formulate conditions of quasiinvariance
of a differentiable measure, which are close to necessary conditions. 

In the present paper, we obtain general conditions for a transformation of a space that are sufficient for the ab-
solute continuity of the image of a non-Gaussian differentiable measure.  The basic assumption concerning the orig-
inal measure (Condition B, Sec. 2) is somewhat restrictive.  However, on the one hand, this condition can easily be
verified and, on the other hand, it guarantees the realization of moment estimates, which allows us to pass to the
limit.  Note that the direct verification of estimates of this type often meets serious difficulties. 

Parallel with the general results, we obtain results concerning the absolute continuity of the image of a measure
for transformations that possess additional structural properties, namely, for nonanticipative (a non-Gaussian analog
of the Girsanov theorem) and monotone transformations, as well as for transformations generated by a differential
flow.  The latter transformations are used for the realization of the method of characteristics for the solution of the
first-order partial differential equations in an infinite-dimensional space and linear equations with a generalized sto-
chastic integral with respect to a given measure. 

1.  Smooth Measures and Sobolev Classes of Transformations on Infinite-Dimensional Spaces

Assume that  X  is a real separable Banach space,  H  is a separable Hilbert space imbedded into   X   by a con-

tinuous operator  j :  H ⊂→  X ,  and  µ  is a probability measure on the Borel  σ-algebra  B ( X )  differentiable along the
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directions from  j H  [8].  We assume that the logarithmic derivative  ( , ),ρ h h H∈{ }   of the measure  µ  has a weak

order  p  for any  p < + ∞,  i.e., 

∀ ∈ ∃ < + ∞ ≤+ ∫p R C h d C hp
p

p H
p

: ( , )ρ µ ,      h ∈ H . (1)

Definition 1.  The stochastic derivative  Dp h,  ,  p ∈  ( 1, + ∞ ) ,  along the direction  h  ∈  H  is defined as the
closure in the space  L Xp( , )µ   of the operator 

  ∇ ∇h f f jh: ,( )a

defined on the set of functions  f  continuous and bounded together with their Fréchet derivatives  ∇ f .  By virtue

of the differentiability of the measure  µ,  this closure is well defined [5]. 

Definition 2.  A function  f ∈  L Xp( , )µ   belongs to the Sobolev space  W Xp
1( , )µ   if the following conditions

are satisfied: 

(i) for any  h ∈ H,  the derivative  D fp h,   is defined; 

(ii) there exists a random element  gf  ∈ L X Hp( , , )µ   such that 

D fp h,   =  ( ),g hf H     a.e.,      h ∈ H .

The element  gf   is called the stochastic derivative of the function  f  and is denoted by  D fp .  If this does

not lead to misunderstanding, we omit the index  p  in the expressions  D fp h,   and  D fp . 

The stochastic derivatives 

D L X E L X Eh p
E

p p, : ( , , ) ( , , )µ µ→       and      D L X E L X E Hh p
E

p p, : ( , , ) ( , , )µ µ→ ⊗

and the Sobolev spaces  W X Ep
1( , , )µ   for elements that take values in the separable Hilbert space  E   are defined by

analogy.  Multiple stochastic derivatives and Sobolev spaces of higher order  W X Ep
n( , , )µ   are defined iteratively. 

Definition 3.  The adjoint operator 

Ip
E   =  Dp

E( )∗
 :  L X E H L X Eq p( , , ) ( , , )⊗ →µ µ ,      

1
p

  +  
1
q

  =  1,

is called the operator of stochastic integration or the generalized stochastic integral by analogy with the general-
ized stochastic Skorokhod integral with respect to a Wiener process. 

The domain of definition of the operator  Ip
E   contains, in particular, elements of the form 

g  =  
k

n

k kg h
=

∑ ⊗
1

,     gk  ∈ W X Eq′
1 ( , , )µ ,     hk  ∈ H ,     k  =  1, n ,     ′q   >  q . (2)

For these elements, we have 
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I gp
E ( )  =  – 

k

n

k k
k

n

q
E

k k H
h g D g h

= =
′∑ ∑

1 1

( , ) – ,( )ρ . (3)

In the case  E = R,  we write  Ip
E  = Ip . 

Definition 4.  A function  f ∈ L X E∞( , , )µ   belongs to the class  W k
∞  ( X  , E  , µ ) ,  k ≥ 1 ,  if the following condi-

tions are satisfied: 

(i) f ∈ 
  

W X Ep
k

p
( , , )µI ; 

(ii) the functions  f , D f , … , D fk   are essentially bounded random elements with values in  E  ,  E ⊗  H, … ,

E H k⊗ ⊗ ,  respectively. 

Definition 5.  A function  f  belongs to the class  WL X Ek
∞( , , )µ   if  f ∈  W X Ek

∞( , , )µ   and, for  l = 0, … , k – 1,

there exists a modification  D fl
!

  of the derivative  D fl   that satisfies the Lipschitz condition along  H  ,  i.e., is
such that 

 

D f x D f yl l

E H
l

( ) ( )–
! !

⊗ ⊗
  ≤  L x yl H– ,     x , y ∈ X . (4)

Remark 1.  A function that satisfies condition (4), belongs to the class  W X Ek
∞ ( , , )µ .  Let us verify this fact for

k = 1.  We fix  p ∈ R 
+,  h ∈ H,  and show that the derivative  D fp h,   is defined.  We decompose the space  X  into

the sum  X = X0 + 〈 j h 〉 .  This relation induces the decomposition  µ = π  0 ⊗ { },µx x X∈ 0 ,  where  π  0  is the projec-

tion of the measure  µ  onto  X0 
  and  { },µx x X∈ 0   is a family of conditional measures concentrated on the straight

lines  { },x t jh t+ ∈R .  By virtue of the one-dimensional Rademacher theorem [9], for  π 0-almost all  x ∈ X 0  the

derivative  D fp h
x
,   of the section  f x jh+〈 〉   is defined and  µx -almost everywhere bounded in the norm  ⋅ E   by the

constant  L h H0 .  This implies that the derivative  D fp h,   is defined and bounded almost everywhere in the norm

by the constant  L h H0 .  Then [10] condition (ii) in Definition 2 is satisfied, i.e., the stochastic derivative  D fp
E   is

defined and  D fp
E

E H⊗
 ≤ L0   almost everywhere.  Repeating this argument, we establish that the required state-

ment is true for   k ∈ N . 

The authors do not know whether the converse implication is true, i.e., whether the classes  W k
∞   and  WLk

∞   co-

incide.  In certain special cases, we can use the following reasoning: for  f ∈ W k
∞ ,  we can construct a sequence  { }fn

of smooth cylindrical functions whose derivatives are bounded almost everywhere by the same constants as the cor-

responding derivatives of  f  and, furthermore,  fn  n→∞ →  f   in  Wp
k ,  p  ≥ 1,  and then we can set    D f xl ( )

!

 =

limn→∞ D f xl
n( ) . 

This method of the proof of the equality  W k
∞  = WLk

∞   was realized in [11] in the important case of a Gaussian

measure  µ;  in this case,  { }fn   can be chosen as a sequence of projections on finite-dimensional linear  σ -algebras.
A similar result is true for measures that are close, in a certain sense, to product measures [12].  For logarithmically

convex measures, the equality  W k
∞  = WLk

∞   can be proved by analogy with the proof of Lemma 5 in [13]. 
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Remark 2.  Arguments similar to the proof of Lemma 3 in [2, Chap. 2] show that, for the derivative of a func-

tion  f ∈ W X Ek
∞( , , )µ   and any basis  { }en   in  H ,  there exist modifications      

!!

{ }, , , –D f l kl = 0 1K   that satisfy the

Lipschitz condition along  H̃ ,  which is the linear span of  { }en ,  with the constants  { ess sup D fl+1 ,  l = 0, … ,

k – 1 },  respectively.  If condition (4) is satisfied, then the modifications    D fl
!

  can be chosen so that 

Ll   =  ess sup D fl+1 ,     l  =  0, … , k – 1 .

2.  General Formula for a Change of Variables for Smooth Measures

In what follows, we assume that the measure  µ  satisfies the following condition: 

B. For any  h ∈ H,  the logarithmic derivative  ( ρ , h )  belongs to  
  p pW XI 1( , )µ   and there exists a bounded

random operator [10] that acts in  H   and is such that  βµ  = ess sup 
 
B H�( ) < + ∞  and  B  h = – D ( ρ , h )

almost everywhere,  h ∈ H .  Condition B, in particular, is sufficient for the realization of estimates (1). 

The main result of the present section is the following theorem: 

Theorem 1.  Suppose that a mapping  F :  X → X  has the form 

F ( x )  =  x j x+ Φ( ),     x ∈ X ,

and the function  Φ  belongs to the class  HC X H1( , , )µ   of functions from  W X H∞
1 ( , , )µ   such that, for any  x ∈  X,

the functions 

H ' h  �  Φ ( x + h ) ∈ H,      H ' h  �  D Φ ( x + h ) ∈ H⊗2

are continuous.  Also assume that  µ ( { x |  the operator  /IH  + D Φ ( x )  is noninvertible} )  =  0. 

Then the image  µF   of the measure  µ  under the mapping  F  is absolutely continuous with respect to  µ
and 

p x
F

( )  ≡  
d

d
xFµ

µ
( )  =  J yF

y F x

µ ( )
–

({ })–
[ ]

∈
∑ 1

1

(5)

almost everywhere with respect to the completion of the measure  µ;  here, 

J xF
µ ( )  =  det ( ) exp – ( )( )( )2

/IH D x I x+ [Φ Φ  – 
0

1

1∫ +( ) ]( – ) ( ( )) ( ), ( )τ τ τB x x x x dHΦ Φ Φ ,      x ∈ X , (6)

and the symbol  det 2  denotes the Carleman – Fredholm determinant [14]. 

Remark 3.  The stochastic integral  I ( Φ )  for  Φ ∈ W X H∞
1 ( , , )µ   is well defined [15]. 
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Remark 4.  For measures for which the classes  W k
∞   and  WLk

∞   coincide [e.g., for product measures or loga-

rithmically convex (in particular, Gaussian) measures], the condition  Φ ∈ W X H∞
2( , , )µ   is a sufficient condition for

the smoothness of the function  Φ. 

Prior to the proof of Theorem 1, we present several auxiliary results.  First of all, we recall certain properties of
the Carleman – Fredholm determinant, which are necessary for what follows. 

Lemma 1 [14].  

1. The function

 T T THa det exp(– )( )/ trI +

defined on the set    L fin H( )   of linear continuous operators in  H   that have finite-dimensional images
is continuous on this set in the norm of the space  �2( )H   and can be continuously extended to the en-
tire space    �2( )H .

This extension is denoted by  det ( )2
/
IH + ⋅ . 

2. For  T ∈ �2( )H ,  we have  det ( )2
/
IH T+  = 0  ⇔  0 ∈ σ ( )/

IH T+ .

3. The function  det ( )2 IH + ⋅   is uniformly continuous and bounded on every set of the form  {
  
⋅ � 2

  ≤  K }.

4. For any  δ < 1,  the function  det ( ) –
2

1IH + ⋅[ ]   is uniformly continuous and bounded on  { ⋅ � 2
  ≤  δ }.

The general scheme of the proof of Theorem 1 coincides with scheme of the proof of the corresponding state-
ment for Gaussian measures proposed by Kusuoka, which reduces [4, 16] to a local representation of the mapping  F
in the form of a composition of an affine transformation of the space  X  and a mapping that slightly differs from the
identity transformation.  The first step in the realization of this scheme is the following result: 

Theorem 2.  Let  Φ ∈ WL X H∞
1 ( , , )µ   and let 

β  1  ≡  ess sup 
 
D HΦ � 2 ( )   <  1.

Then the following assertions are true: 

(i) µ F  ∼  µ;

(ii) there exists a measurable mapping  F X X– :1 →   such that 

  F F F F idXo o– –1 1= =     µ-almost everywhere;

in this case, 
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p x
F

( )  =  J F xF
µ – –

( )1 1( )[ ] ,      x ∈ X ;

(iii) for any  ε ,  | ε | < β1
1– ,  there exists a constant  C  dependent only on  ε  ,  β  µ  ,  β  1,  and  β  0 =

ess sup Φ H   and such that 

E exp ε I ( Φ )  ≤  C .

Remark 5.  Assertion (i) of Theorem 2 guarantees that the value of  
0

1

∫ ( – )( ( ) , )1 τ τ τB d⋅ + Φ Φ Φ   and, hence,

JF
µ   do not depend on the choice of a modification of the random operator  B . 

Proof of Theorem 2.  First, we consider the case  X = H = R 

n
.  In this case, we have  µ ∼  λ  

n
,  and the standard

theorem on the change of variables implies the equivalence of the measures  µF ,  λn ,  and  µ
F –1   (the mapping  F  

–
 
1

exists by virtue of the theorem on contracting mappings).  We have 

d

d
xF

µ
µ

–
( )

1
  =  det exp ln ( ( )) – ln ( )( )/IH D p F x p x+ [ ]Φ . (7)

Taking into account that, in this case,  ρ = (ln )p ′ , B = – (ln )p ′′ ,  writing the Taylor formula with the remainder term
in the Lagrange form for the difference of logarithms in (7), and then applying equality (3), we get 

d

d
xF

µ
µ

–
( )

1
  =  J xF

µ ( ),

which completes the proof of assertion (ii) in Theorem 2. 
The proof of assertion (iii) follows from the relation 

E exp( ( ))εI Φ   =  E J IidX –
–[ ]det ( – ) exp ( – )ε

µ ε ε τΦ Φ2
1 2

0

1

1∇ { ∫ B d( – ) ,⋅( ) }τε τΦ Φ Φ   

≤  E /sup det exp
( ) /

[ ( )]–

T
H

H

T
� 2 1

2
1

2

02≤
+ ⋅

ε β
µ

ε β βI   =  C ( ε , β 0 , β 1 , β µ )  <  + ∞.

Now let  X  be infinite-dimensional.  We prove assertion (i) under the additional assumption that there exists a

finite-dimensional space  H0 ⊂  j X∗ ∗   such that  Φ ( x ) ⊂  H0 .  We decompose the space  X  into the direct sum

X = X0 + ( )–j H∗ ⊥[ ]1
0 ,  dim X 0 < + ∞.  This relation generates the following decomposition of the measure  µ : 

µ ( d ( x , y ) )  =  µ πy dx dy( ) ( ),       ( x, y ) ∈ X ,

where  µy y j H, ( )–∈[ ]{ }∗ ⊥1
0   and  π  are the conditional measures and the image of the measure  µ   under the pro-

jection onto  ( )–j H∗ ⊥[ ]1
0 ,  respectively.  On the other hand, since  Φ ( X ) ⊂ H0 ,  the mapping  F  can be represented

in the form 
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F ( x , y )  =  ( ( ), )x j x yy+ ϕ ,       ( x , y ) ∈ X .

Furthermore, for any  y,  the mapping  ϕy   satisfies the conditions of Theorem 2.  By virtue of the principle of con-

tracting mappings, for all  y  there exist the inverse mappings  ( )–id jX y0

1+ ϕ .  Since  π-almost all conditional meas-

ures  { }µy   satisfy condition B, for  π-almost all  y  we have 

p xy ( )  ≡  
  

d id j

d
x

y x y

y

µ ϕ
µ

o ( )
( )

–
0

1+
  =  J id j xid j x yX y

y
( )

– –
( ) ( )

0 0

1 1

+ +( )[ ]ϕ
µ ϕ ,      x ∈ X0 

,

which proves the required statement. 

Finally, we consider the general case.  In  H,  we choose a basis  { }hk  ⊂  j X∗ ∗   and set  Pn  = 
  
Pr , ,〈 〉h hn1 K   and

Fn = idX  + jPnΦ .  The statement proved above implies that, for any  n ≥ 1,  there exists the inverse mapping  Fn
–1,

µn  <<  µ ,  µ
Fn

–1  <<  µ,  and 

p x
Fn

( )  =  J F xF nn

µ – –
( )1 1( )[ ] ,      p x

Fn
– ( )1   =  J xFn

µ ( ) ,      x ∈ X
 
.

By construction,  µn  ⇒  µ  ,  n →  ∞ .  Furthermore, in view of assertion (iii) proved above for finite-dimensional
mappings, we have 

E p x
Fn

( )[ ]2   =  E J x J xF Fn n

µ µ( ) ( )
–[ ] 2

  =  E J xFn

µ ( )
–[ ] 1

  ≤  C1 0 1( ), ,β β βµ ,

i.e., the family  { p
Fn

,  n ≥ 1 }  is uniformly integrable.  Assertion (i) now follows from the general result in [1]. 

Theorem 3 [1].  Suppose that  X  is a separable metric space,  µ  is a probability measure defined on a Borel

σ-algebra, and  f X X nn : → ≥{ }0   is a sequence of measurable mappings.  Assume that the following conditions
are satisfied: 

(i) for any  n ≥ 1 ,  the measure  µ o ( )–fn
1  is absolutely continuous with respect to the measure  µ; 

(ii) the sequence of densities   d f d nnµ µo( ) :–1 1/ ≥{ }   is uniformly integrable; 

(iii) fn   converges to  f0   in the measure  µ   as  n → ∞.

Then    µ o ( )–f0
1 <<  µ,  and if the sequence  d f dnµ µo ( )–1/{ }  converges to a certain function  p,  then 

p  =  
  

d f

d

µ
µ

o ( )–
0

1







.

By construction, each function  Fn
–1  is a  H-Lipschitz function with the constant  1 / ( 1 – β 1 )  for all  n  ≥ 1,

F Fn –  → 0  as  n → ∞   almost everywhere, and the limit  limn→∞  Fn
–1 ≡  F–1  exists almost everywhere in  H.

Then, by virtue of the absolute continuity of  µ
F –1  <<  µ ,  we have 
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F F idX H

o – –1   ≤  lim sup
n→∞

 
  

F F F Fn H
o o– ––1 1  +  lim sup

n→∞
 
  

F F F Fn n n H
o o– ––1 1   

≤  lim sup
n→∞

 
  

F F F Fn H
o o– ––1 1  +  β1 lim sup

n→∞
 F Fn H

– ––1 1   =  0    a.e.

By analogy, we can prove that    F F–1 o  = idX   almost everywhere.  To complete the proof, it remains to verify
that 

0

1

1∫ ⋅ +( – )( ( ) , )τ τ τB dn n nΦ Φ Φ   →  
0

1

1∫ ⋅ +( – )( ( ) , )τ τ τB dΦ Φ Φ     a.e.

This convergence is guaranteed by the following auxiliary statement: 

Lemma 2.  Suppose that  X    and  Y  are complete separable metric spaces with metrics  ρX   and   ρY ,  re-

spectively,  µ  is a probability measure defined on the Borel  σ-algebra  B ( X ) ,  and  ϕ  n :  X → X   and  f n :  X  →
Y,  n ≥ 0,  are measurable mappings.  Assume that the following conditions are satisfied: 

(i) ϕ ϕµ
n → 0,  n → ∞  ,  f fn

µ→ 0,  n → ∞;

(ii) for any  n ≥ 1,  the measure  µ ϕo n
–1  is absolutely continuous with respect to  µ ; 

(iii) the sequence of densities  d d nnµ ϕ µo ( ) :–1 1≥{ }  is uniformly integrable. 

Then  fn no ϕ  µ→ f0 0o ϕ ,  n → ∞.

Proof.  Without loss of generality, we can assume that the convergences

fn   →  f0 ,    n  →  ∞
 
,      ϕn   →  ϕ0,    n  →  ∞,

hold  µ-almost everywhere.  In addition, according to Theorem 3,    µ ϕo 0
1–  <<  µ .  Let  ε > 0  be given.  By using the

Ulam theorem and the uniform integrability of the densities  d d nnµ ϕ µo ( ) :–1 0≥{ },  we choose a compact set

K̃  ⊂ .X   such that  µ ( \ ˜ )X K  < ε  and  µ ϕ( ˜ )n K∉  < ε  for any  n ≥ 0.  It follows from the theorems of Ulam, Luzin,

and Egorov that there exists a compact set  K ⊂ K̃ ,  µ ( \ )X K  < 2 ε,   such that the following assertions are true: 

(a) the function  f0   is continuous on  K ; 

(b) the following uniform convergence holds on  K : 

fn   →→
K

  f0 ,    n  →  ∞
 
,      ϕn   →→

K
  ϕ0,    n  →  ∞.

We choose  δ > 0  and  n0 ∈ N   so that 

∀ ∈ < <x y K x y f x f yX Y, , ( , ) : ( ( ), ( ))ρ δ ρ ε0 0 ;
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∀ ∈ ∀ ≥ < <x K n n x x f x f xX n Y n0 0 0: ( ( ), ( )) , ( ( ), ( ))ρ ϕ ϕ δ ρ ε ;

∀ ≥ ≥ <n n X n0 0: ( ( , ) )µ ρ ϕ ϕ δ ε .

Then, for  n ≥ n0,  we have 

µ ρ ϕ ϕ ε( ( , ) )Y n nf fo o0 0 2≥   ≤  µ µ ϕ µ ρ ϕ ϕ δ( ) ( ) ( ( , ) )f K Kn X n∉ + ∉ + ≥0 0   

+    µ ϕ ϕ ρ ϕ ϕ δ ρ ϕ ϕ ε( ), , ( , ) , ( , )n X n Y n n nK K f f∈ ∈ < ≥0 0 0o o   

+    µ ϕ ϕ ρ ϕ ϕ δ ρ ϕ ϕ ε( ), , ( , ) , ( , )n X n Y nK K f f∈ ∈ < ≥0 0 0 0 0o o   

≤  5 ε ,

which proves Lemma 2. 
For the next step in the proof of Theorem 1, we need an analog of the theorem on inverse functions. 

We fix an orthonormal basis  {e n ,  n ≥ 1 } ⊂ j X∗ ∗   in  H  and denote  Hn ≡ 〈 e 1 , … , e n 〉 . 

Theorem 4.  Suppose that  Φ  satisfies the conditions of Theorem 1.  Then there exist countable families of

measurable sets  { }Vi
α   and functions  Ψi iV Hα α: →{ },  α = 1, 2, 3,  such that  Vi

α+1 = T Vi i
α α ,  α  = 1, 2,  Ti

α  =

id
Vi

α  + j iΨα   and, furthermore, the following assertions are true: 

(i) Ψi
3  are deterministic mappings with values in  Hni

,  i ≥ 1;

(ii) for every  i  ≥ 1,  there exists a deterministic element  D iΨ1   in  
  
�( )Hni

 ⊂   �2( )H   a n d

det ( )2
1/IH iD+ Ψ  ≠ 0; 

(iii) the mapping  Ti
2   satisfies the conditions of Theorem 2 on the set  Vi

2 ; 

(iv)
  

Vii
1U  = x D xHdet ( )( )2 0/I + ≠{ }Φ   and  Fi  ≡ F Vi

1  = T T Ti i i
3 2 1o o ; 

(v) the functions  ( )id jPH H in
+ Ψ2   are one-to-one functions on  Vi

2 ,  the sets  Vi
n3,  = ( )id jPH H in

+ Ψ2

satisfy the conditions  Vi
3,∞  ≡  lim inf

n→∞
 Vi

n3,  ⊃  Vi
3,  and  κ κi i Hx x( ) – ( )  →  0,  n  →  ∞ ,  x  ∈  Vi

3,

where 

( )– ( )id j xX i+ Ψ2 1   =  id j xX i+ κ ( ),    x Vi∈ 3,

and

( )– ( )id jP xX H in
+ Ψ2 1   =  id j xX i

n+ κ ( ),    x Vi
n∈ 3, .

Assertions (i) – (iv) were proved by Kusuoka in [4] (see also [16]).  In this case, the properties of the measure

(the Gaussian measure in the cited work) were not used.  We obtain the proof of assertion (v) for the families  Vi
α{ }

and  Ψi
α{ }  constructed in [4] by direct application of the principle of contracting mappings. 
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The proof of Theorem 2 consists of the local application (to the functions  Fi  = F Vi
1 )  of the arguments of The-

orem 1.  For any fixed  n ≥ 1  and  i ≥ 1,  the images of the measure  µ Vi
1   and  µ T Vi i

n3 3,   under the mappings  Fi
n  ≡

Ti
3

 ° ( )id jPX H in
+ Ψ2

 ° Ti
1  and  ( )–Fi

n 1,  respectively, are absolutely continuous with respect to the measure  µ ,

and the corresponding densities are equal to 

J F x
F i

n

i
n

µ ( ) ( )– –1 1( )[ ] ,    x ∈ T Vi i
n3 3, ,      and      J xFi

n
µ

( ),    x ∈ Vi .

To verify this assertion, it suffices to decompose the measure  µ  into a family of conditional measures concen-
trated on layers parallel to  Hn ni ∨   and use the finite-dimensional formula of the change of variables.  Passing to the

limit as  n → + ∞  and using assertion (v) of Theorem 4 and Lemma 2, we obtain 

 
µ µVi

F1
1o – << ,    

 
p x

d F

d
x J F xi

V
F i

i( ) ( ) ( ) ( )
–

– –
= = ( )[ ]

µ
µ

µ1
1

1 1o
,    x ∈ F Vi( )1 .

Taking into account that  µ Vii
1

U( )  = 1  and, hence,   µ o F–1 = µ Vii
F1

1
U o –   and assuming that    V Vi j

1 1I  = ∅,

i ≠ j  (which can be done without loss of generality), we get    µ o F–1 <<  µ  and 

p x
d F

d
x J F x

i x F V
F i

i

( ) ( ) ( )
–

:

–

( )

( )= = ( )
∈
∑µ

µ
µo 1

1

1

  =  

 
y V
f y x

F
ii

J y
∈

=

∑
1

U
( )

( )µ ,    x ∈ X .

The proof of Theorem 1 is completed by the following analog of the Sard theorem: 

Theorem 5.  Suppose that  Φ ∈ HC X H1( , , )µ .  Then 

µ∗ + ={ }( )( )F x D xHdet ( )( )2 0/I Φ   =  0.

Proof.  An approach to the proof of finite-dimensional analogs of the Sard theorem, which consists of using
the implicit-function theorem for the local reduction of the transformation  F  to a finite-dimensional transformation,
was proposed in [17].  In the present theorem, this approach can be realized in the following way: 

Let  n ≥ 1.  We set  Xn  = x P D xH H Hn
det – ( )( ( ) )2 0/ /I I+ ≠{ }Φ .  By virtue of Theorem 4, there exists a

family of sets  Vi
n{ }  such that 

  
µ µV X H Hi

n
n

id j Po +( ) <<( )–
–

/I Φ
1

,      V Xi
n

i
nU = .

Taking into account that the image of the mapping  
 
Φ Φo ( ( ) )– –id j PX H Hn

+ /I
1  takes values in  Hn ,  we

conclude that, on  Vi
n ,  the mapping  F  has the form  F Vi

n  =   F Fi n i n, ,
2 1o ,  where  F xi n, ( )1  = x  + j xnΨ ( ) ,  Ψn x( )

∈ Hn ,  x ∈ Vi ,  and  Fi n,
2   transforms the measure  µ  into an absolutely continuous measure.  Applying the finite-di-

mensional Sard theorem to  Fi n,
1   and carrying out the summation over  i ,  we obtain 

µ∗ ∈ + ={ }( ) =F x X Dn Hdet ( )2 0 0/I Φ .
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Taking into account that  XnnU  = X ,  we obtain the required statement. 
Theorem 5 is proved. 

3.  Several Applications.  Girsanov Theorem for Smooth Measures

We present several special cases of formula (5), which are of independent interest. 

We assume that an isomorphism identified the space  H  with  L2 0 1([ , ])   is fixed.  We set  Ht  = L t2 0([ , ]) ⊂  H

and define a flow of  σ-algebras    Ft tW X D H t= ∈ ∈( ) ∈{ }∞σ ϕ µ ϕ1 0 1( , ): , [ , ]almost everywhere . 
The following statement is true: 

Theorem 6 [18].  Suppose that a process  g tt , [ , ]∈{ }0 1   is adapted with the flow   Ft{ }   and  E
0

1
2∫ g dt
t

 < + ∞.

Then  g,  as a random element in  L2 0 1([ , ]) ,  is stochastically integrable with  p  = 2.  Furthermore, there
exists a sequence of nonanticipative step processes

gt
n   =  

k

N

k
n

t t tn
k

n
k

=
∈∑

1

1α /
I

[ ,– ]
,    t ∈ [ 0, 1 ] ,    n  ≥  1, (8)

such that  E g gn
L– ([ , ])2 0 1

2
 → 0,  n → ∞,  and 

I g2( )  =  L m t m t
n k

N

k
n

n
k

n
k

n

2
1

1– lim ) )–

→∞ =
∑ [ ]α ( (– ,

where  m t I tt( ) ( ), [ , ][ , ]= ∈{ }/
I 0 0 1 .  The process  m ( ⋅ )  is called the logarithmic process of the measure  µ . 

Remark 6.  The process  m  is not necessary adapted with the flow  { }Ft   [15]. 

Theorem 7.  Let  g  be a process adapted with    { }Ft   and let  g H,∞  ≡ ess sup  g H  < + ∞.

Then the distribution  µF   in  X  of a random element  F,

F ( x )  =  x  +  j g ( x ) ,      x ∈ X , (9)

is equivalent to the measure  µ .  Furthermore, 

p x( )  ≡  F d

d
x

F

µ
µ

( )  =  exp – ( )( ) – ( – ) ( ) ( ), ( )( )I g x B x jg g x g x dH

0

1

1∫ +








τ τ τ . (10)

Remark 7.  Assume that  X = C0 0 1([ , ]) ,  H  = L2 0 1([ , ]),  µ  = µW   is the Wiener measure, and  j :  h  ( ⋅ )   a

0

⋅
∫ h s ds( ) .  In this case, Theorem 7 establishes the absolute continuity of the distribution of the Itô process  {ξ t ,

 t ∈ [ 0 , 1 ] }  with the differential  d xtξ ( )  = g dtt  + dxt ,   t ∈  [ 0, 1 ]  ,  with respect to the Wiener measure.  The sto-

chastic integral of the nonanticipative process  g  with respect to a Wiener process coincides with the ordinary Itô
integral and the operator  B  is identically equal to  /IH .  Hence, in this case, formula (10) takes the form 

( )F( )F
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d

d
wµ

µξ
  =  




exp –

0

1

0

1
21

2∫ ∫



g dw g dtt t t

  =  exp –
0

1

0

1
21

2∫ ∫+








g d g dtt t t

ξ  ,

which coincides with the classical Girsanov formula.  Thus, Theorem 7 can be regarded as an analog of the Girsanov
formula for smooth measures. 

Proof of Theorem 7.  First, assume that the element  g  has the form (8) and every of random variables  αn
k   is

an  
  
F

tn
k –1 -measurable random variable from  WL∞

2 .  Then mapping (9) satisfies the conditions of Theorem 1.  Since 

Dg x t t t tn
k

n
k

n
j

n
j( ), [ , [ ,– –] ]

/ /
I I1 1⊗( )   =  0

for all  x ∈ X  and  k ≥ j,  we have  det ( )( )2
/IH Dg x+  = 1.  It is easy to verify that the mapping  F = idX  + j g  has

the inverse mapping  F–1 = idX  + j q ,  where the element  q  has the form (8).  Equality (10) now immediately
follows from formula (5). 

By analogy with the proof of assertion (iii) in Theorem 2, we obtain 

E exp ( )CI g   ≤  exp ,
C

g H

2
2

2
βµ ∞









,      C ∈ R . (11)

Passing to the limit and using the result of Lemma 2, we obtain the statement for an arbitrary process  g   that sat-
isfies the conditions of Theorem 7.  In this case, estimate (11) guarantees the uniform integrability of the family of
densities.  Theorem 7 is proved. 

Corollary.  Under the conditions of Theorem 7, for any  α < ( ),
–βµ g H ∞

1  we have 

E exp ( )
α
2

2I g   <  + ∞.

An analogous result is true for monotone mappings. 

A mapping  F = idX  + j Φ   is called monotone if  D Φ ( x ) ≥ 0,  x ∈ X . 
The following result is proved by analogy with Theorem 7: 

Theorem 8.  Let  F  = id jX + Φ   be a monotone mapping and let  Φ  ∈  WL X H∞
1 ( , , )µ .  Then  F  is injective

and the following assertions are true: 

(i) µF  <<  µ  and 

d

d
x J yF

F
F

µ
µ

µ( ) ( )
–= [ ] 1

,      F ( y )  =  x,    x ∈ X ;

(ii) E exp ( )CI g  ≤ exr C H
2 2/ ,βµ Φ ∞ ,  C < 0; 

(iii) for  α < βµ Φ H,
–

∞( ) 1,  we have 

ξ( ) –



u
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E exp ( )
α
2

0 2I Φ ∧( )   <  + ∞.

4.  Transformations Generated by Evolution Flow

We consider the absolute continuity of the original measure  µ  under the action of a flow generated by the in-
tegral equation 

u xt( )  =  x j b u x dss s+








∫

0

1

( ( )) ,      x ∈ X ,    t ∈ [ 0 , 1 ] . (12)

Note that Eq. (12) possesses a special property.  It is natural to require that a solution of Eq. (12) do not change if we

replace the random process  bt ,  t ∈  [ 0, 1 ],  by a stochastically equivalent process.  However, generally speaking,

this is not true if the measures  µ  o  ( )–us
1  and  µ  are singular.  Hence, the problem of absolute continuity of the

measures  µ   o  ( )–ut
1  with respect to  µ  and the problem of existence of a solution of (12) must be considered si-

multaneously. 

Definition 6.  A measurable random process  ut ,  t ∈  [ 0, 1 ],  is a solution of Eq. (12) if the following condi-
tions are satisfied: 

(a) there exists a set  X0 ⊂  X  of complete measure such that relation (12) is true for all  x ∈ X0 
,  t ∈

[ 0, 1 ]  ;

(b) the measures  µ   o  ( )–ut
1,  t ∈ [ 0, 1 ],  are absolutely continuous with respect to  µ .

The main result of the present section is the following theorem: 

Theorem 9.  Suppose that a measure  µ  satisfies condition B, a function  b = b xt ( )  :  [ 0, 1 ] ×  X  →  H   is

measurable with respect to the pair of variables,  bt  ∈  W X H∞
1( , , )µ   for almost all  t  ∈  [ 0, 1 ],  a n d

esssupt  bt W∞
1  < ∞. 

Then the following assertions are true:

(i) Eq. (12) has a solution; 

(ii) for any  t ∈ [ 0, 1 ],  the equation 

v xs t, ( ∫)   =  x j– (b v (x))d  ,      0 ≤ s ≤ t ,
s

t
 ,t




(13)

has a solution; furthermore, the function  vt  : = v t0,   is an almost-everywhere inverse mapping of  ut ,
i.e., 

v u xt t( ( ))  =  u v xt t( ( ))  =  x    for  µ-almost all  x     and     vs t,   = vs  ° t     µ-almost everywhere;

zz z
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(iii) the measures  µ ,  µ   o  ( )–ut
1,  and  µ    o  ( ),

–vs t
1,  0 ≤ s ≤ t ≤ 1,  are equivalent and the Radon–Nikodym

densities have the form 

  






d u

d
xtµ

µ
o ( )

( )
–1

  =  exp ( )( ( )),

0

t

s s tIb v x ds∫



  , (14)

d v x

d
xs tµ

µ
o ( ( ))

( ),
–1

  =  exp – ( )( ( ))
s

t

z zIb u x dz∫








  ; (15)

(iv) if, for almost all  t ∈  [ 0, 1 ],  the mapping  bt   belongs to the class  WL X H∞
1 ( , , )µ ,  then a solution of

Eq. (12) is unique to within stochastic equivalence. 

Remark 8.  For the first time, the problem of transformation of a measure by a flow generated by a differential
equation in an infinite-dimensional space was considered by Cruzeiro [19] for Gaussian measures.  A strong gener-
alization of this result in the case of an arbitrary differentiable measure was obtained by Bogachev and Mayer-Wolf

in [20].  It was proved that if  b :  X → H  is a measurable mapping,  µ  is a probability measure on a Banach space  X

differentiable along a Hilbert space  H ⊂→ X,  and 

(α) ∀ ∈ ∀ ∈ ∈c h H c L XhR : exp ( , ){ }ρ µ1 ,

(β) ∀ > ( ) ( ) ∈c c b c Db L XH0 1: exp , exp ( , )op µ ,  where  ⋅ op  is an operator norm, 

(γ) there exists a sequence of finite-dimensional orthogonal projectors  {p n ,  n ≥ 1 }  such that  P bn  ∈  D ( I ) ,

n ≥ 1,  and  ∀ ∈c R  :  supn  E exp ( ( ))cI P bn  < ∞  , 

then there exists a unique solution of the equation 

u xt ( )  =  x j b u x ds
t

s+








∫

0

( ( ))  .

Note that the conditions on the measure and the function  b  in Theorem 9 are much stronger than conditions (a)
and (b).  On the other hand, as a rule, it is difficult to verify condition (c). 

We prove the existence of a solution by analogy with Sec. 2 by using the approximation of a solution of the re-
quired equation by solutions of an equation of the form (12) with coefficients  P bn ,  where  Pn   is a finite-dimen-
sional projector.  For this purpose, we need the following statement on the properties of solutions of an ordinary dif-
ferential equation with Lipschitz coefficients: 

Lemma 3.  Suppose that a measurable function  b
n n

: [ , ]0 1 × →R R   satisfies the following conditions: 

(i) b  is bounded;

(ii) b  satisfies the Lipschitz condition with respect to  x,  i.e., 



. 



∇ zdxub z ))(,(

, ] t,  0 [ ∈ s,     



∇ zdxb z v , ))(,(

, ] , 1 0 [ ∈ t ∇ sdxub s ))(,(
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L  : =  sup
[ , ]t∈ 0 1

 sup
x y≠

 
b t x b t y

x y

( , ) – ( , )
–

  <  ∞  .

Then the following assertions are true: 

(a) the integral equations

u xt ( )  =  x b s u x ds
t

s+ ∫
0

( , ( )) ,      t ∈ [ 0 , 1 ] ,    x ∈ R 
n, (16)

v xs t, ( )   =  x b z v x ds
s

t

z t– ( , ( )),∫ ,      s ∈ [ 0 , 1 ] ,    x ∈ R 
n, (17)

have unique solutions; furthermore, the mappings  ut , vs t,  :   R R
n n→   are bijections and

v u xt t0, ( ( )) = u v xt t( ( )),0  = x  and  v xs t, ( )  = us   o  v xt ( )  for all  x ∈ R 
n

 ;

(b) for all  s, t, 0 ≤ s ≤ t ≤ 1,  the mappings  ut   and  vs t,   are differentiable  λn
-almost everywhere and the

relations 

∇u xt ( )  =  id b s u x u x dsn

t

s sR
+ ∇ ∇∫

0

( ), ( ) ( ) ,      t ∈ [ 0 , 1 ] , (18)

v xs t, ( )   =  id b v x v x dzn

s

t

z t z tz
R

– , ( ) ( )( ), ,∫ ∇ ∇ ,      s ∈ [ 0 , t ] , (19)

det ∇u xt( )  =  exp
0

t

s∫








 (20)

det ∇v xs t, ( )  =  exp –
s

t

z t∫



  (21)

hold on a certain set  X0 ⊂ R 
n  of complete Lebesgue measure; 

(c) the measures  λn
tuo ( )–1,  λn

s tvo ( ),
–1,  and  λn

  are equivalent and the following relations hold  λn
-

almost everywhere:

  

d u

d
x

n
t

n
λ

λ
o ( )

( )
–1

  =  det ( ),∇v xt0 , (22)

d v

d
x

n
s t

n
λ

λ
o ( )

( ),
–1

  =  exp
s

t

z∫



 (23)

t

t

t

r

r

r
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Proof of Lemma 3.  Assertion (a) of Lemma 3 is the standard statement from the theory of differential equa-

tions [21].  In the case where the function  b t( , )⋅   is continuously differentiable for any  t ∈  [ 0 , 1 ] ,  assertions (b)
and (c) are also well known. 

Assume that  ψr
n

: R R→   is an infinitely differentiable function,  ψr x( )  = 1  for  x  ≤ r,  and  ψr x( )  = 0
for  x  ≥ r + 1.  We set  b t xr ( , ) : = b t x( , )  ψr x( ) .  Let  ur t,   be a solution of the equation 

u xr t, ( )  =  x b s u x ds
t

r r s+ ∫
0

( , ( )), .

We fix  c > 0.  Note that if  x  ≤ c   and  r  is sufficiently large, then  u xr t, ( ) = u xt ( ),  t ∈ [ 0, 1 ] .  Hence, with-

out loss of generality, we can assume that the function  b  has a compact support, i.e., 

∃ > ∀ ∈ ∀ ∈r t x n
0 0 0 1[ , ] R ,      x r b t x≥ =0 0: ( , ) .

Note that, for any  t ∈ [ 0, 1 ]  and  x x n
1 2, ∈R ,  we get  x r1 0≤ ,  x r2 0≥ : u x rt ( )1 0≤ ,  and  u xt ( )2  = x2 .

Therefore, it suffices to verify that the restrictions of the functions  ut   and  vs t,   to the set  x r≤ +{ }0 1   possess

the properties indicated in Lemma 3, the measures  λn
x r≤ +{ }0 1 ,  λn

x r≤ +{ }0 1    o  ( )–ut
1  are equivalent, and the

Radon – Nikodym density is defined by relation (22). 

The function  ut   satisfies the Lipschitz condition.  Indeed, for any  x, y ∈ R 
n  and  t ∈ [ 0, 1 ] ,  we have 

u x u yt t( ) – ( )   ≤  x y b s u x b s u y ds
t

s s– ( , ( )) – ( , ( ))+ ∫
0

  ≤  x y–   +  L u x u y ds
t

s s

0
∫ ( ) – ( ) .

By virtue of the Gronwall – Bellman lemma, this yields 

sup
x y≠

 
u x u y

x y
t t( ) – ( )

–
  ≤  e Lt ,      t ∈ [ 0, 1 ] .

We consider a sequence of functions  b kk , ≥{ }1 : 

b t xk ( , )  =  
R

n

b t y x y dyk∫ ( , ) ( – )ϕ ,

where  ϕk
n

: R R→ ,  ϕk x( )  = k kxnϕ ( ),  ϕ  is a nonnegative finite infinitely differentiable function, and

ϕ ( )x dxn
R∫  = 1. 

For any  t ∈ [ 0, 1 ] ,  the functions  b tk( , )⋅   are continuously differentiable and 

sup ( , ) sup ( , )
, , ,k t x

k
t x

b t x b t x≤ < ∞ ,

sup ( , ) sup sup ( , )
, ,k t x

k
t x

b t x b t x∇ ≤ ∇ < ∞ess ,

sup ( , ) – ( , )
,t x

kb t x b t x → 0,    k → ∞ ,
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∀ ∈ ∇ → ∇t b t x b t xk

n

[ , ] : ( , ) ( , )0 1 λ ,    k → ∞ .

Remark 9.  The function  b t( , )⋅   satisfies the Lipschitz condition with respect to  x.  Hence, by virtue of the

Rademacher theorem [9], it is differentiable  λ  

n
-almost everywhere. 

We denote by  ut
k( )   and vs t

k
,

( )   solutions of Eqs. (16) and (17) with the function  b  replaced by  bk .  For any  t ∈
[ 0, 1 ],  the functions  ut

k( )   and  vs t
k
,

( )   are continuously differentiable and, for these functions, relations (a)–(c) are
true. 

It is easy to see that 

sup ( ) – ( )
,

( )

t x
t
k

tu x u x → 0 ,    k → ∞ ,

sup ( ) – ( )
, ,

,
( )

,
s t x

s t
k

s tv x v x → 0 ,    k → ∞ .

We also note that, for sufficiently large  k , 

v x u x rs t
k

t
k

,
( )( ) , ( ) ≤ +0 1      for    x r≤ +0 1,

u x v x xt
k

s t
k( )
,

( )( ) ( )= =       for    x r> +0 1.

The sequence of densities 

d u

d
v ds k

n
x r t

k

n
x r

t

s t
k

λ

λ
≤ +{ }

≤ +{ }

( )
= ∇









 ≥












∫0

0

1
1

1 0

1
o ( ) –

,
( )exp :tr

is uniformly integrable with respect to the Lebesgue measure.  Hence, by virtue of Theorem 3, we have the absolute

continuity  λn
x r≤ +{ }0 1    o  ( )–ut

1 <<  λn
x r≤ +{ }0 1   and, consequently,  λ  

n
   o  ( )–ut

1 <<  λ  

n
.  By analogy, one can verify

that  λ  

n
 o  ( ),

–vs t
1 <<  λ  

n
.  Hence, the measures  λ  

n
,  λ  

n
 o  ( )–ut

1,  and  λ 

n
 o  ( ),

–vs t
1  are equivalent. 

We verify equality (18).  Note that the functions  b t( , )⋅ ,  b t ut( , ( ))⋅ ,  and  ut ( )⋅   satisfy the Lipschitz condition.

Hence, by virtue of the Rademacher theorem, they are differentiable  λ 

n
 -almost everywhere.  It follows from the

equivalence of the measures  λ  

n
  and  λ 

n
   o  ( )–ut

1  that, for any  t ∈ [ 0, 1 ],  the relation 

∇( ( , ( )))b t u xt   =  ∇b t u xt( , ( ))  ∇u xt ( ) (24)

holds for  λ  

n
 -almost all  x . 

Hence, relation (24) is true on a certain set  X0 ⊂ R 
n  of complete Lebesgue measure for almost all  t ∈  [ 0, 1 ] .

The validity of (18) [and, by analogy, (19)] for all  x ∈ X0  follows from the theorem on the differentiation under the
sign of a Lebesgue integral.  The other assertions are proved by passing to the limit and using Lemma 2 and
Theorem 3. 

Lemma 3 is proved. 




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Lemma 4.  Let  µ ( )dx  = e dxV x– ( )   be a probability measure in   R 
n  and let   b  :  [ 0, 1 ]  × R 

n →  R  
n  be a

measurable mapping.  Assume that the following conditions are satisfied: 

(i) V  is continuously differentiable, the derivative  V ′  satisfies the Lipschitz condition, and the second de-

rivative  V ″  is essentially bounded: 

β  µ  : =  esssup ( )
x

V x′′   <  ∞  ,    where  ⋅   is the operator norm;

(ii) the function  b  is bounded by a constant  β 0 ; 

(iii) the function  b  satisfies the Lipschitz condition with respect to  x  and 

β  1  : =  
  
sup sup ( , )

t x

b t xess ∇ � 2
  <  ∞  ,

where  ⋅ � 2
  is the Hilbert – Schmidt norm. 

Denote by  ut   and  vs t,   solutions of Eqs. (16) and (17).  Then the following assertions are true: 

(a) the measures  µ ,  µ   o  ( )–ut
1,  and  µ   o  ( ),

–vs t
1   are equivalent and 

pt   : =  
d u

d
tµ

µ
o ( )–1

  =  ( ( , ))( ),

0

t

s tIb s v ds⋅





, (25)

p t–   : =  
  

d v

d
tµ

µ
o ( )–1

  =  exp ( ( , ))( )
0

t

sIb s u ds∫ ⋅





, (26)

where  I = 〈 ′ ⋅ 〉 ∇V , – tr   is a generalized stochastic integral corresponding to the measure  µ  (3);

(b) there exists a constant  C = C( , , )β β βµ0 1  < + ∞  that depends only on  β0 ,  β1,  and   βµ   (but does

not depend on the dimension of  R 
n )  and is such that 

  

sup ln
[ , ]t

t t
n

p p d
∈

∫
0 1 �

µ   ≤  C. (27)

Proof.  To prove relations (25) and (26), it suffices to note that 

d u

d
xtµ

µ
o ( )

( )
–1

  =  
 

d u

d
e

n
t

n
V v x V xt

λ
λ

o ( )–
( ( ))– ( )

1

,

use formula (22) for    d u dn
t

nλ λo ( )–1 ,  and use the Newton – Leibnitz formula for  ( ( ( )) – ( ))V v x V xt  . 
By using Lemma 2 and the Taylor formula with the remainder in the Lagrange form, approximating the func-

tion  V  by twice continuously differentiable functions, and approximating the mapping  ut   by the sequence  ut
k( ){ },

we obtain from Lemma 3 the following equality for  µ-almost all  x: 

–



∫ ∫∇ ∇

[

s
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V v x V xt( ( )) – ( )  =  〈 ′ 〉V x v x x( ), ( ) –   +
0

t

s

t

z t z t s tV v x b z v x b s v x dzds∫ ∫ 〈 ′′ 〉( ( )) ( , ( )), ( , ( )), , , .

We also note that 

d u

d

n
t

n
λ

λ
o ( )–1

  =  exp – ( ( , )) – ( , ) ( , ), , , ,

0

t

s t

s

t

s t z t z tb s v b s v b z v v dz ds∇ ∇























tr .

Hence, 

pt   =  exp – ( ( , )) ( , ), , ,




∇ ∇ ∇[ ]∫ ∫
0

t

s

t

s t z t z tb s v b z v v dzdstr   

+  I v x x V v b z v b s v dzdst

t

s

t

z t z t s t( ( ) – ) – ( ) ( , ), ( , ), , ,

0
∫ ∫ 〈 ′′ 〉 




.

Similarly, 

p t–   =  exp – ( , )




∇ ∇(s, u ) ∇ ]∫ ∫
0 0

t s

s z zb z u u dzdstr   +  I u x x V u b z u b s u dzdst

t s

z z s( ( ) – ) – ( ) ( , ), ( , )
0 0
∫ ∫ 〈 ′′ 〉 




.

By using the change of variables  x = v yt ( ),  we obtain 

� �n n

p y p y dy p x dxt t t∫ ∫=( ) ln ( ) ( ) ln ( ) ( )–µ µ   

≤  

  �
n

t s

s z zb s u b z u u dzdsd∫ ∫ ∫ ∇ ∇[ ]∇
0 0

tr ( , ) ( , ) µ   

+  

 �
n

I u x x dx b z u b s u dzdst

t s

z s∫ ∫ ∫+( ( ) – ) ( ) ( , ) ( , )µ βµ
0 0

. (28)

For any  t, x ,  we have  u x xt ( ) –   ≤   β0 t .  Applying the Gronwall – Bellman lemma to Eq. (18), we obtain the in-
equality 

  
∇( ( ) – )u x xt �2

  ≤  e tβ β1
1,      t ∈ [ 0 , 1 ] ,    x ∈ R 

n.

Lemma 5 ([22], Chap. 1, Sec. 3).  Suppose that a measure  µ  on  X  satisfies condition B and a function  f :

X → H  belongs to the Sobolev space  W X H2
1( , , )µ .  Then  f  belongs to the domain of definition of the operator

I = I2  and 

E( )I f 2   ≤  
 
E EDf f H�2

2
1

2+ β .

0

t

∫ d

b

s



( )
s
n

b (∫ ( )( )

m t
˜
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Applying the indicated estimates and Lemma 5 to the second term in (28), we obtain 

∫ p p dt tln µ   ≤  
0 0

1
2

0
2 2 2

0
21 1

2
1 1

t s
z te dzds t e∫ ∫ + + + +β β β β ββ

µ
β

µ( ) .

Lemma 3 is proved. 

Proof of Theorem 9.  Assume that  {e n :  n ≥ 1 }  is an orthonormal basis of the space  H,  Hn  = 〈 e 1 , … , e n 〉 ,

and  Pn :  H → Hn  is an orthoprojector onto  Hn .  We decompose  X  into the direct sum  X = Yn  ⊕  j Hn( ) ,  where

Yn  ⊂  X  is a certain closed space.  We identify this decomposition and the product  Yn  ×  R  
n  so that the vectors

j e( )1 , … , j en( )  transform into the natural basis of  R 
n.  We denote the point that is the image of  x ∈ X  under this

identification by  ( , )y xn n  ∈ Yn  × R 
n

 . 

Assume that  πn  = πn ndy( )  is the projection of the measure  µ  onto  Yn   and  { }( )( ) :µy
n

n n nn
dx y Y∈   is a family

of conditional measures with respect to the bundle  X = Yn  × R 
n  on a plane of the form  { yn }  × R 

n = R 
n.  As noted

in Sec. 2, for  πn-almost all  yn  these conditional measures are differentiable and satisfy condition B (on  R 
n ). 

It follows from the conditions of Theorem 9 (see Remark 2 in Sec. 1) that there exists a function  b  :  [ 0, 1 ]  ×˜

X → H  such that  ˜ ( )b xt  = b xt ( )   for almost all  ( t , x )  and 

∀ ≥ ∈ ∈ +m h H t b x j h b xt H
1 0 1, , [ , ] : ˜ ( ( )) – ( )   ≤  β1 h H , (29)

where  β1 2
: sup ( , )= ess ,t x Db t x � . 

We prove Theorem 9 under the assumption that the function  b  satisfies relation (29). 
Consider the auxiliary sequence of equations 

u xt
n( )( )  =  x j u x ds

t

s
n

s
n+







0

( )
 ,      x ∈ X ,    t ∈ [ 0 , 1 ] , (30)

where  b  = P bn .

We note that, for any  x = ( , )y xn n ,  the function  ut
n( )   does not change the coordinate  yn ,  i.e.,  u y xt

n
n n

( )( , )  =

y u y xn t
n

n n, ˜ ( , )( )( ),  where  ˜( )ut
n   is a solution of the following integral equation in  R 

n
 : 

˜ ( , )( )u y xt
n

n n   =  x b y u y x dsn

t

s
n

n s
n

n n+ ∫
0

( ) ( )( ), ˜ ( , ) .

Lemma 3 implies that, for  πn-almost all points  y Yn n∈ ,  the measures  µy
n
n

( )  and  µy
n
n

( )
   o  ˜ ( , )( ) –u yt

n
n ⋅( ) 1  are equiv-

alent.  Hence [2],  µ ∼  µ o ( )( ) –ut
n 1  and, for  µ-almost all  ( , )y xn n ,  the following equality is true: 

 

d u

d
y xt

n

n n
µ

µ
o ( )( ) –

( , )
1

  =  
d u y

d
x

y
n

t
n

n

y
n n

n

n

µ

µ

( ) ( ) –

( )

( )( , )
( )

o ⋅ 1

. (31)

Furthermore, it follows from (27) that

)

( )
s
n
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sup ln
,

( ) ( )

n t
t
n

t
np p d∫ µ   <  ∞,

where  pt
n( ) =   d u dt

nµ µo ( )( ) –1   and, hence, the sequence  pt
n( ){ }  is uniformly integrable. 

We estimate the deviation 

E sup –( ) ( )

s t
s
n

s
m

H
u u

≤
  ≤  E

0

t

s
n

s
n

s
m

s
m

H
b u b u ds∫ ( ) ( ) ( ) ( )( ) ( )–   

≤  E
0

t

n s s
n

n s s
m

H n m s s
m

H
P b u P b u P P b u ds∫ + ( )( )( ) ( ) ( )( ) ( ) ( )– –   

≤  β1

0

E
t

s
n

s
m

H
u u ds∫ ( ) ( )–  + 

0

t

X

n m s H s
mP P b p x dx dsx∫ ∫ ( )– ( ) ( )( ) ( ) µ . (32)

Here, to estimate the first term in the last inequality, we have used inequality (29).  Note that, by virtue of the uni-

form integrability of  ps
m( ){ }   and the Lebesgue theorem on dominated convergence, the second term on the right-

hand side of (32) converges to zero as  n, m → ∞  . 

It follows from the Gronwall – Bellman lemma that the sequence  { u n( )
 :  n ≥ 1 }  is fundamental and there exists

a random function  ut ,  t ∈ [ 0, 1 ] ,  with continuous trajectories such that 

lim sup –( )

n t
t
n

t H
u u

→∞
E   =  0.

Theorem 3 yields the absolute continuity   µ o ( )–ut
1 <<  µ    and Lemma 2 implies that equality (12) holds for

almost all  ( t , x ) .  By virtue of the continuity of the left-hand and right-hand sides of (12) in  t,  equality (12) is true

for all  t ∈ [ 0, 1 ]  on a certain set  X0 ⊂ X  of  µ-complete measure. 

The existence of a solution of (13) can be proved by analogy.  The equality  v u xt t( ( )) = u v xt t( ( )) = x  for  µ-al-

most all  x  is obtained from Lemma 2 and, hence,   µ o ( )–ut
1 ∼ µ . 

We verify formula (14). 

By virtue of Lemma 4 and relation (31), for  µ-almost all  x = ( , )y xn n  ∈ X  we have 

p y xt
n

n n
( )( , )   =  exp ( )( )( )( )

,
( )

0

t
y

s
n

s t
nI b v x dsn












,

where  I yn  :  L n n
y
n
n2( ), , ( )

R R µ  → L n
y
n
n2( ), ( )

R µ   is a generalized stochastic integral. 

Note that [see (3)], for any function  f ∈ W X h∞
1 ( , , )µ ,  we have 

( )( , )If y xn n   =  ( )( , )I f y xy
n n

n      for  µ-almost all  x  =  ( , )y xn n  ∈ X .

Hence, 
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p xt
n( )( )   =  exp ( )( )( )( )

,
( )

0

t

s
n

s t
nIb v x ds












.

It follows from Lemma 5 that, for any  s ∈ [ 0, 1 ] , 

lim ( ) – ( ) ( )( )

n
X

s
n

sIb x Ib x dx
→∞ ∫ ( )2

µ   =  0.

Applying Theorem 3 and Lemma 2, we obtain (14).  Formula (15) is proved by analogy.  Thus, Theorem 9 is

proved in the case where the function  b  satisfies (29).  Let us consider the general case.  Let  b̃   be a modification

of the mapping  b  that satisfies relation (29).  We denote by  ut ,  t ∈ [ 0, 1 ],   a solution of the equation 

u xt( )  =  x j b u x ds
t

s s+





∫
0

˜ ( ( )) ,      t ∈ [ 0, 1 ] .

Note that,in this case, by virtue of the equivalence of the measures  µ  and    µ o ( )–ut
1,  t ∈  [ 0, 1 ] ,  ut   satisfies

Eq. (12).  Equation (13) is considered by analogy. 

We now prove the uniqueness of a solution of (12) under the assumption  bt  ∈  WL X H∞
1 ( , , )µ   for almost all

t ∈ [ 0, 1 ] .  Assume that  ũt ,  t ∈ [ 0, 1 ],  is a solution of (12).  By analogy with (12), we get the following estimate: 

E sup ˜ – ( )

s t
s s

n
H

u u
≤

  ≤  β1

0

E
t

s s
n

H
u u ds∫ ˜ – ( )   +  

0

t

X

H n s H s
nid P b x p x dx ds∫ ∫ ( )– ( ) ( ) ( )( ) µ .

This implies the convergence 

lim sup ˜ –
[ , ]

( )

n t
t t

nu u
→∞ ∈

E
0 1

  =  0.

Hence, for  µ-almost all  x ,  we have  ˜ ( )u xt  = u xt( ),  t ∈ [ 0 , 1 ] .  Theorem 9 is proved. 

5.  Linear Equations with Generalized Stochastic Integrals

In this section, we consider linear equations with generalized stochastic integrals.  Since a generalized stochas-
tic integral is an analog of a first-order differential operator [see (3)], equations with the operator  I  can be regarded
as infinite-dimensional partial differential equations.  First, we consider the following simple equation: 

∂
∂

ξt x

t

( )
  =  – 〈 〉D x b xt t Hξ ( ), ( )   +  a x xt t( ) ( )ξ ,      t ∈ [ 0, 1 ] ,    x ∈ X ,

(33)
ξ0( )x   =  f ( x ) ,

where  b :  [ 0, 1 ]  × X → H ,  a :  [ 0, 1 ]  × X → R ,  and  f :  X → R  are measurable functions and  D   is the stochastic

derivative. 
Let us solve Eq. (33) by the method of characteristics proposed by Dorogovtsev in [23, 24] for the solution of

equations that contain stochastic derivatives or generalized stochastic integrals. 
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The equation for characteristics has the form (12) and, hence, 

ξt x( )   =  f v x a v x dst

t

s s t( ( )) exp ( ( )),

0
∫







 , (34)

where  ut   and  vs t,   are solutions of (12) and (14), respectively, and  vt  = v t0, . 

Note that if the function  b  satisfies the conditions of Theorem 9, then the process is well defined in (34).  By
using the approximation of the mappings  ut   and  vs t,   proposed in Theorem 9, we can establish the stochastic dif-

ferentiability of the mappings  ( ut  ( x ) – x)  and  ( vs t,  ( x ) – x) .  By analogy with the well-known finite-dimensional
argument [25], we obtain the following theorem: 

Theorem 10.  Suppose that a measure  µ  and a function  b  satisfy the conditions of Theorem 9,  a ∈
L ∞( [ 0, 1] × X, dt × dµ),  f ∈ HC 

1,  at ∈ HC 
1  for any  t ∈ [ 0 , 1 ] ,  and  supt t Wa

∞
1  < ∞  .

Then the random process  ξ t  defined in (34) satisfies relation (33) for all  t ∈ [ 0, 1 ]  µ-almost everywhere. 

We describe more exactly equations with the operator  I  considered in what follows. 

We set  H = L2 0 1([ , ]).  Let  a = at  ( x )  and  b = bt  ( x )  be measurable mappings from  [ 0, 1 ] ×  X  into  R   and

let  ξ0   be a random variable. 
We consider the equation 

ξt   =  ξ ξ ξ0

0

0+ + ⋅( )∫
t

s s ta ds I b/I[ , ]( ) . . ,    t ∈ [ 0, 1 ] . (35)

Remark 10.  If  µ  is the distribution of a Wiener process  ω ( t ),  t ∈  [ 0, 1 ] ,  in the space  X = C0 0 1([ , ])   of

continuous functions originating at zero and  H = L2 0 1([ , ])  is imbedded into  X  by the operator  j : h a  h s ds( )
⋅

∫0
,

then Eq. (35) takes the form 

ξt   =  ξ ξ ξ0

0 0

+ +∫ ∫
t

s s

t

s s sa ds b dw , (36)

where the integral with respect to the Wiener process is a generalized Skorokhod integral. 

Formally, we have the equality 

I f  =  – 〈 ρ , f 〉  –  tr D f .

However, generally speaking, for a function  f  from  W X Hp
1 , , µ( ) ,  the trace of the operator  tr D f  is not de-

fined and an  H-valued random element  ρ  such that  ρ, h H  = ρh,  µ-almost everywhere also does not exist. 
Let us apply the method of characteristics to the solution of (35) (first, we do this without mathematical justifi-

cation). 
The equation for the characteristic takes the form 

u xt( )  =  x j b u xt+ ⋅( )/I[ , ]( ) .( .( ))0 , (37)
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where  t ∈ [ 0, 1 ]  and  x ∈ X ,  and a solution of (35) has the form

ξt x( )   =  ξ0

0

( ( )) exp ( ( )),v x a v x dst

t

s s t∫






exp – ( ( )) ( ( )) ( ( )) ( ), , ,

0 1

t

k
e s s t s s t e s t kD b v x b v x v x e s ds

k k∫ ∑
=

∞
+[ ]





ρ  , (38)

where  vt :  X → X  is the mapping inverse to  ut  
,  vs, t = s o u t 

,  and  e kk : ≥{ }1   is an orthonormal basis in  H =

L2 0 1( )[ , ] .

The third factor in the expression is similar to the Radon – Nikodym density  Lt  : =  

  

d v

d
tµ

µ
o ( )–1

  [cf. (14)], and

formula (38) takes the form 

ξt   =  ξ0

0

( ) exp ( ),v a v ds Lt

t

s s t t∫






. (39)

Note that, in fact, the heuristic formula (39) determines a solution of Eq. (35) in the case of Eq. (36) with a gener-
alized stochastic Skorokhod integral with respect to a Wiener process [26]. 

Further, we prove an analogous fact for smooth measures that satisfy condition B.  For this purpose, we present
conditions for the existence and uniqueness of a solution of (37), establish the invertibility of  ut   and the absolute

continuity  µ o vs t,( )−1 <<  µ,  and prove that a random process defined by (39) is a solution of (35). 

Theorem 11.  Suppose that a measure  µ  satisfies condition B  and a measurable function  b = bt ( x ) :
 [ 0, 1 ]  × X → R   satisfies the following conditions: 

(i) for almost all  t ∈ [ 0, 1 ],  the function  bt :  X → R  belongs to  WL∞
1 ;

(ii) esssup , ,t tb∈[ ] ∞0 1 1 < ∞  .

Then the following assertions are true: 

(a) there exist measurable functions  u = ut ( x ) :  [ 0, 1 ]  × X → R  and  v = vs, t  ( x ) :  s t x s t, ,( ) ≤ ≤ ≤{ | 0 1,

x X∈ }  → R  and a set  X0 ⊂ X  of complete measure such that relation (37) and the equality 

v xs t, ( )   =  x j b v xs t t– ( ) .( ( ))[ , ] ,
/I ⋅( )⋅ ,      s ∈ [ 0 , t ] , (40)

are true for all  x, s, t :  x ∈ X0, 0 ≤ s ≤ t ≤ 1;

(b) for all  s, t, 0 ≤ s ≤ t ≤ 1,  the measures  µ,  µ o ut( )−1,  and  µ o vs t,( )−1  are equivalent;

(c) the mapping  vt := v t0,   is inverse almost everywhere to  ut : v u xt t ( )( )  = u v xt t( )( ) = x  for  µ-almost

all  x;  vs t,  = us o vt   µ-almost everywhere;

(d) solutions of Eqs. (37) and (40) are unique to within stochastic equivalence.
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Remark 11.  Equations of the form (37), (40) are sometimes called equations with singular drift.  In the Gaus-
sian case, they were investigated in [26 – 28], where results similar to Theorem 11 were obtained.  The method of
conditional mathematical expectation, which was efficiently applied to Gaussian measures in the works cited above,
cannot be directly used in the case under consideration. 

Proof of Theorem 11.  Without loss of generality, we can assume that 

∃ > ∀ ∈ ∈ ∈c t x X h H0 0 1[ , ], , :    b x j h b xt t( ( )) – ( )+   ≤  c h H , (41)

∃ > ∀ ∈ ∈β0 0 0 1t x X[ , ], :    sup ( , )
,t x

b t x   ≤  β0 . (42)

In this case, for any  x ∈ X,  Eqs. (37) and (40) have unique solutions, which can be obtained by the method of
successive approximations.  We verify this for Eq. (37). 

We define a sequence  u u x nn n t= ( ) ≥{ }, : 0   in the following way: 

u xt0, ( )  : =  x ,      t ∈ [ 0, 1 ] ,    x ∈ X ;

u xn t+1, ( )   : =  x j b u xt n+ ⋅( )⋅
/I[ , ] ,( ) .( ( ))0  ,    n  ≥  0 .

Then 

u x u xn t n t H+1
2

, ,( ) – ( )   =  
0

1
2

t

s n s s n sb u x b u x ds∫ ( )( ( )) – ( ( )), – ,   ≤  c u x u x ds
t

n s n s H
0

1
2∫ , – ,( ) – ( ) .

Using the inequality obtained and the argument standard for the method of successive approximations, we establish
the existence of the required solution.  The uniqueness is established in the standard way. 

Let  e nn : ≥{ }1   be an orthonormal basis in  L2 0 1([ , ])  that consists of Haar functions [29] and let  Pn   be the
orthoprojector onto  Hn  : = e en1, ,… .  We consider the auxiliary sequences of equations 

u xt
n( )( )   =  x j P xn t+ ⋅( )[ ]/I[ , ]( ) b.(u. (0 ,      t ∈ [ 0, 1 ] , (43)

v xs t
n
,

( )( )  =  x j P b v xn s t t– ( ) ( )[ , ] ,
/I ⋅( )[ ]⋅ ⋅ ,      s ∈ [ 0, t ] . (44)

By analogy with Sec. 4, we decompose the space  X  into the sum  X = Y j Hn n⊕ ( ) = Y Rn
n× .  Then Eqs. (43) and

(44) take the form 

u xt
n( )( )   =  y x b u x e s dsn n

t

s s
n n, ( )) ( )( ( ) ( )+





∫

0

 , (45)

v xs t
n
,

( )( )  =  y x b v x e z dzn n

s

t

z z t
n n, – ( ) ( )( ),

( ) ( )∫






 , (46)

where  x = ( , )y xn n  ∈ X ,  e n( ) = ( e 1 , … , e n ) ∈ L n
2 0 1, ,[ ]( )R .

n( )

n( )
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By analogy with the proof of Theorem 9, we establish that the measures  µ,  
  
µ o ut

n( ) −( ) 1
,  and  

 
µ o vs t

n
,

( ) −( ) 1
  are

equivalent,  v u xt
n

t
n( ) ( )( )( ) = u v xt

n
t
n( ) ( )( )( ) = x  for  µ-almost all  x,  and  vs o ut = vs, t  µ-almost everywhere.  We prove

the uniform integrability of the family of densities 

d u

d
n tt

nµ
µ

o ( )( ) –

: , [ , ]
1

1 0 1≥ ∈







.

For this purpose, it suffices to verify that 

sup ( ) –
, ,

( )

t n x
t
n

H
u x x   <  ∞  , (47)

sup
,n t

 esssup
x

 ∇ ( )
⊗� � �

n n nu x xt
n( )( ) –   <  ∞.

Relation (47) follows from the estimate 

u x xt
n

H
( )( ) –

2
  ≤  

0

2
t

s
nb xs u∫ ( , )( )( )   ≤  β0

2 t ,

where  β0   is the constant from (42). 

By using Lemma 3, we establish that  ut
n( )   satisfies the Lipschitz condition along the space  R  

n  and, for  µ-al-

most all  x ∈ X,  the following relations are true: 

∇
�n u xt

n( )( )  =  
 

0
0

, ( ) , ( )( ) ( )( )id e s b s u x dsn n

t
n

s
n

� �
+ ∇





∫   =  P b u x u xn t

n n
n n

/I[ , ]
( ) ( )( ) , ( ) ( )( )0 ⋅ ∇ ⋅ ∇( )⋅ ⋅� �

.

Hence, for almost all  ( t, x ) ∈ [ 0, 1 ]  × X,  we have 

∇ ( )
⊗R R R

n n nu x xt
n( )( ) –   ≤  2 21

2

0

1
2β β

t

s
n

n n nu x x ds t∫ ∇ ( ) +
⊗R R R

( )( ) – ,

where  β1 = esssup
,t x

 Db xt H( ) .  Therefore, 

sup
,n t

 esssup
x

 ∇ ( )
⊗R R R

n n nu x xt
n( )( ) –

2
  ≤  2 1

2 2 1
2

β βe

and the uniform integrability of the densities 

  

d u

d
n tt

nµ
µ

o ( )( ) –

: , [ , ]
1

1 0 1≥ ∈








is proved. 
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To prove the absolute continuity    µ o ut( )−1 <<  µ,  it suffices to show (Theorem 3) that, for any  t  and  x,  we

have  u xt
n( )( ) → ut  ( x ),  n → ∞. 

Indeed, 

u x u xt t
n

L
( ) – ( )( )

([ , ])2 0 1

2
  =  / /I I[ , ] [ , ]

( )
([ , ])

( ) ( , .( )) – ( ) ( , ( ))0 0 0 1

2

2
t n t

n
L

b u x P b u x⋅ ⋅ ⋅ ⋅( )⋅   

≤  2 0 0 1

2

2
id P b u xH n t L

– ( ) , ( )[ , ] ([ , ])
( )( ) ⋅ ⋅( )⋅

/I  

+  2 0 0 1

2

2
P b u x b u xn t

n
L

/
I[ , ]

( )
([ , ])

( ) ( , .( )) – ( , ( ))⋅ ⋅ ⋅( )[ ]⋅   

≤  ox ( )1   +  2 1
2

0
0 1

2

2
β

t

s s
n

L
u x u x ds∫ ( ) – ( )( )

([ , ])
,

where, for any  x ∈ X,  we have  ox 1( )  → 0,  n → ∞. 
Combining this and the Gronwall – Bellman lemma, we obtain the required convergence. 

Similarly, for any  s  and  t,  s ≤ t ,  we have   µ o vs t,( )−1 <<  µ,  and the existence is proved.  The uniqueness is
proved by analogy with the proof of Theorem 9. 

Theorem 11 is proved. 

For simplicity, we present the subsequent argument for the special case where  X = C0 0 1,[ ]( ),  H  = L2 0 1,[ ]( ) ,

and  j ( h ) = h s ds( )
⋅

∫0
. 

Definition 7.  A random process  ξ t ,  t ∈  [ 0, 1 ] ,  is called an  L1-solution of (35) if the following conditions

are satisfied: 

(i) ξt  ∈ L X1( , )µ ,  t ∈ [ 0, 1 ] ;  a b. ., . .ξ ξ  ∈ L X dt d1 0 1([ , ] , )× × µ ; 

(ii) for any  f  from the class 

  FCb
∞   =  

  
ϕ ϕ(〈 ⋅〉 〈 ⋅〉 ) ∈ ∈ ∈{ }∗ ∗ ∗ ∗ ∞x x n x X Cn i b

n
1, , , , : , , ( )K N R ,

the equality 

E f b dst

t

s sξ ξ ξ– –0

0
∫







  =  E

0

t

s s sb D f ds∫ ξ (48)

is true.

Note that the right-hand side of (48) is well defined because  D f ∈ L ∞ ( [ 0, 1 ] × X , dt × d µ ).  If the random func-

tion  f sbξ( ) = bs sξ ,  s ∈ [ 0, 1 ] ,  is such that 
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E
0

1
2

2

∫






( )

/

b dss s

p

ξ   <  ∞

for certain  p ≥ 1,  then the right-hand side of (48) can be written as  E( )f Dfb Hξ,   and condition (ii) of Definition 7

is equivalent to the following:  fb tξ
/
I[ , ]0  ∈   D ( )Ip   for any  t ∈  [ 0, 1 ] ,  and equality (35) holds for any  t  µ-almost

everywhere. 
Thus, Definition 7 is consistent with the definition of generalized stochastic integrals. 

Theorem 12.  Suppose that a measure  µ  and a random function  b t  ,  t ∈  [ 0, 1 ] ,  satisfy the conditions of

Theorem 11 and   a ∈ L X dt d∞ × ×([ , ] , )0 1 µ ,  ξ 0 ∈  L ∞ ( X , µ ) .  Then the random function  ξ t   defined by relation

(39) is an  L1-solution of Eq. (35).  Here,  vs t,   is a solution of (40),  vt  = v t0, ,  and  Lt =   d v dtµ µo ( )– /1 .

Proof.  Assume that  f ∈ F Cb
∞   and  ξ  t   is defined by relation (39).  Recall that  vs t,  = us  ° vt   almost every-

where (see Theorem 11).  Then, by using the change of variables  y = v xt ( ),  we obtain 

E f a dst

t

s sξ ξ ξ– –0

0
∫







  =  E


























∫ ∫ ∫f u a u ds f a u f u a u dz dst

t

s s

t

s s s

s

z z( ) exp ( ) – – ( ) ( )exp ( )ξ ξ ξ0

0

0 0

0 0

. (49)

By virtue of (37), for  f ∈ F Cb
∞   and all  x ∈ X  the following equality is true: 

f u xt( ( ))  =  f x D f u x b u x ds
t

s s s s( ) [ ] ( ) ( )( ) ( )+ ∫
0

,      t ∈ [ 0, 1 ] . (50)

By using (50), we integrate the third term in (49) by parts.  As a result, we get 

E f a dst

t

s sξ ξ ξ– –0

0
∫







  =  E




































∫ ∫

=

=

f u a u ds f f u a u dzt

t

s s s

s

z z

s

s t

( ) exp ( ) – – ( )exp ( )ξ ξ ξ0

0

0 0

0 0

 

+ ξ0

0 0

t

s s s s

s

z zD f u b u a u dz ds∫ ∫


















[ ]( ) ( )exp ( )   

=  E
0

0

0

t

s s s s

s

z zD f u b u a u dz ds∫ ∫











ξ [ ]( ) ( )exp ( )   

=  E
0

0

0

t

s

s

z z s s s sv a v dz L b D f ds∫ ∫











ξ ( )exp ( ), ,

whence we conclude that the random process  ξ t ,  t ∈  [ 0, 1 ] ,  defined by formula (39) is an  L 1 -solution of (35).

Theorem 12 is proved. 
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