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Abstract — We study the propagation of absolute continuity of Gaussian measure in infinite-

dimensional space by a flow generated by stochastic equation.

INTRODUCTION

Let (X,µ, H) be an abstract Wiener space, W (t), t ≥ 0 be a cylindric Wiener process
in a Hilbert space E [Kuo].

Consider a stochastic flow ϕst generated by the following stochastic equation:
{

dϕst(x) = a(ϕst(x))dt + σ(ϕst(x))dW (t), t ≥ s

ϕss(x), x ∈ X,
(0.1)

where a : X → H, σ : X → L2(E, H).
If ω, s, t are fixed, then a function ϕst(·, ω) generates a transformation from X to X.
We consider a question on absolute continuity of the image-measure µ ◦ ϕ−1

st with
respect to measure µ.

Note that the case when σ ≡ 0, i.e. the equation (0.1) is non-random differential
equation, is well studied [2,3,4]. Some results on propagation of absolute continuity in
stochastic case (σ 6= 0) were obtained in [5] (additive noise), [6].

The mapping ϕst in papers above was such that ϕst(x)−x ∈ H. It worth to mention a
class of results on absolute continuity of the image-measure (deterministic case) where
ϕst(x) − x does not belong to Cameron–Martin space, but ϕst corresponds to some
random notation of Cameron–Martin space [4, 7, 8].

We will consider coefficients a, σ from the more general class than smooth H-valued
(or L2(E,H)-valued) functions, such that a solution of (1.1) could be, for example,
a semigroup of random linear operators that corresponds in some sense to a unitary
stochastic semigroup in H.

In Section 1 we consider a linear stochastic equation of the form
{

dUst = (Adt + BdWt)Ust, t ≥ s,

Uss = 1IH ,
(0.2)

where A ∈ L(H), B ∈ L(E,L(H)), 1IH is identity operator in H.
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Sufficient conditions which ensure that Ust is a stochastic unitary semigroup in H are
given. Note that there are a lot of difficulties concerned with stochastic integration of
operator-valued stochastic processes [9, 10], especially if we do not demand a Hilbert–
Schmidt structure.

In Section 2 we identify some measure-preserving transformation of X with unitary
operator Ust and study the existence and uniqueness of mild solution for the equation

{
dϕt(x) = (Adt + BdWt)ϕt(x) + a(ϕt(x))dt + b(ϕt(x))dWt,

ϕ0(x) = x,
(0.3)

where a : X → H, b : X → L2(E,H).
In Section 3 we give some sufficient conditions for the absolutely continuity of mea-

sures µ ◦ ϕ−1
t ¿ µ, where ϕt gives a solution to (0.3).

1. UNITARY STOCHASTIC SEMIGROUPS

Let H be a real separable Hilbert space. The following definitions on random operator
and stochastic semigroups are due Skorokhod A.V. [10]

Definition 1.1. Let A be a linear mapping from a space H to a space of H-valued
random elements L0(Ω,H). Then A is called a strong random operator if a mapping
x → Ax it is continuous in probability, that is

∀ε > 0 ∀x ∈ H : lim
xn→x

P (|Axn −Ax| > ε) = 0.

It should be noted, that not every strong random operator is bounded, i.e. an object
A = A(ω) does not exists for a.a. ω, in general.

Definition 1.2. [10] Ch.15.3 A family of (strong or bounded) random operators
{Ust, s ≤ t} in H is said to be a (strong or bounded) stochastic semigroup if the
following conditions hold:

1) for all t1 ≤ t2 ≤ t3 : Ut1t3 = Ut2t3Ut1t2 a.s., Ut1t1 = 1I;
2) for all t1 ≤ t2 ≤ t3 σ-algebras σ {Uαβ , t1 ≤ α ≤ β ≤ t2}

and {Uδγ , t2 ≤ δ ≤ γ ≤ t3} are independent.

Remark. See [10] for details concerning the definition of a composition of strong random
operators. But in the articles only bounded linear operators are studied, however some
general results that proved for strong linear operators are applied.

A stochastic semigroup Ust is unitary if for all s, t an operator Ust is unitary a.s. It
is said to be homogeneous if for all s ≤ t and δ > 0 the distribution of Ut1t2 coincides
with the distribution of Ut1+δ,t2+δ.

In some cases [10] an operator semigroup can be obtained as a solution of operator
stochastic differential equation. The main result of this section is the following theorem.

Theorem 1.1. Assume that continuous linear operators An ∈ L(H), n ≥ 0 are such
that:

1) for each n ≥ 0 we have An = −A∗n, where A∗n is the adjoint operator for An;
2) the series

∑∞
n=1 A2

n converges in a strong sense.
Let wn(t), n ≥ 1 be a sequence of independent one–dimensional Wiener processes.
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Then the operator stochastic equation

dUst = (A0 +
1
2

∑

n≥1

A2
n)Ustdt +

∑

n≥1

AnUstdwn(t), (1.1)

Uss = 1I.

has the unique strong solution and the collection of operators Ust, s ≤ t generates a
homogeneous unitary semigroup.

Moreover, conjugate operators Vst = U∗
st satisfy the following equation:

dVst = Vst(−A0 +
1
2

∑

n≥1

A2
n)dt−

∑

n≥1

VstAndwn(t), (1.2)

Vss = 1I.

Remark. Here by the solution of (1.1) we mean a process Ust such that for each x ∈ H
the processes

∫ t

s

(A0 +
1
2

∑

n≥1

A2
n)Uszxdz and

∫ t

s

AnUszxdwn(z)

are well-defined (as integrals of H-valued stochastic processes) and the following equality
holds:

Ustx =
∫ t

s

(A0 +
1
2

∑

n≥1

A2
n)Uszxdz +

∑

n≥1

∫ t

s

AnUszxdwn(z). (1.3)

Eq. (1.2) is understood in the same sense.

Remark. If {Ust} is a homogeneous stochastic unitary semigroup in finite-dimensional
space H = Rd then under very general assumptions the existence of Wiener processes
wn(t) and operators An = −A∗n, n ≥ 0, such that Ust satisfies (1.1), can be proved.

Proof of Theorem 1.1. The existence and uniqueness of strong operator processes
Ust, Vst, s ≤ t satisfying (1.1), (1.2) is proved in [10], §14. That is, for each x ∈ H
there exists H-valued random element Ustx such that a mapping x → Ustx is continu-
ous in probability, linear in x, all integrals in (1.3) are well-defined and (1.3) holds true
(analogously for Vstx).

To prove the Theorem it is sufficient to verify that:
a) Ust and Vst are bounded operators;
b) Ust is an isometry, i.e. for all x, y ∈ H :

〈Ustx,Usty〉 = 〈x, y〉 a.e.,

where 〈·, ·〉 is a scalar product in H;
c) UstVst = VstUst = 1I;
d) verify the third condition of the definition 1.1.

Remark. The item d) follows from a) and reasoning of [10], Ch. 5.
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Let us check a),b). Due to Ito’s formula

d〈Ustx,Usty〉

=
∫ t

s


〈(A0 +

1
2

∑

n≥1

A2
n)Uszx,Uszy〉+ 〈Uszx, (A0 +

1
2

∑

n≥1

A2
n)Uszy〉


 dz

+
∑

n≥1

∫ t

s

(〈Uszx,AnUszy〉+ 〈AnUszx,Uszy〉) dwn(z)

+
∫ t

s

∑

n≥1

〈AnUszx,AnUszu〉dz = 0,

because of condition 1) of the Theorem.
So, for all x, y ∈ H we have 〈Ustx, Usty〉 = 〈x, y〉 a.e. By Theorem 2 §1.2 of [10]

the operator Ust is a bounded random operator, ‖Ustx‖ = ‖x‖ a.e. for each x, so
‖Ust‖op = 1 a.e. Here ‖ · ‖op is an operator norm.

Let {ek, k ≥ 1} be an orthonormal basis of H, PN be orthoprojection on {e1, . . . , eN}.
Consider auxiliary equations

dUN
st =


PNA0PN +

1
2

∑

n≥1

(PNAnPN )2


 UN

st dt +
∑

n≥1

PNAnPNUN
st dwn(t), (1.4)

dV N
st = V N

st


−PNA0PN +

1
2

∑

n≥1

(PNAnPN )2


 dt−

∑

n≥1

V N
st PNAnPNdwn(t), (1.5)

UN
st = V N

st = 1I.

It is easy to check that operators {PNAnPN}n≥1 satisfy conditions 1), 2) of the Theo-
rem.

Note that for each x ∈ H:

UN
st x = PNUN

st PNx + (1I− PN )x, (1.7)

V N
st x = PNV N

st PNx + (1I− PN )x, (1.8)

and therefore, processes PNUN
st PN , PNV N

st PN are solutions of (1.4), (1.5) in finite-
dimensional space PNH. Thus, PNUstPN is unitary operator in PNH (as isometry in
finite-dimensional space), and hence V N

st = (UN
st )−1 in H.

The main step of the Theorem proof is the following Lemma.

Lemma 1.1. For all s ≤ t, x ∈ H the following convergence

UN
st x → Ustx, N →∞; (1.9)

V N
st x → Vstx, N →∞ (1.10)

holds in L2(Ω,F ,P; H).
The proof of the Lemma will be presented after the proof of the Theorem.
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Let us choose a subsequence {Nk} such that, for each basis vector en, n ≥ 1 the
following convergence holds:

UNk
st en → Usten, k →∞ a.e; (1.11)

V Nk
st en → Vsten, k →∞ a.e. (1.12)

The fact that ‖UNk
st ‖op = 1, ‖V Nk

st ‖op = 1 a.e. and (1.11), (1.12) imply the strong
operator convergence

UNk
st −→Ust, k →∞;

V Nk
st −→Vst, k →∞.

The limit of the product of strongly convergent sequences of operators is equal to the
product of limits. So,

1I = V Nk
st UNk

st −→VstUst, k →∞,

1I = UNk
st V Nk

st −→UstVst, k →∞,

which means that UstVst = VstUst = 1I. The Theorem is proved.

Proof of Lemma 1.1. Without loss of generality we can assume that s = 0. Put V N
t :=

V N
0t , UN

t := UN
0t . Let us verify (1.9):

E ‖(UN
t − Ut)x‖2

≤ tE
∫ t

0

‖
(

PNA0PN +
∑

n

(PNAnPN )2
)

(UN
z − Uz)x‖2dz

+ tE
∫ t

0

‖
(

PNA0PN −A0 +
∑

n

((PNAnPN )2 −A2
n)

)
Uzx‖2dz

+
∫ t

0

∑
n

E ‖(PNAnPN −An)Uzx‖2dz

+
∫ t

0

E
∑

n

‖PNAnPN (UN
z − Uz)x‖2dz.

(1.13)

Observe that

‖
∑

n

(PNAnPN )2‖op = sup
‖x‖=1

|〈
∑

n

(PNAnPN )2x, x〉|

= sup
‖x‖=1

∑
n

‖PNAnPNx‖2

≤ sup
‖y‖=1

∑
n

‖PNAny‖2

≤ sup
‖y‖=1

∑
n

‖Any‖2

= sup
‖y‖=1

∑
n

〈A2
ny, y〉 = ‖

∑
n

A2
n‖op,

(1.6)

because
∑

n A2
n and

∑
n(PNAnPN )2 are self-adjoint operators.
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Due to (1.6) the right hand side of (1.13) is not greater than the following expression:(
2t(‖A0‖op + ‖

∑
n

A2
n‖2op) + ‖

∑
n

A2
n‖op

) ∫ t

0

E ‖(UN
z − Uz)x‖2dz

+ t

∫ t

0

E ‖
(
(PNA0PN −A0) +

∑ (
(PNAnPN )2 −A2

n)
))

Uzx‖2dz.

(1.14)

The convergence in (1.9) will follow from (1.14) and Gronwall’s lemma, if we verify that

∀n ≥ 0 : PNAnPN
s−→ An, N →∞; (1.15)

∑
n

(PNAnPN )2 s−→
∑
m

A2
n, N →∞. (1.16)

The convergence in (1.15) is obvious. Let us check (1.16). Let x ∈ H be fixed. Then

‖
∑

n

(
(PNAnPN )2 −A2

n

)
x‖

≤ ‖PN

∑
n

(AnPN )(PNAn)(PNx− x)‖

+ ‖PN

∑
n

(
(AnPN )(PNAn)−A2

n

)
x‖+ ‖(PN − 1I)

∑
n

A2
nx‖.

The series
∑

n(AnPN )(PNAn) are strongly convergent, the sum is non-positive self-
adjoint operator, and (see (1.6))

sup
N
‖

∑
n

(AnPN )(PNAn)‖op ≤ ‖
∑

n

A2
n‖op.

Let us prove weak convergence∑
n

(AnPN )(PNAn) w−→
∑

n

A2
n, N →∞. (1.17)

Indeed, let x, y ∈ H. Choose m and N0 such that
∣∣∣

∞∑
n=m+1

〈A2
nx, y〉

∣∣∣ < ε,

∞∑
n=m+1

‖Anx‖2 = −
∞∑

n=m+1

〈A2
nx, x〉 < ε,

∞∑
n=m+1

‖Any‖2 < ε

and ∣∣∣
m∑

n=1

〈((AnPN )(PNAn)−A2
n

)
x, y〉

∣∣∣ < ε

for all N ≥ N0.
Then ∣∣∣

∑
n

〈
(∑

n

(AnPN )(PNAn)−A2
n

)
x, y〉

∣∣∣

≤ 2ε + |
∞∑

n=m+1

〈PNAnx, PNAny〉|

≤ 2ε +

√√√√
∞∑

n=m+1

‖PNAnx‖2
∞∑

n=m+1

‖PNAny‖2

≤ 2ε +

√√√√
∞∑

n=m+1

‖Anx‖2
∞∑

n=m+1

‖Any‖2 ≤ 3ε.
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So, (1.17) is proved. The application of the following lemma completes the proof of
convergence (1.16) and, therefore, (1.9).

Lemma 1.2. Let {Bn}n≥1 be a sequence of non-negative operators, which converges
weakly to zero-operator. Then the sequence {Bn}n≥1 converges strongly.

Proof. Observe that
√

Bn
s−→ 0, n →∞, because

∀x ∈ H : ‖
√

Bnx‖2 = 〈
√

Bnx,
√

Bnx〉 = 〈Bnx, x〉 → 0, n →∞.

Thus, Bn =
√

Bn

√
Bn also converges (to zero-operator) as a product of two strongly

convergent sequences.
Lemma 1.2 is proved.

Let us check (1.10):

E ‖Vtx− V N
t x‖2 ≤ 2t

∫ t

0

E ‖(Vs − V N
s )

∑
n

A2
nx‖2ds

+ 2t

∫ t

0

E ‖V N
s

∑
n

(
A2

n − (PNAnPN )2
)
x‖2ds

+
∑

n

∫ t

0

E ‖(Vs − V N
s )Anx‖2ds

+
∑

n

∫ t

0

E ‖V N
s (An − PNAnPN )x‖2ds.

Iterating similar estimates, taking into account that ‖V N
s ‖op = 1 a.e. and convergence

(1.15), (1.16), we obtain

E ‖Vtx− V N
t x‖2 ≤ εm,N

+
∑

n1...nm

∑

αnk
∈{0;1}

(2t ∨ 1)m

∫ t

0

∫ t1

0

· · ·
∫ tm−1

0

‖(Vtm − V N
tm

)

×
m∏

k=1

(
∑

l

A2
l )

αnk A
1−αnk
nk x‖2dtm . . . dt2dt1,

(1.18)

where εm,N → 0 as N → 0 for each fixed m.
The inequality (1.6) implies that right hand side of (1.18) is not greater than εm,N +

((2t∨1)tc)m

m! , where c > 0 is some constant. Letting m →∞ and then N →∞ we obtain
the proof of (1.10). Lemma 1.1 is proved.

2. STOCHASTIC EQUATIONS IN THE INFINITE-DIMENSIONAL SPACE

Let (X, µ,H) be an abstract Wiener space. Assume that the sequence of operators
{Ak, k ≥ 0} ⊂ L(H) satisfies the assumptions of §1; Ust, Vst are unitary stochastic
semigroups in H corresponding to the equations (1.1),(1.2).

Observe that every unitary operator U in H can be naturally extended to a linear
measurable (w.r.t. the measure µ) transformation of the space X, which preserves a
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measure µ. This can be done in the following way. Let {en}n≥1 be an orthonormal basis
of H, ên be a linear measurable functional corresponding to en. Then [11]Th.3.5.1. series

Ûx :=
∑

n

ên(x)Uen, x ∈ X (2.1)

are convergent for µ-almost all x ∈ X and its distribution is equal to µ.

Remark. If {fn}n≥1 is another orthonormal basis of H, then

∑
n

f̂n(x)Ufn =
∑

n

ên(x)Uen

for µ-a.a. x ∈ X, though the sets of convergence in general are different.

Remark. For each h ∈ H we have the equality Ûh = Uh a.s.
There are measurable in s, t, ω, x version of the processes Ûstx, V̂stx. Indeed, let

en ∈ H be fixed. Is it not difficult to verify that a process Ustx is continuous in
probability in (s, t), so there exists a measurable in (s, t, ω) modification of Usten. The
existence of measurable modification of Ûstx follows from (2.1) and [12]. The case of
V̂stx is similar.

We will say that Ûst, V̂st are mild solutions of the equations
{

dÛstx =
(
A0 + 1

2

∑∞
n=1 A2

n

)
V̂stxdt +

∑∞
n=1 AnÛstxdwn(t),

Ûssx = x,

{
dV̂stx = V̂st

(−A0 + 1
2

∑∞
n=1 A2

n

)
xdt−∑∞

n=1 VstAnxdwn(t),

V̂ssx = x.

Put Ût := Û0,t, V̂t := V̂0,t.
Assume that a : X → H, σn : X → H are measurable functions.

Definition 2.1. Stochastic process ϕt with values in X is called a mild solution of the
equation 




dϕt(x) =
((

A0 + 1
2

∑∞
n=1 A2

n

)
ϕt(x) + a(ϕt(x))

)
dt+

+
∑

n(Anϕt(x) + σn(ϕt(x)))dwn(t),
ϕ0(x) = x,

(2.2)

if ϕt(x) = Ûtψt(x), where ψt(x) satisfies the equation

ψt(x) = x +
∫ t

0

Vsa(Ûsψs(x))ds−
∑

n

∫ t

0

VsAnσn(Ûsψs(x))ds+

+
∑

n

∫ t

0

Vsσn(Ûsψs(x))dwn(s). (2.3)

Definition 2.2. Let E be a separable Hilbert space. A mapping f : X → H belongs
to a class HCk(E), k ∈ N if for each x ∈ X a mapping

H 3 h 7→ f(x + h) ∈ E
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is k-times continuously Frechet differentiable and for each j = 0, . . . , k a derivative
Djf(x) belongs to a space H⊗j ⊗ E.

The set of functions f ∈ HCk(E) with finite norm

‖f‖∞,k := sup
x∈X

k∑

j=0

‖Djf(x)‖H⊗j⊗E

is denoted by HCk
b (E).

Lemma 2.1. Assume that functions a, σn : X → H belong to a space HC1(H) and

‖a‖∞,1 +
∑

n

‖σn‖2∞,1 < ∞,

where ‖ · ‖∞ is a supremum norm.
Then for each x ∈ X there exists the unique solution of the equation (2.3).

Remark. If X = H = Rn is finite-dimensional space then under assumptions of Lemma
2.1 there exists the unique solution for (2.2) and ϕt(x) = Utψt(x), where ψt(x) is a
solution of (2.3).

Proof of Lemma 2.1. Set ψ̃t(x) = ψt(x) − x. The random element ψt(x) satisfies the
equation (2.3) if and only if H-valued random element ψ̃t(x) satisfies the following Ito
equation:

ψ̃t(x) =
∫ t

0

[
Vsa(Ûsx + Usψ̃s(x)) +

∑
n

AnUsσn(Ûsx + Usψ̃s(x))
]
ds

+
∑

n

∫ t

0

Vsσn(Ûsx + Usψ̃s(x))dwk(s).
(2.4)

In order to verify that coefficients of the equation (2.4) satisfy conditions of uniqueness
and existence it is sufficient to show that the function

f : H 3 h →
∑

n

VsAnσ(Ûsx + Ush) ∈ H

is well-defined and satisfies Lipschitz condition uniformly in (w, s, h).
The proof of this fact follows from the next Lemma and inequality:

∑
n

‖σn(Ûsx + Ush2)− σn(Ûsx + Ush1)‖2H

≤ ‖h2 − h1‖2H sup
y∈X

∑
n

‖Dσn(y)‖2HS ,

where ‖ · ‖HS is Hilbert-Schmidt norm, Dσn = D1σn.

Lemma 2.2. Suppose that {fn}n≥1 ⊂ H is such that
∑

n ‖fn‖2 < ∞.
Then the series

∑
n Anfn are weakly convergent and

‖
∑

n

Anfn‖2H ≤ ‖
∑

n

A2
n‖op

∑
n

‖fn‖2H ,
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where ‖ · ‖op is operator norm.

The proof of the convergence follows from the estimate:

∀x ∈ H :

(∑
n

〈Anfn, x〉
)2

=

(∑
n

〈fn, Anx〉
)2

≤
∑

n

‖fn‖2
∑

n

‖Anx‖2

= −
∑

n

‖fn‖2
∑

n

〈A2
nx, x〉.

Remark. A modification of the process ψt(x), t ∈ [0, T ], x ∈ X, which is measurable
in t, x, ω and is continuous in t (for all x, ω), can be chosen. Only this modification is
considered further.

Remark. It was mentioned at the beginning of the chapter that a process Ût(ω)x is
defined up to measure µ. If Ũt(ω)x is another version and ψt(x) is a solution of (2.3)
with Ũt instead of Ût then for µ-almost all x ∈ X and P -almost all ω ∈ Ω we have the
equality

ψt(x) = ψt(x), t ∈ [0, T ].

3. PROPAGATION OF ABSOLUTE CONTINUITY

Let ϕt(x) be a mild solution of (2.2). In this section we find conditions that guarantee
the absolute continuity of measures µt := µ ◦ ϕ−1

t with respect to µ, t ∈ [0, T ].
The main result of the article is the following theorem.

Theorem 3.1. Assume that
1) a sequence of operators {An : n ≥ 0} ⊂ L(H) satisfies conditions of Theorem 1.1;
2) a ∈ HC1

b (H), σn ∈ HC2
b (H),

‖a‖∞,1 +
∞∑

n=1

‖σn‖2∞,2 < ∞.

Then there exists a set Ω0 ⊂ Ω of full probability such that

µt(ω) ¿ µ for all ω ∈ Ω0, t ∈ [0, T ].

Remark. Recall that we consider continuous in t versions of processes Ut and ψt.

Proof of Theorem 3.1. The proof of the theorem will be done by the finite-dimensional
approximations.
Let {en}n≥1 be an orthonormal basis in H,PN be the orthoprojection on L(e1, . . . , eN ).

Denote by ên = ên(x) a measurable linear functional that corresponds to the element
en ∈ H.

Let BN be a σ-algebra in X generated by {ê1, . . . , êN}. Put aN = PNEµ(a/BN ),
σN

n = PNEµ(σn/BN ), AN
n = PNAnPN , where Eµ(·/BN ) is conditional expectation.
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Observe [11] that aN , σN
n , AN

n also satisfy conditions of the Theorem and

‖aN‖∞,2 ≤ ‖a‖∞,2, ‖σN
n ‖∞,2 ≤ ‖σn‖∞,2,

‖
∑

n

(AN
n )2‖op ≤ ‖

∑
n

A2
n‖op.

Denote by ϕN
t , ψN

t , UN
t , V N

t the solutions for the equations (2.2), (2.3), (1.1), (1.2)
respectively.

Lemma 3.1. For P -a.a ω measures µN
t := µ ◦ (ϕN

t )−1 and µ are equivalent for all
t ∈ [0, T ].

Moreover
sup

t∈[0,T ]

sup
N

E P E µ|ρN
t ln ρN

t | < ∞, (3.1)

where ρN
t = dµN

t

dµ .

Proof of Lemma 3.1. Let us represent X as a direct sum X = XN ⊕ L(e1, . . . , eN ),
where XN ⊂ X is a subspace of X. Identify linear span L(e1, . . . , eN ) with RN in
such a way that vectors {e1, . . . , eN} corresponds to a natural basis of RN . So, we can
assume that X = XN ×RN and µ is a product of Gaussian measures µN ×µN , besides
µN = N(0, IdRN ).

Observe that

ϕN
t (xN , xN )− (xN , 0) = ϕN

t (yN , xN )− (yN , 0)

for all xN , yN ∈ XN , xN ∈ RN , t ∈ [0, T ]. I.e. ϕN
t depends only on the second co-

ordinate. Denote by the ϕ̃N
t (xN ) = PNϕN

t (0, xN ) the restriction of ϕN
t to the space

RN .
It is well-known [13] that a solution of s.d.e. in finite-dimensional space with twice

differentiable local characteristics generates a flow of diffeomorphisms, so it maps each
measure with positive density to equivalent. Thats why

µN ◦ (ϕ̃N
t )−1 ∼ µN .

Note that
dµt

dµ
=

dµN ◦ (ϕ̃N
t )−1

dµN
.

Denote by ϕ̃N
−t the inverse mapping to ϕ̃N

t ,

ϕ̃N
−t(ϕ̃

N
t (xN ))) = ϕ̃N

t (ϕ̃N
−t(xN ))) = xN ,

and by ρN
t , t ∈ R the density dµ◦(ϕ̃N

t )−1

dµ .

The change of variables formula implies:

E µ|ρN
t ln ρN

t | = E µ| ln ρN
−t|. (3.2)

In order to estimate the density ρN
−t we need the following statement.
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Lemma 3.2. Let a stochastic flow ξt = ξt(x) be generated by the following s.d.e.
{

dξt(x) = αt(ξt(x))dt +
∑∞

n=1 βn
t (ξt(x))dwn(t), t ∈ [0, T ]

ξ0(x) = x, x ∈ Rd,
(3.3)

where α = αt(x, ω), βn = βn
t (x, ω) are adapted measurable processes.

Assume that local characteristics of the flow αt(x) and

bt(x, y) =
∞∑

n=1

βn
t (x)(βn

t (y))∗

are twice continuously differentiable and bounded with their derivatives.
1) Then there exists a modification of ξt such that for a.a. ω the mapping ξt(·, w) :

Rd → Rd is a diffeomorphism for all t ∈ [0, T ];
2) Let m = N(0, IdRd) be mean-value Gaussian measure with identity covariation

operator in Rd.
Then measures m and m ◦ (ξ−t)−1 are equivalent and

dm ◦ (ξ−t)−1

dm
= exp

{ ∫ t

0

(δαs)(ξs)ds +
∞∑

n=1

∫ t

0

(δβn
s )(ξs)dwn(s)

+
1
2

∫ t

0

∞∑
n=1

(Tr(∇βn
s )2(ξs) + |βn

s (ξs)|2)ds

}
,

(3.4)

where the action of the operator δ on a smooth function f = (f1, . . . , fd) is

δf =
d∑

k=1

(
− ∂fk

∂xk
+ xkfk

)
.

The proof of the first statement of the lemma follows from [13]. If we write down
the equation (3.3) in Stratonovich form, then [13] we obtain the following expression
for the density:

dm ◦ (ξ−t)−1

dm
= exp

{ ∫ t

0

(δα̃s)(ξs)ds +
∞∑

n=1

∫ t

0

(δβn
s )(ξs) ◦ dwn(s)

}
, (3.5)

where α̃t = αt − 1
2

∑∞
n=1∇βn

t βt is a corrected coefficient.
Writing (3.5) back to the Ito form we get the formula

ln
dm ◦ (ξ−t)−1

dm
−

∫ t

0

(δαs)(ξs)ds−
∞∑

n=1

∫ t

0

(δβn
s )(ξs)dwn(s)

=
1
2

∞∑
n=1

∫ t

0

(
〈(∇δβn

s )(ξs), βn
s (ξs)〉 − δ(∇βn

s βn
s )(ξs)

)
ds.

(3.6)

Let f = (f1, . . . , fd) be a smooth function. Then

〈(∇δf), f〉 − δ(∇ff)

=
d∑

k,j=1

[
∂

∂xk

(
− ∂fj

∂xj
+ xjfj

)
fk −

(
− ∂

∂xj
+ xj

)(
∂fj

∂xk
fk

)]

=
d∑

k,j=1

∂fj

∂xk

∂fk

∂xj
+

d∑

k=1

f2
k .

(3.7)
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The substitution (3.7) into (3.6) finishes the proof of Lemma 3.2.
The mapping UN

t preserves measure µ. So for each measurable function f we have
the equality

E µf

(
dµ ◦ (ψN

t )−1

dµ

)
=

dµ ◦ (ϕN
t )−1

dµ
.

Thus, to prove (3.1) it is sufficient to verify (see (3.2)) that

sup
t∈[0,T ]

sup
N

E pE µ

∣∣∣∣ ln
(

dµ ◦ (ψN
−t)

−1

dµ

)∣∣∣∣ < ∞.

Applying Lemma 3.2 to a process ψN
t we get the formula:

ln
dµN ◦ (ψN

−t)
−1

dµN

=
∫ t

0

(δãN
s )(ψN

s )ds +
∞∑

n=1

∫ t

0

(δσ̃N,n
s )(ψN

s )dwn(s)

+
1
2

∫ t

0

∞∑
n=1

(
Tr(∇σ̃N,n

s )2(ψN
s ) + ‖σ̃N,n

s )(ψN
s )‖2)ds,

where

ãN
t (xN ) = V N

t aN (UN
t xN )− V N

t

∞∑
n=1

AN
n σN

n (UN
t xN ),

σ̃N,n
t (xN ) = V N

t σN
n (UN

t xN ), xN = (x1, . . . , xN ).

The rest of the proof of Lemma 3.1 can be done similarly to [6] §4.

Lemma 3.3. ∀T > 0 : supt∈[0,T ] E µ×P ‖ψt − ψN
t ‖2H → 0, n →∞.

Proof.
E µ×P ‖ψt − ψN

t ‖2H
≤ 3

(
t sup

t≤T

∫ t

0

‖Vsa(Ûsψs)− V N
s aN (ÛN

s ψN
s )‖2ds

+ E µ×P

∫ t

0

∑
n

‖VsAnσn(Ûsψs)− V N
s AN

n σN
n (ÛN

s ψN
s )‖2ds

+
∫ t

0

∑
n

‖Vsσn(Ûsψs)− V N
s σN

n (ÛN
s ψN

s )‖2ds
)

= 3(tI1 + I2 + I3).

(3.8)

In order to shorten exposition, let us estimate the first term of (3.8) only. The consid-
erations for I2, I3 are similar.

Taking into account that ‖V N
t h‖H = ‖Vth‖H = ‖h‖H for all h ∈ H we get:

I1 ≤ 4
(
E µ×P

∫ t

0

‖aN (Ûsψ
N
s )− a(ÛN

s ψN
s )‖2ds

+ E µ×P

∫ t

0

‖a(Ûsψ
N
s )− a(Ûsψs)‖2ds

+ E µ×P

∫ t

0

‖a(ÛN
s ψN

s )− a(ÛN
s ψN

s )‖2ds + E µ×P

∫ t

0

‖(V N
s − Vs)a(Ûsψs)‖2ds

)
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= 4
(
E µ×P

∫ t

0

‖aN − a‖2H
dµ ◦ (ϕN

s )−1

dµ
ds

+ E µ×P

∫ t

0

‖a(ÛN
s )− a(Ûs)‖2 dµ ◦ (ψN

s )−1

dµ
ds

+ E µ×P

∫ t

0

sup
y
‖Da(y)‖2‖ψN

s − ψs‖2ds + E µ×P

∫ t

0

‖(V N
s − Vs)a(Ûsψs)‖2ds

)

= JN
1 + JN

2 + JN
3 + JN

4 .

The item JN
4 tends to zero as N → ∞ due to Lemma 1.1 and Lebesgue dominated

theorem.
The function a is bounded, so a sequence aN = PNEµ(a/BN ) is bounded and con-

verges to a in measure µ. Because of Lemma 3.1 we have uniform integrability of∫ t

0
‖aN − a‖2H dµ◦(ϕN

s )−1

dµ ds and so the convergence JN
1 → 0, N →∞.

Similarly, we get convergence JN
2 → 0, N →∞ if we prove that a(UN

s ) → a(Ûs), N →
∞ is measure µ× P. This follows from the next lemma.

Lemma 3.4. Let {BN , N ≥ 0} be a sequence of unitary operators in H, BN converges
strongly to B0 as N →∞.

Then
1) B̂Nx

µ−→ B̂0x,N →∞;
2) for each measurable function a : X → H we have the following convergence

a(B̂Nx)
µ−→ a(B̂0x), N →∞.

Proof. 1) All random elements {B̂Nx}N≥0 have the same distribution in X, which is
equal to µ. Let P̂nx =

∑n
k=1 êk(x)ek, x ∈ X (see the definition of êk at the beginning of

§2). By Ito-Nisio theorem we have convergence Pnx → x, n →∞ in measure m. Chose
a number n such that

µ{x : ‖B̂Nx− P̂nB̂Nx‖X ≥ ε} ≤ ε.

for all N.
Then

µ{x : ‖B̂Nx− B̂0x‖X ≥ 3ε} ≤ µ{x : ‖B̂0x− P̂nB̂0x‖X ≥ ε}
+ µ{x : ‖B̂Nx− P̂nB̂Nx‖X ≥ ε}
+ µ{x : ‖P̂n(B̂0x− B̂Nx)‖X ≥ ε}.

The first two terms are not greater then ε, the third item converges to zero as N →∞.
Indeed

‖P̂n(B̂Nx− B̂0x)‖X = ‖
n∑

k=1

∞∑

j=1

êj(x)〈(BN −B0)ej , ek〉Hek‖X

≤
n∑

k=1

‖ek‖X

∣∣∣∣
∞∑

j=1

êj(x)〈(BN −B0)∗ek, ej〉H
∣∣∣∣.
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The expression inside the modulus is mean-zero a Gaussian random variable with
variance ∑

j

〈(BN −B0)∗ek, ej〉2 = ‖(BN −B0)∗ek‖H → 0, N →∞.

So, the first part of Lemma 3.4 is proved.
2) By Egorov’s theorem for each ε > 0 there exists a compact set K ⊂ X, µ(K) > 1−ε

such that a function a is continuous on K. Hence a is uniformly continuous on K. Chose
δ > 0 such that ‖a(x)− a(y)‖ < ε for all x, y, ‖x− y‖ < δ.

A mapping B̂N : X → X preserves a measure µ, so µ{x ∈ K : B̂Nx /∈ K} ≤ 2ε.
Thus

lim
N→∞

µ(‖a(B̂Nx)− a(B̂0x)‖ ≤ ε)

≥ lim
N→∞

µ(x ∈ K : B̂Nx ∈ K, B̂0x ∈ K, ‖B̂Nx− B̂0x‖ < δ)

≥ 1− 3ε.

(3.9)

The number ε > 0 is arbitrary, so (3.9) implies the proof of Lemma 3.4.
Considering other items in (3.8) similarly to I1 we obtain the inequality

E µ×P ‖ψt − ψN
t ‖2H ≤ C(T )

( ∫ t

0

E µ×P ‖ψs − ψN
s ‖2H + oN (1)

)
, t ∈ [0, T ],

where oN (1) → 0, N →∞ uniformly in t, C(T ) = const.
The application of Gronwall’s lemma proves the inequality (3.8).

Corollary 3.1. ∀T > 0 : E supt∈[0,T ] ‖ψN
t − ψt‖2H → 0, N →∞.

The proof of corollary is standard. It uses Burkholder inequality for the estimation
of stochastic integrals and Gronwall lemma.

Corollary 3.2. ∀t : ϕN
t

P×µ−→ ϕt, N →∞.

The proof follows from Lemmas 3.3, 3.4.
In order to prove Theorem 3.1 we need the following limit statement on absolute

continuity.

Lemma 3.5. [14]. Let Y be complete separable metric space, ν be a probability on Y.
Assume that a sequence of measurable mappings fn : Y → Y, n ≥ 0 is such that

1) ∀n ≥ 1 : ν ◦ f−1
n ¿ ν;

2) fn
ν−→ f0, n →∞;

3) the sequence of Radon–Nykodym densities
{

dν◦fn

dν , n ≥ 1
}

is uniformly integrable
w.r.t. ν.

Then the image measure ν ◦ f−1
n is absolutely continuous w.r.t. ν.

By Lemmas 3.1, 3.5 and Corollary 3.2 we get that:
for all t ≥ 0 for P -almost all ω ∈ Ω the image measure µ◦ϕ−1

t is absolute continuous
with respect to µ.

Observe that the corresponding set of P -null measure depends on t, generally. Let
us prove that it can be chosen independently on t.

The processes ψt and Ût are continuous in t with probability 1. So, by Lemma 3.4,
with a probability 1 we have the following continuity:

∃Ω0, P (Ω0) = 1 ∀ω ∈ Ω0 ∀t0 ∈ [0, T ] : ϕt
µ−→ ϕt0 , t → t0. (3.10)



290 A. Yu. Pilipenko

Similarly to reasoning of §6 [6] it can be verified that a process

E µ
dµ ◦ ϕ−1

t

dµ

∣∣∣∣ln
dµ ◦ ϕ−1

t

dµ

∣∣∣∣ = E µ
dµ ◦ ψ−1

t

dµ

∣∣∣∣ln
dµ ◦ ψ−1

t

dµ

∣∣∣∣

has continuous in t ∈ [0, T ] modification.
So, for P -a.a. ω ∈ Ω the sequence {ρt(ω, ·), t ∈ Q ∩ [0, T ]} is uniformly integrable

with respect to µ.
The application of Lemma 3.5 and (3.10) finishes the proof of Theorem 3.1.
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