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Abstract — We study the propagation of absolute continuity of Gaussian measure in infinite-

dimensional space by a flow generated by stochastic equation.

INTRODUCTION

Let (X, u, H) be an abstract Wiener space, W(t),¢ > 0 be a cylindric Wiener process
in a Hilbert space E [Kuo].
Consider a stochastic flow ¢g; generated by the following stochastic equation:

{ dpsi(v) = alpsi(z))dt + o (psi(2))dW (1), £ > s

@ss($)7 S )(7 (01)

where a: X — H, 0: X — Lo(E, H).

If w, s, t are fixed, then a function @4 (-,w) generates a transformation from X to X.

We consider a question on absolute continuity of the image-measure u o <ps_tl with
respect to measure p.

Note that the case when o = 0, i.e. the equation (0.1) is non-random differential
equation, is well studied [2,3,4]. Some results on propagation of absolute continuity in
stochastic case (o # 0) were obtained in [5] (additive noise), [6].

The mapping ps; in papers above was such that @4 (x) —x € H. It worth to mention a
class of results on absolute continuity of the image-measure (deterministic case) where
wst(x) — x does not belong to Cameron—Martin space, but ¢ corresponds to some
random notation of Cameron—Martin space [4, 7, 8].

We will consider coefficients a, o from the more general class than smooth H-valued
(or Lo(E, H)-valued) functions, such that a solution of (1.1) could be, for example,
a semigroup of random linear operators that corresponds in some sense to a unitary
stochastic semigroup in H.

In Section 1 we consider a linear stochastic equation of the form

AUy = (Adt + BdW;)Us, t > s,
{0 = b D 02 02

Uss = ]IH7

where A € L(H), B € L(E,L(H)), 1y is identity operator in H.
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Sufficient conditions which ensure that Uy, is a stochastic unitary semigroup in H are
given. Note that there are a lot of difficulties concerned with stochastic integration of
operator-valued stochastic processes [9, 10], especially if we do not demand a Hilbert—
Schmidt structure.

In Section 2 we identify some measure-preserving transformation of X with unitary
operator Uy and study the existence and uniqueness of mild solution for the equation

{ dpi(z) = (Adt + BdWy) () + aler(x))dt + b(pe(z))dWs, 0.3)

vo(z) = =,

where a: X — H, b: X — Ly(E, H).
In Section 3 we give some sufficient conditions for the absolutely continuity of mea-
sures f1 0 @; ' < p, where ¢; gives a solution to (0.3).

1. UNITARY STOCHASTIC SEMIGROUPS

Let H be a real separable Hilbert space. The following definitions on random operator
and stochastic semigroups are due Skorokhod A.V. [10]

Definition 1.1. Let A be a linear mapping from a space H to a space of H-valued
random elements Lo(£2, H). Then A is called a strong random operator if a mapping
x — Az it is continuous in probability, that is

Ve >0Vz € H: lim P(JAz, — Az| >¢) =0.

Ty —T

It should be noted, that not every strong random operator is bounded, i.e. an object
A = A(w) does not exists for a.a. w, in general.

Definition 1.2. [10] Ch.15.3 A family of (strong or bounded) random operators
{Ust,s < t} in H is said to be a (strong or bounded) stochastic semigroup if the
following conditions hold:

].) for all tl S t2 S t3 : Utltg = Utgthtltg a.s., Utltl = ]I,

2) for all t; <ty < t3 o-algebras o {Uag, t1 < a < 8 <t}
and {Usy, ta <3 <y <t3} are independent.

Remark. See [10] for details concerning the definition of a composition of strong random
operators. But in the articles only bounded linear operators are studied, however some
general results that proved for strong linear operators are applied.

A stochastic semigroup Us; is unitary if for all s,¢ an operator U is unitary a.s. It
is said to be homogeneous if for all s < ¢ and § > 0 the distribution of Uy, coincides
with the distribution of U, 16.¢,+5-

In some cases [10] an operator semigroup can be obtained as a solution of operator
stochastic differential equation. The main result of this section is the following theorem.

Theorem 1.1. Assume that continuous linear operators A, € L(H),n > 0 are such
that:

1) for each n > 0 we have A,, = —A%, where A} is the adjoint operator for A, ;

2) the series 27010:1 A2 converges in a strong sense.

Let w,(t),n > 1 be a sequence of independent one—dimensional Wiener processes.
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Then the operator stochastic equation

1
dUs = (Ao + 5 > A Ugdt + > ApUspdw, (1), (1.1)

n>1 n>1

Ugs = 1.

has the unique strong solution and the collection of operators Ug, s < t generates a
homogeneous unitary semigroup.
Moreover, conjugate operators Vg = U}, satisfy the following equation:

1 2
Vi = Ve (~Ao + 5 N A%)dt = VaAndw,(t), (1.2)
n>1 n>1
LQS:ZI'

Remark. Here by the solution of (1.1) we mean a process Uy such that for each z € H
the processes

t t
1 2
/S(AOJri g A;)Us,xdz and /SAnUszzdwn(z)

n>1

are well-defined (as integrals of H-valued stochastic processes) and the following equality
holds:

¢ 1 t
Ugx = /S (Ao + 3 Z A2)U, xdz + Z AU xdw,(2). (1.3)

n>1 n>1"7%
Eq. (1.2) is understood in the same sense.

Remark. If {Ug} is a homogeneous stochastic unitary semigroup in finite-dimensional
space H = R? then under very general assumptions the existence of Wiener processes
wy(t) and operators A, = —A% n > 0, such that U, satisfies (1.1), can be proved.

Proof of Theorem 1.1. The existence and uniqueness of strong operator processes
Ust, Vit, s < t satisfying (1.1), (1.2) is proved in [10], §14. That is, for each x € H
there exists H-valued random element Ugx such that a mapping x — Ugx is continu-
ous in probability, linear in z, all integrals in (1.3) are well-defined and (1.3) holds true
(analogously for Vyx).

To prove the Theorem it is sufficient to verify that:

a) Ug and Vg are bounded operators;

b) U, is an isometry, i.e. for all x,y € H :

(Usiz, Usy) = (z,y) a.e.,

where (-, -) is a scalar product in H;
¢) UstVst = VstUse = 15
d) verify the third condition of the definition 1.1.

Remark. The item d) follows from a) and reasoning of [10], Ch. 5.
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Let us check a),b). Due to Ito’s formula

d<Ust$a Usty>

t
1 9 1 2
_ / (Ao + 5 30 A2)Uss, Upst) + (User, (Ao + 5 3 A2)Us0) | d2

n>1 n>1

+ Z / (<Uszmv AnUszy> + <AnUsz1'7 Uszy>) dwn(Z)

n>1v%

t
+/ Z(AnUszx,AnUszuMz =0,

S n>1

because of condition 1) of the Theorem.
So, for all x,y € H we have (Ugz,Usy) = (x,y) a.e. By Theorem 2 §1.2 of [10]

the operator Uy, is a bounded random operator, |[Ugx| = ||| a.e. for each z, so
lUstllop = 1 a.e. Here || - ||op is an operator norm.
Let {eg, k > 1} be an orthonormal basis of H, Py be orthoprojection on {eq,...,ex}.

Consider auxiliary equations

1
dUN = | PyAoPy + 3 > (PxAnPy)* | UNdt+ Y PyA.PyUNdw,(t),  (1.4)

n>1 n>1

1
v =V [ —PvAoPy + 3 > (PvALPN)? | dt = VY Py Ay Pydw,(t), (1.5)

n>1 n>1
N _ yyN _
Ug =V =L

It is easy to check that operators { Py A, Pn }n>1 satisty conditions 1), 2) of the Theo-
rem.
Note that for each z € H:

UNa = PyUY Pyx + (1 — Py)z, (1.7)

VY& = PyVEY Py + (1 — Py)z, (1.8)

and therefore, processes PyUXY Py, PyV2 Py are solutions of (1.4), (1.5) in finite-
dimensional space Py H. Thus, PyUg Py is unitary operator in Py H (as isometry in
finite-dimensional space), and hence VY = (UY)~! in H.

The main step of the Theorem proof is the following Lemma.

Lemma 1.1. For all s <t, x € H the following convergence
UNz — Ugz, N — oo; (1.9)

Ve — Vyz, N — oo (1.10)

holds in Lo(QY, F,P; H).
The proof of the Lemma will be presented after the proof of the Theorem.
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Let us choose a subsequence {Nj} such that, for each basis vector e,, n > 1 the
following convergence holds:

Ug’“en — Ugien, k — o0 a.e; (1.11)

Vire, — Vyen, k— oo ae. (1.12)

The fact that |UN*|l,p = 1,[[VE*[lop = 1 a.e. and (1.11), (1.12) imply the strong
operator convergence
UNr—Uy, k — oo

Ny,
Vgtk—> st k — oo.

The limit of the product of strongly convergent sequences of operators is equal to the
product of limits. So,
I=V*UY— VU, k — oo,

1=UN VN U,V k — oo,
which means that Uy Vy, = Vi Uge = 1. The Theorem is proved.
Proof of Lemma 1.1. Without loss of generality we can assume that s = 0. Put V)V :=
Vi, UN .= UJ. Let us verify (1.9):
E U - Up)z|?

t
<tE / [ (PNAOPN + Z(PNAnPN)2> (UN —U,)z|?dz
O n

t
_ 2 42 2
+tE/0 [ (PNAOPN Ao+zn:((PNAnPN) An)> U.z|[*dz (1.13)

t
+/ > E|(PyAnPy — Ay)U.z|*dz
0 n
t
+/ E ) ||PNALPx(UN - U.)z|?dz.
O n
Observe that

1Y (Py APy )?lop = o 13 (Py A Py)?a, o)

n

= sup > |[PnA,Pya|?

llzll=1"

< sup > || PnAnyl? (1.6)

lyll=1"

< sup 3 [ Auy?

lyll=1"

= sup > (Any.y) =D Alllop,

lyll=1" n

because Y., A2 and Y (PyA,Py)? are self-adjoint operators.



280 A. Yu. Pilipenko

Due to (1.6) the right hand side of (1.13) is not greater than the following expression:

t
<2t(lle|op+ZAillipHIIZAillop)/o E|[(UY - U.)|*d=

—|—t/0t B ((PxAoPy — 40) + 3 ((PyAuPy)* — 42))) Usr|d:.
The convergence in (1.9) will follow from (1.14) and Gronwall’s lemma, if we verify that
Vn>0: PyA,Py = A,, N — o0; (1.15)
Z(PNAnPN)2 IR ZAEL, N — 0. (1.16)

n

(1.14)

The convergence in (1.15) is obvious. Let us check (1.16). Let x € H be fixed. Then
1Y (PvAnPy)? = A7) 2|

< ||P~ Z(AnPN)(PNAn)(PNJU el
P Y ()P ) = A2) ol + (P = DY e

The series ) (A, Pn)(PnAy) are strongly convergent, the sum is non-positive self-
adjoint operator, and (see (1.6))

S‘Jtp | Z(AnPN)(PNAn)HOP < ZA?’LHOP'
n n

Let us prove weak convergence

Z(AnPN )(PyAy) ZA N — co. (1.17)
Indeed, let z,y € H. Choose m and Ny such that
(oo} oo (oo} [e.e]
> (ay)|<e Y JAwlt=— Y (Alas)<e Y Awlt<e
n=m-+1 n=m-+1 n=m-+1 n=m-+1

and
| (AP (P AL) — 42) )| < e

for all N > Nj.
Then

‘Z ( > (A, Py (PNAn)_A3L> 9071/>‘

<2 +| Y (PvAnz, PnAny)|

n=m-+1
0o 0o
<2+ | 3 [PvAul Y IPx AR
n=m-+1 n=m+1
0o 0o
<2+ | 3 Al 3 Ayl < 3e.
n=m-+1 n=m+1
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So, (1.17) is proved. The application of the following lemma completes the proof of
convergence (1.16) and, therefore, (1.9).

Lemma 1.2. Let {B,}n,>1 be a sequence of non-negative operators, which converges
weakly to zero-operator. Then the sequence { B, }n>1 converges strongly.

Proof. Observe that v/B,, — 0,n — oo, because

Vo € H: ||\/Buz||* = (/Bpz,\/Bpx) = (Bpx,2) — 0,n — 00.

Thus, B, = B,V B, also converges (to zero-operator) as a product of two strongly
convergent sequences.
Lemma 1.2 is proved.

Let us check (1.10):
t
Emme%Ws%/EmmeWZﬁﬁwm
+2t/ E||VNZ — (PnAuPx)?) z|*ds

+Z/mm—wmm%
n 0

t
+ Z/ E||[VN(A, — PyA,Py)z|ds.
n 0

Iterating similar estimates, taking into account that ||[V¥||,, = 1 a.e. and convergence
(1.15), (1.16), we obtain

E|Viz —VNz|? <emn

+Z S o@vyr //t / A

ST a,,ke{o 1} (1.18)

x H(Z A2)m Ay | 2d, - . dbodty,

where €,,, v — 0 as N — 0 for each fixed m.

The inequality (1.6) implies that right hand side of (1.18) is not greater than e, y +

M , where ¢ > 0 is some constant. Letting m — oo and then N — oo we obtain

the proof of (1.10). Lemma 1.1 is proved.

2. STOCHASTIC EQUATIONS IN THE INFINITE-DIMENSIONAL SPACE

Let (X, u, H) be an abstract Wiener space. Assume that the sequence of operators
{Ak,k > 0} C L(H) satisfies the assumptions of §1; Ug, Vi are unitary stochastic
semigroups in H corresponding to the equations (1.1),(1.2).

Observe that every unitary operator U in H can be naturally extended to a linear
measurable (w.r.t. the measure u) transformation of the space X, which preserves a
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measure g. This can be done in the following way. Let {e, },,>1 be an orthonormal basis
of H, e, be a linear measurable functional corresponding to e,,. Then [11]Th.3.5.1. series

Uz := Z@n(x)Uen, reX (2.1)

are convergent for p-almost all z € X and its distribution is equal to p.

Remark. If {f,}n>1 is another orthonormal basis of H, then
S R@Uf. =Y eu(@)Ue,

for p-a.a. x € X, though the sets of convergence in general are different.

Remark. For each h € H we have the equality Uh=Uh as.

There are measurable in s,t,w,z version of the processes ﬁstx, \Ztsc. Indeed, let
en € H be fixed. Is it not difficult to verify that a process Ugx is continuous in
probability in (s,t), so there exists a measurable in (s, ¢, w) modification of Uge,. The
existence of measurable modification of Uyz follows from (2.1) and [12]. The case of
YA/stm is similar.

We will say that ﬁsh f/\;t are mild solutions of the equations

{ d0gx = (Ao + 1 220 A2) Vaadt + Y0, A Uspwduw, (£),

n=1
Ussw = w,

~

{ AVyw = Vg (Ao + 13500 A2) zdt — 0% Vg Awduw, (t),

Vsst = .

Put fjt = fjo,t, ‘//\vt = ‘//\E),t-
Assume that a : X — H,o0, : X — H are measurable functions.

Definition 2.1. Stochastic process ¢, with values in X is called a mild solution of the
equation
dp(x) = ((Ao+ 3 2001 A7) we(@) + alpe(2))) di+
+ 20 (A () + o (i (2))) dwn (1), (2.2)
po(z) =z,

if pi(x) = ﬁﬂ/)t(:c), where 9, (x) satisfies the equation
t R t N
== + ‘/s Us s ds — ‘/;An n Us s d +
@) =+ [ Via(Oi(@)ds Z/ 0 () ds

+Z/O Vi n (Usths () dwy (s). (2.3)

Definition 2.2. Let E be a separable Hilbert space. A mapping f : X — H belongs
to a class HC*(E), k € N if for each 2 € X a mapping

H>h— f(z+h)€E
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is k-times continuously Frechet differentiable and for each 57 = 0,... ,k a derivative
D7 f(z) belongs to a space H®? @ E.
The set of functions f € HC*(E) with finite norm

k
[ £llook := sup Y |ID f ()| peicr
zeX =0

is denoted by HCF(E).
Lemma 2.1. Assume that functions a,o, : X — H belong to a space HC'(H) and

lalloo, + D llonlZes < e,
n

where || - ||oo 18 @ supremum norm.
Then for each x € X there exists the unique solution of the equation (2.3).

Remark. If X = H = R" is finite-dimensional space then under assumptions of Lemma
2.1 there exists the unique solution for (2.2) and ¢:(z) = Upp(x), where ¢4(x) is a
solution of (2.3).

Proof of Lemma 2.1. Set ¢y(z) = ¢;(2) — . The random element 1 (z) satisfies the
equation (2.3) if and only if H-valued random element v, (x) satisfies the following Ito
equation:

Pr(x) = /0 [Vsa(ffsx + Usths () + ZAnUan(ﬁsI + Ugby(z)) | ds
t - ' (2.4)
T Z/O Vson(Usz + Ustps(z))dwg (s).

In order to verify that coefficients of the equation (2.4) satisfy conditions of uniqueness
and existence it is sufficient to show that the function

frH>h =Y Vidyo(Usx +Ush) € H

is well-defined and satisfies Lipschitz condition uniformly in (w, s, h).
The proof of this fact follows from the next Lemma and inequality:

> on(Usz + Usha) — 00 (Usz + Usha) |

< |lh2 = % sup Y I1Dou)ls:
Y n

where || - || zs is Hilbert-Schmidt norm, Do,, = D'o,,.

Lemma 2.2. Suppose that {fn}n>1 C H is such that Y, || fall* < co.
Then the series Yy, Anfn are weakly convergent and

1> Anfaller <Y Allop Y 1allFr,
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where || - ||op is operator norm.

The proof of the convergence follows from the estimate:

2
< Z”.fn” X:HAnJSH2
. —annn Z (423,2)

2

Remark. A modification of the process ¥;(x),t € [0,T],z € X, which is measurable
in t,z,w and is continuous in ¢ (for all z,w), can be chosen. Only this modification is
considered further.

Remark. Tt was mentioned at the beginning of the chapter that a process ﬁt(w)x is
defined up to measure . If Uy(w)z is another version and 1, () is a solution of (2.3)
with Ut instead of Ut then for p-almost all x € X and P-almost all w € €2 we have the
equality

¥y (x) = Pe(x), t €0, T].

3. PROPAGATION OF ABSOLUTE CONTINUITY

Let ¢1(z) be a mild solution of (2.2). In this section we find conditions that guarantee
the absolute continuity of measures p; := po @, ! with respect to u, t € [0, T].
The main result of the article is the following theorem.

Theorem 3.1. Assume that

1) a sequence of operators {A, : n >0} C L(H) satisfies conditions of Theorem 1.1;
2)a € HCL(H), o, € HCF(H),

llalloo,1 + Z lon 12,2 < 0.

Then there exists a set Qg C Q of full probability such that

pe(w) < p for all w € Qo,t € [0,T).

Remark. Recall that we consider continuous in ¢ versions of processes Uy and ;.

Proof of Theorem 3.1. The proof of the theorem will be done by the finite-dimensional
approximations.
Let {ey, }n>1 be an orthonormal basis in H, Py be the orthoprojection on L(ey, ... ,en).
Denote by €,, = €, (x) a measurable linear functional that corresponds to the element
e, € H.
Let By be a o-algebra in X generated by {€1,...,en}. Put ¥ = PyE,(a/Bn),
oN = PyE,(0,/Bn), AY = Py A, P, where E, (-/By) is conditional expectation.
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Observe [11] that o™V, o, AN also satisfy conditions of the Theorem and

la™loo.2 < llallso,2s 107 lloo2 < llomlloo2;

1> (AN llop < 11D Anllop-

Denote by o, N, UN VN the solutions for the equations (2.2), (2.3), (1.1), (1.2)
respectively.

Lemma 3.1. For P-a.a w measures pl¥ := po (M)~ and p are equivalent for all
te[0,T].
Moreover
sup supE pE ,|pY Inpl| < oo, (3.1)
te[0,T] N
N

where pl¥ = dg}; .
Proof of Lemma 3.1. Let us represent X as a direct sum X = Xy & L(ey,... ,en),
where Xy C X is a subspace of X. Identify linear span L(ey,...,ex) with RY in
such a way that vectors {ej,...,en} corresponds to a natural basis of RY. So, we can

assume that X = Xy x RV and p is a product of Gaussian measures px x u”, besides
uN = N(0,Idg~).
Observe that

N

o (@, xn) — (@V,0) = o) (¥, zn) — (7, 0)

for all 2V, yN € Xy, zny € RNt € [0,T]. Le. ¢ depends only on the second co-
ordinate. Denote by the @I (vx) = Pnol¥ (0,zx) the restriction of p to the space
RY,

It is well-known [13] that a solution of s.d.e. in finite-dimensional space with twice
differentiable local characteristics generates a flow of diffeomorphisms, so it maps each
measure with positive density to equivalent. Thats why

PN o (@)~
Note that N
dpe _ dp" o (5N)
du du™N '

Denote by @V, the inverse mapping to @,
SY@r (xn) = @ (PN (xn) = T,

~Ny—1
and by pY¥, t € R the density %.
The change of variables formula implies:

Eu|P£V1nPiV|:Eu|1nPJ—Vt‘- (32)

In order to estimate the density pY, we need the following statement.
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Lemma 3.2. Let a stochastic flow & = & (x) be generated by the following s.d.e.
{ d&(w) = 0a(&())dt + 3277, B7 (€e(x))dwn(t), t € [0,T]
éo(z) =, z € RY,

where a = ay(x,w), B = B (x,w) are adapted measurable processes.
Assume that local characteristics of the flow ay(x) and

(3.3)

bi(z,y) =Y B (=) (B ()"

are twice continuously differentiable and bounded with their derivatives.

1) Then there exists a modification of & such that for a.a. w the mapping & (-, w) :
R? — R? is a diffeomorphism for all t € [0,T];

2) Let m = N(0,Idga) be mean-value Gaussian measure with identity covariation
operator in R%.

Then measures m and mo (§_;)~!

are equivalent and

dmO(fft)_l — { ¢ § d — ¢ 5™ d
T = o | e + 3 [0 € ) B
1 [t '
#5 ) ST ) s
where the action of the operator § on a smooth function f = (f1,..., fq) is

d
6f=2(—§i’z+xkfk).
k=1

The proof of the first statement of the lemma follows from [13]. If we write down
the equation (3.3) in Stratonovich form, then [13] we obtain the following expression
for the density:

dmo (§_)~!

dm

— e { [ Gaeis+ f [omierean} 69

where a; = oy — %2211 VBiB: is a corrected coefficient.
Writing (3.5) back to the Ito form we get the formula

dmo (€)' JRCZBIATED DY RUESICA TN

dm

In

Let f = (f1,...,fa) be a smooth function. Then
(Vof), f) =6(VIf)
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The substitution (3.7) into (3.6) finishes the proof of Lemma 3.2.
The mapping UY preserves measure p. So for each measurable function f we have

the equality
g (o W) _dpo(pi) !
H du du '
Thus, to prove (3.1) it is sufficient to verify (see (3.2)) that

dp o (V)1
Nln(“gfﬂ)‘@o_

Applying Lemma 3.2 to a process 1 we get the formula:

dupy o (Wt)‘ !
dpn

:/Ot(a ds+Z/ (65N (N Y dwy ()

w5 [ Z (T(VE () + 35) () ) ds

sup supE,E
te[0,T] N

In

where

al @n) = VN (UNzN) - VN ZAN NUNzy),
n=1

5?77”@]\,) VNeN(UNTN), TN = (21,... ,2N).

The rest of the proof of Lemma 3.1 can be done similarly to [6] §4.
Lemma 3.3. VT > 0 : sup,c(o, 1) E uxpl[¢r — V% — 0, n — oo.

Proof.
E xpllvr — 0 | %

<3 tsup/ 1Vea(Usths) — VNa™ (UN N |2 ds
t<T

+ EMXP/ Z HVSAnUn(ﬁsws) - VsNArlyaiv(ﬁsjvvwév)”QdS (3.8)
0 n
¢
+ [ S Waon(@u) = V¥ @) )
0 n
=3(th + I + I3).
In order to shorten exposition, let us estimate the first term of (3.8) only. The consid-

erations for I, I3 are similar.
Taking into account that ||[VNh|| g = ||[Vih||g = ||h| g for all h € H we get:

t
L s4<Ewp / 1™ () — a(TN )| Pds
0
t
+E p / la(0.Y) — a(0.p.)|2ds
0

t t
+EuxP/ la(UX %) —a(Uévil)iV)IIQdSJrEuxP/ v~ %)G(Us¢s)ll2d8>
0 0
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2dﬂ“ (SDS) !
4( #Xp/ la™ — a|% in — 5 ds
~ dy o 1
B [ a2 - a2 L),

t t
B pcp [ sw DA 05 4 B [0V = Vijal@ s
0oy 0
=N+ I+ I+ Iy

The item JJ tends to zero as N — oo due to Lemma 1.1 and Lebesgue dominated
theorem.

The function a is bounded, so a sequence a” = PyE, (a/By) is bounded and con-
verges to a in measure p. Because of Lemma 3.1 we have uniform integrability of

1
fot laN — al|3 %ds and so the convergence J&¥ — 0, N — oo.
Similarly, we get convergence J&¥ — 0, N — oo if we prove that a(UN) — a(ﬁs), N —
oo is measure g X P. This follows from the next lemma.

Lemma 3.4. Let {Bn, N > 0} be a sequence of unitary operators in H, By converges
strongly to By as N — o0.

Then

Z)BNx—>Box N — o0;

2) for each measurable function a : X — H we have the following convergence

a(Byz) - a(Byz), N — .

Proof. 1) All random elements {Byz}y>o have the same distribution in X, which is
equal to u. Let P,z = Y req €k(x)ex, x € X (see the definition of €, at the beginning of
§2). By Ito-Nisio theorem we have convergence P,x — x,n — oo in measure m. Chose
a number n such that

p{z: |Byz — P,Byz|x > e} <e.

for all N.
Then
w{z : |Byx — Box||x > 3¢} < p{z : | Box — P,Boz| x > ¢}
+ p{z : | Byz — P,Byz|lx > ¢}
+ p{z : || Py (Box — Byz)||x > ¢}

The first two terms are not greater then ¢, the third item converges to zero as N — oc.
Indeed

|Pa(Byz — Box)|x = | Zzey ((Bn = Bo)ej, er)merl x
k=1 j=1

< Z”ekHX Z ej(x)((Bn — Bo)"ex, ej)
k=1

Jj=1
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The expression inside the modulus is mean-zero a Gaussian random variable with

variance
> {(Bn — Bo)*ex, ;)* = [[(Bx — Bo)*ex|w — 0,N — oo.
J

So, the first part of Lemma 3.4 is proved.

2) By Egorov’s theorem for each £ > 0 there exists a compact set K C X, u(K) > 1—¢
such that a function a is continuous on K. Hence a is uniformly continuous on K. Chose
d > 0 such that |la(z) — a(y)|| < e for all z,y, ||z —y|| <.

A mapping By : X — X preserves a measure {1, S0 uf{x e K : Byz ¢ K} < 2e.

Thus o . R

im_pu(la(Bye) — a(Boa)]| < ¢)
N—o0

> Tim p(z € K : Byz € K, Byx € K, ||Byx — Boyz|| < 9) (3.9)

~ N—oo

>1-—3e.

The number ¢ > 0 is arbitrary, so (3.9) implies the proof of Lemma 3.4.
Considering other items in (3.8) similarly to I; we obtain the inequality

t
B el — o % < 0<T>( [ Bl - 2 + oN<1>), te (0,7,

where oy (1) — 0, N — oo uniformly in ¢, C(T') = const.
The application of Gronwall’s lemma proves the inequality (3.8).

Corollary 3.1. VT > 0: E sup,c(o 1 N — |2 — 0, N — oo.

The proof of corollary is standard. It uses Burkholder inequality for the estimation
of stochastic integrals and Gronwall lemma.

Corollary 3.2. Vt: N Pxy w¢, N — o0.

The proof follows from Lemmas 3.3, 3.4.
In order to prove Theorem 3.1 we need the following limit statement on absolute
continuity.

Lemma 3.5. [14]. Let Y be complete separable metric space, v be a probability on Y.
Assume that a sequence of measurable mappings fr, 'Y — Y,n > 0 is such that
1)V¥n>1: vo fil <y
2) fn = fo,n — 00;

3) the sequence of Radon—Nykodym densities {%,n > 1} is uniformly integrable
w.r.t. v.

Then the image measure v o f;7 is absolutely continuous w.r.t. v.

By Lemmas 3.1, 3.5 and Corollary 3.2 we get that:

for allt > 0 for P-almost all w € Q) the image measure ,uOgot_l is absolute continuous
with respect to p.

Observe that the corresponding set of P-null measure depends on ¢, generally. Let
us prove that it can be chosen independently on ¢.

The processes 1, and [7,5 are continuous in ¢ with probability 1. So, by Lemma 3.4,
with a probability 1 we have the following continuity:

HQ(), P (QO) =1Vw e Qg Viy € [O,T] TPt LN Ptos t — to. (310)
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Similarly to reasoning of §6 [6] it can be verified that a process

dp o !
o

1 ot
dp

E
dp

=E

dpo g, ’mduw?l
" du dp

has continuous in ¢ € [0, 7] modification.

So, for P-a.a. w € Q the sequence {p;(w,-),t € QN [0,T]} is uniformly integrable

with respect to u.

The application of Lemma 3.5 and (3.10) finishes the proof of Theorem 3.1.
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