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MEASURE-VALUED DIFFUSIONS AND CONTINUAL SYSTEMS
OF INTERACTING PARTICLES IN A RANDOM MEDIUM

A. Yu. Pilipenko UDC 519.21

We consider continual systems of stochastic equations describing the motion of a family of inter-
acting particles whose mass can vary in time in a random medium. It is assumed that the motion
of every particle depends not only on its location at given time but also on the distribution of the
total mass of particles. We prove a theorem on unique existence, continuous dependence on the
distribution of the initial mass, and the Markov property. Moreover, under certain technical
conditions, one can obtain the measure-valued diffusions introduced by Skorokhod as the distri-
butions of the mass of such systems of particles.

In the last decades, the theory of Markov measure-valued processes has been extensively developed. This
is explained, first of all, by the variety of areas of its application in numerous fields of science: biology, genetics,
chemistry, physics, etc. (see, e.g., [1]).

The most interesting examples of measure-valued processes, such as, e.g., the Fleming—Viot, Dawson—
Watanabe, and McKean— Vlasov processes, are usually obtained in the following way: First, one considers a
prelimit system consisting of finitely many particles. Further, certain assumptions are made concerning the char-
acter of the evolution of particles (interaction or independence of motion, possibility of birth or death, etc.).
Then one lets the initial number of particles tend to infinity, whereas the mass of every particle tends to zero. In-
troducing, if necessary, a certain normalization of time or space variables, one proves the weak relative compact-
ness of a sequence of measure-valued processes and writes the problem of martingales for the limits. It should
be noted that the proof of the uniqueness of the limit is usually a much more complicated problem than the proof
of its existence (see, e.g., [1, 2]).

Also note that the processes obtained as solutions of the problem of martingales are defined, generally
speaking, on “a certain” probability space. Furthermore, investigating only the evolution of measures, one does
not always succeed in establishing a relationship between mass changes and the motion of particles on the phase
space, the presence of a flow, etc. As an illustration, consider the following deterministic example [3]:

Assume that the phase space is X = R?. Consider the following two dynamical systems: q); =id is the

; 1
identical mapping and (p,2 is the rotation by an angle ¢ about the origin of coordinates. Let p; = o ((p{ ) ,

j=1,2, be ameasure-valued process that can be obtained as a result of the transfer of the initial mass | by the
flow /. In this case, if L= N(0,1) is a Gaussian measure with mean-value zero and unit covariance operator,

then u} = u,z =, i.e., the distribution of the total mass remains constant, though it is generated by absolutely
different mass-transfer processes.

The approach to studying mass-transfer processes together with the investigation of the motion of interact-
ing particles in a random medium was considered in detail in [3, 4].

In the present work, we analyze measure-valued diffusions for which the motion of interacting particles
whose mass may vary in time serves as a prelimit model. Skorokhod [5, 6] proposed the following model:
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1508 A. YU. PILIPENKO

Assume that, at the initial time ¢ =0, particles of masses ¢, ..., ¢, are located at points u, ..., u, € ]Rd,
respectively. Let x,j and c,j denote the location and the mass of the jth particle at certain time ¢ > 0. Then
u, = Zj c,j 6x j is the distribution of the total mass at time ¢. Further, we assume that the variation in mass and

weight is described by the system of interacting stochastic equations

dx] = ag(x/,1,)dt + Y ap(x/. ;) dw, @), (1)

k
de] = (bo(x,j,u,)dt + Zbk(x,j,u,)dwk(l))ctj, 2)

k
l"lt = zclj Sxif (3)

J
with the initial conditions

X} = ujeRd, ch = ¢; 20, )

where {w (1)} are independent Wiener processes.
Under certain natural conditions of smoothness and boundedness of the coefficients of Egs. (1)—(4), the

weak relative compactness of the measure-valued random processes W; was proved in [5, 6] in the case where

the initial distributions {pg} ., converge weakly to a certain finite measure, and the problem of martingales
nz

was written for possible limits.

Remark 1. The case b, =0, i.e., the case where the mass of every particle remains constant, was consid-
ered in [3].

The main subject studied in the present paper is the continual system of stochastic equations

dx,(u) = ag(x,(u), W) dt + Y ap (x,w), 1) dwy (1), (5)
k=1
dp,(u) = (bo(xt(u), W)t + Y bi(x,(w), ut)dwk(t)Jp,(u), (6)
k=1
e = (P)ox; s (7)
xo(u) = u, pow) =1, (8)

where | 1is an arbitrary finite measure. Here, p,l is interpreted as a measure having the Radon—Nikodym

density p, withrespectto W, and (p,|t) o x, ! is the image of p, under the mapping x,.
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In the special case where the initial distribution is a discrete measure, i.e., |l = 2/_ (€ 9, , the processes
J= J

x/:=x,(u;) and ¢/ :=p,(u;) satisfy Eqgs. (1)-(4) and ZTZIC{'(z)sx/ = (p,u) ° x; .
In the present work, we prove the existence and uniqueness of a strong solution of system (5)—(8) as well as

its continuous dependence on the initial measure and Markov property. As a result, the process [, obtained in
the course of the solution of system (5)—(8) is a measure-valued diffusion in the sense of definition from [5, 6].

1. Theorem on Existence and Uniqueness

Let )¢ be the space of finite measures on R with the topology of weak convergence, i.e., a sequence
{u,, n=1} M converges to e M if, for any bounded continuous function f: R? — R, the following
convergence takes place:

(W ) = [fn, > [fdu, n—e.

Assume that a;, b: R x I — R, ue RY, 1€ [0,T], we M, and {w (1), k=1n} are independent
Wiener processes.

Definition 1. A pair (x, p) is called a solution of system (1)—(4) if, for any t € [0,T], the process

(x, p) = (x,(m,w), py(u,w)), s € [0,¢], ue Rd, w € Q, is measurable with respect to the G-algebra
QE[O’ R Bra X F and an integral analog of (1) —(4) is satisfied. Here, QE[O’ ] and Bpa are the Borel o-

algebras on [0,t] and R, respectively, and F, = o(wy(s), s<t, k= 1,n).

We denote by & the set of functions from RY x RY - R bounded by unity and satisfying the Lipschitz
condition with a constant not greater than 1.

Theorem 1. Suppose that functions a; and by satisfy the following conditions:
(i) a, and by, k= (),_m, are bounded;
(ii) there exists L >0 such that

Vk=0,m Yu,uye RY Vp,u, e M:

|y g ) = g (. )| + [ by g, 1) = by () |
< L(ksu% ‘jK(ul,v)ul(dv)— JK(uz, v)uz(dv)‘+|ul — Uy |J 9)

Then there exists a unique solution of system (5)—(8).
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Remark 2. Generally speaking, inequality (9) is more general than the inequality

| (g, 1) = ag (g, )| + [ B, 1) = By, 1) |

< L(;ug | [ Fom@) - [ Foa@n)|+ |y - u, ) @)
Jew

where § is the set of functions from R?Y - R bounded by unity and satisfying the Lipschitz condition with a

constant not greater than 1. Integral functionals of the form a; (u, n) = JK(u, v)W(dv) with K € & not neces-

sarily satisfy (97) but satisfy inequality (9).
In Sec. 2, we show that if the processes x,(u) and p,(u) are a solution of system (4)—(6), then they have a
continuous modification with respect to ¢ and u. Therefore, in what follows (Secs. 3—-6), we assume that x,(-)

and p,(-), te€ [0;T], are random processes with values in the spaces C(Rd;Rd) and C(Rd), respectively,

with the topology of uniform convergence on compact sets.
We prove the theorem in two steps: trajectorywise uniqueness (Sec. 3) and weak existence (Sec. 4). Then
the existence of a strong solution follows from the Yamada—Watanabe theorem [7] [the proof of the correspond-

ing theorem was given for stochastic differential equations in R", but it can applied to Egs. (5)—(8) almost
word for word].
The trajectorywise uniqueness of a solution of system (5)—(8) is understood as follows:

Definition 2. System (5)—(8) possesses the property of trajectorywise uniqueness if the fact that (x, p)
and (x,p) are solutions of system (5)—(8) implies that

P(Vie[0,T] VueR: x,u) = %), p,) = p,w) = 1.

Note that, as follows from the continuity of (x, p) in ¢ and u, this definition is equivalent to the condition

that, for any 7€ [0,T] and u € R?, the following equality is true:
x,w) = x,w), p,w = p,u) as.

2. Auxiliary Statements

In the present paper, we use numerous constants C;, C,, ... . For simplicity, we omit subscripts and write
simply C., meaning, generally speaking, different constants.

Assume that u, u, € RY, P> Po: RY [0,00), X1, x5: RY - R4, v, = (P ° xl_l, and v, =

(Pol) © Xy ! In this case, inequality (9) yields

IN

|y, vp) = @ (i, vy)| L(I w =y |+ sup | [ (K (1, 50))p1 ) = K (3, x,0)) p () (k) D

IA

C((| U — iy | + (J|x1 -x [ du)m)(l + (Jp%du)m) + (_[ (P1 = p2)° du)m). (10)



MEASURE-VALUED DIFFUSIONS AND CONTINUAL SYSTEMS OF INTERACTING PARTICLES IN A RANDOM MEDIUM 1511
In particular, if p;=p, =p and x; = x,, then
5 A\l/2
|ak(u1,v)—ak(u2,v)| < C.|u1—u2| 1+(J.p du) . (11)

Using the boundedness of the functions a;, and by, we easily obtain the following a priori moment esti-
mates for the processes p,(u) and x,(u) (see [8, Chap. 4.5]):

Lemma 1. Let p,(u) and x,(u) be solutions of Egs. (1)—(4). Then, for any p > 1, there exists
K, >0 independent of the initial measure | and such that

sup E sup (pt(u)p+|xt(u)—u|p) <K,.
.T]

ueR? 1€[0

Remark 3. The random process p,(u), t =0, satisfies a linear stochastic differential equation with posi-
tive initial condition. Hence, p,(u) >0 a.s.

Denote
T, = inf{tZO: (] (1+ P2 i) = m}

xp'(u) = Xiar, (1) P () = Prat, (1)

Remark 4. As follows from Lemma 1, T, To as m— oo as.

Relations (7) and (8) imply that x;" and p;" satisfy the It system of equations

dx;" (u) = a(’)"(xtm(u), t)dt + ia,’f(xtm(u), t)dwk(t),
=

dp™(u) = (b(’)"(x,m(u), tdt + Y b (x]" (), r)dwk(z)]p;"(u)
k=1

with bounded coefficients a;'(u,t) = a(u, 1) 1 fr<t, ) and by (u,t) = by(u, ;) l{tST , satisfying the Lip-
schitz condition (with a constant depending only on m).

Lemma2. Vp>1 VmeN 3IL=Lim,p) Vt,t, € [0,T] Vu,u, € RY:

E|XZ1(M1)_XZ1(M2)|p < L(ltl —tz |P/2 +|M1 — Uy |p)

Lemma 2 can be proved in the standard way (see, e.g., [8, Chap. 4]).
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As follows from the Kolmogorov theorem, the processes x;"(«) and p;'(u) are continuous in (7, u). Re-
mark 4 implies that there also exists a continuous modification for the processes x,(u) and p,(u). Furthermore,
it is easy to verify that if X,(u), p,(u) is such a modification, then it also satisfies system (5)—(8), and the equal-

ity (p,u) o x,' = (p,u) o X', re [0,T], holds with probability 1. Therefore, we assume in what follows

that, for the pair (x, p), a modification continuous in (¢, u) is already chosen.

Lemma 3. Ve>0:

P( sup suple(u)_ultp’(u)<oo) = 1. (12)
t€[0,T] u 1+ ]|ul

Equality (12) can be obtained by analogy with the corresponding statement for the derivative of a solution
of the stochastic equation with respect to the initial data (see [8, Chap. 4]).

3. Proof of the Trajectorywise Uniqueness of a Solution

Let (x,,p,) and (X,, p,) be two solutions of (1). We introduce the stopping time
. ’ 1/2
T, = 1nf{t20: ( j (1+p; (v))u(dv)) > n}

As follows from Lemma 1, 7, To as n— o a.s. In this case, using the Itd formula and estimates (10) and
(11), we establish that, for any ¢>0,

|5y, () = Tz ) [ (14 P2, )

IAT,

< L j ((|xs(u) — X + J|xs(v) ~- %) u(dv)) (1 + j p2(v) u(dv))
0

+ [Ip, @) = p@) i) (14 pFa)ds + M,(w), (13)
where M,(u) is a certain martingale (with respect to r) and

sup sup E|Mt(u)|2 < oo,
u te[0,T]

EM,(u) = 0.
By analogy, taking the definition of 7, into account, we obtain the following inequality with EN,(u) =0:

IAT,

[Prne, @ =P, [ < L [ (1)~ By +(1+p2w)
0

x (1%, = %@ P + [ [x,0) - 5,0 P (1 + p2@)u@d))ds + Nw). — (14)
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We take the mathematical expectation of both sides of (13) and integrate with respect to [L(du). Recall that
J(l + pf AT, (u)) w(du) < n. Then, replacing u by v in the integrals, we obtain the following inequality [gener-
ally speaking, with a different constant L. = L.(n)]:

[E[ e, )= T, 0] Pc, 0)1i(d)

IN
™~

IAT, INT,
12[B | 5@ -%0Fp@udmds + [E | Ips<v>—ﬁs<v)|2u<dv)ds]
0 0 ’

IN
N~

t t
. 2”E|xmn(u)—xmn(u)fpﬁmn(v)u(du)ds + HE|pmn(u)—amn(u)fp(du)ds). (15)
0 0

The existence of the integrals on both sides of this inequality follows from Lemma 1.
Taking the mathematical expectation in (14) and integrating with respect to [W(du), we arrive at the fol-
lowing inequality by analogy with (15):

J.E| Pint, V) — 5{/\1:” ) |2 w(dv)

< L(_:[jE

t
Pone, (1) = Pyns, O W@ ds + [ [E[xge 0) = Fone 0] (14pg e, (v)z)u(dv)ds). (16)
0

Applying the Gronwall lemma to (15) and (16) for any ¢t e [0,T], we get Xat, W) = X7, (V) and
Pirs, V) = Piag, () for p-almostall v e R? and almost all ® € Q. Since T, —> +o0 as n— o a.s., for any

te [0,T] we have
) = x5, p, = p) u-as.

Substituting these equalities into (13) and (14), taking the mathematical expectation, and using the Gronwall
lemma, we obtain

Vte [0,T] Yue RY: x,(u) = x,w), p,u) =p,m) P-as.
4. Weak Existence

Let u" = ka: 1ck,m8uk,m’ m =1, be a sequence of discrete measures that converge weakly to the meas-

ure L.

We denote by x;", p;’, lL;" the solution of system (5)—(8) with the initial condition u™ instead of W.
First, note that solutions of the corresponding equations exist and are unique. Indeed, it is easy to deduce
from the assumptions concerning the coefficients a; and b; that the functions
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(Ml,...,um,pla---apm) = ai(“k’z Jp] u)

(Upsee s U Plseees P) P b,-(uk, chpjﬁufJ
=R

satisfy the condition of linear growth and the local Lipschitz condition.
Remark 5. For simplicity, ¢, and ., arereplaced here by ¢, and u, respectively.

Thus, the system

dx;"(uy) = ao[x, (uy.), chp, (u; )5 ]dt + Za (x, (1), chp, (u; )8 n )dw @,

Jj=1 Jj=1

dp}"(u,) = (bo(x, (up.), ZC Py (u; )8 " )]dt + Zb [x, (up.), ZC Py (u; )8 ]dwi(t)Jp;"(uk),

Jj= j=1

xp () = we,  polwy) =1

has a unique solution.

For u# u;, we determine x,"(u) from the equation

dx"(u) = ao[xt (u), Zc P ;)3 )d; + Za (x, (), Zc P ;)3 ]dw,.(t).

Jj=1 Jj=1

The corresponding equation for p}"(u) can be written by analogy.

Note that x™ and p™ thus constructed form the unique solution of system (5) —(8) with initial condition

m _ m
0~ 2k=1ck’m6uk,m.

By analogy with Lemmas 1 and 2, we have the following inequalities

Vp>1 Vn21 3L, VYm Vi,te[0,T] Vu,u e R

m m m pl2 p
E lemn,m(ul)—xzzmn,m(uz)‘ ‘lem () =Py at,, 2)‘ |f — 677+ uy —uy | )

(17)
Vp>1 3C: sup sup E sup (|xt () — u| +|p, (u)|p) C,
m ,erd t€[0,T]

where

Ty = inf{tZO: (j(1+(p;"(u))2 p’"(du)))”2 > n}
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As follows from Theorem 1.4.7 in [8], for any n € N the sequence of random fields {(xf”M.n . (), p’,”mn m(')),
m2 1} is weakly relatively compact in the space C ([0, T], C (Rd; ]Rd)) x C ([O, T], C (]Rd)), where the spaces

C (Rd; ]Rd) and C (Rd) are equipped with the topology of uniform convergence on compact sets.
Inequalities (17) yield

Ve>0: lim supP{’c,Lm<c} =0,

n—oo m

and, hence, the sequence {(x’," ), p’,"(~)), m > 1}, is also weakly relatively compact.

Let us show that the sequence of measure-valued processes {u;”, m 2 1} is weakly relatively compact in
C([0,T], ). For this purpose, it suffices to verify that the following conditions are satisfied [1]:

(i) for any bounded Lipschitzian function f, the sequence of random processes <u;" , f> = _[ fau,
m 21, is weakly relatively compact in C([0, T]);

(i) for any €>0, one has

supP( sup uT{llullZn}ZeJ — 0, n—ooo.
m te[0,T]

(18)

Taking into account that <u;” , f> = J. f (xtm (u)) x p;(u)W"(du) and applying the arguments used in the

proof of the weak compactness of the flows (xm, pm), we easily verify condition (i).
Let us verify (18). We have

te[0,T] |uls'n t€[0,T)

P(supu?{|u|2n}28) < P[ sup  sup |xt(u)|2§J + P[ sup J p;"(u)um(du)ZSJ.
t

lu|>/n

According to Lemma 3, the first term tends to zero as n — eo. To estimate the second term, we use the
Chebyshev inequality and Lemma 1. As a result, we get

P[ sup j p;"(u)um(du)ZSJ < e, (u: lu|>yn)sup E sup p(u) — 0, n— oo.
t€[0,T] t€[0,T]

lul>{n “

Thus, the weak relative compactness is proved.

Passing, if necessary, to a subsequence, we assume that ( x”, p™, W) converges weakly as m — o to

the limit process (x., p., L.) (defined, generally speaking, on a different probability space).
Let us prove that

P(Vte[0.T]: 1, = (p)ox, ') = L. (19)
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It is easy to see that (p,|L) o x, ! is a continuous measure-valued process. Hence, to verify (19), it suffices to

prove that
Vielo,T]: Py, = (p)ox ') = 1.

In turn, for this relation to be true, it is sufficient that, for any k& =1 and any continuous finite function

f: R* SR, the following mathematical expectations be equal:

E [ £, .., x @) ) .. ) n(duy) .. (i) = B [ fluy, .., ), (duy) ..., (duy).
de de

Without loss of generality [9], we may assume that the processes (x;", p;', U;') and (x,, p,, I,) are defined
on the same probability space and the convergence takes place almost surely. For simplicity, we consider only
the case k=1.

Forany m > 1, we have ;' = (p;"p,m) 0 (x,m)_l, whence
E[A(x"@)p] n" (dw) = E[ fu]" (du). (20)
For almost all o, the following convergence takes place:
[raouf@uy - [ raw,(du).

Furthermore, the sequence of random variables {I fdu",m= 1} is uniformly integrable because
sup E([ fau")” < sup| fa)[* supE([pidu)")" < sup| fu)[* sup supE|p}" ()| supp™(R) < oo,
m u m u m u m

Therefore, the right-hand side of (20) converges to EJ‘ fdu,. Consider its left-hand side. It is easy to verify

that the sequence {EI f (x,m ) pdu", m > 1} is uniformly integrable. Therefore, it suffices to verify the con-

vergence of the following integrals in probability:
[Am)erany — [ foppdu,  m— e, (21)
Recall that the following uniform convergence on compact sets takes place almost surely:
x'" = x, and p' > p, as m—>oo. (22)

Let Uc R? be a certain compact set. Then
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[ A)eraw™ = | fix)p,dp
R4 R4

<

[ reopian= | peepean™| + | roop, = f(x")pf [dn”
Rd Rd U

[ (r@op + ] (")pr ) au (23)

RNU

The first term on the right-hand side of (23) converges to zero with probability 1 by virtue of the weak con-
vergence of measures, the continuity of x, and p, inthe parameter u#, and Lemma 1. The second term does
not exceed sup, .y (| f(x,w)p,w) — f (x;” (u))p;"(u)|) sup,, W (U), and, hence, it converges to zero almost
surely for any fixed compact set U.

By the choice of U, we can also make the expression

supE [ (| fCo)p, | +[ f(")pf" [Jdu™ < Csupp”(RU\U)
"oRrRAw "

arbitrarily small. These results show that (21) converges, and, therefore, relation (19) is true.
By analogy with the arguments presented above, one can easily prove the weak relative compactness of the
sequence

- (xf"c),pw(-xu’."(-» Ja (s u7 ) s.

0

j‘bk(x;n(')’ “;n)pgldwk(s), Wk('), k:O,—n, leJ’
0

where wy(t) =t.
Passing to subsequences, if necessary, and using the Skorokhod theorem [9], we choose a common prob-
ability space and the sequence

Cn =

I/
=
3

A IONTI jak(sc;"(.), im)ds, jbk(jz?(-),ag’)dwk(s), W (), k=0,n, le]
0 0

on it such that

1&]

n = C,,» and, furthermore, this sequence converges almost surely to a certain element

¢ = (%P, & oy, By, Wi, k=0,n),

where wy, k= 1, n, are Wiener processes and, as proved above, [I = (f)uo) o 571
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By analogy with Theorem 1 in [10, Chap. 5, Sec. 2], one can easily verify that

@) = [ay (%), fi,)di(s),
0

t
Bra = [by (%0, fi,)py0) diig(s),
0

and X, p, [, and w, are connected by relations (5)—(8). Thus, the weak existence and, hence, Theorem 1 are
proved.

Remark 6. For the existence of a weak solution, one can weaken condition (9) of Theorem 1. Namely,

instead of this condition, it suffices to require that the functions a; and b; be continuous in (u, ) and have
the Lipschitz property with respect to the first argument:

3K 3L Vk=0m Vu, u,eR? Vped:

|y (g, ) = @y (g, )| + |y, ) = by (up, | < Ll — 1y |

Under similar conditions, a theorem on the existence of a weak solution for equations with interaction but with-
out variation in the mass of particles (i.e., for b, = 0) was proved in [11].

5. Continuous Dependence on the Initial Measure

In this section, we establish the continuous dependence of a solution of system (5)—(8) on the initial meas-

ure L.

Theorem 2. Suppose that W" — W as m — o in M. Let (xm, pm> denote a solution of system

(1)—(4) with initial condition W™". Then, for any compact set U C R?, the convergence in probability

sup sup (| x7" () — x,) |+ |p" @) = p,@)|) B 0, m > e, (24)
te[0, T] ueU

and the convergence in probability of the processes
w' -y, m—oe in C([0,T], M) (25)
take place.

Proof. By analogy with the proof of the weak existence of a solution of system (5)—(8), one can easily

verify that the sequence of processes M" = (xm, p", X, p Wy, k= I,_n) is weakly compact in

(c(o. 1. ¢(R; RY)) x ¢([0, 71, C(R?)) x €([0, T]. C(R?, R?)) x C([0, T]. C(RY)) x C([0. T])).
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mm D

Using the Skorokhod theorem [9], we choose a common probability space and a subsequence 1™ "

n
that converges almost surely to a certain limit process 1 = (f, P, X, P, W, k= I,_n) As in Sec. 3, we can es-

tablish that (X, p) and (X,p) are solutions of system (5)—(8) with Wy instead of wy. Theorem 1 yields
VueRY Viel0,T]: %W = X)), p,w) = p,w) as.,

and, hence, the uniform convergence on compact sets X" — X and p” — p as m — oo takes place almost
surely. Since the distributions (fcm, p", X, [3) and (xm , p"x, p) coincide, this yields (24).
Convergence (25) is a consequence of (24) and the moment estimates in Lemma 1.

6. Markov Property of the Measure-Valued Process ,

The proof of the Markov property of the process |, can be carried out by analogy with the classical
scheme of the proof of the Markov property for solutions of (ordinary) stochastic differential equations (see [10,
Chap. 6, Sec. 1]).

Assume that s >0, t>5, €>0, and ue JIN. Denote

Fy = o(w(0), 1€[0,5] k=1,n),

For = G(Wk(T)—Wk(s), Te(s, 1], k=1,n).

Note that the c-algebras ¥, and ¥ 5 are independent.
Denote by x;,, (), ps,,@), W;,, asolution of the system

dxs,t,v(u) = aO(xs,t,v(u)’ Ms,t,v)dt + iak(xs,t,v(u)’ !"ls,t,v)dwk(t)’ (26)
k=1

n
dps,t,v(u) = (bO(xs,t,v(u)’ ““s,t,v)dt + 2 bk(xs,t,v(”)’ Hs,t,v)dwk(t))ps,t,v(”)’ t2s, Uue Rd’ (27)
k=1

xs,s,v(u) = u, ps,s,v(”) =1, Mgry = Vo xs_,},V' (28)
As follows from Theorem 2, there exists a measurable version of the mapping
QxM > (o,v) > (xs,tﬁv,ps,,’v,us’,,v) € C(Rd,Rd ) X C(Rd ) x M.

Using a slightly modified version of Theorem 1 for nonanticipating initial conditions, one can easily verify
that system (26)—(28) with initial condition W, has a unique solution.
Consider the random processes

) = x(x5'w), R = o570
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Remark 7. For any s >0, the mapping u > x,(u) is a homeomorphism of R? [8], and, therefore, the

inverse mapping xs_1 is well defined.

It is easy to see that the pair y,, r; satisfies the system

dy, () = ag(y, (), 1,)dt + D ap(y,(w), 1) dwi (1), 125,
k=1

dr(u) = (bO(yt(u)’ We)dr + Y bi(y, (), llt)dwk(f))rt(u)’
k=1

yo(u) = u, r,u) = 1.

It should also be noted that

_ _ _1\—1
W= (p)ex; = ((&p‘yu)ox‘sl)O(mxﬁ)

Since a solution of system (26)—(28) with initial condition v = L is unique, we have

Yo = Xern,o = Psep, My = Mg -

The independence of the ¥ ,-measurable mapping L, . andthe ¥ -measurable random measure L, implies

that the process W, possesses the Markov property.
By analogy with the arguments presented above and the results of [3, Sec. 3.3], one can verify a more gen-
eral statement.

Theorem 3. 1. Forany k,1=0, k=1, and uy,..., u € Rd, the random process
(W x,(uy)y ooy X, (ug)s Py, onn s P (1)), 120,
is a Markov process.
2. The random process
(e X, (), P, (), 120,

is a Markov process in I x C(Rd;]Rd) X C(]Rd), where the spaces C(Rd; Rd) and C(]Rd) are consid-

ered with the topology of uniform convergence on compact sets.

This work was partially supported by the Ministry of Education and Science of Ukraine (project
No. GP/F8/0086).
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