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GENERALIZED DIFFERENTIABILITY
WITH RESPECT TO THE INITIAL DATA
OF A FLOW GENERATED BY A STOCHASTIC EQUATION
WITH REFLECTION
UDC 519.21

A. YU. PILIPENKO

ABSTRACT. Let ¢¢(z), = € R%, be a solution of a stochastic differential equation in
the half-space lR‘_’f, with normal reflection in the boundary; the solution starts from a
point . We prove that the random mapping ¢¢(+, w) is differentiable in the Sobolev
sense for almost all w. We cbtain a stochastic equation for the derivative V.

1. INTRODUCTION

Let @4 (), € R% = R%"1 x [0, 00), be a solution of the following stochastic differential
equation in R9 with normal reflection in the boundary:

dy(z) = ao(pe(2)) dt + Foimy ar(pe()) dwi(t) + Té(z, dt), 20,
(1) _ _ d
300(3:) =, {(m,O) = 0, Te R+s

where @ = (0,...,0,1); &(z,t) is not decreasing with respect to ¢ for a fixed x and is
increasing at the points for which ¢¢(z) € R4™! x {0}:

i
{(x,t) = fo 1 (o (z)eré-1 x {01} €(Z5 d5).

It is well known [3] that if the coefficients of equation (1) are Lipschitz functions, then
a unique strong solution of (1) exists for all fixed z € R?. Applying the Kolmogorov
theorem on the existence of a continuous version, one can check (similarly to the case of
stochastic differential equations without reflection) that a version of the processes ¢ and

¢ that is continuous with respect to (¢, ) exists (see, for example, [1]). It is proved in
the paper [2] that, for almost all w and all t > 0, the random mapping ;: R — R%
belongs to the intersection of the Sobolev spaces

) Watoc(RE, RY).

ns1
Bl

4
The aim of this paper is to establish stochastic equations for the derivative V.
Note that ¢ is not necessarily differentiable with respect to = (in the usual sense) if
the coefficients of equation (1) are smooth. Indeed, consider an example where d = 1,
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~

a; = 1, and all other coefficients are zero, that is, @i(r) is a Brownian motion with
reflection. It is easy to check in this case that

@ (:C) _JT + 'LU(t), T + ming<s<e ’I.U(S) >0,
¢ w(t) — minggs<e w(8),  + minggegew(s) < 0.

The function ¢; is not differentiable at the point z = — ming<,<t w(s) > 0. However, it
is continuous and belongs to W;,loc (R4). Moreover

1, z+ ming<s<tw(s) >0,
0, z+ ming<s<tw(s) <O0.

Vipy(z) = {

The equation for the Sobolev derivative Vi, is not a “classical” stochastic differential
equation. The equation for Vi, can be described informally in the following way.

Let ¢i(z) ¢ R4 x {0} and

(z) = inf{s > t: p,(z) e R* x {0}}.

Then the derivative Vi, (x) satisfies the linear equation

dVps(2) = Vao(@s(2))Vipa(x) ds + D Var(pa(x)) Vips(a) dwi(s)
k=1

on the interval s € [t,7(x)), since the usual stochastic differential equation without
reflection holds for s € [t, 7¢(z)). For t belonging to the set

Az) = {t = 0: pe(z) € R x {0}}
where the solution reaches the hyperplane R%~1 x {0}, we set
_ Vipi(z) = PVpy(x).

Here P is the linear operator that reduces to zero the last row of a d xd matrix. This can
be heuristically explained by the fact that the coordinate d of the mapping i(+) attains
its minimum at the point x.

A formal definition of equations of this kind and a theorem on the existence and

uniqueness of the solution are given in Section 2. We establish the equation for V¢, in
Section 3.

2. THE SOLUTION OF A STOCHASTIC EQUATION

Let wy(t), ..., wm(t) be independent Wiener processes,
F,=o(w(s),k=1,...,m,s<t),
T, a continuous F;-adapted stochastic process, and
a: RExR™ >R, by RExR™ — R™.

Consider the measure-valued stochastic process () = do1 {5(t)=0), Where &g is the prob-
ability measure assigning the unit mass to zero.

Definition 2.1. We say that a pair of F;-measurable stochastic processes (e, 2¢) satisfies
the system

(2)

if

{dyt = ao(ye, 2¢) @t + Y pe s (Yt 2¢) dwp (t) — ye— v(dt),

m
kdzt = ba(yt, Zﬁ) dt + Ek:l bk(?v'ta -zt) dwk(t)a t2>0,

1) y:, t > 0, is a cadlag process;
2) z, t > 0, has continuous trajectories;
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3) z=20+ fot bo(ys, 2s) ds + ¥ ey fot bi(Ys, 2s) dwi(s), t = 0 almost surely;
4) for almost all w, the set {t > 0: z; = 0} belongs to {t > 0: y, =0},
5) for an arbitrary stopping time 7 such that z, # 0, we have

t m t
Ye =Ur +] ao(Ys, zs) ds + Z[ ak(Ys, zs) dwi(s)
T k=1 T

with probability one for all ¢t € [r,7°) where 7° = inf{t > 7: z, = 0}.

Remark 2.1. If z; # 0 for all t > 0, then (y:, 2) is a solution of the system of ordinary
stochastic differential equations

m
dy: = ao(ye, 2¢) dt + Z ak(Yt, 2¢) dwe(t),
(3) o
dze = bo(ye, z¢) dt + Y br(ys, 20) dwi(2).
k=1
Remark 2.2. Assume that there exists a finite family of stopping times
I<nn<m<- <™y

such that the process z; equals zero at these and only these points.

Then the solution (y;, 2;) of system (2) with initial conditions (yo, 20) can be deter-
mined by using a recurrence.

We take (i, 2) for t € [0,71) as a solution of (3) with the initial condition (yo, 2o).
On the intervals [y, Tx+1), we use the solution of (3) with the initial condition

Zry 2= Zrp— Yr, :=0.
Finding a solution of (2) may be difficult if the set
{t > 0: Iy = 0}

is uncountable. This is the case, for example, if z; is a Wiener process.

Theorem 2.1. Assume that functions ax and b, k =0, ..., m, are Lipschitz continuous;
that is, there erists a constant L > 0 such that
lax(y1, 21) — ax(y2, 22)| + |bx(¥1, 21) — be(y2, 22)| < L(|y1 — w2| + |21 — 22|)

for all k and for all y1, y2, 21, and 2.
Then (2) has a unique solution for all nonrandom initial conditions (yo, zo)-

Proof. Assume that (¢, 2;) is a solution of (2). We estimate the moments of y; and z;.
Let ¢ > 0 and N > 0. Put

_ 0? Zg 75 0,
vole) = {inf{t >0: |z =c}, zo=0,

(AN . 1 .
\‘2, UJ\u/—smLO' lJ

In what follows we use several constants K, K»,... . For simplicity, we write K. for
all of them, though they may have different values.

The Itd formula and Burkholder inequality imply that

t
(6) E 31[10p] |zsnow |* < K. (1 +[ E (|z_,,\9N|2 + 'y-’/\GN|2)) ds, telo,T).
scl0,t 0
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Let ¢ > 0. Assume that

te U[aj(C),Tj+1(C))-
J

Then Definition 2.1 implies that

ax(Ys, 2s) dwk(S)) Liefo;(c)imysate))

4 t
Y = Z ('ya,(c) + 25(6) ao(yn z,) ds + Z/

i1 k=17 95(e)

Note that if 2, # 0, then there exists cg = co(w) such that

te [ Uloie), mrale)).

O<c<en j21
Let j. be a number such that ¢ € [0, (c), 7j.+1(c)). It is easy to see that the limit
o= cl—l»%l+ g;.(c)
exists in this case. Moreover, Definition 2.1 implies that the following limits

Jim 0, o#0,
c—0-+ Yo (@) = Yo, o =0,

¢ ¢
hm/ ao(y,,,z,)d.’s=/ ao(Ys, 25) ds
c—0-4

gje{c) o

exist, too.
Smce y: = 0 for z; = 0, we have that for all ¢t € [0, T

|ye| < hﬁ)lZ(

i>1

t
Yo, (c) +f ( )ao(ys,zs)ds
gjic

(ys, 25) dwi(s)
sz ax (Ys, 2s) dwi

Go (yas zg) ds
|

) Liefo;(e),ms41())

< |yol +11m
(7) 21 'W”

+ thz ax(Yss Zs) dwk(s)ntE[Gj(c),7j+l(c))
k=1 cl0 =1 aj(c)
t
< iin +j ia'O(ya:za)ids
0

Lielo;(c)imisa(e))

\

m
+1lim
cl0 457 k=1

Ti+1(c)At
f Qg (yav za) de(S) ntE(O’j {(ehrisrle))-

oi(c)nt
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The Burkholder inequality and Fatou lerama imply
.
E sup |ysnonl® < K.|1 +j0 E(I.c".q,,\o,,.]2 + Iy,AoN|2) ds

SE[OQt]
Ti4l (c)/\aI\ON
/ ks 27) du(r)
oi(c)AsAONn

+MZZE sup

t
(8) < K. (1 +/ E (lza/\enl2 + |Zl.m9~|2) ds

)

lim Z/ E 1o (0)yry41(e1(8) (1 + [Ysnon |* + |zanon |*) 4 )

n.
A 1*0 7/

t
<K, (1 +/ (IymoN 12+ [25A9N|2) ds) , te€0,T].
0

Applying the Gronwall lemma to (6) and (8), we get the bound

E sup (|gsnon|® + |Zsnon[?) < K < o0

8¢[0,T)
where K does not depend on N. Letting N — oo we prove that

E sup (Jusl* + |2:]°) < K < o0.
(0,1]

s&|0,

~ Remark 2.3. One can check in a similar way that

9) E sup (Ju:l® + |2:/7) < o0
te(0,7

forallp > 1.

Uniqueness. Assume that (y:,2;) and (%:,2:) are solutions of (2). Similarly to the
proof of (6) and (8) we obtain

E sup (lys - yalz + Izs - Ealz)

s€l0,
t
0
(10) L m ’ 2
(e)AtAs
rm Y306 s | [0 o) - e 2 ()] )
clo 21 k=1 sel;(c) IJcr;,(c)/\t/\s | }
t
<K Ef (156 = Go[? + |20 — Z?) ds
0
Here

I;(c) = [0(c), Tj41(c)]-

Now the Gronwall lemma implies that y; = 7; and 2z; = Z; almost surely.
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Exzistence. Let ¢ > 0. Define the processes yf and z{ as follows:

) y(c) = Yo, 38 = 20,
‘ (o c t C ¥od
¥ =5, + Jo, (o 005 25) ds

t a4

(11) S S e k(45 2) dwi(s) for t € o(c), Ty41(0)),
yg = 0 fort e [Tj (C)’UJ' (C)]a

t m

(12) =120+ [ bo(yS, ) ds + 3 b(yS, ) dwn(s),  te[0,T].
Y k=1

Since z; is a continuous process, the total number of intervals [o;(c), 7j41(c)) C [0, T} is
finite for all ¢ > 0. The pair of processes (¥, 2{) is a solution of a system of stocha.stic dif-

Lammait e wxridd T lacnlhide naafP londo e dha famdoeemra ] Ml dhnon

u:l.cubu:u cq‘uu-uu1m Wikl u;pubuxu- CUTLLLVICLED UL IJLIU aveivad lU'J kb), lJ-}-l\b}) J.U.uﬂ DI.IUW
processes are uniquely determined. Similarly, ¥ = 0 and z{ are uniquely determined
from equation (12) on the interval [r;(c), o;(c)].

The bound

supE sup (|yg|” + |25|7) < o0
>0  t€0,T]

for all p > 1 can be obtained similarly to the proof of (9). Put

Uler,e2) = (U [Uj(cl),Tj+1(01))) A loslez), Tiriles))-

i>1 i1
Then (see (10))
E sup (I3 - v [* +12 — 22 %)
<SKE [ (o =yl o+ 125 - 22P) ds
19 FEE [ Lotaen(0) (L W2 521+ 4527+ 1252F)

4
<K.E j (lye — g + |28 — 25 %) ds
0

T 1/2
' + K. (E/ 1y(e,,e0)(8) ds) ) tel0,T].
0 .

Note that {J,>,[oj{c), Tj+1(c)) C {t € [0,T]: z; # 0} and

{t € [O)T]: Ty # 0} = U n U[aj(c)!7j+l(c))-
C>0ee(0,C) 521

4

A (U[Tj(cl), Uj(cl)]) A (U[Tj(cz), a; (62)]) —0,  c,03—0+.
i

J

Thus

Hence the second term approaches zero as ¢;,c; — 0+ by the Lebesgue dominated
convergence theorem. Thus the left hand side of (13) also approaches zero by the Gron-
wall lemma. Therefore the sequence of processes ¥ and z¢ converges in Ly as ¢ — 0+.
It is easy to check that the limit process satisfies (2). Theorem 2.1 is proved. O
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3. THE EQUATION FOR THE DERIVATIVE Oy (z)/0z

Let ¢:(x) be a solution of (1). Consider the approximating sequence of processes
determined by the following system of stochastic differential equations:

o (a) = (o(el?(@) + 0: (A1)
(14) +3m a0 (@) dwi(t), t >0,
(e)(fc) =gz, z € R x (0, 00),

where g.(z) = (0, .. ,0, $(za/e)/23), ¥ € C((0,0)), $(z) =0 for = > 2 and y(z) = 1
forx<1,and ¢ is nomncreasmg

It is proved in the paper [2] that a solutlon of (14) exists for all z € R%1 x (0, o0)
and ¢ > 0 and belongs to the half-space R 1 x (0, 00 ) Moreover

1) there exists a continuous version of ¢; )(a:) with respect to the pair of variables

(t,z);
2) foralT>0,p>1,andr >0

(15) sup sup E sup (|<p£s)(a:)|p + |tpt(x)|”) < 00,
e€(0,1] |n:|_<_r te[0,T)
z€R% 1 x(0,00)
(16) sup E sup. |<,a]t Nz) —@u(@)|f -0, €e—0+.
|z|<r telo,T

z€R% 1 x(0,00)

Let y, )(.1:) be a solution of the following linear stochastic differential equation

[ dy® (@) = (Vao ({2 (2) + Ve (01 (2)) ) vl (@)t

+37 Var (0 (@)y® (2) dwr(t), 20,
4(2) = 1, z € R*1 x (0,00),

(17)

where 1 is the unit d x d matrix.

_Denote by n(z, dt) a point random measure such that n(z, {t}) = 1 if and only if ¢;(z)
belongs to the hyperspace R%~1 x {0}

Consider the matrix P = (py;)%;-4 defined as follows pij = 1lfori =35 =d and
pij =0 Otherwise.

The following assertion plays a key role in what follows for establishing an equation:
for the derivative Vi, (x).

Theorem 3.1. Assume that the functions ax: R: — R%, k=0,...,m, are continuously
differentiable and have bounded partial derivatives.
Assume that ‘

(18) f:(ak,d(ac))2 >0 forall zeR*1x {0},
k=1

where ay 4 is the d th coordinate of the function ax = (ax,1,- - - ,ak,d)T.
Then

(19) |yl (2) —w(@)" =0, e—04,
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for allt € [0,T], z € R¥! x (0,00), and p > 1 where y;(z), t > 0, is a solution of the
equation

dyt(z) = Vao(pr(z))y(z) dt
(20) + 2 ke Var(p:(z))ye () dwi (t) — Pye—(z) n(z, dt),
yo(m) = l].,

foralit € [0,T), z € R*1 x (0,00), and p > 1.

Remark 3.1. Equation (20} is understood in the sense of Section 1. The dth coordinate
of the process () is considered as the process z, the dth row of the process y;(z), as
Yt, and the first (d — 1) rows of the process y;(z) combined with o;(x), as z.

e e ande O md o U Sy R g o

AV L E - T i’
Remark 3.2. Let ¢ € R%. The trajectories of the process yg )(:v), t € [0, T}, are continuous
with respect to ¢, while those of y.(x), t € [0, T], are not continuous in general. Thus the

processes yt(e) (x) cannot converge (even in the weak sense) in the Skorokbod topology to
y:(x) in the space Dyp 77 of right continuous functions that have left limits (see [5]). On

the other hand, one can check that yt(e)(z), t € [0, T], converge to y;(z), ¢ € [0,T), in the
space Do 7 equipped with the topology S (see [7]).

Proof. To prove Theorem 3.1 we need the following auxiliary result.

Lemma 3.1. For all p > 1, we have

(21) sup sup E sup [yis) (z)|° < oo,
€€(0,1] xR -1 x(0,00) t€[0,T
(22) sup E sup |y:(2)|P < oo.

z€RI-1x(0,00) te[0,T}

The proof of (21) is standard. The proof of (22) is similar to that of (9).
It view of (21) convergence (19} follows from convergence in probability,

(Y, . P -
¥ (2) = ypelz), e—0+.

Thus we restrict ourselves to the case of p = 2 in the proof of Theorem 3.1.
Let I € {1,...,d} and z € R¥! x (0,00) be fixed. Denote the [th columns of the

matrices yt(e) (z) and y;(z) by y© (¢) and y(t), respectively. Put p(t) = (),
T
790 = (47®, ... 8 ®)

and £(t) = £(z,t). Note that y{*)(¢) and y(t) satisfy an equation of the same form as in
the case of yés) (z) and y;(x) but with the following initial conditions:

y(s)(o) = y(O) = (01' Y PR 'vo)T

—~~
w

-

fr]

coordinates of this vector are zero except for the ! th coord

Ty
=2 S - N S Vasand ¥ Wit uanra wa . AU RF U AN

We prove the convergence -

»
|.
[~
oy
=
<

yOW Byt), e—0+.
Note that
E[79® 30" < KE [ Y |Von(p2(5)) - Varlo(s))| u(s) ds
(23) 0 k=0
+K.E [ (199(9) = 7)* + |57 () - va@)*) .
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The first term in (23) converges to zero as ¢ — 0+ by (15), (9), and the Lebesgue
dominated convergence theorem. Applying the Gronwall lemma to (23), we complete
the proof of the theorem if we verify that

E@Y () —ya®)® >0,  &— 0+,

T
/0 E(y;s)(s) - g,r.;z(.-sc))2 ds — 0, e—0+.

Let ¢ > 0. Consider the stopping times

ao(c) =0,
on(b) = inf{t > on(c): @a(t) < b}, be[0,c),
On+1(c) = lnf{t >7,(0): (pd(t) = C}.

In other words, 7, (b) is the first stopping time after o, (c) when the process 4(t) reaches
the level b, while o,1.1(c) is the first moment after ,,(b) when the process p4(t) reaches
the level c after its visit of the origin.

Note that if b > 3¢, then g, (cp(e)(s)) =0 for s € |J,,[on(c); Tn(b)]. Therefore

T (B)AS
¥ (5) = 3 V@resnm (yff’(an(c)) + / a5,4(¢ )y (2) dz
n>0 em(c)As
m Fn(b)As
w3 [ O @) dun()
k=1 ¥ on(c)As
+ yg(iE) (S) I]'Q"(e,.fi)a

where a;w. is the gradient of the jth coordinate of the function a; and
Q'(g,8,n) = {8 € [on(c),Tn(D)]} N {ts[lg%]|¢(e)(t) — ()] < b/3} ,
€ I

Q'(e,5) = {s ¢ [an(C);?in(b)]} U {t:[lég,llso(e)(t) — ()] 2 b/3} :

n>0
Thus
2
E|y$” (s) — va(s)|
< K. ( 3 e 1gi(e,am ¥ (0n(0)) — valon(e)|’
\n20 3
m Tn(b)As 2
(24 3 [ ka6 9(@) - ah o)) (e
k=0 on(c)Ars
m :-En(b)./\..s. 2 2 \
+ @} 4(¢ ()| [v92) - 3(2)] dz)

k=0Yon(c)As

+E sup (Iygf)(z)l2 + Iyd(z)lz) ﬂQ”(s,a))
z€[0,T}
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2
< K. ( > Elfacionteza® |45 (9a(€)) = va(on(c))]

n>0

T m
* ./ Z \/Ela’;c,d (#)(2)) - a;c,d((p(z))|4 dz

0 k=0

+ f; E|y(‘)(z) - y(.z)l2 dz

+ J P({s ¢ nL>J0[an(6);?fn(l”)]} U {tgé%]|"°(s)(s) —els)| 2 bls}) )

for all s € [0,T) (see (7) and (8)). We used the Cauchy inequality, (9), and Lemma 3.1
in the proof of the last inequality.
Consider the set

Ae,r,b,c,&,n,x { SuP (ly(e) (z)l + Iy(z)|) > 'I‘}

sup |¢®(2) — ()| > ”}

{,e[ ",
u{ 0.7\ Ulon(@) 7)) > }
{

U <{ 3s1,82 € [0,T], |81 — 82| < n:

+| [ ohalota)) dunta

81

)
g

5

k=1

/ " & 2(09(2)) dun(2)

+

[ dhatotet)de

81

[ @@ de| +

81

U {3n: € (on(c)) — &(@n(b)) < }
U {3n: [y*(on(c))| > 6},

where ) is Lebesgue measure on R?,

¢
£.(t) = /0 (e (0 (). 7) ds,  T=(0,...,0,1)
It is easy to deduce from (16) that for all p > 1,

(25) E sup [&(t)-£@)P—0. e—0+.
te[0,T]
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The second term on the right hand side of (24) approaches zero as ¢ — 0+ by the
Lebesgue dominated convergence theorem. Then (24) implies

fo E@WS (s) - va(s)*d

<K. ([o /: E]y(e)(z) - y(z)lzdz + oc(t)

T
(26) +]0 P(s ¢ U[a,,(c),?in(b)]) +P (t:féﬁml‘p(s)(s) - o(s)| > b/3) ds
+E sup (=) + |yd(z)|2) Lacrncimn
z€[0, 7] ’

where sup, o.(t) — 0 as £ — 0+.

Lemma 3.2. For an arbitrary § > 0, there exists n > 0 such that

83 , € ; 82 ; ;
s:gl?l)P(|81§l:§)|<ﬂ{ [1 aO,d(‘P (Z))yc( )dz * ] ao,d((P(Z))y( )dz

+Z(

k=1

/ akd (‘)(z))ys(z)dwk(z)

+

[ i) dun (2

81

o)<

The proof of Lemma 3.2 is obtained from the Burkholder inequality, bound (9), and
Lemma 3.1.

Lemma 3.3. Assume that the function z(t) is such that

) =20+ [ fe)es)ds+olt), e[0T,

« where [2(0)} < ¢, f(s) < 0 for s € [0,T], sup,e(o,m l(s)l < &, and cp is a stepwise
continuous function. Then

z(t) < cexp{/ot f(s) ds} + 24, te[0,7].

The function z(t) can be written explicitly as

PR AN S i

re{ [ 1(0)ds /Otexp{- [ 162 }f(s>«p(s)ds
} oo} [[exp{~ [ e)de} 110 s

cexp{/ot f(s) ds} + 26.

This is what was to be proved.



158 A. YU. PILIPENKO

Lemma 3.4. Let ¢ € [0,00) — [0,00) be a nonincreasing differentiable function such
that ¥(z) = 1 for z € [0,1] and ¥(x) = 0 for x € [2,00). Put f-(z) = P(z/e)/z?, = > 0.
Assume that z, is a nonnegative function such that fOA fe(ze)dt > ».

Then
fo (%) @owes-%

The assertion of Lemma 3.4 follows from the estimate

Y (z/e)e 1x? — 2Y(z/e)x < —2u¥(z/¢c) < —2f.(z) < —fe(x).

4 = xz3 - z - g

fo(@) =

Let a > 0-and 4 > 0 be arbitrary. We choose the numbers r > 0, b>0,¢c> b, n > 0,

N LJOY a4l o4
> U, a.uu €0 € \Y, 0/ &) ducit vilav

"
en \j (¢U[an(c),an(b)1)+r>(s;1p o) - <p(s)|zb/3)ds<a

and
(28) P(Ag,r,b’c,d,n,x) <

for all € € [0,€0]. This set of numbers exists, since

]
P ( /O Lipa(s)=0} ds = 0) =1

(see condition (18)) and in view of Lemmas 3.1 and 3.2 and relations (9), (25), and

P{¢(on+1(c)) — €(Tn(D)) > O for all n) = 1.
Then

fot E@S (s) — yals))’ ds

t ps
@) (2) - 2 0 o
SK.([O/O E[y(©(2) - y(2)| dz + 0 () +
(29) 2\ /2
+ (E sup_((457(2)" + (wa(2))?) ) ot/

2z€[0,T

+ ((6 +r)e*/% 4 26)2 + 62)

7

for all € € (0,£0) by (26), (27), and (28) and Lemmas 3.3 and 3.4. Choosing «, 4, and &
sufficiently small, we obtain from (29) and (23) that there exists a number K > 0 such
that, given an arbitrary 4 > 0, one can find &p > 0 for which

E[F©®) -3¢ <v+ K ( fo Eg(s) - (o) ds + fo /0 TEy9 () ~y(z)l2dzd8)’
/ E(yc(f)(s) - yd(s))zds <7+ K//s E|y(€)(z) - y(z)|2dz ds
0 0J0
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for all € € (0,¢p) and for all ¢ € [0,T]. Then the Gronwall lemma implies that
sup E[y(f)(t) - 'gi(t)l2 — 0, g€ — 04,
€[0,T]

T
/ EGE @) — pa())?dt =0, - 0+,
0

T
(30) j Ely® () - y@®)|*dt -0, e—0+.
0
Reasoning in the same way as in the proof of (29) we see that for all ¢t € [0, T,

s () — ()’ =0, -0+
by (30) and (24). Theorem 3.1 is proved. O

Applying the argument of Section IV in [6], one can check that the processes <p§€) (x)
are differentiable in the Sobolev sense with respect to the parameter z. Moreover

Bpi” (z)
(31) L
where the processes y{ (z) satisfy equation (17). The processes 3\ (z) have a version
that is measurable with respect to (w,t,z). According to (16), (19), and (21) we obtain
that for almost all w the function y;(+,w) is the derivative in the Sobolev sense (with
respect to ) of the process .(z) if y has a version that is measurable with respect to
(w,t, ). '
The corresponding result and the existence of a set g of full measure such that
yi(x) = Op¢(x)/0z for all t € [0,T] and w € Qg are proved in the following theorem.

Theorem 3.2. Assume that the hypotheses of Theorem 3.1 hold. Then

1) there exists a version of the process y,(z) that is measurable with respect to
(t,z,w);

2) there exists a set Qq, P(Qg) = 1, such that y; = Op:/0z is the Sobolev derivative
for allw € Qp and t € [0,T).

Proof. We need the following auxiliary result on measurability of the limit stochastic
process.

Theorem 3.3 ([4]). Let (2, F,P) be a probability space, (A, A) a measurable space, Y
o separable metric space, and let X,, = X, (a), n > 1, a € A, be a sequence of F ® A-
measurable random elements with values in' Y. Assume that the limit in probability exists
for the sequence {X,(a),n > 1} and for a € A.

Then there is an F ® A-measurable random element X (a), a € A, with values in Y
such that

= yﬁs) (x) almost surely,

Xn(a) = X(a), n— oo,
forallac A

Let 7§(x), ¢ > 0, be a sequence approximating the process y;(z) (see (11) and (12)).
Theorem 2.1 implies the convergence

E sup |§§'(z) - yt(:t:)lp — 0, ¢ — 0+,
t€[0,T

forallz € ]Ri and all p > 1. For a space Y in Theorem 3.3, take the space Do 7 of right
continuous functions on [0, T} that have left limits. It follows from Theorem 3.3 that to
complete the proof of the first part of Theorem 3.2, it suffices to verify measurability of
some version of the processes ¥} (z) with respect to (z,w).
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Similarly to (4) and (5) we introduce the stopping times
7o(c,z) = inf {t > 0: pf(z) =0}, =z eRY,
oj(c,z) = inf {t > 7;(c, 2): p}(z) = ¢},

Ti+1(c,z) =inf {t > 0;(c, z): () =0}.

The random elements o;(c, z) and 7;(c,z) are measurable with respect to (x,w) for all
¢ > 0, since y;(z) is continuous with respect to (¢, x).

Measurability of yf(x) can be checked by using Theorem 3.3 again, since the pro-
cess y§(z) is the limit of successive approximations and the stochastic integrals in the
successive approximations are limits of integral sums. The first part of Theorem 3.2 is
proved.

Relations (16), (19), and (31) and Lemma 3.1 imply that

o
(32) % =y in Lpjoc(RY)
for all ¢t € [0, T] and almost all w. Since the process y;(x) has right continuous trajectories,
relations (15), (22), and (32) imply that for all w belonging to a set of full measure and

forallr > 0andt € [0,T],

) Ay, () P
- D e n - =
im [ (100 @) )P +| e —u(@)]) az =0,
t,€Q " 2eR4~1 x(0,00)
that is, y; = dp;/0z, t € [0, T, almost surely.
Theorem 3.2 is proved. O
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