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Transformation of measures in infinite-dimensional spaces

by the flow induced by a stochastic differential equation

A. Yu. Pilipenko

Abstract. Let p be a Gaussian measure in the space X, and H the Cameron—
Martin space of the measure u. Consider the stochastic differential equation

de (u,1) = ar(§(u, 1)) dt + 3 0¥ (6(u,0) dwn(t), ¢ € [0,T],

5(“7 O) =u,

where u € X, a and oy are functions taking values in H, and the wp(t), n > 1,

are independent one-dimensional Wiener processes. Consider the measure-valued

random process piy := po&(-,t) L. It is shown that under certain natural conditions

on the coefficients of the initial equation the measures u¢(w) are equivalent to p for

almost all w. Explicit expressions for their Radon-Nikodym densities are obtained.
Bibliography: 10 titles.

§ 1. Introduction

We consider the flow &(u,t), u € R%, ¢ € [0, T], induced by the following stochas-
tic differential equation in the Euclidean space R¢:

d&(“) t) = at(&(“? t)) dt + Z U?(é(“) t)) dwn(t)>

&(u,0) = u.

(1.1)

Let 41 be a measure in R? having a smooth positive density with respect to
Lebesgue measure. Kunita [1] proved that under certain natural assumptions about
the smoothness and boundedness of the coefficients in (1.1) the measures p;(w) :=
poé(-,t,w)~ ! are absolutely continuous for almost all w, and a stochastic analogue

dp(w)

of Liouville’s theorem holds for the density pi(w)(u) = d—(u), u € RY.
m
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In the present paper we consider a similar problem on the transformation of
measures by the flow induced by a stochastic differential equation in an infinite-
dimensional space. We point out several important differences between the
finite-dimensional and infinite-dimensional cases. First, even a linear stochastic
equation does not necessarily induce a flow in an infinite-dimensional space [2].
Second, this is related to the lack of a canonical infinite-dimensional Lebesgue mea-
sure and, accordingly, of measures with smooth density. Differential measures are a
natural generalization of measures with smooth density in the infinite-dimensional
case. The most interesting and widely discussed class of such measures is the class
of Gaussian measures, which we consider in the present paper.

Transformations of measures by means of flows induced by ordinary (non-
stochastic) differential equations in the infinite-dimensional case have been consid-
ered by many authors; see, for instance, [3]-[6] and the references in these papers.

The main result of the present paper is Theorem 3.1, in which we obtain con-
ditions on the coefficients at, o} of equation (1.1) ensuring the equivalence of the
measures p and g (w) for almost all w in the case when p is a Gaussian Radon
measure. We obtain explicit expressions for the Radon—Nikodym densities, which
coincide with the corresponding formulae in the finite-dimensional case [1].

§ 2. Definitions and auxiliary results

Let X be a locally convex space, u a centered Gaussian Radon measure in X,
and let H C X be the Cameron—Martin space of y with Hilbert norm || - || g.

Let E be a separable Hilbert space. Then we denote by FCy°(E) the set of
cylindrical smooth functions of the following form:

F:ka(@i, Voo lzh, Vew: X = B,
k=1

where n € N, z} € X*, e, € E, fr, € Cp°(R™).

Let D be the Fréchet derivative of functions in FC°(E) along the directions
in H. We define recursively the derivatives of higher orders.

By the Sobolev spaces W (E) we understand the closures of FC;°(E) in the
norm

k
[ F| pk = Z HD]FHLp(X7MH®j®E)-
j=1
The closure of the operator D¥ with respect to the norm | - ||, is called the

stochastic derivative; we use for it the same symbol.
We also set

WE(E) := {f | for each p > 1, HDijLOO(X7H7H®j®E) < 00
for each f € W;(E) 0<j <k},

[l flloo,k := jnax, ID* fl| L oo (1. HER @ 2)-
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The adjoint operator § = D*, where D(D) = W (E),

1 1
6= 8,2 D(3y) € Lo(X,p HO B) = Ly(X,w H),  — + =1,

is called the divergence operator (or the extended Skorokhod operator).
We present some moment inequalities for the divergence operator and the sto-
chastic derivative in the next statement.

Lemma 2.1 ([7], p. 50). If f € WF(H), then 6f € WF™ (R) and there eists a
constant cp i such that for each f € WF(H),

16 lwp— < corllofllwg -

Definition 2.1. A function f: X — F is said to be H-Lipschitz with constant L
if
[f(z+h) = f(2)lle < LI &

forallz € X and h € H.

Definition 2.2. A function f: X — E s of class HC"(E) if for each z € X the
map H 5 h — f(z + h) € E has continuous Fréchet derivatives of order n.

The following fact on the existence of an H-Lipschitz modification of functions
of class W2 is well known (see, for instance, [8]).

Lemma 2.2. Let f € WL(E). Then f has an H-Lipschitz modification with
constant esssup,, || Df(w)]|-

The Cameron—Martin space H can be identiﬁ(ifi in a natural fashion with the
space H(u) of square integrable functionals. Let h be the element of H(u) corre-
sponding to a vector h € H. We shall require the following well-known result on the
action of the stochastic derivative on the conditional expectation of a differentiable
random variable.

Lemma 2.3. Let Hy be a linear subspace of H, g the o-algebra generated by the
functionals {TL, h € Hy}, and 7 the orthogonal projection onto Hy in H. Then
for each function f € W;, p > 1, k > 1, the conditional expectation E(f/og) also
belongs to Wj and

DE(f/o0) = mE(Df/00).

§ 3. Main results

Let u be a centered Gaussian Radon measure in a locally convex space X, let
H C X be the Cameron-Martin space, and let {w,(¢), t € [0,T], n > 1} be a
sequence of independent one-dimensional Wiener processes defined on a probability
space (Q,F,P).

Consider the following stochastic differential equation in X depending on the
initial condition u € X:

t

praw =t [Cafpu@)dzt Y [ @), @)

=1
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where a: [0,T] x X — H and the ¢™: [0,T] x X — H, n > 1, are functions jointly
measurable in their variables.

It is sometimes more convenient to study equation (3.1) written in the Stratono-
vich form:

et =ut [ aleus@)iz+ Y [ oo wyeda(),  G1)

=1

where
1

a=a;— 3 > (Do? 0% i-

n

We consider also the generalized Stratonovich equation:

ors(u) =u— / a;(pzi(w))dz + Z/ 07 (z(u)) o dwn(2) (3.17)

=1
with the new Wiener processes @y, (t) = wy (1) —wy (t). In a finite-dimensional space

this equation defines the inverse flow ¢; 5, t > s [1].
The main result of the present paper is as follows.

Theorem 3.1. 1. Assume that the following relations hold for allt € [0,T], n > 1:
ar € W2 (H), o} € W2 (H)
and

Aj = supesssup | Dlay(u)| geu+n < oo,  je€{0,1,2},
t u
— I _n 2
S; := sup ess sup g | D of (w)|| Feary < oo, 1 e{o,...,3}.
t u
n

Then there ezists a random element ¢ = s 1(u,w): [0,T] % [0,T]x X x Q@ - X
jointly measurable in the four variables (s, t,u,w) and a subset Qo of Q, P(Qp) = 1,
such that the following results hold for all w € Qy:

(a) relations (3.1), (3.1") hold for all s < t, where the stochastic integrals are
regarded as integrals of Lo(X, p, H)-valued random elements;
(b) for all ti,to,t3 € [O,T],
Gy s (1,12 (U, W), W) = @4y g5 (w,w)  for p-almost allu € X,
Pty (-, w) = idx;
(c) for all s,t € [0,T] the measures psi(w) = po (pst(-,w))™ ' and p are

equivalent;
. . L dﬂs,t(w) .
(d) the Radon—Nikodym density psi(w)(u) := T(u) has the following
1
form:

prati) = exp{ = [ (621 pec(0) -3 | G pe)odon(a) ). 32)

where s <t and

psﬂf(u) = (pt,s(QOs,t(u)))_l . (33)
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IL. Leta; € HC*(H), o € HC*(H) for allt € [0,T], n > 1, and assume that the
quantities A; and Sy defined in the first part of the theorem are finite. Then there
exists a process @s such that for each w € X relations (3.1') and (3.1") hold P-a.s.
and s 1(u) is continuous in s, t for P-almost all w. Moreover, each modification of
@s,t(u) continuous in s, t has properties (a)—(d) from the first part of the theorem.

Remarks. (1) Sets of p-measure zero in (b) depend in general on ¢y, t, t3, and w.
(2) We consider composite functions in (3.3). However, ¢; , is defined up to sets
of p-measure zero. The composite is well defined because the measures p and pi; o
are equivalent by (c). The composite @, ¢, © @1, ¢, in (b) is well defined for the
same reason.
(3) For w € Qq, s,t € [0,T], the map ¢, (-,w): X — X is p-almost surely
invertible (see (b)) and ¢y s(-,w) defines the inverse map, that is,

@t,s(@s,t( . 7(“))7 (4)) = @s,t(‘pt,s( . 7(“))7 (4)) = ldX H-a.Ss.

(4) The Stratonovich stochastic integrals in (3.1"), (3.1”), and (3.2) are used for
simplicity of notation and are the It6 integrals of random elements ranging in Lo

¢
with suitable additions. For instance, the expression / (002)(s,2(w)) o dwn(z)
S

means
1

[ G o) den) + 5 [ DG 02p) d

§ 4. Finite-dimensional approximations

Let {e,} be an orthonormal basis in H and assume that the square-integrable
functionals {€,,} are elements of X* C H(u). The linear map

j: X suw ((e1,u), (€2, u),...) € R®

transforms the measure p into v, the product of the Gaussian N(0, 1) measures. In
the process H is transformed into [, and the classes Wf (X, u, H) into Wf (R®,~,12).
One can verify the existence of a y-measurable map k: R®°—X such that (kj)(u)=u
p-a.s. It is equally easy to see that the functions R sy— ja(ky), R dy—jo, (ky)
satisfy all the assumptions of Theorem 3.1. Hence it is now sufficient to prove the
theorem for X = R* and y = . Let m,, be the projection onto the plane of
the first m variables, and 7™ the projection onto the space of the remaining vari-
able. We shall approximate equation (3.1) by the following sequence:

o () = u+ / A (@ (w) dz+ 3 / o (W) dn(z),  (4.1)

where the functions a* and ¢*” satisfy the conditions

ay' (u) = mmal (mmu) and  o)"" = Tpol " (Tmu). (4.2)

Note that in this case the flow wgﬁ) changes only the coordinates of m,,u, but

does not affect 7. Hence if the coefficients of (4.1) satisfy (4.2), then it remains
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to consider the finite-dimensional problem, which was thoroughly studied in [1] not
only for Gaussian measures, but also for measures with smooth density.

Hence our aim is the approximation of the coefficients a and ¢™ by ‘finite-
dimensional’ functions a™, ¢™" and after that the substantiation of the limit
transition for the @272) and the Radon-Nikodym densities

(m) _ Ao (Pl)
s,t d,LL .

We require the following result.

Lemma 4.1 [9]. Let X; and Xo be separable metric spaces, let p; be a probability
measure in X;, and let {fn: X1 — Xo,n > 0} be a sequence of measurable maps.
Assume that
(a) the measures py o (fn)~! are absolutely continuous with respect to us for
eachn > 1,
(b) the sequence of Radon—Nikodym densities

duy o (fn)_l
i,

is uniformly integrable,
(¢c) fn approaches fo in measure as n — oo with respect to p;.
Then py o (fo) ™t < pa-
dpy o (fn)_l

Moreover, if the sequence
dpz

, N = 1} converges to a function p in

measure with respect to us, then

_dpio(fo) "
b=,
2

As follows by Lemma 4.1, uniform integrability of densities is very important
for the substantiation of the absolute continuity of the limit measure. In the next
result we give several estimates for pg’z) independent of the space dimension m.
Theorem 4.1. Let u be a Gaussian measure in R™ with mean zero and identity
covariance matrix. Let

a: [0, T] x R™ - R™ and o":[0,T] xR™ =>R™, n>1,

be measurable functions satisfying the following conditions:
(i) for eacht €(0,T], a; € CZ(R™,R™) and o} € C3(R™,R™);
(ii) Aj :=sup;, [Via:(z)|| < oo, j € {0,1,2},
Spi=sup;, >, [Vie(z)]]? < oo, 1 €{0,1,2,3}.
Then there ezist a random function ¢ = s (u), where s,t € [0,T] and u € R™,
satisfying equalities (3.1') and (3.1") for each u and a subset Qy of Q, P(p) =1,
such that for all w € Qy:

(a) @ is continuous in (s,t,u);
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(b) @s.¢(u) is u-differentiable for all s,t and

t
Vs i(u) = idgm +/ Va,(ps,2(w) Vs »(u) dz

+ Z/s va?(‘ﬂs,z(u))VWS,z(u) dwn(Z) (43)

for s <t,u e R™;
(c) for allu € R™ and t1,ts,t3 € 0, T,

Pta,t1 (u7 w) =u and Pta,ts (‘pt1,t2 (u7 w)) w) = Pty,ts (u7 w);

(d) the measures pst(w) = po (pse(-,w))~t and p are equivalent and the
st satisfy formulae (3.2) and (3.3),

Radon—Nikodym densities ps: =

where

(6)(u) = — Z(af’“—(“) _ fk<u>uk) (4.4)

el 8uk
for f=(f1,---, fm) € CY{R™,R™) and u = (uy,. .., um) € R™;

(e) there exists a constant C = C(Ao, A1, So, 51, S2) depending only on the A;
and the Sy, but not on the dimension of R™ such that

sup / / |ps,t lnps,t| d,u dP < C. (45)
Q m

0<s,t<T

Remark. If in Theorem 3.1 H = X = R™, p = N(0,idgm), and the coeflicients
a and o" satisfy the assumptions of Theorem 4.1, then the result of Theorem 3.1
holds in its full extent. For in this case the stochastic derivative is the gradient
in R™ and the adjoint operator is defined by formula (4.4).

Proof of Theorem 4.1. For the proof of (a)—(d) see, for example, [1], §§4.3-4.6. We
shall verify assertion (e). We consider the case s < ¢ first. We can assume without
loss of generality that s = 0. Let ¢ := g .

Lemma 4.2. Let (A, 2, v) be a probability space and let f: A — A be a measurable
map with the following properties:

(1) the measures v and v o f~1 are equivalent;
(2) there exists a measurable map g : A — A such that g(f(@)) = f(9(a)) = a
for v-almost all o € A.

1
dvof=t [(dvog! -1
L (w) (1.

Thenvog™ " ~uv,
1
dy:/
A

and

dvo f~! | dvo f=!
n

dv o g
dv dv .

! dv

dv. (4.7)

J
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Let E,, Ep, and E,xp be expectations with respect to the measures u, P, and
u X P, respectively. Proceeding in (3.2) from the Stratonovich integral to the Ito
integral and using (4.7) we obtain

Ejxplpo,t Inpo.t| = Euxp[Inpr ol

Eer [ 13020 ds

+ %EMXP /Ot
B RCCSESERE
/:Zn:(%g (657)) () ds

1 1
=h+§&+h+§h (4.8)

ds

Vorad)(gs)

+ E/,LXP

1
+ §E/,L><P

We now find estimates of the terms in (4.8). The fact that each integral in (4.8) is
well defined will result from the proof. We shall require the following result on the
action of the divergence operator ¢ on the composite of a smooth function and ¢;.

Lemma 4.3. Let b€ C*(R™,R™). Then

(80)(e) = 300 + (o), [ an(or)de + > [ ot o)
o ((Vbx%){ [ e 9. a:
D3 | weneave. doo)}). (49)

Proof. Note that

(60)(0s) = (ps, bsps)) — tr(VD)(¢ps)
= (u, b(ps)) +</Osaz<pz derZ/ (¢p2) dwn(2), b(e s)>

—tr V(b(ps)) + tr((VD)(9s) Vips — (VD) (gps))- (4.10)

Applying (4.3) to (4.10) we obtain the expression (4.9). The proof of Lemma 4.3
is complete.
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We now use (4.9) for the estimate of the term I; in (4.8):
t t s
B <Epee [ [3(ale)lds+ Epee [ < [ esten dz,as<gos>>‘ds
0 0 0
t s
+ B [ (0o, X [ o din) ds
0 —Jo
t s
+ Euxp / tr{Vas(gos)/ Va,(p) Ve, dz} ds
0 0
t s
+ Euxp / tr{Vas(gos) Z/ Vol (p.)Ve, dwn(z)} ds
0 —Jo

=hi+-+ s

Note that
t s 1
I1,2</ / laz]lcollas||co dzds < —Ag,
o Jo 2
s 2
> [ oo dunta)
n 0 ]Rm

t s
<t/ HasHioZ/ o2, dzds < 2435,
0 —Jo

For the estimate of I;; we use Lemma 2.1:

t
(Is)? < t / s |2 E, Ep dzds

t
(1) <t [ Eo{E,(6(au(p)") ds
0
t
< tes / Ep {Eplllas(00) % + [ Vata(00) Viga 2]} ds
t
<tesy / (llasll%. + [ Vaa |2 EpE, [ Vipal2,) ds, (4.11)

where ||Vas||co = sup,cpm [|Vas(z)||[rmerm, || - ||op is the operator norm.
The required inequality for I; ; is a consequence of the following result.

Lemma 4.4. For each p > 1 there exist constants K1(p) = K1(p, T, Ao, A1, So, S1)
and Ks(p) = Ko (p, T, Aj,S;, 7=0,1,2) such that
Euxp|VVpellh, < Kj(p),  j=1,2. (4.12)

Moreover, Vi, is almost surely invertible and there exists K3(p) = Ks(p, T, A;, S;,
j=0,1,2) such that
Exp[[(Veor) THIB, < K3(p).

Proof. Note that ||[Vei|lop < 14||Vpi—id || ms, where || - || zs is the Hilbert—Schmidt
norm. We set ¢, := Vi, — id.
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Then

v = [ (Vauloin + Varlo) s+ 3 [ (Voo + 90 0n)) dons).

Applying Itd’s formula to [|¢]|%¢ and using arguments similar to [1], p.156 we
arrive at the following inequality:

t
Ellills < Clp, Ar, S1) / (1+ E[ls5) ds,
0

with C' independent of the space dimension. Inequality (4.12) for j = 1 follows by
Gronwall’s lemma. The case j = 2 is considered in a similar way. The invertibility
of Vi, is a known result and (V;)~! satisfies a certain linear stochastic equation.
Estimates for the moments of (V¢;)~! can be obtained in the same way as for V.
The proof of Lemma 4.4 is now complete.

For the investigation of I; 4 and I; 5 we shall require the following fact. If H is
a Hilbert space, A, B € HS(H) are Hilbert—Schmidt operators, and C € L(H) is a
bounded operator, then

tr AB| < [|Allas||Bllas,  [ACas < [[Allas|[Cllop- (4.13)

Hence

t s
1
B < [ 19l [ 1Val B Vo on dzds < 3 K43,
0 0

2

ds

t
Ls<t / Va2 E, Ep
0 HS

Z /Os VU?(%)V% dwn(z)

t s
<t [ AEEe [ 900 Veuls dzds
0 0
t S 1
<A§t/ / S IV0L B[ Vipel, dz ds < 5 AT S Ko
0o Jo 5

Thus, the above inequality completes the proof of the estimate
Il g K(T7 A07 A17 SO) Sl)
Similarly to our previous arguments we can show that Io < K (T, Ao, A1, So, S1, S2).

It is sufficient to observe that for each ¢ € [0, 7] the function ) Vonof has con-
tinuous derivatives and

([
n

o+ HvZ(vggam

) < 00.
R R™QR™
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In fact,

n
op 0t

<Y IVaRlllofl < Y -(IVapl® + llofl*) < So + Si,
n

(o)

<D (V2 ol + [IVar?) < So + 51 + 5.

n

Consider now I3:

|I3] < Euxp

> / )) da(5)
+EMZ/< Ps /az(soz)dz>dwn(s)
+E2/< (o), Z/ () dom(2) ) o)
B t{z [ Varten [ Voo Ves dzdints )|

cEnen{3 Vot [ 3V ) Ve () (o)

=I31+- -+ I3p5;

Our further arguments for I3 ; proceed in the same fashion as for I; ;:

(I32)? < Z/(< ,/saz<%>dz>)2ds
<Z/ |a:|zods(/ |az|oodz)2<soA3t3;
o < [((ror g [0

2
n 1
g/0 ;HUSHQ (EP g / (p2) dwpm(2) )dsg §S§t2.
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Applying (4.13) and Lemma 4.4 to I3 4 we obtain
134 <E EPZ/ (tr{VU Ps / Va,(¢:)Ve, dz}) ds
ny2 2 2 1 2,3
<> HVUSHOOS HVazHooEuxPHV%Hop dzds < K1(2)S1 4117,
o Jo 0

where the constant K7(2) is defined in Lemma 4.4.
In a similar way,

1
(I35)° HVO'"H2 HVO"”H2 Euxp | Vep: |5y dz ds < 5 S7t7 - Ka(2).
P

[\

We find an estimate of the last term in (4.8):
t

I =Euce [ [SUV(0)(0), (V) o2 0| ds
0 n

t t
</0 ZEuxPHV((%Z)(%))HQd8+/0 D R 2B [ (Vios) 712, ds.

The second term is bounded by Lemma 4.4. We consider now the integrand in the
first term. From Lemma 4.3 we obtain

S EunelT (@)
<53 B (19D + [7((or6), [ anten) i) )
; v(<as<%>, / s;a;"(%)dwm(z)» 2

tv(a{ (o, [[atera)}) 2
S RICII o RESERENY

=5(Ia1 4+ Lup)-

2

)

Applying Lemmas 4.4 and 2.1 to I, ;1 we obtain the inequality I4 1 < C(T, 4;, S,
j=0,1,2). The boundedness of I,  follows by the same arguments as in the case
of I 3. One can show ([1], §4.6) that

(Z/ (=) dwm (2 ) Z/ Vo (0.)Vips dwnm (2).
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Hence,
2

I3 < ZEMP <VU ©s V%,Z/ (¢z) dwm(2 )>
DL <a:<%>,2 [ voreave. donte))
< S1Epl Vel |3 / (o) dusn(2)|

+ SoEyxp / S IV () g [ Vil 02

Z/ () dm(2)

2

4>1/2

< $1(Epr Vo4 1/2( o

+ SoS1sK1 (2)
We shall require the following well-known martingale inequality:
|| < KE((M, M),

where M, is a continuous square-integrable martingale of mean zero ranging in the
Hilbert space. Here K is a universal constant.
Consequently,

Z/ (=) dwp(2 (Z/ o™ |12, dz) < Ks?S2.

Taking all the above inequalities into account we obtain the boundedness of Iy 3.
The expressions I4 4 and Iy 5 are treated similarly to I4 3, with the use of inequal-
ity (4.13).

The proof of Theorem 4.1 is now complete.

/,LXP

§ 5. Existence of a measurable solution

Assume that for each t € [0,T] and n > 1
(a) the functions at, o} : X — H are H-Lipschitz and

(b) sup sup sup (|at |\+Z|\at

te[0,T)x€X heH, h#

lat(z + h) — ar( lof(z+h) —of(z )I2>
< 00.
([~ Z [[A]?

In this section we establish the existence of a random element
p=psi(u,w), 0<s<t<T, ueX, wefl

such that

(1) ¢ is jointly measurable in the four variables (s, t, u,w),
(2) relation (3.1) holds for each u € X,0 < s <t < T,
(3) for all w € X and w € Q the function ¢, ((u) is continuous in s, .
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Note that if the functions a;, o} satisfy the assumptions of Theorem 3.1.II, then
they satisfy conditions (a) and (b).

Note that the solution to (3.1) exists for each fixed v € X. For in that case
©s,t(u) = u+ps ¢(u), where 1, ; is the solution of the following stochastic differential
equation in H with H-Lipschitz coefficients:

t t

Vet = [ @un) + 0 de+ 3 [ o Gun() + ) o).
S n S

Applying Kolmogorov’s theorem it is easy to verify the existence of a modification

continuous in s, t. However, the resulting process is not necessarily measurable in

(s,t,u,w). For the construction of a process measurable in the four variables we

require the following result.

Theorem 5.1 [10]. Let (2, F, P) be a probability space, Y a separable metric space,
and (A, ) a measurable space. Consider a sequence of F ® U-measurable processes
Xn =Xn(a), a € A, n > 1, taking values in Y. Assume that there exists a limit of
{Xn(a), n = 1} in probability for each a € A.

Then there exists an F @ A-measurable random element X (a), a € A, taking
values in 'Y such that

Xn(a) i>X(a) asn — oo for each a € A.

Let s € [0,T] be some fixed time. We shall start with the construction of a
random process ¢(s)+(u,w), t € [s,T], measurable in (¢, u,w), satisfying (3.1), and
continuous in ¢ for all v and w.

Without loss of generality we assume that s = 0. Let ¢; be the solution of (3.1)
with s = 0. We shall construct a measurable version of ¢; by means of a limiting
process, with the use of Theorem 5.1.

We set

o (u,w) =, o (u,w) = ut / a. (o) (u dz+2 / o) () duwn (2).

We take for A the space C(]0,T], H) and verify the existence of an F ® B(X)-
t

measurable version of the integral / o7 (™ (u)) dwn(z) regarded as a random

0
element taking values in C([0,T], H).
Consider the following sequence of C([0,T], H)-valued F ® B(X)-measurable
random elements:

- S (2 ()
07 (47 0) (1) = 0 ()

where [ is an integer such that ¢t € [IT/m, (I + 1)T/m].
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It is easy to verify that the £¥™"(u) converge in measure in C([0, T, H) for each
u € X with respect to P. Hence by Theorem 5.1 the integral / o™ (®) (1)) dwn(2)

0
has a version measurable in (u,w), regarded as a random element of C([0, 7], H).
In a similar fashion one shows the existence of a measurable version of the sum

3 / o2 (o () duon(2).

For each u € X the sequence of iterates (wgk)(u) — u) converges in measure to
(pt(u) — u) in the space C([0,T], H) with respect to P. Applying Theorem 5.1
again we establish the existence of a measurable modification of o) (u) for each
s €0,T].

We consider now the B(X)® F-measurable C({(s,t), 0 < s <t < T}, H)-valued
random element

©(0),t if s €[0,T/n],
@gflt) =19 P((k=1)T/n),t if s =kT/n,
O((k—1)T/n),t0n + Orr/m) (1 = 0n) if s € (KT /n, (k+1)T/n),

where 0,, = (s — kT'/n)n.
For each u € X there exists a version of ¢, ;(u) continuous in (s,¢), 0 <s <t < T.
Hence for each u € X we obtain

sup H<p§"t) (u,w) — psi(u,w)||g = 0 asn — oo for almost all w.
0<s<t<T

By Theorem 5.1 there exists a modification of ¢, ; continuous in s, ¢t and measurable
in u, w. A process with continuous trajectories is measurable, therefore the map
(s, t,u,w) = @si(u,w), s <t, u€ X, w e, is measurable.

Remark. Using arguments similar to the above one can demonstrate the existence
of a process ¢ ¢, 0 < s,t < T, measurable in (s, ¢, u,w) and satisfying (3.1"), (3.1")
for s <tand all v € X.

§6. Proof of Theorem 3.1

Let @ and 6™ be H-Lipschitz modifications of a and o™, respectively (Lemma 2.2).
We consider the stochastic equation

praw =ut [ alps)dz+ Y [ Fpn@)denta). (6

Assume that ¢, ; satisfies the measurability conditions presented in §5. Note that
if po <ps_% ~ u, then ;¢ is also a solution of (3.1); moreover, ¢, +(u) satisfies (3.1)
for p-almost all w € X. Hence we shall assume throughout that a = @ and o™ = ™.
We claim that ¢, ;(u) is the required process.

As in §4, let X = R, let u be a product of standard Gaussian measures, and
H =1,. Let m,, be the projection onto the space of the first m variables, and 7™
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the projection onto the space of the other variables (we shall regard ., and 7™
as operators into R* or into l3). We identify 7, (R>) with R™ and each element
u € R*® with the pair (tm,, u™) = (T, (u), 7™ (u)) € R™ x 7™ (R*>°). We denote the
o-algebra generated by the first m coordinate functions by F,,.

Consider now the functions

a™ =E, (mma/Fy) and o™ =E,(7m0"/Fm),

where E,, (- /F,,) is the conditional expectation in (X, B(X), u) with respect to F,.

It follows by Lemma 2.3 that the a™ and the ¢ "™, n > 1, satisfy the assumptions
of Theorem 3.1 with the same constants. Moreover, for each t € [0,T] we have the
convergence

Dia! — D'a; asm — o0, i=0,1,

Digi"" — Dig} asm — oo, j=0,1,2,

for p-almost all v € X.
Note that the functions a}*, o;"" take values in R™ and depend only on the
R™-variable, that is, for all vi,ve € 7™ (R*°), u,, € R™, and ¢ € [0, T] we have

a (Um,v1) = ai* (Um, va), """ (Um,v1) = 07" (U, v2).

Hence it will be sometimes convenient to regard a™ and ¢”"™ as functions from
[0,T] x R™ into R™.
We cannot yet apply Theorem 4.1 to the equation

dody = ai"(p5y) dt + Z " (¢sty) dwn(t), (6.2)
n
Pars(Um) = Um,  upm €R™, (6.3)

since for each ¢ € [0, 7] the functions a}* and o;"", regarded as functions on R™,
are not in the space C’g, but only in WZ.

As is known, an element f € WX (R™, i, R™), pi, ~ N(0,idgm ), has a modi-
fication with continuous derivatives of order k — 1 such that V*~'f is globally
Lipschitz with constant not exceeding || oo, k-

We approximate a}® and o;"" by functions with two continuous derivatives. We
shall require the following well-known result on the approximation of a function by
convolutions.

Lemma 6.1. Let ¢: R™ — R be a non-negative infinitely differentiable function
and let / o(xz)dx = 1. Let pp(z) = n™p(x/n), x € R™, n > 1. Then for each

m

bounded measurable function f: R™ — R™,
f*@n — f in measure as n — oo (with respect to fim,).

If f is uniformly continuous, then the f * p, converge uniformly to f.
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If f € WE(R™, i1y, R™), then
VIi(fxon) = VIif asn—o00, forj=0,....,k—1
uniformly on R™ and

VE(f*on) £ VFf asn — oo,

Remark. If f € Wk then for each j € {0,...,k} and n > 1,

IV7(f % en)lloo < V7 floo-
Applying Cantor’s diagonal procedure, Lebesgue’s bounded convergence theo-

rem, and Lemma 6.1 we can select a subsequence {k,,} such that the functions
a™Fm = a™ x o and o™"Fm = ™™ x . satisfy the following conditions:

T
a™Fm g dt — 0 asm — 0o L-a.S., 6.4
L
T
/ opmkm g2, dt — 0 asm — oo p-as.
0

Remark. Here we regard %= and ¢™™*m as functions on X.

Below we consider only the functions a™*= and ¢™"™*m and do not consider a™
and o™™. For that reason we shall drop the superscript k,, for convenience.

We shall verify that for all s, ¢, 0 < s <t < T,

2 =0 asm — oo, (6.5)

Euxpllof — sl

where ", is the solution of (6.2) with

Pos(w) =u, af"(u) = (6" (um),0), ™" (u) = (™" (um),0).

)

In fact,

t
Eeplle™, — pudll? < 2 / Eeplla™ (@) — alps.)|% dz
S

t
22 [ Y Buello™ (@) — o ()l dz (00)
S n
The first term in (6.6) has the estimate

t t
2/ EuxPHa?(%’?z)—az(%’?z)l\?zdwr?/ Epuxpllaz(5) — az(ps.) |17 dz
S S

t t
<2 [ Bue(la? — aulpo) o+ 2 [ D0 B el — el |
s s (6.7



568 A. Yu. Pilipenko

The first term on the right-hand side of (6.7) converges to zero uniformly in s, ¢
in view of (6.4), the uniform boundedness of {a}*,a;; ¢t € [0,T], m > 1}, and
the uniform integrability of {p7",; m > 1, s,z € [0,T]}. The second term on the
right-hand side of (6.6) is treated in a similar way.

Hence we obtain the inequality

t
Ecell 2 — Paly < e+ 2043+ 51) [ Ewellol = el
S
where €, — 0 as m — oo. The convergence (6.5) is a consequence of Gronwall’s
lemma.
By Lemma 4.1 and (6.5) the measure (1 x P)o (¢s+)~! is absolutely continuous
with respect to p x P. Hence for all s < ¢t and almost all w € ,

po (psi(w, ) < p

Remark. The corresponding set of P-measure zero depends in general on s and ¢.
To prove formulae (3.2), (3.3), and assertion (b) of Theorem 3.1 we shall require
the following easy result on the limit of composite functions (see, for instance, [6]).

Lemma 6.2. Let X and Y be complete separable metric spaces, pu a probability
measure in X, and let p,: X — X, fr,: X =Y, n >0, be measurable functions.

Assume that

(i) ‘Pni>§00>n_>oo§ fni>f0 as m — o0,

(ii) for each n > 1 the image of the measure po @, ' is absolutely continuous

with respect to w;
d —1
(iii) the sequence of densities {'u;i
I

Then fn 0 ©n — fo 0o asn — .

, = 1} is uniformly integrable.

We consider now the backward stochastic equation with reversed Wiener process
Wn(t) = wy(T)—wy (t). Then similarly to the above arguments one can demonstrate
the existence of a measurable ‘inverse flow’ ¢; 5, s < ¢, and the absolute continuity
of o (pr,s) "1 < p for almost all w.

Using Lemma 6.2 and the properties of flows for stochastic differential equations
in finite-dimensional spaces we obtain that

for all t1,t2,t3 € [0,T] there exists 4, 1,4+, such that P(Q ,0,) =1
and - @r,t5 0 Proty = Praes pras. forall we Qg i, (6.8)

For the proof of (3.2), (3.3) we require an infinite-dimensional version of Lem-
mas 4.3 and 4.4.

Lemma 6.3. The following results hold for all s,t € [0,T], s < t, and almost
all w:

(a) for each p >1 the map u— (ps,¢(u,w) — u) belongs to the space W7 (H),
(b) the derivatives

Dy 1(u) :=idyg +D(ps,¢(u) — w)

satisfy all the estimates in Lemma 4.4 with the same constants,
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(c) the derivative Dy, 4 satisfies the relation
t
D‘ﬂs,t =idy +/ Daz(‘ps,z)Dws,z dz
S
t
+ 3 [ Dot(pu)Dpusdun(2) (6.9)
n S

for almost all (w,u) € Q x R*>.

Proof. Note that by Lemma 4.4,
(¢ (u) —u) € W7 (H) for almost all w,
and 7, D(07 (u) —u) = D(¢7" (u) —u) because the function u — ¢ (u,w) —u (as
a function of u € X for fixed w) depends only on wu,,. For simplicity let s = 0 and
let @ := po,¢. We shall prove the Cauchy property for the sequence {D(p}" (u) —u),
m > 1}. We apply It6’s formula to || Dpf* — D5, o
Euxpl| Doy — Dy s

t
< KE{ [ 1Dg — DI IDar e D — (Dab) I D
0
£ 3D — D[P DoT (o) DT — Da’:v"«o’;wso’;v} s
n
t
< K Eup / |De — Dk | ds
0
t
K Ewer | (|Da;"<so;"> ~ Dak(h)]
0

# Y10 (o) = Dot ()] )il s
n
=L (m, k) + Iy (m, k), (6.10)
where K. = K (p,T) is a constant and &k, (s), s € [0,T], is a positive process (see
Lemma 4.4) such that sup j ,,, E.xp(§k,m(s))P < oo for each p > 0. By Lemma 6.2

and Lebesgue’s dominated convergence theorem Iz(m, k) — 0 as m, k — oo.
Applying Gronwall’s lemma to (6.10) we obtain

Euxpl|De)" — D} |lh s — 0 as m,n — oc. (6.11)
We denote the limit of the Dy}™ by ;. We have also already proved that
Euxpllef® —@i]|P =0 as m — oo.
We now select a subsequence {my} such that

Eullof™ — @¢||P =0 as my — oo
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and
Eull D™ — 4y ||P — 0, my — 00,

for all w € Q;, where ; is a subset of full P-measure. Then ©; = Dyp;, the map
u — (p¢(u) — u) belongs to W, (H), and the proof of assertion (b) is complete.
To prove (c) we observe that Dy, satisfies equation (6.9) with the functions a™
and ¢™"™ in place of a and o™, respectively. The limiting process as m — oo and
the application of Lemmas 6.2 and 6.3 (a), (b) completes the proof of (c). The
second-order derivatives are treated in a similar manner.

Lemma 6.4. Assume that b: X — H belongs to the space WL (H). Then (4.9)
holds for u x P-almost all (u,w) if one replaces the operator V by D.

Remark. We assume here that Dy, (u) := idg +D(ps(u) — u). Note that Dy, is
not a Hilbert—Schmidt operator, but (Do?)(¢,)Dy, is, and therefore the stochastic
operators and the trace are well defined since

T
> | Euell Vo2 (o) Viulys da < oc.
n 0

Proof. Let {by,: X — H, m > 1} be a sequence of functions such that for all u and
b (1) = Tmbm (Tmu),

sup [[bm (u)[| < esssup [[b(w)[|,  sup || Db (u)]| < esssup || Db(w)]|

m,u u m,u u
and for y-almost all u € X we have b,, (u) — b(u) and Db, (u) — Db(u) asm — oo.
This sequence can be selected similarly to {a™™*=} at the beginning of the proof

of Theorem 4.1.
Lemmas 6.2 and 6.3 yield the convergence

b (7") = b(eps) as m — oo,
D(bm(#5")) = (Dbm ) (") Dpg* — (Db)(0s) Dps as m — 00
in each space L, p > 1. In particular,
bm —b asm — oo in Wi (H)

and
b (05') = b(ps) asm — oo in La(Q, P, WQI(X, ).

Hence (60™)(¢™) — (6b)(ps) in measure with respect to p x P and
30" (p5")) = 8(b(ps))  In Lo(X X Q, u x P).

Applying Lemmas 6.2 and 6.3 to the other terms in (4.9) we complete the proof
of Lemma 6.4.

We now prove (3.2) for all w € Q, where €, is a set of full P-measure. It is
sufficient to verify (see Lemma 4.1) that

Euxp(Inply, —Inps:)®> — 0 asm — oo, (6.12)

where p; ; is defined by formula (3.2).
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We assume for simplicity that ¢ = 0. Let ¢, := ¢¢,s. Then
EMXP(IHP:?() - lnps,o)2
< [ t{((m)( ) - (a2 ()
+ Z Dyp?)(ps) = 8(Dyn o) (7))

Y (G —(602”’")(972”))2

# (e 07) m—<Do;nvn<6azw>><w>)2}ds. (6.13)

The convergence to zero of the right-hand side of (6.13) as m — oo can be
verified with the help of (6.5), (6.11), and Lemmas 2.1, 6.2-6.4. Formula (3.3) for
s < t follows by (4.6), (3.2), and (6.8).

We claim that assertions (b)—(d) of Theorem 3.1 hold on some common subset g,
P(£0) = 1, independent of t1,ts, 3, s,t. It is sufficient to prove that there exist a
modification of the function ps ; and a set 1, P(€21) = 1, such that for each w € Q
the system of functions {p, (-, w), s,t € [0,T]}, defined in (3.2), (3.3) is uniformly
integrable with respect to p, and ps¢(-,w) is continuous in s, ¢ in the topology of
convergence in measure with respect to u. In fact, assume that this holds. Recall
that s +(u,w) is continuous in s and ¢ for all w € Q@ and v € X. Let Q be a
set such that ps¢(-,w) defined in (3.2) coincides with the Radon—Nikodym density
dpo gy

dp
is the required Radon—Nikodym density for all s,¢ € [0,7] and w € Qo = Q1 N Qa.
Assertions (b) and (c) of Theorem 3.1 hold for almost all w for rational ¢1, t2, t3, s, t.
Hence they hold for all t1, t2, t3, s,t by Lemma 6.2.

To prove the existence of a modification of {ps.(-,w), 0 < s < ¢} that is uni-
formly integrable with respect to p for almost all w it is sufficient to verify the
existence of a version of

for all rational s and ¢. Note that P(22) = 1. Then by Lemma 4.1, p; ,

Eu|ps7t Inps¢| = Eu| Inpys| = E.

(03:)(ps ) dz+ Y / 507 (Pa.z) 0 dun(2)

that is continuous in (s,t), s < t. We use Kolmogorov’s theorem. For convenience
assume that 0<s<s;<t1<t<T. Then

Ep(Eﬂlp&t lnp$7t| - EM|p817t1 lnpshtl |)6

< 1OSUPEMXP{((5N @sz (ZDo" 50' <ps z)) }(|5_51|6+|t_t1|6)

+ sup  Euxp((8a:)(psz) — (602) (s 2))"

S1 <Z<t1

+ sup Euxp(z«éazm,z)—<6az><sosl,z>)2)

s1<z<t n

=L+ 1L+ 1Is.
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The boundedness of the supremum of the expectation in I; is demonstrated
similarly to the proof of Theorem 4.1. Our reasoning for Iy and I3 is almost
identical. We content ourselves with the discussion of Ir. We use Lemma, 6.4:

EMXP((éaz)(WS,z) - (5az)(§0sl,z))6

< 3{EMXP[5(az(<PS,z) - az(‘ﬂsl,z))]ﬁ

+EMXP[<az(<ps,z)>/s ar (s, dT+Z/ (¢s,7) dwn (T )>

- <az(<psl,z)7/81 ar(ps, 7 dT+Z/ (@517 dwn(7)>]6
t Epee [t (Da2) )] [ D)) D i

+ ; /s Z(DU? )(@s,7)Dgs 7 dwn(f)}
- <Daz><%l,z>{ [ Ga oD

S1

+ ; /:(DU?)(%I,T)D%I,T d%(f)})] 6}. (6.14)

Lemma 6.5. For each p > 2 there exists a constant K, such that for j € {0,1,2}
and all s,81,2, s < s1 < z,

EMXPHDJ'QOSVZ - Dj‘Psl,sz < Kp|5 - 51|p/2-

The proof proceeds as in the finite-dimensional case (see, for instance, [1]).
Applying Lemma 6.5 to the right-hand side of (6.14) and using Lemma 2.1 for
the estimate of the moments of the divergence we obtain the following inequality:

Ep(Eplps,e 0 ps | = Eplps,e nps, 12)° S O(ls =1 + [t =11 %), s <t, s1 <t

Hence by Kolmogorov’s theorem E,|p, +In ps+| is continuous in (s,t) and therefore
sup,<; Eulps e Inps | < oo for almost all w. Consequently, for almost all w and all
s < t we have the absolute continuity p o <ps_% < [

In a similar fashion, by considering the backward stochastic equation we obtain
dp o py (- 7(“))_1
dp
s < t} for almost all w. Assertion (b) of Theorem 3.1 is thus established. To prove

)

Bo @y 81 < p for s < t and also the uniform integrability of {

(3.2) and (3.3) for almost all w and all s and ¢ it is sufficient to observe that for
almost all w the function {p; s(-,w), s <t} is continuous in s, ¢ in the topology of
convergence in measure with respect to u.

The proof of Theorem 3.1 is now complete.
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