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Transformation of measures in infinite-dimensional spaces

by the flow induced by a stochastic differential equation

A.Yu. Pilipenko

Abstract. Let µ be a Gaussian measure in the space X, and H the Cameron–
Martin space of the measure µ. Consider the stochastic differential equation

dξ(u, t) = at(ξ(u, t))dt +
∑

n

σnt (ξ(u, t)) dωn(t), t ∈ [0, T ],

ξ(u,0) = u,

where u ∈ X, a and σn are functions taking values in H, and the ωn(t), n � 1,
are independent one-dimensional Wiener processes. Consider the measure-valued
random process µt := µ◦ξ( · , t)−1. It is shown that under certain natural conditions
on the coefficients of the initial equation the measures µt(ω) are equivalent to µ for
almost all ω. Explicit expressions for their Radon–Nikodym densities are obtained.
Bibliography: 10 titles.

§ 1. Introduction
We consider the flow ξ(u, t), u ∈ Rd, t ∈ [0, T ], induced by the following stochas-

tic differential equation in the Euclidean space Rd:

dξ(u, t) = at(ξ(u, t)) dt+
∑
n

σnt (ξ(u, t)) dωn(t),

ξ(u, 0) = u.

(1.1)

Let µ be a measure in Rd having a smooth positive density with respect to
Lebesgue measure. Kunita [1] proved that under certain natural assumptions about
the smoothness and boundedness of the coefficients in (1.1) the measures µt(ω) :=
µ◦ξ( · , t, ω)−1 are absolutely continuous for almost all ω, and a stochastic analogue
of Liouville’s theorem holds for the density ρt(ω)(u) =

dµt(ω)

dµ
(u), u ∈ Rd.
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In the present paper we consider a similar problem on the transformation of
measures by the flow induced by a stochastic differential equation in an infinite-
dimensional space. We point out several important differences between the
finite-dimensional and infinite-dimensional cases. First, even a linear stochastic
equation does not necessarily induce a flow in an infinite-dimensional space [2].
Second, this is related to the lack of a canonical infinite-dimensional Lebesgue mea-
sure and, accordingly, of measures with smooth density. Differential measures are a
natural generalization of measures with smooth density in the infinite-dimensional
case. The most interesting and widely discussed class of such measures is the class
of Gaussian measures, which we consider in the present paper.
Transformations of measures by means of flows induced by ordinary (non-

stochastic) differential equations in the infinite-dimensional case have been consid-
ered by many authors; see, for instance, [3]–[6] and the references in these papers.
The main result of the present paper is Theorem 3.1, in which we obtain con-

ditions on the coefficients at, σ
n
t of equation (1.1) ensuring the equivalence of the

measures µ and µt(ω) for almost all ω in the case when µ is a Gaussian Radon
measure. We obtain explicit expressions for the Radon–Nikodym densities, which
coincide with the corresponding formulae in the finite-dimensional case [1].

§ 2. Definitions and auxiliary results
Let X be a locally convex space, µ a centered Gaussian Radon measure in X,

and let H ⊂ X be the Cameron–Martin space of µ with Hilbert norm ‖ · ‖H .
Let E be a separable Hilbert space. Then we denote by FC∞b (E) the set of

cylindrical smooth functions of the following form:

F =
n∑
k=1

fk(〈x∗1, · 〉, . . . , 〈x∗n, · 〉)ek : X → E,

where n ∈ N, x∗k ∈ X∗, ek ∈ E, fk ∈ C∞b (Rn).
Let D be the Fréchet derivative of functions in FC∞b (E) along the directions

in H. We define recursively the derivatives of higher orders.
By the Sobolev spaces W kp (E) we understand the closures of FC

∞
b (E) in the

norm

‖F‖p,k =
k∑
j=1

‖DjF‖Lp(X,µ,H⊗j⊗E).

The closure of the operator Dk with respect to the norm ‖ · ‖p,k is called the
stochastic derivative; we use for it the same symbol.
We also set

W k∞(E) :=
{
f | for each p � 1, ‖Djf‖L∞(X,µ,H⊗j⊗E) <∞
for each f ∈W kp (E) 0 � j � k

}
,

‖f‖∞,k := max
0�j�k

‖Dkf‖L∞(X,µ,H⊗k⊗E).
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The adjoint operator δ = D∗, where D(D) =W 1p (E),

δ = δq : D(δq) ⊂ Lq(X, µ,H ⊗E)→ Lq(X, µ,H),
1

p
+
1

q
= 1,

is called the divergence operator (or the extended Skorokhod operator).
We present some moment inequalities for the divergence operator and the sto-

chastic derivative in the next statement.

Lemma 2.1 ([7], p. 50). If f ∈ W kp (H), then δf ∈ W k−1p (R) and there exists a

constant cp,k such that for each f ∈W kp (H),

‖δf‖Wk−1
p
� cp,k‖δf‖Wk

p (H)
.

Definition 2.1. A function f : X → E is said to be H-Lipschitz with constant L
if

‖f(x+ h)− f(x)‖E � L‖h‖H
for all x ∈ X and h ∈ H.
Definition 2.2. A function f : X → E is of class HCn(E) if for each x ∈ X the
map H 
 h→ f(x + h) ∈ E has continuous Fréchet derivatives of order n.
The following fact on the existence of an H-Lipschitz modification of functions

of class W 1∞ is well known (see, for instance, [8]).

Lemma 2.2. Let f ∈ W 1∞(E). Then f has an H-Lipschitz modification with
constant ess supω ‖Df(ω)‖.
The Cameron–Martin space H can be identified in a natural fashion with the

space H(µ) of square integrable functionals. Let ĥ be the element of H(µ) corre-
sponding to a vector h ∈ H. We shall require the following well-known result on the
action of the stochastic derivative on the conditional expectation of a differentiable
random variable.

Lemma 2.3. Let H0 be a linear subspace of H, σ0 the σ-algebra generated by the

functionals {ĥ, h ∈ H0}, and π the orthogonal projection onto H0 in H. Then
for each function f ∈ W kp , p � 1, k � 1, the conditional expectation E(f/σ0) also
belongs to W kp and

DE(f/σ0) = πE(Df/σ0).

§ 3. Main results
Let µ be a centered Gaussian Radon measure in a locally convex space X, let

H ⊂ X be the Cameron-Martin space, and let {ωn(t), t ∈ [0, T ], n � 1} be a
sequence of independent one-dimensional Wiener processes defined on a probability
space (Ω,F,P).
Consider the following stochastic differential equation in X depending on the

initial condition u ∈ X:

ϕs,t(u) = u+

∫ t
s

az(ϕs,z(u)) dz +
∞∑
n=1

∫ t
s

σnz (ϕs,z(u)) dωn(z), (3.1)
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where a : [0, T ]×X → H and the σn : [0, T ]×X → H, n � 1, are functions jointly
measurable in their variables.
It is sometimes more convenient to study equation (3.1) written in the Stratono-

vich form:

ϕs,t(u) = u+

∫ t
s

ãz(ϕs,z(u)) dz +
∞∑
n=1

∫ t
s

σnz (ϕs,z(u)) ◦ dωn(z), (3.1′)

where

ãt = at −
1

2

∑
n

〈Dσnz , σnz 〉H .

We consider also the generalized Stratonovich equation:

ϕt,s(u) = u−
∫ t
s

ãz(ϕz,t(u)) dz +
∞∑
n=1

∫ t
s

σnz (ϕz,t(u)) ◦ dω̃n(z) (3.1′′)

with the new Wiener processes ω̃n(t) = ωn(T )−ωn(t). In a finite-dimensional space
this equation defines the inverse flow ϕt,s, t � s [1].
The main result of the present paper is as follows.

Theorem 3.1. I. Assume that the following relations hold for all t ∈ [0, T ], n � 1:
at ∈W 2∞(H), σnt ∈W 3∞(H)

and

Aj := sup
t
ess sup
u
‖Djat(u)‖H⊗(j+1) <∞, j ∈ {0, 1, 2},

Sl := sup
t
ess sup
u

∑
n

‖Dlσnt (u)‖2H⊗(l+1) <∞, l ∈ {0, . . . , 3}.

Then there exists a random element ϕ = ϕs,t(u, ω) : [0, T ]× [0, T ]×X ×Ω→ X
jointly measurable in the four variables (s, t, u, ω) and a subset Ω0 of Ω, P(Ω0) = 1,
such that the following results hold for all ω ∈ Ω0:
(a) relations (3.1′), (3.1′′) hold for all s � t, where the stochastic integrals are
regarded as integrals of L2(X, µ,H)-valued random elements;

(b) for all t1, t2, t3 ∈ [0, T ],

ϕt2,t3(ϕt1,t2(u, ω), ω) = ϕt1,t3(u, ω) for µ-almost all u ∈ X,
ϕt1,t1( · , ω) = idX ;

(c) for all s, t ∈ [0, T ] the measures µs,t(ω) = µ ◦ (ϕs,t(·, ω))−1 and µ are
equivalent ;

(d) the Radon–Nikodym density ρs,t(ω)(u) :=
dµs,t(ω)

dµ
(u) has the following

form:

ρt,s(u) = exp

{
−
∫ t
s

(δãz)(ϕs,z(u)) dz−
∑
n

∫ t
s

(δσnz )(ϕs,z(u))◦dωn(z)
}
, (3.2)

where s � t and
ρs,t(u) = (ρt,s(ϕs,t(u)))

−1
. (3.3)
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II. Let at ∈ HC2(H), σnt ∈ HC3(H) for all t ∈ [0, T ], n � 1, and assume that the
quantities Aj and Sk defined in the first part of the theorem are finite. Then there
exists a process ϕs,t such that for each u ∈ X relations (3.1′) and (3.1′′) hold P-a.s.
and ϕs,t(u) is continuous in s, t for P-almost all ω. Moreover, each modification of
ϕs,t(u) continuous in s, t has properties (a)–(d) from the first part of the theorem.

Remarks. (1) Sets of µ-measure zero in (b) depend in general on t1, t2, t3, and ω.
(2) We consider composite functions in (3.3). However, ϕt,s is defined up to sets

of µ-measure zero. The composite is well defined because the measures µ and µt,s
are equivalent by (c). The composite ϕt2,t3 ◦ ϕt1,t2 in (b) is well defined for the
same reason.
(3) For ω ∈ Ω0, s, t ∈ [0, T ], the map ϕs,t( · , ω) : X → X is µ-almost surely

invertible (see (b)) and ϕt,s( · , ω) defines the inverse map, that is,

ϕt,s(ϕs,t( · , ω), ω) = ϕs,t(ϕt,s( · , ω), ω) = idX µ-a.s.

(4) The Stratonovich stochastic integrals in (3.1′), (3.1′′), and (3.2) are used for
simplicity of notation and are the Itô integrals of random elements ranging in L2

with suitable additions. For instance, the expression

∫ t
s

(δσnz )(ϕs,z(u)) ◦ dωn(z)
means ∫ t

s

(δσnz )(ϕs,z(u)) dωn(z) +
1

2

∫ t
s

〈D(δ(σnz )), σnz 〉(ϕs,z) dz.

§ 4. Finite-dimensional approximations
Let {em} be an orthonormal basis in H and assume that the square-integrable

functionals {êm} are elements of X∗ ⊂ H(µ). The linear map

j : X 
 u �→ (〈ê1, u〉, 〈ê2, u〉, . . .) ∈ R∞

transforms the measure µ into γ, the product of the Gaussian N(0, 1) measures. In
the processH is transformed into l2, and the classesW

k
p (X, µ,H) intoW

k
p (R

∞, γ, l2).
One can verify the existence of a γ-measurable map k : R∞→X such that (kj)(u)=u
µ-a.s. It is equally easy to see that the functions R∞
y �→ja(ky), R∞
y �→jσn(ky)
satisfy all the assumptions of Theorem 3.1. Hence it is now sufficient to prove the
theorem for X = R∞ and µ = γ. Let πm be the projection onto the plane of
the first m variables, and πm the projection onto the space of the remaining vari-
able. We shall approximate equation (3.1) by the following sequence:

ϕ
(m)
s,t (u) = u+

∫ t
s

amz (ϕ
(m)
s,z (u)) dz +

∑
n

∫ t
s

σm,nz (ϕ(m)s,z (u)) dωn(z), (4.1)

where the functions amz and σ
mn
z satisfy the conditions

amz (u) = πma
m
z (πmu) and σm,nz = πmσ

m,n
z (πmu). (4.2)

Note that in this case the flow ϕ
(m)
s,t changes only the coordinates of πmu, but

does not affect πmu. Hence if the coefficients of (4.1) satisfy (4.2), then it remains
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to consider the finite-dimensional problem, which was thoroughly studied in [1] not
only for Gaussian measures, but also for measures with smooth density.
Hence our aim is the approximation of the coefficients a and σn by ‘finite-

dimensional’ functions am, σm,n and after that the substantiation of the limit

transition for the ϕ
(m)
s,t and the Radon–Nikodym densities

ρ
(m)
s,t :=

dµ ◦ (ϕms,t)−1

dµ
.

We require the following result.

Lemma 4.1 [9]. Let X1 and X2 be separable metric spaces, let µi be a probability
measure in Xi, and let {fn : X1 → X2, n � 0} be a sequence of measurable maps.
Assume that

(a) the measures µ1 ◦ (fn)−1 are absolutely continuous with respect to µ2 for
each n � 1,

(b) the sequence of Radon–Nikodym densities{
dµ1 ◦ (fn)−1
dµ2

, n � 1
}

is uniformly integrable,
(c) fn approaches f0 in measure as n→∞ with respect to µ1.
Then µ1 ◦ (f0)−1 � µ2.

Moreover, if the sequence

{
dµ1 ◦ (fn)−1
dµ2

, n � 1
}
converges to a function p in

measure with respect to µ2, then

p =
dµ1 ◦ (f0)−1
dµ2

.

As follows by Lemma 4.1, uniform integrability of densities is very important
for the substantiation of the absolute continuity of the limit measure. In the next

result we give several estimates for ρ
(m)
s,t independent of the space dimension m.

Theorem 4.1. Let µ be a Gaussian measure in Rm with mean zero and identity
covariance matrix. Let

a : [0, T ]× Rm → Rm and σn : [0, T ]×Rm → Rm, n � 1,

be measurable functions satisfying the following conditions:

(i) for each t ∈ [0, T ], at ∈ C2b (Rm,Rm) and σnt ∈ C3b (Rm,Rm);
(ii) Aj := supt,x ‖∇jat(x)‖ <∞, j ∈ {0, 1, 2},
Sl := supt,x

∑
n ‖∇lσnt (x)‖2 <∞, l ∈ {0, 1, 2, 3}.

Then there exist a random function ϕ = ϕs,t(u), where s, t ∈ [0, T ] and u ∈ Rm,
satisfying equalities (3.1′) and (3.1′′) for each u and a subset Ω0 of Ω, P(Ω0) = 1,
such that for all ω ∈ Ω0:
(a) ϕ is continuous in (s, t, u);
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(b) ϕs,t(u) is u-differentiable for all s, t and

∇ϕs,t(u) = idRm +
∫ t
s

∇az(ϕs,z(u))∇ϕs,z(u) dz

+
∑
n

∫ t
s

∇σnz (ϕs,z(u))∇ϕs,z(u) dωn(z) (4.3)

for s � t, u ∈ Rm;
(c) for all u ∈ Rm and t1, t2, t3 ∈ [0, T ],

ϕt1,t1(u, ω) = u and ϕt2,t3(ϕt1,t2(u, ω), ω) = ϕt1,t3(u, ω);

(d) the measures µs,t(ω) := µ ◦ (ϕs,t( · , ω))−1 and µ are equivalent and the
Radon–Nikodym densities ρs,t =

dµs,t

dµ
satisfy formulae (3.2) and (3.3),

where

(δf)(u) = −
m∑
k=1

(
∂fk(u)

∂uk
− fk(u)uk

)
(4.4)

for f = (f1, . . . , fm) ∈ C1(Rm,Rm) and u = (u1, . . . , um) ∈ Rm;
(e) there exists a constant C = C(A0, A1, S0, S1, S2) depending only on the Aj
and the Sl, but not on the dimension of R

m such that

sup
0�s,t�T

∫
Ω

∫
Rm

|ρs,t lnρs,t| dµ dP � C. (4.5)

Remark. If in Theorem 3.1 H = X = Rm, µ = N(0, idRm), and the coefficients
a and σn satisfy the assumptions of Theorem 4.1, then the result of Theorem 3.1
holds in its full extent. For in this case the stochastic derivative is the gradient
in Rm and the adjoint operator is defined by formula (4.4).

Proof of Theorem 4.1. For the proof of (a)–(d) see, for example, [1], §§ 4.3–4.6. We
shall verify assertion (e). We consider the case s � t first. We can assume without
loss of generality that s = 0. Let ϕt := ϕ0,t.

Lemma 4.2. Let (A,A, ν) be a probability space and let f : A→ A be a measurable
map with the following properties:

(1) the measures ν and ν ◦ f−1 are equivalent ;
(2) there exists a measurable map g : A → A such that g(f(α)) = f(g(α)) = α
for ν-almost all α ∈ A.

Then ν ◦ g−1 ∼ ν,
dν ◦ f−1
dν

=

(
dν ◦ g−1
dν

(g)

)−1
, (4.6)

and ∫
A

∣∣∣∣dν ◦ f−1dν
ln
dν ◦ f−1
dν

∣∣∣∣ dν =
∫
A

∣∣∣∣ln dν ◦ g−1dν

∣∣∣∣ dν. (4.7)
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Let Eµ, EP, and Eµ×P be expectations with respect to the measures µ, P, and
µ × P, respectively. Proceeding in (3.2) from the Stratonovich integral to the Itô
integral and using (4.7) we obtain

Eµ×P|ρ0,t lnρ0,t| = Eµ×P |lnρt,0|

� Eµ×P
∫ t
0

|(δas)(ϕs)| ds

+
1

2
Eµ×P

∫ t
0

∣∣∣∣∑
n

δ(∇σns σ
n
s )(ϕs)

∣∣∣∣ ds
+ Eµ×P

∣∣∣∣∑
n

∫ t
0

(δσns )(ϕs) dωn(s)

∣∣∣∣
+
1

2
Eµ×P

∣∣∣∣
∫ t
0

∑
n

(∇σns (δσ
n
s ))(ϕs) ds

∣∣∣∣
= I1 +

1

2
I2 + I3 +

1

2
I4. (4.8)

We now find estimates of the terms in (4.8). The fact that each integral in (4.8) is
well defined will result from the proof. We shall require the following result on the
action of the divergence operator δ on the composite of a smooth function and ϕt.

Lemma 4.3. Let b ∈ C1(Rm,Rm). Then

(δb)(ϕs) = δ(b(ϕs)) +

〈
b(ϕs),

∫ s
0

az(ϕz) dz +
∑
n

∫ s
0

σnz (ϕz) dωn(z)

〉

+ tr

(
(∇b)(ϕs)

{∫ s
0

(∇az)(ϕz)∇ϕz dz

+
∑
n

∫ s
0

(∇σnz )(ϕz)∇ϕz dωn(z)
})
. (4.9)

Proof. Note that

(δb)(ϕs) = 〈ϕs, b(ϕs)〉 − tr(∇b)(ϕs)

= 〈u, b(ϕs)〉+
〈∫ s
0

az(ϕz) dz +
∑
n

∫ s
0

σnz (ϕz) dωn(z), b(ϕs)

〉

− tr∇(b(ϕs)) + tr
(
(∇b)(ϕs)∇ϕs − (∇b)(ϕs)

)
. (4.10)

Applying (4.3) to (4.10) we obtain the expression (4.9). The proof of Lemma 4.3
is complete.
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We now use (4.9) for the estimate of the term I1 in (4.8):

I1 � Eµ×P
∫ t
0

|δ(as(ϕs))| ds+ Eµ×P
∫ t
0

∣∣∣∣
〈∫ s
0

az(ϕz) dz, as(ϕs)

〉∣∣∣∣ds
+ Eµ×P

∣∣∣∣
∫ t
0

〈
as(ϕs),

∑
n

∫ s
0

σnz (ϕz) dωn(z)

〉
ds

∣∣∣∣
+ Eµ×P

∣∣∣∣
∫ t
0

tr

{
∇as(ϕs)

∫ s
0

∇az(ϕz)∇ϕz dz
}
ds

∣∣∣∣
+ Eµ×P

∣∣∣∣
∫ t
0

tr

{
∇as(ϕs)

∑
n

∫ s
0

∇σnz (ϕz)∇ϕz dωn(z)
}
ds

∣∣∣∣
= I1,1 + · · ·+ I1,5.

Note that

I1,2 �
∫ t
0

∫ s
0

‖az‖∞‖as‖∞ dz ds �
1

2
A20,

(I1,3)
2 � t

∫ t
0

‖as‖2∞EµEP
∥∥∥∥∑
n

∫ s
0

σnz (ϕz) dωn(z)

∥∥∥∥2
Rm

dz ds

� t
∫ t
0

‖as‖2∞
∑
n

∫ s
0

‖σnz ‖2∞ dz ds � t2A20S0.

For the estimate of I1,1 we use Lemma 2.1:

(I1,1)
2 � t

∫ t
0

EP{Eµ(δ(as(ϕs)))2} ds

� tc2,1
∫ t
0

EP{Eµ[‖as(ϕs)‖2 + ‖∇as(ϕs)∇ϕs‖2]} ds

� tc2,1
∫ t
0

(‖as‖2∞ + ‖∇as‖2∞EPEµ‖∇ϕs‖2op) ds, (4.11)

where ‖∇as‖∞ = supx∈Rm ‖∇as(x)‖Rm⊗Rm, ‖ · ‖op is the operator norm.
The required inequality for I1,1 is a consequence of the following result.

Lemma 4.4. For each p � 1 there exist constants K1(p) = K1(p, T, A0, A1, S0, S1)
and K2(p) = K2(p, T, Aj, Sj , j = 0, 1, 2) such that

Eµ×P‖∇jϕt‖pop � Kj(p), j = 1, 2. (4.12)

Moreover, ∇ϕt is almost surely invertible and there exists K3(p) = K3(p, T, Aj, Sj,
j = 0, 1, 2) such that

Eµ×P‖(∇ϕt)−1‖pop � K3(p).

Proof. Note that ‖∇ϕt‖op � 1+‖∇ϕt−id ‖HS , where ‖ · ‖HS is the Hilbert–Schmidt
norm. We set ψt := ∇ϕt − id.
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Then

ψt =

∫ t
0

(∇as(ϕs)ψs +∇as(ϕs)) ds+
∑
n

∫ t
0

(∇σns (ϕs)ψs +∇σns (ϕs)) dωn(s).

Applying Itô’s formula to ‖ψt‖pHS and using arguments similar to [1], p. 156 we
arrive at the following inequality:

E‖ψt‖pHS � C(p, A1, S1)
∫ t
0

(1 + E‖ψs‖pHS) ds,

with C independent of the space dimension. Inequality (4.12) for j = 1 follows by
Gronwall’s lemma. The case j = 2 is considered in a similar way. The invertibility
of ∇ϕt is a known result and (∇ϕt)−1 satisfies a certain linear stochastic equation.
Estimates for the moments of (∇ϕt)−1 can be obtained in the same way as for ∇ϕt.
The proof of Lemma 4.4 is now complete.

For the investigation of I1,4 and I1,5 we shall require the following fact. If H is
a Hilbert space, A,B ∈ HS(H) are Hilbert–Schmidt operators, and C ∈ L(H) is a
bounded operator, then

|trAB| � ‖A‖HS‖B‖HS , ‖AC‖HS � ‖A‖HS‖C‖op. (4.13)

Hence

I1,4 �
∫ t
0

‖∇as‖∞
∫ s
0

‖∇az‖∞Eµ×P‖∇ϕz‖op dz ds �
1

2
K1A

2
0t
2,

I1,5 � t
∫ t
0

‖∇as‖2∞EµEP
∥∥∥∥∑
n

∫ s
0

∇σnz (ϕz)∇ϕz dωn(z)
∥∥∥∥2
HS

ds

� t
∫ t
0

A21EµEP

∫ s
0

∑
n

‖∇σnz (ϕz)∇ϕz‖2HS dz ds

� A21t
∫ t
0

∫ s
0

∑
n

‖∇σnz ‖2∞Eµ×P‖∇ϕz‖2op dz ds �
1

2
A21t

3S0K2.

Thus, the above inequality completes the proof of the estimate

I1 � K(T, A0, A1, S0, S1).

Similarly to our previous arguments we can show that I2 � K(T, A0, A1, S0, S1, S2).
It is sufficient to observe that for each t ∈ [0, T ] the function

∑
n∇σnt σ

n
t has con-

tinuous derivatives and

sup
t

(∥∥∥∥∑
n

∇σnt σ
n
t

∥∥∥∥
Rm

+

∥∥∥∥∇∑
n

(∇σnt σ
n
t )

∥∥∥∥
Rm⊗Rm

)
<∞.
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In fact,

∥∥∥∥∑
n

∇σnt σ
n
t

∥∥∥∥ �∑
n

‖∇σnt ‖ ‖σnt ‖ �
∑
n

(‖∇σnt ‖2 + ‖σnt ‖2) � S0 + S1,∥∥∥∥∇
(∑
n

∇σnt σ
n
t

)∥∥∥∥ �∑
n

(‖∇2σnt ‖‖σnt ‖+ ‖∇σnt ‖2) � S0 + S1 + S2.

Consider now I3:

|I3| � Eµ×P
∣∣∣∣∑
n

∫ t
0

δ(σns (ϕs)) dωn(s)

∣∣∣∣
+ Eµ×P

∣∣∣∣∑
n

∫ t
0

〈
σns (ϕs),

∫ s
0

az(ϕz) dz

〉
dωn(s)

∣∣∣∣
+ Eµ×P

∣∣∣∣∑
n

∫ t
0

〈
σns (ϕs),

∑
m

∫ s
0

σmz (ϕz) dωm(z)

〉
dωn(s)

∣∣∣∣
+ Eµ×P

∣∣∣∣tr
{∑
n

∫ t
0

∇σns (ϕs)
∫ s
0

∇az(ϕz)∇ϕz dz dωn(s)
}∣∣∣∣

+ Eµ×P

∣∣∣∣tr
{∑
n

∫ t
0

∇σns (ϕs)
∫ s
0

∑
m

∇σmz (ϕz)∇ϕz dωm(z) dωn(s)
}∣∣∣∣

= I3,1 + · · ·+ I3,5;

(I3,1)
2 � Eµ

{
EP

(∑
n

∫ t
0

δ(σns (ϕs)) dωn(s)

)2}

= Eµ×P
∑
n

∫ t
0

(δ(σns (ϕs)))
2 ds.

Our further arguments for I3,1 proceed in the same fashion as for I1,1:

(I3,2)
2 � Eµ×P

∑
n

∫ t
0

(〈
σns (ϕs),

∫ s
0

az(ϕz) dz

〉)2
ds

�
∑
n

∫ t
0

‖σns ‖2∞ ds
(∫ t
0

‖az‖∞ dz
)2
� S0A20t3;

(I3,3)
2 � EµEP

∑
n

∫ t
0

(〈
σns (ϕs),

∑
m

∫ s
0

σmz (ϕz) dωm(z)

〉)
ds

�
∫ t
0

∑
n

‖σns ‖2∞Eµ
(
EP

∥∥∥∥∑
m

∫ s
0

σmz (ϕz) dωm(z)

∥∥∥∥2
)
ds � 1

2
S20t

2.
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Applying (4.13) and Lemma 4.4 to I3,4 we obtain

(I3,4)
2 � EµEP

∑
n

∫ t
0

(
tr

{
∇σns (ϕs)

∫ s
0

∇az(ϕz)∇ϕz dz
})2

ds

�
∑
n

∫ t
0

‖∇σns ‖2∞s
∫ s
0

‖∇az‖2∞Eµ×P‖∇ϕz‖2op dz ds �
1

3
K1(2)S1A

2
1t
3,

where the constant K1(2) is defined in Lemma 4.4.
In a similar way,

(I3,5)
2 �
∑
n

∫ t
0

‖∇σns ‖2∞
∫ s
0

∑
m

‖∇σmz ‖2∞Eµ×P‖∇ϕz‖2op dz ds �
1

2
S21 t

2 ·K1(2).

We find an estimate of the last term in (4.8):

I4 = Eµ×P

∫ t
0

∣∣∣∣∑
n

〈∇((δσns )(ϕs)), (∇ϕs)−1σns (ϕs)〉
∣∣∣∣ ds

�
∫ t
0

∑
n

Eµ×P‖∇((δσns )(ϕs))‖2 ds+
∫ t
0

∑
n

‖σns ‖2∞Eµ×P‖(∇ϕs)−1‖2op ds.

The second term is bounded by Lemma 4.4. We consider now the integrand in the
first term. From Lemma 4.3 we obtain∑

n

Eµ×P‖∇((δσsn)(ϕs))‖2

� 5
∑
n

Eµ×P

(
‖(∇δ)(σns (ϕs))‖2 +

∥∥∥∥∇
(〈
σns (ϕs),

∫ s
0

az(ϕz) dz

〉)∥∥∥∥
2

+

∥∥∥∥∇
(〈
σns (ϕs),

∫ s
0

∑
m

σmz (ϕz) dωm(z)

〉)∥∥∥∥
2

+

∥∥∥∥∇
(
tr

{〈
σns (ϕs),

∫ s
0

az(ϕz) dz

〉})∥∥∥∥
2

+

∥∥∥∥∇
(
tr

{〈
σns (ϕs),

∑
m

∫ s
0

σmz (ϕz) dωm(z)

〉})∥∥∥∥
2)

= 5(I4,1 + · · ·+ I4,5).

Applying Lemmas 4.4 and 2.1 to I4,1 we obtain the inequality I4,1 � C(T, Aj, Sj ,
j = 0, 1, 2). The boundedness of I4,2 follows by the same arguments as in the case
of I1,3. One can show ([1], § 4.6) that

∇
(∑
m

∫ s
0

σmz (ϕz) dωm(z)

)
=
∑
m

∫ s
0

∇σmz (ϕz)∇ϕz dωm(z).
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Hence,

I4,3 �
∑
n

Eµ×P

∥∥∥∥
〈
∇σns (ϕs)∇ϕs,

∑
m

∫ s
0

σmz (ϕz) dωm(z)

〉∥∥∥∥2

+
∑
n

Eµ×P

∥∥∥∥
〈
σns (ϕs),

∑
m

∫ s
0

∇σmz (ϕz)∇ϕz dωm(z)
〉∥∥∥∥2

� S1Eµ×P‖∇ϕs‖2op
∥∥∥∥∑
m

∫ s
0

σmz (ϕz) dωm(z)

∥∥∥∥2

+ S0Eµ×P

∫ s
0

∑
m

‖∇σmz (ϕz)‖2Rm⊗Rm‖∇ϕz‖2op dz

� S1(Eµ×P‖∇ϕs‖4op)1/2
(
Eµ×P

∥∥∥∥∑
m

∫ s
0

σmz (ϕz) dωm(z)

∥∥∥∥
4)1/2

+ S0S1sK1(2).

We shall require the following well-known martingale inequality:

E‖Mt‖4 � KE(〈Mt,Mt〉)2,
where Mt is a continuous square-integrable martingale of mean zero ranging in the
Hilbert space. Here K is a universal constant.
Consequently,

Eµ×P

∥∥∥∥∑
m

∫ s
0

σmz (ϕz) dωm(z)

∥∥∥∥4 � K
(∑
m

∫ s
0

‖σmz ‖2∞ dz
)2
� Ks2S20 .

Taking all the above inequalities into account we obtain the boundedness of I4,3.
The expressions I4,4 and I4,5 are treated similarly to I4,3, with the use of inequal-
ity (4.13).
The proof of Theorem 4.1 is now complete.

§ 5. Existence of a measurable solution
Assume that for each t ∈ [0, T ] and n � 1,

(a) the functions at, σ
n
t : X → H are H-Lipschitz and

(b) sup
t∈[0,T ]

sup
x∈X

sup
h∈H, h�=0

(
‖at(x)‖+

∑
n

‖σnt (x)‖2

+
‖at(x + h)− at(x)‖

‖h‖ +
∑
n

‖σnt (x+ h)− σnt (x)‖2
‖h‖2

)
<∞.

In this section we establish the existence of a random element

ϕ = ϕs,t(u, ω), 0 � s � t � T, u ∈ X, ω ∈ Ω,
such that

(1) ϕ is jointly measurable in the four variables (s, t, u, ω),
(2) relation (3.1) holds for each u ∈ X, 0 � s � t � T ,
(3) for all u ∈ X and ω ∈ Ω the function ϕs,t(u) is continuous in s, t.
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Note that if the functions at, σ
n
t satisfy the assumptions of Theorem 3.1.II, then

they satisfy conditions (a) and (b).
Note that the solution to (3.1) exists for each fixed u ∈ X. For in that case

ϕs,t(u) = u+ψs,t(u), where ψs,t is the solution of the following stochastic differential
equation in H with H-Lipschitz coefficients:

ψs,t(u) =

∫ t
s

az(ψs,z(u) + u) dz+
∑
n

∫ t
s

σnz (ψs,z(u) + u) dωn(z).

Applying Kolmogorov’s theorem it is easy to verify the existence of a modification
continuous in s, t. However, the resulting process is not necessarily measurable in
(s, t, u, ω). For the construction of a process measurable in the four variables we
require the following result.

Theorem 5.1 [10]. Let (Ω,F,P) be a probability space, Y a separable metric space,
and (A,A) a measurable space. Consider a sequence of F⊗A-measurable processes
Xn = Xn(a), a ∈ A, n � 1, taking values in Y . Assume that there exists a limit of
{Xn(a), n � 1} in probability for each a ∈ A.
Then there exists an F ⊗ A-measurable random element X(a), a ∈ A, taking

values in Y such that

Xn(a)
P−→ X(a) as n→∞ for each a ∈ A.

Let s ∈ [0, T ] be some fixed time. We shall start with the construction of a
random process ϕ(s),t(u, ω), t ∈ [s, T ], measurable in (t, u, ω), satisfying (3.1), and
continuous in t for all u and ω.
Without loss of generality we assume that s = 0. Let ϕt be the solution of (3.1)

with s = 0. We shall construct a measurable version of ϕt by means of a limiting
process, with the use of Theorem 5.1.
We set

ϕ
(0)
t (u, ω) := u, ϕ

(k+1)
t (u, ω) := u+

∫ t
0

az(ϕ
(k)
z (u)) dz+

∑
n

∫ t
0

σnz (ϕ
(k)
z (u)) dωn(z).

We take for A the space C([0, T ], H) and verify the existence of an F ⊗ B(X)-

measurable version of the integral

∫ t
0

σnz (ϕ
(k)
z (u)) dωn(z) regarded as a random

element taking values in C([0, T ], H).
Consider the following sequence of C([0, T ], H)-valued F ⊗ B(X)-measurable

random elements:

ξk,m,nt (u) =
l−1∑
j=0

σ
(n)
jT/m

(
ϕ
(k)
jT/m(u)

)(
ωn

(
(j + 1)T

m

)
− ωn

(
jT

m

))

+ σ
(n)
lT /m

(
ϕ
(n)
lT /m(u)

)(
ωn(t)− ωn

(
lT

m

))
,

where l is an integer such that t ∈ [lT/m, (l+ 1)T/m].
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It is easy to verify that the ξk,m,n. (u) converge in measure in C([0, T ], H) for each

u ∈ X with respect to P. Hence by Theorem 5.1 the integral
∫ .
0

σ(n)z (ϕ
(k)
z (u)) dωn(z)

has a version measurable in (u, ω), regarded as a random element of C([0, T ], H).
In a similar fashion one shows the existence of a measurable version of the sum

∑
n

∫ t
0

σnz (ϕ
(k)
z (u)) dωn(z).

For each u ∈ X the sequence of iterates (ϕ(k)t (u) − u) converges in measure to
(ϕt(u) − u) in the space C([0, T ], H) with respect to P. Applying Theorem 5.1
again we establish the existence of a measurable modification of ϕ(s),t(u) for each
s ∈ [0, T ].
We consider now the B(X)⊗F-measurable C({(s, t), 0 � s � t � T}, H)-valued

random element

ϕ
(n)
s,t =



ϕ(0),t if s ∈ [0, T/n],
ϕ((k−1)T/n),t if s = kT/n,

ϕ((k−1)T/n),tθn + ϕ(kT/n),t(1− θn) if s ∈ (kT/n, (k+ 1)T/n),

where θn = (s− kT/n)n.
For each u ∈ X there exists a version of ϕs,t(u) continuous in (s, t), 0� s� t�T .

Hence for each u ∈ X we obtain

sup
0�s�t�T

‖ϕ(n)s,t (u, ω)− ϕs,t(u, ω)‖H → 0 as n→∞ for almost all ω.

By Theorem 5.1 there exists a modification of ϕs,t continuous in s, t and measurable
in u, ω. A process with continuous trajectories is measurable, therefore the map
(s, t, u, ω) �→ ϕs,t(u, ω), s � t, u ∈ X, ω ∈ Ω, is measurable.
Remark. Using arguments similar to the above one can demonstrate the existence
of a process ϕs,t, 0 � s, t � T , measurable in (s, t, u, ω) and satisfying (3.1′), (3.1′′)
for s � t and all u ∈ X.

§ 6. Proof of Theorem 3.1
Let â and σ̂n beH-Lipschitz modifications of a and σn, respectively (Lemma 2.2).

We consider the stochastic equation

ϕs,t(u) = u+

∫ t
s

âz(ϕs,z(u)) dz +
∑
n

∫ t
s

σ̂nz (ϕs,z(u)) dωn(z). (6.1)

Assume that ϕs,t satisfies the measurability conditions presented in § 5. Note that
if µ ◦ ϕ−1s,t ∼ µ, then ϕs,t is also a solution of (3.1); moreover, ϕs,t(u) satisfies (3.1)
for µ-almost all u ∈ X. Hence we shall assume throughout that a = â and σn = σ̂n.
We claim that ϕs,t(u) is the required process.
As in § 4, let X = R∞, let µ be a product of standard Gaussian measures, and

H = l2. Let πm be the projection onto the space of the first m variables, and π
m
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the projection onto the space of the other variables (we shall regard πm and π
m

as operators into R∞ or into l2). We identify πm(R
∞) with Rm and each element

u ∈ R∞ with the pair (um, um) = (πm(u), πm(u)) ∈ Rm×πm(R∞). We denote the
σ-algebra generated by the first m coordinate functions by Fm.
Consider now the functions

am = Eµ(πma/Fm) and σm,n = Eµ(πmσ
n/Fm),

where Eµ( · /Fm) is the conditional expectation in (X,B(X), µ) with respect to Fm.
It follows by Lemma 2.3 that the am and the σm,n, n � 1, satisfy the assumptions

of Theorem 3.1 with the same constants. Moreover, for each t ∈ [0, T ] we have the
convergence

Diamt → Diat as m→∞, i = 0, 1,
Djσm,nt → Djσnt as m→∞, j = 0, 1, 2,

for µ-almost all u ∈ X.
Note that the functions amt , σ

m,n
t take values in Rm and depend only on the

R
m-variable, that is, for all v1, v2 ∈ πm(R∞), um ∈ Rm, and t ∈ [0, T ] we have

amt (um, v1) = a
m
t (um, v2), σm,nt (um, v1) = σ

m,n
t (um, v2).

Hence it will be sometimes convenient to regard am and σm,n as functions from
[0, T ]×Rm into Rm.
We cannot yet apply Theorem 4.1 to the equation

dϕms,t = a
m
t (ϕ

m
s,t) dt+

∑
n

σm,nt (ϕms,t) dωn(t), (6.2)

ϕms,s(um) = um, um ∈ Rm, (6.3)

since for each t ∈ [0, T ] the functions amt and σ
m,n
t , regarded as functions on Rm,

are not in the space C2b , but only in W
2
∞.

As is known, an element f ∈ W k∞(Rm, µm,Rm), µm ∼ N(0, idRm), has a modi-
fication with continuous derivatives of order k − 1 such that ∇k−1f is globally
Lipschitz with constant not exceeding ‖f‖∞,k.
We approximate amt and σ

m,n
t by functions with two continuous derivatives. We

shall require the following well-known result on the approximation of a function by
convolutions.

Lemma 6.1. Let ϕ : Rm → R be a non-negative infinitely differentiable function
and let

∫
Rm

ϕ(x) dx = 1. Let ϕn(x) = n
mϕ(x/n), x ∈ Rm, n � 1. Then for each

bounded measurable function f : Rm → Rm,

f ∗ ϕn → f in measure as n→∞ (with respect to µm).

If f is uniformly continuous, then the f ∗ ϕn converge uniformly to f .
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If f ∈W k∞(Rm, µm,Rm), then

∇j(f ∗ ϕn)→∇jf as n→∞, for j = 0, . . . , k − 1

uniformly on Rm and

∇k(f ∗ ϕn)
µm−→ ∇kf as n→∞.

Remark. If f ∈W k∞, then for each j ∈ {0, . . . , k} and n � 1,

‖∇j(f ∗ ϕn)‖∞ � ‖∇jf‖∞.

Applying Cantor’s diagonal procedure, Lebesgue’s bounded convergence theo-
rem, and Lemma 6.1 we can select a subsequence {km} such that the functions
am,km = am ∗ ϕkm and σn,m,km = σn,m ∗ ϕkm satisfy the following conditions:∫ T

0

‖am,kmt − at‖H dt→ 0 as m→∞ µ-a.s., (6.4)∫ T
0

‖σn,m,kmt − σnt ‖2H dt→ 0 as m→∞ µ-a.s.

Remark. Here we regard am,km and σn,m,km as functions on X.
Below we consider only the functions am,km and σn,m,km and do not consider am

and σn,m. For that reason we shall drop the superscript km for convenience.
We shall verify that for all s, t, 0 � s � t � T ,

Eµ×P‖ϕms,t − ϕs,t‖2H → 0 as m→∞, (6.5)

where ϕms,t is the solution of (6.2) with

ϕms,s(u) = u, a
m
t (u) = (a

m
t (um), 0), σ

m,n(u) = (σm,n(um), 0).

In fact,

Eµ×P‖ϕms,t − ϕs,t‖2H � 2
∫ t
s

Eµ×P‖am(ϕms,z)− a(ϕs,z)‖2H dz

+ 2

∫ t
s

∑
n

Eµ×P‖σm,n(ϕms,z)− σn(ϕs,z)‖2H dz. (6.6)

The first term in (6.6) has the estimate

2

∫ t
s

Eµ×P‖amz (ϕms,z)− az(ϕms,z)‖2H dz + 2
∫ t
s

Eµ×P‖az(ϕms,z)− az(ϕs,z)‖2H dz

� 2
∫ t
s

Eµ×P
(
‖amz − az‖2Hρms,z

)
dz + 2

∫ t
s

‖Daz‖2∞Eµ×P‖ϕms,z − ϕs,z‖2H dz.
(6.7)
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The first term on the right-hand side of (6.7) converges to zero uniformly in s, t
in view of (6.4), the uniform boundedness of {amt , at; t ∈ [0, T ], m � 1}, and
the uniform integrability of {ρms,z; m � 1, s, z ∈ [0, T ]}. The second term on the
right-hand side of (6.6) is treated in a similar way.
Hence we obtain the inequality

Eµ×P‖ϕms,t − ϕs,t‖2H � εm + 2(A21 + S1)
∫ t
s

Eµ×P‖ϕms,z − ϕs,z‖2H dz,

where εm → 0 as m → ∞. The convergence (6.5) is a consequence of Gronwall’s
lemma.
By Lemma 4.1 and (6.5) the measure (µ×P) ◦ (ϕs,t)−1 is absolutely continuous

with respect to µ × P. Hence for all s � t and almost all ω ∈ Ω,

µ ◦ (ϕs,t(ω, ·))−1 � µ.

Remark. The corresponding set of P-measure zero depends in general on s and t.
To prove formulae (3.2), (3.3), and assertion (b) of Theorem 3.1 we shall require

the following easy result on the limit of composite functions (see, for instance, [6]).

Lemma 6.2. Let X and Y be complete separable metric spaces, µ a probability
measure in X, and let ϕn : X → X, fn : X → Y , n � 0, be measurable functions.
Assume that

(i) ϕn
µ−→ ϕ0, n→∞; fn

µ−→ f0 as n→∞;
(ii) for each n � 1 the image of the measure µ ◦ ϕ−1n is absolutely continuous
with respect to µ;

(iii) the sequence of densities

{
dµ ◦ ϕ−1n
dµ

, n � 1
}
is uniformly integrable.

Then fn ◦ ϕn
µ−→ f0 ◦ ϕ0 as n→∞.

We consider now the backward stochastic equation with reversed Wiener process
ω̃n(t) = ωn(T )−ωn(t). Then similarly to the above arguments one can demonstrate
the existence of a measurable ‘inverse flow’ ϕt,s, s � t, and the absolute continuity
of µ ◦ (ϕt,s)−1 � µ for almost all ω.
Using Lemma 6.2 and the properties of flows for stochastic differential equations

in finite-dimensional spaces we obtain that

for all t1, t2, t3 ∈ [0, T ] there exists Ωt1,t2,t3 such that P(Ωt1,t2,t3) = 1

and ϕt2,t3 ◦ ϕt1,t2 = ϕt1,t3 µ-a.s. for all ω ∈ Ωt1,t2,t3 . (6.8)

For the proof of (3.2), (3.3) we require an infinite-dimensional version of Lem-
mas 4.3 and 4.4.

Lemma 6.3. The following results hold for all s, t ∈ [0, T ], s � t, and almost
all ω:

(a) for each p � 1 the map u �→ (ϕs,t(u, ω)− u) belongs to the space W 2p (H),
(b) the derivatives

Dϕs,t(u) := idH +D(ϕs,t(u)− u)

satisfy all the estimates in Lemma 4.4 with the same constants,
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(c) the derivative Dϕs,t satisfies the relation

Dϕs,t = idH +

∫ t
s

Daz(ϕs,z)Dϕs,z dz

+
∑
n

∫ t
s

Dσnz (ϕs,z)Dϕs,z dωn(z) (6.9)

for almost all (ω, u) ∈ Ω ×R∞.

Proof. Note that by Lemma 4.4,

(ϕms,t(u)− u) ∈W 2p (H) for almost all ω,

and πmD(ϕ
m
s,t(u)−u) = D(ϕms,t(u)−u) because the function u �→ ϕms,t(u, ω)−u (as

a function of u ∈ X for fixed ω) depends only on um. For simplicity let s = 0 and
let ϕt := ϕ0,t. We shall prove the Cauchy property for the sequence {D(ϕmt (u)−u),
m � 1}. We apply Itô’s formula to ‖Dϕmt −Dϕkt ‖pHS :

Eµ×P‖Dϕmt −Dϕkt ‖
p
HS

� K.Eµ×P
{∫ t
0

‖Dϕms −Dϕks‖p−1‖(Dams )(ϕms )Dϕms − (Daks )(ϕks )Dϕks‖

+
∑
n

‖Dϕms −Dϕks‖p−2‖Dσm,ns (ϕms )Dϕ
m
s −Dσk,ns (ϕks )Dϕks‖2

}
ds

� K.Eµ×P
∫ t
0

‖Dϕms −Dϕks‖p ds

+K.Eµ×P

∫ t
0

(
‖Dams (ϕms ) −Daks (ϕks )‖

+
∑
n

‖Dσm,ns (ϕms ) −Dσk,n(ϕks )‖
)
ξk,m(s) ds

= I1(m, k) + I2(m, k), (6.10)

where K. =K.(p, T ) is a constant and ξk,m(s), s ∈ [0, T ], is a positive process (see
Lemma 4.4) such that sups,k,mEµ×P(ξk,m(s))

p <∞ for each p > 0. By Lemma 6.2
and Lebesgue’s dominated convergence theorem I2(m, k)→ 0 as m, k→∞.
Applying Gronwall’s lemma to (6.10) we obtain

Eµ×P‖Dϕmt −Dϕnt ‖
p
HS → 0 as m, n→∞. (6.11)

We denote the limit of the Dϕmt by ψt. We have also already proved that

Eµ×P‖ϕmt − ϕt‖p → 0 as m→∞.

We now select a subsequence {mk} such that

Eµ‖ϕmkt − ϕt‖p → 0 as mk →∞
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and
Eµ‖Dϕmkt − ψt‖p → 0, mk →∞,

for all ω ∈ Ωt, where Ωt is a subset of full P-measure. Then ψt = Dϕt, the map
u �→ (ϕt(u) − u) belongs to W 1p (H), and the proof of assertion (b) is complete.
To prove (c) we observe that Dϕms,t satisfies equation (6.9) with the functions a

m

and σm,n in place of a and σn, respectively. The limiting process as m → ∞ and
the application of Lemmas 6.2 and 6.3 (a), (b) completes the proof of (c). The
second-order derivatives are treated in a similar manner.

Lemma 6.4. Assume that b : X → H belongs to the space W 1∞(H). Then (4.9)
holds for µ × P-almost all (u, ω) if one replaces the operator ∇ by D.
Remark. We assume here that Dϕs(u) := idH +D(ϕs(u) − u). Note that Dϕs is
not a Hilbert–Schmidt operator, but (Dσnz )(ϕz)Dϕz is, and therefore the stochastic
operators and the trace are well defined since

∑
n

∫ T
0

Eµ×P‖∇σnz (ϕz)∇ϕz‖2HS dz <∞.

Proof. Let {bm : X → H, m � 1} be a sequence of functions such that for all u and
bm(u) = πmbm(πmu),

sup
m,u
‖bm(u)‖ � ess sup

u
‖b(u)‖, sup

m,u
‖Dbm(u)‖ � ess sup

u
‖Db(u)‖

and for µ-almost all u ∈ X we have bm(u)→ b(u) andDbm(u)→ Db(u) asm→∞.
This sequence can be selected similarly to {am,n,km} at the beginning of the proof
of Theorem 4.1.
Lemmas 6.2 and 6.3 yield the convergence

bm(ϕ
m
s )→ b(ϕs) as m→∞,

D(bm(ϕ
m
s )) = (Dbm)(ϕ

m
s )Dϕ

m
s → (Db)(ϕs)Dϕs as m→∞

in each space Lp, p � 1. In particular,

bm → b as m→∞ in W 12 (H)

and
bm(ϕ

m
s )→ b(ϕs) as m→∞ in L2(Ω,P,W

1
2 (X, µ)).

Hence (δbm)(ϕms )→ (δb)(ϕs) in measure with respect to µ × P and

δ(bm(ϕms ))→ δ(b(ϕs)) in L2(X × Ω, µ× P).

Applying Lemmas 6.2 and 6.3 to the other terms in (4.9) we complete the proof
of Lemma 6.4.

We now prove (3.2) for all ω ∈ Ωs,t, where Ωs,t is a set of full P-measure. It is
sufficient to verify (see Lemma 4.1) that

Eµ×P(lnρ
m
s,t − lnρs,t)2 → 0 as m→∞, (6.12)

where ρs,t is defined by formula (3.2).
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We assume for simplicity that t = 0. Let ϕs := ϕ0,s. Then

Eµ×P(lnρ
m
s,0 − lnρs,0)2

� 4Eµ×P
∫ t
0

{
((δas)(ϕs) − (δams )(ϕms ))2

+
∑
n

(
δ(Dσns σ

n
s )(ϕs)− δ(Dσm,ns

σm,ns )(ϕms )
)2

+
∑
n

(
(δσns )(ϕs)− (δσm,ns )(ϕms )

)2
+
∑
n

(
(Dσns (δσ

n
s ))(ϕs) − (Dσm,ns

(δσm,ns ))(ϕms )
)2}
ds. (6.13)

The convergence to zero of the right-hand side of (6.13) as m → ∞ can be
verified with the help of (6.5), (6.11), and Lemmas 2.1, 6.2–6.4. Formula (3.3) for
s < t follows by (4.6), (3.2), and (6.8).
We claim that assertions (b)–(d) of Theorem 3.1 hold on some common subset Ω0,

P(Ω0) = 1, independent of t1, t2, t3, s, t. It is sufficient to prove that there exist a
modification of the function ρs,t and a set Ω1,P(Ω1) = 1, such that for each ω ∈ Ω
the system of functions {ρs,t( · , ω), s, t ∈ [0, T ]}, defined in (3.2), (3.3) is uniformly
integrable with respect to µ, and ρs,t( · , ω) is continuous in s, t in the topology of
convergence in measure with respect to µ. In fact, assume that this holds. Recall
that ϕs,t(u, ω) is continuous in s and t for all ω ∈ Ω and u ∈ X. Let Ω2 be a
set such that ρs,t( · , ω) defined in (3.2) coincides with the Radon–Nikodym density
dµ ◦ ϕ−1s,t
dµ

for all rational s and t. Note that P(Ω2) = 1. Then by Lemma 4.1, ρs,t

is the required Radon–Nikodym density for all s, t ∈ [0, T ] and ω ∈ Ω0 = Ω1 ∩ Ω2.
Assertions (b) and (c) of Theorem 3.1 hold for almost all ω for rational t1, t2, t3, s, t.
Hence they hold for all t1, t2, t3, s, t by Lemma 6.2.
To prove the existence of a modification of {ρs,t( · , ω), 0 � s � t} that is uni-

formly integrable with respect to µ for almost all ω it is sufficient to verify the
existence of a version of

Eµ|ρs,t ln ρs,t| = Eµ| lnρt,s| = Eµ
∣∣∣∣
∫ t
s

(δãz)(ϕs,z) dz +
∑
n

∫ t
s

δσnz (ϕs,z) ◦ dωn(z)
∣∣∣∣

that is continuous in (s, t), s � t. We use Kolmogorov’s theorem. For convenience
assume that 0�s�s1�t1�t�T . Then
Ep(Eµ|ρs,t ln ρs,t| − Eµ|ρs1,t1 ln ρs1,t1 |)6

� 10 sup
z�s
Eµ×P

{(
(δãz)(ϕs,z)

)6
+

(∑
n

Dσnz (δσ
n
z )(ϕs,z)

)6}
(|s− s1|6 + |t− t1|6)

+ sup
s1�z�t1

Eµ×P
(
(δaz)(ϕs,z)− (δaz)(ϕs1,z)

)6
+ sup
s1�z�t1

Eµ×P

(∑
n

(
(δσnz )(ϕs,z)− (δσnz )(ϕs1,z)

)2)3
= I1 + I2 + I3.
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The boundedness of the supremum of the expectation in I1 is demonstrated
similarly to the proof of Theorem 4.1. Our reasoning for I2 and I3 is almost
identical. We content ourselves with the discussion of I2. We use Lemma 6.4:

Eµ×P((δaz)(ϕs,z)− (δaz)(ϕs1,z))6

� 3
{
Eµ×P[δ(az(ϕs,z) − az(ϕs1,z))]6

+ Eµ×P

[〈
az(ϕs,z),

∫ z
s

aτ (ϕs,τ) dτ +
∑
n

∫ z
s

σnτ (ϕs,τ ) dωn(τ)

〉

−
〈
az(ϕs1,z),

∫ z
s1

aτ(ϕs1,τ) dτ +
∑
n

∫ z
s1

σnτ (ϕs1,τ) dωn(τ)

〉]6

+ Eµ×P

[
tr

(
(Daz)(ϕs,z)

{∫ z
s

(Daτ )(ϕs,τ )Dϕs,τ dτ

+
∑
n

∫ z
s

(Dσnτ )(ϕs,τ )Dϕs,τ dωn(τ)

}

− (Daz)(ϕs1,z)
{∫ z
s1

(Daτ )(ϕs1,τ)Dϕs1,τ dτ

+
∑
n

∫ z
s

(Dσnτ )(ϕs1,τ)Dϕs1,τ dωn(τ)

})]6}
. (6.14)

Lemma 6.5. For each p � 2 there exists a constant Kp such that for j ∈ {0, 1, 2}
and all s, s1, z, s < s1 < z,

Eµ×P‖Djϕs,z −Djϕs1,z‖p � Kp|s− s1|p/2.

The proof proceeds as in the finite-dimensional case (see, for instance, [1]).
Applying Lemma 6.5 to the right-hand side of (6.14) and using Lemma 2.1 for

the estimate of the moments of the divergence we obtain the following inequality:

EP(Eµ|ρs,t ln ρs,t| − Eµ|ρs1,t1 lnρs1,t1|)6 � C(|s− s1|3 + |t− t1|3), s � t, s1 � t1.

Hence by Kolmogorov’s theorem Eµ|ρs,t ln ρs,t| is continuous in (s, t) and therefore
sups�t Eµ|ρs,t lnρs,t| < ∞ for almost all ω. Consequently, for almost all ω and all
s � t we have the absolute continuity µ ◦ ϕ−1s,t � µ.
In a similar fashion, by considering the backward stochastic equation we obtain

µ ◦ ϕ−1t,s � µ for s � t and also the uniform integrability of
{
dµ ◦ ϕt,s( · , ω)−1

dµ
,

s � t
}
for almost all ω. Assertion (b) of Theorem 3.1 is thus established. To prove

(3.2) and (3.3) for almost all ω and all s and t it is sufficient to observe that for
almost all ω the function {ρt,s( · , ω), s � t} is continuous in s, t in the topology of
convergence in measure with respect to µ.
The proof of Theorem 3.1 is now complete.
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