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Symmetry properties of the one-dimensional Fokker—Planck equations with arbitrary coeffi-
cients of drift and diffusion are investigated. It is proved that the group symmetry of these
equations can be one-, two-, four- or six-parametric and corresponding criteria are obtained.
The changes of the variables reducing Fokker—Planck equations to the heat and Schrédinger
equations with certain potential are determined.

1 Introduction

Fokker—Planck equation (FPE) is a basic equation in the theory of continuous Markovian pro-
cesses. In an one-dimensional case FPE has the form [1, 2]

2
L=y DAy — (Bt = 0, (1)
where u = wu(t,x) is the probability density, A(¢,z) and B(t,z) are differentiable functions
meaning coefficients of drift and diffusion correspondingly.
We investigated symmetry properties of the equation (1) under the infinitesimal basis oper-

ators [3-5]

0 0 0
X =& — Nt — +(t —. 2
The symmetry operators are defined from the invariance condition
XL =0 3
XL, =0 (3)

where )22 is the second prolongation of the operator X, which is constructed according to the

formulae [3-5]. From the condition of invariance (3), equating coefficients by a function u and
its derivatives g, U, Uz, Uy (ur can be expressed from equation (1)) to zero it is possible to
determine the following system of equations on functions ¢°, ¢!, n:

=01, &=&tx), n=xtau,  2B-B-¢B,—B =0,

&0 (A— B + € (A — Bro) + € (As — Bua) = &,(A — By) + %B&z = Bxa,

1 1 4
Xt + 57(5) <A:v - iBJ:ac) + 50 <Atac - ithz> ( )

2

Here lower indexes ¢, £ mean differentiation on corresponding variables. Let us also introduce
the following notations % =0, 8% = Oy, % = 0,.

1 1
+§1 <Aza: - §B$$$> + X:v(A - B;B) - _BX;B;t =0.
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2 Criterion of invariance FPE under four-
and six-parametrical group of symmetry

In [6] following Theorem was proved:

Theorem 1. If there is a symmetry operator (2) Q # u0, for FPE (1) then there ezists a
transformation of a form

t="1T(t), T =X(t,x), u=v(t,x)a,

which reduces it to equation (1) with coefficients of drift and diffusion A = A(), B = B().
And, if €0 # 0 then

t="1T(t), I=uw, u=wv(t,z)u, (5)
dt . . .
where T(t) = / @)’ and the functions w = w(t,x), v(t,x) satisfy the equations:

w4 lwy =0, v + 'vw = xv, (6)
where w # const is further meant as any fixed solution of the equation (6).
The consequence of this theorem is
Theorem 2. The dimension of an invariance algebra of FPE (1) can be equal to 1, 2, 4, 6.

Proof. If dimension of algebra more than 1 then equation (1) is reduced to the equation with
A = A(%), B = B(&), but classification of such equations is known: dimension of their invariance
algebra is either 2 or 4 or 6 [7].

In work [8] it is shown that any diffusion process with coefficient of drift A(¢,z) and diffusion
B(t,z) can be reduced to a process with appropriate coefficienct A(t, ) = A(t,z)/B(t,x) and
B(t,z) = 1 through random replacement of time 7(t). Using result of the theorem 1 we carry
out symmetry classification of FPE for the coefficient B(t,x) = 1 and any A(t,z) just as it was
made in [7] for a case A = A(x) (homogeneous process). So puting in the equations (4) B =1

it is easy to show that

f=rt), &= %m’ +e(t),

3 1 1
§T,M + 7 M + (57’33 + )M, = 57’:1: + ", 7)

xT

X = 3AlLe) - 3 — G oAl +7 [ P de o),

Z0

where M = A; + %Am + AA,, xo and 0(t) are arbitrary point and function correspondently.
Let us find a condition on M under wich there existes at least two the linearly independent
solutions 7(t) of the equations (7). In this case from the Theorem 2 it is followed that there
exists either 3 or 5 operators of symmetry (besides trivial ud,). Let’s assume that M., # 0.
After differentiating twice on = both parts (7) we have:

5 1
§T’Mm + TMpy + <§7’,l’ + go) M. = 0. ()
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Now if we assume that M., = 0, i.e. M, = F(t), then the following condition takes place:
gT/F +7F' =0. 9)

For this equation there is only one linearly independent solution, therefore M., # 0. Then
from (8):

_ 5M$x + xMacxa:T/ + Mtx:v
2Mma:a: M:vm;r

—p(t) T =h(t,x)T +r(t,z)T.

So if (11,%1), (72,¢2) are linearly independent then 71, 7o are linearly independent, and also
hym + 1,7 = 0. Thus

het 4+ 121 =0, het| + 12711 = 0.
/
As Wronskian :} :1 # 0, then from this system it is followed that h, =0, r, =0, i.e.
2 2
5M, M. M.

From conditions (10) it is easy to deduce that
M =Xz —H(t) + F(t)z + G(t), (11)

where A = const # 0, H, F, G are arbitrary functions. Now notice that if M,, = 0, M has
form (11) with A = 0. Thus the condition (11) is necessary for the invariance algebra to have

dimension either 4 or 6. Substituting (11) in (8) and equating zero factors at  — H, (z — H)™*
and 1 we obtain the following conditions:
/ / 1 " !/ 1 /
2TF+TF:§T, A TH—§TH—QO =0,
(12)

3 1 1
5T’(FH +G)+7(FFH+ G+ F <§7JH + gp) = 57”’H + ¢

1) Let A # 0. Then expressing from the second equation ¢(t) = TH' — 17/ H and substituting
it in the third equation we have

gr’(FH +G—-H"Y+7(FH+G-H") =0.

Condition of existence of at least 2 independent solutions 71, 79 results in the equation FFH +
G — H” = 0. In this case the number of the fundamental solutions of system (12) is three.
Really, there are three linear independent solutions 71, 72, 73 of the first equation (12). From
the second equation (12) ¢; is expressed through 7, i = 1,2, 3.

2) If A = 0 the system of the equations (12) has 5 linearly independent solution (7;,p;),
i=1,5.

So the following theorem is proved.

Theorem 3. 1) The class FPE (1) with B = 1 admitting four-dimentional algebra of invariance
1s described by the condition

A+ %Am FAA, = Az — HE) 3 + F(t)a + G(1), (13)
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where A = const # 0, G satisfies the condition
G =H"-FH, (14)

F(t), H(t) are arbitrary functions.
2) The class FPE (1) with B =1 admitting siz-dimensional invariance algebra invariance is
described by condition (138) in which A =0, F, G are arbitrary functions.

Remark. In particular, if the coefficient A(t,x) satisfies the Burgers equation then FPE (1) is
reduced to the heat equation (see [9]).

3 Transformation of the Fokker—Planck equations
to homogeneous equations

1) It turns out that FPE (1) (B = 1), (13) at A = 0 is reduced to the heat equation [9]. We
find the appropriate transformation (5), (6). Let 7 be any solution of system (12) and 7 > 0

(evidently that it is always possible to choose a solution 7(¢) > 0 on some interval). From the
t

formulae (6), (7) it is easy to prove that w(t,z) = 71/2:1:—/ ©(E)773/2(€)dt, where t is arbitrary

to
fixed point. Let us consider the transformation:
L
2/
t
5= wlt) =~ [ p(©r e (15)

u(t,z) = v(t, 2)u(t, 7).

Having substitued into (1), (13) the replacement variable (15) we come to the equation:

1
;= —27 <3+A$+AU—” . —%) i
v v 2w (16)
1
-2 (571/27% — o V2 4 AFV2 %7’1/2> Uz + Uzz.
v
Equating zero factor at 4z, we shall get:
1 x
v = exp —ZT_lT/x2 —rloz + /A(t,{)d& +h(t) |, (17)

zo

where h(t) is an arbitrary function, xg is some fixed point. Substituting (17) into the expression
Yo A, + A% — Lz (factor at @ in (16)) and equating its to zero we get:

2 v
/ L o9 1 4, 2
R (t) = 3 T Pt — 57’ T — Ay(t,zg) — A%(t, x0) | (18)
1 1 1
57_17'” — 17'2(7")2 =F, 7y — §T2T’g0 =G. (19)
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It is easy to prove that if (7 # 0, ¢) is some solution of system (19) then it satisfies to system (12)
(A=10, M =0). Then we have the transformation (15), where funcitons v(¢, x), 7(t), ¢(t) can
be found from (17)—(19), resulting FPE (1), (13) (A = 0) to the heat equation

-~ (20)
Let us notice, that the system (19) is reduced to following:

t
/

2y’ + y? = 4F, Yy = 1, w= 71/2/71/2Gdt. (21)
T
to
2) We consider now FPE (1), (13) with A # 0. As in the case of 1) the transformation (15)
reduces this equation to the equation (16). The conditions for (16) to be FPE are the following:

A= Aw) = -1 2 — 20772 4 24712 — 271/2U—x,
v

v v 1w (22)
Ay =271 (—t+Ax+A—’” —~ —ﬂ> ,
v v 2 v
where w is given in (15). The first condition is equivalent to the equation
~ 1
0;A = [T@t + (57"3: + 4,0) 81] (—T_I/QT'x — 2072 4 2A471/2 — 27'1/21)—35) =0. (23)
v
Omitting intermediate calculations we give the general solution v (¢, x) of equation (23):
€T
1
v(t,x) = exp /A(t,g)df - ZT’lr’xQ — 7 oz 4+ kw) |, (24)

o
where k(w) is an arbitrary function, z( is some fixed point. Substituting (24) into the first
equation (22) one can prove that A = —k/(w) (k’(w) = %) Let us substitute A(w) = —k/(w),
v(t,z) (24) in the second equation (22). Under chosen conditions

t

1 1 1
71/2/<p7_3/2dt ~H, 57—17” — 17_27’2 =F, 7 — 57_27/90 =G, (25)
to
K —k? = w2, (26)

the second equaiton (22) is satisfied. It is possible to choose the condition (25) because, as it
is easy to prove, any solution 7 # 0, ¢ of the given system is a particular solution of th system
equations (12), (14) that it is enough for construction of the transformation (15). System (25)
(taking into account (14)) is equivalent to:

/

%' +y2 =4F,  y= T? o =732+ 1/2 Y (27)

Thus we have proved

Theorem 4. FP equation (1), (13), (14) with X # 0, invariant under four-parameter algebra
of invariance, through transformations

t=7@t), F=7Y22—7"Y2H@), u=ov(tz)ul 7)),
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1 dt
where T = 5 / W, v(t,z) has the form (24), T # 0 is any solution of the first equation (27),
T

k(w) is a solution of the equation (26), is reduced to the equation
ay = 2k" (W) + 2K (W) Ty + Ugew-

Remark. Making the replacement in last equation
t=t, T=uw, u = exp(k(w))a,

and taking into account the condition (26), we can reduce this equation to the following
Schrédinger equation:

o A
Uy = Uzz + —5U.
z

Thus in the case FPE with four-parametrical group of symmetry there exists an “initial”
equation, to which they are reduced; though it is not FPE as it is in the case of the six-
parametrical group.
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