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Abstract. The analytic specifications of photonic lattices with fractional revival (FR) and
perfect state transfer (PST) are reviewed. The approach to their design which is based
on orthogonal polynomials is highlighted. A compendium of analytic models with PST is
offered. New results on their FR properties are included. The nearest-neighbour approxima-
tion is adopted in most of the review; one analytic example with next-to-nearest neighbour
interactions is also presented.

Key words: perfect state transfer; fractional revival; quantum information

2010 Mathematics Subject Classification: 33C45; 81P45; 81V80

1 Introduction

This paper reviews recent analytic results on the perfect transfer and fractional revival of states
or excitations in photonic lattices using a general method that also applies to spin chains, tight-
binding Hamiltonians, etc. Controlling the evolution of quantum states in devices is of high
relevance in areas such as quantum information. With an eye to offering a clean basis for
experimental testing, it is also quite practical to look for exact analytical descriptions of such
systems. Another objective is to minimize the need for external controls to achieve given tasks,
in this respect a key idea is to construct devices whose dynamics will yield on its own the desired
effect leaving only the input/output operations as external interactions.

A basic task is the transportation of quantum states from one location to another. Ideally
one wishes to have perfect state transfer (PST) whereby a quantum state at an initial position is
found with probability 1 at the final destination. While there has been seminal work on optical
Bloch oscillations in waveguide arrays, see for instance [13, 25, 40], this review focuses on coher-
ent transport in spin-inspired photonic lattices. Since it has been suggested that spin chains [4]
with properly modulated couplings [1, 10] could move a qubit from end-to-end with probability 1
in a given time, there has been enormous interest in this question and indeed various analytic
models have been found [6, 26, 34, 46, 47, 49, 50, 51]. See [5, 29, 38] for reviews. Remarkably
experimental verifications have been offered [3, 7, 39] for the simplest (Krawtchouk) model with
PST by using arrays of evanescently coupled waveguides [12, 33, 36]. These can be pictured as
a set of optical fibers stacked side by side in a plane. The point is that in the nearest-neighbour
approximation, the equations of coupled mode theory describing the propagation of a single
photon in waveguide arrays are mathematically identical to those governing the one-excitation
dynamics of a certain spin chain with non-uniform couplings. Each qubit is represented by a sin-
gle waveguide and the presence or absence of a photon in a waveguide corresponds to the |1)
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or |0) state of the qubit at the corresponding site. The evolution time ¢ of the spin chain is
identified with the propagation distance z along the waveguides. Therefore PST is tantamount
to finding in the last waveguide after a distance Zpgr, the photon initially inserted (at z = 0) in
the first fiber of the array'. The required couplings between the waveguides are engineered by
adjusting the distances so that they match the theoretical values. The analysis that underscores
the design of the spin chains/photonic lattices with PST shows that the couplings and local
magnetic fields/propagation constants correspond to the recurrence coefficients of orthogonal
polynomials that are naturally associated to these systems. The analytic models in fact cor-
respond to orthogonal polynomials that have been fully characterized [32] and they are thus
referred to by the name of the polynomials that are attached to them. We have already hinted
at that above when we mentioned the Krawtchouk model.

It has more recently been observed that spin chains and waveguide arrays can also exhibit
another phenomenon called fractional revival (FR) which is of significant interest as it relates to
entanglement generation. Fractional revival [15, 29] occurs when an initial wavepacket evolves
so as to reproduce itself periodically at certain locations [2, 8, 16, 20, 31, 43]. We shall here
be interested in FR at two sites along a spin chain whereby a spin up initially at one end
will evolve so as to have, after some FR time, a non-zero probability amplitude only at both
ends of the chain. In the photonic picture, this means that the electromagnetic field amplitude
is non-zero only in the first and last waveguide. Using the qubit correspondence, this means
that after propagating a distance Zpg the state [10...0) has evolved into the entangled state
al10...0) + 5]0...01).

Interestingly the exploration of the conditions for this FR at two sites has led to the discovery
of a new family of orthogonal polynomials [51], named the para-Krawtchouk polynomials, that
have been completely characterized and this has hence provided a model which is the paradigm
example of a device with FR at the two ends [21]. The FR properties of other analytic models
known to have PST have recently been examined; these results will be succinctly reported here.
It would of course be quite interesting to realize FR experimentally in photonic lattices in a way
similar to what was done for PST.

When using photonic lattices, the restriction to nearest-neighbour (NN) couplings is clearly
an approximation. As a mean to explore the validity of this simplification and to determine if
new phenomenology can arise when the approximation is improved [28, 48], an analytic model
with next-to-nearest couplings and based on the simplest Krawtchouk model has been con-
structed [11]. It will be discussed towards the end.

In a nutshell the goal of this short review article is: 1) to summarize how orthogonal poly-
nomials intervene in the characterization of photonic lattices with FR and PST; 2) to go over
a selection of recent results in this respect and 3) to offer a compact catalog of analytic models
with these properties.

The outline of the paper is as follows. The connection between photon propagation in wave-
guide arrays and orthogonal polynomials is set up in Section 2. The special conditions for
FR and PST in these ensembles of waveguides when the NN approximation is made are given
in Section 3. How the specifications of the lattices are determined from these conditions using
orthogonal polynomials is briefly indicated in Section 4. Section 5 which is the bulk of the paper
goes over a number of analytic models and discusses their FR and PST properties. Some material
in this section is original. Section 6 describes one analytic model with next-to-nearest neighbour
couplings and comments on extensions and generalizations. A short conclusion completes the

paper.

1Strictly speaking in the photonic lattice realizations, one is producing an excitation transfer. In a spin chain,
a state, i.e., an arbitrary combination of spin up and down will be transported. This is modeled in [7] in an
optical settings by encoding a state in polarizations.
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2 Transport in waveguide arrays and orthogonal polynomials

Spin chains and photonic lattices are usefully analyzed with the help of orthogonal polynomials
(see for instance [17, 29, 41, 44, 50]). Let us consider an array of (N + 1) evanescently coupled
optical waveguides. Denote by z the propagation distance and by FE,, the modal field amplitude
in the n'" waveguide. In the nearest-neighbour approximation of coupled mode theory [24, 45],
the propagation is governed by

d
Z&En(z) = Jnt1En41(2) + BpEn(2) + JnEn—1(2),

n:O,l,...,N, JOZJN+1:0, (21)

B, is the propagation constant in the n'" waveguide and J, 41, a positive real number, is the
evanescent coupling strength between the waveguides n and n+ 1. This J,,11 is (approximately)
given by

Jpp1 = AeCdnnt1, (2.2)

where d,, ;11 is the distance between the nt™ and (n+ 1)th waveguides and A, C' are measurable
quantities that specify the array. Upon introducing the natural basis of CN*1 made out of the
vectors

In) = (0,...,0,1,0,...,0)7, n=0,....,N

with 1 in the n'® position and positing

N
|E) = En(2)[n),
n=0
one can rewrite (2.1) in the form
d
—|E) = J|FE
i |B) = J|B),
where J is the operator defined by
JIn) = Jpyiln+ 1) + Bp|n) + Jy|n — 1),
again with Jy = Jy41 = 0. It thus follows that
|B(2)) = e~ E(0)),

where in the basis {|n)}, J is the tridiagonal matrix

By J1 O
J1 B1 Je
J=10 Jo By
JN Bn
The Jacobi matrix J is Hermitian and has non-degenerate eigenvalues As, s =0,1,..., N when

its entries are non-negative. Let us denote the eigenvectors of J by |Ag):

JIAs) = As|As).
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We shall now indicate how orthogonal polynomials are naturally associated to the dynamics.
This simply follows from the fact that Jacobi matrices are diagonalized by orthogonal polyno-
mials. Consider the expansion of the eigenbasis {|\s)} in term of the natural basis {|n)}:

N
Aoy =D Wenln).
n=0

Acting on both sides with J, we get

N N
A Wanln) =3 Wan(Jnsrln+ 1) + Buln) + Juln — 1))
n=0 n=0

and since the natural basis is orthonormal, we have
)\sWs,n = n+1Ws,n+1 + BnWs,n + JnWs,n—l'
Taking Wy, in the form

Ws,n == sOXn()\s)

we see that the coefficients x,(z), n = 0,1,..., N, constitute an orthogonal polynomial set
owing to the fact that they satisfy the three term recurrence relation

2Xn () = Jnr1Xn1 (%) + Buxn(®) + Jnxn—1(x)

with the initial condition x_j(x) = 0. Since both bases are orthonormal, (s|s’) = dsy and
(n|m) = 6pm, it follows that the matrix (W; ) is orthogonal

N N
Z Ws,nWs’,n = 555’7 Z Ws,nWs,m = 5nm
n=0

s=0

The reverse expansion is thus given by

N
) = Waoxn(As)|As) (2.3)
s=0

and one explicitly recovers from (n|m) = 6.y, that the functions x,(As) are normalized orthog-
onal polynomials in the discrete variable A\s. The orthogonality relation reads

N
Z wan()‘s)Xm()‘s) = dnm
s=0

with ws = W3 playing the role of the weight.
We can define the monic polynomials P, (x)

P, (z)=Jy - Joxn(z).
Furthermore the characteristic polynomial Py1(x)

Pri(@) = (@ = M) (& — A1) -+~ (& — Ay)
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is manifestly orthogonal to the polynomials x,(z), n = 0,...,N. From the general theory of
orthogonal polynomials, it is known that [9] the discrete weights ws can be written in the form

Vhn

, s=0,1,..., N, (2.4)
XN()‘S)PJ/V—H(/\S)

Wg =

where

Vhny =Jd1da--JIn

and where Py _ () stands for the derivative of Py 1(x). If one takes the eigenvalues in increas-
ing order,

)\0<)\1<"'<)\N,
it is easy to see that

Py i1(As) = (D) Py s ()] (2.5)

3 Fractional revival (FR) and perfect state transfer (PST)
in the nearest-neighbour approximation

To achieve PST and FR, some conditions must be respected. These, in fact, will only depend on
the spectrum of J. PST will be achieved if a photon initially in the waveguide 0 will be found
in the waveguide N after a propagation distance Zpgr, in other words PST will be observed if

e~ iZrstI|() = | N) (3.1)

with ¢ an arbitrary phase.
Using the expansion (2.3) of the natural basis into the eigenbasis and remembering that
Xo(z) = 1, one sees that (3.1) implies

e HZPsTAs — 619y (). (3.2)
This shows that xn(\s) is a phase, but since it is real we must have

XN()\S) = +1.

Owing to the fact that the zeros of yn(z) must interlace the zeros, A5, of Pyi1(x), the sign
of xn(\s) must alternate, i.e., xn(As) &< (—1)%. Now since w; as given by (2.4) must be positive,
in view of (2.5), we see that

Xn(As) = (1), (3-3)

As shown in [29], this condition is tantamount to the matrix J being symmetric with respect to
the anti-diagonal, i.e., to the relations

Bn-n = BTL’ Jan+1 = Jn. (34)

The condition (3.3) or equivalently (3.4) is thus necessary for the occurrence of PST.
Making use of this necessary condition in (3.2) one finds that PST will take place if

e~ (ZpsTAs+¢) _ im(N+s)
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This will be satisfied if
ZpsTAs + ¢+ m(N + s5) = 27Ly, (3.5)

where L; is a sequence of integers that may depend on s.
It follows from (3.5) that the difference between 2 successive eigenvalues is given by

)\s - >\371 = T

Ms, 3.6
Zpst (36)

where M, is an odd integer.

Together (3.4) and (3.6) are necessary and sufficient for PST. As announced, these are
conditions on the spectrum of J.

Let us now turn to FR in the two external waveguides. This will occur if there is a dis-
tance Zpr at which the only non-zero amplitudes are Ey(Zrr) and En(Zpr). In this case we
shall have

e~ rnT10) = p|0) + v|N) (3.7)
with the normalization condition
4 o2 = 1.

When this is so, the wavepacket initially localized in the waveguide 0 is revived in the waveguide 0
and N. In the special case

1
=l = —
[ 7%
we have an analog of the maximally entangled state |E) = E\O/(;) (|10...0)4|00...1)) where the

vectors |1), |0) denote the presence (|1)) or the absence (]0)) of a photon in the waveguide. One
also sees that PST is a special case of FR with

uw=20, v=e".
As for PST, the relation (3.7) can be translated into a spectral condition by using the expan-
sion (2.3). This leads to

e RN — oy v () (3.8)

In the following we shall look for the occurrence of FR in systems with mirror symmetry (3.4).
We shall thus assume that the necessary condition (3.3) for PST is satisfied. As a result (3.8)
will read

e ArnAs = 0y 4 (—1)NF), (3.9)

where we have factored out the phase ¢’ of i implying that = €'y’ with p/ real and v = €1/
For consistency, the norm of (y/ + (—1)¥*+5) must be 1 and with ' real this requires v’ to be
purely imaginary. Since |u|? + |v|?> = 1, we may thus take the following parametrization

p = cosb, V' =isinf.
Observe then that PST (4 = 0) corresponds to # = . As in the case for PST, condition (3.9)
can be seen to imply restrictions on successive eigenvalues:
Zrr(Ma2s — Aas—1) = —(=1)N20 + 27 L) (3.10)
Zyr(Aast1 — Aas) = (=1)V20 4 22L(Y, (3.11)
where Lgi) are arbitrary sequences of integers that depend on s.
FR will occur if those conditions are respected for all eigenvalues of the spectrum. Note that,

as shown in [21], in this mirror-symmetric situation, FR also occurs between symmetrically
positioned sites say between |n) and |[N — n).
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4 Engineering waveguide arrays with FR and PST

The engineering of photonic lattices with FR and PST involves an inverse spectral problem, as
first discussed in [27]. Given a set of {\;} that satisfy the FR/PST conditions, we must find
the mirror-symmetric matrix J formed out of the coupling and propagation constants that has
the {\s} for eigenvalues. This is done by constructing the orthogonal polynomials associated
to the problem whose recurrence coefficients will provide the characteristics of the array that
we are looking for. Once these have been obtained, it is a matter of creating appropriately the
waveguides and of choosing the distances between them to make the specifications of the lattice
match those prescribed theoretically.

Let us briefly recall how this inverse spectral problem is solved from the construction of the
associated orthogonal polynomials. First, observe that the condition xn(\s) = (—1)V** fixes
the values of a polynomial of degree N at N +1 points and thereby completely determines x ().
This polynomial can be explicitly constructed using the Lagrange interpolation polynomials:

N

(@) = S (-1 reL,,

s=0

Here L is the standard Lagrange polynomial

where the ’ stands for i # s.

The monic polynomial Py(z) is then obtained by dividing xn(z) by the coefficient of z%.
The spectral data {\s;} provides another member of the set of orthogonal polynomials, namely,
the characteristic polynomial Pyy1(xz) = (z — Ag) - -+ (x — Ax). The recurrence relation for the
monic polynomials P, (z) = Jy -+ Jpxn(x) is

xPy(x) = Ppy1 + BpPu(x) + Uy Py—1(2)

with U,, = J2. For all these polynomials P, (), the coefficients of the leading monomial 2" is 1.
We thus have

Pny1(z) = (x — By)Pn(z) — J3Pn_1. (4.1)
We know Py,1 and Py. If we look at (4.1) degree by degree, we see that the terms in zV*+!
are equal. Then the coefficient of zV in Pnyq gives —Bpy. Now the coefficients of V=1 in

Pni1(z) — (x — By)Pn(z) gives —J% and at this point we know By, J% and Py_1(z). We
can then iterate to find By_1, JJQ\,_1 and Py_s(z) and so on. In the end the mirror-symmetric
matrix J is fully characterized and hence provides all the couplings J,, and propagation cons-
tants B,, forn =0,...,N.

While the algorithm described above is conceptually straightforward it might not be the most
efficient to obtain the parameters numerically. Another method is given in Gladwell [22]; the
approach described in [19] based on persymmetric polynomials is also generally faster.

5 A review of analytic models with of FR and PST

In a number of cases, spectra that satisfy (3.6) and (3.10) have been found to correspond to
orthogonal polynomials that can be fully characterized and this has therefore led to models that
can be described analytically. These arrays are often referred to by the name of the orthogonal
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polynomials associated to them and turn out to be most useful. They have first been identified
for their PST properties. In the following we shall go over many of these systems. We shall give
in each case the corresponding spectrum {As} and provide the couplings J,, and propagation
constants B, that the algorithm described in Section 4 gives. We shall indicate what the FR
and PST conditions entail. For FR we shall provide the mixing angles 6 that are possible as
well as the distances Zrgr at which this FR occurs. We shall also record the restrictions that
must be imposed for PST to happen also. To allow for an adjustment of the reference strength
of the couplings we shall introduce a parameter 3 as a global factor in the spectra: Ay — Ss.

5.1 Krawtchouk

The Krawtchouk model is the simplest analytic model that has been designed [10]. For a fixed
maximum coupling strength, it exhibits shortest state transfer time and thus minimizes [52]
the risk of introducing noise. This in part explains why it has been favored in experimental
validations [3, 7, 39]. As we shall see this system does not admit FR however. The Krawtchouk
array emerges when the linear spectrum

o) o)

is considered.
The couplings between the waveguides take the form

angy/n(N—n—{—l) (5.2)
and the propagation constant in the n'" waveguide is
B, =0.

Of course the propagation constants can be shifted by a uniform value by adding a global term
to the spectrum.

5.1.1 FR
For the spectrum (5.1), the sequences of integers do not depend on s, Lgi) = ¢; and the restric-
tions (3.10) amount to

Zprfp = —(—1)N2«9 + 2mcg,
ZprfB = (—1)N29 + 2mcy,

where ¢o and c¢; are integers. Solving for § and Zpgy yields

6= (~1)"Z(co—e1)

and

ZFR = z(C() + Cl).
B
We thus observe that FR does not occur. Indeed # must be a multiple of 7 and as already
observed this can only lead to PST or Perfect Return. Moreover, since (¢o — ¢1) has the same
parity as (co+c¢1), PST will happen for Zpgp = % where ¢ is an odd integer and Perfect Return
will occur when ¢ is even.



Coherent Transport in Photonic Lattices: A Survey of Recent Analytic Results 9

5.2 para-Krawtchouk

The para-Krawtchouk array is the prototype of systems with FR [21]. It involves a parame-
ter § that determines the mixing angle . The associated para-Krawtchouk polynomials are not
conventional polynomials; they were discovered as a result of investigations of systems with FR
and PST [51]. It is remarkable that a full characterization of the polynomials could be carried
out.

The spectrum here is

As:5<s—N_21+5+(5;1)(1—(—1)8)), s=0,1,...,N,

where 0 < § < 2 is a real parameter. It is referred to as a bi-lattice spectrum as one observes
that it is the superposition of two linear lattices shifted by 4. One notes also that the linear
lattice (5.1) is recovered when 6 = 1.

The mirror symmetric couplings and propagation constants that are obtained by applying
the Euclidian algorithm of Section 4 to this spectrum are the following

B, =0

ﬂ\/n(N—Fl—n)[(N—i—l —2n)2 — §?]

Jn:* )
2 (N —2n)(N — 2n + 2)

for N odd, and

ﬂ\/n(]\H— 1-n)[2n—N—1)2— (5 — 1)2]

=3 (2n— N —1)2 ’

Bn:(5—1)(zv+1)< 1 1 >

4 M—-—N—-1 2n+1-N

for N even.

Note that the propagation constants must vary from waveguide to waveguide when NV is even.
It is seen that J,, and B,, verify the mirror symmetry property (3.4) and that, as should be, the
Krawtchouk coupling are retrieved when § = 1.

5.2.1 FR

When specialized to the para-Krawtchouk spectrum, the sequences of integers do not depend
on s, LY = ¢; and the conditions (3.10) and (3.11) become

ZprB(2 - 6) = —2(~=1)"0 + 27y, (5.3)
ZprfB6 = 2(=1)V0 + 27¢y, (5.4)

where ¢y and c; are integers.
Expressions for # and Zpg can be obtained from (5.3) and (5.4). One finds

J
0= (-1 |—me; + %(CO +c1)

showing that § directly determines 6 and for Zgg one gets

ZyR = %(Co +c1). (5.5)

These results indicate that FR happens in this model and that the mixing angle 6 is prescribed
by the value of . The distances Zgg are integer multiples of %
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5.2.2 PST

To investigate whether the para-Krawtchouk model admits PST in addition to FR, one examines
the relation that the PST condition (3.6) further imposes. One finds here

™

B(1—(6—1)(—1)%) M, e=(—1)°% (5.6)

 Zpst
The sequences M, of odd integers here only depend on the parity € of s. We distinguish these
two parities and write M1 = 2¢o+1 and M_; = 2¢1 + 1 with ¢y and ¢; integers. Equation (5.6)
then translates into

7T2C()—|-1
p—
PST 52_5

(5.7)

for s even, and

w2c1 +1
Z = — .
PST = 55 (5.8)

for s odd.
In order for the right hand sides of (5.7) and (5.8) to be equal one must have

(201 + 1)

s 2atl)
(Co+61+1)

(5.9)

This says that for PST to occur in addition to FR in the para-Krawtchouk model, the parameter §
must be a rational number of the form § = q where p and ¢ are coprime and p is odd.

The minimal distance for PST is obtained when ¢; = 0 in which case Zpgt = %. In general
the distance for PST is

™

ZpsT = ,B(CO +c1+ 1).

This should be compared with the expression for Zpg given in (5.5): provided ¢ satisfies (5.9),
if FR occurs at Zgg = %, PST will happen at Zpgt = 2ZpR.

5.3 dual-Hahn
The dual-Hahn system has been identified early on [1]. It is based on the quadratic spetrum
As = Bs(s+2v+1) (5.10)

with a parameter v > —1.
Its coupling and propagation constants are given by

Jn =BV + (N —n)(y+ N —n)(y +n+1),
B, =2n(N —n)+ (y+1)N.

5.3.1 FR
For s even, the FR conditions (3.10) and (3.11) require LY = 15+ ¢ and yield

(25 +v)BZrr = —(—1)N9 +m(c18 + ¢p),
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where ¢; and ¢y are an integers. This implies

(i) BZpr = gcl, (5.11)

(M) *yﬁZFR = TTCy — (—I)NG. (5.12)
For s odd, with L{" = ¢} s + ¢ one obtains
(25 +147)8%Zrr = (~1)V0 + 7(cis + &),

where ¢} and ¢, are both integers. One has then

(i) BZrr = gc’p (5.13)
(i) B +7)Zrr = (—1)V0 + 7c). (5.14)

The compatibility of the equations (5.11), (5.12) and (5.13), (5.14) leads to

0= (—1)N meo(1+ ) — ymeg
2v+1 '

One further finds
2(co +¢h) — 1
261

0= (-1" (T+”(CO2_C/O)>

The main features of this model are thus the following. Balanced FR may occur. By balanced FR
we mean a situation where amplitudes in the first and last waveguides are equal in magnitude,
this correspond to ¢ being equal to odd multiples of 7. We indeed see that this is possible when
c1 = q is odd. The FR distance Zyg is given by

T
ZFR = —(.

FR =5 3 q
As we shall indicate below the dual-Hahn system is a special case of the para-Racah model that
also admits FR.
5.3.2 PST

When ) is given by (5.10) the PST condition (3.6) requires My = 2(c1s+ ¢g) + 1 and becomes

B(s+~) = (2(c15 +co) +1) (5.15)

T
27ZpsT

where ¢; and ¢ are integers. Equating each power of s in (5.15) yields
T

™
ZpsT = —c1, ZpsT = 2¢0 + 1).
5 27 20 1)

The consistency of these two relations requires that

2¢co+ 1

201

The minimal distance for PST is ZpgT = % with v = % (co=0,c1 =1).
PST will thus occur if the parameter « is of the form 2% with p and ¢ coprime integers and p
odd. Note that then Zpst = 2ZpR.
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5.4 Special g-Racah

We now consider an array associated to a special case of g-Racah polynomials [32]. Consider
the set of eigenvalues given by the following exponential lattice:

As = B(g~sHN2 — o= N/2), s=0,...,N, (5.16)

where ¢ is a real number between 0 and 1. This corresponds to a g-deformation of the Krawtchouk

spectrum since lim q:;\il = fB(s — %) Some restrictions will be added to allow for FR and
q—1-

PST [50]. It is observed that the Ay defined by (5.16) obey the three-term recurrence relation

As = (q + qil))\s—l — As—2. (517)
Take
g+q¢ ' =K (5.18)

with K an integer. We shall assume that K is greater than 2 because for K = 2 we have ¢ =1
and we then recover the Krawtchouk spectrum. Relation (5.18) implies that

The coupling and propagation constants are here given by

I = ﬁ\/((l — ¢*") (@?=N-1 — 1) B.—o.

1+ q2n7N72) (1 4 q2an) ’

54.1 FR

With the help of (5.17), the spectral conditions (3.10) and (3.11) for FR can be rewritten as
follows

Zrr(K — 2)Aos = (—1)N40 + 27L©0) Zpr(K — 2)Aosy1 = —(—1)V40 +27LV. (5.19)
For N even, observe that Ay = 0. This leads to
2

0="1
2

[z

Hence, for N even, only PST can be achieved.
For N odd, no restrictions of this type happen. Consider here an alternative way of wri-
ting (3.9):

ZrrAas = —¢ — ()N +27L?) | ZprAoerr = -0+ (—1)V0 4+ 27LP). (5.20)

From (5.19) and (5.20) one obtains for the mixing angle

- N [ 2mQs K -2
0 =(-1) <K+2—¢>K+2>, (5.21)

where Qs is a sequence of integers that depend on s. This indicates that FR can happen in the
special g-Racah array when N is odd for a variety of mixing angle 6 related to K. This is a new
observation as far as we know.
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Excitation site

Probability

1 2 3 4 5 [ 7 8 9 o 1 2 3 4 5 8 7 8 9

(¢) Zrr =17 (d) Zpsr =1

Figure 1. Probability of finding a single photon at each site of a 10-waveguide array (N = 9) of ¢g-Racah
type with parameters 8 = (K —2)_1/ 2 and K = 6 for various distances. (a) The photon is initially inserted
at site 0, (b) after some distance Z = g the photon spreads out through the lattice and (c) fractional
revival is observed at Zpr = § and (d) perfect state transfer observed at distance Zpst = § = 2ZFg.

54.2 PST

In order to enforce the PST condition, one requires that all Ay are integers with alternating
parity. To achieve PST, K must be an even integer if NV is even and K = 6,10,14,... if N is
odd. This is in keeping with (5.21).

5.5 para-Racah

A novel family of orthogonal polynomials corresponding to an alternative truncation of the
Wilson polynomials has been identified recently [35]. It is associated to the quadratic bi-lattice
defined by

Moo = Bls+a)?, D1 =B(s+¢)?  s5=0,...,N,

where a > —1, |a| < ¢ < |a+ 1| and both ¢ and a are real.

Note that the set {As} can be viewed as the superposition of two quadratic lattices shifted
by ¢ — a. One observes also that an equivalent quadratic lattice of the form (5.10) is recovered
ifc=a+ %

The recurrence coefficients provide the following coupling and propagation constants:

Bu= 3 lala+ )+ (et 4) +n(N —n)],
7 n(N+1-n)(N-n+a+c)(n—1+a+c)(n—j—1)?2—(a——c)? 2

A(N —2n)(N —2n +2)
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for N odd, and

_[n(N+1-n)n—-1+a+c)(N-n+a+c)n—j+ta—c)n—j+c—a—1) 2

J =

" 4(N —2n +1)2 ’
1 1 (n+1)(n+a+c)(l+2a—2c)

B,=—-(a®>+c+n—n?) +-(2 N -1

n=gat+ e tn—nt) 4 @ tat o)l )+ A(1+2n— N)
+n(n—1+a+c)(1+2a—2c)

4(1—-2n+ N)

for N even.
The array with these specifications has been shown to enact FR and PST [34].

5.5.1 FR
The conditions (3.10) and (3.11) when specialized to the para-Racah spectrum require O =

(1)

c1s+co and Ly’ = ¢} s + ¢, and read

BZrr(1+a—c)(2s —1+a+c) = —(—1)V20 + 27(c15 + o), (5.22)
BZpr(c—a)(2s + c+a) = (—=1)V20 4 27(c}s + ¢}) (5.23)

where ¢y, ¢, ¢} and ¢, are integers.
Relations for Zpg, 6, a and c are obtained from (5.22) and (5.23). First one finds

_ 2(eo+cp) + (1 — ) _ 2(eo +cp) + (1 + 1)
2(c1+¢}) ’ 2(c1 + )

showing that a and ¢ must be rational numbers.
The formula for 0 is

0 — (_1)N+1§ (2(0106 — coc’ll) — 610/1)
2 c1+c

and the distances are given by

T
ZpR = B(cl +c).

The para-Racah model thus exhibit FR when a and ¢ are rational. If one wants to retrieve
the mixing angle A4y for the dual-Hahn model, it suffices to take the equivalent condition for
¢ =a+ 1 which is ¢; = ¢}. One gets

b= (—D)" (Fer + Slco = <))

which is exactly the mixing angle of the dual-Hahn model.

5.5.2 PST

To investigate if the para-Racah model admits PST in addition to FR, we turn to condition (3.6)
which becomes with M) = 2(c18+ co) + 1 and MY = 2(dis+cp) + 1

BZpst(14+a—c)(2s+a+c—1)=m(2(c15+ o) + 1), (5.24)
BZpst(c—a)(2s +a+c) = 7w(2(cys +c) + 1). (5.25)
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Using (5.24) and (5.25) one obtains

1 (2co+1 c 1 [(2c0+1 d
a= = + -, c= = + -+ 1
2 c1 c1+c 2 cl c1+c

and the PST distance can be written as follows

T
ZpsT = B(Cl + Cll)

This provides the details of the PST occurrences in the para-Racah array.

6 A model with next-to-nearest neighbour interaction

In this last section, we wish to indicate how a class of analytic models with next-to-nearest
neighbour (NNN) interactions can be constructed from those with NN couplings. The one based
on the Krawtchouk recurrence coefficients will be presented in some details. As a rule, in settings
of the type that have been used experimentally the NN approximation is very good; interestingly
however allowing for NNN interactions might show the occurrence of FR even if the restriction of
the model to NN couplings does not permit it. Let J be a tridiagonal mirror-symmetric matrix
with spectrum A, s =0,..., N, wich is thus such that the necessary condition (3.3) for PST is
satisfied. Let

J=aJ?+BJ.

It follows that J is pentadiagonal. Take the light propagation in the array to be governed by
d _
—|E) = J|E).
i |E) = J|B)

In terms of amplitudes we thus have the following system of equations with NNN interactions

d
Z&En = a(Jnfljn)Ean + Jn(a(anl + Bn) + B)Enfl
+ (Oé(Jg + BTQZ + J’r%-l—l) + BBn)En + Jn+1(Oé(Bn + BnJrl) + 5)En+1
+ Ol(Jn+1Jn+2)En+2. (6.1)

Here J,, and B,, are the same matrix elements of J as before. The parameters o and [ determine
respectively the strengths of the NNN and NN interactions. The coupling J,, will still be physi-
cally realized according to (2.2). In light of (6.1), the NNN couplings will hence be proportional
to the distance between the next-to-nearest sites.

Since J has the same eigenbasis as J, the condition for PST and FR remain the same except
that the spectrum of J, {a\2 4+ B} should now be used. The PST condition on the difference
between two successive eigenvalues is therefore

™

(As = As—1)(a(As + As—1) + B8) = M (6.2)

ZpST
and the conditions for FR take the form

Zrr(A2s — Aas—1)(a@(Mas + Aas—1) + ) = —(=1)V20 + 27 L0,
Zir(A2st1 — Aas) (@(Aaspt + Aas) + B) = (=1)N20 + 27 LY.

We shall now spell out what these conditions entail when J,, is given by (5.2) and B,, = 0, that
is when J is the Jacobi matrix associated to the Krawtchouk polynomials.
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6.1 A NNN model based on Krawtchouk couplings

6.1.1 FR

The FR conditions require Lgo) = ¢18 + ¢9 and become, for s even,

ZFR(Oé(4S — (N + 1)) + ﬂ) = —(—1)N29 + 271'(618 + C())
and for s odd with L{" = s+ ¢,
Zrr(a(4s — (N — 1)) + ) = (=1)V20 + 21 (c}s + ¢}).

These two relations yield the following set of equalities
™ ™
QZFR = —C1, aZpr = =¢,
FR = 5C1 FR = 5C1

Zrr(B — a(N +1)) = —(=1)N20 + 2wy,  Zpr(B — a(N — 1)) = (=1)V26 + 27,
which in turn imply ¢; = ¢} and
B —(=1)N20 + 2mcy B (=1)N20 + 27¢,

= +(N+1), == + (N -1).
« TC1 (6 TC1

One then arrives at the following formula for the mixing angle 6:
0= (=D (Fer+ Fleo— i)
with the FR distance given by

™
%(clN + 27 (co + ).
q

One thus observes that for NV odd, balanced FR will happen at distances 23 where ¢ is odd.

Z¥R =

For N even the FR distance will be % where p is an integer. This is in contradistinction with
the situation in the NN Krawtchouk system where FR is not possible.
6.1.2 PST

Upon substituting Ay = (s — &) in (6.2), with My = 2(c15 + ¢p) + 1, one gets
™

al2s—(N+1)+ 8= (2(c18+¢o) + 1),

Zpst
where c1, cg are both integers.
Equating the terms with the same power of s, one obtains

aZpsT = T, Zpst(B—a(N 4+ 1)) =7(2¢o + 1).
From these conditions, we see that

200 + 1
b_20%1 (v,

« C1

which indicates that g must be a rational number. One now finds for Zpgr:
T
ZPST = B(QCO +1+ Cl(N + 1))
Since ¢y and ¢; are integers, only two cases can occur
21y
1) Zpsr=—-,
) B

2) Zpst = %(zj +1).

The first case only arises when N is even and the second case can materialize for both parities
of N. Note that PST will occur at double the FR distance.
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6.2 Other NNN models

The approach to the construction of NNN models using the recurrence coefficients of the
Krawtchouk polynomials can obviously be extended by considering matrices J associated to
other families of orthogonal polynomials. The spectral lattices will then be more involved than
the linear one.

As observed, the analysis of the spectral conditions for FR and PST involves the study of
integer-valued polynomials in the integer variable s. For cases beyond the linear one, it is useful
to recall that any integer-valued polynomial p(s) of degree N in s can be written in the form

s!
p(s) = Z Cn (n — S)!n!’

where all the coefficients ¢, are integers.

This has proved of help in the examination of other analytic models with NNN couplings.
The one based on the dual-Hahn couplings for instance has been confirmed in this way to exhibit
FR and PST.

7 Conclusion

This paper has offered an overview of many analytic photonic lattices (equivalently of spin
chains) with FR and PST and has described their main features. It has shed light on the role
played by univariate orthogonal polynomials in the design of these devices. Novel results for an
array based on a special case of g-Racah polynomials have been obtained, namely that FR can
occur when N is odd with the mixing angle depending on the value of ¢.

It is to be expected that the burgeoning theory of multivariate orthogonal polynomials would
be instrumental in the construction of higher dimensional simplexes with interesting transport
properties. Work in this direction has been initiated [18, 37, 42]. PST in graphs has also been
the object of much attention. The reviews [14, 23] give surveys of this extended body of work.
An interesting question would be to study FR in this context. The results in [28] on next-to-
nearest neighbour provide a good starting point for numerically determining coupling strengths
when long range interactions are taken into account.

Finally, it should prove rewarding to explore evolutions that are more complex than PST and
FR. See [30] for steps in this direction.
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