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V.  Vo S e r g e i c h u k ,  a n d  V. M. B o n d a r e n k o  

In [1] it was shown that the classif icat ion of finite p -groups possess ing an Abelian subgroup of 

index P can be reduced to a cer ta in  matrix problem ([1], p. 75). The result ing matr ix problem ad- 

mits of an entirely visible solution ([1], w However, the construct ion of the groups themselves  (from 

the given matr ix  invariants) was not ca r r ied  out. Fur the rmore ,  as was ascertained while writing the 

present  ar t icle ,  two inaccuracies  were admitted in [1].* 

In this paper  we give another s impler  method of reduction to this same matrix problem and, 

using its solution, obtained in [1], we write out a complete catalog of the groups of the type mentioned 

above in t e rms  of the defining relations.  As in [1], the classif icat ion of the groups indicated is obtained 

f rom the classif icat ion of modules over a dyad of two local Dedekind rings (see w "As the last author 

of the presen t  ar t ic le  has noted, f rom the classif icat ion of modules over a dyad there direct ly  ensues 

also (see w the classif icat ion of pai rs  of mat r ices  A , B for which AB = BA ~ 0 ,  obtained in [2] in 

connection with the study of indecomposable representat ions  of the Lorentz group. 

The fact that two problems,  so unlike at f i rs t  glance, admit, essentially,  of a like solution is, in 

our opinion, a ve ry  curious c i rcumstance.  

*Namely, the asse r t ion  that ~ '  can be t reated like a module over the ring D,| ([1], p. 67) and the 

asser t ion  on the indecomposabili ty (without the imposition of additional conditions) of module 1 ([1], 

ppo 80-81) are  false.  
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w  C o m p a r i s o n  o f  a F i n i t e l y - G e n e r a t e d  M o d u l e  

o v e r  a D y a d  o f  a P a i r  o f  M a t r i c e s  w i t h  R o w s  

a n d  C o l u m n s  F u r n i s h e d  w i t h  a W e i g h t *  

We r e c a l l  [1, 3] t ha t  a dyad  of two l o c a l  Dedek ind  r i n g s  "D, 

a r e  i s o m o r p h i c  i s  the  r i n g  

and D~ for  which the r e s i d u e  f i e l d s  

w h e r e  ~ and e~ a r e  g iven  h o m o m o r p h i s m s  of r i n g s  D~ and D~ , r e s p e c t i v e l y ,  onto t h e i r  " c o m m o n  ~ 

r e s i d u e  f ield~ 

By ~ ~ )  we deno te  the  p r i m e  e l e m e n t  of r i n g  D~ IDa) �9 Then  ~ = ~%D (R~ ~ ~, D~ ~ ~ D~) i s  the  

unique  m a x i m a l  i d e a l  of r i n g  D, (D) �9 

If ~ i s  an  a r b i t r a r y  f i n i t e ly  g e n e r a t e d  modu le  o v e r  dyad  D ,  then  i t s  submodu le  ~ ' =  ~f~ ~ can  

obv ious ly  be t r e a t e d  a s  a modu le  o v e r  D~, whi le  the  quo t ien t  module  ~ "  -- ~ / ' ~ '  , a s  a module  o v e r  

D/R,. = D. �9 D~D~) i s  a r i n g  of p r i n c i p a l  i d e a l s ,  t h e r e f o r e ,  the  module  ~ ( ~ " t  s p l i t s  up into a d i r e c t  

s u m  of i n d e c o m p o s a b l e  c y c l i c  m o d u l e s  with g e n e r a t o r s  ~ (~) each  of which i s  i s o m o r p h i c  to e i t h e r  

the  quo t ien t  modu le  D~/~: ~ D~ ( ~ , / ~  D~), o r  D~ ~D,) ; in the  l a t t e r  c a s e  we t ake  % = ~.~ ( ~  = ~ )o The  

n u m b e r  c~ ( ~ )  wi l l  be c a l l e d  the  we igh t  of a~ ~ . 

We s e l e c t  a r e p r e s e n t a t i v e  ~. f r o m  

% ~ ~ ) be long  to ~ ; t h e r e f o r e ,  ~ ~ = 

w h e r e  5 ~  0 ~ e D .  

the c o - s e t  ~ of modu le  ~ .  Then ~ and ~ ~ (with 

% g ~  and,  in v i ew of the  r e l a t i o n  s~ 5 z 0 %.% ,_ ~o. g ~  

Le t  %~ ($~) be an e l e m e n t  of f i e ld  g , into which ~.~ [ ~ )  goes  unde r  the  n a t u r a l  h o m o m o r -  

p h i s m o f  D onto K =D/R . We se t  ~ 0  if  % ~  or  K~.=~ . It i s  e a s i l y  v e r i f i e d  tha t  ~ t ~ )  

does  not  depend  upon the cho ice  of the  r e p r e s e n t a t i v e  ~ f r o m  the c o - s e t  % .  

A s  a r e s u l t ,  with f i n i t e l y  g e n e r a t e d  modu le  ove r  a dyad ,  for  a f ixed  cho ice  of t ~ c  ~ '  and 

t%t-c m" (but not  t~ .~c  ~ ), we a s s o c i a t e  a p a i r  of m a t r i c e s  A=(%~), ~ =(5~) of l ike  d i m e n s i o n  o v e r  the  

r e s i d u e  f i e ld  ~ of dyad  D /~--" I , . . . , ~ ,  ~ ,  . .  ,n) . The  weight  % (~)  c f e l e m e n t  ~ r i s  c a l l e d  

the weight  of the  c~ - th  row ( p - th  co lumn)  of th i s  p a i r .  

L e t  us  now a s c e r t a i n  to what  ex ten t  the p a i r  of m a t r i c e s  A , B d e p e n d s  upon the cho ice  of g e n -  

e r a t o r s  ~ ,  v~ . L e t  ~ , , . . .  ~ ~.~ be s o m e  c o l l e c t i o n  of g e n e r a t o r s  in the d i r e c t  s u m m a n d s  of modu le  

~ ' .  We r e p l a c e  ~ by ~ - '  - ~ d, ~e D, d ~ R, i . e . ,  we c o n s t r u c t  the  new c o l l e c t i o n  of g e n e r a t o r s  

% , . . ,  ~_~,u. '~,~, . . . ,u ,~.  H e r e ,  obv ious ly ,  the  c~ - th  row of m a t r i c e s  A and ~ i s  d iv ide d  by the e l e m e n t  

a e  K c o r r e s p o n d i n g  to  the  e l e m e n t  c~e D u n d e r  the  n a t u r a l  h o m o m o r p h i s m  of D onto K . If we s e t  

' - ~ w h e r e  c~ e D ,  then,  a s  i s  not  d i f f i cu l t  to  be convinced ,  a n e c e s s a r y  and su f f i c i en t  condi t ion  (s162 - Ls § 

*In [1] (w the d e s c r i p t i o n  of the  m o d u l e s  was  r e d u c e d  to a p a i r  of m a t r i c e s  fo r  which a weight  was  

f u r n i s h e d  only  to  the  r o w s ,  whi le  h e r e ,  to both rows  a s  wel l  a s  co lumns .  Howeve r ,  t h i s  d i s t i n c t i o n  i s  

u n e s s e n t i a l  s i n c e  u n d e r  a t r i v i a l  r e d u c t i o n  of one of the  m a t r i c e s  to  d i a g o n a l  f o r m ,  r e l a t i v e  to  the  o t h e r  

we ob ta in  one and the s a m e  m a t r i x  p r o b l e m  in both c a s e s ;  s ee  p. 75 of [1] and w of the p r e s e n t  p a p e r .  
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t ha t  the  c o l l e c t i o n  ob ta ined  i s  a c o l l e c t i o n  of g e n e r a t o r s ,  i s  (z: I] ~ ~ D ~ T h e r e f o r e ,  the  s u b s t i t u t i o n  

~ ' ~ = ~ §  i s  a d m i s s i b l e  if and only if  c ~ > %  (for any a ~ D ) o r  c a ~ c~ fo r  ~ ' - c ~ 9 .  If c ~ %  , 

t hen  f r o m  the  ~ - t h  r o w  of m a t r i x  A we s u b t r a c t  the  ~. - t h  row m u l t i p l i e d  by a~ K, c o r r e s p o n d i n g  to  

, while  the m a t r i x  B r e m a i n s  unchanged.  If c= = c~ , then  f r o m  the ~ - th  row we s u b t r a c t  the 

a - th  row m u l t i p l i e d  by a in m a t r i c e s  A and B , s i m u l t a n e o u s l y .  If % < % and ~ e  ~P-C~D, then  

f r o m  the  ~ - th  row of m a t r i x  B we s u b t r a c t  the  r - th  row m u l t i p l i e d  by  8 ~ ~ c o r r e s p o n d i n g  to  cL~ - -  ~,, 

whi le  m a t r i x  h i s  unchanged .  

Ana logous ly ,  if  tv=t i s  a c o l l e c t i o n  of g e n e r a t o r s  in  the  c y c l i c  d i r e c t  s u m m a n d s  of module  ~ "  

then  the  s u b s t i t u t i o n  ~ = ~ d ,  cte [3 , ~ R,  i s  a d m i s s i b l e ;  h e r e  the  a - t h  c o l u m n s  of m a t r i c e s  A 

and B a r e  m u l t i p l i e d  by a ~  ~ c o r r e s p o n d i n g  to ~ .  A l s o  a d m i s s i b l e  i s  the  s u b s t i t u t i o n  ~ = %+ % ~ ,  

w h e r e  cL e [3 f o r  K~ > K, , and h e r e ,  to the  c~ - th  co lumn  of m a t r i x  A i s  added  the ~ - th  co lumn m u l -  

t i p l i e d  by a r  K c o r r e s p o n d i n g  to cL ; o r  w h e r e  c ~  D fo r  K, =K~ , and h e r e ,  to the  c~ - th  co lumn is  

a d d e d  the ~ - th  c o l u m n  m u l t i p l i e d  by  ~ ~ K c o r r e s p o n d i n g  to cL, in  A and B , s i m u l t a n e o u s l y ;  o r  whe re  

cLe .,~-"~ D fo r  ~= < ,~ , and  h e r e ,  to  the  ct - th  co lumn of m a t r i x  B is  added  the  ~ - th  co lumn m u l t i p l i e d  

by $~ ~ c o r r e s p o n d i n g  to  d,~,'"-"~ . 

F i n a l l y ,  we can  r e a r r a n g e  the p l a c e s  of the  d i r e c t  s u m m a n d s  in ~ '  and ~ "  by r e a r r a n g i n g  the 

r o w s  and c o l u m n s  " t o g e t h e r  with t h e i r  we igh t s "  in A and B , s i m u l t a n e o u s l y .  

Thus ,  by r e s e l e c t i n g  the g e n e r a t o r s  in ~ '  and ~ "  we can  make  the fo l lowing  e l e m e n t a r y  t r a n s -  

f o r m a t i o n s  in the  m a t r i c e s  A and B : 

I. Row (co lumns)  can  be r e l o c a t e d  " t o g e t h e r  with t h e i r  w e i g h t s "  s i m u l t a n e o u s l y  in both m a t r i c e s .  

IIo A row (column) can  be m u l t i p l i e d  by c~ K s i m u l t a n e o u s l y  in A and B . 

HI. F o r  % = c ~  (where  Q ( c v )  i s  the  we igh t  of the  a - t h  ( ~ - t h )  row) we can add  the ~ - t h r o w ,  

m u l t i p l i e d  by  a ,  to  the  cr row s i m u l t a n e o u s l y  in A and B o 

IV. F o r  K~ = ~ (where  ~ ~ )  i s  the  weight  of the  c~ - th  ( ~ - t h )  co lumn)  we can  add the  ~ - th  

co lumn,  m u l t i p l i e d  by a ,  to  the  c~ - th  co lumn  s i m u l t a n e o u s l y  in  A and B o 

V. F o r  c o < %  we can  add the ~ - t h  ( c x - t h )  row of m a t r i x  A/B) , m u l t i p l i e d  by a , t o t h e  ~ - t h  

( ~ - th)  row,  not  chang ing  B (A) . 

VIo F o r  K~ > ~ we can add the B - th  ( ~x - th)  c o l u m n  of m a t r i x  A (B) , m u l t i p l i e d  by o~, to the  

c~ - th  ( ]3 - th)  co lumn ,  no t  chang ing  B (A) . 

C o n v e r s e l y ,  if two p a i r s  of m a t r i c e s  a r e  ob ta ined  f r o m  one module  T~t , then  we can p a s s  f r o m  

one p a i r  to  the  o t h e r  by a f in i t e  n u m b e r  of t r a n s f o r m a t i o n s  of t ype  I -VI .  

The  p a i r  of m a t r i c e s  A , B wi l l  be c a l l e d  d e c o m p o s a b l e  if a f t e r  s e v e r a l  t r a n s f o r m a t i o n s  I -VI  

we can  f ind a p r o p e r  s u b s e t  of the  s e t  of r o w s  and c o l u m n s ,  one and the s a m e  fo r  both m a t r i c e s ,  such  

tha t  the  n o n z e r o  e l e m e n t s  of the  r o w s  and c o l u m n s  s e l e c t e d  can  o c c u r  only a t  the  i n t e r s e c t i o n s  of the  

r o w s  and c o l u m n s  of t h i s  subse t .  O t h e r w i s e ,  the  p a i r  i s  c a l l e d  i n d e c o m p o s a b l e ~  

It  i s  obv ious  tha t  a f i n i t e l y  g e n e r a t e d  modu le  o v e r  a dyad  i s  i n d e c o m p o s a b l e  in to  a d i r e c t  sum if  

and  only if  the  c o r r e s p o n d i n g  p a i r  of m a t r i c e s  i s  i n d e c o m p o s a b l e .  
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The a i m  of the  nex t  s e c t i o n  i s  to a s c e r t a i n  the  f o r m  to which an i n d e c o m p o s a b l e  p a i r  of m a t r i c e s ~  

whose  r o w s  and c o l u m n s  a r e  f u r n i s h e d  with weight ,  can  be l ed  by t r a n s f o r m a t i o n s  I -VL  

w176 R e d u c t i o n  o f  a P a i r  o f  M a t r i c e s  W h o s e  R o w s  

a n d  C o l u m n s  A r e  F u r n i s h e d  w i t h  W e i g h t  

L e t  us  r e a r r a n g e  the r o w s  and c o l u m n s  of m a t r i c e s  A and B so  tha t  e v e r y  row with  l e s s e r  

weight  o c c u r s  b e l o w  a r o w  of g r e a t e r  weight ,  whi le  e v e r y  co lumn with l e s s e r  weight  o c c u r s  to the  le f t  

of a c o l u m n  of g r e a t e r  weight .  M a t r i c e s  A and B a r e  d i v i d e d  in to  h o r i z o n t a l  and v e r t i c a l  s t r i p s  

wi th in  which the weight  of the  r o w s  (co lumns)  i s  equal .  S t a r t i n g  f r o m  the  u p p e r  s t r i p  we r e d u c e  A to 

the  f o r m :  

I �9 I 

A. i (1) 

We p a r t i t i o n  m a t r i x  ~ into c e l l s  in a c c o r d a n c e  with the  p a r t i t i o n i n g  (1)o Re ta in ing  the t e r m i n o l o g y  in 

[1], a c e l l  of m a t r i x  B , c o r r e s p o n d i n g  to a z e r o  (unit) c e l l  of m a t r i x  A , wi l l  be c a l l e d  a c e l l  of type  

I (II). A h o r i z o n t a l  and a v e r t i c a l  s t r i p  of m a t r i x  B , i n t e r s e c t i n g  in a c e i l  of type  II, a r e  s a id  to  be 

dua l .  

On B we s h a l l  make  only  t h o s e  s e q u e n c e s  of t r a n s f o r m a t i o n s  I - V I  f r o m  w which do not  s p o i l  

the  f o r m  of A in (1): 

1-2)  any  e l e m e n t a r y  row (column)  t r a n s f o r m a t i o n  wi th in  each  h o r i z o n t a l  ( v e r t i c a l )  s t r i p  not  c o n -  

t a i n ing  a ce l l  of type  H; 

3) the  ~ - th  row of a h o r i z o n t a l  s t r i p  con ta in ing  a ce l l  of type  II, m u l t i p l i e d  by a z ~ , can  be 

added  to the  o~ - th  row of th i s  s a m e  s t r i p ,  but  h e r e  the cr - th  co lumn  of the  dua l  v e r t i c a l  s t r i p ,  m u l t i p l i e d  

by c~ , m u s t  be s u b t r a c t e d  f r o m  the ~ - th  co lumn  of th i s  s a m e  v e r t i c a l  s t r i p ;  

4 -5)  the  r o w s  (co lumns)  of any l o w e r - s t a n d i n g  ( r i g h t - s t a n d i n g )  h o r i z o n t a l  ( ve r t i c a l )  s t r i p  can  be 

added  to  the  r o w s  (co lumns)  of any  h i g h e r - s t a n d i n g  ( l e f t - s t and ing )  s t r i p .  

Thus ,  our  p r o b l e m  i s  r e d u c e d  to the  p r o b l e m  of the r e d u c t i o n ,  by t r a n s f o r m a t i o n s  of f o r m  1)-5) ,  

of one m a t r i x  B d i v i d e d  into  c e l l s  of two t y p e s ,  I, II; m o r e o v e r ,  c e l l s  of type  II a r e  s q u a r e  and no m o r e  

than  one c e l l  of t ype  II  o c c u r s  in each  h o r i z o n t a l  and  v e r t i c a l  s t r i p .  The r e d u c t i o n  p r o b i e m  for  such  a 

m a t r i x  B by  t r a n s f o r m a t i o n s  1)-5)  h a s  been  s o l v e d  in  [1]. F o r  the  r e a d e r ' s  conven i ence  we c i t e  t h i s  

s o l u t i o n  h e r e .  
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We s h a l l  t ake  B to be  d e c o m p o s a b l e  if  in the  s e t  ~ of r ows  of B and in the  s e t  ~ of c o lumns  

of B we can  f ind  s u b s e t s  ~' and 4'  s a t i s f y i n g  the  fo l lowing  cond i t ions :  

1) ~' i s a p r o p e r  s u b s e t  in ~ o r  z~' i s a p r o p e r  s u b s e t  in v ;  

2) if ~' l~'l con t a in s  the cr - th  row (column) f r o m  the h o r i z o n t a l  ( ve r t i c a l )  s t r i p  p a s s i n g  th rough  

a c e l l  of type  II, then  4 '(~ ')  con t a in s  the  c~ - th  c o l u m n  f r o m  the  dua l  v e r t i c a l  (hor izon ta l )  s t r i p ;  

3) z e r o  e l e m e n t s  in  the  r o w s  of ~' ( co lumns  of ~'  ) can  o c c u r  only at  the i n t e r s e c t i o n s  with the  

c o l u m n s  of ~ '  ( rows of ~ '  ). 

O t h e r w i s e  we s h a l l  s a y  tha t  B i s  i n d e c o m p o s a b l e .  

It i s  e a s i l y  v e r i f i e d  tha t  the  p a i r  of m a t r i c e s  A , B i s  i n d e c o m p o s a b l e  in  the s e n s e  of the d e f i -  

n i t ion  in w i f a n d o n l y  if B i s  i n d e c o m p o s a b l e  in the  s e n s e  of the  de f in i t ion  g iven  above .  

P r o p o s i t i o n  1. L e t  B be i n d e c o m p o s a b l e .  Then,  a f t e r  a p p l y i n g  c e r t a i n  t r a n s f o r m a t i o n s  1)-5)  to  

B , we can  m a k e  a d d i t i o n a l  h o r i z o n t a l  and v e r t i c a l  p a r t i t i o n s  in i t  such  tha t  the  new c e l l s  (obta ined as  

a r e s u l t  of s u b d i v i d i n g  the  old  ones)  s a t i s f y  the  fo l lowing  cond i t ions :  

1) a l l  c e l l s  a r e  s q u a r e ;  

2) e ach  c e l l  i s  e i t h e r  a z e r o  m a t r i x  o r  a n o n s i n g u l a r  m a t r i x ;  

3) no m o r e  than  one n o n z e r o  c e l l s  o c c u r s  in e a c h  (new) h o r i z o n t a l  and v e r t i c a l  s t r i p .  

The  p r o o f  of the  p r o p o s i t i o n  wi l l  be c a r r i e d  out by induc t ion  on the d i m e n s i o n  of B �9 The  b a s e  

is trivial~ 

We select the lowest one of all the horizontal strips containing nonzero elements. Next, from 

the cells of this strip we select the rightmost nonzero cell. We denote it B~. 

Our arguments will depend essentially on what type this cell is. 

At first  we assume that B, is a cell of type I. By admissible transformations we lead Be to the 

f o r m  

In a c c o r d a n c e  with the  p a r t i t i o n i n g  of B~ we m a k e  new p a r t i t i o n s  in the  h o r i z o n t a l  and v e r t i c a l  s t r i p s  

of B con ta in ing  ce l l  Be �9 Next ,  by t r a n s f o r m a t i o n s  4), 5) we make  z e r o  the  p a r t s  of the  v e r t i c a l  and 

h o r i z o n t a l  s t r i p s  be ing  c o n s i d e r e d ,  s t and ing  o p p o s i t e  the n o n z e r o  p a r t  of B, . 

I t  i s  not  d i f f i cu l t  to  s e e  tha t  t h e r e  i s  a c e l l  of type  II  in the  h o r i z o n t a l  o r  in the v e r t i c a l  s t r i p  

con ta in ing  B~, s i n c e  o t h e r w i s e  B i s  d e c o m p o s a b l e .  If B~ i s  a c e l l  of type  II o c c u r r i n g  in one h o r i z o n -  

t a l  s t r i p  with B~ , t hen  in  the  h o r i z o n t a l  s t r i p  con ta in ing  B~ we have a l r e a d y  made  a p a r t i t i o n  in a c -  

c o r d a n c e  with the  p a r t i t i o n  in B~ . We now p a r t i t i o n  the  v e r t i c a l  s t r i p  con ta in ing  B~ into  two s t r i p s  

such  tha t  the  u p p e r  l e f t  c e l l  of the  fou r  c e l l s  in to  which B~ h a s  been  d iv ided ,  is  square~  In e x a c t l y  the  

s a m e  way,  if  B, i s  a c e l l  of t ype  II  o c c u r r i n g  in  one v e r t i c a l  s t r i p  with B~ , then  b e s i d e s  the  p a r t i t i o n s  

of the  v e r t i c a l  s t r i p  con ta in ing  t h e m ,  we p a r t i t i o n  the  h o r i z o n t a l  s t r i p  con ta in ing  B s such  tha t  the  u p -  

p e r - l e f t p a r t  of B~ i s  s q u a r e .  
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Note  t ha t  if even  one of the  c e l l s  B~ ,  B~ (or both  at  once) w e r e  z e r o  and o c c u r r e d ,  r e s p e c t i v e l y ,  

to  the  r i g h t  of o r  be low Be , then  a l l  the  a r g u m e n t s  would be p r e s e r v e d .  

We now e x a m i n e  the m a t r i x  B ob ta ined  f r o m  B a f t e r  the  d e l e t i o n  of the  rows  and co lumns  

con ta in ing  the  n o n z e r o  e l e m e n t s  of [5, 

It i s  e a s y  to e s t a b l i s h  tha t ,  not  changing  the  f o r m  of c e l l  B~ , we can  make  the v e r y  s a m e  e l e -  

m e n t a r y  t r a n s f o r m a t i o n s  1)-5)  on B' a s  wel l ,  if  we t ake  the fo l lowing  c e l l s  to  be c e l l s  of t ype  II in 

m a t r i x  B' : c e l l s  of t ype  II of m a t r i x  B , which do not  touch the new p a r t i t i o n s ;  the  l o w e r - r i g h t  c e l l  

of Bz ; the  l o w e r - r i g h t  ce l l  of B 3 ; the  u p p e r - l e f t  c e l l  of the  m a t r i x  o c c u r r i n g  in one h o r i z o n t a l  s t r i p  

with B~ and in one v e r t i c a l  s t r i p  with B~ . If,  a s  a m a t t e r  of fac t ,  a c e l l  of type  H e x i s t s  only  in the  

h o r i z o n t a l  ( ve r t i c a l )  s t r i p ,  i . e . ,  t h e r e  i s  only  B~ (B~) but  no B~ ( 5~! , then,  n a t u r a l l y ,  we obta in  only 

one new c e l l  of type  II, n a m e l y ,  the  l o w e r - r i g h t  p a r t  of B~ ~B~) �9 

H e r e ,  if s o m e  of the  t r a n s f o r m a t i o n s  4), 5) in B' change  the f o r m  of 5 , then  we can  re :~tore  i t  

by m a k i n g  t r a n s f o r m a t i o n s  on the d e l e t e d  r o w s  and c o lumns  of B . 

Thus ,  we have  c o n s t r u c t e d  a m a t r i x  B' of l e s s e r  d i m e n s i o n  than  5 , a d m i t t i n g  of e l e m e n t a r y  

t r a n s f o r m a t i o n s  of the  s a m e  f o r m .  It  i s  e a s y  to be conv inced  tha t  the d e c o m p o s a b i l i t y  of B fo l lows  

f r o m  the d e c o m p o s a b i l i t y  of B . We app ly  the  induc t ion  a s s u m p t i o n  to B' and,  if  n e c e s s a r y ,  we make  

a d d i t i o n a l  d i v i s i o n s  c o r r e s p o n d i n g  to  the  d i v i s i o n  of Be in the  v e r t i c a l  and h o r i z o n t a l  s t r i p s  to be 

d e l e t e d .  In t h i s  c a s e  the t h e o r e m  i s  proved~ 

We now a s s u m e  tha t  B~ is  a c e l l  of type  II. Making s i m u l t a n e o u s  e l e m e n t a r y  t r a n s f o r m a t i o n s  

in the h o r i z o n t a l  and v e r t i c a l  s t r i p s  con ta in ing  th i s  ce l l ,  we d e c o m p o s e  B into a d i r e c t  s u m  of m a t r i c e s  

each  of which  i s  an i n d e c o m p o s a b l e  F r o b e n i u s  ce l l .  

If even  one of the  F r o b e n i u s  c e l l s  i s  a n o n s i n g u l a r  m a t r i x  (and i t  does  not  c o i n c i d e  with the  whole 

B ), then  by t r a n s f o r m a t i o n s  4), 5) we can i s o l a t e  i t s  d i r e c t  s u m m a n d s  f r o m  B . Hence ,  B4 c o n s i s t s  

only  of s i n g u l a r  F r o b e n i u s  c e l l s  and,  a s  i s  we l l  known, they  can be r e d u c e d  to  a n o r m a l  J o r d a n  f o r m  

with a z e r o  e igenva lue .  Obvious ly ,  by an a p p r o p r i a t e  r e n u m b e r i n g  of the  rows  and c o l u m n s  we can  

r e d u c e  B~ to the  f o r m :  

o 5-- 

0 0 0 0 0 E  . .  O 0 .  " 0 0 

0 E 

As b e f o r e ,  we m a k e  new p a r t i t i o n s  in B c o r r e s p o n d i n g  to  the  p a r t i t i o n s  in  B~ and next  we m a k e  z e r o  

a l l  the  e l e m e n t s  o c c u r r i n g  in  the  rows  and c o l u m n s  of B , con ta in ing  the n o n z e r o  e l e m e n t s  of 5~ . 
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Let us examine the matr ix B' obtained f rom B after  the deletion of the rows and columns of B , 

containing nonzero elements  of B~. 

Let us show that for  the matr ix B' the admissible t ransformat ions  (i.e., t ransformat ions  not 

spoiling the form of B~ ) will be t ransformat ions  satisfying conditions 1)-5) if only we can find cells of 

type II in B' in an appropriate  manner.  Namely, as cells of type II we shall take the cells on the main 

diagonal in the matr ix  obtained f rom B4 after  the deletion of the above-mentioned rows and columns 

(and, of course,  of the cells of type II in matr ix  B ,  which do not touch the partitions). Indeed, let us 

number f rom left to r ight  (from top to bottom) the ver t ical  (horizontal) s t r ips  into which the ver t ical  

(horizontal) str ip containing B, has been split after  the new part i t ion (but before the deletion). 

Suppose that the a -th one of these s t r ips  is left in the matr ix  after the deletion: Making ele-  

mentary  t ransformat ions  on the columns of this strip,  we should (according to condition 3) for B ) make 

the inverse t ransformat ion  on the rows of the cr -th horizontal  strip. This t ransformat ion spoils the 

form of the (unit) matr ix occur r ing  at the intersect ion of the c~ -th horizontal  and ( cx* 1 )st ver t ical  

strip.  In order  to " res to re  r this form we need to make t ransformat ions  in the (c~+ ~ )st ver t ical  and, 

hence, also the horizontal  s t r ips  (we r emark  that both these str ips will be deleted). This spoils the 

form of E at the location c~+I , ~ + ~ �9 We " res to re"  it by making a t ransformat ion  in the (a  + Z)nd 

str ips,  etc. This p rocess  te rminates  after  ~ stages.  Here, on the (~ * ~)th horizontal  strip (which is 

the only one of the s tr ips  being t r ans fo rmed  here to remain  after  the deletion) we make an e lementary 

t ransformat ion  inverse to that made on the a -th ver t ical  str ip (while the par t  of the matr ix to be 

deleted is not changed). Therefore ,  as a cell of type II we should take the cell occurr ing  at the in ter -  

section of the c~ -th ver t ica l  and ( r § B )th horizontal  s t r ips  (before deletion), but this cell exactly falls 

on the diagonal in the matr ix  obtained f rom B after  the deletion. 

By analogous arguments  we can show that t ransformat ions  4), 5) are  admissible for  cells appear-  

ing as a resul t  of the deletion (no other t ransformat ions  besides t ransformat ions  1)-5) are  admissible). 

Thus, we have once again led the reduction of matr ix B (in the case when B~ is a cell of type 

II) to the reduction of a matr ix  B' of l e s se r  dimension by prec ise ly  those same t ransformat ions  1)- 

5); moreover ,  yet again it is not difficult to see that B and B' are simultaneously decomposable and 

indecomposable.  Applying the induction assumption to 8' completes the proof of the proposition. 

Remark.  It is easy to ver i fy  that if two mat r ices  B and B go into each other by t ransformat ions  

1)-5), then during the proof of the proposit ion they are  reduced to one and the same form. 

Using Proposi t ion 1 it is not difficult to write out all the indecomposable pai rs  of mat r ices  with 

rows and column furnished with a weight. Indeed, f i rs t  of all, taking the proposit ion into account we 

can reduce any pair  of matr ices ,  using only a r ea r rangement  of rows and columns, to one of the fol-  

lowing forms (depending on the rat io of the numbers  of rows and columns and on the singularity or non- 

singulari ty of ma t r i ces  A and B ): 

I. 
0~0 O0 

~ 
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~. A= �9 ~_/, 

/ 

0.. .0 
IV. A- ( ~ I ;  

/ 0LA@_! B~!.~q , 

~ I.-v--I 

! ~ ,~f - - -%-- j  
!oI...!~ / 

where  B~ . . . .  , B 9 a r e  n o n s i n g u l a r  m a t r i c e s .  F u r t h e r ,  u s ing  e l e m e n t a r y  t r a n s f o r m a t i o n s  on the rows 

(columns)  ly ing  in one s t r i p ,  we can,  obvious ly ,  r educe  a l l  ce l l s  B~ . . . . .  B~ to un i t  f o rm in  c a se s  II-V. 

F r o m  the i n d e c o m p o s a b i l i t y  of the pa i r  it fol lows that  a l l  ce l l s  B~ a r e  one=d imens ionaL  By a 

d i r e c t  e x a m i n a t i o n  of a l l  pos s ib l e  cases  of de c ompos i t i on  of p a i r s  of f o r m  II=V it i s  easy  to be con -  

v inced  that  p a i r s  with o n e - d i m e n s i o n a l  B~ a r e  indeed indecomposab le .  It i s  comple t e ly  obvious a l so  

that  d i f f e ren t  p a i r s  of m a t r i c e s  of f o r m  II=V cannot  be led one to the other  or to a p a i r  of fo rm I by 

t r a n s f o r m a t i o n s  I=VL 

Let  us  c o n s i d e r  case  I. We denote  the weight of the ~ -th ho r i zon t a l  s t r ip  of m a t r i c e s  A and B 

by ~ , the weight  of the co lumns  of the % =th v e r t i c a l  s t r ip ,  by s~ . In th is  way we a s soc i a t e  with each 

p a i r  A, B of f o r m  I the sequence  of p a i r s  

(% sd . . . .  , I~q sg~. (2) 

Let  us p r e s e n t  (2) in the forml%sd, . . . ,~%s~/ ,  ~ , s  d , . . . , m-s+l. The s m a l l e s t  t for  which th is  p re=  

s en t a t i on  holds is  ca l led  the pe r iod  of (2). A sequence  (2) of pe r iod  ~ is  ca l l ed  ape r iod ic .  

Let  us show that  each p a i r  A , B of fo rm I i s  r educed  by a r e a r r a n g e m e n t  of s t r i p s  and a con -  

so l ida t ion  of s t r i p s  to a f o r m  I with an ape r iod ic  sequence  (2)~ Indeed, le t  a sequence  (2) of the pa i r  

A , B have a pe r iod  ~ - ~ , q = ~ K , We r e a r r a n g e  the s t r i p s  (hor izonta l  and v e r t i c a l  s i mu l t a ne ous ly )  

of m a t r i c e s  A and B so that  each ( c ~ t ~ ) t h  s t r i p ( D ~ o ~ < K } ,  : 0 < ~ b  occup ies  the p lace  of the 

(cx*l+(~-l)K)th s t r ip .  Next, for  each 2~= t . . . . .  t we combine  the s t r i p s  with n u m b e r s  ~(~d)~l . . . . .  ~ 

(having equa l  weight) into one. As a r e s u l t  the p a i r  A , B is  r educed  to fo rm I where  in the place of 

c e l l s  B~,...,B~_~, 8q the re  s tand the ce l l s  ~ . . . .  , ~t-~, B~: 

i 01i :; 
. . B . ~ \  
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where  ~ = ~ , . . . ,  t - ~ . Here  the sequence  of p a i r s  of weights  of the new s t r i p s  r s, ~ , . . . ,  r %, s d is 

a l r e a d y  aper iod ic ,  which is what we had to show. 

Let  us r educe  the ce l ls  B~ , . . . ,  Bq_~ of the pa i r  A , B of f o r m  I with an aper iod ic  sequence (2) 

to unit  fo rm.  Cell Bq can be r educed  by s i m i l a r i t y  t r a n s f o r m a t i o n s  (without changing the f o r m  of the 

ce l l s  a l r e a d y  reduced) .  F r o m  the indecomposab i l i ty  of B it  fol lows that  B 9 can be made  an inde-  

composab le  F roben ius  cel l :  

whose c h a r a c t e r i s t i c  po lynomia l  

~ 

~(x)ox ~- ~ x ' " - . . .  - 8~ 

(3) 

is  a power  of an i r r e duc i b l e  po lynomia l  ove r  f ield K . 

The p a i r  A , B t akes  the f o r m :  

i~ ,~E~-- 101 0 t 
(4) 

with an ape r iod ic  sequence  (2). Le t  us show that  p a i r  (4) is indecomposable .  F o r  this  we convince 

o u r s e l v e s  that  the par t i t ion ing  of A and B into ce l ls  is unique, i .e . ,  the pa r t i t i ons  in the m a t r i c e s  

a r i s e  a s  a r e s u l t  of the p r o c e s s  of r educ ing  B used  in the p roof  of the propos i t ion .  Indeed, it is  ea sy  

to see  that  by apply ing  this  r educ t ion  p r o c e s s  to m a t r i x  B ( A has  been reduced  to f o r m  (1) b e f o r e -  

hand), it is  suff ic ient  fo r  use  f r o m  the e l e m e n t a r y  t r a n s f o r m a t i o n s  1)-5) only a r e a r r a n g e m e n t  of 

s t r i p s  (taking into account  that  a F r o b e n i u s  cel l  can a lways  be dr iven  to such a locat ion that  i t  is  r e -  

duced  in the las t  turn) .  Consequent ly ,  a na tu ra l  subdivis ion could be obtained f r o m  subdivis ion (4) 

only by a r e a r r a n g e m e n t  of s t r ips  and a consol ida t ion  of ce l l s .  But, as  is  e a s y  to be convinced,  it is  

imposs ib l e  to  r educe  p a i r  (4) to f o r m  I by these  t r a n s f o r m a t i o n s .  F r o m  the r e m a r k  to the p r o p o s i -  

t ion and f r o m  the n a t u r a l n e s s  of the pa r t i t i ons  indicated  in (4), it fol lows that  the decompos i t i on  of 

p a i r  (4) should be cons i s t en t  with the pa r t i t i on  of this  p a i r  into cel ls ,  but this  is not poss ib le  in view 

of the indecomposab i l i ty  of qb. The indecomposab i l i ty  of p a i r  (4) is p roved .  

Ana logous ly  we can show that  two p a i r s  of m a t r i c e s  A , B and A' , B' of f o r m  (3) with an 

ape r iod ic  sequence  of weights  [% s,), . . . ,  (49 s~) and (% s',), . . . ,  ~'q s'q) go one into the o ther  by t r a n s -  

f o r m a t i o n s  I - V I  only in the case  when A - A '  , B--B' and the sequence  / C ~ s ' t ] , . . . , ( ~  s'~) h a s t h e  

form (%,~, s..,),., ,, {~q sq), (%s~),..,, (~. s.). 
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Conclusion. We have shown that every  indecomposable pair  of mat r ices  with rows and columns 

furnished with weight is uniquely reduced to one of the following fo rms  by t ransformat ions  I-VI: 

A= 

f ol Iolq \ 
B=,~_F.~, 0 0 

where q~ is the indecomposable Frobenius cell (3). The weights of all rows (columns) belong4ng to the 

X -th ver t ical  (horizontal) strip are  equal to each other and equal to some ~cs~), I ~  % < o~), I- ~ ~ ~ , 

). = t .... , ql. The sequence of pai rs  I%, s~) . . . . .  (% sQ) is aperiodic and is determined to within any cyclic 

permutat ion.  

If. A=E, 

Vo A=(I 

I, 

1o/ 
�9 , . 0 

1 

ol , . .  ]) 

o . . . o o  
'1 oo 

8= i ' . .  
0 I o  

B=E. 

I1 0 

I .  . o o  l 
t" 

o . . . ~ o j  

In cases  II-V the weight c~ of the ~ -th row ( ~ of the ~ -th column) is any positive integer or 

the symbol = .  The weights are  uniquely determined by the pair  (independently of the reduction method). 

Pa i r s  of form I-V are indecomposable. 

w G e n e r a t i n g  a n d  D e f i n i n g  R e l a t i o n s  f o r  F i n i t e l y  

G e n e r a t e d  M o d u l e s  o v e r  a D y a d  

Thus, to every  finitely generated module ~% 

there is uniquely associated a pair  of mat r ices  A , 

two sequences of weights c~. . . ,c ,~  and K~ . . . .  , ~  

over a dyad D , indecomposable into a direct  sum, 

5 of dimension ~ of one of the forms I -Vand  

(in case I the aperiodic sequence r d .. . . .  I~q , ~d is 

determined to within any cyclic permutation).  F r o m  the method of construct ion of the pair  of mat r ices  

A~(a~) , 5 ~ ( ~ )  f r o m t h e  module ~ (see w it follows that 8~=0 a s s o o n a s  c~=oo or K~=~ . 

Therefore ,  c~ can equal ~o only for c~=I for  a pair  of type II and.for eL =n. for a pair  of type IV; ~ 

can equal ~ only for ~ ~ ,z for  pa i rs  II and V. In all the remaining cases  the weights are  finite. 

Conversely,  we can res to re  module 97t f rom the pair  A ~ ca~) , B = [ 6 ~ )  corresponding to it. 

We select  an element a ~  {6'~)~ D, going into a ~  { ~ ) e  }< under the natural  homomorphism of D onto 
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= D/R ( R is the r a d i c a l  of the dyad); m o r e o v e r ,  we ag ree  to choose  a lways  ~ ~ D as  the r e p r e s e n t -  

a t ive  of I ~ ~ o We c o n s t r u c t  the module T~t with g e n e r a t o r s  ~ ,  and v~ by speci fy ing  the re la t ions :  

~ a  
~=~, =0  ( absen t  fo r  c ~ = ~  ), 

(5) 
r ~  

v~ ~ -  ~ ~ a '~ ,  ~ ~,~- ~ .  u~ 6'~ ~~ ( absent  fo r  K~- ~ ), 

where  c ~ - t , . . . ~ m ,  ] 3 - 1 , . . . ,  ~. 

It is not  diff icul t  to  v e r i f y  that  in w p r e c i s e l y  the p a i r  A , B is cons t ruc t ed  f r o m  the new 

module  ~gt if and only if ~ t R ~ - Z ~ , D  ( ~ - ~ , D ) , i n o t h e r w o r d s ,  i f f o r e v e r y  v~ we can find e l e -  

men t s  d~ of the dyad such that  % ~,~ ~ ~ cL~. T h e r e f o r e ,  p a i r s  of types  I, II, V, and only they, can be 

obtained f r o m  an indecomposab le  f ini te ly  gene ra ted  module over  a dyad.  

Thus,  we have es tab l i shed  a o n e - t o - o n e  c o r r e s p o n d e n c e  between,  on the one hand, f ini tely gen-  

e r a t ed  modules  over  a dyad,  i ndecomposab le  into a d i r e c t  sum,  and, on the o ther  hand, p a i r s  of m a t r i c e s  

of types  I, 1I, V for  which the above -men t ioned  r e s t r i c t i o n s  on the weights  a re  fulfil led. 

Let  us r e m o v e  (in c a s e s  I, II, V) the e l emen t s  ~ f r o m  the s y s t e m  of g e n e r a t o r s  t ~ ,  %} of 

module  ~ and the r e l a t i ons  ~ ~" = 0 (which fol low f r o m  the r ema in ing  r e l a t ions  and f r o m  the equa l i -  

ty ~, x~- 0 ) and g, ~ ~ .  ~ a '~ f r o m  the s y s t e m  (5) of genera t ing  re la t ions ,  having r ep laced  in all the 

r e m a i n i n g  r e l a t ions  the e l emen t  u,~ by v~t~ in c a s e s  I, II and by ~ , ,  ~, in case  y . In case  I we d e -  

note by v~,, the e l emen t  g~t +~ , 0,~ ~-, t ( t is  the deg ree  of the c h a r a c t e r i s t i c  po lynomia l  ~tx~ 

x*- ~',x*"-.. .- S', of the indecomposab le  F r o b e n i u s  cel l  in ma t r ix  5 ) and we r e n u m b e r  the sequences  
i {~,~t, ~(~,s~)},  t~, t  , r ep l ac ing  e v e r y w h e r e  the indices  ~ , ~ b y 9 - ~ §  , ~ - v . l .  I n c a s e s I I  

and V we in t roduce  the notat ion:  g~ = % in case  II, ~ = 0 , g~.~ ~ c~ in case  V (by this change the 

r e l a t i o n s  in c a s e s  IT and V reduce  to one s e r i e s ) ;  we r ep l ace  ~ by ~ . t  and then we r e n u m b e r  the 

sequences  { ~ and t (~ , t~)t , r ep l ac ing  e v e r y w h e r e  the index c~ by n - a .  I . 

F ina l ly ,  e v e r y  f ini te ly  gene ra t ed  module,  i ndecomposab le  into a d i r e c t  sum,  over  a dyad D of 

loca l  Dedekind r ings  with p r i m e  e l emen t s  ~ and g~ is given by defining re la t ions  of one of the following 

two f o r m s :  

I. v ~ : ~ * ~ O  (absent  fo r  ~ = ~  ), v~§ ~ I~'~, . . . .  a - l ) ,  ~ * ~ - 0 ( a b s e n t f o r  ~=~). 

.. * ~' ~;~ I~-~,.. , ~ - I ) ~ , , ~ §  ~ I ~ = I , . .  9-~ ,  ~ , .  ,~). 

A module of type I is uniquely d e t e r m i n e d  by the sequence  (~,, ~,), �9 �9 �9 I ~ ,  ~ )  , where  ~, , ~ 

a r e  nonnegat ive i n t e g e r s  of the symbol  or ; ~ , . . . ,  ~ ,  ~, , . . . ,  e~_, a r e  pos i t ive  in tegers~ 

A module  of type  I I  is uniquely d e t e r m i n e d  by the fol lowing invar ian t s :  (~,, s~),. . . . .  I~q, s~) is an 

aper iod ic  sequence  of p a i r s  of pos i t ive  in tegers ,  d e t e r m i n e d  to within any cyc l ic  pe rmuta t ion ;  ](x)= x ~ 

-6,x - . . . -6~  (6~ = 0)~s the power  of an i r r educ ib l e  po lynomia l  over  the r e s idue  field ~ of dyad D 

Then  %~ is s o m e  e l emen t  of the dyad, which goes into 5', under  the na tu ra l  h o m o m o r p h i s m  of D 

onto g ( ~ = ~ , . . . , t ) .  
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L e t  97I-- ~ t o $ . . .  e~r~,~.$ ~t $ . . .e  ~ be the  d e c o m p o s i t i o n  of a f i n i t e l y  g e n e r a t e d  module  0~t o v e r  a dyad  

into  a d i r e c t  s u m  of i n d e c o m p o s a b l e  ones .  E a c h  modu le  ~ of type  I ( ~ o f  type  H) i s  g iven  by the 

g e n e r a t o r  s y s t e m  {v~t  I { . ~ t )  and by  the s y s t e m  of de f in ing  r e l a t i o n s  q~a of type  I ( ~ of type  II). 

Then  the s e t  ~ ,  ~ , ~  wi l l  be the  g e n e r a t o r  s y s t e m  for  modu le  ~ , whi le  the  union ~cp~, "r of aI1 

s e t s  r and ~ r  wi l l  be i t s  s y s t e m  of def in ing  r e l a t i o n s .  I t  can be shown tha t  fo r  a f i n i t e ly  g e n e r a t e d  

modu le  o v e r  a dyad  t h e r e  h o l d s  a unique d e c o m p o s i t i o n  into  i n d e c o m p o s a b l e  ones  (for  m o d u l e s  of f in i te  

l ength  the u n i q u e n e s s  of the  d e c o m p o s i t i o n  fo l lows  i m m e d i a t e l y  f r o m  the K r u l l - S c h m i d t  t h e o r e m ) .  

T h e r e f o r e ,  the  s e t / ( ~ ,  ~ ) ~  , ( ~ ,  s ~ )  , ~x (x~. t does  not  depend  upon the me thod  of d e c o m p o s i -  

t ion  of modu le  ~ into a d i r e c t  s u m  of i n d e c o m p o s a b l e  ones  and i s  i t s  c o m p l e t e  s y s t e m  of i n v a r i a n t s .  

If we c o n s i d e r  only  f in i te  m o d u l e s  o v e r  a dyad ,  the  only change  wil l  be tha t  in th i s  c a s e  the  

p a r a m e t e r s  ~, , ~ cannot  equa l  o o .  

w  F i n i t e  p - G r o u p s  P o s s e s s i n g  a n  A b e l i a n  

S u b g r o u p  o f  I n d e x  p 

In th i s  s e c t i o n  we a i m  to ob ta in  the  de f in ing  r e l a t i o n s  fo r  f in i te  p - g r o u p s  p o s s e s s i n g  an A b e l i a n  

subg roup  of index p . We a l s o  f ind the  c o m p l e t e  s y s t e m  of i n v a r i a n t s .  

L e t  ~ be a f in i t e  p - g r o u p ,  s be  an  A b e l i a n  s u b g r o u p  of index p , ~ be s o m e  e l e m e n t  of the  

group ,  not con ta ined  in  A �9 A i s  a n o r m a l  d i v i s o r  of G (as a m a x i m a l  subgroup  of a f in i te  p - g r o u p  

([4], C o r o l l a r y  4.2.2)) ;  t h e r e f o r e ,  it  i s  n a t u r a l  to t r e a t  i t  a s  a module  ove r  Z~ It~ where  Z,  i s  the 

r i n g  of P - a d i c  i n t e g e r s ,  ~ i s  the  r o o t  of the  p o l y n o m i a l  ~ - ~ , having def ined  for  any  b. e A and 

zI,~): Zo+Z~Z, . . . .  + zp_~ H?-% Z~, IH-): 

w h e r e  p~ i s  the  o r d e r  of ~ , zt-ct0+ct~ p . . . .  ~-c~,p% . . . .  o,~cv< p. 

It  i s  e a s y  to v e r i f y  tha t  the  equa l i t y  

z(ff)=(z[~), zd)),  

w h e r e  z(• i s  a p o l y n o m i a l  with c o e f f i c i e n t s  in Zp , e i s  the r o o t  of the p o l y n o m i a l  ~+x + .+xP-~ , i r -  

r e d u c i b l e  o v e r  the  f i e ld  of P - a d i c  n u m b e r s ,  y i e l d s  the c o m p o s i t i o n  of Zp (p) into a dyad  (~1) of loca t  

Dedekind  r i n g s  Zp ce) and Zp with p r i m e  e l e m e n t s  e -4 and p . To t h e s e  p r i m e  e l e m e n t s  c o r r e -  

sponds  the  d y a d ' s  e l e m e n t s  ~4 =F-1~ (e-I ,  0) and ~ =  ~ +t~+ . . . .  ~P-~= (0, p). 

Le t  us  d e r i v e  one r e l a t i o n  be tween  e l e m e n t s  g, and f~ which we need  subse que n t l y .  As  i s  e a s i l y  

shown, z{~)= Zo+ ~t~ . . . . .  z ~ _ , ~ - '  e 7p (t~) i s  i n v e r t i b l e  if and only if z (I)= zo* z~ . . . .  + zp_~ e p Zp. F u r -  

t h e r m o r e ,  z ( p ) ~  ~ z~t )~  for  e v e r y  z(t~)e Zptt~). T h e r e f o r e ,  in the obvious  equa l i t y  7~- y~:-4 = P~ the e l e -  

m e n t  ~ i s  i n v e r t i b l e  and 

Thus ,  wi th  the  g roup  G we a s s o c i a t e ,  wi th  r e s p e c t  to f ixed  A and ~ , a modu le  ~ ove r  the 

dyad  Zp IF) with a p r e f e r r e d  e l e m e n t  v*~ ~ ,  which i s  i den t i f i ed  with the e l e m e n t  9 ~  A u n d e r  the 
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na tu ra l  ident i f ica t ion of the e l emen t s  of ~ t  with the e l emen t s  of A . It is c l ea r  that  the pa i r  ( ~ ,  ~ )  

comple t e ly  def ines  the g roup  ~ . Modules  over  a dyad  have been d e s c r i b e d  in w T h e r e f o r e ,  fo r  a 

comple te  de sc r i p t i on  of all  g roups  of the f o r m  being cons ide red  by us it is suff ic ient  to a s c e r t a i n  what 

p a i r s  ( ~ t ,  ~ )  can indeed be obtained f r o m  such groups ,  as  well  as  to s tudy when d i f fe ren t  p a i r s  ( ~ ,  ~) 

and (T~'  ~ ~'.) def ines  one g roups  ~ (with r e s p e c t  to d i f fe ren t  A , ~ ). 

Suppose,  as  a m a t t e r  of fact ,  tha t  with the g roups  ~ we have a s soc ia t ed ,  with r e s p e c t  to  A and 

, a m o d u l e  ~ and, with r e s p e c t  to A and ~ A ,  a m o d u l e  ~ t .  It is  ea sy  to see that  if ~A=~]h 

(o., a <p) ,  then,  having r ep l ace  the d y a d ' s  e l emen t  /~ by /~" in the defining re la t ions  ~q~, ~ , t  of 

module  ~ (see w (here  ~ - - ~ - ~  is  r e p l a c e d  by r ~ = ~ - ~ = ~  {~*~ . . . .  § ~ , -  ~§247247  by 

~ = ~ §  = ~ ) .  we obtain the def ining r e l a t ions  {r  ~ t  of module T~t'. By the change 

of g e n e r a t o r s  

V j / , ~  = ~ ' ~ ' (  I+ F + . . .  + ~ - ~ ) c v - ~ ) ~  . . . .  , ~ 2 , { ~ ,  . . . .  ~ )  

(admiss ib le  in v iew of the inver t ib i l i ty  of ~ § F * �9 �9 .* F~" in Z p (/~)) we br ing  {r ~ } to the s t anda rd  

f o r m  with the s y s t e m  of inva r i an t s  ~ (~ ,  ~ ) ,  I ~ , ,  s,~), ~'~ (x)~(see w where  

~ ( x ) =  ~ .  {x~ ~ * ' ' ' §  ~'e~)K -* '~'~' '  § �9 ~" ~'~,~,0 (6) 

( K is the image  of the n u m b e r  ~ under  the na tu ra l  h o m o m o r p h i s m  of the in teger  r ing  Z into the 

f ield Z / Z p ) .  

We have shown that  two modules  ~% and ~ t '  can  be obtained f r o m  one group G with r e s p e c t  

to a f ixed A if and only if in the f ield of P e l e m e n t s  we can find a nonze ro  e l emen t  K such that  as  a 

r e s u l t  of r ep l ac ing  all  ~ (x) f r o m  the s y s t e m  of inva r i an t s  of module 9~t by the po lynomia l s  i'~ (x) 

f r o m  (6) we obtain the s y s t e m  of inva r i an t s  of module  ~ t ' .  

Suppose that  with group G we have a s soc ia t ed ,  with r e s p e c t  to A and ~ ,  the pa i r  ( ~ t ,  v ) (~ ~ T~t 

is ident if ied with ~Pe A ). Let  us show that  ~ and the g e n e r a t o r  s y s t e m  {#~, v ~ }  of module  T~t can 

be chosen  so  that  v ~= %~ ~~ or  v = 0 (for the s a m e  ~ ). 

Indeed,  it is not diff icul t  to ve r i fy  (for example ,  by the method of unde te rmined  coeff ic ients)  that  

the se t  ~ : { ~  ~ l ~ = 0 1  equals  

Since ~ ~ K ( -r is  ident if ied with ~P ), where  ~ :  w ~  ~ ~ ~ ,  ~ "  d . ,  where  z ~  ~ , do is an inver t ib le  

e l emen t  of Z//~) o r  is ze ro .  

Suppose that  not all  e L :  0. It is c l e a r  tha t  then the se t  {~p} can be r e n u m b e r e d  over  the index 

c~ do that  c ~  0 fo r  a.~ ao , d~=0  f o r a - ~ o  , and the fol lowing condi t ions  a re  fulfi l led for  the 

p a r a m e t e r s K ~ , ~ ,  r~  ( ~ = 0 , . . . , e o ,  ~ - 0 , . . . , a o ) :  

1)  Ko~ = K~p . . . . .  k r  < Ky~ ~.t, P, �9 �9 �9 ~ Ke~p, 
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2) 8o~- s = . . . =  8 ~ -  s s 

3) if r t ,=~ for  s o m e  ~- .  ~ , t h e n n ~ = r ~ .  

I t  i s  e a s i l y  shown tha t  when t he se  condi t ions  a r e  fulf i l led the s e t  ~ ~ ,  ~>~ff~ l e r 0 t and al l  the e l e m e n t s  

~a~ ~, d ,  t o g e t h e r  cons t i tu te  a new g e n e r a t o r  s y s t e m ,  while the r e l a t i o n s  obtained f r o m  the 
C ~ O  

s y s t e m  of def in ing r e l a t i o n s  ~p=, ~ , t  of module  Ir~ by r e p l a c i n g  each  e l e m e n t  %~ o c c u r r i n g  in % 

by ~ cons t i tu te  a new s y s t e m  of def ining r e l a t i o n s  of s t anda rd  f o r m  for  ~Tt' . 

~o, Thus~v-~r~,+~>~,~, c ~ , w h e r e  ct=0 or  a = f .  Le t  ure ~r~ be ident i f ied with h e A  . Then,  as  

we a r e  e a s i l y  convinced ,  v . - u ~ ,  i s  ident i f ied with (~ - ' ~  . T h e r e f o r e ,  with the group C- we a s s o c i a t e ,  

with r e s p e c t  to A and ~k" , the p a i r  [~rt, d~ ~,[~ fo r  ct=~ or  the p a i r  ( ~ ,  0) fo r  ct =0 , which is  

what  we had to show. 

By k=~ {h~ , )  we denote  the e l e m e n t  of A , which is  ident i f ied with ~r,~(v~,)e ~ ,  where  ~ is  a 

f in i te  module  o v e r  Zp (~,  ~=  ~ ; t h e r e f o r e ,  e v e r y  e l e m e n t  of module  1r~. i s  wr i t t en  as  the sum of e l e -  

m e n t s  _* ~ ~", *_ ~ ~ ' ( o ~ < p ,  0~ ~-p}. Hence  it fo l lows  tha t  the se t  t~.~, ~ ' ~  t ( h~" = ~-% ~") g e n e r a t e s  a 

subgroup  A in ~ . Le t  us wr i t e  the def ining r e l a t i o n s  !q~, ~r,t of module  ~ in t e r m s  of the e l e m e n t s  

of g roup  5 �9 The  new r e l a t i o n s  obta ined,  t o g e t h e r  with the r e l a t i o n s  a ~  ~r'~ = hd~ ~/~ ~ , ~,~ h:'~ = ~,~ ~" ~,~ ) 

h ~ , e ~  = ~:~ h ~ ,  e n s u r i n g  the Abe l i annes s  of A , a n d  the r e l a t i on  ~ =  k (he  A) yie ld ,  as  we ea s i l y  

a r e  convinced)  the s y s t e m  of def in ing r e l a t i o n s  of g roup  Q . 

We shal l  use  the usua l  nota t ion  fo r  c o m m u t a t o r s :  

We have  p r o v e d  tha t  a f ini te  P - g r o u p  ~ p o s s e s s i n g  an Abel ian  subgroup  A of index p is  g iven by 

the g e n e r a t o r s  ~ r A, h ~ ,  h ~ .  e A and the fol lowing def in ing r e l a t ions :  

I .  ~=[ho,,.o,9], [)%,,~...,g]=~ ( for ~>0) 

[ k o  . , ,  " "  '~  - "~ ~]=~'~ t~h~) ~ P(p=1,...,n~-l), ~ +~h~r~f ~'+~ 1, 

w h e r e  

( ~ =  0 , )  �9 ~  r/~,l . 

[k~,~.~,~,,,,~+, 9J = ? (q~.~)  c/~-I , . . . ,9,-~. , v= 1 , . . . ,  t~ 1 

where  

w h e r e  a -  ~" or  a - F  but ~ - 8 ;  ~ - ~  , o r  ( = ~  but ~ ~ but 9" ~ 

649 



Let  us  wr i te  the def in ing  r e l a t i o n s  I - I I I  in another ,  in a c e r t a i n  sense  s i m p l e r ,  fo rm.  F o r  a 

pos i t i ve  i n t ege r  ~ we denote  by ~' and g" n u m b e r s  such  that  ~=K'(p-f~+,', 0=~"<p. Having mul t ip l i ed  

the relation v~.,  ~=,~.,. ~ ~:=~ by z-~'=~ , using (5) and the equalities % ~ = 0 and ~ = ~ ,  we obtain 

~=~, , ( -p)  ",~" ' ~o~p~=~-~r~. (8) 

As the new ~o,  

t ion  of e l e m e n t s  of 

~ o I  

In v iew of (8) i t  is  e a s y  to show that  the def in ing  r e l a t i o n s  I - I I I  of group G re l a t ive  to the new 

g e n e r a t o r s  f, h=~, h ~ ,  can be r e w r i t t e n  as :  

we s e l e c t  the e l e m e n t  which i s  ident i f ied  with ~ " 0 , ~ "  by the n a t u r a l  i den t i f i ca -  

with the e l e m e n t s  of fgt . F o r  ~ = p-  I , as  the new q we se l ec t  the e l e m e n t  

where  a = O , . . . , m , .  

(Ko f+ l )  ~ 

=! ~ ,,.0,.,._,.~1, L~/= ,,.=,.,,,pJ =a ( f o r~>O)  

( . p l h = , ~ + l  1 -P  P e = h - ~  -P , P earct= g . 

~1 s - 

t -P}  ~.1 -P , p$,XF~-1 P 

where  X = q . . . .  , n~. 

where  a<~" or a=~" but ~ ; ~ -  e or g = o  but 5r162 , o r ~ = e ,  ~L=z b u t ? - ~  ; ~ ,~,s=0, . . . ,p-1 .  

Group G is  comple t e ly  def ined  by the fol lowing co l l ec t ion  of p a r a m e t e r s :  (,o,, ~=,),...,(K=~=, e ) 

a s equence  of p a i r s  of i n t e g e r s  K~ "- 0 , %~*b for  ~-1  , eo..~-I , ~ , = , 0  for  a > 0  , e=~>0 for 

~ - r ~ = ; i f  eO~o=-I , t hen  Ko,=0 and ao=l  , a = 0 , . . . , ~  ( n% is  a p o s i t i v e  i n t e g e r  or  zero) ; l%4,  s~,), 

. . . ,  r  s q),  an  ape r iod ic  sequence  of p a i r s  of pos i t ive  i n t e g e r s  d e t e r m i n e d  to within any cyc l ic  
t " [ ~ - t  t I p e r m u t a t i o n ;  ~(x1 = x t~- ~ x - . . . -  ~ ,  C~ ~ ~ 0), a power  of an i r r e d u c i b l e  po lynomia l  over  a f ield of 

p e l e m e n t s ,  where  two s equences  of p o l y n o m i a l s  ~{• . . . .  ~,~ Ix) and fz r  ~'cx) def ine one group 

G if in  the f ie ld  of P e l e m e n t s  we can  f ind a n o n z e r o  e l e m e n t  ~ such that  for  a l l  

= t , . . . ,  m~ ( r,% is  a pos i t ive  i n t e g e r  or  zero) .  The co l l ec t ion  is  u n o r d e r e d  with r e s p e c t  to the i n -  

dices a~O and ~ . 
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Then ~ F  is an integer,  0 ~ 6~ - p , mapping into 6'~ under the natural homomorpj ism of the 

integers  ring Z onto the field Z/Z~. 

Taking into account the method by which we associated with each module ~ over dyad D the 

sequences of weights c . . . . . .  c~ and ,~,..., K~ (see w it is not difficult to calculate the order  of 

group & : 

(9) 

If group C, is non-Abelian, then its center  consists  of elements of A commutative with V . In 

view of (7), Z is generated by the elements [k ...... q], 9 (9~-~) , V (V ,~; . Hence it follows that 

the relat ions [F~ . . . .  =,V]=I, ~-"(~E~,)P=I ~'P k , (~ ~ , )  = ~ together with I - I I I  yield the sys tem of defining 

relat ions for the quotient group Q / Z .  After the reduction of the sys tem obtained to standard form 

I-HI, using (9) we get that the cen te r ' s  order  equals 

Izl=p g (~0) 

It still remains  for us to ascer ta in  when different collections of parameterst[K=~, ~ )  , (%~ ~ s~,) 

~(x)~ yield one group G . F rom the preceding considerat ions it follows that with group ~ there is 

uniquely associated,  with respect  to a fixed A, the collection of pa rame te r s  t[K=~, l~ , (%..~ s~ )  

f, (x) t . However, it can happen that G possesses  severn2 Abelian subgroups A of index p ,  relative 

to which it is specified by different collections of pa ramete r s .  

If G is non-Abelian and A , ~ are  two Abelian subgroups with index P of it, then, as is not 

difficult to show, A n 5 = l and the index of the center  I in G equals p~ . Therefore ,  f rom (9) and 

( lo) it fo l lows  that 

In the general  case G possesses  more than one Abelian subgroup of index P if and only if the in- 

equalities ~- ~=~ + ~ t~ %~.~ and (m,+ m~* 1)(Ko~§ f)~ I are  fulfilled for its pa ramete r s .  

We exclude the following collections of pa rame te r s :  

l )  m ~ ,  ~,.- I ,  . , . :o ,  eo,~. ~$'9te.,,~-; ,~,=o,  

2) m,~ t~%=1,  K,~=O for a# t ,K, ,= t ,  ~o/t~e,, r%=O, 

3) m.~-/'~,rt.~,=t for a l  1, %=?,., K=4=O,K,,=l,~o+l,-~,~., m,=O, 

4) ~, is a rb i t ra ry ,  r~=t  , K=~=0, ~=, is a rb i t ra ry ;  m~=s is a rb i t ra ry ,  L(• = •  

It is not difficult to convince ourselves  that the remaining collections of pa ramete r s  yield all the a l -  

ready mutually nonisomorphic groups ~ o Therefore ,  t(K=~, ~ ) ,  (%~, s,~, ~tx)} is a complete collection 

of invariants of a finite p -group possess ing  an Abelian subgroup of index p .  

Let us make severa l  more  r emarks  on the group ~ given by relat ions I-HI. For  each index 

we denote by Ao (B,) the smal les t  normal  divisor  of G , containing the elements b.~, ,...~ h,~.~ I~ ...... 

.,k,~.~.}. F r o m  the s t ructure  of the module ~ associated with group ~ relative to A it follows that 
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A=Ao~...$A~$B~...e B~,, 

and each  A~ (B~) i s  now d e c o m p o s e d  into a d i r e c t  s u m  of n o r m a l  d i v i s o r s  of ~ .  

the  s e m i d i r e c t  f a c t o r s  of ~ if  and only  if Ko~ = - 1 . 

By ~ we denote  the  n o r m a l  d i v i s o r  of 6 , g e n e r a t e d  by the e l e m e n t  ~ . Making use  of the  

f ac t  tha t  H~  i s  i s o m o r p h i c  to  an  add i t i ve  g roup  of the  quot ien t  r i n g  Z~I~)/A~ ~ , Ar~a ~=~= 

{~e Z~(l~)l~ ~ d= 0} , i t  i s  not  d i f f i cu l t  to show tha t  H~} expands  in to  a d i r e c t  sum of cyc l i c  g roups :  

(11) 

A i s  p i c k e d  out by 

i f  

if to , L p - ~ f f  

w h e r e  [a] i s  the  i n t e g e r  p a r t  of n u m b e r  a .  The  o r d e r s  of the  e l e m e n t s  h=~ , [k=~,~9] (a>0), 9"P(9s 

equa l  p~ . . . . .  ~['~]' ~=~, p ' * ~ ,  p'=~ . The  a r g u m e n t s  r e m a i n  in f o r c e  if  H~, , ~=~ , ~ , ~ 

t ~  a r e  r e p l a c e d b y  H ~ , ,  ~ , ,  v~p~ , ,  ~ ,  ~ff fo r  % ~ - I  . U s i n g t h i s  expans ion  and f o r m u l a  (11) 

i t  i s  not  d i f f i cu l t  to  ob ta in  an  e x p a n s i o n  of A into  a d i r e c t  sum of c y c l i c  groups~ We s h a l l  not  do th i s  

h e r e .  

The  f o r m u l a  fo r  compu t ing  the n u m b e r  of p - g r o u p s  of g iven  o r d e r ,  p o s s e s s i n g  an  A b e l i a n  s u b -  

g roup  of index  p ,  would be r a t h e r  long;  h o w e v e r ,  i t  i s  e a s y  to  c a l c u l a t e  the  n u m b e r  9(~) of such  g r o u p s  

of o r d e r  p~ ,  i n d e c o m p o s a b l e  into a s e m i d i r e c t  p r o d u c t  of s u b g r o u p s  and of s o m e  n o r m a l  d i v i s o r  c o n -  

t a i n e d  in  A �9 Obv ious ly ,  g r o u p s  with p a r a m e t e r s  ~ ,  = rnx = 0, Ko~ ~ - I wi l l  be such  g r o u p s .  In v iew of 

(9), ~ (r~) e q u a l s  the  n u m b e r  of r e p r e s e n t a t i o n s  r~ in the  f o r m  of an o r d e r e d  sum of an even  n u m b e r  

of p o s i t i v e  i n t e g e r s ,  i . e . ,  [(~)= ~ '~ .  

w  P a i r  o f  M u t u a l l y  A n n i h i l a t i n g  O p e r a t o r s  

The  fo l lowing  p r o b l e m  was  s o l v e d  in  [2] (Chap~ II): two n i lpo ten t  l i n e a r  t r a n s f o r m a t i o n s  ~ and 

~ a r e  g iven  in a f i n i t e - d i m e n s i o n a l  v e c t o r  s p a c e  V o v e r  a f i e ld  K , such  tha t  ~ , ~ =  ~ 6 = 0 . *  F ind  in 

V the b a s e s  in which the m a t r i c e s  of t h e s e  t r a n s f o r m a t i o n s  have  a canonic  f o r m ,  and g ive  a l s o  the 

c o m p l e t e  s y s t e m  of i n v a r i a n t s .  

I t  i s  ev iden t  t ha t  V can  be t r e a t e d  a s  a module  o v e r  a K - a l g e b r a  h of in f in i te  rank ,  having  the  

�9 ~' ~ w h e r e  ~ =  ~ ,  = 0. I t  i s  e a s y  to  s e e  tha t  the  equa l i t y  basis ],~,,~,~, ,,~,,..., 

a ,  ~ ,  c~ ~ K, g i v e s  a d e c o m p o s i t i o n  of A into  a dyad)  ( s l )  of r i n g s  of f o r m a l  p o w e r  s e r i e s  K[[~,]] and 

*The r e q u i r e m e n t  of n i l p o t e n c y  of o p e r a t o r s  ~, and ~ i s  not  e s s e n t i a l .  Indeed ,  if one of t h e s e  o p e r a -  

t o r s  i s  nonn i lpo ten t  and the  s p a c e  Y i s  i n d e c o m p o s a b l e  into a d i r e c t  sum of i n v a r i a n t  s p a c e s ,  then  i t  i s  

not  d i f f i cu l t  to show tha t  the  o t h e r  o p e r a t o r  i s  zero~ 

$ Ins t ead  of a dyad  of r i n g s  of p o w e r  s e r i e s  we could  t ake  the  dyad  of r i n g s  of p o l y n o m i a l s .  In t ru th ,  a 

dyad  of two non loca l  Dedek ind  r i n g s  would be ob ta ined ;  h o w e v e r ,  i t  i s  not  d i f f i cu l t  to be  conv inced  tha t  

the  c o n s i d e r a t i o n s  of w w c a r r y  o v e r  to th i s  c a s e  a l m o s t  wi thout  change .  H e r e  nonni lpo ten t  o p e r a t o r s  

would a u t o m a t i c a l l y  be i nc luded  in  the  c o n s i d e r a t i o n .  
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K [[x~]] is a local  Dedekind ring with pr ime element ~o 

Thus our problem is reduced to the problem, solved in w167174 of the classif icat ion of modules 

over a dyad of local Dedekind rings. F rom the resul ts  of w it is easily obtained that the vector  

in which the pair  of nilpotent opera tors  ~, and ~ such that ~z,~.~ : ~ = 0 act, is decomposable into a 

d i rec t  sum of indecomposable invariant spaces  of the following two types. 

A space Y~ of type I is uniquely determined by the sequence of nonnegative integers  l~,~),. ,  o~ 

~ , ~ ) ,  where ~ > 0  for c~>~ , ~ - 0 f o r } -  ~ .  T h e s p a c e  V~ is constructed as a ~ + ~ ( ~ = + ~ -  

dimensional space spanned by the vec tors  ~= ~" , ~= ~: , ~ ~ " ,  where ~ = 0 , . . . ' ,  ~= , ~= t , . . . ,  ~ - l ,  

a= 1, . . . ,  r~. The equality ~,m,~ ~,r~,=0, the form of the basis  vectors ,  and also the relat ions 

comple te lyde te rmine theac t ionof  opera tors  ~, and ~z on the basis vectors�9 

A space V~ of type II is uniquely determined by the following collection of invariants:  ~%, ~) , . . .~  

(~9, s q),  an aperiodic sequence of pai rs  of positive integers,  defined to within any cyclic permutation; 

~(x)= • ~ "~ -~• - . . . - ~  (6~ ~ 0) , a power of an irreducible polynomial over field K . Space V~ is 

spanned by the vec to rs  %~ ~$ , ~ , ~ : , w h e r e  ~=0, . . . .  ~ ,  s = ~ , . . . ,  s~_,, ~ , . . . , 9 ,  ~= i, 

�9 . . , ~ . The opera tors  n, and are completely determined by the relations:  

We easi ly convince ourselves  that in the case field }( is a lgebraical ly  closed spaces of types I 

and ]I coincide with the canonic modules of kind I and II defined in [2]~ 

1. 

2. 

3. 

4. 

5o 
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