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A. r. Ma3KO (I1IJ -T MaTeManlKH HAH YKpaHHbl, KHeB) 

KPBTEPlIH YCTODq}lBOCTH II JIOKAJDI3AIJ,ID1 CIIEKTPA MATPlIUhI 
B TEPMHHAX <DYHKIJ,n:n CJlE,LJ:A 

New necessary and sufficient conditions for the asymptotic stability and localization of the spectrum of linear autonomous 
sys tems are proposed using the trace functions of matrices. The application of these conditions is red uced to the solution 
of two scalar inequalities with respect to a symmetric positive-dcfinite matrix. As a corollary, for linear control systems , 
we present a mcthod aimed at the construction of the set of stabilizing measurable output feedbacks. 

3anpoooHoRa Ho lIoBi He06xi)ll-l i Ta llocTaTHi YMOBH aCI1MoToTWIHO·i cTii1:KocTi Ta JJoKaJJi3aui·i BJlaCHI1X J Ha'leHb JliRiHHI.fX 
aRTOHOMHIIX CHCTC:11 i3 BHKOpl1CTaHHllM qlYHKUiii CJJi.l1Y MaTpHub. 3aCTocYBaH HH UHX MeTO.l1iB 3BOJl.HTbCJI .110 p03B 'll3aIlHJI 
llBOX CK,UlllPHI1X HepiBHocTei1: Si.l1HOCHO CHMCTPI1'1HOl .uo.uaTHO 03Ha'leHo·i MaTpl1ui. 5iK HaCJJiJIoK, ilJUI JI lliii1:HI1X CliCTeM 
KepYRaHHll HaRe.ue HO MeTOlll1KY 006YflOBI1 MHO)!(I1HH cTa6 iJJi3YIO'II1X 3BOPOTHHX 3B'll3KiB 1I0 BHM iplOBaHoMY BI1Xony. 

1. BBe.ll,eUHe. l1pH np ek-rH.pOBaHHH 06beKTOB HOBOH TeXHH.KH 60JIblllOe BHH.MaHHe yneJUl eTCJJ Me

TO.uaM aHaml3a YCTOH"II1BOCTH. H cTa6H.JIH.3aU H.11 JIHHeapH'30BaHHbIX Henpep blBHhI X HJIH .uHCKPeTHblX 

Mo.ueJleH CHCTeM ynpaBJJeHI1JI. 113 cOBpeMeHHblM I1 H KJlaCCI1QeCKH.M I1 MeTo.uaMH TeOpl1lf YCTOlfl{HBOC

TH 11 cTa611JI113aUI1 11 mrneHHblX )),H HaMWIe CKl1X CHCTeM M O)f(HO 03HaKOMHTbCJI, HanpHMep, B [1 , 2]. 

B D,aHHoH pa60Te npe):{JIaralOTClI HOBbIe Heo6x o ))'I1 Mble H .uOCTaTOQHble YCJlOBHlI aCHMTITOTH"Ie

CKOH ycroH"I I1BOCTI1 11 MeTOJ(bI JIOKaIllflaUI111 co6CTBeHHhIX 3Ha"leH I1H Jllm eH.HbIX aBTOHOMHbI X CI1CTeM 

C I1CnOnb30BaHI1eM <PYHKUI1H cne)),a MaTpI1U . Hx npaKTH QeCKOe n pHMeHeHl1e CBOJ(FlTCJI K pellleHHlO 

D,ByX CKan llpHblX HepaBeHCTB OTHOCI1TenbHO CHMMeTpwmOH nOnO)f(I1TenhHO onpeJ(en HHOH M aTpH 

UbI. B KaQeC1'Be CIIeJ(CTBHH .um! nl1HeHHblX CHCTeM ynparuIeHJfll npI1BO)UHCJI MeTo,uHKa nocrpoeHHH 

MHO)f(eCTBa cTa6HJlI1'3I1PYlOIltI1X y npaBneHI1H B BI1J(e 06p aTHOH CBH3H no H3Mep HeMOMY BbTXO,uy. 

6 YJ(eM I1CnOJIb30BaTb CJIe)lYIOIUl1e 0 6 03HalJe HIU!: jRnx m (en x 'm) - rrpOCTPaHCTBO BemeCTBeH

HbIX (KOMn eKCHblX) MaTpl1U pa3Mepa n x m; In - eJ(I1HI1 '1HaJI MaTplUla rrOpH)lKa n; X · (X 1' ) 

KOMITlleKCHO-COnpJI)f(eHHaH (TpaHcnoHHpo BaHHaH) MaTp " ua K MaTp l1ue X; X > Y 11 X 2: Y 
Marpl1 t m ble HepaBeHCTsa, 0603Ha"lalOLUHe nOJIO)f(I1Ten bHYlO 11 HeOTp"uaTeJIbHyIO onpe,neJ1eHHOCTf, 

MaTpHUbI X - Y ; i(X) = {i+( X ),L(X ),io(X )} -: I1HepUHlI '3PMI1TOBOH M aTpl1Ubl X = X"', co

CTaSJIeHHaJI 113 KOJI l1lJeCTB ee nOn O)!(I1TeIlbHbTX, OTpn UaTenbHbIX 11 HyneBblx C06CTBeHHbiX 3HalJeHHH C 

YCleTOM K p aTHoc Teli ; Alllax(X) (Amin(X » - MaKCI1 MaIl.bJ-lOe (MI1HHM allbHOe) C06CTBeHHOe 3H a-qeHHe 

3PMHTOBOH MaTpl1Ubl X; trA, O"(A) H p(A) - CJIeJ(, CneKTp 11 CneKTpaJIbHIuH p aD,l1yc MaTpI1I{bI A 
COOTseTCTBeHHO ; Ilxll - eBKJlI1J( sa HopMa BeKTOp a x. 

2. <J)ynKQHH J.L (A) H t.t ... (A). B npoc TpaHcT Be MaTp H U A E en xn BBeJ(eM c KaIDIpHble <PYHKUl1H 

,u*(A ) = trA trA" - /J tr( AA* ), (2. 1 ) 

m e /.1 - 3aD,aHHoe BemeCTseHHoe lJI1CJIO, ITocKonbKY CJ1e,n MaTpI1Uhl COBnanaeT C CYM MOH ee co6

CTBeHHblX 3HaQe HHH, TO 

MCA) = 'P(z) ~ (t, Ak )' - v t, AI, 

r,n:e z = ~ + 'iTJ . ~ = [6 ,· .. ,~n lT , TJ = [7)1, .. , ,TJnlT, Ak = ~k + i TJk E O"(A) , k = 1, n. ECIIJf cneKTp 

O"(A) BeIUeCTBeHHbIH, TO ,u(A) = <p (~) E jRl. <l>ym<URR ,u*(A) Bcer ,n:a rrp HHI1MaeT Bem eCTBeHHble 
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l380 A. r M A3KO 

3HalIemUI 11 npe.nCTaBJ15IeTC5I B BI1.ne 

(2.2) 

r }]e AR = (A + A*)j2 11 AJ = (A - A*lj(2i ) - 3PMl1TOBbI COCTaBJ15IIOlllHe B pa3J10)l(eH WI1 A = 

= AR + i AJ. 
l1MeKlT MeCTO HepaBeHCTBa [3J 

rt 7J. n 

tr(AA*) 2: L IAkI 2
, trA~ 2: L~r trAJ 2: L rlf, (2.3) 

k=1 k ==J /': = 1 

npHlIeM paBeHCTBa B (2 .3) BbInOJJH5IKlTC5I B TOM 11 TOJJbKO B TOM cnylIae, Koma MaTpl-lUa A HopMaJlbHal'l , 

T. e. AA * = A *A. CooTHOWeHI151 (2 .3) 51BJ151KlTC5I cne).lCTBHeM 60nee 06IUHX Hepa.seHcTB BeHJJ5I )J,n.ll 
C06CTBeHHbIX H CI1HrYJWIpHblx 1Il1Cen M aTpHUbI [4]. 

I1crrOJJb3Y5! COOTHOWeHI151 (2.1) - (2.3), npl1 T.I 2: 0 MO)l(HO YCTaHoBHTb HepaBeHcTBa 

(2.4 ) 

O'-leBI1.nHO, '-lTO eCJJI1 v ~ 0, TO <p(O 2: () .nn51 mo60ro BeKTopa ~ E ]RTt . EcnH )!(e V > n, TO H3 

npe.nCTasneHI151 

(2.5) 

/,: == J k < s:5 n 

CJJe.nyeT HepaBeHCTBO <pro ~ O. ,Uanee 6Y)J,eM I1pellnonaraTb, 4TO °~ V ~ n. 

OrMeTI1M, '-lTO I1pe.ncTaBneHl1e (2.5) 51Bn5leTC5I cnenCTBHeM TO)!(.neCTBa JIarpaH)!(a 

B cny'-lae Tis = 1, .) = L n [3]. 
0 603HalIl1M '-lepe3 p( A) 11 q( A) KOJ1l1lIeCTBa C06CTBeHHbIX 3HaLIeHl1H MaTpl1UbI A C YlIeTOM KpaT

HOCTeH COOTBeTCTs e HHO C 1l0flO)!(I1TenbHbIMI1 11 OTpl1uaTenbHblMI1 BerueCTBeHHbIMI1 '-laCTKMIi . 

J1eM la 2. t. ECJ7U 8bII10J/I-I5IlOrnC5I YC.rz08U5I 

trAR > 0, o ~ lJ < n, (2.6) 

rno p(A) > v. ECflLl.)lCe 

(2.7)trAR < 0, °::; V < n, 

rno q(A ) > v. 

jJoKUJame.nbcm6o. n OCKonbKY trAR = ~ 1 + ... + ~n, 113 HepaBeHCTBa trAR > °cne.nyeT, lITO 

p(A) 2: 1. n yCTb f,k > 0, k = 1, p, 11 ~k ~ 0, k = p + 1. n, r.ne p = p(A) < n. B CllYLIae p = n 
HepaBeHCTBO p > V BbInOllH5IeTC5I comaCHO n pe.nfIOllO)!(e HI1Kl V < n. 

E Clll1 /-t(A R) > 0, TO C YLIeToM CooTHollleHHH (2.5), (2.6) Ii 

P Tt 

tr AR = L ~k + L ~k > 0, 
k= 1 k= p+1 
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nonY'-'aeM 

IJ < ,,«) ~ (t,<k)'+ Ct.}k)2 + 2 t,<kkt <k - v Ed s 

< (t ~k) 2 - 1/ t ~f - ( t ~k) 2 - 1/ t d = 
k = l b = 1 k = p+ l k= p+ 1 

-~ (1' V)t.<1- ,'f,,«k -u' - Ct., <I) 2- Vkt.,I.1. 
OrclOn 3 cne.n:y T Heo6xo)J.!1MOCTb BhlflOJlHeHIUI HepaBeHC Ba ]J > 1/. 

A n aIIOfl1'-1 HO MO)J(HO YCTaii OBII'I b , ~TO HepaseHCTBO fj > 1/ 51BJl1lCTC5t cne)J.CTSHeM cooTHorneHHH 

(2.7). KpoMe Toro, MO)KHO SO CnOIrh30SaT&C1l .llOKa3aHHhlM YTBep)J(neHl1eM T aK KaK q(A) = p( -A). 
JIeMMa ,nOKa'3aHa . 

30Jlfe'lOlllte 2.1. vb )J.OKa3aTeJIbCTBa JIeMMbl 2.1 CRe ' yeT, '-ITO Hecrpome HepaBeHCTBa p( A) 2: 1/ 

!1 q(.4) 2: // BbHlOJlHlHOTCll ll pl1 0 < 1/ ::s: n, eCJIn ,u(An ) 2: 0 H COOTBeTCTBeHHO trA H > 0 H 

n A n < O. Ecmt ){{e .u(An) 2: 0 n p H 0 ::s: // ::s: n, TO MO){{HO rapaHTHposaTb , '11'0 q( A) ::s: n - 1/ H 

p( A ) ::s: n - 1/ , e Cffii COOTBeTCTseHHO trAn 2: 0 H trAn ::s: O. 
3a_~le'l(l/Iue 2.2. ECIrH MaTpHu a A E nxn 11M eT BemeCTBeHHblH CneKTp nn11 A E lRn xn , TO B 

(2.4) :; (71) ::s: O. B 3TOM cnY'-' ae neMMa 2.1 H 3aMe'-laHHe 2.1 COXpaH1lI{)T cHny, eCIrH SMeCTO 1),( An ) 
HCf10JI b30S3Tb (PYHKUHIO /.L*(A). 

E cmr taTp l1l\a A 3pMI1TOBa, TO ee cnercrp Sel1leCTSeHH blH !1 ¢YHKUHH I.I.(A ), fJ,(AR) H {<*(A) 
COSllanafOT. B 3TOM c.rryt lae M.MeeM CJle.n:YlOl1lee yrsep)J( eHHe. 

C f leOCnt611e 2.1. ilycmb A = A " - JpM Um06a .l1ampUlIG U f3blnOJlHfllOmal YCJl06Wl /1(A) > 0 U 

n - 1 ~ // < n. T020a OHa nO.lIOJK:Um eJlbflO (ompu~fame}lbH() onpeoe 7eHa 6 m o.M u rnOJl bKO 6 mOAt 

c.1Y 'l.ae, Kozoa trA > 0 (trA < 0). ECRU ,)Ice /.L(A) 2: 0 u n - 1 ::s: 1/ ::s: n, rno l-Ieo mpuL-Iame.nbl/(lf/ 

(H eno.:lo.Jlcume,1bHa5l) onpe(,eJTeHI-IOClIl b .!HampuL{bl A = A ~ 3K6U6aJlelltJ1HG Hepa6eH rn8Y trA 2: 0 

(trA ::S: 0). 
3. J101,aJIH3alJ,lfSi If lUfXOTOMHH cneKTpa 18TPIJIJ,hJ OTIIOCHTeJILHO aIJaJllfTlfqeCKHX KpHBLIX. 

n YCTb 3HaJIHTH'leCIWH [(pI-maS! Ao pa3.LlenS! T KOMn J1eJ<cH)'1O llnOC[(OCTb C 1 H3 Be Hen YCTbre OTKPbI

Tble 0 6J1aCHI 4 11 !L : 

Au = {A: f(A, X) = O}, A+ = {A: f(A, X) > O}, A_ = {A: f(A, X) < a} , 

;ue f(A ,X) = L:.= l tijfi(A)jj(A) - ')pM l1TOBa CPYHKUHH, onpe.LlejlHeMM 3HaJJHTIflieCKM.MH <PYHK
J 

UHJIMJ1 f i(A) 11 KQ)¢cpH~MeI-ITaM0 3PMHTOBOH M3TpMl\bl r = lI' ij Ill ' HanpHMep eCJlM 

-2a 
h(A) == 1, h(A) = A, f= [ 1 

TO .f(A, X) = 2(ReA - 0:) 11 Ao SiBJUleTC1T BepT I1KaJJbHOH rrpSiMoH ReA = O!, pa3,nemllo metl rrnOCKOCTb 

C J Fl3 ,nae nonYI1JIOCKOCTH A±. ECJ1H 
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1382 A. r. MA3KO 

h(A) == 1, h(A) = A - AO, 

TO J(A, X) = p2 - IA - Aol 2 M Ao OnMCblBaeT OKPY)f(HOCTb pa,nMyca pC UeHTPOM B T04Ke AO· 

ilOCTaBHM B COOTBeTCTBHe MaTpHue A E Cnx n H CPYHKUHH J nHHeMHhTI1 onepaTOp B n pOCTpaHCT

Be MaTpHU Cll x n: 

1\1X = L
T 

'Yidi (A)XJj*(A), (3.1 ) 
i,j=l 

me fi (A) - aHanHTH'leCKHe ¢YHKUHH OT MaTpHUbl A. 0 4eBH,nHo, ,naHHbrn onep aTOp COXpaHJl.eT 

nonnpOCTpaHCTBO 3PMHTOBblX MaTpHU. K pHTepl1eM o6paTHMocTH o n epaTopa (3.1 ) KBnAeTCA CHCTeMa 

HepaBeHcTB [5J 

i ,j = l ,n, 

r,ne a(A) = {Ai , .. . , An} - cneKTp MaTpl1Ub1 A. Ecnl1 onepaTop (3.1) 06paTI1M, TO BhInOnHneTCJl 

YCJlOBMe ,UMXOTOMI1H cneKTpa a(A) OTHOCI1TenbHO KPVIBOH Ao, T. e. a(A) n Ao = 0. 

Ylcnon b3YJl 0606111CHHhle TeopeMhI fl JlnYHOBa 11 OCTpOBCKoro - WHail,nepa (CM., HanpHMep, [6]), 
a TaK)Ke CJle,nCTBMe 2.1, nonY"4aeM CJle,nY1OlUl1e YTBep)!(,UeHI1Jl. 

TeopeMa 3.1. flyemb 1/ E [n - 1, n) U ORR HeKomopou MampUl1bl X = X* coekleCn1HQ eUcme.Ata 

HepaeeHcme 

tr M X>O, ~L(MX) > O. (3.2) 

T020a 6bll1oJ/I/RIOmCfI cJ/eoYIOUlue ym6epJICOeHuR: 

1) a(A) n Ao= 0; 

2) eCRU X > 0, mo a(A) c A+; 
3) eCIlU i+ (r) = 1, mo io( X) = 0; 

4) eCIlU i+(r) = i_(r) = I, ma e o67acmflx A+ u A_ paCnOIlOJICeHbl caom6emcmeeHiIO i+( X ) 
u i_(X) eo6cm6eHHblx 3Ha'-lemlll MampULlbl A c Y'-lemOJl1 Kpamlloemeu. 

3IUteltQ1lUe 3.1. EcnH onepaTop M 06paTMM, TO CI1CTeMa HepaBe Hc TB (3.2) MMeeT perneHl1e 

X = X ~ . H anpI1Mep, p erneHYle MaTpMqHOrO ypaBHeHH SI 

MX=Y, (3.3) 

r,ne Y = ctIn , 0: > 0, y,nOBJleTBOpJleT CHCTeMe (3.2). ECJUf ,nm! Jl106011 MaTpHUbI Y = y * > °ypaB

Hemie (3.3) YlMeeT perneHl1e X = X* > 0, TO onepaTOp M 06Jla,naeT CBOI1CTBOM nOIlO.?fCUme.?bH.OU 

06pamUMocmu OTHOCI1TeJlbHO KOHyca 3pMHTOBhlX HeOTPliJ~aTeJTbHO onpe,neneHHbIX MaTp YlU . EeJl Yl 

i+(r) = 1, TO BKJl1OQeHl1e a(A ) c A+ BblnOJlHSl:eTCJl B TOM YI TonbKO B TOM CJTy q ae, KOr,na one

paTOp 1\11 n0J10)f(I1TeJlbHO 06paTHM [6, c . 165]. B [6J BbI,UeJleH TaK)f(e MaKCI1MaJlbHO ,nonycnlMblH 

KJJaCC 3PMHTOBblX CPYHKUMH Ff) , co,nep)f(aWI1H CPYHKUHI1 J YKa3aHHoH CTpyKTyp hl npl1 OrpaHMQeRIU1 

i+ (r) = 1 11 ,nml KOToporo cnpaBe,UnHB ccpopMynl1pOBaHHbl11 KpYlTepHM BKn1OQeHH5I a(A) c 4 . 
TaKHM 06p a30M, I1MeeM cne,nY1OlUl1H Kpl1TepMR JTOKanH3aUHH c neKTpa MaTpYlUbl. 

TeopeMa 3.2. flycmb 1/ E [n - 1, n) U i+(l) = 1. T020a eee eo6emeeHHbie '3HQ'IeHU.JI Jlw mpuLfbl 

A paCnOIlOJICeH.bl e o6Racmu 4 e mOJvI u mOIlbKO e mOM CIIY'Iae, KOloa eUcmeWQ H.epaeeH.et/16 (3.2) 
u.'I1eem pewnlUe X = X * > O. 
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KPHTEPH I1 YCTOMllH BOCTjlj H JIOKA.1113AUI15l Cn EKTPA MATPMllhJ . . 

3a.Me'lOlllle 3.2. YCJlOBI1.11 JlOKam13aUHH H pacn peD,e, eHIHI cneKTPa MaTpHUbl A B TeopeMax 3. 1 
H 3.2 MO)KHO ocna6HTL , Keno h3y.ll c Boi1cTBa THna ynpaSJU!eMOCTI1 n aphl MaTpHU (A , Y ), n.e Y = 
= MX :::::. 0. HarrpHMep, B yrnep)K.D.eHlilH 2 TeopeMbi 3.1 BMeCTO YCJlOBHH (3.2) MO)KHO HCnOJlh30BaTb 

COO1 HOlJJelm~ 

tr Y > 0, I-~ (Y ) ~ 0, trWY > 0, IL(WY) > 0, 

r !l,C 
q - l 

Y = MX, WY = I: AkYA"'k, 
k= O 

II = lllin{m .. n - ran k Y + I }, Tn - . Cl nClIb MI'lHHMaJl bl-lOr o n OJlI1HOMa MaTpl1Ubl A, m. S n (CM . 

[6, c. 58]). 
4. YCJ10BH.H aCHMnTOltl'lCCKOH YCTOH'fUBOCTH JUlHeitHbix CIfCTeM. PaccMoTpHM cHcTeMY 

JI \1HeHHblx D,Hcj)(pt!peHuHa hHblX ypaBl-feHHi1 

(4 .1 )E':'c = AT'. 

me E H i1 - M3Tp !1l lbl p33Mepa n x n. DYJ).eM npe.D.TTOnaraTh, liTO MaTpHua E HeBblpO)f(nem-la~ H 

// = II - 1

TeopcMa 4.1. Cucme.~ta (4.1) aCI Llll1 m OmU'leCKU ycmOLI1fU60 (3 moAt u m OIlb KO fl ml1~f cJlY1f a e. 

,{o.'I )a ORR lIeKomopmi ('1I.lt. llelllpU1fHOLI 11 (),70JlcUlJlefl bllO Vl1pe(Je,'l e l-ll/ol~ .lIanlpULlbl X = X T > 0 Bbl 

n O. 7ItH/OllleR IIepa(3ellrfllflG 

(4 .2) 


j.{OK{l3ame.:l bCIII60. ComaCHO TcopeMe llTIYHOBa CH TeMa (4. 1) aC HMTIT0T114 crHi YCToHLLHsa B 

TOM 11 TOJTbKO B ro r.. ! Ilyqae, Kor'!]'a ,::J.Jlll mo60H ~laTp HlU,l Y = y l' < () CywccTByeT e.ll.l1HCTBeHHOe 

peW eHl1e X = Xl' 0 MinplIlIHoro y p alllictlH5J 

AXET + EXA.T = Y. (4. 3) 

F:.cmr Marp~illa X = XT > 0 Y.ll.08J1aBOplleT YCJlOBHRM (4.2), TO nillI MaTpHUbl Y BH.D.a (4.3) 
BblDomUlIOTC5I yeJl BI!H oTpl1uaTe.'lbI-toH onpe,n:CJleHHOC l'H B C.;'1e.D.CTBIl !1 2. l H, CJIelIOBaTeJlhHO, ClofCTeMa 

(4 . 1) aCI1MrrrOT1f'-leCl.m yCl0~ITlHRa . 06pan-lo, eCJ1l1 CJlCTeMa (4. 1) aCI1MnTOTH'-IeCKH YCToi1-"II1Ba . TO 

CYlueCTByeT'V,aTpl lU X = X" > n, yn OBJICTBOp5H{)Wa5I YC.'lOB1H1M (4.2) . D,ei1CTBHTeJfbHO, MHOiKecrno 

CH~IM\!1PH'lIIbIX OTp_lu,rreJIbHO oIlpe,U~J1CHHblX ~laTpl1.u Y, YAOBJleTBOp~IOWHX HepaBeHCTBY J-i (Y) > 
> O. !len eroe. l-ianpI1Mep. MOJKHO nOJTOIKHTb ) . = ()fIn , n < O. OPH ')TOM 

I.)' (AX E J') = rw /:2. < 0, 
I ] . J . ) .) 

/I.(AXL' + L\ A ) = (rw )- - V 'IIO! - = no- > 0, 

0 - pew ~lI1e ypasHel-I H5I' J [Hn YH Ba (4 .3), f. e. BblllO. [W!!-01CH HepaBeHcTsa (4.2) . 
TeopeMa Il.otGnaua. 

P:\CCMOl pI·IM .' Ilm HHYIO CHCTeMY ynpaBJIeHI1H 

E i = AI: + Bu. Y = J'.t, 'U = K if. (4.4) 

UC .J: E IR.". /I E ~111 H Y c lR i - Be l\'TOPbl OOT 8CTCTBellllO COCTOJlHM, ynpaBJIeHH~ H H3MepHeMoro 

Bblxoia CI1CTC[\lbl , E , A, B, C ~I 1\ nOCTOJillJlbJe MaTpl1UhJ COOTBCTC B}'lOll.\IlX pa'3MepoB. 3aMKHYTa~ 
ClfCI e:Vla UMee r BHD, 

(4.5) 
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TeopeMa 4.2. Ilycmb OJ/51 HeKo mopblx MQmpUlI K 0 U X = X T > 0 8bln0fl1 tHlOmCR YCJ/08UJI 

(4.6) 


ZOe Ao = 1. + BKoC. Tozoa OJ/51 J/Io6ou MampulIbl K03tPtPulIuellmo8 ycuJ/eHUR o6pamllou C6Jl'JU 

K = Ko + K maKOti, 'Imo 

(4.7) 


T X3QMKHymaR cucm e.Ma (4.5) aCUMnmOmU'IeCKU ycmou4uea. Ilpu 3mOft1 v(x ) = x - IX Jl8JlJlemCR 

o6Ufeu tPYHKlIueu JlRnYH08a cucmeAtbl OJ/51 oaHHOZO JHHOJICeCmea cmq!SUJlU3upYIOUJUX y np08J/e/-/Uu. 

j)OKa3ameJlbCmoo. 3aMKHYTaH CI1CTeMa (4.5) rrpl1 K = Ko + K aCHM rrTOTWleCKH YCTOH'IHSa, 

eCJJI1 )lJJH HeKoTopoH MaTpl1Ubl X = XT > 0 BbIflOJJHHeTCH MaTpn'IHOe HepaBeHCTBo Yo + Y1 = Y < 
< 0, r)le 

Yo = AoXET + EXAT 
o , 

o6eCrre'Il1BalOWee oTpl1uaTeJJbHYlO orrpe)leJJeHHOCTb rrp0I13BO)lHOH <PYHKUI1H JIHrrYHoBa v( x) 
= xT X-I x B CHJJY )laHHOH CI1CTeMbl. 

fIOKa)KeM , ljTO HepaBeHCTBO /.L (Yo + Y I ) > 0 HBJJHeTCH CJJe)lCTBHeM COOTHOmemlli 

tr Yo tr Y1 2' 0, IJ,(Yo ) > 0, 

)leHcTBHTeJJbHO, 

> v try;2 + v t r y 2 + 2v J trY;2 try2 >o '[ 0 1 

2' v tr (Yo + Y d 2 , 

T. e. ~/' ( Yo + Yd > O. 3)leCb I1CrrOJJb30BaHO TaK)Ke HepaBeHCTBO KOllll1- 6YHHKOBCKOro )lJJH CHMM eT 

PI1'IHbIX MaTpl1U [3] 
2Itr (YoYd 12 :s: tr Y 02 try1 . 

C JJe)lOBaTeJJbHO, comaCHO TeopeMe 4.1 YCJJOBI1H (4.6) 11 (4.7) o6eCrreljl1BalOT aCI1MrrTOTW!ecKYlO 

YCTOHljl1BOCTb 3aMKHYToH CI1CTeMbJ (4 .5). 
TeopeMa )lOKa3aHa. 

flpUMep 4.1. PaCCMOTpl1M HeJJI1HeHHYlO CI1CTeMY yrrpaBJJeHI1H , orrl1cblBalOWYlO )lI1HaMI1KY Ma

HTHI1Ka C MaXOBI1KOM [7], 

Ex = A (x )x + B u, y = C x, u = Ky , (4.8) 

me 

x = [ ~ 1 B = [ ~ 1 
Cl X 
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1 
sin 1/J

A(x) ~ [ (mob+ m~') 9X cp(",) o oo ] , In ()W =-- C = h. 
y , .tjJ ' 

o -C2 

31leCb J = J v + .Ir + .Im + rn 1h 2 - n omIhIM MOMef-1T HHepUfUI CH CTeMb1, a <p ( ) - Hen pepblBHaSi 

cl>YHKu Hll . B llaHHOM CJ1 ycIae H3MepSieMblM BbIXO,nOM CHCTeMb1 SlBJUleTCSI ee seKTOp COCTOSlHHSI. 

803l>MCM cne,nyK)JJJ,lfe 3HaLfCHIUI MexaHWf CCKHX n apaMeTpOB MaSlTIDIKa H xapaKTepl1CTHK llBHTa

Te 51 MaXOBH Ka: 

b = 0,1 M, h = 0, 13M,rno = 1 lIT, 

x = 0,1, C] = 0,0811 . M/8 , C2 = 0,0076 H · M ' C. 

B OKp eCTHOCTl1 HyneBoro CO CTOSlHHSI paBHOBeCI1S1 MaHl:Il1Ka CPYHKll1151 <p( Vi ) ~ 1, a JUmeHHoe 

lTpl16mIlKeHl1e 3aMKHyTOH CI1CTeMbl (4.8) l1MeeT BI1,1l (4.5), r,1le A = A(O) l1 de t E i O. 
.ll[CI10JIb3YSl c Hc TeMY M ATHCAD. HaXOlll1M MaTpl1UbI 

J(o = [14,1388 1,856 1,0375], 

1 614 -0 , 048 - 30.7606] 
-O,Otl 49 . 5901 -441, 8941 > 0, 

- 30 ,7606 -4H, ~941 6082. 4 

Y,1l0BJleT80p 5l10 w,l1e yCJIOB~HIM {4.6): 

T T Ttr( AoX E ) = -0, 09G3 < 0, 1/. (AoXE + E X Ao ) = 0,0002 > 0, 

me Ao = A(O) + B Ko, I1PI1 3TOM 

cy( F ) = {-5,0585 ; - 2,3712 ± 3, 4193i}, 

f ,1le F ()") = Ao - )"E - n Y<lor MaTpHU , 5!BJIlIeTClI cneKTp OM CI1CTeMbl (4. 5). 
TaKHM 06p a30M, B c Hny TeopeM bl 4.1 11 TeOpeMbI' JhnYHoBa 06 YCTOH'flfBOCTH flO JIl1l1eHHoMY 

l1pH6 vDKeHl't fO COCTO'IHl1e .1: == 0 HenHHeHHOH CI1CTeMbI (4.8) C y n p asneHl1eM U = J(ox aCHMn TOTH

lJ eCKl1 YCTOHI.fI1BO. npH n OM V(T) = :r?)(- lx RB!15!eTC5! CPYHKUHeH Jllfl1YHOBa llUHHOH CHCTeMhl. 

OTMCTl1M, L/ '0 WISI CI1 CTeM hI (4.1 ) n p H ycnoBHH perymrp HOCTH det (A - )"E) ¢ 0 MO)l(HO ccpop

,'.1)'JmpOSaTb ,1l0CTUT01.JHble ycnOBJ1li aCHMTITOTH1.JCCKOH YCTOH lJHBOCTl1 B TepMI1HaX CP YH Kl\JilH cne,na 

HeKOTo pblX M aTpl1ll , I1CnOJlb30SaB cne)J.CTBHe 2.1 II c HcTeMY JIHHeHHblx MarpH'-lHbIX HepaBe HcTB 

(4.9)AXET + EX AT + EYET 
-< 0, 

ITpl1 3TOM MaTpJilua E MO)KeT 6 blTb BblpO)l(lleHROH. E CJIl1 cYUJ,eCTBYlOT Ma PHUbI X = X T FI Y = 
= y T > 0, YllOBJIeTBOp5!lOUJ,He COOTHOllJeHHSlM (4.9), TO CHCTeMa (4 .1) aCHMnTOTIl1.JeCKH YCTOH'IJ1Sa. 

KplfTCPlteM aCI1 MTITOTI1LfeCKOH YCTOHLlI1 BOCTH ,naHHoM CHCTeMhI lIBJIlieTCli p3.3pelllHMOcTb CJ1CTeMbI 

J-I ep aBeHcTB (4 .9) B BI1,1lC [6] 

- TX = zxz 1 y = ZYZT , Y > 0, 
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m e Z - peweHHe MaI<CFl MaJlbHOrO paHra aJlre6p aHlJeCI<OH CHCTeMbI 

AZE = EZA, Z = Z EZ. 

,UaHHble ymep)i(,ueHHJI YCTaHaSJlHSafOTCJI C nOMOW:bfO KaHOHH"tJeCI<OH <pOPMbl K p OHeI<epa perYJlS!p HO

ro n y-ql<a MaTpHU A - >" E [4]. 
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