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METO/IbI YIIPABJIEHMS 1 OIEHUBAHUSI B YCJIOBHUSIX
HEOMNPEJEJEHHOCTH

YK 517.935;519.718

A.I'. Masxo, C.H. Kycuu

POBACTHAS CTABUJIM3AIIMA 11 OLIEHKA
B3BEUIEHHOT' O ITOABJIEHUSA BO3MYIUIEHUN
B CUCTEMAX VIIPABJIEHWA

Bseaenue

3apaya ctabuan3allid JHHAMHYECKHAX CHCTEM MO BHIXOAY — OJHA U3 IJIaBHBIX
3amay Teopuu yrpabieHus. [logHoe peltenue 3ToM 3ajady A Knacca JMHEHHBIX
CHCTEM H3BECTHO JIMIIb B HEKOTOPBIX YacTHBIX cay4asx [1, 2]. Ha npakTtuke ypaBHe-
HUS JBIXKEHHUA YOPABIAEMBIX OOBEKTOB MOTYT COACPKATh HEOTIPEIEIICHHRIE 3JIEMEH-
Thl (apaMeTpsl, PyHKIHUH, BHCUIHUE BOIMYIIEHHS U T.M.). [ Takux oOBbEKTOB BO3-
HHUKAIOT 3aJa4yy CHHTE3a 3aKOHOB yIpaBieHHs, obecneynBaommx pobacTHy0 ycToH-
YHUBOCTH COCTOSHHI, a TaKXKE OLEHKY M ONTUMH3AUMI0O HHTETPANBHBIX MOKa3artenei
kavecTna (CM., Hanpumep, [3-8]).

B teopun H,-ONTHMU3ALMU JHHEHHBIX CHCTEM HCTONB3YETCS XapaKTepUCTHKA
KauecrTsa

J = sup |z|/|w| = sup| H )| = | .
[w]=0 o

rae H(s) — nepepaTogHas MaTpHLa o0beKTa OT BX0Ja W K YIPaBiIsieMOMY BBIXOIY Z,
"" — CHeKTpaJbHasg MaTpudHas HOpMa. JIaHHAs XapaKTepPHUCTHKA ONHCHIBAET YPOBEHD

raileHus BHEMIHUX BO3MYIIEHUH w B NMHEHHOH cuCTEMe NMPU HYNEBOM HavyalbHOM CO-
croaamu xg =0. 3anaua H,,-ONTHMANBEHOTO YNPABIEHUA 3aKIIOYAETCA B MOCTPOCHUH
CTaTUYECKOTO MM JUHAMHYECKOTO perynsrtopa mno HabmomaeMoMy BbIXoay y, obec-
MEeYUBAIOLIEr0 MHHUMaTbHOE 3HaueHue J M pobacTHY0 YCTOHYHMBOCTh HYJIEBOTO CO-
CTOSIHHA CUCTEMBI C OrpaHHYCHHOH HeornpenesieHHoCThI0 w(t), ¢ 2 0.

OTMeTHM, 9TO GONBUIKHCTBO M3BECTHBIX METOJOB PELICHHA YHOMSHYTBIX 33134
CTabuIM3aldy ¥ ONTUMH3AINN CHCTEM CBOAUTCA K PEINSHHUIO JIMHEMHBIX MATPHIHBIX
HepaseuctB (JIMH). lng 3Toro co3nanel AocTaTodHO 3ddexTiHbie cpeacrBa LMI
Toolbox xommeroTepHoii cuctemsl MATLAB [9].

B manHoii paboTe paccMaTpHBalOTCA HEKOTOPBIE KIIACCHl JMHEHHBIX U HeJluHeH-
HBIX CHCTEM C yrpaBiiseMbIMH W HabliogaeMbIMH BbIxodamu. IIpojomkas uccienosa-
Hua [10, 11} ¢ ucnons3obanuem cucteM JIMH, paspabareiBaioTcs anroputMel pobact-
HOH CcTaOMIM3aLMy H JOCTIKEHHUS XKeJlaeMOH OUEHKH HEKOTOpPOro oGo0IIEHHOT0 KpH-
Tepus KayecTBa, XapaKTEpU3YIOLUero B3BEIICHHBIH YpOBeHb NMONABJEHHA BHEUIHHUX H
HAYaJIbHBIX BO3MYINEHUH.

ByneM ucnons3oBaTh clepyroie 0603HaueHus: I, — enVHWYHAA 7 X n-MaTpHla,

0,1xm — HyJeBad nxm-marpuua; X =X Tso (= 0) — nonoXUTENBLHO (HEOTPHULIATENb-
HO)-OTIpefie/IeHHas CUMMeTpUYHas Matpuua; rank 4, ker4 u o(4) — coOTBETCTBEHHO
© AT. MA3KO, C.H. KYCHH, 2016
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PaHr, 51po U CeKTp Matprinl 4; (X)) = {i,,1i_, 19} — WHepuus Matpuupl X = X T, co-
CTOAIAA H3 KOJIMHECTB €€ ITONIOXKUTEIbHBIX, OTPHIATENBHBIX U HYJIEBBIX COOCTBEHHEBIX
YHCEN ¢ YUETOM KpaTHOCTel; ﬂx" ~ eBKIYAOBa HopMma Bektopa x; Co{4,.., 4, }=

={ogd) +..+ay 4, i0, 20, k=L v, ay +..+0, =1} — BHIIYKIBIH MHOTOTPaHHHK
(noNUTOIT) C BEPIIHHAMH 4, ..., A, B IPOCTPAHCTBE MaTpHlL.

1. BerromorarenbHble YTBEPHKACHHS
TIpw ucciienoBaHAY MATPHYHBIX HEPABEHCTB ¢ OJIOYHO-MATPUYHBIMH BBIPAKEHUS-

T
A
My THHA M =[ } Y4acTO UCHOJIB3YETCA CIEAYIOUIEE YTBEPKICHHE.
B C

Jlemma 1 (nemma Ulypa [12]). Ilycts amaronansssiit 6nok 4 (C) marpuusr M
HeBbIpokAeHHRIA. Torna MaTpuuHoe HepaBeHcTBO M < 0 PaBHOCHJIBHO COOTHOLIEHHAM

A<0,M,=C-BA'BT <0 (C<0,M-=4-B"C"'B<0).
IMpuotom M <0& 4<0, M, 4<0&C<0, Me <0

Jiemma 2 [13]. JinneitHoe MaTpudHOE HEPaBEHCTBO ATxB+B ™ XT4< C, rue
AeCP* BeCP” u C=C" e C™" umeer pewenne X € CP*9 B TOM H TONBKO B
TOM CIIy4ae, KOTrIa BRIIOJTHASTCS OJHO U3 YCITOBUMIA:

a) rank A=n, rank B =n;

6) rank A <n, rank B=n, W, CW 4 >0;

B) rank B <n, rank 4 =n, W;{CWB >0

r) rank A <n, rank B<n, WiCW, >0, WaCWg >0,
rie W, u Wy — MaTpHiibl, CTONOIE! KOTOPAIX COCTABAMIOT Ga3HChl COOTBETCTBYHOMINX
spep ker 4 u ker B.

B [14] npu ycnoBwax nemmbl 2 npuBeneHo oflnee pelicHHe pacCMaTpHBaeMOro
MaTPUYHOTO HEPABEHCTBA B TIapaMeTpryeckoif Gopme.

Jlemma 3. s 3apannpix Matpu X >0, ¥ >0 nuucna y >0 CymecTBYIOT Mar-
pumsl X; €eR™", X, eR™, ¥, eR™ u Y, eR™, ynosnersopsioume coOTHO-
IIEHHAM

~ T ~ T ~ oA
X=X X Pt B sy XV =y1,,,, 1)
Xy X h h
B TOM H TOJILKO B TOM Clly4ae, Korjaa
X vl <
W_{yln Y}_O, rank W <n+r. ()]

Hoxazamenvcmgo. U3 nemmel 1 1 Gopmysisl i pasra OJ0YHbIX MAaTPHL BITEKaeT
SKBUBAJIEHTHOCTh COOTHOIIEHUH (2) U

Z=Y-y*X"'20, rankZ<r. 3)
Hcnonszyem opmyny @pobeunyca [12] ana obpamenns GrouHo#t MaTpuilbl X (1)
1 [ Y YIT} _ {X‘l + X xTH o x 7 - x 7 x] H“lJ
v h 5 -H'xx! H ’
rne H=X, —-XIX'IXlT. Orcrona umeem Z ='y2X'1X1TH_1X1X”I =2 0. 310 0O3Ha-

yaeT, 4t0 (3) saBnsercs cnencteueM (1).
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IokaxeM, gto (1) — caeacTaue (3), MCHONB3YIOLIEE PA3OKEHHE HEOTPHLIATENh-

HO-OTIpeneNeH oM MaTpuusl Z =S1S>0, rie SeR™" — mobas MaTpHua Takas,
yro kerS =ker Z. Ilonoxum
1 1
X =;SX, X, =-Y—ZSXST +1,, ¥, =-vS, ¥, =y*I,. (4)

Torna H =1, >0 u BoInonHAI0TCA cooTHOmEeHus (1).

Jlemma foka3zana.
PaccmoTpuM IuHAMHYECKYIO CHCTEMY 63 ynpaBiieHus:

X =Ax+Bw, z=Cx+Dw, x(0)=x,, (5)

rre xeR"”, weR’, zeR¥ — BEKTOPE! COOTBETCTBEHHO COCTOSHHUS, OrpaHNYEHHbIX
BHEIIHUX BO3MYILEHHI M BeIXoda cuctemsl, 4, B, C u D — MaTpHlibl COOTBETCT-
BYIOILIMX Pa3MepOB. _

Onpeodenenue 1 [11]. Cuctema (5) Ha3piBaeTCA HEIKCHAHCUBHOM, eciu ans Jiroboi
OrpaHMYCHHOH BEKTOD-QYHKIMU W ee BEKTOp BbIxoJa z npu mobom T >0 ynosie-
TBOPSAET YCIOBHIO '

T T
JZTQZdt < J‘WTPWdt +ng0x0,
0 0
rae Q, P u X(; — HEKOTOphIC CHMMETPHYHBIE NIOJI0KHUTEIILHO-ONPEIENIEHHbIE MATPHLIBL.
BeeneM kputepHii kauecTBa U CUCTEMBI (5) OTHOCUTENTEHO €€ BEKTOpa BBIXOJA:
se s I, , ©
el sg Koso<e [, + 3 Xoxo

[=2) o

2 2 w

rae “z" 0= jodet " uw“ p= I wT Pwdt. 3uauenne J XapaKTepU3yeT B3BELICHHBIH
0 0

YPOBeHb ramieHus: BHEIIHUX M HayalbHBIX BO3MYIHEHHMIt B gaHHOM cucteme. Kpurepmii

KayecTBa cHcTeM BHAa (6) paccMmarpusanca B [15j npn P=1,, Q=1 n Xy = pzln.
CucreMa (5) HeIKCIAaHCHBHAZ B TOM M TOJNBKO B TOM ciyuyae, koraa J <1 [11].
Yepes J; o6o3BaumMm kputepuit J B cliydae HYJNEBOro HayajbHOTO BEKTOpPA Xg.

OueBunHo, uyto Jy £.J, mockonexy Jy u J npu xy =0 cosnmapator. Eciiu P =1
u Q=1I,, to Jy cosnangaer ¢ H,-HOpMOl MaTpHUHOH nepefaTouHoi yHKUUH
HQ\)= =CO\I,-A)"'B+D cucrems (5) npn x5 =0 [3].

Jlemma 4 [11]. ITycts MaTpuua A rypsuuesa. Toraa oueHka Jy <Yy BBHIIONHAET-
Cs1 B TOM H TOJIBKO B TOM ciiyyae, koraa JIMH

_|4"Xx +x4+Cc"oc xB+CTOD

)
4 BTx+Dp"oc DToD-y*P

<0 @)

uMeeT pemieHHe X = X Tso. Jia goctikeHus oneHkH J <y HeoOXoAMMO M JocTa-
TOYHO, 4TOOR! ObL1a coBMecTHOM cucteMa JIMH (7)
0<X <y2X,. (3)
U3 semmbl 4 cienyeT, 4TO KpuUTepuH KauecTBa Jy H J MOXHO BRIYMCIIHTEL KAk
PEIEHHS COOTBETCTRYIOUIMX ONITUMHU3ALMOHHBIX 3a/1a4:
Jy ='mf{y:(1)Y <0, X >0}, J=inf{y:(I)y <0,0<XS~{2X0}. (9)

MeswcOoyHapooHeiil hay4HO-mMeXHuYecKull HCYPHAR
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3ameuanue 1. Ecniu Jy <y, 10 cuctema (5) ¢ Heonpezleneﬂﬁocuxo
1 T
w=—0z, @' POLQ (10)
Y

pobactro ycroitunBa ¢ oleit xaapaTuuHol dynkuueit JlsmyHosa v(x) = xT Xx . Dror

dakT sBIAETCA CAEACTBUEM JIeMMBI 3 U TeopeMst 1 u3 [16].
3ameuanue 2. Jina xnacca HeNIMHEHHBIX CUCTEM BUAA (5) ¢ HENpepbiBHLIMU Mat-
puuHbIMH k03 duimentamu A(x), B(x), C(x) v D(x) suinonxenue ycnoswii (7) u (8)

nmpu x € R"” obecneunsaer ouenky J <y [11]. TIpu 3TOM eciv MaTpHYHOE HEPABEHCT-
Bo (7) BhinonHAeTcA MpH x = 0, TO HYJNEBOE COCTOAHUE CHCTEMbI (5) C HeONpeAeNEHHO-

cteio (10) poGactHo ycroitunso ¢ obueit pynkuveit JsnyHosa v(x) = xT XA,

2. CrabuimM3anisi o N3MepsieMoMYy BhIXOAY

PaccmoTpum HenuHeiiHyo cucTeMy yrpasieHus

x=Ax)x+BX)u, y=C(x)x+ Du, (1)

rne xeR"”, ueR" u ye R/ — BEKTOPbI COOTBETCTBEHHO COCTOSHUA, YIPABIEHUA H
H3MEPAEMOro BbIXONA cucTeMbl, a A(x), B(x), C(x) m D — MaTpuisl COOTBETCT-
BYIOUIHX pa3MepoB. [Tpeanosoxum, 4to 3asucumoct A(x), B(x) u C(x) Henpepbis-
HBl, Ip# 370M rankB =m u rankC =/ B HexoTOpO# OKpecTHOCTH Sg = {x:”x" <h}

Toukd x=0, a D — mocrosHHas Mmatpuua. Hapsany c (11) paccmatpusaeM nuHeiinyio

cucTeMy
X =Ax+Bu, y=Cx+ Du, (12)

rae 4= A(0), B=B(0) u C=C(0).
CdopmynupyeM yCaoBUA cTabHAMIUPYEMOCTH HYAEBOro coctoaHus cucteM (11)
1 (12) ¢ NOMOLUBIO AMHAMEMECKOTO PeryISTopa Nopsaka r <n

E=ZE+Vy, u=UEt+Ky, (13)

rme £eR’, Z, V, U n K — ueussectnpie Marpuusl. Cootnomenus (11) u (13)
MO)XHO MPEJCTaBHTL B BMJE CHCTEMB! YMPaBJICHNWS B pacliMpeHHOM (a3oBoM npo-

crpanctee R™*” co cratuueckum perynaropom [10]:

i=ARDE+B@E) i, y=CEi+Di, i=Kp, (14)

sl s[5 7

2(()2)_—_[A(x) o} B(i)z[B(X) o,,x,}é@){ax) o,x,}b{op o,x,}

Opxn  Opxr Opm 1, Opxn 1, rxm Opxr

rae

r

ITpu ycnosun det(Z,, — KD) # 0 3amkHyTas mineiinas cucrema (12), (13) umeer sun
i=M2, M=A4+BDK)C, (15)
rae A= A(0), B=B(0), C=C(0), DKK) =, ~KD)"'K, npn s1om
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D(K) d, -kpy'u

B(R) = _ 1, |
v, -pK)y" z+vDpd,, - KD)"'U
- M B(I,, -KD)™\U

v{;-DK)"\C Z+VvDU, -KD)"'U

Cucremy (15) 6yneM HasbiBaTh O-YCTOMYMBOM, €CH CTIEKTP MATPHIIbI M pacrio-
sioxen B nomynnockoctT Cy = {A:ReA+a <0}, rae o 20.Cnextpanshsiif 3amac yc-
TOHYMBOCTH O-yCTOHYUBON CHCTEMBI He MeHblye o. Yepes Bt u € o6osnauum op-
TOFOHATbHBIE JIOTIONHEHHS COOTBETCTBEHHO CTONGLOB MaTpulkl B M CTPOK Marpu-

cust C, T.B. B+ =WBT ucCt =WCT.

Teopema 1 {7]. Cnenyiomiue yTBEPXACHNUS SKBHBAJIEHTHEL: '

1) cymectByer nuHaMuueckuii perynsrop (13) nopanka r < n, obecrnieunBaroILnii
o-ycToMYMBOCTL 3aMKHYTOM cucteMbl (15);

2) cymiecTBYIOT MaTpuubl X n X, 0,‘yu03ne1'aopmomue COOTHOUICHHAM

B T(ax + x4T +20x) Bt <0, (16)
iAg)={n0}, X 2X3>0, rank(X —Xy)<r, an

rae

A o | AXo+XoAT +20X XoCT .
0 CX, 0/

3) cyuiecTBYIOT MaTpHLbl X ¥ Y, ynOBRETBOPAIOLINE COOTHOWEHHM (16) 1

ATy + ¥4+ 2a7YCHT <0, (18)
Wz[X 1”}20,rankW$n+r. (19)
I, Y

OtMmeTuM, 4TO MaTpullbl X U Xy YAOBIETBOPSIOT YTBEPKACHMIO 2) B TOM H TOJIBKO

B TOM Cllydac, Korja MaTpuisl X'u Y =X, ! YIOBNETBOPAIOT yTBepxAeHUIo 3). J[lns Boi-
nonHeHus ycnobuit (19) Heo6xonumo, uroOsl MaTpuubl X M ¥ GbLTH NOSOKUTENBHO-OM-
penenennsiMA. Panrosoe orpannuense B (19) Bceraa BhITIONHAETCS B Cliyvae » = A

3amevanue 3, I3 o-ycTofuMBOCTH NMHEITHOM chctems! (15) cneayer acuMnToTH-
qeckas yCTOWUMBOCTE HyJIEBOTO COCTONHHS HeJIMHEHHOM cuctembl (14). Nanusil dakt
YCTaHaBAMBACTC METOJOM KBaapaTH4HbIX (yHKUMH JIAnyHOBa € y4eTOM NpPHUHATHIX
npeanonoxkenuit. B [11] Ha ocHoBe Teopemsl 1 chopMynMpOBaH ajaropuT™M MOCTPOEHHA
IMHamMu4eckoro peryJistopa (13) nopsaxa » <n, ofecrneyuBaOLUIEro A-yCcTOHYMBOCTD
cuctemsl (15), a Takike acCHMIITOTHYECKYIO YCTOHYUBOCTE HYJEBOIO COCTOSHHA 3aMK-
HyTOl HenuHeliHOH cuctemsl (14).

3. NMoaagienue orpaHdeHHBIX BO3MYLUEHHH
PaccMOTpHM CHCTEMY YIIPaBJICHHS C NIOCTOAHHBIMM MaTPHUHBIMH kO3 puLIHEHTAMH
x=Ax+ Byw+ Byu, x(0)=x;,
z=Cx+ Dyyw+ Dpyu, (20)
y=Cox+Dyyw+ Dayu,

MencOynapoOHblil HayuHO-mexHUveckuil HypHan
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rie xeR” ueR™ weR®, zeRf u ye R/ — BEKTOPBI COOTBETCTBEHHO COCTOSA-

HUS, YNPaBNEHU, BHEIHUX BO3MYIUEHUH, yrpaBiseMoro 1 HabnoaaeMoro BhiXOI0B.
Hac uHTepecyloT 3aK0OHbI YIIPaBAeHUA, KOTOPbIE MUHUMH3HUPYIOT KpuTepHii kauectna (6),
a TaKKe rapaHTHpPYIOT YCJIOBHS HEIKCNAHCHMBHOCTH cHcTeMbl (20) OTHOCHTENBEHO BEK-
TOpa yApasjisieMoro BLIX0Ja Zz.

Ecan ynpasnenue B cucteMe (20) HCKaTh B BHIE CTaTHYECKOH 00paTHOH CBA3M

u=Ky, det(l,, —KDy) #0, @1

TO 3aMKHYTas CHCTEMA IIPHMET BUJ
X =Mx+ Nw, z=Fx+Gw, x(0)=x, (22)
rae M = A+ ByKyCy, N =B +ByKgD,,, F=C|+DjpKyCy, G=Dyy+DnKyDyy,

Ko=(U,, - KD22)—1K . Micnonb3ys nemmsbl 1 1 4 s cuctemsl (22), NpeAcTaBUM KpU-

Tepnﬁ BBITTIOJTHEHUA OLICHKHA JO <Y BBHIC

MTx+xm xN FT
N'x  —y?p GT |<o.

F G -0
Ipu stom matpuua M pomkHa ObiTh rypBULIEBOH. JIaHHOE COOTHOILIIEHHE MOXHO Ile-
penucars B Buae JIMH otHocureasHo Ky : ¢
LTKoR+RTKL+Q <0, (23)

rie R=[R, 0,41, R=[Cy, Dyyl, L=[L,0,,1X, L=[BY, D51,

X 00 ATX+x4 xB, Cf
X={0 0 I,|,Q=| Blx -y’P D}
01, 0 G b, -9

Ecnu nanHoe HEPABCHCTBO COBMECTHO, TO BCETIa MOXKHO BbI6paTl> TAaKO€ €0 PCIICHUE KO .
uto det(l,, — KDy,) # 0, rne
-1
K= KO(II +D22K0) ) (24)

[MpumeHum yTBepxkaeHue 6) teMMsbl 2 kK HepaBeHCTBY (23). ITockonbky

Wg 0 [, 0
we=| & Tl wp=XTE T,
0 ILij L 0 I

TO CYINECTBOBaHUE peweHus K, MarpHuHOro HepaBeHCTBa (23) 3KBHUBAJICHTHO COOT-
HOLIEHHAM '
T {ATX +Xx4+cfoc, xB,+clon,

’ Wy <0, : (25)
R R
B'x+Dloc,  Dlop, —vaJ

WLT{AHYAT +BP'Bf  vcl +B,P DY,

W, <0, (26)
C,Y +D;P7'B} D”P"ID]T,—yzg”lJ

rne ¥ = y2X ! Takum 00pa3om, J0Ka3aHO CIIEIyIOIUEE YTBEPKACHHE.
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Teopema 2. [[a cuctemsl (20) cylecTByeT craTuieckuii perynsrop (21), obecre-
ynBatomuit oneHky Jy <y (J <7¥), B TOM ¥ TONBKO TOM Cly4ae, KOTraa Juis HEKOTOpoif

Marputbi X = X T > 0 ssinonHseTCs CHCTEMA COOTHOLLIEHHH (25) 1 (26) ((8), (25) u (26)).
Ipu sToM cucrema (22) ¢ HeonpeneneHHocTso (10) pobacTHO ycToiuusa u uMeer 06-
myto gyHxipno JianyHosa v(x) = xTXx, a MaTpuuy peryisaropa K MOXHO onpeaenuTb
B Buje (24), rne Ky — peuwienue JIMH (23).

PaccmotpumM cywaii cratiieckoit o6patHoit ceasu no coctoaumo: Cy =1, Dy =0
U Dyy = 0. TTockoaeky XY=y21,, u Wy =[04y,,1;], TO B I@HHOM ClTyHae COOTHO-
wexus (8) 1 (25) npuBOAATCA K BHAY

*olIn)so, @7)
I, Y
DlODy; —y2P <0. (28)

CrnenoBarensHo, s cuctemsl (20) CyllecTBYeT CTATHYECKHI peryaarop no co-
croanmio u = Kx, obecneuuBatomuii oueHky Jo <y (J<Yy), B TOM M TOJAbKO TOM

ciydae, Xorja /s HEKOTOpol Marpuubl Y = YT >0 BhimonuseTcs cuctema COOTHO-
wenuit (26) u (28) ((26)—(28)). Ilpu sTom 3amMkHyTas cucteMa (22) ¢ HeonpelemneH-
Hocteio (10) pobactHo ycToiunBa u umeeT obwyro @yHxumio Jlanynora v(x)=
= yszY —lx, a Marpuuy perynmaropa K MoxHO onpejenuts B Buae (24), rne Ky —

pewenue JIMH (23).
[Toctponm 3akoH ynpaBneHus Juis cucteMnl (20) B BUIE NMHAMHYECKOro peryns-
topa (13) ¢ HyneBbIM HadanbHbIM BekTOpoM E(0) =0 npu orpaHM4eHHH

det(l,, —KDy,) #0. 29
[pu 3ToM 3aMkHyTas cuctema (20), (13) 6yaer umeTs BUIL
£ =ME+Nw, z=F%+Gw, (0)=2%, (30)
rae

~ | A+ ByKgCy  ByU, A Ao
)%:[x], _ 282 B4 B RG,,
g VoCy Z,

- [Bl + BZKODZI
N
VoD

] = B+ ByKyDy), F =[Cy + DiaKoCa, DipUg] = € + DpaKoCs,

G = Dyy + DypKoDyy = Dy + DKo Dy,
/’i zli A Onxr} , 13’2 ={ B, Onxr:l , 62 ={: c ler] ,
Orxn  Opxr Opsm Iy Opxn 1y

. (Ko Ul » B, 1 & [Dy] = \
Ko = By=|C | Dy =l B Gy =61 0k 1 Dig =[P, Oy -
Vo Zy 0 xs 0/xs

MeoicoyHapoOnuetll hayuno-mexHu'eckuld HcypHait
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3J16Ch HEM3BECTHBIMHU SABIAIOTCS GNIOKH MaTpULBl K 0
-1 -
Ko = ~KDp)"'K, Uy = ~KDp) 'V,

-1 . -
Vo =V} —DypK) ™, Zo=Z+VDy(,, - KDy) 'U,
KOTOpbIE OJJHO3HAYHO ONMPEACHAIOT HCKOMBIE MaTpHIlbl IMHaMHU4eckoro perymsropa (13):

K=, +KoDp) 'Ky, U=, +KoD») Uy, o
V =Vol, +DpKo)™, Z=2y—VyDp(l,+KoDy) ' Uy,

Bocnonsiyemes yreepkaennem semmbl 4 ans cucrems (30) #, yuuTsisas nemMmy
Hlypa, nepenuieM KpuTepHuid JOCTHXEHNs OUEHKK Jo <Y B BHIE

Rt R F )
X 2P 6T |<0, X —_-[X X } >0, (32)
ol XI X2

F G -g°
ITpu sTtoM Marpuua M nomkna GeITh rypeuiieBoil. ITockolibKy kKpuTepuii KagyecTna J
Tuna (6) wiA cucteMsbl (30) ¢ HaUATLHBIM BEKTOPOM X = [ch)r , O]T coBnagaer ¢ J, rae
X — nepBblii IHArOHANBHBIA OIOK MAaTPHLb! )2'0, TO CYLIECTBOBAHME PELICHUS CUC-
TeMbl HepaBeHCTB (32) mpu orpaHvyenny (8) SKBMBaJICHTHO HepaBeHCTBY J <y M B
ciyyae y =1 obecrieunBaeT CBONUCTBAa HeIKCNMAHCUBHOCTH cHcTeMbl (30) OTHOCHTENLHO

KpUTepHs kadecTsa J.
VYuutbiBasg ONQUHYI0 CTpYKTYypy Matpuu B (30), nepenuiieM nepBoe COOTHOIIe-

Hue (32) B suae JIMH otHockTensHO 1%0 :
ITRoR+RTR{L+Or<0, (33)

~ ~ ~ ~ A ~ ~ ~ A ’\T A
rie R=[Ry,0pmi)s Ry =[Cy, Dp1), L=[L1, 0,105 1X, Ly =[B3, D3],

X 0o o AX+xa X8, O]
X=l0 0 1,|, Q= BfXx -y’ D]
0 I, 0 G D, -0

Ecyi naHHOe HEPaBEHCTBO COBMECTHO, TO BCEr/a CYILECTBYET ero peuenue K, yHOB-

JieTBOpsHOLIEe YCIOBHIO (29).
[Mockonbky
Wy 0 ~| " 0
Wk = Rl , Wl: = X -1 Ll ,
0 I 0 I

TO CyWIECTBOBaHME pellicHus K MaTpWdHOTO HepaBeHETBa (33) 3KBUBANEHTHO COOT-
HOWIEHHAM (CM. IEMMY 2)
Wy <0,

R

T[)ﬂfmiﬁnéfgé, X’J}ﬁc"’ITQD“}
Taa {
| Bl X+pligG DloD -y*P
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T AY+YAT + B PR PET +B,P7ID] w. <0
LI &P+ P8 pyP DN -yl R T

rae ¥ = 72X -1 Hanee, ucrnons3ys 6JI0UHbIE BBIpaKeHUS

I, 0 0 W I, 0 0 w
W, =0 0 I, R W =l 0 0 I, L ,
L 0 I. 0 rxn+s—rank R 1 o I, 0 0yxnsk-rank L
1s k

rne R=[C,,Dy] L=[BzT ,D1T2], NoJIy4eHHble COOTHOUICHUA HpUMYT BHa (25)

u(26), rne X u Y — nepBele ZHaroHanbHeie G6noku Matpuu (1). B urore ¢ yuetom
NIEMMBI 4 ¥IMeeM CIEeLYIOIee YTBepXKICHHE. ,

Teopema 3. JIna cuctemsi (20) cyluecTByeT AuHaMuueckuit peryasrop (13), obec-
neuuBalomuit oueHky Jo <y (J <7Y), B TOM H TOJbKO TOM Clydae, KOTa CUCTEMa

cootHotenn# (2), (25) u (26) ((2), (8), (25) mu (26)) paszpemwrnMa OTHOCHTEJILHO
X=XTs0urv=y">o0 [Mpu 3Tom 3amknyTas cucrema (30) ¢ HeompeaeneHHO-

cThio (10) poBacTHO ycToiuuBa 1 UMeeT oGuyo dpyukumic JIsmyHosa v(x) = T X5 ,

re X — peuwrenue JIMH (32).
IIpuBeseM anropuT™ MOCTPOESHUS TUHAMHYECKOTO PEryIsTopa, YIOBAETBOPAOLIE-
rO YTBEpXKACHUAM TEOPEMBI 3:

1) BoruncneHde Matpull Wp u Wy, rae R =[Cy, Dy;], L =[Bg,D1T2];

2) ompenenenue matpuy X =X Tsouy=vT> 0, yAOBIETBOPAIOIMX COOT-
HouleHuaM (2), (25) u (26);

3) nocrpoene pasioxenus Z =Y —y?X 1 =518, rze SeR™", kerS =kerZ

-1 yoT
1 bopmuposanne Gnounolt Marpuuel X = _/IY _zy Xf: ;
Yy SX v SSXST +1,

4) pewenne JIMH (33) oTHOCHUTEABHO 120 npu orpaHuueHuH (29);

5) sbiuHcneHue MaTpull peryistopa (13) no ¢opmynam (31).

JononuurensHoe orpanuuenue (8) B 1. 2) JaHHOro airopurMa ofecrieyyBaeT
ouenky J <y. Ilpu onpenenenuu matpuny X = X Tsour=r">0s cltyvae aHHa-

MHYECKOrO peryisTopa HONHOTO NopAaKa 7 =7 aBTOMAaTHYECKH BBHINOJIHAETCS PaHro-
BO€ orpaHuyeHue B (2) ¥ Heo6xoqumo peruts auub chucteMy JIMH. OcranbHeie 6110-
K1 MaTpul (1) MoryT ObITh ONpeJieneHsb! C TOMOILbIO COOTHOLUEHHI (4).

MosxHO chopMynHpPOBaTh aHAJNOU TeOpPeM 2, 3 H COOTBETCTBYIOUIME ANTOPUTMBI
pobGactHolf cTabunuzanuu cuctems! (20), B KOTOPHIX YUHTHIBAIOTCS HEOTNPEACTICHHOCTH
MaTpUYHBEIX K03 IULHMEHTOB

AeCo{dl,.., 4%}, B eCof{B},..,BP}, C;eCo{C},...Cf}, Dy eCoiD},,... Df}.

KpoMe Toro, yrBepkIeHHA HOCTATOYHOCTH JAHHBIX TEOPEM MOXKHO 06061HUTH Ha
KJacc HeRUHEHHBIX cucteM Buaa (20) ¢ HenpephIBHBIMU MaTPHYHBIMM KodbhduinenTa-
mu A(x), Bi(x), Ci(x) 1 Dy(x) (cM. 3ameuanue 2).

4. YucaeHHBI npumep

PaccMOTpHM YpaBHEHHE ABHKEHHS TMHEHHOTO OCUMILIATOPA ¢ AeMIThUpOBaHIEM
(‘{)+8(b+0)(2)(p=u+w, (34)

Menicdynapooretil HAYUHG-MeXHUYECKUL JHCYPHA
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rae @y — cobcTBeHHas 4acToTa Konebanuil ocuunnaTopa, 8 — ko3dduumedT nemn-
¢upoBaHui, u — ynpasJieHHE, W — OTPaHMYCHHOE BHelIHee Bo3Myilenue. [IpencraBmm
AaHHOE ypaBHEHHe B BUe cuctemsl (20), rae

I B IS ) U L R
—_w%*871“2’“1,1""003 2“',:

0 0 103
Dy = 0 » Dy = : s Dyy=Doyp =0, x=| |
¢

[Ipu 3ToM z ={g, u]T — YIpaBjsfieMblii, a ¥ =¢ — HabmonaeMslil BHIXOAb! JaHHOH

CHCTEMBI.
Jis cucremsr 6e3 ynpasnenus (v =0) cornacro (9) HaiiaeHs! COOTBETCTBYIOLINE

xapakTepuctuku Jy =1,001 u J =1,289 npH Takux 3Ha4E€HUAX NapaMeTpPOB:

0 0
§=01, wp=1, P=1, Q=[ql ],X():[pl J
0 g, 0 py

rae q; =0,01, g5 =01, p;=py =0,04. H3yueHa 3aBHCHMOCTh JAHHBIX XapaKTepH-
CTHK OT & M g, @ TaKKe NUArOHATbHBIX 3JIEMEHTOB BECOBLIX MaTpun O H X|.

B3BeuleHHpI ypoBeHh ralleHns BHEIUHMX M Ha4YalbHBIX BO3MYLIEHWH ocuuiuisTopa
YMEHbILAETCH NIPH YBEAHYEHHH ero coOCTBEHHOM YacTOThl KOJNIeGaHUA U NOYTH He U3-
MEHAETCA NMPH YBEIMIEHNH K03 HIHEeHTa AeMIIbHPOBAHNS.

ITonaras y =0,98, ¢ NOMOIIBIO BLILENPUBENEHHOTO AITOPHTMa NMOCTPOEH JWHA-

Mu4eckuii perynarop (13) nonHoro nopsjixa ¢ MarpuLaMu
~0,14289 0,68154 0,00869
[~0,49336 —0,53949]’ [0,07862
K=-0,14781,
ofecneunBatonuit onenxy Jy <y <1, cBOWCTBO HEIKCMAHCUBHOCTH ¥ pobacTHylo yc-
ToWYUBOCTH cucTeMsl (30), IPH 3TOM CTIEKTP G(M }={~0,14398; —0,14398; - 0,27221;
—-0,27221}. Ero npumeHeHHe CYHIECTBEHHO MOHHXKaeT XapaKTepuUCTHkH Jy u J

(oM. cpasreHue 3HaueHuit Jo(qq, q2) ¥ J{(py, py) Ana cuctem 6e3 ynpasiaenus (puc. 1, 3) u
3aMKHYTO#M cHcrembl (puc. 2, 4)). B 4dacTHOCTH, npu BHIOPAHHLIX 3HAYEHMSIX NAPAMETPOB
Jp=0,4272 u J=0,8838 <1. OcumaTop ¢ MOCTPOEHHBIM PETYNATOPOM COXPAHSACT

ACHMITTOTHYECKYIO YCTOHMIBOCTD FIpH JH0001 (hyHKIMM BO3MYIIEHMH (HEOTIpEIENIEHHOCTH)

1 o7 o3 15 2
w(t) ==(019 +05u), —-+—2<1, |w|<=yq10” +qu”. (35)
Y a9 4

}, U =[-0,64146 2,26665]},

L ’

0,06
4

0.08.
0D .
by

Puc. 2
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Puc. 3 Puc. 4
Ha puc. 5 noxazaHo noeejeHue peieruit cuctemst (20) Ge3 ynpasnesnus ¢ Ha-
9anbHBIM BEKTOpOM Xg = (1, ~ Z]T, a Ha pHC. 6 — NoBeACHHE pelleHnH 3aMKHYTol cHc-

Temsl (30) ¢ perynaTopom (13) 1 HavaTbHBIM BEKTOpOM Xg =[1,-2,0, O]T. IMpu stom
dynxuus Bosmymenult W 3anana B Buge (35) npu 6y =./g;/2 u 0y =4/g, /2.

Puc. 5 k Puc. 6 "

3axmouecHue

B uactosmmeli pabore mid xiacca TMHEHHBIX CUCTEM C YIPaBIIsSEMBbIMU ¥ HabJOAac-
MBIMH BBIXOIAMH Pa3paboTaHel METO/TbI HOCTPOEHHS CTATHIECKHX M JUHAMMYECKMX PeryJis-
TOPOB, 00ECTICIMBAIONIMX OIICHKY B3RELIICHHOIO YPOBHA IOJABICHHS BHEITHIX ¥ HATaTHHBIX
BO3MYIIEHUiA, a Taloke poGacTHYIO YCTOHYMBOCTS HYJIEBOTO COCTOSHIA OTHOCHUTENBHO HEKO-
TOPOTO MHOXECTBA HeolpeneneHHocTel. [lannbie MeToapl HUMEOT GONBIINE BO3SMOXKHOCTH
ans 06o0uICHHUIA, B YaCTHOCTH, TIPH ONPENENEHHBIX OTPAHHUEHHAX OHM MOTYT NPUMEHATHCS
K HEKOTOPBIM KJIaccam HEIMHEMHBIX CHCTEM, a TakoKe CHCTEM YNPAaBIeHHUS C JUCKPETHBIM
BPEMEHEM.

YucrieHHas peaus3anysl IPEIII0KEHHbIX 3aKOHOB YIPABISHHUS B BHE CTATHIECKUX
PeryisTopoB IO COCTOSHUIO WIH JUHAMHMYECKHX PErylIATOpPOB NOJHOro Nopaaka Mo
HaONIOAaeMOMY BBIXOAY CBOJMTCA K PEINEHHMIO CHCTEM JHHCHHBIX anreGpandeckux
MaTPHYHBIX HEPABEHCTB. JIJI 3TOr0 MOTYT MCHONL30BAThCH, HAanpuMmep, 3¢ QexTuBHbIe
BerauciurensHeie cpencrsa LMI Toolbox cuctemsr MATLAB.

O.I". Masxo, C.M. Kyciii

POBACTHA CTABUIBAILA TA OLIIHKA
3BAXEHOI'O TACIHHA 3bYPEHD
Y CUCTEMAX KEPYBAHHA

CdopMmynsoBano yMOBH CTabiNi30BHOCTI 33 BUXOAOM AESKOrO Kiacy HeMiHiHHKHX CH-
crem kepysauns. [l cucTeM 3 KepoBaHUMH | CHOCTEPEXYBARMMH BHXOJAAMH 3aI1PO-

MeorcOyHap OOHbI HaYUHO-MeXHUYECKUT HCYPHAN
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16.
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FIOHOBAHO METOM NMOGYAOBY CTATHYHUX 1 AMHaMiuHHX perynsTopis, ski 3abesneuy-
10Th 3aJaHy OLIHKY 3BaXEHOTO DiBH# raciHHs 30BHIIIHIX T2 NOYATKOBUX 306ypeHs.
Peanizanis [aHMX METONIB 3 BHKOPUCTAHHAM CTaTUYHHX PErynsTopiB 3a CTaHOM abo
AVHAMIYHUX PETyISTOPIiB NMOBHOrO MOpAjKy 6asyeTbca Ha Po3B’A3aHHI cHcTeM Ii-
HiltHUX MaTpuMHUX HepiBHocTel, HaBeneHO nNpUKnan CUHTE3Y perysistopa A ni-
HI{{HOrO OCIMNATOpA 3 AEMNYBAHHAM.

A.G. Mazko, S.N. Kusii

ROBUST STABILIZATION AND EVALUATION
OF THE WEIGHTED SUPPRESSION
OF DISTURBANCES IN CONTROL SYSTEMS

Output feedback stabilizability conditions for certain class of nonlinear control sys-
tems are stated. Methods for constructing static and dynamic controllers that provide
specified evaluation of the weighted damping level of external and initial
perturbations are proposed for systems with controllable and observable outputs. The
implementation of these methods with the use of a static state feedback or a full-order
dynamic controllers based on the solution of linear matrix inequalities systems. An
example of control system for a linear damped oscillator is given.

Honsx B.T., Ilep6axoe I1.C. Tpynusie 3anauu smueiinoi Teopny ynpasnenus. HexoTtoprie non-
X0l K pemeHuo // ABToMaTrka u teneMexannka. — 2005, — Ne 5, — C, 7-46.

Anuee @ A., Jlapun B.b. 3anaun craCHiu3amyi CUCTEMBI ¢ OGPATHOH CBA3KIO 11O BLIXOJHOH ne-
pemenHoi#t (0630p) // [puknannas Mexanuka. — 2011, — 47, Ne 3. — C. 3-49.

Honsx B.T., llep6axos IT.C. PoGacrHas ycroifunsocts u ynpaBnenue. — M.: Hayka, 2002, —
303 c.

Kynyeeuu B.M, YripapieHue B YCIOBHAX HeonpeneneHHocTd: [ apaHTHPOBaHHBIE PE3yNbTaThl B
3afavax yrpasnenus u naeHtudukaumu. — Kues : Hayk. aymxa, 2006. — 264 c.

TIybapee B.®., I'vmmens, A.B., XKykoe 4.0. OcoGerHocTd M B3aMOCBA3b 3a/1a4 WACHT(HKALMUA
H YNIIPaBJICHHS B YCJIOBHAX HEONpeAeNeHHOCTH // MeXIyHApOAHBIN HayyHO-TEXHUYECKHH Xyp-
uan «[Ipo6nemst ynpapiesns n pupopmarukmy», — 2010, — Ne 1. — C. 50-62.

bananourn J.B., Kocan M. M. Cnntes 3aKk0H0B yNpaBieHHs Ha OCHOBE NMHHCHHBIX MATPUYHBIX He-
pasencts. — M. : @uamammuT, 2007, — 280 ¢.

Masxo.A.I". Po6GacTaas yCTOMYIMBOCTD U CTaCHIN3AMMA JUHAMHYECKHX CHCTEM, MeTo/IbI MaTpHy-
HBIX W KOHycHuIX HepasercTs // Tlpaui IHcTuryty Matematuky HAH Vipainun. — 2016. — 102,
—332¢.

Zhou K., Doyle J.C., Glover K. Robust and optimal control. — Englewood : Prentice Hall, 1996.
— 596 p.

Gahinet P., Nemirovski A., Laub A.J, Chilali M. The LMI contro!l toolbox. for use with matlab.
user’s guide. — Natick, MA : The MathWorks, Inc., 1995. — 138 p.

Masxo AT, Kycyii C.H. Crabua3anus 110 H3MEpPSEMOMY BBIXOJY W OLIEHKA YPOBHA TAllEHUst BO3MY-
IeHMi B cHcTeMax ynipasienns // Heninilisi konvsanns. — 2015, — 18, Ne 3. — C, 373-387.

Masxo O.I', Kyciti C.M. 3apaui crabinisaliii i raciHHa 30BHIlIHIX 30ypeHs B CHCTEMaX KepyBaHHs //
Maremariysi npobiemu Mexadiky Ta o6uMCcmIOBaNbHO! MaTemaTHkd, — 2015, — 12, No 5. —
C. 90-108.

Taummaxep @.P. Teopust marpuir. — M. : Hayxka, 1988. — 552 ¢.

Gabhinet P., Apkarian P. A linear matrix inequality approach to /, control / Intern. J. of Robust

and Nonlinear Control. — 1994, — 4. — P. 421448,

bananoun JI.B., Kozan M M. Tlpumerenne MMHERHBIX MAaTPUYHBIX HEPABEHCTR B CUHTE3€ 3aKOHOB
ynpasaenus. — Hwxunii Hosropon : HHI'Y, 2010. — 93 ¢.

barawoun J.B., Koean M .M. OGobmentoe H  -ONTUMAILHOE YIPaBIeHHE Kak KOMIIPOMUCC Me-
KAy H ,-ONTHMAILHLIM M Y-OITUMANbLHBIM YNIPABICHHAMH // ABTOMATHKA H TETEMEXaHHKa. —
2010. — Ne 6, — C. 2038,

Masko AT PobacTHas yCTOWYHMBOCTL ¥ OLCHKA (PYHKIIMOHANA KAYECTBA HENUHEMHBIX CHCTEM
ynpasnenns // Tam xe. — 2015. — Ne 2. — C. 73-88..

Tlonyueno 07.07.2016

ISSN 0572-2691



