Decompositions of singular continuous spectra of
H_5 -class rank one perturbations
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The decomposition theory for the singular continuous spectrum of rank one sin-
gular perturbations is studied. A generalization of the well-known Aronszajn-
Donoghue theory to the case of decompositions with respect to a-dimensional
Hausdorff measures is given and a characterization of the supports of the a-
singular, a-absolutely continuous, and strongly a-continuous parts of the spec-
tral measure of H_5 - class rank one singular perturbations is given in terms
of the limiting behaviour of the regularized Borel transform.
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1 Introduction

Let A = A* be a self-adjoint unbounded operator in a Hilbert space H with the inner
product (-,-) and the norm ||-||. Let {Hy(A)},.x denote the associated A—scale of
Hilbert spaces and (-, -) the dual inner product between H; and H_.

Here we use only a part of the A—scale of Hilbert spaces:

H_QDH_lDHOEHDHlDHQ,

*Institut fiir Angewandte Mathematik, Universitdt Bonn, Wegelerstr. 6, D-53115 Bonn, Germany;
SFB 611, Bonn, Germany; BiBoS, Bielefeld - Bonn, Germany; 1ZKS, Bonn, Germany, CERFIM,
Locarno, Switzerland; ACC Arch., Mendrisio, Switzerland, e-mail: albeverio@Quni-bonn.de

TDepartment of Mathematics, Kyiv University, 64 Volodymyrs’ka str, 01033, Kyiv, Ukraine, e-mail:
konst@faust.kiev.ua.

Hnstitute of Mathematics, National Academy of Sciences, 3 Tereshchenkivs'ka str, Kyiv, 01601,
Ukraine, e-mail: kosh@imath.kiev.ua



where Hy, = Hi(A) = D(JA|"?), k = 1,2, in the norm |||, == ||(|A| 4+ I)*%p||, where
I stands for identity, and H_p = H_x(A) is the dual space ( H_j is the completion of
H in the norm ||f]|_x := ||(|A] + I)~*/2f||). Obviously A is bounded as a map from
H; to H_; and from H to H_,, and therefore the expression (f, Ag) has sense for any
f7 g€ 7_(1-

Let o € H_o\ H_1, ||¢]|—2 = 1, be fixed. Define a rank one (singular) perturbation
(see, e.g., [1, 2, 3, 4,9, 14]) A, of A, formally written as Ay = A+ A{p,-) @, 0 £\ €
R U oo (007t :=0) by Krein’s resolvent formula

(=27 = (A= 27 = s (A=) e = ) e, s 20, (L
Here
P = (0 50 ) (12)

is the regularized Borel transform of the scalar spectral measure of A associated with
NS H_Q.

In this paper we study the structure of the singular continuous spectrum of Aj.
We recall that the well-known Aronszajn-Donoghue theory gives a decomposition of
the spectral measure of A, into an absolutely continuous, a singular continuous, and a
pure point part in terms of the limiting behaviour of F(A+ie) as € — 0. Our aim here
is to give an analogue of this result for decompositions with respect to a - dimensional
Hausdorff measures (o € [0,1)). In particular, our results can be considered as a
development of the approach proposed in [7]. Note, that in comparison with [7] we
made two new steps. First, we consider the more singular case of H_5 - perturbations.
Second, we give the explicit description of the decomposition of the spectral measure
of Ay with respect to a - dimensional Hausdorff measure (a € [0,1)) in terms of the
limiting behaviour of F. We remark that the final formulation of our results is new
even for regular rank one perturbations.

2 Hausdorff measures and decomposition theory

Let us recall some basic facts of the decomposition theory, due to Rodgers and Taylor,
with respect to Hausdorff measures. The detailed presentation of this theory can be
found in the book [11] or the original papers [12, 13].

For any subset S of R and « € [0, 1], the a-dimensional Hausdorff measure, h®, is
defined by

610 d—covers

v=

ho(S) :=lim inf " [b,[*,
=1



where a d-cover is a cover of S by a countably collection of intervals, S C |J -, by,
such that for each v the length of b, is at most 4. Then h® is an outer measure on
R and its restriction to Borel subsets is a Borel measure. h!' coincides with Lebesgue
measure and h° is the counting measure (assigning to each set the number of points in
it). Given any () # S C R, there exist a unique o = «(S) € [0, 1] such that h*(S) =0
for any o > «(5), and h*(S) = oo for any o < «(S). This unique a(5) is called the
Hausdorff dimension of S.

Definition 2.1. Let p be a Borel measure on R and let o« € [0, 1].
(i) p is called a-continuous (denoted ac) if u(S) = 0 for any set S with h*(S) = 0.
(71) p is called strongly a-continuous (denoted sac) if u(S) =0 for any set S which
has o-finite h® measure.
(111) p is called a-singular (denoted as) if it is supported on a set S with h*(S) = 0.
(iv) w is called absolutely continuous with respect to h® (denoted aac) if du =
f(z)dh® for some Borel function f.

Remark 2.2. If u is o-finite, then it follows from the Radon-Nikodym theorem that p is
absolutely continuous with respect to h* if and only if it is a-continuous and supported
on a set of o-finite h* measure.

We say that a Borel measure on R is locally finite if it is finite on any bounded
Borel set. The following unique decomposition of a locally finite Borel measure p on
R holds [11]

H = Has + Haac + Hsacs (21)

where 145 is a-singular, fi,. is absolutely continuous with respect to h* (on a set of
o-finite h* measure), and fis4. 18 strongly a-continuous. This decomposition extends
the usual Lebesgue decomposition into pure point, singular continuous, and absolutely
continuous parts. In particular if @« = 0, one has p,s = 0, and the decomposition
b= Haae + Msae coincides with the decomposition of p into a pure point part and
a continuous part. If a = 1, then pg,. = 0, and the decomposition @ = fas + Haac
coincides with the decomposition of i into a singular part and an absolutely continuous
part (with respect to Lebesgue measure).

One can obtain the decomposition (2.1) in the following way. Given a (locally)
finite Borel measure 1 and a € [0, 1], we define the upper « - derivative of p by

ol p(r —e,x+¢)
Dy (z) = hr?_%up 22)" :

Set
Ty := To(a, p) == {z : D}(x) = 0},
Ty =T (a,p) :={x:0 < Dy(z) < oo},
Tw :==Too(a, p) == {x: Dj(z) = oo}



Theorem 2.3. (Rodgers and Taylor [11, 12]) Ty, T, T are disjoint Borel sets, and
(i) h*(T) = 0,

(i1) Ty has o-finite h™ measure,

(111) (S NTL) =0 for any S with h*(S) = 0,

() u(SNTy) =0 for any S which has o-finite h* measure.

Corollary 2.4. Set

fas(A) = LANTG), faac(D) = p(ANTY), prsac(D) = p(A N Tp). (2.2)
Then the formula (2.2) gives the decomposition (2.1) of the measure .

We shall say that a Borel measure p is supported by a Borel set T' (or T" is a (not
necessarily closed) support of u) if p(R\ 7) = 0. It follows that T, T'y, Ty are the

supports of fias, haae, Msac, TESPEctively.

3 Regularized Borel Transform

In this section we generalize the well-known connection between the decomposition
(2.1) of measures p and the limiting behaviour of their Borel transforms. For a measure
[ with

/(1 + |z]) tdu(r) < oo, (3.1)

one can define its Borel transform by

B, (2) = / . ! _dp(), Tmz >0 (3.2)

The properties of ®,(z) discussed in details in [14]. Here we consider the more general
situation of a Borel measure p on R satisfying

/(1 + %) tdu(z) < co. (3.3)

In this case we define its regularized Borel transform by

Fu(z):/( ! T Vdu(z), Imz > 0. (3.4)

r—2z 14 a2

Note that the generalized Borel transform plays a crucial role in the H_5 rank one
perturbation theory (see [3, 4, 1]). Fix v <1 and « € R. Let

Q) (z) := limsup "ImF),(x + ie),

el0
R)(x) = limlsoup 7 F(x + ig)],



Theorem 3.1. Fiz v € R and o € [0,1) and let v := 1 — . Then Dy(xo), Q,/ (o),
and R (o) are either all infinite, all zero, or all belonging to (0, 00).

Remark 3.2. In the case of the measure u satisfying (3.1) Theorem 3.1 is proved in [7].
Remark 3.3. The relation between Df(7o) and Q] (o) extends to the range o € [1,2).

Proof. Consider
dp(x)
(x — x9)%2 + 2

ImF(xg + ie) = 5/

For any 0 > 0 we have

[ Gaprasoo <
|z—x0|>6

where C(0) does not depend on e. Therefore for v > —1

: dp(z)

7 =1 7+l —_ .

Qi (@) et / (x — x0)* + & (39)
|x—x0|<d

Let I C R be an open bounded interval containing zo. By (3.5) one can replace in the
definition of @](ro) the measure p by its restriction p; := p[ 1. The same arguments
show that R (zo) = R, (o) for any v > 0. Therefore it is sufficient to consider the case
of compactly supported measures p and apply the results of [7] (see Remark 3.2). O

4 Decompositions of singular spectra

In this section we prove our main result (see Theorem 4.1 below). It generalizes the well-
known Aronszajn-Donoghue theory to the case of decompositions (2.1) with respect to
Hausdorff measures.

Let E(-) be the operator spectral measure (the resolution of the identity) of a self-
adjoint operator A, and let u(A) = p,(A) = (¢, E(A)p) denote the scalar spectral
measure of A associated with ¢ € H_5\ H_1, ||¢||-2 = 1. This measure is not finite as
¢ ¢ H. One can introduce a regularization of this measure by

e du(x)
() = 15

so that p"8(R) = [ dp™#(x) = 1. Clearly the measures p and p'*® are equivalent.



Let a rank one (singular) perturbation A, of A, formally written as Ay, = A +
A{p, ) ¢, defined by (1.1). Consider the operator spectral measure F ,(-) for A, .
Similarly to above constructions one can introduce

pNE(A) = ((A+ i), E\(A)(A+ i)*lgo),
and
dpin () = (1 + 2)dpi¥(a).

Henceforth, we shall assume that ¢ is a cyclic vector for A, i.e. {(A — 2)7'¢ | Imz # 0}
is a total set for H. ( In general, if H,, denotes the closed subspace in H generated by
the vectors from this set, then H,, is an invariant subspace for each Ay and Ay = A on
the orthogonal complement to H,. Thus the extension from the cyclic to the general
case is trivial.) Tt is easy to see that (A + i)'y is a cyclic vector for A, (cf. [8]) and
(e is equivalent to the spectral measure Ey(-). In the following we shall say that ju, is
the scalar spectral measure of A, associated with ¢.
Let F) be the regularized Borel transform of py (cf. (3.4))

1 T IL+ze, | e

)= [ - i) = (D dusa)

and F(z) be the regularized Borel transform of pu. By the Aronszajn-Krein formula
(see, [1], [8], [9])

F(z)— A
F =——— 1 AeR 4.1
\(2) T AF(2)’ mz >0, 0# X eR, (4.1)
and 1
F =—— 1 ) 4.
o(2) F) mz > 0 (4.2)
In particular
7 ImF(z)
ImFf\(2) = (1 +2?)——"—  Imz > 0. 4.3
/\( ) ( >’A_1+F(Z)|2 ( )

Recall that the absolutely continuous part of u, is supported by
L:={xeR:0<ImF(x+1i0) < oo}, (4.4)

(see, [1], [8], [14]) and the singular part py s (A = oo allowed with co™! = 0) is supported

by

Sx={zeR:Flz+i0)=-X""}. (4.5)
Moreover the set of eigenvalues of Ay coincides with the set
Pyi={zeR: Flz+i0)=-\"H(z) <oco}. (4.6)
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Here

N : dp(y)
H(z) := lime 'ImF(z + ie) = / : 4.7
(x) imem (x + 1¢) =) (4.7)
Note that if H(x) < oo, then there exist the real limits lim. o F'(z + ic) and
lifg(ia)’l[F(x +ig) — F(x 4 10)] = H(x) (4.8)

exist ([8, 14]). Let o € [0, 1]. For A # 0 define the following sets
Son:={reR: liml(i)nf e NPz +ie) + X7 =0, F(x +i0) = =A7'},  (4.9)

Poy={rc€R:0< 1imlionfg—<1-a>|F(x +ig) + A7 < oo, F(x +i0) = —A7'},
(4.10)
Jar ={r eR: li{ge_(l_a)\F(x +ig) + A7 = o0}, (4.11)

Theorem 4.1. Let o € [0,1), 0 # XA € RUoo. Suppose that ¢ € H_o\ H_1 and let
be the scalar spectral measure of Ay associated with ¢ . Then the decomposition (2.1)
for the measure uy has the form

Hx = HUxas + M aac + KX sacs (412)
where for any Borel set A C R

,u/\,oas(A) = M(A N Sa,>\)7 ,u/\,oaac(A) = M(A N Pa,)\)a ﬂA7sac(A) = M(A M JOé,A)' (413)

Remark 4.2. If o = 0, piyqs = 0, and the decomposition pix = fixaac + xsac COIN-
cides with the decomposition of u) into a pure point part and a continuous part. In
particular, the set of eigenvalues of A, coincides (see (4.6) - (4.8)) with the set

Pa={reR:0< lim“i)nfg’l\F(:c +ig) + A7 < oo, F(z+1i0) = —A"'} = Py.

Moreover, Sp = 0 and (LUSy)\ Py C Jo. In particular, .Jy , supports the continuous
part of py. If o = 1, then p1) 50 = 0, and the decomposition gy = fix as=+[r,aac COINcides
with the decomposition of p) into a singular part and an absolutely continuous part
(with respect to Lebesgue measure). In particular (see (4.5)) the singular part of p, is
supported by S = Sy and one has py(J; ) = 0. Note that in this case the absolutely
continuous part of uy is supported by L # P, and the result of the theorem is not
valid for oo = 1.

Remark 4.3. The result of Theorem 4.1 remains true for rank one regular and H_;
perturbations. One need only to replace the regularized Borel transform F' = [, by
the standard Borel transform ®, (3.2) (cf. [1]).
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Proof. We remark that the sets S, a, Pax, Ja,x, are mutually disjoint (for fixed o) and
LUS, C Sa)\ U Pa)\ U Ja’)\, (RS [0, 1).

By Aronszajn-Donoghue theory the measure pu, is supported by L U Sy, and therefore
it is supported by Su U P, a U Ju . Suppose that z € S, . Then

AN HF(z +ie) — 1
lim sup e |Fy\ (z + ie)| = lim su | =
e p I3\ )| -0 p e~ (1= |F(x + ig) + AL

(1+ X172 B
liminf, e~ |F(z +ig) + A\71]

Q.

By Theorem 3.1 it follows that D (z) = oo and ¥ € Tio(a, 1y). Therefore we can
apply Theorem 2.3 and Corollary 2.4 to prove that the restriction of py on S, ) is o -
singular with respect to h*. Analogously for x € P,

lim sup €17 | Fy\ (z + i) | € (0, 00)
€l0

and therefore ) [ P, ) is absolutely continuous with respect to h*. At last for x € J, 5
we have (see (4.3))

(1+ A2)ImF (z + ic)

limsup e~ ImF) (x + ic) = lim sup

£10 co e U F(z +ie) + A2 —
(1+ X272 0
liminf, o e~ (=) |F(z +ig) + A7
and puy [ Jo z s strongly a-continuous. O]

We will end by formulating several corollaries, which contain, as particular cases,
the known results for regular rank one perturbations (see [7]).

Corollary 4.4. Let a € [0,1], A # 0. Set R, = {z € R : liminf_ o~ ImF(z +
ie) > 0}. Then uy | Ry is a-continuous (i.e., gives zero weight to sets of zero h®-
measure,).

Proof. First of all we note that for a = 1 the result directly follows from the Aronszajn-
Donoghue theory (see (4.4)). For o € [0, 1) it is clear that Ry, C P,y U Ja, (A # 0).
This inclusion proves the assertion of the corollary. O

Corollary 4.5. Leta € [0,1], A # 0. Set Ry oo = {x € R : lim_ g e~ Y ImF(z+ic) =
00}, Then piy [ Ra, oo is strongly a-continuous (i.e., gives zero weight to h®-sigma-finite
sets ).



Proof. The case a =1 is clear and for a € [0,1) we have R, « C Jy,x. O

Corollary 4.6. Let a € [0,1), A # 0. Suppose that p is purely singular. Set Q, =
{z € R : limsup,|ge " ImF(z + ic) < oo}. Then py | Qu is supported on an h*-
sigma-finite set.

Proof. As p is pure singular, py is supported by Sy (see (4.5)). Suppose that = €
Qo N Sy. Then (see the proof of Theorem 4.2 of [7]) for some C' > 0

|1+ AReF (x + ig)| < Ce™)

and
lim sup e~ |F(z +dg) + A7} < oo.
€l0
In particular Q, NSy C SaxU P, 5. It follows that fi) sae(Qa) = 0 and the assertion of
the corollary is proven. O]

Corollary 4.7. Let a € [0,1), A # 0. Suppose that p is purely singular. Set Qa0 =
{r € R:lim.ge 1 IImF (x +ic) = 0}. Then )| Qa0 is a-singular.

Proof. By a variant of the proof of Corollary 4.6 one shows that that for z € Q4,0 NS\

limsupe " |F(x 4 ie) + A7 = 0.
€l0

In particular one has (Q,,0 N Sy C S\ and the result directly follows from Theorem
4.1. O
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