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ABSTRACT. Discrete time dynamical systems modeling the conflict interaction
between a priori non-annihilating opponents are introduced and investigated.
Starting from a vector version of the logistics equation, a new mathematical
models describing the conflict interactions is given. This model intends to give
tools for the description of the ”compromise” redistribution of a conflict space
instead of reaching the maximal increase of the amount of selected species.
The existence of invariant limiting states for the associated dynamical system
is proven in the case of a purely repulsive interaction, as well as in the one of
a purely attractive interaction.
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1. Introduction

In this paper we develop the mathematical tools for the study of dynamical
systems describing the phenomenon of conflicts between a priori non-annihilating
opponents. Our approach is related to the mathematical theory of population dy-
namics (see e.g. [8]-[11]), which describes the quantitative changes of conflicting
species and is based on different variants of the well-known Lotka-Volterra equa-
tions. However, due to particular features of our model, we are able to describe the
attraction limit behavior.

We start with the vector version of the Lotka-Volterra equation, which involves at
least two opponents. To each opponent we associate a stochastic vector in Euclidean
space R™, i.e., we start with a couple of vectors p,r € R",n > 1, ||p|1 = ||r|1 =1
(| - Il1 denoting the I; norm on R", ie., ||p|i = > i, |pi| . The evolution of
p,r in time under the conflict interaction is governed by the vector version of the
Lotka-Volterra equation

p=px*(1-Ar)
{ r=rx(1— Ap),
1
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where 1 is the unit vector, A denotes the interaction matrix acting in R”, and
stands for a certain kind of vector composition defined below.

In fact we use here only the simplest difference analogue of these equations, i.e.,
we replace continuous time by a discrete time ¢ € Ny = {0,1,2,---}. In terms of
coordinates these equations have form

pilt+1) = Lyp(B)(1 — ari(1)
Pt +1) = (D1 — api(t))

where p;(0) = p;, r;(0) = r; are the coordinates of the starting vectors p,r, —1 <
a < 1,a # 0 denotes the interaction coupling constant (now A = al, I being the
unit 7 X n matrix), and the normalizing coefficient function z(¢) is determined by
the non-annihilating condition ||p(t)||1 = ||r(¢)|]1 = 1. Depending on the sign of «,
we have two different cases of the interaction: repulsive with a > 0, and attractive
with @ < 0. For @ = 0 we have a trivial evolution.

The sequence of states

p(t) = {pi(t)}?:la r(t) = {Ti(t) i1, 1=0,1,2,...

generates a trajectory of a dynamical system in R™ x R™. We study the behaviour
of such trajectories, prove the existence of the invariant limiting states p(oc), r(co),
and describe the distribution of the limiting vectors p(co), r(co) in R™. For appli-
cations and examples see [1]-[4],[7].

i=1,..,n, t €Ny,

2. The conflict dynamical system

In this section we introduce the dynamical system describing the discrete time
conflict interaction between two non-annihilating opponents distributed on a finite
set of controversial positions.

Let Q = {w1,ws,...,wn}, n > 1, denote a finite space of controversial positions
for a pair of opponents which are represented by discrete probability measures p
and v on ). The starting distributions of y, v along ) are given by two sets of
numbers:

{ pii=p(wi) >0, DL pi=1
rii=v(w) >0, YL =1

By this we associate with the opponents two stochastic vectors p = {p;}?, and
r = {r;}ir, from R?, with positive coordinates, p;,7; > 0, and unit [;-norms,
1D lh=l T 1= 1.

The conflict interaction between opponents is represented in the form of a non-
linear and non-commutative conflict composition (denoted by %) between the
vectors p,r.  is defined as follows

pxr=p*!, rxp=r*!

where the coordinates of the new vectors p*'!, r*:! from R’ are defined as follows:

. 1 . 1
(1) pf’l = —pi(1 — ary), ol = -ri(l—ap;), i=1,2,....n
z z

7

where —1 < a < 1, a # 0, denotes a coupling constant, and a normalizing co-
efficient z is chosen such that the vectors p*!,r*! are stochastic too (this de-
mand exactly reflects our intention to study the conflict interaction between non-
annihilating opponents). One can easily find that z = 1 —«a(p, r) where (-, ) stands
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for the inner product in R™. We observe that formulae (1) are well-defined only if
the starting vectors and the coupling constant satisfy the condition:

1
(2) o # .
(p.r)
Given a starting pair of vectors p, q the iteration of the mapping

«. | P p*!
e {r)-{e)

generates a discrete trajectory of the conflict dynamical system in the direct product
of spaces R’ x R"}:

%N

The couple of vectors p*V, r is called the state of the conflict dynamical system
at the N-step of interaction. The problem is to study the behavior of these states
as N — oo. Our main result which, we might call the Theorem of conflicts, reads
as follows.

Theorem 1. For each pair of stochastic vectors p,r € R, with (p,r) > 0,
and any fived coupling constant a # 0, —1 < « < 1 with condition (2), the limiting
vectors

p%,oo —_ ]\}gnoo p%,N, r — ]\;E}loo I‘%’N,

% ,00

exist in R, and are invariant with respect to the action of conflict composition:

(3) p>:<7oo — p%,oo%r%,oov ré:e,oo — r%,oo%p%,oo.
Moreover
p¥® Lr¥*>® 4f p#r and 0<a<l
P =r*, otherwise.

Here we will prove this theorem only in the two special cases a« = £1, i.e., when
the conflict interaction is purely repulsive, a = 1, resp., purely attractive, a = —1.
For the cases —1 < o < 1 see [3].

2.1. The purely repulsive case. Let p # r and a = 1. Here we reproduce only
a sketch of the proof (for more details see [5, 6]). Assume 0 < r; < p; < 1 for some
1. Then

(5) im Y =% =0
and
(6) Jim p = pF >0,

(5), (6) are obviously true if 0 = r; or p; = 1. So we have to prove (5), (6) only
under the condition 0 < r; < p; < 1. To this aim we consider the sequence of ratios
%,N
REN) = %, N > 1.

T3
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Using (1) one can easily show (for details see [5, 6]) that the sequence Rl(N) is
monotone increasing as N — 0o, and moreover

%, N
(7) REN):%HOO, N — oo.

T

This implies rf’N — 0, since pf’N < 1, that proves (5). To prove (6) we consider
the sequence of differences

0<d;:=p; — 14, dN) = p?’N — r?’N, NeN={1,2,..}

2

From (1) it follows that

o ea_pll—a) —n(l-p) __d
] 0< dgl) _ pz.é,l _ r;.e,l _ Pi( i i _ .
) 1—(p,r) 1—(p,r)
Hence 0 < d; < dEl) < 1. By induction, we prove 0 < dz(-N) < dENH) < 1 for all

N € N. Therefore, the sequence dEN) is monotone increasing too, as N — oo, and
moreover there exists a finite limit

(9) 0<d®= lim d™ <1, i=12..

— 00

Besides, we see that due to rf’N — 0,
(10) Nhinoopf»N =p™ =d> > 0.

Similarly, in the case 0 < pp < rr < 1 for some k we get,

(11) Jim pi = pE =0,
and
(12) Jim_ rEN =B = 4 > 0.

Further, if p # r but 0 # p; = r; for some 7, then it is not hard to understand
(for details see Lemma 2 in [6] ) that in this case both coordinates converge to zero,

N =

(13) lim pf’N = A}im T

N—o0
In turn, (5), (11), and (13) imply that (p*V, r*") — 0 and therefore the lim-
iting vectors, which exist due to (10), (12), and (13) are orthogonal. By (1) any
orthogonal vectors are invariant with respect to the action of the conflict composi-
tion.
Let p =r and a = 1. Then obviously p?’N = r?’N for all 4 and all V, and we get
in the limit (see Proposition 6 in [6]) the invariant equilibrium state, p*:°° = r*:>°,
with coordinates

*,00 _ _¥,00 __ . R
(14) {pi. = =1/m, if p;=r;#0

p; =1 =0, otherwise,

where m < n denotes the amount of non-zero coordinates in the starting vectors.
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2.2. The purely attractive case. Let « = —1 and (p,r) > 0. The coordinates

of the new stochastic vectors p*1,r*1 ¢ R are defined as follows:

(15) prtam BULET) e, nll bRy,
1+ (p,r) 1+ (p,r)

We will study the behaviour for N — oo of the coordinates pf’N,rfé’N, N e N,
defined by induction,

)

« N—1 « N—1 « N—1 « N—1
Pi =L (p*N—1 p*.N—1)’ R (p*N—1 p*.N-1)’ t=5L.,"n

Our arguments are based on the following Propositions.

For fixed i let us consider the sequence of differences

N . .
d; = p; — 14, dE )::pf’N—rf’N, N eN

Proposition 1. In the case o = —1 the sequence dz(.N) is monotone decreasing
as N — oo and moreover
(17) Jim dN =d> =0, i=1,..n.
—00

Proof. 1f d; = 0, then by (15) pfé’l —r?’l = dl(-l) = 0 too. Therefore by induction,
d(N)

7

= 0 for all N. Consider the case d; # 0. Then we assert that the sequence
\dl(-N)| is monotone decreasing. Indeed, due to (p,r) > 0 on the first step we have

. . d; |
18 dV |= pol —p®l = 7| . < |d;].
(18) [ =7 o = e <
By induction we get

(19) AN <) d™M | N =1,2, ..

since obviously (p~,r"V) > 0 for all N. Therefore, there exists the limit
(20) lim d™N) = d® < 1.

Moreover it is easily seen that this limit is zero since
N
N Y I\ —
a" = a JJ0+ pxdarh
=1

and
N
(21) [T+ @E*a*) ™ = 0,N = .
1=1
In fact (21) follows from the existence of a constant ¢, independent of I, such
that (p*!,q*!) > ¢ > 0. The latter inequality is true since the starting vectors p, r
are non-orthogonal and the difference between the stochastic vectors p* &, r*V ig

monotone decreasing thanks to (19). Thus, we proved that dEN) —0, N —o00. O
Proposition 2. Let p; # 0 # r;. Then

%,N
(22) RM =% o 1 N - oo

%
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Proof. Clearly, if p;/r; = 1, i.e., p; = r;, then obviously p?’N = r?’N and
therefore by induction RZ(-N) =1 for all N. Let now 0 # p; # r; # 0. For example,

let p; > r;. Then from (15) it follows that 1 < RZ(-I) < pi/r; since
1 _ Pf’l _ bitpiri _ pi 1+7;

RM P _ Pi .
rFt it o L4p

N

Therefore p; > r; implies pf’l >k 1 and using (16) by induction we have
(23) 1<BRM < RNV N=1,2,.
This ensures (22), since we have already proved that p?’N - rf’N — 0 (see (17)).
O
Proposition 3. Assume
pi >pr >0and 1;>1E >0 for somei,k.
Then
(24) pf’N > pf’N and Tf’N > rfj’N for all N,

% ,00 % ,00
and moreover p;. =71. " =0.
Proof. Indeed, by the assumption and due to (15) we easily get,

%,1
i A ;
Db; :pz_ +z>pz>1.

pit P 14T opr
Similarly,
rEt ooy
Lt > —>1
T Tk
Therefore

pi _p pi
l< = <eg e <
pe po P
- PN
; i i
(25) 1<T—< 1 < i:e,N'“’ N=1,2,..
kT T
Thus, sequences of the ratios
%N %N
b; T
x,N’ %N
Dy Tk

are monotone increasing as N — oo, which proves (24). Assume for a moment that
there exists a finite limit,

p%ﬁé,N pa:é,oo p%:é,oo 1+r%,oo
1< lim - =2 =45 L =M < .
<, N X, *, *,
N—>oop* Py S o [SS) 1_|_rk [SS)

This is only possible if 7> = r;°°°, which contradicts (25). Thus M = oo and
therefore p; "> = 0, as well as r;"> = 0. O

Proposition 4. Assume p; = r; for all i, then
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*,00 _ _¥%,00 __ . . [e%e]
(26) {pi. =r;"" =1/m, if €S

p; T =r =0, otherwise,

where ST := {i : p; = max,;{p;}} and m = |SZ| denotes the cardinality of the set
S,

Proof. If p; > py, for some i, k then p;** = r;°°° = 0 due to Proposition 3. If
pi = pr = 1; = 1K, then obviously p:’N = r;f’N = pf’N = rf’N for all N. That
is, the non-zero limits limy_ p,f’N = limpy—_oo r?j’N =p® =1 # 0 appear
only iff both ¢ and k belong to S=°. From ||p* ||y = [[r**°|l; = 1 and the fact
pi =14, Vi, it follows that p; > =% = 1/m. O

Proposition 5. For a pair i,k at least one of the following two possibilities
holds:
(a) both coordinates pf’N and rf’N, or p:’N and r;:’N, converge to zero:

*,N

%

. %,N . . %,N . N
lim p;" = lim r =0, or lim p,"" = lim r;7" =0,
N—o0 N—o0 N—oc0 N—oc0

(b) both differences dl(-,iv) =pF N =N and d,(c];,) = pF N — PN converge to

zero:
Jim i = Jim di? = o.

Proof. Since the differences dEN) converge to zero (see (17)), there are only two
possibilities:

(a) The inequalities (24) (or the opposite ones) hold for some Ny. And then by
Proposition 3 the corresponding relations are fulfilled for all N > Ny and moreover
pj’oo = 7“;5’00 =0 (or resp., pf’oo = rf’oo =0).

(b) In this case there does not exist an Ny as in the proof of case (a) and

therefore for each N € N the segments [p", 75" and [pf",r¥ ] have non

void intersection. Then the differences dg,iv), d,(g) converge with necessity to zero

together with dgN), diN) as proven by Proposition 1. [

Let us introduce the notation:

(27) So = {k:p, > =r* =0}, S*:={1,2,..,n}\So

Proposition 6. For all i,k € S the limiting coordinates exist, are non-zero,
and equal:

. *,N _ _¥%,00 _ _%,00 _ 1. x,N _ _%,00 __ _%,00
(28) le})op’ =r; = = A}E}go ry o= = #0

Proof. Since all vectors p* ™V, r*N N = 1,2 ... are stochastic from Proposition

5 it follows, there exist only one non-zero point 0 < a < 1 such that
. %N %N
a€ lim [ [p", 7).
i€See
Therefore due to dg,iv), d,(g), aty d;N) — 0as N — oo (28) is true.

1 7

This completes the proof of Theorem 1.
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3. Description of the limiting distributions

3.1. The purely repulsive case, « = 1. Given a couple of stochastic vectors
p,r € R}, (p,r) > 0, define

Dy:= Y di, D_:= Y d,
ieNy ieN_
where
di=p;—ri;, Np:={i:d; >0}, N_:={i:d; <0}
Obviously
0<D,=-D_<1,
sincep#r,and >, p;—> ,ri=0=D; +D_.

Theorem 2. In the purely repulsive case, « = 1, the coordinates of the limiting
vectors p¥:°°, q*>° have the following explicit representations
%00 | di/D, 1€ Ny %00 | —di/D, 1€ N_
(29)  p; { 0, otherwise > '+ ] 0, otherwise,
where D := D, =—D_.
Proof. By (8), (10), (12) the coordinates of the limiting vectors p*:>°, r*>
admit the representation:

xo0 _ ) 4, 1€ Ny %00 —d¥®, ieN_
(30) i { 0, otherwise ° 't { 0, otherwise.
Further, due to (8) we get
d" 4
i =2 jeNyUN_.
" d;
By induction,
d™ dq
i % N=12
(N) d.’ ) Ly eeey
dj j
and therefore
> d
e d;

Thus, thanks to (30), the coordinates of the vectors p*°°, r*:°° satisfy the system
of equations:

(31) p;)oo = dil_’ pjépo =1 Za.] S N-i—a
J J o ieNg
* d; .
(32) %:E’ S Fe=1 i jeN..
Ty J ieN_

It is easy to see that the latter system has the unique solution of the form (29).
Indeed, (31) implies that p;"* = k,d;, i € N, with some coefficient k, independent
of 7. By the condition ), pfé’oo = 1 we easily find that k, = 1/D. Similarly, thanks
to (32), ;" = k,d;, i € N_ with k, = —1/D, since d; < 0 for i € N_. O



DYNAMICS OF DISCRETE CONFLICT 9

Remark. From (29) it follows that any transformation p,r — p’,r’, which
does not change the values d; and D, preserves the same limiting distribution as
for the vectors p*,r*. A class of such transformations may be presented by a
shift transformation of coordinates, p; — p; = p; + a;, 7, — 1, = p; + a; with

appropriated a}s.

3.2. Attractive case, a = —1.
Theorem 3. In the purely attractive case, o = —1, the limiting vectors p* >, q*
are equal and their coordinates have the following representations:

%,00 _ %,00 _ 1/m, 1 €S>
(33) i =T = { 0, otherwise

?

where S is defined by (27) and m = |S°°| denotes the cardinality of the set S*°.

Proof. The proof directly follows from Propositions 5 and 6. We only re-
mark that m is determined by the amount of coordinates selected by the condition
limy o0 pf’N = limy_ TZK’N =0, i.e., it is the cardinality of the set S*° defined
in (27). O

Below we represent several sufficient conditions for k to belong to Sy. Simulta-
neously these conditions give some characterization for the points in S°°.

We will use the following notations:

(34) i = Pi+Ti, pi = Pitis 0

%1 1 1. %1 %1
=Py R pp =D T

Proposition 7. If

(35) 0; > Ok, pi> Pk, OT O3>0k, Pi> Pl
then
(36) P = =0

Proof. By (34) we have

or = pf’l + 7';5’1 =1/z(pr + ri + 2piri) = 1/2z(0k + 2p4)
where we recall that 2 = 1 + (p,r). Therefore each of the conditions (35) implies
that o} > o}. Further, since

(37) pr = 1/2%(pr + (pi)* + prow),

again from (35) it also follows that p} > pi. Thus, by induction oV > o and p¥ >
pl for all N > 1. Therefore, by similar arguments as in the proof of Proposition 3
we get (36). O

Let us consider now the critical situation, when for a fixed pair of indices, say i
and k, the values oy — 0;, pr — p; have opposite signs, for example, o, — o; > 0,

pr—pi < 0. In such a case it is not clear what the behavior of coordinates p*’N rN

K2 e
and pf’N, rf:’N will be when N — co. We will show that the limits depend on which
the two values, 2p; + o; or 2py + oy, is larger. Moreover we will show that even
if pr is the largest coordinate, it may happen that pf’oo = 0. Let for example,
pr = max;{p;,r;} and oy = py + 1 > p; +1; = 05, however the value of ry is such
that pr = prrr < piri = p;- Then under some additional condition it is possible
that p; "> = 0. In fact we have:
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Lemma 1. Let for the coordinates p;,r;, Pk, 7k, © # k, the following conditions
be fulfilled:

(38) o > 0y

but

(39) Pr < Pi-
Assume

(40) 20k + o < 2p; + 05
Then

(41) P =1 =0

Proof. We will show that (38), (39), and (40) imply,

() L P S
and

€1 %1 1 1 €1 %1
(43) p: 7‘: =pr<pi=p; .

Then (41) follows from Proposition 7. In reality (42) follows from (40) directly,
without condition (39), see Proposition 8 below. So we have only to prove (43).

With this aim we find the representation for p! in terms o; and o). Since
ol =1/z(0; + 2p;) we have
(44) pi = 1/2(z0} — 0;)
By (37) and (44) we get

1
ot =1/2%(pi + p? + pioi) = ﬁ(za} — o)1 +1/2(z0} — ;) + 0]
= 4—12(2%1 —0))(2+ 2ol +04) = 4%[2202-1 +22(0))? + 2o} 0; — 204 — zo}os — 02
z z
1
= 4—22[220} + 22(0})? — 07 — 204]

Therefore

(45) . — P = 1/2%[pr(1+ pi + 01) — pi(1 + p;i + )]

Thus we have
(46) pp—pi = 1/42°[22(04—07)+2*((04)* = (0)) +((03)* = (03)*)+2(0i—0%)] < 0
due to starting condition (39), and (42). Thus p;. < pi, i.e., (43) is true. O

We stress that (41) is true in spite of oy, > ;. Of course, if o, < 0; and px < p;,
then (41) holds without any additional condition of the form (40).

Proposition 8. The conditions (40) and (42) are equivalent.
Proof. By (34)
of =pFt 4w rFt =1/2(p + i 4 2piri) = 1/2(00 + 2p;)

Therefore
o —oi = 1/2[o5 + 2p1, — (05 +2pi)] <0
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if and only if (40) is fulfilled. O

What about the case
(47) Ok > 04y Pr < Piy 20k + 0k = kg > Ky =: 2p; + 037

Proposition 9. Let kY = 2pl + . Under the initial conditions (47) the

sign(kY — kN) may at most change one time as N — oo.

Proof. On the first step by Proposition 8 we get o}, > o}, since ki > K;.

(a) If we assume that pi > pi, then obviously s, > k!, and kY > k¥ for all N.
Therefore the sign(x) — £2) is the same for all N.

(b) If we assume that p; < p}l, then we have to consider two subcases.

(b’) K}, > k}. Since now we have o} > o} and pj, < p;, this means that after the
first step we get again the starting situation and the sign(kf — %) is not changed.

(b”) Finally if s < k!, i.e., the sign(xj — }) is opposite to sign(kx — k),
then we have: O’i > Uil7 p,l€ < p}, Iii < fi}, and by Lemma 1, K{CV < ,%ZN, for all
N=12,... O

We remark that, as a consequence of the Proposition 9 and its proof, there is

only one chance to observe the changing of the sign(kY — x) in the case where

(47) holds (i.e., it is the sub-case (b”)).

The hypotheses is: this sub-case in general does not meet. However we do not
have a proof of this at the moment.
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