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ÀÏÐÎÊÑÈÌÀÍÒÈ ÒÈÏÓ ÏÀÄÅ ÄËß ÄÅßÊÈÕ
ÑÏÅÖIÀËÜÍÈÕ ÐßÄIÂ ÄÂÎÕ ÇÌIÍÍÈÕ

Two�dimensional Pad�e type approximants are constructed and studied for

some special power series using method of generalized moment representati-

ons.

Çà äîïîìîãîþ ìåòîäó óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü ïîáóäîâàíî

òà âèâ÷åíî äâîâèìiðíi àïðîêñèìàíòè òèïó Ïàäå äëÿ äåÿêèõ ñïåöiàëüíèõ

ñòåïåíåâèõ ðÿäiâ.

Äëÿ àíàëiòè÷íèõ ôóíêöié äâîõ çìiííèõ ðàöiîíàëüíi àïðîêñèìàí-
òè, ùî ¹ àíàëîãàìè àïðîêñèìàíò Ïàäå, ìîæóòü áóäóâàòèñÿ ðiçíèìè
ñïîñîáàìè (äèâ. [1, c. 323-332]). Îäèí ç ïiäõîäiâ äî ïîáóäîâè òàêèõ
àïðîêñèìàíò áóëî çàïðîïîíîâàíî â [2]. Öåé ïiäõiä ãðóíòó¹òüñÿ íà
ïîøèðåííi ìåòîäó óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü Â.Ê. Äçÿäè-
êà [10] íà âèïàäîê äâîâèìiðíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé.

Òåîðåìà 1 ([2]). Íåõàé äëÿ êîåôiöi¹íòiâ ôîðìàëüíîãî ñòåïåíå-
âîãî ðÿäó äâîõ çìiííèõ âèãëÿäó

f(z, w) =
∞∑

k,m=0

sk,mz
kwm (1)

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ëiíiéíèõ
ïðîñòîðiâ X × Y çà áiëiíiéíîþ ôîðìîþ ⟨., .⟩

sk+j,m+n = ⟨xk,m, yj,n⟩, k, j,m, n ∈ Z+. (2)

Òîäi, ÿêùî ïðè äåÿêèõ N1, N2 ∈ N iñíó¹ óçàãàëüíåíèé ïîëiíîì

XN1,N2 =

N1∑
k=0

N2∑
m=0

c
(N1,N2)
k,m xk,m (3)

ç âiäìiííèì âiä íóëÿ ñòàðøèì êîåôiöi¹íòîì c
(N1,N2)
N1,N2

, äëÿ ÿêîãî âè-
êîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi
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⟨XN1,N2 , yj,n⟩ = 0 (4)

ïðè (j +N1, n+N2) ∈ Z+ ∩DΦ, äå DΦ = {(u, t) ∈ R2
+ : Φ(u, t) ≤ 0}, à

ôóíêöiÿ Φ : R2
+ → R ìà¹ íàñòóïíi âëàñòèâîñòi:

i) DΦ - îáìåæåíà ìíîæèíà â R2
+;

ii) ïîòóæíiñòü ìíîæèíè DΦ ∩ {(u, t) ∈ Z2
+ : u ≥ N1, t ≥ N2}

äîðiâíþ¹ (N1 + 1)(N2 + 1)− 1;

iii) ðiâíÿííÿ Φ(u, t) = 0 ìîæíà îäíîçíà÷íî ðîçâ'ÿçàòè âiäíîñíî t
ïðè u ≤ N1 òà âiäíîñíî u ïðè t ≤ N2. Ïðè öüîìó äëÿ âiäïîâiä-
íèõ ðîçâ'ÿçêiâ t = φ(u) òà u = ψ(t) ìàþòü ìiñöå íåðiâíîñòi
φ(u) ≥ N2 ∀u ≤ N1, òà ψ(t) ≥ N1 ∀ t ≤ N2,

òî ðàöiîíàëüíà ôóíêöiÿ

[N/D]f (z, w) =
PN (z, w)

QD(z, w)
, (5)

äå

QD(z, w) =

N1∑
k=0

N2∑
m=0

c
(N1,N2)
N1−k,N2−mz

kwm, (6)

à

PN (z, w) =

N1−1∑
k=0

N2−1∑
m=0

zkwm
k∑
j=0

m∑
n=0

c
(N1,N2)
N1−j,N2−nsk−j,m−n+

+zN1

N2−1∑
m=0

[ψ(m)]−N1∑
k=0

zkwm
N1∑
j=0

m∑
n=0

c
(N1,N2)
j,N2−n sk+j,m−n+

+wN2

N1−1∑
k=0

[φ(k)]−N2∑
m=0

zkwm
k∑
j=0

N2∑
n=0

c
(N1,N2)
N1−j,n sk−j,m+n (7)

äå [ρ]− öiëà ÷àñòèíà âiä ÷èñëà ρ, ìàòèìå ðîçâèíåííÿ ó ñòåïåíåâèé
ðÿä, êîåôiöi¹íòè ÿêîãî ñïiâïàäàòèìóòü ç êîåôiöi¹íòàìè ðÿäó (1)
äëÿ ∀(k,m) ∈ Z2

+ ∩DΦ.
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Ç âèêîðèñòàííÿì òåîðåìè 1 â [2] - [5],[6] áóëî ïîáóäîâàíî òà äî-
ñëiäæåíî àïðîêñèìàíòè Ïàäå äëÿ íèçêè ñòåïåíåâèõ, çîêðåìà, ãiïåð-
ãåîìåòðè÷íèõ ðÿäiâ äâîõ çìiííèõ.

Çàóâàæåííÿ . Ðàöiîíàëüíi àïðîêñèìàíòè, ùî áóäóþòüñÿ â òå-
îðåìi 1, ¹ àïðîêñèìàíòàìè òèïó Ïàäå ç îáëàñòþ iíäåêñiâ çíà-
ìåííèêà D = ([0, N1]× [0, N2]) ∩ Z2

+, îáëàñòþ iíäåêñiâ ÷èñåëüíèêà
N = DΦ\{(k,m) : k ≥ N1,m ≥ N2} òà îáëàñòþ iíäåêñiâ ñïiâïàäàííÿ
E = DΦ (äèâ. [1, ñ. 323-324]).

Äâîâèìiðíi óçàãàëüíåíi ìîìåíòíi çîáðàæåííÿ âèãëÿäó (4), ÿê âiä-
çíà÷àëîñÿ â [2], ìîæóòü áóòè çàïèñàíèìè i â îïåðàòîðíîìó âèãëÿäi, à
ñàìå, ÿêùî â ëiíiéíîìó íîðìîâàíîìó ïðîñòîði X iñíóþòü êîìóòóþ÷i
ìiæ ñîáîþ îáìåæåíi ëiíiéíi îïåðàòîðè A òà B, òàêi ùî ∀(k,m) ∈ Z2

+

Axk,m = xk+1,m,

Bxk,m = xk,m+1,

òî çîáðàæåííÿ (4) áóäå åêâiâàëåíòíèì çîáðàæåííþ

sk,m = ⟨AkBmx0,0, y0,0⟩, (k,m) ∈ Z+. (8)

Â [5] áóëî ðîçãëÿíóòî âèïàäîê, êîëè

(Aφ)(t) = tφ(t)

¹ îïåðàòîðîì ìíîæåííÿ íà íåçàëåæíó çìiííó â ãiëüáåðòîâîìó ïðî-
ñòîði X = L2([0, 1], dµ), à B = A2.

Äàíà ñòàòòÿ ïðèñâÿ÷åíà ïîøèðåííþ òà óçàãàëüíåííþ âêàçàíèõ
äîñëiäæåíü.

Íåõàé â áàíàõîâîìó ïðîñòîði X çàäàíî ëiíiéíèé íåïåðåðâ-
íèé îïåðàòîð A, òàêèé ùî ïðè äåÿêîìó x̃0 ∈ X , åëåìåíòè
x̃k = Akx̃0, k = 0,∞, ¹ ëiíiéíî íåçàëåæíèìè. I íåõàé ïðè öüîìó äëÿ
äåÿêîãî ỹ0 ∈ Y åëåìåíòè ỹj = A∗j ỹ0, j = 0,∞, äå A∗ � îïåðàòîð,
ñïðÿæåíèé äî îïåðàòîðà A âiäíîñíî áiëiíiéíî¨ ôîðìè ⟨., .⟩, âèçíà÷å-
íî¨ íà X × Y, ¹ òàêîæ ëiíiéíî íåçàëåæíèìè. Áiëüøå òîãî, áóäåìî
ïðèïóñêàòè, ùî âèêîíó¹òüñÿ íàñòóïíà óìîâà

∀N ∈ N ∃ X̃N =
N∑
k=0

d
(N)
k x̃k, d

(N)
N ̸= 0,
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òàêèé ùî

⟨X̃N , yj⟩ = 0, j = 0, N − 1. (9)

Ëåãêî áà÷èòè, ùî öÿ óìîâà åêâiâàëåíòíà óìîâi òåîðåìè Äçÿäèêà
(äèâ.[7, ñ. 22-23]) ïðî ïîáóäîâó îäíîâèìiðíèõ àïðîêñèìàíò Ïàäå äëÿ
ôóíêöi¨

f̃(z) =
∞∑
k=0

s̃kz
k = ⟨R̂z(A)x̃0, ỹ0⟩,

äå R̂z(A) = (I − zA)
−1

� ðåçîëüâåíòíà ôóíêöiÿ îïåðàòîðà A (äèâ. [7,
ñ. 22]), a

s̃k = ⟨Akx̃0, ỹ0⟩, k = 0,∞.

Â òàêîìó ðàçi ïðè êîæíîìó ôiêñîâàíîìó p = 2, 3, ... íà X ×Y ìè
ìîæåìî ðîçãëÿíóòè äâîâèìiðíå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ

sk,m = ⟨AkBmx0,0, y0,0⟩, (10)

äå x0,0 = x̃0, y0,0 = ỹ0 òà B = Ap.
Ùîá îòðèìàòè çîáðàæåííÿ ôóíêöié, äëÿ êîåôiöi¹íòiâ ñòåïåíåâèõ

ðîçâèíåíü ÿêèõ ¹ ñïðàâåäëèâèìè çîáðàæåííÿ (10), âèêîðèñòà¹ìî íà-
ñòóïíi ëåìè.

Ëåìà 1. Íåõàé X � ëiíiéíèé íîðìîâàíèé ïðîñòið, A : X → X −
îáìåæåíèé ëiíiéíèé îïåðàòîð. Òîäi ó âñiõ òî÷êàõ ðåãóëÿðíîñòi ðå-
çîëüâåíòíèõ ôóíêöié R̂z(A) òà R̂w(A

p) ñïðàâäæó¹òüñÿ ðiâíiñòü

R̂z(A)R̂w(A
p) =

1

zp − w

(
zpR̂z(A)− w

p−1∑
r=0

zrArR̂w(A
p)

)
. (11)

Äîâåäåííÿ . ßêùî äî îáîõ ÷àñòèí (11) çàñòîñóâàòè îïåðàòîð
(zp − w) (I − zA) (I − wAp), òî îòðèìà¹ìî

zp − w = zp (I − wAp)− w

p−1∑
r=0

zrAr (I − zA) =

= zp − wzpAp − w (I − zpAp) = zp − w.
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Îñêiëüêè îòðèìàíà ðiâíiñòü ¹ î÷åâèäíîþ, à z òà w ¹ ðåãóëÿðíèìè
òî÷êàìè âiäïîâiäíèõ ðåçîëüâåíòíèõ ôóíêöié, òî i ïî÷àòêîâà ðiâíiñòü
ìà¹ ìiñöå.

Ëåìà 2. Çà óìîâ ëåìè 1

R̂w(A
p) =

1

p

p−1∑
r=0

Rw1/pξ(p)r (A),

äå ξ
(p)
r = e2πir/p, r = 0, p− 1, � êîðåíi p-ãî ñòåïåíÿ ç 1.
Äîâåäåííÿ . ßê âiäîìî (äèâ. íàïð. [8, ñ. 155]) êîðåíi p-ãî ñòå-

ïåíÿ ç 1 óòâîðþþòü àáåëåâó ãðóïó âiäíîñíî ìíîæåííÿ. Ïîçíà÷èìî
öþ ãðóïó ÷åðåç Gp. Âîíà áóäå öèêëi÷íîþ i îäèíè÷íèì åëåìåíòîì â

íié áóäå ξ
(p)
0 = 1. Ëåãêî ïåðåêîíàòèñÿ, ùî ïðè p ≥ 2 áóäå ìàòè ìiñöå

ðiâíiñòü
p−1∑
r=0

ξ(p)r =

p−1∑
r=0

(
ξ
(p)
1

)r
=

(
ξ
(p)
1

)p
− 1

ξ
(p)
1 − 1

= 0.

Ïðè âñiõ íàòóðàëüíèõ k

Gp,m =

{(
ξ
(p)
1

)k
, r = 1, p

}
⊆ Gp

áóäå óòâîðþâàòè ïiäãðóïó ãðóïè Gp. Áiëüøå òîãî, ÿêùî íàéáiëü-
øèé ñïiëüíèé äiëüíèê ÷èñåë p òà k äîðiâíþ¹ d, òî áóäåìî ìàòè
Gp,k = Gp/d.

Îòæå, ïðè êîæíîìó k ∈ N
p−1∑
r=0

(
ξ(p)r

)k
=

{
0, ïðè k, ùî íå äiëèòüñÿ íà p,
p, ïðè k, ùî äiëèòüñÿ íà p.

À òîìó

R̂w(A
p) = (I − wAp)

−1
=

∞∑
k=0

wkApk =
∞∑
k=0

(
w1/pA

)pk
=

=
1

p

∞∑
k=0

(
w1/pA

)k p−1∑
r=0

(
ξ(p)r

)k
=
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=
1

p

p−1∑
r=0

∞∑
k=0

(
w1/pξ(p)r A

)k
=

1

p

p−1∑
r=0

R
w1/pξ

(p)
r

(A).

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ íàñòóïíèé ðåçóëüòàò.
Ëåìà 3. Íåõàé

f̃(z) =
∞∑
k=0

s̃kz
k.

Òîäi

f(z, w) =

∞∑
k,m=0

s̃k+pmz
kwm =

zp

zp − w
f̃(z)− w1/p

p

p−1∑
r=0

ξ
(p)
r f̃(w1/pξ

(p)
r )

z − w1/pξ
(p)
r

.

Òàê ùî, âðàõîâóþ÷è ëåìó 1,

f(z, w) =
∞∑

k,m=0

sk,mz
kwm =

⟨
R̂z(A)R̂w(A

p)x̃0, ỹ0

⟩
=

=
1

zp − w

{
zp
⟨
R̂z(A)x̃0, ỹ0

⟩
− w

⟨
p−1∑
r=0

zrArR̂w(A
p)x̃0, ỹ0

⟩}
. (12)

Äëÿ ïîáóäîâè àïðîêñèìàíò òèïó Ïàäå ôóíêöi¨ âèãëÿäó (12) ìî-
æíà çàñòîñóâàòè òåîðåìó 1.

Ïîêëàäåìî

xk,m = Ak+pmx0,0 = x̃k+pm, (k,m) ∈ Z2
+,

yj,n = A∗(j+pn)y0,0 = ỹj+pn, (j, n) ∈ Z2
+.

Ùîá ïîáóäóâàòè âiäïîâiäíó àïðîêñèìàíòó çi çíàìåííèêîì âèãëÿ-
äó

QN1,N2(z, w) =

N1∑
k=0

N2∑
m=0

q
(N1,N2)
k,m zkwm

ïîòðiáíî ïîáóäóâàòè óçàãàëüíåíèé ïîëiíîì XN1,N2 âèãëÿäó

XN1,N2 =

N1∑
k=0

N2∑
m=0

c
(N1,N2)
k,m xk,m =

N1∑
k=0

N2∑
m=0

c
(N1,N2)
k,m x̃k+pm, (13)
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äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

⟨XN1,N2 , yj,n⟩ = 0, (j, n) ∈
(
[0, N1]× [0, N2]

)
\{(N1, N2)},

àáî æ

⟨XN1,N2 , ỹj+pn⟩ = 0, (j, n) ∈
(
[0, N1]× [0, N2]

)
\{(N1, N2)},

àáî æ

⟨XN1,N2 , ỹj⟩ = 0, j = 0, N1 + pN2 − 1. (14)

Çãiäíî ç íàøèìè ïðèïóùåííÿìè òàêèé óçàãàëüíåíèé ïîëiíîì
iñíó¹ òà ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

XN1,N2 =

N1+pN2∑
r=0

d(N1+rN2)
r x̃r, d

(N1+pN2)
N1+rN2

̸= 0. (15)

Ñïiâñòàâèâøè (13) òà (15), áà÷èìî, ùî, ââàæàþ÷è âiäîìèìè

êîåôiöi¹íòè {d(N1+pN2)
r }N1+pN2

r=0 , ìè ìîæåìî âèçíà÷àòè êîåôiöi¹í-

òè {c(N1,N2)
k,m : k = 0, N1,m = 0, N2}, àëå íåîäíîçíà÷íî. Îáåðåìî ñåðåä

âñiõ ìîæëèâèõ ñïîñîáiâ íàñòóïíi:

i)

c
(N1,N2)
k,m =

1

ηk+pm
d
(N1+pN2)
k+pm , (k,m) ∈ [0, N1]× [0, N2], (16)

äå ηr � êiëüêiñòü âñiõ ìîæëèâèõ ïàð (k,m) ∈ [0, N1] × [0, N2] ,
òàêèõ ùî k + pm = r;

ii)

c
(N1,N2)
k,m =

{
d
(N1+pN2)
k+pm , ïðè (k,m) ∈W (N1, N2, p),

0, ïðè (k,m) /∈W (N1, N2, p)

äå ìíîæèíà W (N1, N2, p) =
{
(k,m) ∈

(
[0, p− 1]× [0, N2 − 1]

)
∪

∪{(k,N2) : k ∈ [0, N1]}
}
.
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Ðîçãëÿíåìî ñïî÷àòêó ïåðøèé ñïîñiá îá÷èñëåííÿ êîåôiöi¹íòiâ

c
(N1,N2)
k,m . Äëÿ öüîãî ïiäðàõó¹ìî âåëè÷èíè ηr, r = 0, N1 + pN2.

Ëåìà 4. Äëÿ êîæíîãî r = 0, N1 + pN2

ηr =

[
r

p

]
+ 1−

([
r −N1 − 1

p

]
+ 1

)
χN1+1(r)−

−
([

r − pN2 − 1

p

]
+ 1

)
χpN2+1(r), (17)

äå

χN (r) =

{
0, r < N
1, r ≥ N.

.

Äîâåäåííÿ . Ðîçãëÿíåìî ïîäâiéíó ñóìó

N1∑
k=0

N2∑
m=0

ξk+pm.

Î÷åâèäíî, ùî âîíà áóäå äîðiâíþâàòè

N1+pN2∑
k=0

ηr ξ
k+pm.

Ç iíøîãî áîêó

N1∑
k=0

N2∑
m=0

ξk+pm =

N1∑
k=0

ξk
N2∑
m=0

ξpm =
1− ξN1+1

1− ξ
· 1− ξpN2+1

1− ξp
. (18)

Îñêiëüêè ìàþòü ìiñöå ðîçâèíåííÿ

1

1− ξ
= 1 + ξ + ξ2 + . . . =

∞∑
k=0

ξk,

1

1− ξp
= 1 + ξp + ξ2p + . . . =

∞∑
m=0

ξpm,
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òî
1

(1− ξ)(1− ξp)
=

∞∑
r=0

([
r

p

]
+ 1

)
ξr. (19)

Òîìó îòðèìà¹ìî

N1+pN2∑
r=0

ηr ξ
r =

∞∑
r=0

([
r

p

]
+ 1

)
ξr −

∞∑
r=N1+1

([
r −N1 − 1

p

]
+ 1

)
ξr−

−
∞∑

r=pN2+1

([
r − pN2 − 1

p

]
+ 1

)
ξr+

+
∞∑

r=pN2+N1+2

([
r − pN2 −N1 − 2

p

]
+ 1

)
ξr.

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè ñòåïåíÿõ ξ, îòðèìà¹ìî ðiâíiñòü
(17).

Îñêiëüêè, çãiäíî ç (14), ïîëiíîì XN1,N2 áóäå îðòîãîíàëüíèì íå
ëèøå äî {

yj,n : (j, n) ∈
(
[0, N1]× [0, N2]

)
\{(N1, N2)}

}
,

àëå i äî

{yj,n : j + pn ≤ N1 + pN2 − 1},

òî â òåîðåìi 1 â ÿêîñòi ôóíêöi¨ Φ âiçüìåìî ôóíêöiþ

Φ(u, t) = u+ pt− 2N1 − 2pN2 + 1.

Òîäi äëÿ ôóíêöié ψ(t) òà φ(u) ìàòèìåìî
ψ(t) = 2N1 + 2pN2 − pt− 1, φ(u) = 2N2 +

1
p (2N1 − u− 1).

Îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò:
Òåîðåìà 2. Íåõàé X òà Y � áàíàõîâi ïðîñòîðè, ⟨., .⟩ � ðîçäiëü-

íî íåïåðåðâíà áiëiíiéíà ôîðìà, âèçíà÷åíà íà äåêàðòîâîìó äîáóòêó
X × Y , A : X → X � îáìåæåíèé ëiíiéíèé îïåðàòîð, x̃0 ∈ X , ỹ0 ∈ Y
òàêi, ùî âèêîíó¹òüñÿ óìîâà (9).
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Òîäi äëÿ ôóíêöi¨ f , ùî ìà¹ çîáðàæåííÿ (12), ïðè
N1 ≥ p− 1, N2 ≥ 0 ðàöiîíàëüíà ôóíêöiÿ

[N/D]f (z, w) =
PN (z, w)

QD(z, w)
, (20)

äå

QD(z, w) =

N1∑
k=0

N2∑
m=0

d
(N1+pN2)
N1+pN2−k−pm

ηN1+pN2−k−pm
zkwm, (21)

a

PN (z, w) =

N1−1∑
j=0

N2−1∑
n=0

zjwn
j∑

k=0

n∑
m=0

d
(N1+pN2)
N1+pN2−k−pm

ηN1+pN2−k−pm
s̃j−k+p(n−m)+

+zN1

N2−1∑
n=0

N1+2pN2−pn−1∑
j=0

zjwn
N1∑
k=0

n∑
m=0

d
(N1+pN2)
k+p(N2−m)

ηk+p(N2−m)
s̃k+j+p(n−m)+

+wN2

N1−1∑
j=0

N2+[(2N1−j−1)/p]∑
n=0

zjwn
j∑

k=0

N2∑
m=0

d
(N1+pN2)
N1−k+pm

ηN1−k+pm
s̃j−k+p(n+m),

(22)
ìàòèìå ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä, êîåôiöi¹íòè ÿêî-
ãî ñïiâïàäàòèìóòü ç êîåôiöi¹íòàìè ðÿäó (12) äëÿ
(k,m) ∈ {(k,m) ∈ Z2

+ : k + pm ≤ 2N1 + 2pN2 + 1}
Âðàõóâàâøè îñîáëèâîñòi âèçíà÷åííÿ êîåôiöi¹íòiâ c

(N1,N2)
k,m ,

k = 0, N1, m = 0, N2, çà äîïîìîãîþ äðóãîãî ñïîñîáó îòðèìó¹ìî
íàñòóïíó òåîðåìó.

Òåîðåìà 3. Íåõàé X òà Y � áàíàõîâi ïðîñòîðè, ⟨., .⟩ � ðîçäiëü-
íî íåïåðåðâíà áiëiíiéíà ôîðìà, âèçíà÷åíà íà äåêàðòîâîìó äîáóòêó
X × Y , A : X → X � îáìåæåíèé ëiíiéíèé îïåðàòîð, x̃0 ∈ X , ỹ0 ∈ Y
òàêi, ùî âèêîíó¹òüñÿ óìîâà (9).

Òîäi äëÿ ôóíêöi¨ f , ùî ìà¹ çîáðàæåííÿ (12), ïðè
N1 ≥ p− 1, N2 ≥ 0 ðàöiîíàëüíà ôóíêöiÿ

[N/D]f (z, w) =
PN (z, w)

QD(z, w)
, (23)
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äå

QD(z, w) =

N1∑
k=0

d
(N1+pN2)
N1+pN2−kz

k +

N1∑
k=N1−p+1

N2∑
m=1

d
(N1+pN2)
N1+pN2−k−pmz

kwm,

(24)
a

PN (z, w) =

N1−1∑
k=0

N2−1∑
m=0

zkwm
k∑
j=0

d
(N1+pN2)
N1−j+pN2

s̃k−j+pm+

+

N1−1∑
k=N1+1−p

N2−1∑
m=1

zkwm
k∑

j=N1+1−p

m∑
n=1

d
(N1+pN2)
N1−j+p(N2−n) s̃k−j+p(n−m)+

+zN1


N2−1∑
m=0

N1+2pN2−pm−1∑
k=0

zkwm
N1∑
j=0

d
(N1+pN2)
j+pN2

s̃k+j+pm+

+

N2−1∑
m=0

N1+2pN2−pm−1∑
k=0

zkwm
p−1∑
j=0

m∑
n=0

d
(N1+pN2)
j+p(N2−n) s̃k+j+p(m−n)


+wN2


N1−1∑
k=0

N2+[(2N1−k−1)/p]∑
m=0

zkwm
k∑
j=0

d
(N1+pN2)
N1−j+pN2

s̃k−j+p(m+N2)+

+

N1−1∑
k=N1+1−p

N2+[(2N1−k−1)/p]∑
m=0

zkwm×

×
k∑

j=N1+1−p

N2∑
n=0

d
(N1+pN2)
N1−j+pn s̃k−j+p(n+m)

 , (25)

ìàòèìå ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä, êîåôiöi¹íòè ÿêî-
ãî ñïiâïàäàòèìóòü ç êîåôiöi¹íòàìè ðÿäó (12) äëÿ
(k,m) ∈ {(k,m) ∈ Z2

+ : k + pm ≤ 2N1 + 2pN2 + 1}.
Ðîçãëÿíåìî îêðåìi âèïàäêè, êîëè âèêîíó¹òüñÿ óìîâà (9), i, îòæå,

ç âèêîðèñòàííÿì òåîðåì 2 òà 3 ìîæíà áóäóâàòè àïðîêñèìàíòè òèïó
Ïàäå äëÿ ñïåöiàëüíèõ ðÿäiâ äâîõ çìiííèõ.
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Ïîêëàäåìî X = Y = L2 ([0, 1], dµ), äå µ � íåñïàäíà ôóíêöiÿ, ùî
ìà¹ íåñêií÷åííó êiëüêiñòü òî÷îê çðîñòàííÿ íà [0, 1]. Â òàêîìó ðàçi
X = Y � íåñêií÷åííîâèìiðíèé ãiëüáåðòiâ ïðîñòið.

Ðîçãëÿíåìî â öüîìó ïðîñòîði îïåðàòîð ìíîæåííÿ íà íåçàëåæíó
çìiííó

(Aφ)(t) = tφ(t), φ ∈ X .

Áóäåìî ââàæàòè òàêîæ, ùî

x̃0(t) = ỹ0(t) ≡ 1.

Òîäi
x̃k(t) = tk, ỹj(t) = tj , k, j = 0,∞,(

R̂z(A)φ
)
(t) =

φ(t)

1− zt
,

f̃(z) =

∫ 1

0

dµ(t)

1− zt
.

Âñi óìîâè òåîðåìè 2, âêëþ÷àþ÷è óìîâó (9), âèêîíóþòüñÿ. I, îòæå,
äëÿ ôóíêöi¨

f(z, w) =
1

zp − w

{
zp
∫ 1

0

dµ(t)

1− zt
− w

p−1∑
r=0

zr
∫ 1

0

trdµ(t)

1− wtp

}
(26)

¨¨ àïðîêñèìàíòè òèïó Ïàäå ìîæóòü áóòè çàïèñàíi ó âèãëÿäi (20)-(22),

äå d
(N)
k , k = 0, N , � êîåôiöi¹íòè àëãåáðà¨÷íèõ ìíîãî÷ëåíiâ, îðòîíîð-

ìîâàíèõ íà [0,1] çà âàãîþ dµ, à

s̃k =

∫ 1

0

tkdµ(t), k = 0,∞, −

öå ìîìåíòè ìiðè dµ.
Íåõàé òåïåð äëÿ äåÿêèõ α, β ∈ [0, 1)

Xα =
{
x(t) : sup

t∈[0,1]

|x(t) tα| <∞
}
,

Yβ =
{
y(t) : sup

t∈[0,1]

|y(t)(1− t)β | <∞
}
,
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||x||Xα = sup
t∈[0,1]

|x(t) tα|,

||y||Yβ
= sup
t∈[0,1]

|y(t)(1− t)β |.

Ðîçãëÿíåìî â ïðîñòîði Xα ëiíiéíèé îáìåæåíèé îïåðàòîð iíòåãðó-
âàííÿ

(Aφ) (t) =

∫ t

0

φ(τ)dτ.

Ñïðÿæåíèì äî íüîãî âiäíîñíî áiëiíiéíî¨ ôîðìè

⟨φ,ψ⟩ =
∫ 1

0

φ(t)ψ(t)dt (27)

áóäå îïåðàòîð A∗ : Yβ → Yβ

(A∗ψ) (t) =

∫ 1

t

ψ(τ)dτ.

Ïîêëàäåìî òàêîæ

x̃0(t) = tν , ν > −α,

ỹ0(t) = (1− t)σ, σ > −β.
Òîäi

x̃k(t) =
tk+ν

(ν + 1)k
, k = 0,∞,

ỹj(t) =
(1− t)j+σ

(σ + 1)j
, j = 0,∞,

äå ñèìâîë Ïîõãàììåðà âèçíà÷à¹òüñÿ ñïiâiäíîøåííÿì

(a)k =

{
1, k = 0
a(a+ 1) . . . (a+ k − 1), k = 1, 2, . . .

Íåâàæêî ïiäðàõóâàòè ðåçîëüâåíòíó ôóíêöiþ îïåðàòîðà A (äèâ.
íàïð., [7, ñ. 35-36] )(

R̂z(A)φ
)
(t) = φ(t) + z

∫ t

0

φ(τ)ez(t−z)dτ.
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Îòîæ, îòðèìà¹ìî

f̃(z) =
⟨
R̂z(A)x̃0, ỹ0

⟩
=

=
Γ(ν + 1)Γ(σ + 1)

Γ(ν + σ + 2)

(
1 + zez

∫ 1

0

τν+σ+1e−zτdτ

)
.

Ïðè ν + σ + 1 > 0 ìîæíà îòðèìàòè òàêîæ çîáðàæåííÿ

f̃(z) =
Γ(ν + 1)Γ(σ + 1)

Γ(ν + σ + 2)
ez
∫ 1

0

τν+σe−zτdτ.

Êîåôiöi¹íòè s̃k ìàòèìóòü âèãëÿä

s̃k =

∫ 1

0

x̃k(t)ỹ0(t)d(t) =
Γ(ν + 1)Γ(σ + 1)

Γ(ν + σ + 2)(ν + σ + 2)k
, k = 0,∞.

Îòæå,

f̃(z) =
∞∑
k=0

s̃kz
k =

Γ(ν + 1)Γ(σ + 1)

Γ(ν + σ + 2)

∞∑
k=0

zk

(ν + σ + 2)k
=

=
Γ(ν + 1)Γ(σ + 1)

Γ(ν + σ + 2)
1F1(1; ν + σ + 2; z), (28)

äå 1F1(a; b; z) � âèðîäæåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ Êóììåðà [9,
ñ. 321].

Çãiäíî ç ëåìîþ 3

f(z, w) =
zp

zp − w
f̃(z)− w1/p

p

p−1∑
r=0

ξ
(p)
r f̃(w1/pξ

(p)
r )

z − w1/pξ
(p)
r

, (29)

äå f̃ ìà¹ âèãëÿä (28).
Äëÿ ôóíêöi¨ âèãëÿäó (29) çà òåîðåìîþ 3 áóäóþòüñÿ àïðîêñèìàíòè

òèïó Ïàäå ç êîåôiöi¹íòàìè d
(N)
k , ùî áóäóòü ìàòè âèãëÿä

d
(N)
k = p

(N)
k (ν + 1)k,
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äå p
(N)
k � êîåôiöi¹íòè çñóíóòèõ îðòîãîíàëüíèõ íà [0,1] çà ìiðîþ

tν(1− t)σdt ìíîãî÷ëåíiâ ßêîái. Âiäîìî (äèâ., íàïð., [9, p. 581] ùî

p
(N)
k = (−1)N−k

(
N

k

)
Γ(N + k + σ + ν + 1)

Γ(k + ν + 1)
, k = 1, N.

Äëÿ ôóíêöi¨ âèãëÿäó (29) ñïðàâäæó¹òüñÿ íàñòóïíèé ðåçóëüòàò,
ùî âñòàíîâëþ¹ çáiæíiñòü òàê ïîáóäîâàíèõ àïðîêñèìàíò òèïó Ïàäå.

Òåîðåìà 4. Ïîáóäîâàíi â òåîðåìi 3 àïðîêñèìàíòè òèïó Ïàäå
ôóíêöi¨ f âèãëÿäó (29) ïðè ν, σ > −1 íà êîæíîìó êîìïàêòi ç C2

ðiâíîìiðíî çáiãàþòüñÿ äî f ïðè N1, N2 → ∞.
Ïðè öüîìó äëÿ çíàìåííèêiâ àïðîêñèìàíò ñïðàâäæó¹òüñÿ àñèì-

òîòè÷íà ôîðìóëà

QD(z, w) = (−1)N1+pN2
Γ(2N1 + 2pN2 + σ + ν + 1)

Γ(ν + 1)
× (30)

×
(
e−z/2 + o(1)

)
, N1, N2 → ∞,

à äëÿ ÷èñåëüíèêiâ ôîðìóëà

PN (z, w) = (−1)N1+pN2
Γ(2N1 + 2pN2 + σ + ν + 1)

Γ(ν + 1)
×

×
(
e−z/2f(z, w) + o(1)

)
, N1, N2 → ∞. (31)

Äîâåäåííÿ . Ñïî÷àòêó âñòàíîâèìî àñèìïòîòè÷íó ôîðìóëó (30).
Çà òåîðåìîþ 3 äëÿ çíàìåííèêà QD ìà¹ ìiñöå çîáðàæåííÿ

QD(z, w) =

N1∑
k=0

(−1)N1+pN2−k
(
N1 + pN2

k

)
×

×Γ(2N1 + 2pN2 + σ + ν + 1− k)

Γ(N1 + pN2 + ν + 1− k)
(ν + 1)N1+pN2−kz

k+

+

N1∑
k=N1−p+1

N2∑
m=1

(−1)N1+pN2−k−pm
(
N1 + pN2

k + pm

)
×
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×Γ(2N1 + 2pN2 + σ + ν + 1− k − pm)

Γ(N1 + pN2 + ν + 1− k − pm)
(ν + 1)N1+pN2−k−pmz

kwm =

=
(−1)N1+pN2Γ(2N1 + 2pN2 + σ + ν + 1)

Γ(ν + 1)
×

×

{
N1∑
k=0

(−1)k
(
N1 + pN2

k

)
Γ(2N1 + 2pN2 + σ + ν + 1− k)

Γ(2N1 + 2pN2 + σ + ν + 1)
×

× Γ(N1 + pN2 + ν + 1)

Γ(N1 + pN2 + ν + 1− k)
· (ν + 1)N1+pN2−k

(ν + 1)N1+pN2

zk+

+

N1∑
k=N1−p+1

N2∑
m=1

(−1)k+pm
(
N1 + pN2

k + pm

)
×

×Γ(2N1 + 2pN2 + σ + ν + 1− k − pm)

Γ(2N1 + 2pN2 + σ + ν + 1)
×

× Γ(N1 + pN2 + ν + 1)

Γ(N1 + pN2 + ν + 1− k − pm)
· (ν + 1)N1+pN2−k−pm

(ν + 1)N1+pN2

zkwm
}

=

= κN1,N2

(
S(z) + T (z, w)

)
.

Äëÿ S(z) ìà¹ìî

S(z) =

N1∑
k=0

(−1)k
(
N1 + pN2

k

)
Γ(2N1 + 2pN2 + σ + ν + 1− k)

Γ(2N1 + 2pN2 + σ + ν + 1)
×

× Γ(N1 + pN2 + ν + 1)

Γ(N1 + pN2 + ν + 1− k)
· (ν + 1)N1+pN2−k

(ν + 1)N1+pN2

zk =

=

N1∑
k=0

(−z)k

k!
· (N1 + pN2) . . . (N1 + pN2 − k + 1)

(2N1 + 2pN2 + σ + ν) . . . (2N1 + 2pN2 + σ + ν − k + 1)
=

=

N1∑
k=0

(−z)k

k!

k∏
r=1

N1 + pN2 − r + 1

2N1 + 2pN2 + σ + ν − k + 1
=

=

N1∑
k=0

(−z)k

k!

k∏
r=1

(
1

2
− 1/2(σ + ν + r − 1)

2N1 + 2pN2 + σ + ν − r + 1

)
.
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Ïðè äåÿêîìó äîñèòü âåëèêîìó M < N1 ðîçãëÿíåìî ðiçíèöþ∣∣∣S(z)− e−z/2
∣∣∣ ≤

≤

∣∣∣∣∣
M∑
k=0

(−z/2)k

k!

{
k∏
r=1

(
1− σ + ν + r − 1

2N1 + 2pN2 + σ + ν − r + 1

)
− 1

}∣∣∣∣∣+
+

∣∣∣∣∣
N1∑

k=M+1

(−z/2)k

k!

k∏
r=1

(
1− σ + ν + r − 1

2N1 + 2pN2 + σ + ν − r + 1

)∣∣∣∣∣+
+

∣∣∣∣∣
∞∑

k=M+1

(−z/2)k

k!

∣∣∣∣∣ .
Íà êîæíîìó êîìïàêòi ç C2 ïðè êîæíîìó ôiêñîâàíîìó M ïåðøèé

äîäàíîê ïðè N1, N2 → ∞ áóäå ðiâíîìiðíî ïðÿìóâàòè äî 0. Äðóãèé
òà òðåòié äîäàíêè çà ðàõóíîê âèáîðó M ìîæíà çðîáèòè ÿê çàâãîäíî
ìàëèìè.

Àíàëîãi÷íî äëÿ T (z, w) ìà¹ìî

T (z, w) =

p−1∑
l=0

N2∑
m=1

(
−1

2

)N1−l+pm 1

(N1 − l + pm)!
×

×
N1−l+pm∏

r=1

(
1− σ + ν + r − 1

2N1 + 2pN2 + σ + ν − r + 1

)
zN1−lwm.

Î÷åâèäíî, ùî ïðè äîñèòü âåëèêèõ N1 òà N2 áóäå∣∣∣∣1− σ + ν + r − 1

2N1 + 2pN2 + σ + ν − r + 1

∣∣∣∣ < δ,

äå 1 < δ <∞. Îòîæ,

|T (z, w)| ≤
p−1∑
l=0

N2∑
m=1

(
δ

2

)N1−l+pm

|z|N1−l|w|m 1

(N1 − l + pm)!
.

Âiçüìåìî äîñèòü âåëèêå M < N2. Òîäi
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|T (z, w)| ≤
p−1∑
l=0

M∑
m=1

(
δ

2

)N1−l+pm

|z|N1−l|w|m 1

(N1 − l + pm)!
+

+

p−1∑
l=0

N2∑
m=M+1

(
δ

2

)N1−l+pm

|z|N1−l|w|m 1

(N1 − l + pm)!
.

Ïåðøèé äîäàíîê ïðè N1, N2 → ∞ ïðÿìó¹ äî 0, à äðóãèé, çà ðà-
õóíîê âèáîðó M , ìîæå áóòè çðîáëåíèì ÿê çàâãîäíî ìàëèì.

Òàêèì ÷èíîì, àñèìïòîòè÷íà ôîðìóëà (30) âñòàíîâëåíà. Çàâäÿêè
öié ôîðìóëi ìè ìîæåìî òàêîæ ñòâåðäæóâàòè, ùî íà êîæíîìó êîì-
ïàêòi ç C2, ïî÷èíàþ÷è ç äåÿêèõ âåëèêèõ íîìåðiâ N1 òà N2, âiäñóòíi
íóëi çíàìåííèêiâ àïðîêñèìàíòè òèïó Ïàäå.

Ðåøòà òâåðäæåíü òåîðåìè âñòàíîâëþþòüñÿ àíàëîãi÷íî âiäïîâiä-
íèì òâåðäæåííÿì òåîðåìè 2 ç [4] ç âèêîðèñòàííÿì ôîðìóëè äëÿ ïî-
õèáêè àïðîêñèìàöi¨ òèïó Ïàäå, âñòàíîâëåíî¨ â [2].
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