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Exact expressions for two–dimensional rational approximants are derived
for some power series using method of generalized moment representations.

Èñïîëüçóÿ ìåòîä îáîáùåííûõ ìîìåíòíûõ ïðåäñòàâëåíèé, ïîëó÷åíû
ÿâíûå âûðàæåíèÿ äëÿ äâóìåðíûõ ðàöèîíàëüíûõ àïïðîêñèìàíò íåêî-
òîðûõ ñòåïåííûõ ðÿäîâ.

Áàãàòîâèìiðíi àíàëîãè àïðîêñèìàöié Ïàäå âèâ÷àþòüñÿ ùå ç äðó-
ãî¨ ïîëîâèíè XX ñò. Ðiçíîìàíiòíi ïiäõîäè äî ïîáóäîâè òàêèõ àíàëîãiâ
îïèñàíî, çîêðåìà, â [1]. Íà áàçi ðîçâèòêó ìåòîäó óçàãàëüíåíèõ ìîìåí-
òíèõ çîáðàæåíü Äçÿäèêà [2] â [3] áóëî çàïðîïîíîâàíî ìåòîä ïîáóäîâè
òà äîñëiäæåííÿ ðàöiîíàëüíèõ àïðîêñèìàíò òèïó Ïàäå äëÿ ñòåïåíå-
âèõ ðÿäiâ äâîõ çìiííèõ, ùî áàçó¹òüñÿ íà âèêîðèñòàííi äâîâèìiðíèõ
óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü.

Îçíà÷åííÿ 1 ( [3]) Áóäåìî ãîâîðèòè, ùî äëÿ äâîâèìiðíî¨ ÷èñëî-
âî¨ ïîñëiäîâíîñòi{sk,m}∞k,m=0 ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðà-
æåííÿ íà äîáóòêó äåÿêèõ ëiíiéíèõ ïðîñòîðiâ X × Y çà áiëiíiéíîþ
ôîðìîþ ⟨., .⟩, ÿêùî ó ïðîñòîði X âêàçàíî äâîâèìiðíó ïîñëiäîâíiñòü
åëåìåíòiâ {xk,m}∞k,m=0 , à ó ïðîñòîði Y � äâîâèìiðíó ïîñëiäîâíiñòü
åëåìåíòiâ {yj,n}∞j,n=0 òàêi, ùî

sk+j,m+n = ⟨xk,m, yj,n⟩, k, j,m, n ∈ Z+. (1)

c⃝ À.Ï. Ãîëóá, Ã.Ì. Âåñåëîâñüêà, 2014
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Ó âèïàäêó, êîëè ïðîñòîðè X òà Y � íîðìîâàíi i ó ïðîñòîði X
iñíóþòü îáìåæåíi ëiíiéíi îïåðàòîðè A,B : X → X , ÿêi êîìóòóþòü
ìiæ ñîáîþ, i òàêi, ùî:

Axk,m = xk+1,m,

Bxk,m = xk,m+1,

äëÿ âñiõ k,m ∈ Z+, à ó ïðîñòîði Y iñíóþòü ëiíiéíi îáìåæåíi îïåðàòîðè
A∗, B∗ : Y → Y òàêi, ùî

⟨Ax, y⟩ = ⟨x,A∗y⟩,

⟨Bx, y⟩ = ⟨x,B∗y⟩,

äëÿ ∀x ∈ X , ∀y ∈ Y , çîáðàæåííÿ (1) ìîæíà ïîäàòè â îïåðàòîðíîìó
âèãëÿäi:

sk,m = ⟨AkBmx0,0, y0,0⟩, k,m ∈ Z+. (2)

Ïîñòàâèìî ó âiäïîâiäíiñòü äâîâèìiðíié ÷èñëîâié ïîñëiäîâíîñòi
{sk,m}∞k,m=0 ôîðìàëüíèé ñòåïåíåâèé ðÿä âiä äâîõ çìiííèõ:

f(z, w) =
∞∑

k,m=0

sk,mz
kwm. (3)

Çîáðàæåííÿ êîåôiöi¹íòiâ sk,m ó âèãëÿäi (2) äà¹ çìîãó ìîäèôiêóâàòè
ïîäàííÿ ôóíêöi¨ (3):

f(z, w) = ⟨R̂z(A)R̂w(B)x0,0, y0,0⟩, (4)

äå ðåçîëüâåíòíà ôóíêöiÿ R̂w âèçíà÷à¹òüñÿ ðiâíiñòþ
R̂w(A) = (I − wA)

−1
.

Ó [3] áóëî âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò:

Òåîðåìà 1 Íåõàé ôîðìàëüíèé ñòåïåíåâèé ðÿä âiä äâîõ çìiííèõ
ìà¹ âèãëÿä (3) òà íåõàé äëÿ äâîâèìiðíî¨ ïîñëiäîâíîñòi {sk,m}∞k,m=0

ìà¹ ìiñöå óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ íà äîáóòêó ëiíiéíèõ
ïðîñòîðiâ X ×Y âèãëÿäó (1). Òîäi, ÿêùî äëÿ äåÿêèõ N1, N2 ∈ N iñíó¹
óçàãàëüíåíèé ïîëiíîì

YN1,N2 =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
j,n yj,n, c

(N1,N2)
N1,N2

̸= 0, (5)
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òàêèé, ùî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi

⟨xk,m, YN1,N2⟩ = 0, (6)

ïðè (k,m) ∈ [0, N1]× [0, N2]\{(N1, N2)}, òî ðàöiîíàëüíà ôóíêöiÿ

[N/D]f (z, w) =
PN (z, w)

QD(z, w)
, (7)

äå

QD(z, w) =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
N1−j,N2−nz

jwn (8)

i

PN (z, w) =

N1−1∑
k=0

N2−1∑
m=0

zkwm
k∑

j=0

m∑
n=0

c
(N1,N2)
N1−j,N2−nsk−j,m−n+

+zN1

N1∑
k=0

N2−1∑
m=0

zkwm
N1∑
j=0

m∑
n=0

c
(N1,N2)
j,N2−n sk+j,m−n+

+wN2

N1−1∑
k=0

N2∑
m=0

zkwm
N1∑
j=0

m∑
n=0

c
(N1,N2)
N1−j,n sk−j,m+n, (9)

ìàòèìå ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä, êîåôiöi¹íòè
ÿêîãî çáiãàòèìóòüñÿ ç êîåôiöi¹íòàìè ðÿäó (2) äëÿ
(k,m) ∈ E = [0, 2N1]× [0, 2N2]\{(2N1, 2N2)}.

Â [3]� [5] íà ïiäñòàâi òåîðåìè 1 òà äåÿêèõ ¨¨ óçàãàëüíåíü áóëî ïî-
áóäîâàíî àïðîêñèìàíòè òèïó Ïàäå äëÿ íèçêè ñòåïåíåâèõ ðÿäiâ äâîõ
çìiííèõ, çîêðåìà äëÿ ÷àñòèííèõ âèïàäêiâ ãiïåðãåîìåòðè÷íèõ ðÿäiâ
Àïïåëÿ òà Ãóìáåðòà. Â äàíié ïðàöi ïðîïîíó¹òüñÿ ïîøèðåííÿ âêàçà-
íîãî ïiäõîäó íà íîâèé êëàñ ñòåïåíåâèõ ðÿäiâ.

Íåõàé X = Y = L2([0, 1], t
νdt), ν > −1, � ïðîñòîðè ôóíêöié, ñó-

ìîâíèõ ç êâàäðàòîì çà ìiðîþ tνdt íà [0, 1]. Ðîçãëÿíåìî â ïðîñòîði X
ëiíiéíi îáìåæåíi îïåðàòîðè

(Aφ)(t) = tφ(t),

(Bφ)(t) = tσφ(t),
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äå σ > 0 � iððàöiîíàëüíå ÷èñëî. Íà äîáóòêó ïðîñòîðiâ X × Y âèçíà-
÷èìî áiëiíiéíó ôîðìó

⟨x, y⟩ =
1∫

0

x(t)y(t)tνdt.

Íåõàé
x0,0(t) = y0,0(t) ≡ 1.

Òîäi
xk,m(t) = yk,m(t) = tk+mσ, k,m ∈ Z+.

Âðàõîâóþ÷è (2), ìà¹ìî:

sk,m =

1∫
0

tk+mσ+νdt =
1

k +mσ + ν + 1
, k,m ∈ Z+, (10)

îòæå,

f(z, w) =
∞∑

k,m=0

zkwm

k +mσ + ν + 1
. (11)

Çãiäíî ç òåîðåìîþ 1 äëÿ çíàõîäæåííÿ àïðîêñèìàíòè Ïàäå ôóíêöi¨
(11) ïîòðiáíî ïîáóäóâàòè óçàãàëüíåíèé ïîëiíîì âèãëÿäó (5), äëÿ ÿêî-
ãî á âèêîíóâàëèñÿ óìîâè áiîðòîãîíàëüíîñòi (6). Òîáòî â äàíîìó âè-
ïàäêó íàì ïîòðiáíî ïîáóâàòè óçàãàëüíåíèé ïîëiíîì âèãëÿäó

YN1,N2 =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
j,n tj+nσ

ç óìîâàìè áiîðòîãîíàëüíîñòi

1∫
0

tk+mσ+νYN1,N2(t)dt = 0

äëÿ âñiõ (k,m) ∈ [0, N1]× [0, N2]\{(N1, N2)}.
Îñêiëüêè çà ïðèïóùåííÿì ÷èñëî σ íå ¹ ðàöiîíàëüíèì, òî ñèñòåìà

ôóíêöié
{tj+nσ : j = 0, N1, n = 0, N2} (12)
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áóäå ÷åáèøîâñüêîþ íà [0, 1]. Òîäi ïðè êîæíèõ N1, N2 ∈ N òàêi óçà-
ãàëüíåíi ïîëiíîìè YN1,N2 áóäóòü iñíóâàòè, à ¨õíi ñòàðøi êîåôiöi¹íòè
áóäóòü âiäìiííèìè âiä íóëÿ.

Çàïèøåìî ñèñòåìó ôóíêöié (12) ó òàêîìó âèãëÿäi:

{φl(t)}Ll=0, (13)

äå
L = (N1 + 1)(N2 + 1)− 1,

a

φl(t) = tλl , λl = l + (σ −N1 − 1)

[
l

N1 + 1

]
, l = 0, L,

[α] � öiëà ÷àñòèíà ÷èñëà α.
Äàëi âèêîðèñòà¹ìî íàñòóïíó òåîðåìó (äèâ., íàïðèêëàä, [7]).

Òåîðåìà 2 Íåõàé {ck,m}∞k,m=0 - äâîâèìiðíà ÷èñëîâà ïîñëiäîâ-
íiñòü òàêà, ùî ¨¨ âèçíà÷íèêè Ãàíêåëÿ ¹ âiäìiííèìè âiä íóëÿ

HN−1 := det ||ck,j ||N−1
k,j=0 ̸= 0, N ∈ N.

I íåõàé â ëiíiéíîìó ïðîñòîði X âêàçàíî ïîñëiäîâíiñòü åëåìåíòiâ
{φk(t)}∞k=0, à ó ïðîñòîði Y� ïîñëiäîâíiñòü {ψj(t)}∞j=0 òàêi, ùî

ck,j = ⟨φk, ψj⟩, k, j ∈ Z,

äå ⟨., .⟩ � áiëiíiéíà ôîðìà íà äîáóòêó ïðîñòîðiâ X òà Y. Òîäi, ÿêùî
ïðè äîâiëüíîìó N ∈ Z+ ïîáóäóâàòè óçàãàëüíåíi ïîëiíîìè

Y0 = ε0φ0, YN = εN

∣∣∣∣∣∣∣∣∣∣
c0,0 c0,1 . . . c0,N
c1,0 c1,1 . . . c1,N
. . . . . . . . . . . .

cN−1,0 cN−1,1 . . . cN−1,N

φ0 φ1 . . . φN

∣∣∣∣∣∣∣∣∣∣
, N = 1,∞,

òà

X0 = ε0ψ0, XN = εN

∣∣∣∣∣∣∣∣∣∣
c0,0 c0,1 . . . c0,N
c1,0 c1,1 . . . c1,N
. . . . . . . . . . . .

cN−1,0 cN−1,1 . . . cN−1,N

ψ0 ψ1 . . . ψN

∣∣∣∣∣∣∣∣∣∣
, N = 1,∞,
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äå εN = (HNHN−1)
−1/2, N = 0,∞,H−1 = −1 , òî áóäóòü âèêîíóâà-

òèñÿ ñïiâiäíîøåííÿ áiîðòîãîíàëüíîñòi

⟨XM , YN ⟩ = δM,N , M,N = 0,∞,

δM,N =

{
0,ïðèM ̸= N,
1,ïðèM = N.

Ó íàøîìó âèïàäêó X = Y = L2([0, 1], t
νdt), {φk}∞k=0 = {ψj}∞j=0 i

⟨φ,ψ⟩ =
1∫

0

φ(t)ψ(t)tνdt = 0.

Âðàõîâóþ÷è, ùî

ck,j = ⟨φk, ψj⟩ =
1∫

0

tλk tλj tνdt =
1

λk + λj + ν + 1
, k, j = 0, L,

äëÿ áiîðòîãîíàëüíîãî ïîëiíîìà YN1,N2 çà òåîðåìîþ 2 îòðèìó¹ìî çî-
áðàæåííÿ

YN1,N2 = εN1,N2

∣∣∣∣∣∣∣∣∣∣
c0,0 c0,1 . . . c0,L
c1,0 c1,1 . . . c1,L
. . . . . . . . . . . .

cL−1,0 cL−1,1 . . . cL−1,L

φ0 φ1 . . . φL

∣∣∣∣∣∣∣∣∣∣
=

= εN1,N2

L∑
l=0

(−1)lφl det ||ck,i : k = 0, L− 1, i ∈ [0, L]\{l}||,

ç äåÿêîþ íåíóëüîâîþ êîíñòàíòîþ εN1,N2 . Îñòàííi âèçíà÷íèêè ¹ âè-
çíà÷íèêàìè Êîøi (äèâ., íàïðèêëàä, [8]).

Îòæå,

∆
(L)
l = det ||ck,i : k = 0, L− 1, i ∈ [0, L]\{l}|| =

=

∏L−1
k=0

∏L
m=k+1(λk − λm)2∏l−1

k=0(λk − λl)2

∏L−1
k=0 (λk + λl + ν + 1)∏L−1

k=0

∏L
m=0(λk + λm + ν + 1)

=
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= κL

∏L−1
k=0 (λk + λm + ν + 1)∏l−1

k=0(λk − λl)2
,

äå κL � êîíñòàíòà, ùî çàëåæèòü âiä L, àëå íå çàëåæèòü âiä l. Âðàõî-
âóþ÷è ÿâíèé âèðàç ïîêàçíèêiâ λl, îòðèìó¹ìî

∆
(L)
l = κL

∏L−1
k=0

(
k + l + (σ −N1 − 1)

([
k

N1+1

]
+
[

l
N1+1

])
+ ν + 1

)
∏l−1

k=0

(
k − l + (σ −N1 − 1)

([
k

N1+1

]
−
[

l
N1+1

]))2 .

Ïiäðàõó¹ìî îêðåìî ÷èñåëüíèê:

L−1∏
k=0

(
k + l + (σ −N1 − 1)

([
k

N1 + 1

]
+

[
l

N1 + 1

])
+ ν + 1

)
=

=

N1∏
k=0

(
k + l + (σ −N1 − 1)

[
l

N1 + 1

]
+ ν + 1

)
×

×
2N1+1∏
k=N1+1

(
k + l + (σ −N1 − 1)

(
1 +

[
l

N1 + 1

])
+ ν + 1

)
× . . .×

×
(N2+1)(N1+1)−2∏

k=N2(N1+1)

(
k + l + (σ −N1 − 1)

(
N2 +

[
l

N1 + 1

])
+ ν + 1

)
=

=

(
l + (σ −N1 − 1)

[
l

N1 + 1

]
+ ν + 1

)
N1+1

×

×
(
l + (σ −N1 − 1)

(
1 +

[
l

N1 + 1

])
+ ν + 1

)
N1+1

× . . .×

×
(
l + (σ −N1 − 1)

(
N2 +

[
l

N1 + 1

])
+ ν + 1

)
N1

=

=

∏N2

m=0

(
l + (σ −N1 − 1)

[
l

N1+1

]
+ ν + 1 +mσ

)
N1+1(

l + (σ −N1 − 1)
[

l
N1+1

]
+ ν +N1 +N2σ + 1

) ,

äå ÷åðåç (α)k ïîçíà÷åíî ñèìâîë Ïîõãàììåðà:

(α)k =

{
1, ïðè k = 0,

(α)(α+ 1) · . . . · (α+ k − 1), ïðè k ∈ N.
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Ðîçãëÿíåìî òåïåð çíàìåííèê∏l−1

k=0

(
k − l + (σ −N1 − 1)

([
k

N1 + 1

]
−
[

l

N1 + 1

]))2

.

Î÷åâèäíî, ùî ïðè l = 0, N1 áóäå
[

k
N1+1

]
= 0 i

[
l

N1+1

]
= 0 , à òîìó

l−1∏
k=0

(k − l)2 =
l∏

k=1

k2.

Ïðè l = N1 + 1, 2N1 + 1 áóäå
[

l
N1+1

]
= 1, îòæå,

N1∏
k=0

(k− l− (σ−N1 − 1))2
l−1∏

k=N1+1

(k− l)2 =

l−N1−1∏
k=l−2N1−1

(k+ σ)2
l−N1−1∏

k=1

k2.

Àíàëîãi÷íî, ÿêùî ïðè äåÿêîìó 0 ≤ p ≤ N1,

l = pN1 + p, (p+ 1)N1 + p, òî
[

l
N1+1

]
= p, òîäi

l−pN1−p∏
k=l−(p+1)N1−p

((k + pσ)(k + (p− 1)σ) · . . . · (k + σ))
2
l−pN1−p∏

k=1

k2.

Âðàõóâàâøè öå, äëÿ çíàìåííèêà îòðèìà¹ìî âèðàç[
l

N1+1

]∏
m=1

((
(mσ −

([
l

N1 + 1

]
(N1 + 1) +N1 − l

))
N1+1

)2

×

×
((

l −
[

l

N1 + 1

]
(N1 + 1)

)
!

)2

.

Òàêèì ÷èíîì,

∆
(L)
l = κL ·

∏N2

m=0

(
l + (σ −N1 − 1)

[
l

N1+1

]
+ ν + 1 +mσ

)
N1+1

l + (σ −N1 − 1)
[

l
N1+1

]
+ ν +N1 +N2σ + 1

×

× 1∏[
l

N1+1

]
m=1

((
(mσ −

([
l

N1+1

]
(N1 + 1) +N1 − l

))
N1+1

)2×
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× 1((
l −
[

l
N1+1

]
(N1 + 1)

)
!
)2

i

YN1,N2 =

N1∑
j=0

N2∑
n=0

c
(N1,N2)
j,n tj+nσ =

L∑
l=0

(−1)ltλl∆
(L)
l .

Çâiäñè

c
(N1,N2)
j,n = (−1)j+n(N1+1)∆

(L)
j+n(N1+1) =

= (−1)j+n(N1+1) · κL ·
∏N2

m=0 (j + (n+m)σ + ν + 1)N1+1

j + (n+N2)σ + ν +N1 + 1
×

× 1

(j!)
2∏n

m=1 ((mσ −N1 + j)N1+1)
2 , (14)

ïðè öüîìó ìè ìîæåìî ïîêëàñòè κL = 1.
À òîìó, ç âðàõóâàííÿì òåîðåìè 1 äëÿ ôóíêöi¨ âèãëÿäó (11), ìî-

æíà ïîáóäóâàòè àïðîêñèìàíòè Ïàäå. Ñïðàâåäëèâîþ áóäå íàñòóïíà
òåîðåìà:

Òåîðåìà 3 Äëÿ ôóíêöié âèãëÿäó (11) ïðè äîâiëüíèõ
N1, N2 ∈ ∈ N ðàöiîíàëüíà ôóíêöiÿ âèãëÿäó (7)�(9), â ÿêié
êîåôiöi¹íòè cj,n, j = 0, N1, n = 0, N2, âèçíà÷àþòüñÿ ôîðìóëà-
ìè (14), ìàòèìå ðîçâèíåííÿ ó ñòåïåíåâèé ðÿä, êîåôiöi¹í-
òè ÿêîãî çáiãàòèìóòüñÿ ç êîåôiöi¹íòàìè ðÿäó (11) äëÿ âñiõ
(j, n) ∈ E = [0, 2N1]× [0, 2N2]\{(2N1, 2N2)}.
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