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Convergence is proved and asymptotic is found of Padé approximants for
q–exponential function and its generalization.

Äîêàçàíà ñõîäèìîñòü è íàéäåíà àñèìïòîòèêà àïïðîêñèìàöèé Ïàäå q�
àíàëîãà åêñïîíåíòû è åãî îáîáùåíèÿ.

Â [1] ç âèêîðèñòàííÿì ìåòîäó óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü
áóëî ïîáóäîâàíî àïðîêñèìàíòè Ïàäå q�íàëîãà åêñïîíåíòè (äèâ. [2])

Eq(z) =
∞∑

n=0

qn(n−1)/2

(q; q)n
zn = (−z; q)∞, |q| < 1,

äå q�ñèìâîë Ïîõãàììåðà (àáî çñóíóòèé q�ôàêòîðiàë) (a; q)n âèçíà÷à-
¹òüñÿ ôîðìóëîþ

(a; q)n =


(1− a)(1− aq) · . . . · (1− aqn−1), n ≥ 1,
1, n = 0,
∞∏

m=0
(1− aqm) = lim

n→∞
(a; q)n, n = ∞,

à òàêîæ ôóíêöi¨

fν(z) =
∞∑
k=0

skz
k =

∞∑
k=0

(1− q)k+1qk(k+1)/2+kν

(qν+1; q)k+1
zk (1)

ïðè ν > −1. Ëåãêî áà÷èòè, ùî

f0(z) =
Eq ((1− q)z)− 1

z
.

Áóëî âñòàíîâëåíî íàñòóïíèé ðåçóëüòàò.

c⃝ À.Ï. Ãîëóá, Í.Ì. Ãàâðèëþê, 2015
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Òåîðåìà 1 ( [1]) Àïðîêñèìàíòè Ïàäå ôóíêöi¨ (1) ïîðÿäêiâ [N −
1/N ], N ≥ 1, ìîæóòü áóòè çàïèñàíi ó âèãëÿäi

[N − 1/N ]fν (z) =
PN−1(z)

QN (z)
, (2)

äå

QN (z) =
N∑

k=0

(
q−N ; q

)
N−k

(
qN+ν+1; q

)
N−k

(1− q)N−k(q; q)N−k
q−(N−k)(N−k+2ν−1)/2zk, (3)

PN−1(z) =
N−1∑
j=0

zj

(1− q)N−1−j

j∑
m=0

(
q−N ; q

)
N−m

(
qN+ν+1; q

)
N−m

(q; q)N−m(qν+1; q)j−m+1
×

×q(j(j+1)−N(N−1))/2+m(N−j−1)+(j−N)ν . (4)

Âñòàíîâèìî çáiæíiñòü àïðîêñèìàíò (2).

Òåîðåìà 2 Àïðîêñèìàíòè Ïàäå ôóíêöi¨ (1) ïîðÿäêiâ [N − 1/N ],
N ∈ N, ðiâíîìiðíî çáiãàþòüñÿ äî íàáëèæóâàíî¨ ôóíêöi¨ íà êîæíîìó
êîìïàêòi êîìïëåêñíî¨ ïëîùèíè ïðè N → ∞.

Äîâåäåííÿ. Çàïèøåìî çíàìåííèê (3) àïðîêñèìàíòè (2) ó âèãëÿäi

QN (z) =
(q−N ; q)N (qN+ν+1; q)N

(q; q)N (1− q)N
q−N(N+2ν−1)/2×

×
n∑

k=0

(1− k)k(−1)k
(
qN−k+1; q

)
k

(q; q)k (q2N−k+ν+1; q)k
qk(N+ν)zk =

=
(q−N ; q)N (qN+ν+1; q)N

(q; q)N (1− q)N
q−N(N+2ν−1)/2 (1 +RN (z)) .

Íåõàé z íàëåæèòü êîìïàêòó K ⊂ C, òàêîìó ùî K ⊆ KR = {z : |z| ≤
R}, R > 0. Î÷åâèäíî, ùî

|1− qk| < 1 + |q|, ∀k ∈ N,

|1− qm| > 1− |q|, ∀k ∈ N.

Îòîæ, ∀N ∈ N

|RN (z)| =

∣∣∣∣∣
n∑

k=1

(1− k)k(−1)k
(
qN−k+1; q

)
k

(q; q)k (q2N−k+ν+1; q)k
qk(N+ν)zk

∣∣∣∣∣ ≤
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≤
N∑

k=1

(1 + |q|)2k

(1− |q|)2k
|q|k(N+ν)Rk.

Ïîçíà÷èìî

C =

(
1 + |q|
1− |q|

)2

|q|νR.

Îòðèìà¹ìî

|RN (z)| <
N∑

k=1

Ck|q|kN < |q|N
∞∑
k=0

Ck+1|q|kN =
C|q|N

1− C|q|N
→ 0.

Îòæå,

QN (z) =
(q−N ; q)N (qN+ν+1; q)N

(q; q)N (1− q)N
q−N(N+2ν−1)/2 (1 + o(1)) (5)

ïðè N → ∞. Çâiäñè âèïëèâà¹, ùî, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà
N0 = N0(R) ∈ N, çíàìåííèêè QN íå ìàþòü íóëiâ íà êîìïàêòi K.
Äëÿ ïîõèáêè àïðîêñèìàöi¨ ìà¹ ìiñöå ôîðìóëà (äèâ. [3])

fν(z)− [N − 1/N ]fν (z) =
z2N

QN (z)
⟨Rz(B)xN , YN ⟩ ,

â ÿêié âèêîðèñòàíî ïîçíà÷åííÿ:

(Bφ) (t) = qt(1− t)

∞∑
n=0

φ
(
tqn+1

)
gn

äëÿ áóäü�ÿêî¨ ôóíêöi¨ φ ç ïðîñòîðó

Xα = {f : [0, 1] → C | ∃M > 0, |f(x)xα | < M, ∀x ∈ [0, 1]}

ïðè −ν < α < 1, ðåçîëüâåíòíà ôóíêöiÿ îïåðàòîðà B ìà¹ âèãëÿä
(äèâ. [1])

(Rz(B)φ) (t) =
[
(I − zB)

−1
φ
]
(t) =

= φ(t) + zq

t∫
0

σ(zt)

σ(zτ)
φ(qτ)dqτ,
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äå

σ(t) =
∞∏

m=1

(1 + qm(1− q)t) ,

q�iíòåãðàë Äæåêñîíà âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

t∫
0

φ(τ)dqτ = t(1− q)
∞∑

n=0

φ(tqn)qn,

áiëiíiéíà ôîðìà ⟨·, ·⟩ íà Xα ×Xα ìà¹ âèãëÿä

⟨φ,ψ⟩ =
1∫

0

φ(τ)ψ(τ)dqτ,

xN (t) =
(
BNx0

)
(t) =

(1− q)N

(qν+1; q)N
qN(N+1)/2+NνtN+ν , N ∈ Z+,

à YN , N ∈ Z+, � ïîëiíîìè, îðòîãîíàëüíi çà áiëiíiéíîþ ôîðìîþ ⟨·, ·⟩
ç âàãîþ tν , òîáòî q�àíàëîãè ïîëiíîìiâ ßêîái, äëÿ ÿêèõ ñïðàâåäëèâå
íàñòóïíå çîáðàæåííÿ (äèâ. [2])

YN (t) =

N∑
j=0

(
q−N ; q

)
j

(
qN+ν+1; q

)
j

(q; q)j (q
ν+1; q)j

(qt)j .

Îòæå,

fν(z)− [N − 1/N ]fν (z) =
z2N

QN (z)

⟨ ∞∑
k=N

xkz
k−N , YN

⟩
=

=
z2N

QN (z)
(⟨xN , YN ⟩+ εN (z)) .

Íåâàæêî ïåðåêîíàòèñÿ, ùî εN (z) = o (⟨xN , YN ⟩), òîìó

fν(z)− [N − 1/N ]fν (z) =
z2N

QN (z)
⟨xN , YN ⟩ (1 + o(1)) =

=
z2N

QN (z)

1

c
(N)
N

⟨YN , YN ⟩ (1 + o(1)) =
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=
z2N

c
(N)
N QN (z)

(1− q)qN(ν+1)

1− q2N+ν+1

[
(q; q)N

(qν+1; q)N

]2
(1 + o(1)) .

Âðàõîâóþ÷è ôîðìóëó (5) i òå, ùî

c
(N)
N =

(q−N ; q)N (qN+ν+1; q)N
(q; q)N (1− q)N

q−N(N+2ν−1)/2,

â ðåçóëüòàòi îòðèìó¹ìî

fν(z)− [N − 1/N ]fν (z) =

=
z2N (1− q)2N+1 ((q; q)N )

4
qN(N+3ν) (1 + o(1))

((q−N ; q)N )
2
(qN+ν+1; q)N (qN+ν+1; q)N+1 ((q

ν+1; q)N )
2
,

ùî, ÿê ëåãêî áà÷èòè, ïðÿìó¹ ðiâíîìiðíî äî íóëÿ íà êîæíîìó êîìïàêòi
êîìïëåêñíî¨ ïëîùèíè.

Çàóâàæåííÿ 1 Àïðîêñèìàíòè Ïàäå ôóíêöi¨ Eq âèâ÷àëèñÿ òàêîæ
â [4�6].
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