GENERALIZED MOMENT REPRESENTATIONS OF BASIS HYPERGEOMETRIC SERIES

A. P. Golub UDC 517.53

We present the necessary definitions.

Definition 1 (cf. [11). Let f(z) be a formal power series of the form

o (1)
f(2)= Z Sp2®.
A system of equations #=0
swi = (@ (Ob,(dud, ij=0, (2)

where u(t) is a nondecreasing function on (~~, =) and {a;(®)}f, and {b;())}, are sequences of
measurable functions on (-, =) such that all the integrals in (2) exist and take on finite
values, is called a generalized moment representation of the series (1).

Generalized moment representations introduced by Dzyadyk in 1981 in [1] are wideiy
used in problems of rational approximation and analytic continuation of functions (cf. {2,

3.

In this paper generalized moment representations of basis hypergeometric series which
were first considered by H. E. Heine in 1878 are constructed and analyzed (cf., e.g., [4]).

Definition 2 [4]. A basis hypergeometric series is a power series of the form

o, [al, g e s Ui z]:= O Wan @ e @, (3)
ply pz: sy pa (q)q,n (pl)q,n METI (pl)q,n ’
n=a{)
where .
@), =(1—a)(1—ag)(1 —ag®)-...-(1 — g™ =(1—q)"( i:‘;) x
I—a l—a 2 o
X(l—q +a)-...-(l__q tatagt o+ (@i=l,
and %y ey % Pp--sPe 3 g are parameters with q # 1.

THEOREM 1. For the function

c no_ < zn —
f(z)'_'Zs"z —Z(v—l—I+p)h’+1+o(1+q)1--..-[v+l+p>< N
ne= =0 X (14+g+ ... +9%)]

_ 1—p>2_2{®[q;(l—q)2]__1__ z(1—q) (4)
1__q 11 0 l___p
provided only y;::iL:31:>——l;p,q:>0;qqél, there exists a generalized moment representation

l—gq
of the form

(5)

i)

1
sivi = (@O b0d, i j=0o
1]
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where

tOM:HW)
ai(t);—' i R t = O.oo; (6)
s g —1
ﬂ(x +i+el )
r=l
£(g—1) ”‘"Z"” @17
ho= V< {V q(q -0 ]tlmm’ /=0, o0
ﬂ(q — l)m=0 ’ =l
~ (1)
M@i=L=L, i-T= fo="L"l_ n-T=
qg—1 (g— g ’
Proof. Note that a linear bounded operator A:C[0O, 1] » C[0, 1] of the form
1
(Ap)(ty = #* { @(t%u) udu (8)
1]

possesses the following properties:
1) (Aay)ty = aip (B), (=0, 00, (9)
where the functions g, {f). are defined by the formulas (6);

2) for an arbitrary function ¥(t) integrable on [0, 1] and a function ¢(f) continuous on
[0, 1] the following is valid: :

g(Aqa)mxp(t)dt g 9 () (BY) (1 dt, (10)
where the operator B:L'[0, 1] »> L[0, 1] is of the form
1 1 ol —ya~29
(B«p)(t)=;t75w“”;o——‘a do. (11)
¢

The validity of Eq. (10) is verified directly, utilizing change of variables and inte-
gration by parts;

3) the k-th powers of the operators A and B are, respectively, of the form

(9} 1 —_ mym—i) | 9/ g — 1\ im0
(Ak(p)(t)=t—k:r—(g‘—'stp(l‘q u)u'vv(-—l)q 2 [H( ql__l 22 du, k>l, (12)
l=i
[Tw—-b ° =0

r==l

k fg-- 1y (g—'—1)
(B9 () = —— Z [[_] =]
q n(q —l)t m==0

r=1

% g v@"do, E>1. (13)

mim—1) /2 (’t >xm‘”)vpi.'k<4)+1/a’?—<v+2)
v

Formula (12) is verified with the aid of (8) by an induction argument. Formula (13)
is then deduced from (12) by utilizing the equality
1 1
[Anovad= o0 BvOd, (14)
0 0 .
which follows from (10).

Substituting the function b4# = {¥ into (13) in place of ¥Y(t) and integrating, we arrive
at formula (7). The proof of the theorem is thus completed.

THEOREM 2. Padé polynomials of the order [N — 1/N], N = 1, =, which are nondegenerate,
exist for the function £(z) of the form (4) under the conditions of Theorem 1 (i.e., j > — 1;
p, g > 0, q = 1).
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Proof. Formulas (6) and (7) imply that the system of functions {F*afdnﬁLb and {£77b; (t)}iee
for each N = 0, = are Chebyshev system (cf. [5]). In view of Lemma 1 in [6] there

exists in this case for all N = 0, = a generalized polynomial

N
AN ) = X c}.“’ai (t)’ ( 15)
{==0
possessing the biorthogonality property:

{
[Avobdr =8y, [=0N. (16)

Moreover, t PAN(t) has exactly N distinct roots on (0, 1); it thus follows in particular that
¥ and ¢ do not vanish for each N. In that case, in view of Theorem 2.1 in [7] the Padé
polynomials [N — 1/N]g(z) can be written in the form

N
Z C}N'ZN-‘TI._I (f' Z)

[N — 1IN}, (2) = = )

N

Z ciNIgN—i
i

im0

where T;(f; z) are partial sums of the series (4) of order i. Moreover, the following inte-
gral representation is valid for the approximation error:

(17)

N 1

P 4
f(2) — [N ~ 1IN), "’='c‘z~_(5705 Ay () B @ Dty , (18)

N o
where Q(2):= Y eWzi=% Bz f):= Y 2b; ().
=0

=

If q > 1, then (18) will be valid for all z€({; if, however, gq < 1, it is valid for _
lz| < 1. . _

Formula (17) together with the above-mentioned inequalities c{M¢{M 40, N = 0, =, imply
that the Padé polynomials are nondegenerate. Theorem 2 is thus proved.

Remark. In [8] Padé diagonal polynomials were essentially constructed for the g-analog
of an exponential function, which is a particular case of (4).

THEOREM 3. For the function
L +y+o+Dipl@+ D+rv+o+Hlp@ + ..+ D+

D . an +y+0+ 1] "
NZ)—,,ZOS"Z=Z e+ry+ Db+ D+y+Hvlplg"+ .. + D +v+ 1] Z
= na=l
&2
_(—ga g —|_ (19)
- (l—a)zp 2mll an} l} .

[here a:=pt—0(@—1); E:=pg/w; %x:=p—(@—1®¥+1) ] the generalized moment representation
of the form

. .
Siqj = sai(t)b,(t)dt, i,j=0, o, (20)
|
is valid provided
x(g" —1 —
vy>—10,9>0 g# 1 o5 —(]’_(?]Tl-))_’ r=1,00,
where :
4 ( q’_]
4o+ 140 ) 21
a,(t) = tm.;.m)n g —1 o=

g —1 ’
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. . g —1 )
i j=—m (74—%(——————— m
(@) v g—1 1 og(g— Ng—! —
b:(f)=2f ) ]_I =1\ ﬂ(?"'_—_—u(q'—-l) >’ j=10, c0; (22)
m==0 I=l K(q_]) r=x|

aMaswweM@=W—M%ﬁf=h&imeM4Mwﬂw,m=Qm.

Proof. Functions (21) can be constructed by means of successive application of the lin-
ear continuous operator A:C[0, 1] - C[0, 1] of the form

1
(A) (f) = ot 3’ ¢ (tu) u'du + P (1) (23)

to the function gyf) = #. Moreover, the equalities
l -
s,=Sai(f)tvdt, i= , 00 (24)
0

evidently hold.

Taking this into account, we construct a linear continuous operator B:L![0, 1] > L0, 1]
of the form

By =2 tv g P (09 pH—ve2ovagy o 1 i“"‘""‘”"’tL @, (25)

possessing the property
1 1
Aoy v tydt = (o) By (1) at (26)
§ d

for an arbitrary function ¥%(t) integrable on [0, 1] and a function ¢ (¥ continuous on [0, 1].

Next, setting b,(t) = tY, we easily obtain
St = §<A ay) (1) (Bby) (8) dt. (27

To complete the proof of the theorem, it remains only to show that (B%Q(ﬂ,]—-0<n are
expressed by formula (22). However, formula (22) is verified directly. The theorem is thus
proved.

THEOREM 4. Padé polynomials of the order [N — 1/N], N = 1, =, which are nondegenerate,
exist for the function f(x) of the form (19) under the conditions of Theorem 3 [i.e., vy > —1;

0,d>0;951; o5%xh, (g, m=1,0 ]. Moreover, if AN(t) is a generalized polynomials of the
form

~ N
Ayty=Y cfa, (), N=0,00 (28)
: jed
possessing biorthogonality properties
! - —
S A, @Bbj(hdt=5,,, j=0,N, (29)

0

then the Padé polynomials of order [N — 1/N], N = 1, =, of the function £(z) can be written
in the form

N

chN)ZN_iTl-—l 2 (30)

- 30
[N — IUN),(2) = == ,

\-\ (N) Ne=i

L—-O

where T;(f; z) are partial sums of the series (19) of order i. Then the integral representa-

tation
N

l -~
f(z) — [N — 1/N);(2) = SAN(t)B(z, tydt (31)

.
Qul2)
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N %0
for the approximation error, where Qu(2): = Ec}.""‘z”“; B(z,H:= E 2iby (), is valid for |z] < 1.
. §==0 j=0

The proof is analogous to the proof of Theorem 2. Note that the biorthogonal poly-
nomial Ay(t) defined by formulas (28), (29) coincides up to a multiplicative constant with
the polynomial Ay(t) defined by the equalities (15) and (16).
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STRONG SUMMABILITY OF FOURIER SERIES OF (¢, 8)-DIFFERENTIABLE FUNCTIONS

N. L. Pachulia UDC 517.5

Let f(+) be a summable 2w-periodic function (fEL), SIf] =alf)/2+ 2'{ (@ (f) cos kx =+ by, (f) sin kx)

: k=l .

its Fourier series, Sy(£, x) the k-th partial sums of the series, p,(f; x)=f(x)—Sy(f, x), } =

(M)eey and 8= (8)een nonnegative sequences of numbers (the numbers Ay may also depend on a
parameter m), ¢ a function defined and nonnegative on [0, «).

Consider the operator

Hy(fi 2% 8) =Y Mo (8] pn (F5 x) (1)
k=n
Operators of type (1), with @ (4) = u?, p >0, where first studied by Hardy and Littlewood
[1, 2], who thereby laid the foundations for the modern theory of strong summability of
Fourier series. Similar objects were subsequently investigated by other authors [3-5].

In this paper we derive estimates for the values of (1) in the uniform metric for the
Fourier series of functions feC§C. These classes of functions were first defined by Stepa-
nets (6], as follows. Let (Y(R)en be a fixed sequence of numbers, B a fixed number and

- 1
) 5H (ax () cos (kx 4+ 8) + by, (/) sin (kx + 0)), 0 = Ba/2,
k=1
the Fourier series of some function f§€L. This function is called the (p, R)-derivative of

f. The set of functions f€C for which ff¢C is denoted by cicC.

We shall assume that the numbers ¢$(k) are the traces on N of a function y(v) of a con-
tinuous argument v>>1. assumed to be convex downward for all vg[l, ) and such that limp (v) =
0. The set of all such functions will be denoted by n. Voo

Abkhazian University, Sukhumi. Translated from Ukrainskii Matematicheskii Zhurnal, Vol.
41, No. 6, pp. 808-814, June, 1989. Original article submitted April 22, 1988,

694 0041-5995/89/4106-0694$12.50 © 1990 Plenum Publishing Corporation



