
ON DERIVED CATEGORIES OF CERTAIN ASSOCIATIVEALGEBRASIGOR BURBAN AND YURIY DROZDAbstrat. We desribe indeomposable objets in derived ategoriesof a wide lass of assoiative algebras, inluding gentle, skew-gentle al-gebras and some degenerations of tubular algebras.IntrodutionThe aim of this artile is to apply the method for desription of indeom-posable objets in derived ategories elaborated in [6℄ to several lasses ofassoiative algebras (both �nite and in�nite dimensional). We onsider gen-tle and skew-gentle algebras, treated by other methods in [16, 18, 10, 4, 5℄.An advantage of our approah is that it does not depend on �niteness of ho-mologial dimension and an be uniformly applied to new lasses of algebras,for instane, to degenerations of tubular algebras.It is well-known that anonial tubular algebras of type (2; 2; 2; 2; �)
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a4with relations b1a1 + b2a2 + b3a3 = 0;b2a2 + b3a3 + �b4a4 = 0;where � 6= 0; 1, are derived tame of polynomial growth. They naturallyarise in onnetion with weighted projetive lines of tubular type [15℄. Anatural question is: what happens if a family of tubular algebras speializesto a forbidden value of parameter � = 0? It turns out that the degeneratedtubular algebra is still derived tame, but of exponential growth.This work was supported by the CRDG Grant UM2-2094 and by the DFG Shwerpunkt\Globale Methoden in der komplexen Geometrie".1



2 IGOR BURBAN AND YURIY DROZD1. Category of triplesLet A and B be two abelian ategories, F : A �! B a right exatfuntor. It indues a funtor between orresponding derived ategoriesD�F : D�(A) �! D�(B). The desription of the �bres of this funtoris often equivalent to ertain matrix problem.In what follows we shall onsider the following situation. Let A be a semi-perfet noetherian assoiative k-algebra (not neessarily �nite dimensional),A � ~A be an embedding suh that rad(A) = rad( ~A) = r. Let I � A be atwo-sided ~A-ideal ontaining r, thus A=I and ~A=I are semi-simple algebras.Example 1.1. Consider the following embedding of algebras:
A :

~A :

1
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2 3
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ba = dc = 0

b

dc

a

b

da

cThen the two-sided ideal I in A and ~A generated by e1 and e3 satis�esthe above properties.De�nition 1.2. In the above situation we de�ne the ategory of triples ofomplexes TCA as follows.(1) Objets are triples ( eP�;M�; i), where~P� 2 D�( ~A- mod),M� 2 D�(A=I- mod),i :M� �! ~A=I
 ~A ~P� a morphism inD�(A=I- mod) suh that theindued morphism~i : ~A=I
A=IM� �! ~A=I
 ~A ~P� is an isomorphismin D�( ~A=I- mod):(2) Morphisms ( ~P�1;M�1; i1) �! ( ~P�2;M�2; i2) are pairs (�; '),~P�1 ��! ~P�2; M�1 '�!M�2;suh that the diagram~A=I 
 ~A ~P�1�
id
��

M�1i1oo '
��~A=I 
 ~A ~P�2 M�2i2oois ommutative.



ON DERIVED CATEGORIES OF CERTAIN ASSOCIATIVE ALGEBRAS 3Remark. If an algebra A has in�nite homologial dimension, we are foredto deal with the derived ategory of right bounded omplexes (in order tode�ne the left derived funtor of the tensor produt). In ase A has �nitehomologial dimension we an suppose that all omplexes above are boundedfrom both sides.Theorem 1.3 ([6℄). The funtor F : D�(A-mod) �! TCA;P� 7! ( ~A
A P�; A=I 
A P�; i : A=I 
A P� �! ~A=I 
A P�)has the following properties:(1) F is dense, i.e. every triple ( ~P�;M�; i) is isomorphi to some F(P�).(2) F is onservative, i.e. F(P�) �= F(Q�)() P� �= Q�.(3) F(P�) is indeomposable if and only if so is P� (note that this prop-erty is an easy formal onsequene of the previous two).(4) F is full.The main point of the proof to be lari�ed is: given a triple T = ( ~P�;M�; i),how an we reonstrut P�? Here is the proedure. The exat sequene0 �! I ~P� �! ~P� �! ~A=I 
 ~A ~P� �! 0of omplexes in A-mod gives a distinguished triangleI ~P� �! ~P� �! ~A=I 
 ~A ~P� �! I ~P�[�1℄in D�(A- mod). The properties of triangulated ategories imply that thereis a morphism of trianglesI ~P� // ~P� // ~A=I 
 ~A ~P� // I ~P�[�1℄I ~P� //

id OO P� //

�OO M� //

iOO I ~P�[�1℄;id OOwhere P� = one(M� �! I ~P�[�1℄)[1℄. Set G(T ) = P�: The properties oftriangulated ategories immediately imply that the onstruted map (not afuntor!) G : Ob(TCA) �! Ob�D�(A- mod)�sends isomorphi objets into isomorphi ones and GF(P�) �= P�. For moredetails see [6℄.Remark. Taking a one is not a funtorial operation. It gives an intuitiveexplanation why the funtor F is not an equivalene.2. Derived ategories of gentle algebrasIt was observed that the representation theory of gentle (or, more general,string) algebras is losely related to representations of quivers of type ~An.We shall sketh an expliit alulation of indeomposable objets in derivedategories of gentle algebras based on a new way of redution to a matrix



4 IGOR BURBAN AND YURIY DROZDproblem (see also [16, 4℄). It implies, in partiular, the known result thatthese algebras are derived tame.Let A be the path algebra of the quiver
ba = dc = 0

b

dc

aWe an embed it into the path algebra ~A of the quiver
1

2

3

4

b

da

cIn this ase set I = he1; e4i. So A=I = k and ~A=I = k� k, A=I �! ~A=I isa diagonal embedding.As we have seen in the previous setion, a omplex P� of the derivedategory D�(A- mod) is de�ned by some triple ( ~P�;M�; i). Sine A=I- modan be identi�ed with the ategory of k-vetor spaes, the map i :M� �!~P�=I ~P� is given by a olletion of linear mapsHk(i) : Hk(M�) �! Hk( ~P�=I ~P�).The map Hk(i) is a k-linear map of a k-module into a k�k-module. Heneit is given by two matries Hk(i)(1) and Hk(i)(2). The \non-degenerationondition" imposed on ~i in the de�nition of the ategory of triples impliesthat both of these matries are square and non-degenerate.The algebra ~A has homologial dimension 1. By a theorem of Dold (see[8℄), any indeomposable omplex from D�( ~A- mod) is isomorphi to a shift: : : �! 0 �! M|{z}i �! 0 �! : : : ;where M is an indeomposable ~A-module, or, equivalently, to its projetiveresolution : : : �! 0 �! P 0|{z}i+1 ��! P|{z}i �! 0 �! : : : ;where M ' Coker�.The next question is: whih transformations an we perform with the ma-tries Hk(i)(1) and Hk(i)(2)? First, hange of bases in the spaes Hk(M�)indues simultaneous elementary transformations of olumns of matriesHk(i)(1) and Hk(i)(2). The row transformations are indued by morphismsin D�( ~A-mod).If ~Pi and k(i) denote respetively the indeomposable projetive and thesimple ~A-module orresponding to the vertex i, then~A=I 
 ~A ~P1 = ~A=I 
 ~A ~P4 = 0;



ON DERIVED CATEGORIES OF CERTAIN ASSOCIATIVE ALGEBRAS 5~A=I 
 ~A ~P2 = k(2); ~A=I 
 ~A ~P3 = k(3):Consider the ontinuous series of representations of the quiver ~A = ~A4:
In

In

In

Jn (λ)
Μ (λ)n :

2

3

41Mn(�) has a projetive resolution:0 �! ~P n4 �! ~P n1 �!Mn(�) �! 0:Hene ~A=I
 ~AMn(�) = 0 in the derived ategory D�( ~A=I). So ~A=I
 ~A killsthe ontinuous series of representations of ~A. We only have to onsider thedisrete series of representations.Reall some basi fats about representations of tame hereditary algebras(see [17℄ for more details). The Auslander-Reiten quiver has the followingstruture:
preprojective preinjectivespecial general

tubes tubes part        partIn this onrete ase:the preprojetive series is
0

0
1

0

1
10

0

1
1

0
0

1
1

1
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1

1
1
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1
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2

1
1

2
2

1
2

2
2 2

2
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3

2
3

3
2

2
2

3
3

3
3

3
4

(We mark with dotted boxes the objets that remain nonzero aftertensoring by ~A=I.)the preinjetive series is
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0

0
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0
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0
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2

1
1

2
2

2
1 3

2
2

2

3
3

2
2

3
2

2
3

4
3

3
3two speial tubes are

0

1

0

0 1

1

1

0

1

1

1

1 1

1

1

11

1

1

1

1

1

1

2

2

2

2

1

1

1

1

2

2

2

2

2

2

2

2

2 2

2

2

2

0 00

and the symmetri one.We see that the preprojetive series, as well as the preinjetive one andtwo speial tubes are 2-periodi. Let M be a preprojetive module withthe dimension vetor (d1; d2; d3; d4). Then ��1 Æ ��1(M) has the dimensionvetor (d1+2; d2+2; d3+2; d4+2). The same holds for a preinjetive moduleN and � Æ �(N), as well as it holds for speial tubes if one goes two oorsupstairs.Consider the module M from the preprojetive series2
��>

>>
>>

>>2 @@�������

��>
>>

>>
>>

32 @@�������It has a projetive resolution0 �! P4 �! P 21 �!M �! 0:Therefore ~A=I 
 ~AM = 0 in D�( ~A=I). In other words, the module M givesno input to our matrix problem.The list of modules, whih are relevant for this problem is the following:



ON DERIVED CATEGORIES OF CERTAIN ASSOCIATIVE ALGEBRAS 7(1) Preprojetive modules:kn+1
$$H

HH
HH

HH
HHkn ==zzzzzzzzz

""E
EE

EE
EE

EE
kn+1 ;kn ::uuuuuuuuu

kn
##H

HH
HH

HH
HHkn <<yyyyyyyy

""E
EE

EEE
EE

kn+1kn+1 ;;wwwwwwwwwand kn+1
##G

GG
GG

GG
GGkn <<yyyyyyyy

""E
EEE

EE
EE

kn+1kn+1 ;;wwwwwwwww(2) Preinjetive moduleskn+1
##F

FFFFFFFkn+1 ;;wwwwwwwww

##H
HH

HH
HH

HH
kn ;kn ;;wwwwwwww

kn
""E

EEEE
EEEkn+1 ;;vvvvvvvvv

##G
GG

GG
GG

GG
knkn+1 <<yyyyyyyyand kn

  B
BB

BB
BB

Bkn+1 <<yyyyyyyy

""E
EE

EE
EE

E
knkn >>||||||||(3) Modules from speial tubes:



8 IGOR BURBAN AND YURIY DROZDkn+1
##F

FFFFFFFkn <<zzzzzzzz

""E
EEEEEEE

kn ;kn ;;wwwwwwww

kn
!!C

CC
CC

CC
CknJn(0) ==||||||||

!!C
CC

CC
CC

C knkn ==||||||||and kn
$$I

IIIIIIIIkn+1 ;;wwwwwwwww

##G
GG

GG
GG

GG
kn+1 ;kn+1 ::vvvvvvvvvand symmetri ones.We have to ompute their images under the left derived funtor ~A=I 
 ~A :In order to do it we have to onsider the minimal projetive resolutions ofall these modules and then to apply the tensor produt ~A=I 
 ~A :(1) Preprojetive series.From the resolution0 �! P n4 �! P n1 � P2 �! 0we get 0 �! 0 �! k(2) �! 0;from the resolution0 �! P n4 �! P n1 � P3 �! 0will be 0 �! 0 �! k(3) �! 0;from the resolution0 �! P n+14 �! P n1 � P2 � P3 �! 0we get 0 �! 0 �! k(2)� k(3) �! 0:(2) Preinjetive series.From the resolution0 �! P2 � P3 � P n4 �! P n+11 �! 0we get 0 �! k(2) � k(3) �! 0 �! 0;



ON DERIVED CATEGORIES OF CERTAIN ASSOCIATIVE ALGEBRAS 9from the resolution0 �! P2 � P n4 �! P n+11 �! 0will be 0 �! k(2) �! 0 �! 0;from the resolution0 �! P3 � P n4 �! P n+11 �! 0will be 0 �! k(3) �! 0 �! 0;(3) Speial tubes.From the resolution0 �! P n+14 �! P n1 � P2 �! 0we get 0 �! 0 �! k(2) �! 0;from the resolution0 �! P n4 � P2 �! P n1 � P2 �! 0will be 0 �! k(2) 0�! k(2) �! 0;from the resolution0 �! P n4 � P2 �! P n+11 �! 0we get 0 �! k(2) �! 0 �! 0:The ase of the seond speial tube is ompletely symmetri.What are indued morphisms between all these modules after applyingthe funtor ~A=I
 ~A? The image of the preprojetive series is:k(2)
%%LLLLLLLLLL

k(3)
%%LLLLLLLLLL

k(2) : : :k(2)� k(3) 99rrrrrrrrrr

%%LLLLLLLLLL
k(2) � k(3) 99rrrrrrrrrr

%%LLLLLLLLLL
: : :k(3) 99rrrrrrrrrr k(2) 99rrrrrrrrrr k(3) : : :We want to prove that all indued morphisms in this diagram are non-zero.It is well-known (see for instane [17℄) that all morphisms between prepro-jetive modules are determined by the Auslander-Reiten quiver. So everymorphism is a linear ombination of �nite paths of irreduible morphisms.Consider the morphism
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��>

>>
>>

>>0 @@�������

��>
>>

>>
>>

> k �!0 ??�������

kn+1
##G

GG
GG

GG
GGkn <<yyyyyyyy

""E
EEEE

EEE kn+1kn ;;vvvvvvvvvIt is lear that this map remains non-zero after applying ~A=I 
 ~A : It imme-diately implies that all morphisms we are interested in are non-zero afterapplying ~A=I 
 ~A : The same argument an be applied to preinjetive mod-ules.Consider �nally the ase of speial tubes. The modulekn
!!C

CC
CC

CC
CknJn(0) ==||||||||

!!C
CC

CC
CC

C knkn ==||||||||has a resolution 0 �! P n4 � P2 �! P n1 � P2 �! 0:It is indeomposable and its endomorphism algebra is loal. Any endo-morphism of this module is therefore either invertible or nilpotent. Anisomorphism indues a map of the form:k(2) 0 //�
��

k(2)�
��k(2) 0 // k(2)Let f be a nilpotent endomorphism. Consider an indued map of its pro-jetive resolution f�:0 // P n4 � P2 //f1

��

P n1 � P2 //f0
��

00 // P n4 � P2 // P n1 � P2 // 0:The map fn� is homotopi to the zero map. Consider the omponent fn1 jP2 :P2 �! P2 of the map fn1 . It is zero modulo the radial and hene is equal tozero itself. But then f1jP2 : P2 �! P2 is also zero. The same holds of oursefor f0jP2 : P2 �! P2: We have shown that nilpotent morphisms indue thezero map modulo ~A=I
 ~A. Finally observe that the hain of morphisms
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kn+1

##H
HH

HH
HH

HHkn ;;vvvvvvvvv

$$H
HHHHHHHH knkn ::vvvvvvvvv

��kn
$$H

HHHHHHHHknJn(0) ::vvvvvvvvv

$$H
HHHHHHHH knkn ::vvvvvvvvv

��kn
##H

HH
HH

HH
HHkn�1 ;;vvvvvvvvv

##G
GG

GG
GG

GG
kn�1kn�1 ;;wwwwwwwwwindues modulo ~A=I
 ~A the following maps:0 //

��

k(2)1
��k(2) 0 //

��

k(2)1
��0 // k(2):In the same way the hain of morphisms
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##H

HH
HH

HH
HHkn ;;vvvvvvvvv

$$H
HHHHHHHH knkn ::vvvvvvvvv

��kn
$$H

HHHHHHHHknJn(0) ::vvvvvvvvv

$$H
HHHHHHHH knkn ::vvvvvvvvv

��kn
##H

HH
HH

HH
HHkn+1 ;;vvvvvvvvv

##G
GG

GG
GG

GG
kn+1kn+1 ;;wwwwwwwwwindues the maps k(2) //1

��

0
��k(2) 0 //1

��

k(2)
��k(2) // 0We have the same piture for the seond symmetri tube.From these pitures we get that the matrix problem desribing the derivedategory D�(A�mod) is given by the following bunh of hains (see [1℄, [7℄),where small irles orrespond to horizontal stripes, small retangles orre-spond to vertial stripes, dotted lines show the related stripes and arrowsdesribe the ordering in the hains or, the same, possible transformationsbetween di�erent horizontal stripes:
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first special

tube tube

second special

series

preprojective

series
preinjective

shift of the preprojective

serties

special  tube

shift of the first

special  tube

shift of the second

It means the following.(1) We an do any simultaneous elementary transformations of olumnsof the matries Hk(i)(0) and Hk(i)(1).(2) We an do any simultaneous transformations of rows inside relatedbloks.(3) We an add a salar multiple of any row from a blok with lowerweight to any row of a blok of a higher weight (inside the big matrix,of ourse). These transformations an be done independently insideHk(i)(0) and Hk(i)(1).This type of matrix problems is well known in the representation the-ory. First they appeared in the work of Nazarova{Roiter ([19℄) about thelassi�ation of k[[x; y℄℄=(xy)-modules. They are alled, sometimes, Gelfandproblems in honour of I. M. Gelfand, sine they originated in a problemthat �rst appeared in Gelfand's investigation of Harish-Chandra modules



14 IGOR BURBAN AND YURIY DROZDover SL2(R) [12℄ (see also [1℄, [7℄ and [6℄). The expliit desription of in-deomposable objets given in [7, 1, 2℄ implies an expliit desription ofindeomposable objets in D�(A- mod), just as in [6℄. The same onsidera-tions an be applied to any gentle algebra.3. Derived ategories of skew-gentle algebrasIn the same way as the representation theory of gentle algebras is basedon the representation theory of hereditary algebras ~An, that of skew-gentlealgebras rests on representations of ~Dn.Consider the following example:
a

d h

b

c

e

f

gwhere all squares are ommutative. We an embed this algebra into
d h

c

a

b e

f

gwhere M2(k) stands in the middle. The last algebra is Morita-equivalent tothe quiver algebra
D4
~ 3

1 4

52In this ase the embedding A=I �! ~A=I is k�k �!M2(k). It implies thatthis time we obtain a matrix problem, whih is alled \representations of abunh of semi-hains" (see [1℄, [7℄ and [6℄ for more details).We have ~A 
 ~A=I Pi = 0, i = 1; 2; 4; 5: The ontinuous series of represen-tations of ~D4 has a projetive resolution0 �! P n4 � P n5 �! P n1 � P n2 �!Mn(�) �! 0;hene ~A=I 
 ~AMn(�) = 0: We again have to take are only of disrete seriesof ~D4. It onsists of preprojetive series, preinjetive series, and three speialtubes.(1) The preprojetive series is:
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0

0
1

0 0

0
0

0

0

1

0

0
1

1

1

1
1

1

10

1
1

1

1

0

1
10

0 0

1
10

0 0

1

1
3

2

2

1
2

0 1

1

0
2

1

1

1

1
2

2

1

1

1
2

2

1

2

2
5

3

3

2

1
3

2

2

1

2
3

2

2

1

(2) The preinjetive series is:
1

0
0

0

0

0

1
0

0

0

1

1
1

0

0

1 1
1

1 0

1
1

11

0

1
1

0 0

0

1
1

0 0

0

2

2
3

1

1

1

1
2

1

0

1

1
2

1

0

1 1

1
2

2

2

1

1

1
2

3

3
5

2

2

2

2
3

2

1

2

22
3

1(3) The only speial tube that gives an input into the matrix problemis:
1

2

1

1

1

(0
1 )

(0
1 )

( )0
1( )0

1

(0
1 )

1

0 0

0 0

1

1

1

1

1

2

2

3

2

2

1

1

3

1

1

(0
1 )1

1

2

1

1

1

1

2

1

1

The representations from two other speial tubes vanish under tensoring by~A=I.In the same way as for gentle algebras, one an see that our matrix prob-lem is given by the following partially ordered set:
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preprojective
     series

preinjective
   series

shift of the
preprojective series

special tube

shift of the

special tube

The generalization of this approah to other skew-gentle algebras of �-nite homologial dimension gives an expliit desription of indeompos-ables, whih implies in partiular a new proof of the result of Ch. Geissand J. A. de la Pena [10℄ that these algebras are derived tame.4. Skew-gentle algebras of infinite homologial dimensionConsider now our next example:
α+

α− β−

β+

α−α+ β−β+
β+ α+α− β−
α+α−

= 0
= 0 β− +β = 0

=
=0This algebra is skew-gentle of in�nite homologial dimension. We an embedit into
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α−

α+

β−

α−α+ β−β+=

β+It is well known (see, for example, [14℄) that this algebra is derived equivalentto the algebra ~D4. In suh a way we an obtain our matrix problem. Butwe an also embed it into
δ+ δ−

1 2 3where the fat point in the middle means M2(k). The last algebra is Morita-equivalent to the algebra A2. Note that there are only the following inde-omposable omplexes in D�(A2-mod) (up to shifts):: : : 0 �! P1 �! 0 �! : : : ;: : : 0 �! P2 �! 0 �! : : : ;: : : 0 �! P3 �! 0 �! : : : ;: : : 0 �! P3 �! P1 �! 0 �! : : : ;: : : 0 �! P3 �! P2 �! 0 �! : : : ;: : : 0 �! P2 �! P1 �! 0 �! : : : :It is easy to obtain a matrix problem now. It is again a bunh ofsemihains:
2 31 1 2 3

zero homology first homologywhih gives an expliit desription of indeomposables and, as a orollary,derived tameness.Derived ategories of skew-gentle algebras of in�nite homologial dimen-sion were independently onsidered in [5℄.



18 IGOR BURBAN AND YURIY DROZD5. Derived ategory of degenerated tubular algebra(2; 2; 2; 2; 0)In all previous examples we embedded our path algebra A into a heredi-tary algebra ~A. As we shall see in the following example, it is also possibleto onsider embeddings into tame onealed algebras.If we onsider a anonial algebra of tubular type (2; 2; 2; 2;�) and set theforbidden value of parameter � = 0, then we get the following quiver
b2

b3
a3

a2

a1
b1

b4
a4

 x

y

1 2

a

cwith relations b2a2 = b3a3and b1a1 + b2a2 + b4a4 = 0:We an do our trik with gluing idempotents x and y and embed this algebrainto
a2

a4 b4

b2

b1
a1

a

b

c

1 2where the fat point as usually means M2(k). The orresponding basi alge-bra is a tame-onealed algebra of type (2; 2; 2). It is well known [17℄ thatit is derived-equivalent to the algebra ~D4: Take for I the ideal generated byall idempotents e1; e2; ea; e. Then we have: A=I = k � k, ~A=I = M2(k)and the map A=I �! ~A=I is the diagonal embedding.It is no longer true that any omplex of Db( ~A-mod) is isomorphi to itshomology. Nevertheless, the struture of the Auslander-Reiten quiver is thesame as for derived ategories of tame hereditary algebras.
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special general
tubes tubes preprojectivepartthe

glueing of the shift of 
the preinjective part

with the preprojective
        part

the shift of 
preinjective        part
glueing of the withIn partiular, ontinuous series of omplexes are just shifts of modules oftubular type. But they have the following form:kn In

''NNNNNNNNNNNNNkn In //

In 77ppppppppppppp In ''NNNNNNNNNNNNN kn�In�Jn(�) // knkn Jn(�) 77pppppppppppppIt is easy to see that their minimal projetive resolutions have the formP n2 �! P n2 , and sine ~A=I 
 ~A (P n2 �! P n2 ) = 0, they do not a�et theresulting matrix problem.Let us �rst onsider the struture of preprojetive and preinjetive om-ponents of the Auslander-Reiten quiver of ~A-mod.
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0We an use the following lemma (see [14℄).



20 IGOR BURBAN AND YURIY DROZDLemma 5.1. Let A be an assoiative k-algebra, 0 ! M u�! N v�!K ! 0 be an Auslander-Reiten sequene in A-mod, w 2 Ext1(K;M) =HomDb(A-mod)(K;T (M)) be the orresponding element. The following on-ditions are equivalent:(1) M u�! N v�! K w�! T (M) is an Auslander-Reiten triangle inDb(A-mod).(2) inj.dim(M) � 1 and proj.dim(K) � 1:(3) HomA(I;M) = 0 for any injetive A-module I and HomA(K;P ) = 0for any projetive A-module P .This lemma means that the struture of the Auslander-Reiten quiver ofthe ategory Db(A- mod) is basially the same as for A- mod. For instane,all morphisms from tubes are still almost split in the derived ategory.There is exatly one indeomposable omplex in Db(A- mod), whih isnot isomorphi to a shift of some module: it isPa � Pb � P �! P1:1It is easy to see that this omplex has two non-trivial homologies and isindeomposable. Now from the lemma above and the fat that there is onlyone non-trivial indeomposable omplex we an dedue the exat form of the\gluing" of the preprojetive omponent with the shift of the preinjetiveone in the Auslander-Reiten quiver:
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T Finally there are 3 speial tubes of length 2. They are ompletely sym-metri with respet to permutation of verties a, b and  and only one ofthem is relevant for the matrix problem:
1The �rst author is grateful to C.-M.Ringel for explaining him this fat.
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The resulting matrix problem is given by the partially ordered set designedat the next page (whih is very similar to that for a skew-gentle algebraonsidered above)Therefore the degenerated tubular algebra (2; 2; 2; 2; 0) is derived-tame ofexponential growth.Is seems to be very plausible that this algebra is losely related to \weightedprojetive lines with a singularity of virtual genus one" and the map A �! ~Aplays the role of non-ommutative normalization (and note that ~A orre-spond to a weighted projetive line of virtual genus zero). We are planningto ome bak to this problem in the future.
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