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ABSTRACT. In this article we introduce a new class of non-commutative projective curves
and show that in certain cases the derived category of coherent sheaves on them has a
tilting complex. In particular, we prove that the right bounded derived category of
coherent sheaves on a reduced rational projective curve with only nodes and cusps as
singularities, can be fully faithfully embedded into the right bounded derived category
of the finite dimensional representations of a certain finite dimensional algebra of global
dimension two. As an application of our approach we show that the dimension of the
bounded derived category of coherent sheaves on a rational projective curve with only
nodal or cuspidal singularities is at most two. In the case of the Kodaira cycles of
projective lines, the corresponding tilted algebras belong to a well-known class of gentle
algebras. We work out in details the tilting equivalence in the case of the Weierstrass
nodal curve zy? = 2® + z22.
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1. INTRODUCTION

By a result of Beilinson [6] it is known that the derived category of representations of the
Kronecker quiver Q = e 3 e over a field k is equivalent to the derived category of
coherent sheaves on the projective line IP’,1€. This article grew up from an attempt to find
a similar “geometric” interpretation of other finite-dimensional algebras.

Let X be a singular reduced projective curve of arbitrary geometric genus, having only
nodes or cusps as singularities. We introduce a certain sheaf of Ox—orders (called the
Auslander sheaf) A = Ax and study the category Coh(A) of coherent left modules on
the ringed space (X, Ax). It turns out that the global dimension of Coh(A) is equal to
two and the original category of coherent sheaves Coh(X) can be embedded into Coh(.A)
in two natural but different ways. Namely, we construct a pair of fully faithful functors
F,I: Coh(X) — Coh(A), where F is right exact and I is left exact such that their images
in Coh(A) are closed under extensions.

The functor F has a right adjoint functor G : Coh(.A) — Coh(X), which is exact. We
show that G yields an equivalence between the category VB(.A) of the locally projective
coherent A-modules and the category TF(X) of the torsion free coherent sheaves on X.
Moreover, we prove that Coh(X) is equivalent to the localization of Coh(A) with respect
to a certain bilocalizing subcategory of torsion A-modules and G can be identified with
the canonical localization functor.

It turns out that the derived functor LF : D~ (Coh(X)) — D~ (Coh(A)) is also fully
faithful. Moreover, if X is a rational curve of arbitrary arithmetic genus then the de-
rived category Db(Coh(.A)) has a tilting complex. The corresponding tilted algebra I'y =
Endpe(a)(H®) is precisely the algebra described in [15, Appendix A.4]. In particular, I'x
has global dimension equal to two and the derived categories Db(Coh(.A)) and Db(mod —
Tr X) are equivalent. As a corollary we show that the dimension of the derived category
Db (Coh(X )) is at most two, confirming a conjecture posed by Rouquier [38]. Combining
this derived equivalence with the embedding ILF, we obtain an exact fully faithful functor
Perf(X) — D’(mod — T'x).

If X is either a chain or a cycle of projective lines, then the corresponding tilted algebra
I"x belongs to the class of the so-called gentle algebras. They are known to be of derived-
tame representation type. This gives an alternative proof of the tameness of Perf(X),
obtained for the first time in [I3]. If X is a Kodaira cycle of projective lines, then the
image of the triangulated category Perf(X) inside of D? (mod -T X) can be characterized
in a very simple way. Let

Lv : D’(mod —T'x) — D’(mod — T'y)
be the derived Nakayama functor then the image of Perf(X) is equivalent to the full
subcategory of the complexes P* satisfying the property Lv(P*®) = P°*[1].
If E C P? is a singular WeierstraB cubic curve over an algebraically closed field k given

by the equation zy? = z® 4+ 222, then the corresponding algebra I' is the path algebra of
the following quiver with relations:

- - ba =0, dc=0.
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We explicitly describe the objects of Db(mod — I'g) corresponding to the line bundles
of degree zero and to the structure sheaves of the regular points under the embedding
Perf(E) — D®(mod — I'g).

We hope that the results of this article will find applications to the homological mirror
symmetry for degenerations of elliptic curves [25] and to the theory of integrable systems,
in particular to the study of solutions of Yang-Baxter equations [32] [14].

Acknowledgement. Parts of this work were done during the authors stay at the Mathemat-
ical Research Institute in Oberwolfach within the “Research in Pairs” programme from
March 8 — March 21, 2009. The research of the first-named author was supported by the
DFG project Bu-1866/1-2, and the research of the second-named author was supported by
the INTAS grant 06-1000017-9093. The first-named author would like to thank Bernhard
Keller, Daniel Murfet and Catharina Stroppel for helpful discussions of the results of this
article.

2. AUSLANDER SHEAF OF ORDERS

In this section we introduce an interesting class of non-commutative ringed spaces sup-
ported on some algebraic curves over an algebraically closed field k. Let X be a reduced
algebraic curve over k having only nodes or cusps as singularities. This means that for any
point z from the singular locus Sing(X) the completion of the local ring O, is isomorphic
to kJu,v]/uv (node) or to k[u,v]/(u® — v3) (cusp).

Let O = Ox be the structure sheaf of X and L = Kx the sheaf of rational functions on
X. Consider the ideal sheaf Z of the singular locus Sing(X') (with respect to the reduced
scheme structure) and the sheaf F =Z & O.

Definition 2.1. The Auslander sheaf on a curve X with only nodes or cusps as singular-
ities is the sheaf of O-algebras A = Ax := Endx (F).

Proposition 2.2. In the notations as above, let X =5 X be the normalization of X and
0= m(Og). Then we have:
e The ideal sheaf T of the singular locus of X is equal to the conductor ideal sheaf
Annx (O/O). In particular, T is an ideal sheaf in O.
o Moreover, we have: T =~ Homx (0, 0), O = Endx(I) and

AzSndX(}‘)%<g ‘g)gMatg(K):<E E)

In other words, A is a sheaf of O-orders.

Proof. Let J = Annx(O/O) be the conductor ideal. Then the sheaf @/7 is supported at
the set of points of X where X is not normal. Since X is a reduced curve, it is exactly the
singular locus of X, hence J C Z. Moreover, x € X is either a nodal or cuspidal point,
then (O/j)x & k.. This implies that J = T.

By the general properties of the conductor ideal it follows that the morphism of O-
modules Z — Homx (O, O) mapping a local section » € H°(U,T) to the morphism ¢, €
Homy (O, ©), given by the rule ¢,(b) = rb, is an isomorphism. In a similar way, the
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morphism O —» Endx (Z), given on the level of local sections by the rule b +— 1)y, where
Yp(a) = ba, is an isomorphism too. O

In what follows we shall use the following standard results on the category of coherent
sheaves over a sheaf of orders on a quasi-projective algebraic variety.

Theorem 2.3. Let X be a connected quasi-projective algebraic variety over an alge-
braically closed field k of Krull dimension n and A be a sheaf of orders on X. Let QCoh(.A)
be the category of quasi-coherent left A-modules and Coh(A) be the category of coherent
left A-modules. Then we have:
(1) The category Qcoh(A) is a locally Noetherian Grothendieck category and Coh(.A)
is its subcategory of Noetherian objects.
(2) For any quasi-coherent A-modules H' and H" we have the following local-to-global
spectral sequence: HP (X, ExtYy(H',H")) = Extf’4+q(7-[’,7-l”).
(3) If the variety X is projective, then Coh(A) is Ext—finite over k.
(4) Assume the ringed space (X, A) has “isolated singularities”, i.e. A, = Maty,xp,(Oy)
for all but finitely many x € X. Then we have:
gl.dim(QCoh(A)) = gl.dim(Coh(A)) = sup gl. dim(A; — mod) = sup gl. dim(ﬁx — mod),
reX zeX
where fo = lim A, /mL A, is the radical completion of the ring A, and m, is the
mazximal ideal of O,.
(5) The canonical functor D*(Coh(A)) — D (QCoh(A)) is an equivalence of trian-
gulated categories, where D:Oh (QCoh(.A)) s the full subcategory of D* (QCoh(A))
consisting of complexes with coherent cohomologies and * € {0,b,+,—}.

Comment on the proof. ([{]) We refer to [16, Chapitre IV] for the definition and general prop-
erties of the locally Noetherian categories. Let H' and H” be quasi-coherent A-modules.
Then Hom4(H',H") is a quasi-coherent O-module. Moreover, we have isomorphisms of
bifunctors

Hom 4 (H', H") = H° (X, Homa(H',H")) = Homx (O, Hom4(H', H")).

The spectral sequence (2]) is just the spectral sequence of the composition of two left
exact functors. Note that Ext? (H',H") is a coherent O-module for all ¢ > 0 provided
both sheaves H' and H” are coherent A-modules. If X is projective, this implies that
HP (X, Ext®(H',H")) is finite dimensional over k. Hence, Coh(A) is Ext-finite in this
case, what proves (3)).

Let A be a left Noetherian ring. By a result of Auslander [3, Theorem 1]
gl.dim(A) = sup{pr.dim(A/I)|I C A s a left ideal }.

In particular, the global dimension of the category of all A-modules is equal to the global
dimension of the category of Noetherian A-modules. Quite analogous observations show
that gl.dim(QCoh(A)) = gl.dim(Coh(A)). If (X,.A) has isolated singularities, then for
any coherent A-modules H' and H” we have:

kr. dim(Supp(é’:L"tg(H/, H")) < max{0,n —i}.
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This implies that Ext’y? (H/,H") = HO(Ext"7 (H',H")). Let A be an order over a Noe-
therian local ring O and r be the radical of A. Then we have:
gl.dim(A) = pr.dim(A/r) = sup{m > 0| Ext’{(4/r, A/r) # 0},

-~

just as in [3 §3] or [41, Chapter IV.C]. In particular, gl.dim(A) = gl. dim(A). For (B)), we
refer to [8, Theorem VI.2.10 and Proposition VI.2.11], [23| 1.7.11] or [21].

The following well-known lemma plays a key role in our theory of non-commutative ringed
spaces.

Lemma 2.4. Let A be a commutative Noetherian ring, T = A® M be a finitely generated
A-module and T' = End4(T). Then the A-module T is a projective left T'-module and the
canonical ring homomorphism A — Endp(T), a — (t — at) s an isomorphism. In other
words, T has the double centralizer property.

Proof. First note that I' has a matrix presentation

b= < M Enda(hn) )

and Ip = 14+ 1py = ea + epr. In particular, T = I' - e4 as a left projective I'-module.
Hence, Homp(T'e4,Teq) = eqT'eq = A, and the canonical morphism A — Endp (7)) is an
isomorphism. O

Next, we shall frequently use the following standard result from category theory.

Lemma 2.5. Let F: C— D be a functor admitting a right adjoint functor G : D — C.
Let ¢ : 1c = G oF be the natural transformation given by the adjunction. Then for any
objects X,Y € Ob(C) the following diagram is commutative:

Hom¢(X,Y) F

Homp (F(X),F(Y))

1%

(Dy )«
Homc (X, GF(Y))

In particular, F is fully faithful if and only if the natural transformation ¢ is an isomor-
phism.

The main result of this section is the following theorem.

Theorem 2.6. Let X be a reduced algebraic curve over k having only nodal or cuspidal
singularities, F =7 & O and A = Endx (F). Then the following properties hold.

(1) The functor G = Hom(F, —) : Coh(A) — Coh(X) is exact and has the left
adjoint functor F = F ®o — and the right adjoint functor H = Homo(FY, —).

(2) We have: gl.dim(Coh(A)) = 2.

(3) The functors G and H yield mutually inverse equivalences between the category
VB(A) of locally projective coherent left A-modules and the category of coherent
torsion free sheaves TF(X). In particular, the derived functor RG : D (Coh(A)) —
DP(Coh(X)) is essentially surjective.
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(4) The canonical transformation of functors ¢ : Leoh(x) — G o F is an isomorphism.
In particular, the functor F is fully faithful.

(5) Moreover, the canonical morphism ¥ : L1p-(con(x)) — RG o LF is an isomor-
phism and the derived functors LF : D~ (Coh(X)) — D~ (Coh(A)) and LF :
Perf(X) — D®(Coh(A)) are fully faithful.

Proof. () First note that F is endowed with a natural left module structure over the sheaf
of algebras Endx (F). Moreover, consider the global sections

(1) e1=<ég> and e2z<82>

of the sheaf A. Then we have: F = A - e, hence F is locally projective, viewed as a left
A-module. This implies that the functor G is exact.

The fact that the functor F is left adjoint to G is obvious. To see that G possesses a
right adjoint functor, consider the coherent sheaf FV = O @ O and the sheaf of algebras
B = Endx(FY). Since F is a torsion free coherent O-module, it is locally Cohen-Macaulay.
Moreover, X is a Gorenstein curve, hence the contravariant functor TF(X) — TF(X),
mapping a torsion free sheaf H to H", is an anti-equivalence. This shows that
0o 0
7 O
and B°? = A. In particular, the category of the right B-modules is isomorphic to the
category of the left A-modules. Let Coh(B°P) be the category of coherent right B-modules,
then we have a functor Homx (FV, —) : Coh(X) — Coh(B°P) having a left adjoint functor
FY ®p — : Coh(B°P) — Coh(A). The sheaf FV is locally projective as a right B-module.
Moreover, one easily sees (for instance, as in Proposition [5.3) that FY ~ Hom4(F, A), so
we have the following commutative diagram of categories of functors:

5=~ (

Coh(B°P) - Coh(A)
f\m %(]—'7 -)
Coh(X)

Hence, the functor H is right adjoint to G.

@) By part (@) of Theorem 23] the global dimension of Coh(.A) can be computed locally.
It is clear that A, = Mats(O,) for a smooth point x € X. Note that 0, = ku,v] /uv if the
singularity is a node and k[u, v]/(u? —v3) if it is a cusp. By a result of Bass [5, Corollary
7.3], the indecomposable maximal Cohen-Macaulay modules over the ring O = k[u, v]/zy
are k[u], k[v] and O itself; whereas for O = kfu, v]/(u? — v3) = k[t?,t3] they are O and
E[t].

Hence, in both cases we have: CM(O) = add(m <) O). By a result of Auslander and
Roggenkamp [4], the algebra A= Endo(m @ O) has global dimension two, which proves
the claim. See also Remark 2.7

@) Let z € X be an arbitrary point of the curve X, O = O, and F = F, and B =
Endo(F). Note that F = FV. Then we have a pair of adjoint functors H = Homg(F, — ) :
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mod — O — mod — Band G = F®g — : mod — B — mod — O. By a result of Bass
[5, Corollary 7.3], any maximal Cohen-Macaulay O-module is a direct summand of F™
for some n > 0, so the functors H and G induce mutually inverse equivalences between
the category CM(O) of the maximal Cohen-Macaulay modules and the category pro(B) of
projective right B-modules. In particular, the canonical transformations of functors given
by the adjunction ¢ : Loro(B) = HoGand é:GoH — Lem(o) are isomorphisms.

Since the functors G and H form an adjoint pair, we have natural transformations of
functors ¢ : Tygs) =+ Ho G and § : GoH — Lyf(x). For any torsion free sheaf H on the
curve X we have a morphism of O-modules &3 : G o H(H) — H. Moreover, for any point
r € X we have: (£27), = &x,, hence & is an isomorphism for any H. This implies that
¢ is an isomorphism of functors. In a similar way, ¢ is an isomorphism of functors, too.
Hence, the categories TF(X) and VB(.A) are equivalent.

In order to show that G is essentially surjective, first note that any object in D? (Coh(.A))
has a finite resolution by a complex whose terms are locally projective A-modules. Since
the locally Cohen-Macauly O—modules are precisely the torsion free O—modules, any object
in Db(Coh(X )) is quasi-isomorphic to a bounded complex whose terms are torsion free
coherent O—modules. Since G establishes an equivalence between VB(A) and TF(X) and
is exact, any object in D?(Coh(X)) has a pre-image in D’(Coh(A)).

@) Let ¢ : Lconx) — G oF be the natural transformation of functors given by the
adjunction. Slnce G is exact and F right exact, the composition G o F is right exact,
too. By Lemma 2.4] we know that the canonical morphism of sheaves of O-algebras
b0 : O — Enda(F) is an isomorphism. It implies that for any locally free coherent
O-module € the canonical morphism ¢¢ : &€ — GF (&) is an isomorphism.

Let A be a coherent sheaf on X. Since X is quasi-projective, we have a presentation

&1 i> & — N — 0, where & and &; are locally free. This gives a commutative diagram
with exact rows

& &o N 0

.| o

GoF(&) GoF(&) GoFWN)——=0,

GoF(f)

where ¢g, and ¢g, are isomorphisms. Hence, ¢r is an isomorphism for any coherent sheaf
N on the curve X and ¢ is an isomorphism of functors. The fact that I is fully faithful
follows from Lemma

([B) The derived functors LF and RF form again an adjoint pair, see for example [24] Lemma
15.6]. Since G is exact, the adjunction morphism % : 1p-(con(x) — RG o LF coincides
with LL¢. Since ¢ is an isomorphism, the natural transformation L¢ is an isomorphism,
too. Lemma (25 implies that the derived functor LF : D~ (Coh(X)) — D~ (Coh(A)) and
its restriction on the category of perfect complexes LF : Perf(X) —s D(Coh(A)) are fully
faithful. 0

Remark 2.7. Let O be either k[z,y]/zy or k[z,y]/(y* — 23), R be the normalization
of O and I = m be the maximal ideal of O, which in this case is the conductor ideal.
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Consider the following O—order:

A:Endo(I@O):<g é)

which is the Auslander algebra of the ring O. Then A is isomorphic to the completion of
the path algebra of the following quiver with relations:

b+(1_ = 0, a+b_ =0

if the singularity is a node and to the completion of the path algebra

by
2
s =2 a”=b_by
b
if the singularity is a cusp. Since gl.dim(A) = pr.dim(A/rad(A4)), to compute the global
dimension of A it suffices to compute the projective dimension of the simple A-modules.
e If A is nodal, the projective resolutions of the simple A—modules are
b.
0 PaP e g0,
—0—)P3b—+>P2a;>P1—>51—>0,
b
*0—>P1a—+>P2—>P3—>S3—>0.
e If A is cuspidal, the projective resolutions of the simple A—modules are

b
*0—>P1—+>P2—>52—>0,

b_
*0—>P1—<—Q>P2€9P1M>P1—>51—>0.

We conclude this section by the following easy observation.

Proposition 2.8. Let D be the full subcategory of the derived category Db(Coh(.A))
consisting of the complexes G® such that for any point x € X the localization G €
Ob(Db(.Ax — mod)) has a finite projective resolution by objects from add(F,). Then D
is triangulated, idempotent complete and F : Perf(X) — D is an equivalence of cate-
gories.

Proof. First note that the image of Perf(X) under functor F : D~ (Coh(X)) — D~ (Coh(A))
belongs to D. Consider the pair of the natural transformations 1p-(x) %, GoF and

FoG i) 1p-(4y- By Theorem 2.6l the natural transformation ¢ is an isomorphism.
Moreover, 9|p is an isomorphism, too. Hence, F and G are quasi-inverse equivalences
between the categories Perf(X) and D. O

3. AUSLANDER—REITEN TRANSLATION AND 7-PERIODIC COMPLEXES

We first recall the following important result about the existence of the Serre functor
in the derived category Db(Coh(A)), where A is the Auslander sheaf of orders attached
to a reduced projective curve X with at most nodal and cuspidal singularities.
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Theorem 3.1. Let X be a reduced projective curve having only nodes or cusps as singu-
larities, F =T & O and A = Endx (F). Consider the A-bimodule

I I
wg = Homx (A wx) = ( o O>®WX,

L
where wyx is the canonical sheaf of X. Then the endofunctor T : G* — w4 ® G* is the
Auslander—Reiten translation in the derived category Db(Coh(.A)). This means that for

any pair of objects G*, H® of DY (Coh(.A)) we have bifunctorial isomorphisms
Hom b 4y (H®,G*) = ]D)(ExtlDb(A) (G, 7(H*))),
where D = Homy( —, k) is the duality over the base field.

Proof. Since X is a Gorenstein curve and the sheaf A is Cohen-Macaulay as an O—module,
we have a quasi-isomorphism of the following complexes of A-bimodules:

RHomx (A ,wx) = wa.
Hence, Theorem [B1]is a special case of [28, Theorem A.4] and [42], Proposition 6.14]. O

Corollary 3.2. Let X be a Kodaira cycle of projective lines, © — wx be an isomorphism
given by a no-where vanishing reqular differential 1-form w € H°(wx). Then we have an
injective morphism of A-bimodules 0 = 0, : wq — A yielding a natural transformation of
exact endofunctors
0 : Tpb(A) — ]lDb(.A)

of the derived category Db(Coh(.A)). In particular, the category Dy defined as the full
subcategory of Db(Coh(A)) consisting of all objects G* such that Oge is an isomorphism,
s a triangulated subcategory of Db(Coh(.A)).

Proof. Let G} i) Gs LN gs LN G7[1] be a distinguished triangle in Db (A). Since 0 is a

coh
natural transformation of exact functors, we have a commutative diagram
oy 7() oy T(9) o TN .
T(G1) —=1(93) 7(G3) T(G7)[1]

GQ;l l"g; l(’gg l"g;m

o g3 —2 g5 —" gl
This implies that if G} and G5 are objects of Dy, then G belongs to Dy, too. O

f

The main goal of this section is to establish other descriptions of the category Dy. To do
this, we consider the local case first.

Lemma 3.3. Let O be a nodal singularity, R its normalization and I = anng(R/O) the
conductor ideal. Let

A:Endo(1@0)2<§ é) wA:HomO(A,wo):<JI% é) F:A-e2:<é>

be the Auslander algebra of O, its dualizing module and the indecomposable projective
module corresponding to the simple A-module of projective dimension one. Let P® be an
object of the derived category DY(A — mod), then the following conditions are equivalent:
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L
(1) we have an isomorphism wy ®4 P® = P°.
(2) the complex P® is quasi-isomorphic to a bounded complex of modules with entries
from add(F).

L
(3) we have an isomorphism (Ajwy) @4 P* 0.
Proof. We first consider the case when O is complete. Then O = k[z,y]/zy and R =
L

k[x] x k[y]. By [43, Lemma 6.4.1], the functor 7 = w4 ®4 — is an auto-equivalence of
D’(A — mod). Next, the category D’(A — mod) is Krull-Schmidt and there are exactly
three indecomposable A-modules:

_( k=l _( kvl _(1
Px_<k[[x]]>’Py_<k:[[:n]] and F = o/
From the exact sequence 0 — wy4 LN/ AJwy — 0, for any complex P* from D°(A —
mod) we get a distinguished triangle

]L ° GP. 'Y ]L o ]L ]
wg ®4 P*—— P* — (AJwy) ®4 P* — wy @4 P°[1].

This implies that T\Hotb(add( ) 4, ]lHotb(add( ) is an isomorphism of functors. On the

other hand, we have:

T(Py) = I = ( ”“’k"ﬁ%ﬂ > and 7(P,) =1, := < ykk[[%ﬂ > .

Note that we have the following short exact sequences:
0—P, -5 F-—I,—0 and 0— P, 5 F — 1, —0.

For a complex P* from D°(A — mod) we define its defect d(P®) as follows:
L
d(P*®) = sup {n eZ ‘H"(A/WA ®a P*) # 0} .

In particular, d(P®) = —oo if and only if P® € Ob(Hotb(add(F))). By the definition
of the functor 7 it is clear that d(P*) > d(7(P*)) and d(P®) = d(7(P*)) if and only
if P* € Ob(Hot”(add(F))). Since D*(A — mod) is a Krull-Schmidt category, this shows
the equivalence (1) <= (2)). The equivalence [2)) <= @) easily follows from existence of
minimal projective resolutions over A.

Now we consider the general case, when O is not necessary complete. The implications
@) = @) = () are clear in this case as well. In order to show the implication
@ = @), it is sufficient to show that a complex P* € Ob(D’(A — mod)) is quasi-
isomorphic to a bounded complex of modules with entries from add(F) if and only if
P e Ob(Db(g — mod)) is quasi-isomorphic to a bounded complex of modules with entries

from add(F).

By a result of Bass, see [5, Corollary 7.3], any indecomposable torsion free O—module
is isomorphic either to O or to a direct summand of R for some m > 1. Since the
category of torsion free O—modules is equivalent to the category of projective A—modules,
any indecomposable projective module is isomorphic either to F' or to a direct summand
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of P™ for some m > 1, where P = A -e;. We assume all entries of the complex P*®
are projective. Then we have decompositions: P" = P' @ P3' for all n € Z, where
P' € add(F') and P} € add(P). In the set of complexes of projective modules homotopic
to P*®, consider a representative (Q* with the smallest possible number > _, (rko(P2")).
Let n be the biggest index for which P3' # 0. Then we have:
(anfl ﬁnfl)
Yn—1 6n—1 (an Bn)

Q=|...—Q e ———5HQteQy —5 Qi —

The category of complexes over A is Krull-Schmidt. If Q' is quasi-isomorphic to a complex,
whose entries belong to add(F ) then the morphism 6, _; : g ' Q is surjective. Since
the completion functor is faithfully flat, the morphism 6,1 : Q;‘_l — QY is surjective,
too. Since both modules are projective, d,,_1 is the projection on a direct summand. This

implies that the complex QQ°® is homotopic to a complex of the form

(.. — Qe —Qr — QI —..).
Contradiction. Hence, Q® belongs to Hot® (add(F)), as wanted. O
From now on, let X be a Kodaira cycle of projective lines. We fix a no-where vanishing
regular differential form w € H®(wx) identifying w4 with a sheaf of two-sided A-ideals.

Hence, we have a short exact sequence of A-bimodules 0 - wyq — A — A/wyq — 0 and

for any complex G® from ch)oh (A) there is a distinguished triangle

L
7(G*) — G° — (AJwa) ® G* — 7(G°)[1].
The following theorem is the main result of this section.

Theorem 3.4. Let X be a Kodaira cycle of projective lines, I be the ideal sheaf of the
singular locus of X, F =Z ® O and A = Endx (F) be the Auslander sheaf of X. For an

object G* of the derived category DCoh (A) the following conditions are equivalent:
(1) we have: 7(G*) = G*;
(2) the morphism Oge is an isomorphism;

)
2)

(3) we have: (A/w4) é g*=0;
4)
)

99.

(4) G*® is an object of the category Dy introduced in Corollary [3.2;
(5) G*® is an object of the category D introduced in Proposition [2.8.

Proof. The equivalences ([2) <= (8] <= (@) and the implication (2] = (I) are obvious.
L L
Note that (A/w4) ® G* =0 in D®(Coh(A)) if and only if (A/wa), ® G2 = 0 in D*(A, —

mod) for all x € X. Hence, the equivalence [B) <= ({) follows from Lemma 3.3l The
implication (Il) = (@) can be shown in a similar way. O

Combining Proposition 2.8 and Theorem [B.4], we obtain the following corollary.

Corollary 3.5. Let X be a Kodaira cycle of projective lines and A be its Auslander sheaf.
Then the image of the functor F : Perf(X) — D2 (A) is the category of complexes G* such

coh
L
that T(G*) = G*, where T = w4 ® — is the Auslander-Reiten translate in D2, (A).

coh
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4. SERRE QUOTIENTS AND PERPENDICULAR CATEGORIES

Let X be a reduced curve over k having only nodal singularities and A be its Auslander
sheaf. The main goal of this section is to construct two different but natural embeddings
of Coh(X) into Coh(.A) such that its image will be closed under extensions.

In Theorem [2.G] it was shown that the functor F : Coh(X) — Coh(A) is fully faithful. The
next proposition characterizes the image of the functor F.

Proposition 4.1. Let M be a coherent left A-module. Then there exists a coherent
O-module N such that F(N') = M if and only if M has a locally projective presentation

FRo&E — FQRo & — M — 0,
where & and &, are locally free coherent O—modules.

Proof. One direction is clear: if A is a coherent O-module then it has a locally free
presentation & — & — N — 0 inducing a locally projective presentation F Qo &1 —
F®o & — F o N — 0. Other way around, let & and & be locally free coherent
O-modules such that
F ®o &1 i>}"®o€0—>/\/l—>0

is an exact sequence of coherent left A-modules. Since the functor F is fully faithful, there
exists a morphism of O-modules g : & — & such that f = F(g). Put N := coker(g).
Then we have a commutative diagram

F
f®051ﬂ>}'®oﬁo—>}'®o/\/’—>0

%l lg

F 00 & —> Foo & M 0,
implying that M = F @0 N. O

Proposition 4.2. The category Im(F) is closed under extensions in Coh(A).
Proof. Let M’ and M” be two coherent left A modules belonging to the image of F and
0o—M —-M-—M' —0

be an exact sequence in Coh(.A). Then M also belongs to the image of F. Indeed, by the
assumption there exists coherent Ox-modules N/ and N such that M’ = F @ N’ and
M" = F@p N". Take any locally free presentation £ — &) — N’ — 0 of the coherent
sheaf N. By Serre’s vanishing theorems (see [20), Section II1.5]) there exists an ample line
bundle £ and a natural number n > 0 such that

k
e the evaluation morphism f” = ev : Homx (L™ N") @ L®™ — N” is an epi-
morphism;
e we have the vanishing: H'(Hom(F,F ®0o N') ® L&) = 0.

k
Set &7 := Homx (L®~™, N") @ L™ and observe that the coherent left A-module F @ &
is locally projective. Hence, Ext’y (]: ®0 &, —) = 0 for ¢ > 1. Moreover, for any coherent
left A-module G we have an isomorphism of functors Hom4(G, —) = H° (’HomA(g, — ))
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from the category of coherent A-modules to the category of finite dimensional vector spaces
over k, where Hom 4(G, — ) : Coh(A) — Coh(X). This induces the short exact sequence:

0 — H'(Homa(G,G)) — Ext4(G,G") — H°(Ext4(G.G))

coming from the standard local-to-global spectral sequence HP (Sxt‘il(g, g )) ==
Extf):q(g ,G’). Since the A-module F ®@p & is locally projective, it implies that

Exty(F @0 &, F @0 N') = H' (Homa(F @0 &, F @0 N')) =
=~ H' (Homa(F,F @0 N') @0 &) = 0.

Hence, we can lift the epimorphism 1® " : F ®p & — M” to a morphism 7 F = M,
yielding a morphism f = (f', f") : F ®o (&) & &]) — M:

F ®0 &) F oo &)
1®ffl f f l1®f”
e
0 M M M 0

By 5-lemma, f is an epimorphism. In a similar way, we construct a presentation &l —
&Y — N" — 0, inducing a presentation F ®¢ (§] @ E) = F @0 (@ &) - M — 0. O

Summing up, Theorem and Proposition imply that the category of coherent
sheaves Coh(X) is equivalent to a full subcategory of Coh(A), which is closed under taking
cokernels and extensions. It turns out that if the category Coh(X) can be embedded into
Coh(A) in a completely different way.

Recall that for any singular point © € X the algebra A = ./Zx is isomorphic to the radical
completion of the path algebra of the following quiver with relations:

(2) L T 2&L7 T3 b+a_ = 0, (1_|_b_ =0

Let T be the full subcategory of the category of torsion coherent A-modules, supported
at the singular locus of X and corresponding to the simple A-modules labeled by bullets.
Then T is a semi-simple abelian category. Moreover, T is a Serre subcategory of Coh(.A)
and for any 77, 7" € Ob(T) we have: ExtYy (7", 7") = 0.

Remark 4.3. Although the category T is semi-simple, the second extension group
Ext%(77,T") is not necessarily zero for a pair of objects 77,7” € Ob(T). Indeed, for
the two simple A-modules S; and S3 from T we have: Ext%(S1,S3) = k = Ext%(S3, S1).

Definition 4.4. Following Geigle and Lenzing [18], the perpendicular category T+ of the
Serre subcategory T is defined as follows:

T+ = {G € Ob(Coh(A)) | Hom4(T,G) = 0 = Ext}4(T,G) forall 7 € Ob(T)}.

In particular, T is closed under taking kernels and extensions inside of Coh(A).



14 IGOR BURBAN AND YURIY DROZD

Proposition 4.5. Let Tgn be the set of the simple objects of T. The perpendicular
category T+ has the following description:

T+ = {G € Ob(Coh(A)) | Homa(T,G) = 0 = Ext4(T,G) for all T € Tgim}.
Nemﬂ the category VB(A) of locally projective left A-modules is a full subcategory of Tt.

Proof. First note that for any objects G € Ob(Coh(A)), 7 € Ob(T) and ¢ € Z, the
sheaves Ea:tf4(7', G) are torsion O—modules. In particular, we have the isomorphisms:
Exty(T,G) = H° (5:Etf4(T,g)). Hence, for any i € Z, the vanishing of Ext'y(7,G) is
equivalent to the vanishing of £xt%(T,G). By induction on the length we get:

G € Ob(TH) <= Homu(T,G) = 0= ExtY(T,G) for all T € Tgim .
This implies the first part of the statement.

In order to show that VB(A) is a full subcategory of T+, it is sufficient to prove that
for any indecomposable projective A—-module P and any simple module S € Tg,, we have:
Hom4(S, P) = 0 = Ext}(S, P).

This vanishing easily follows from the explicit form of the projective resolution of S given
in Remark 2.7 O
For a coherent A-module H, consider its maximal subobject tp(#) and the canonical short
exact sequence 0 — tp(H) — H — H — 0. Next, let H — T3, be an injective resolution of

H. Choose a distinguished triangle in Db(Coh(.A)) determined by the canonical evaluation
morphism of complexes of sheaves ev;:

(3) H-"H " P Homp (T Z31]) @ T =2 I3 1.
TETsim
Obviously, this triangle corresponds to a representative of the class of the universal exten-
sion sequence
(4) 0—H-SH-S P Ext(T.H) @ T —0.
T ETsim

Inspired by the work of Geigle and Lenzing [18, Section 2], we get the following result.

Theorem 4.6. The correspondence H — H can be extended to a functor J : Coh(A) —
TL. This functor J is left adjoint to the inclusion T : T+ — Coh(A). Moreover, the
functor T+ — Coh(A)/ T defined as the composition T+ LN Coh(A) N Coh(A)/ T is
an equivalence of categories. Here Coh(A)/ T is the Serre quotient category and P is the
corresponding projection functor. In particular, the perpendicular category T+ is abelian
and the functor J is right exact.

Proof. Denote E1(H) := @ret., ExtY(T,H) @) T. We check first that for any coherent
A-module H, the corresponding .A4-module H given by the universal extension sequence
(@) belongs to T+. Let S be an arbitrary element of Ty, and f: S — H be a non-zero
morphism. Since Hom 4(S,H) = 0, the morphism g := v.(f) = vf is non-zero too. Since

IThe first-named author would like to thank Catharina Stroppel for drawing his attention to this fact.
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the category T is semi-simple, the morphism g : T — E7(H) can be identified with the
inclusion morphism of a direct summand. By the definition of the evaluation morphism,
(er) o g # 0. But on the other hand, (evq:t) og= (er) ovo f =0. Contradiction.

Since Hom 4(S,H) = Hom 4(S,H) = Ext!y (S, E1(H)) = 0, the short exact sequence (H)
induces an exact sequence

0 — Hom4(S, ET()) — Exty(S,H) 2 Exty (S, H) — 0.

Since the category T is semi-simple, we have: dimy, (HomA(S, Er (7:[))) = dimy, (Ext}4(8, 7:[))
From the dimension reasons we conclude that Ext}4(8 ,ﬁ) = 0. Hence, H belongs to T+
as stated. The functor T+ — Coh(A)/ T is fully faithful by [16, Chapitre ITI]. Moreover,
by [I8, Proposition 2.2] this functor is an equivalence of categories. In particular, the
category T+ is abelian.

Now we check that the assignment # — H can be extended to a functor Coh(A) — T+.
Let f : H — H” be a morphism in Coh(A). It is easy to see that f maps tp(H’') to
tp(H"). For any object H we fix a representative of the cokernel H —» H/tp(H). Then
we obtain the induced map f : H' — H” such that the following diagram is commutative:

wl

0 —tp(H') H H 0
| I
0—— tD(’H”) eV w” eV 0.

Moreover, the assignment f — f is functorial: ¢f = gf and 1y = 14. Next, functoriality
of the evaluation morphism and axioms of triangulated categories imply there exists a
morphism f : H' — H” making the following diagram commutative:

H — F — Er () == [
7 ; J/f* lf[l}
" v 1 evyys

H

eV v ﬁ// v g_l_(/]:[//) g

Since Hom4(S,H"”) = 0 for all S € Tgjm, such a morphism f is unique. So, we obtain a
functor J : Coh(A) — T+.

It is easy to see that we have an isomorphism of functors £ : JolI — 1+.. Moreover,
there is a natural transformation ¢ : Lcopa) — [ o J, where for a coherent sheaf H the
morphism (3 is defined to be the composition H Y 71 X% . From the short exact
sequences defining the sheaves H and H we conclude that for any object H” from the
perpendicular category T the morphisms w’, and v/ are the isomorphisms. Hence, the
morphism Hom 4 (J(H'), H") — Hom 4(H', ") given by the composition

ul

Hom 4(H, 1) N Hom 4 (H', H") —= Hom 4 (H', H")

is an isomorphism. This shows that J is left adjoint to the embedding I : T+ — Coh(A).
Since the category T+ is abelian, the functor J is right exact. O
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Remark 4.7. By [I8, Proposition 2.2] we also know that the Serre subcategory T is
localizing. This means that the canonical functor P : Coh(A) — Coh(A)/ T has a right

adjoint functor J : Coh(A)/T — Coh(A). Theorem 8 implies P has also a left adjoint
functor, hence T is even a bilocalizing subcategory. Moreover, the image of J belongs to
the perpendicular category T+ and there is an isomorphism of functors J o P 2 J.

Note that the exact functor G = Homy(F, —) : Coh(A) — Coh(X) vanishes on the
category T. Using the universal property of the Serre quotient category, we obtain an
exact functor

E: Coh(A)/ T — Coh(X)
such that E oP = G. The main result of this section is the following theorem.

Theorem 4.8. The functor E : Coh(A)/ T — Coh(X) is an equivalence of abelian cate-
gories. Moreover, the functors Gol: T+ —s Coh(X) and JoF : Coh(X) — T+ are
mutually quasi-inverse equivalences of abelian categories.

Proof. By Remark [£.7] the second statement implies the first one.

Next, recall that we have two adjoint pairs of functors:

I G
TLZT " Coh(A) Coh(X).
J F

Let Fo G i) lCoh(.A)v ]lCoh(X) i} Go F, lCoh(.A) i) IToJand Jol i} ]1—|—J_ be the
morphisms given by the adjunction. Then the functors JoF and Gol also form an adjoint
pair, whose adjunction morphisms are:

1 Leonx) — GF 25 GIoJF and v JFocn 22 g1 -5 1 ..

In order to show that JF and GI are mutually inverse equivalences of categories, it is
sufficient to show the morphisms pg and vy are isomorphisms for arbitrary objects G €
Ob(Coh(X)) and H € Ob(T+). From the construction of the functors F, G, and J it is
clear that the morphism of O,—modules (,ug)x and the morphism of A,—modules (I/q.[)w
are isomorphisms provided x is a smooth point of the curve X.

Let x € X be a singular point. Recall that the completion functor is faithfully flat

(see for example |2, Theorem 10.17]), hence a morphism of O, modules M Iy N is an

isomorphism if and only if the morphism M i) N is an isomorphism of (5x7modules. Let
0=0, = k[u,v]/uv, A be the Auslander algebra of O, F' = F, and T be full subcategory
of A—mod whose objects correspond to the torsion sheaves from the category T supported
at z. Let F= F®p — : O —mod = A —mod, G = Hom4(F, ) : A—mod — O — mod,
I: T — A—mod be the inclusion functors and J be the right adjoint to I,. Then we have
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a commutative diagram of categories and functors

() Tt — Coh(A) -

- Coh(X).

l J F
e
T A—mod O — mod.

T~

J F

The vertical arrows correspond to the composition of the localization functor with the
functor of the radical completion. Thus, we have to show the natural transformations of
functors

b lo—mod — GIoJF and 7:JFoGI— ]l.T_J_.
are isomorphisms. By Lemma [2.4] the canonical map

0= Homo(0,0) — HomA(F(O),F(O)) = HomA(F, F)

is an isomorphism of algebras. By Proposition 1.5 the module F' belongs to T Our
next goal is to show F' is a projective generator of T Indeed, by [I8, Proposition 2.2]
we know the category T is equivalent to the Serre quotient category A — mod/T. Let
P:A—mod — A— mod/T be the canonical functor. Then P(F) is a generator of
A —mod/T, i.e. any object in A — mod/T is a quotient of an object from add(P(F)). To
prove this, it is sufficient to show that for any projective A-module ) the object P(Q) is
the quotient of an object from add(P(F)). In the notations of Remark 27, we have the
following short exact sequence in A — mod:

0—>P3b—+>P2a;>P1—>Sl—>0,

yielding the short exact sequence 0 — P(P3) — P(P;) — P(P1) — 0 in the quotient
category A—mod/ T. In the same way, we have an exact sequence 0 — P(Py) — P(P) —

P(Pg) — 0.

Finally, we check that P(F) is projective in A — mod/T. Indeed, assume P(X) ER P(F)
is an epimorphism in A — mod/T. By the definition of the Serre quotient category [16],
such a morphism is represented by a diagram in A — mod

y —2—@Q
(-

where i is a monomorphism with cokernel belonging to T, p is an epimorphism whose
kernel belongs to T and ¢ is a morphism in A — mod.

Since F has no subobjects from T, the morphism p is an isomorphism. A morphism
P(g) : P(Y) — P(F) is an epimorphism in A — mod/T if and only if the cokernel of g
belongs to T. But F has no proper quotients belonging to T. Hence, ¢ is an epimorphism
in A — mod. Since F is projective, the morphism g splits, i.e there exists j : F' — Y such
that gj = 1p. But then foP(j) = 1p (. hence P(F) is projective, as wanted.
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This implies that F' = JF(O) is a projective generator in Tl, hence the functor JF : O —
mod — T is a exact. Moreover, the canonical morphism Homo(O,0) — Homyu(F, F)
is an isomorphism. Hence, JF is an equivalence of categories and its adjoint functor GI is
an equivalence, too. O

Remark 4.9. Although T+ and Coh(X) are equivalent abelian categories and the functors
I and F are fully faithful, the full subcategories I(T) and F(Coh(X)) of the category
Coh(.A) are different. To show this, it is sufficient to consider the local situation. Let O =
E[u,v]/uv and A be the corresponding Auslander algebra. Consider the O-module O, =
k[u]. It has a presentation O % O — 0, — 0. The functor F is right exact, moreover, it
induced an equivalence between the category add(O) and the category add(P2) = add(F").

This implies that X,, = F(O,) is given by the presentation P, &) P — X,—0. Itis
then easy to see that Hom 4(S3, X,,) = k. Hence, X,, does not belong to T

5. TILTING ON RATIONAL PROJECTIVE CURVES WITH NODAL AND CUSPIDAL
SINGULARITIES

Let X be a reduced rational projective curve with only nodes or cusps as singularities and
A be its Auslander sheaf of orders on X. The main goal of this section is to show that the
derived category ch)oh (A) has a tilting complez and is equivalent to the derived category
of finite dimensional right modules over a certain finite dimensional algebra I'x.

n
5.1. Construction of a tilting complex. Let X = U X;, where all components X; are
) i=1 . N
irreducible and X —— X be the normalization map. Then X = U X;, where X; = P! is
) . N i=1
the normalization of X; and we have: O = EB O;, where O; = W*(ij), 1<i<n.
i=1
Lemma 5.1. In the notations as above, consider the locally projective A-—module P = A -
e1, where e; € HO(A) is the idempotent given by the equation (). Then for any pair of line
bundles L1 and Lo on the curve X of the same multidegree we have: PR L1 =P R0 Ls.
Proof. Since X is a union of projective lines, we have: 7*L; = 7"Ly. The projection

formula implies that m,7*L; &2 O ®x L1 = O Qx Lo = mr* Lo, hence P ®p L1 =
P R0 L. O

In what follows, we shall use the notation

(O _ (O O\ o On)_
P=(8)-(8)e(g)ee(g)-none on

For a vector m = (mq, ma,...,m,) € Z™ and a line bundle £ € Pic(X) of multi-degree m
we denote P(m) = P @x L = Pi(my1) & Pa(ma) ® -+ ® Pp(my,). For m = (m,m,...,m)
we shall use the notation: P(m) = P(m).
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Let H be a coherent left A-module and ey,e; € H°(A) be the idempotents given by
(). Then, as O—module, H it splits into the direct sum H =e; - H D ey - H = Hi O Ha,
where H1 is an e; Ae; = O-module with the induced O-module structure and Ho is an
Ha
Ho
A-module H is torsion free as an O—module if and only if both O—modules H; and H-
are torsion free.

Next, we shall need the following standard technique from the theory of lattices over
orders. Let O be a reduced local ring and Q = Q1 X Q2 X --- X @, be its total ring of
fractions, where Q); is a field for all 1 < i <n. Let A be an order over O, then we have:

Q(A) = Q X0 A= Mat81><81(Q1) X Mat82><82(Q2) Koeee X Matsnxsn(Qn)
= Q1(A) X Q2(A4) X -+ X Qn(A).
Recall that the ring Mats, x5, (Q;) is Morita-equivalent to @); for all 1 < ¢ < n. For an
A-module M consider the Q(A)-module Q(M) = Q ®o M. We say M is torsion free if

the canonical morphism of A—modules M — Q(M) is injective. In that case, we identify
M with its image in Q(M).

esAeg = O—module. Using these notations, we write H = > Obviously, a left

Lemma 5.2. In the notations as above, let M and N be two Noetherian torsion free
A-modules,

0 \E™M /0, \ 5 0.\ &
aan=| V| ol U] el
Ql Q? QTL
and
01 Oh Q5 ®l2 O, ®ln
Q(N) = Qf @ Q:Q SRR Q"
Q Qs Qn

Then there is an isomorphism of O—modules ¢ : S(M,N) — Hom (M, N), where S(M, N)
is defined as follows:

{f = (f1, f2, -5 fn) € Maty sm, (Q1) X Maty, xm, (Q2) X - -+ X Maty, xpm, (@Qn)

and c(f)-m=f-m forme M and f € S(M,N).

f-MgN}

Proof. First note that the morphism c is well-defined and injective. To prove surjectivity,
note that Q(A) is injective as A—module. By [3| Theorem 1] it is sufficient to show that
for any exact sequence 0 — I = A and any morphism 8 : [ — Q(A) there exists a
morphism v : A — Q(A) such that 78 = «. To prove it note that Q ®p Q = @ and
@ ®o — is an exact functor, hence the morphism « factorizes through Q(I) and we have
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a commutative diagram

Since the category of ()-modules is semi-simple, we get the factorization we need.

Hence, for any A-module N the module Q(N) is injective over A. Let g: M — N be a
morphism of A-modules. By the injectivity of Q (V) there exists a morphism g : Q(M) —
Q(N) making the following diagram commutative:

M QM)
g K
Y
N Q(N).
But then g € S(M, N) and g = ¢(g). O

Our next aim is to transfer this technique to the case of sheaves of A-modules, where
A is the Auslander order attached to a projective curve with only nodal or cuspidal
singularities.

Let IC; be the sheaf of rational functions on the irreducible component X; and IC be the
sheaf of rational functions on X. Then we have: K =2 K1 x Ky x --- x IC,,. Let Q; be the
field of rational functions on the component X;, then the category of coherent X;—modules
is equivalent to the category of finite dimensional vector spaces over ();. Let A be the
Auslander sheaf of X and H be a torsion free coherent A-module. Then the canonical
morphism of A-modules

B 7_[/ o B ICl mi1 ]CQ m2 ICn Mn
is a monomorphism. In what follows, we consider a torsion free A-module H as a sub-
module of K(H).

Proposition 5.3. In the notations as above, let G be a torsion free A—module and
L Iy In
o ’Cl K:2 ’Cn
IC(Q)—<Kl> @<K2> @--@(,Cn) :
Consider the sheaf S(H,G) associated with the following presheaf:

U {f = (f1r+ s Fn) € Maty, g, (K (U)) @ - - @ Maty, s, (K (U)) ‘f-?—l(U) c g(U)}.

Then the canonical morphism of O-modules ¢ : S(H,G) — Homa(H,G) is an isomor-
phism.
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Proof. First note the morphism c is well-defined. Moreover, for any point x € X its stalk
¢, coincides with the morphism from Lemma applied to the O —order A,. Hence, ¢ is
an isomorphism of O—modules. O

Corollary 5.4. Let G and H be a pair of coherent torsion free left A—modules and G be
locally projective. Then for any n > 0 we have an isomorphism of vector spaces:

Ext’y(G,H) = H"(S(G,H)).
Proof. Indeed, since €xtf4(g,7-[) = 0 for all 7 > 1, the local-to-global spectral sequence
implies that Ext’y(G,H) = H(Homa(G,H)) = H°(S(G,H)). O

Corollary 5.5. Let X be a curve with nodal or cuspidal singularities, A be its Auslander
sheaf, G and H be two torsion free coherent A-modules such that

ko =k ) (i) oo (k) =eon

Then the O—module Hom (G, H) is isomorphic to the sheaf associated with the presheaf

U+ {f: (fi,.-- fn) EKL(U) D - Kn(U) ;Z:/((%))%%’/(/(UU)V) }

In particular, for the locally projective A-modules P = A-e; and F = A - eq, where
e1,eo € HY(A) are the idempotents given by (@), we have:

O = Homa(P,P), O=Homu(F,F), O=Homu(F,P) and I = Hom(P,F).

The following proposition plays the key role in our approach to non-commutative rational
projective curves.

Proposition 5.6. Let X be a rational reduced projective curve with only nodal or cuspidal
singularities and A be its Auslander sheaf of orders. Consider the torsion A-module S
given by its locally free resolution

(1) (5) e

Note that the first term of this short exact sequence is isomorphic to P(—2), the middle
term is F and § = 51 ® So @ -+ - © S, where the torsion modu/l\e S; is supported at the
singular point x; € X and corresponds to the unique simple Ay, —module of projective
dimension one. Then the complex

H=S[-1eP(-1)aeP=
=S98 @ @S)[-1® (Pi(-1)®P1) & (Pa(~1) B P2) @ ... (Pu(~1) @ Pp)

is rigid in the derived category of coherent sheaves Db(Coh(.A)), i.e. for alli # 0 we have
Home(A) (H., H.[Z]) =0.
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Proof. By Corollary [5.4] we have:
Extiy (P(—1) & P, P(-1) & P) = H'(S(P(-1) @ P, P(-1) & P) ) =
= H'(X,0(-1) 2 0% @ O(1)) = H'(X,0%(-1) ® 02* & 0%(1)) =0

for all ¢ # 0.

Now we check the torsion .A-module S is also exceptional. Again, using the local-to-
global spectral sequence, we have: Ext(S,S) = H° (X, S:Etf4(8,8)), 7 > 0. Hence, the
vanishing of Extf4(S,S) can be checked locally. Using the projective resolution of the
simple .Zx;module gxl given in Remark 2.7] we get the desired vanishing.

Next, S is torsion and P(n) is torsion free, hence we get: Hom4(S,P(n)) = 0 for all
n € Z. Since S has a locally projective resolution of length one, we have: & :L"tf4 (S , P(n)) =
0 for ¢ # 1. The local-to-global spectral sequence implies that Extf4 (S,P(n)) = 0 for all
i € Z. Finally, it remains to note that Ext' (P(n),S) = 0 for all n € Z and i > 0, so the
local-to-global spectral sequence implies again Extf4 (P(n),S) =0. O

Let D be a triangulated category admitting all set-indexed coproducts. Recall that an
object X € Ob(D) is called compact if for an arbitrary family {Yl}z cI of objects of D the
canonical map

®ier Homp (X, Y;) — Homp (X, @ierY5)

is an isomorphism. An object X compactly generates D if it is compact and

Xt = {Y € Ob(D) ( Homp (X, Y[n]) = 0¥n € Z} —0.

Recall the following result of Keller [22].

Theorem 5.7. Let D be an algebraic triangulated category admitting all set-indexed co-
products and X be a compact generator of D such that HomD(X,X[n]) = 0 for all
n € Z\ {0}. Let ' = Endp(X) and Mod — T" be the category of all right T'-modules.
Then there exists an exact equivalence of triangulated categories T : D —> D(Mod — F)
such that for an arbitrary object Y € Ob(D) we have: H™(T(Y)) = Homp(X, Y [n]), where
Homp (X, Y'[n]) is endowed with the natural structure of a right T = Endp(X)-module.
Such an object X is called tilting and its endomorphism algebra T' is the corresponding
tilted algebra.

In order to restrict the equivalence T on the derived category of Noetherian objects of a
Grothendieck abelian category, we use the following result of Krause [26, Proposition 2.3].

Theorem 5.8. Let A be a locally Noetherian Grothendieck category of finite global di-
mension and N be its full subcategory of Noetherian objects. Let D.(A) be the category
of compact objects of D(A). Then the image of the canonical functor D*(N) — D(A) is
equivalent to D.(A).

The following result was explained to the first-named author by Daniel Murfet.
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Proposition 5.9. Let A be a locally Noetherian Grothendieck category of finite global
dimension, N be its full subcategory of Noetherian objects and D = D(A) be the derived
category of A. Let I : D=(N) — D be the canonical functor. Then an object X of the
category D belongs to the image of 1 if and only if for every family of objects {Y }icr of
objects of D such that @;c1Y; has bounded below cohomology, the canonical map

@ HomD(X, YZ) — HomD(X, @YZ)
il iel

is an isomorphism.

Proof. We follow the main steps of the proof of [26] Lemma 4.1]. First check that any
object X of the category D~ (N) has the stated property. Let {Y;};c; be a family of
complexes from A with common lower bound for the non-vanishing cohomology. Then
there exists n € Z such that for all j < n and i € I we have: H’(Y;) = 0. Let 75,(X) be
the truncation of X. By the assumption, the complex 7>, (X) has bounded Noetherian
cohomology. Since A has finite global dimension, the complex 7>,(X) is compact in D
and we have canonical isomorphisms

@D Homp (X, Y;) = @5 Homp (751 (X), ¥;) & Homp (72 (X), P Y;) = Homp (X, D V7).
icl iel icl iel
Now, let X be an object of D such that the map ®;c; Homp(X,Y;) — Homp (X, ®ic1Y5)
is an isomorphism for an arbitrary family of objects with a common lower bound for the
non-vanishing cohomology. First we check there exists n € Z such that for all m > n
. j—1 . j .

we have: H™(X) = 0. Let X = ( X 2 xi 8 xil ) and assume
HI(X) #0. Let ker(¢7) := (Z7(X), ), Z/(X) — H?(X) be the canonical epimorphism
and H7(X) RN E(H?(X)) be the injective envelope of H7(X). Note that the composition
vjB; is non-zero. Moreover, since E (Hj (X )) is injective, there exists a morphism ¢; :
X7 — E(H](X)) such that ¢;o; = ~;8;. Next, by the universal property of the kernel,
there exists a morphism /7! : X9=1 — ZJ(X) such that a;6/~ = /L.

) §i—1 . 59 )
ce—— xJ-1 X Xi+1

E(H!(X))

Note that ;677! = %,ngj—l = 0. As a result, we get a morphism X — E(H?(X))[—j]
inducing a non-zero map in cohomology. Hence, if X has unbounded cohomology to the
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right, the morphism X — @jE@E(Hj(X))[—j] can not factor through a finite set of
indices in Z,. This implies that the canonical map

P Homo (X, E(H(X))[-j]) — Homp (X, @ E(HI(X))[-J])
JEL+ JEZ+
is not an isomorphism. Contradiction.
In remains to show that X has coherent cohomology. Let {E;},.; be an arbitrary family
of injective objects in A. Then we have:

Homp (X, € Ei[-n]) = Homa (H™(X), P E;) = ) Homa (H™(X), P E))

iel iel iel iel
A result of Rentschler [35] allows to conclude that H"(X) is Noetherian. O

The following theorem is the main result of our article.

Theorem 5.10. Let X be a reduced rational projective curve with nodal or cuspidal singu-
larities, A be its Auslander sheaf of orders and H®* = S[—1]®P(—1)®P be the rigid complex
from Proposition [5.0. Then H® is a tilting complex in the derived category Db(Coh(A)).

Proof. By Proposition[5.6], the complex H* is rigid. In order to apply Theorem[E.7] we have
to show that the right orthogonal of H* in the unbounded derived category D(Qcoh(A)) is
zero. Let C = D(H*®) be the smallest triangulated subcategory of D(Qcoh(.A)) containing
H®. Our goal is to show that the right orthogonal of C inside of D(Qcoh(.A)) is zero.

First observe that the Euler sequences
0 — Opi(m —1) — Op1(m)®* — Op1(m +1) — 0
in the category of coherent sheaves on P! induces the short exact sequences
0 — Pi(m—1) — Pi(m)®? — P;(m +1) — 0

in the category Coh(A) for all 1 < i < n and m € Z. This implies that all locally
projective A-modules P;(m) belong to the triangulated category C. In particular, the
locally projective A-module P(—2) belongs to the category C. The short exact sequence

0—P(-2) —F —=805d @S —0

implies that the locally projective A-module F belongs to C.
Consider the torsion A-module 7, which is the cokernel of the canonical inclusion

morphism F — P. Since F and P belong to C, it follows that 7 is an object of C, too.
t

Moreover, 7T is supported at the singular locus of X, hence 7 = @’E,j. Let Tj be the
j=1
finite-length module over A, corresponding to the torsion sheaf 7,.. We have:
e if p; is a node then T} is given by
1 1
K kS Sk
0 0
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e if p; is a cusp then T is given by the quiver representation
(01)
BHCr_—=h
(5)
If the point p; is nodal then for any A € k* we have a short exact sequence
0—S; — U;j(\) —T; — 0,
where U;(\) is the module
(1) (%)
F Rk
(10) (10)
Similarly, for a cuspidal point p; the module U;(A) is given by the representation
(89)
GHCrT__—#
(35)
00

for some A € k. In particular, for any choice of A\i, Ag,..., A+ € k¥, the torsion sheaf U

—=Oo

¢
corresponding to the module € U;(\;) belongs to the category C.
j=1
Let £ € Pic(X) be a line bundle of multidegree (1,1,...,1). Then for any m > 1 there
exists an exact sequence

¢
0— FRo L™ — Fao L™ — Pu;(x;) — 0.
j=1
In particular, for all m > 0 the sheaf F ®» L7™ belongs to C. Hence, for any m > 0 the
locally free A-module F ®o L~ belongs to C, too.

Let G be an arbitrary coherent A-module. Then it is also a coherent O-module. Since £
is an ample line bundle on X, by a theorem of Serre there exists m > 0 such that the eval-

k
uation morphism Homx(£™™,G) ® £L™™ =% @ is surjective. In particular, there exists
N > 0 such that there exists an epimorphism of O-modules (£~™) — G. Since the func-

. . . 1
tor A®p — is right exact, we have epimorphisms A ®@¢ (L)Y T A ®0 GG,

Let G* = ( — gnt £> gr iR grtt - ) be a complex from the category
D(Qcoh(A)). If G* % 0 then there exists n € Z such that H"(G*) # 0. Let K,, = ker(6").
Since any quasi-coherent A—module is a direct limit of its coherent submodules, there exists
a coherent submodule N, of K,, such that it is not a subobject of the sheaf im(6"~1) C K,,.

Consider the morphism (A ® E‘m)N[—n] 1, G* in the derived category D (Qcoh(A))
defined as the composition

(A L7™N=n] — Ny[—n] — KCn[-n] — G°.
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Since H"(f) # 0, the morphism f is non-zero in Db(Qcoh(A)), too. This shows that
Ct =0, hence H* is a tilting complex. O

Corollary 5.11. Theorem [5.10, Theorem[5.7 and Proposition imply that there exists
an equivalence of triangulated categories T : D(Qcoh(X)) — D(Mod — I‘X) nducing
equivalences of triangulated categories

D™ (Coh(A)) — D~ (mod — I'x) and D’ (Coh(A)) — D”(mod — I'x).
In particular, we have exact fully faithful functors
D~ (Coh(X)) — D~ (mod —T'x) and Perf(X) — Db(mod —I'y).

5.2. Description of the tilted algebra. Our next goal is to describe the tilted algebra
Endpb(a)(H®) as the path algebra of some quiver with relations. Recall our notation. Let

X be a rational projective curve with only nodes and cusps as singularities, 7 : X 5 X
its normalization, X = Ui, X,, where all X; = PL. Let

Slng {p17p27"'7p7“7p7“+17"'p7“+8}
be the singular locus of X, Where P1,--.,pr are nodes and pyy1, ..., Prys are cusps. Choose

homogeneous coordinates (u; : v;) on each irreducible component X; and for any pair (i, j)
such that 1 <i<mnand 1 < j <r+ s consider the set of points
-1 ~ k k k
7o) N X = g = (aff 7Y [1 <k < my),
where mw 0,1 or 2. We additionally assume the coordinates are chosen in such a way

that ( ﬁl(jk ) # (1:0) for all indices 1, j, k such that p; is a cusp.

Deﬁnltlon 5.12. The algebra I'x attached to a rational projective curve X with nodal
or cuspidal singularities, is the path algebra of the following quiver with relations:

e It has 2n + r + s vertices: for each index 1 < i < n we have two points a; and b;
and for each index 1 < j <r + s we have one point ¢;.
e The arrows of I'x are as follows.
— For any index 1 < i < n we have two arrows u;,v; : a; — b;;
z(jk) 1 Cj — A4,
— For any index r +1 < j < r+ s (cuspidal point) and the unique index i with
m;; = 1 we have two arrows wj;, ;j cj — a;
e The relations are as follows: for any 1 < ¢ < n, 1 < j < r (nodal point) and
1 <k < my; we have:

— For any index 1 < j < (nodal point) we have m;; arrows w

(1 — oyl =0

and for any 1 <i<n,r+1<j <r+s, m;; =1 (cuspidal point) we have:

(B wi — g vi)wly = 0, (B ui — aff vi)wi; = viw]

Remark 5.13. The algebra I'x is exactly the algebra defined in [15, Appendix A]. Since
all paths in I'x have the length at most two, we have: gl.dim(I'x) = 2.

N

Proposition 5.14. The endomorphism algebra of the tilting complex H® from Theorem
[5.10 is isomorphic to the algebra T'x introduced in Definition [5.12.
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Proof. A choice of homogeneous coordinates (u; : v;) on X; yields a pair of distinguished
sections 2,z € HY(Ox (1)), where z9(0 : 1) = 0 and 2°(1 : 0) = 0. They correspond

17
to a pair of dlstlngulshed morphisms u;,v; € Hom A(Pi(—l), Pi), 1 <i<n and form a
basis of this morphism space. In the course of the proof of Proposition we have seen

that the only non-trivial contributions to End ps(con(4y)(H*®) come from:
HomA(ﬁi(—l), 'PZ) = Hom]pl (Opl(—l), O]pl) = k‘2
and
EXth(Sj,'Pi(—l)) ~ HO ((“:l‘t}é\(sj,'])l(—l))> ~ |2 o EXth(Sj,Pi).

Since the spaces Ext}4 (Sj, Pi(—l)) can be computed locally, we carry out calculations over
the complete ring A,,, following the notations of Remark 2.7

1-st case. Assume p; € Sing(X) is nodal and its both preimages
“1(p (1 a? . 3@
T {qu ,(] } { BZ] 1\ BZ] )}

belong to the same irreducible component Xi. Recall that in this case, the algebra .Zp\j is
given by the completion of the following quiver with relations:

~ Pj(l) D Pj(g), ]?pj ~ p®  Recall that the simple module

Moreover, we have: (P;) ]

by
S; =18 §2) has a projective resolution

(alb)

0— Pj(l) @ Pj(?’) —— Pj(z) — S; — 0.

Hence, Ext}?l (Sj,Pj(l) &3] Pj(g)) ~ k2 = < Z(Jl),wg)>, where w(l) is given by the following
.

J
morphism in the homotopy category:

0—= P

<.
<.

2)

and the morphism w; ; is defined in a similar way. This implies that any morphism from
S;[—1] to P; in the derived category D°(Coh(A)) factors through P;(—1). Next, note that
the section ﬁ( u; — agf) (k) = (agf) : BZ(J )) k =1,2. Hence,
we have the equahtles

v; vanishes only at the point a4

o, @ N (1) _ @, _ @ 2)
(6) (/Bij Ui — Qj UZ)wij =0, (Bij Ui — Qs v )w wi;w =0
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in the morphism space Hom 4 (Sj [—1], 77,-). Moreover, the morphisms (ﬁl(jl )ui — agjl-)vi)wg)

and (ng)ui—ag)vi)wg) are linearly independent. Since Ext}z (Sj, Pj(l)@Pj(g)) = k2 there
Pj

(k)

are no other relations between w5 U and v; but those described in ([@).
2-nd case. Assume the point p; is cuspidal and ﬂ_l(pj) = qij = (045 : Bij) € )Z'Z In this

case, Ap, is isomorphic to the completion of the path algebra

b
J
wCile_—=3  a=uy
by
C(Pi(—1) = (P, = pD RIS N .
We have: (P ( 1))p_ = (Pi)p, = P, and 0 = P,/ — P, — S; — 0 is a projective
J

resolution of the rigid simple module S;. Hence, ExtY(S;, P;) & HO(ExtYy(S;, P;)) = k2.
Since the homogeneous coordinates (u; : v;) are chosen in such a way that ¢;; # (1 :
0), the morphisms v; and f;ju; — oyjv; © Pi(—1) — P; are linearly independent. Let
ng = (Bijui — aijvi)pj and w;; = (Ui)pj be the induced .%ijflinear morphisms of the
projective module Pj(l)

+
from (Pj(l) i) Pj(z))[—l] to Pj(l) in the homotopy category of projective .ijfmodules.

. Denote by the same letters the induced morphisms of complexes

Then w;; and wj; form a basis of Exty (Sj, Pi(—1)) = k* and we obtain the relations
{ (Bijui — cijvi)wi; = 0
(Bijui — cijvi)wij = vwy;
in the morphism space Ext}4(8j, P;i). As in the Case 1, it follows that there are no other
relations between u;, v;, w;; and ng.
3-rd case. The case when p; is nodal and its preimages belong to different components of

X is completely similar to the first case and is therefore left to the reader. O

Example 5.15. Let X be an irreducible nodal rational projective curve of arithmetic
genus two, p; and ps its singular points, P! = X its normalization. Assume that coordi-
nates on P! are chosen in such a way that

7 p1) ={0=(0:1),00=(1:0)} and 7 '(p2)={(1:1),(A:1)}
with A € k\ {0,1}. Then the algebra I'x is the path algebra of the following quiver

subject to the relations ua; = 0, vag = 0, (u — v)by = 0 and (u — \v)by = 0. It seems to
be an interesting problem to study compactified moduli spaces of vector bundles on X in
terms of representations of the algebra I'y.
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5.3. Dimension of the derived category of a rational projective curve. As a con-
sequence of our approach, we obtain an upper bound of the dimension of the derived
category of coherent sheaves of reduced rational projective curve with only nodal or cus-
pidal singularities.

Let C be an idempotent complete triangulated subcategory and A, B be its two idem-
potent complete full subcategories closed under shifts. Following Rouquier [38], we denote
by A x B the full subcategory of C, whose objects are those objects X of C for which there
exists a distinguished triangle

A— X — B — A[l]

with A € Ob(A) and B € Ob(B). For an object X € Ob(C) we denote by (X) the smallest
full subcategory of C, closed under taking shifts, direct sums and direct summands. Next,
for any positive integer n we define subcategories (X),, by the following rule:

<X>1 :<X>7 <X>n+1 :<<X>1*<X>n>

An object X € Ob(C) is a strong generator if (X), = C for some positive integer n.
Rouquier suggested the following definition of the dimension of a triangulated category C:

dim(C) = inf {n cZ, ‘ IX € 0b(C) : (X)py1 = c} .

He has also proven that the dimension of the derived category of coherent sheaves of a
separated scheme X of finite type over a perfect field & is always finite, see [38, Theorem
7.38]. Moreover, if X is smooth of dimension n then n < dim(D%(Coh(X))) < 2n, see
[38, Proposition 7.9 and Proposition 7.16]. By a recent result of Orlov [30], for a smooth
projective curve X over a field k£ we have:

dim(D"(Coh(X))) = 1.

The case of the singular projective curves still remains open. However, our technique
allows to deduce the following result.

Theorem 5.16. Let X be a reduced rational projective curve with only nodal or cuspidal
singularities. Let S = {p1,pa,...,pt} be the singular locus of X and X1, Xo,..., X, be the
irreducible components of X. Let O; = Ox, be the structure sheaf of X;, 1 <i < n and
0i(—1) = O; ® Ox(—qi), where q; € X; is a smooth point. Consider the coherent sheaf

g= é((’)i(—l) ® (’),-) ® é kp,-
i=1 j=1

Then we have: (G)s = D’(Coh(X)). In particular, dim(D’(Coh(X))) < 2.

Proof. Let A be the Auslander sheaf of X. By Theorem (.10, the derived category
DP(Coh(A)) is equivalent to D?(mod — I'x). Moreover, gl.dim(I'x) = 2 and the equiva-
lence T maps the tilting complex H*® to the regular module I'x. By [38, Lemma 7.1] it is
known that (I'x)3 = D’(mod — I'x). This implies that (H*); = D°(Coh(A)).

Consider now the exact functor G : Coh(A) — Coh(X). By Theorem 2.6] the de-
rived functor G : D’(Coh(A)) — D?(Coh(X)) is essentially surjective, hence (G(H®)), =
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DP(Coh(X)). To conclude the proof, it remains to note that

n t

G(H®) @(Oi(—l) ® Oi> © @ by, [-1].

i=1 j=1

6. COHERENT SHEAVES ON KODAIRA CYCLES AND GENTLE ALGEBRAS

In this section we discuss some corollaries from the results obtained in the previous

section, in the case of Kodaira cycles of projective lines. To deal with left modules, we

prefer to replace the tilted algebra I'x by its opposite Ax =T'¢.

Proposition 6.1. Let E = E,, be a Kodaira cycle of n projective lines (in the case n =1
it is an irreducible plane nodal cubic curve), A be the Auslander sheaf and A = A be the
opposite algebra of the corresponding tilted algebra. Then we have:

(1) The algebra Ag is gentle, see [1].
(2) The categories Perf(E) and Coh(E) are tame in the “pragmatic sense’.

Proof. The fact that the algebra A is gentle, follows from Proposition £.14] and the def-
inition of the gentle algebras. Moreover, the gentle algebras are derived-tame [31], [37].

Since we have fully faithful functors Perf(E) — D(Coh(A4)) = DP(A — mod), and
Coh(X) — Coh(A) — D(Coh(A)) = D*(A — mod), the categories Perf(E) and Coh(E)
are equivalent to full subcategories of a representation-tame category D° (A — mod). This
precisely means they are pragmatic-tame.

Example 6.2. Let £ = E5 be a Kodaira cycle of two projective lines. Then the algebra
Ap is the path algebra of the following quiver

[ ]
w11 w21
ul u2
P P o
[ ] [ ] [ ] [ ]
Sc~——7 ~——
V1 v2
w12 w22
[ ]

subject to the relations: wyiv; = 0, woeve = 0, wiou; = 0 and wejuge = 0. In particular,
there exists a fully faithful functor Perf(E) — D’(Ag — mod).

Let A be a finite-dimensional algebra over a field k. Then the Nakayama functor
v:=DHomy(—,A): A—mod — A — mod

is right exact. Moreover, if A = k:@ /p is the path algebra of a finite quiver with relations

then v(P;) = I;, where P; and I; are the indecomposable projective and injective modules

corresponding to the vertex i € Q. If gl. dim(A) < oo then by a result of Happel [19], the

derived functor
S := Lv : D’(A — mod) — D®(A — mod)

2A more precise result implying the tameness in a “strict sense” was obtained in [I3].
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is the Serre functor of the category DP(A — mod) and the functor 74 = S[—1] is the
Auslander-Reiten translate in D®(A — mod) (see also [34]).

Corollary 6.3. Let E be a Kodaira cycle of projective lines, A be its Auslander sheaf
and A be the opposite algebra of the corresponding tilted algebra. Consider the category
Band(A), which is the full subcategory of D°(A —mod) whose objects are the complexes P*
such that TA(P®) = P°®. Then Band(A) is triangulated and idempotent complete. Moreover,
it is triangle equivalent to the category of perfect complexes Perf(E).

Proof. Since T : Db(Coh(.A)) — DP(A — mod) is an equivalence of categories, we have
an isomorphism of functors T o 74 = 75 o T. This implies that the category Band(A) is
equivalent to the category Dy introduced in Corollary By Theorem [3:4] and Corollary
B0 we get that Band(A) is equivalent to Perf(E). In particular, it is idempotent-complete.

O

Remark 6.4. Corollary [6.3] implies the following result on the shape of the Auslander—
Reiten quiver of the gentle algebra A, attached to a cycle of projective lines E. Let P*® be
an indecomposable object of D’(A — mod) such that 73(P*) & P*. Then n = 1 and P* is
an object of Band(A). In other words, the Auslander-Reiten quiver of D?(A — mod) does
not contain tubes of length bigger than one.

Note that all indecomposable band complezes of D?(A — mod) in the sense of the work
of Butler and Ringel [9] (see also [37]) are 7—periodic. However, their definition of bands
and strings of the derived category of a gentle algebra is purely combinatorial. In par-
ticular, in certain cases algebra automorphisms map band complexes to string complexes.
Moreover, it is not completely clear that their notion of bands and strings coincide with
the corresponding notion of bands and strings used in our previous paper [12].

In the particular situation of a gentle algebra A which is the tilted algebra attached to a
Kodaira cycle of projective lines, we say that an indecomposable object of D’(A —mod) is
a band if and only if it belongs to Band(A). The indecomposable objects of D?(A — mod)
which are not bands will be called strings. The description of indecomposable objects
in D°(A — mod) [31, 37, 12] implies that strings do not have continuous moduli and are
classified by discrete parameters. The same concerns the indecomposable objects of the
derived category D°(Coh(E)) which do not belong to Perf(E), see [13].

The interplay between various categories occurring in our construction can be explained
by the following diagram:

(Coh(Ag)) ——= D~ (Ag — mod)

T‘/ t t

b(Coh(E b(Coh(Ag)) —— Db(Ag — mod)
Perf(E) = Dy = Band(T'g).

Summing up, we get that the triangulated category Perf(E) is a full subcategory of two
different derived categories. From one side, it is a subcategory of the derived category
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of coherent sheaves Coh(E), whose global dimension is infinity. From another side, it is
a subcategory of the derived category of representations of the algebra I'p, whose global
dimension is two. The “complement” of Perf(E) in both categories is “small”: it consists
of direct sums of complexes described by discrete parameters.

7. TILTING EXERCISES ON A WEIERSTRASS NODAL CUBIC CURVE

Let E C P? be a singular Weierstra3 cubic curve over an algebraically closed field k
given by the equation zy?> = 3 + 22z. By Corollary .11 there exists a fully faithful
functor

Perf(FE) N D"(Coh(A)) SN D" (A — mod),
where A = Ap is the Auslander sheaf of orders and A = Ap is the path algebra of the
following quiver with relations:

a b
1 =2 =3 bha=0=de
¢ d

The algebra A is interesting from various perspectives. First of all, it is gentle, hence
derived-tame. Next, by a work of Seidel [40], Section 3], it is related with the directed
Fukaya category of a certain Lefschetz pencil.

Our next goal is to compute the complexes in D? (A— mod) corresponding to the images
of certain perfect coherent sheaves on ' under the functor T o F.

Let m : P! — E be the normalization of E and s = (0:0: 1) € E be the singular point.
Choose coordinates on P! in such a way that 71(s) = {0, oo}, where 0 = (0 : 1) and oo =
(1 :0). This choice yields two distinguished sections zp, 200 € Hompi (Op1(—1),0p1) =
H°(Op1(1)) such that z9(0) = 0 and z.(00) = 0. Recall that

S () B O I CXD)
a= A2 (GO i )

is isomorphic to the radical completion of the following quiver with relations:
b+(1_ = 0, a+b_ =0.

p= () 2= () == (gl )

be the indecomposable projective A—modules. We distinguish two locally projective A-

modules _
) 7
77—<6> and]—"—(@)

and for any n € Z we have: 77/(71\)5 = P, @ P,, whereas F. = F. By Lemma 53] there are
the following canonical isomorphisms:

H(Op1 (1)) 2 H(S(P(~1),P) ) = Hom(P(~1), P).

Let
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Hence, we get two distinguished elements in Hom4(P(—1),P), which will be denoted
by z9 and zs. They are characterized by the property that there exists isomorphisms
t1: P(=1)s = P,® Py and ty : Py — P, ® P, making the following diagrams commutative:

— Z — — z —

P(—1)s P, P(-1), P

el ey b

0
rer,YYpaor Per, %P aoP,

Let Sg be the torsion .A-module supported at the singular point s € £ and corresponding
to the simple A-module Sz. Then for any n € Z canonical map

H° (Ea:th (S, P(n))) — Ext}4(Sg,P(n))

is an isomorphism. By Remark 2.7, the simple module Sz has the following projective

resolution:
OHPQ@PVMPBHS/;—)O.

Hence, Exty(Ss, Py @ P,) = k* = (£,n), where ¢ and 7 are induced by the A-linear
morphisms given by the matrices

1 0 0 0
e~ (10)ou= (U0 men o nen,

In particular, zp¢ = 0 and z2,,n = 0. By the definition of the tilting equivalence T :
Db(Coh(.A)) — Db (A — mod) given by the tilting complex H® = Sg[—1] & P(—1) & P, we
have the following result.

Lemma 7.1. We have: T(P) = P;,T(P(-1)) = P, and T(Sg) = P3[1], where P; is the
indecomposable projective A—module corresponding to the vertex i, 1 < i < 3.

Our next goal is to compute the images of certain finite length objects in Coh(.A). Let
x = (\: p) € P! be an arbitrary point. Consider the torsion .A-module 7T, given by its
locally projective resolution

0— P(-1) 22 p 7.

Note that 7, is supported at the point w(\ : u) € E. In particular, if x ¢ {0,000} then
T is supported at a smooth point of E. For z € {0,00} the sheaf T, corresponds to the

A-modules
1 1
To= k< =kZ =0 andTw=0T_____—kZ k.
0 0

Since Ext’y(Ss,P(n)) = 0 for all n € Z and i € Zso, we also have the vanishing
Ext’y(Sg, T) = 0 for all i > 0.

Next, note that Hom 4(P(n), 7;) = k and Ext’ (P(n),7;) = 0 for all i > 0 and n € Z.
This implies that H® (T(’];)) = 0 for ¢ # 0. In particular, the complex T(7,) is isomorphic
in D? (A — mod) to the stalk complex

..—0— N, —0— ...
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where N, = H°(T(T,)).

Recall that for an arbitrary representation M of the quiver A we have: Homp (P;, M) =
M (i), where M (i) is the dimension of M at the vertex ¢, 1 < < 3. This allows to compute
the multi-dimension of the zero cohomology of T(7,): dim(N,) = (1, 1, 0). Moreover, the
right I'-module N, endowed with the natural structure of an Endpp(y) (”H')fmodule has
the following projective resolution:

0 —> Hom s gy (H®, P(—1)) L2022k,

Interpreting it in the terms of quiver representations, we obtain the following result.

Proposition 7.2. For any x = (A : u) € P! we have: T(T,) = N,[0], where N, is the
following representation of the algebra A:

Home(A) (H.,P) — N, — 0.

A
T A T A
kK kT 0.
w
As the next step, we compute the images under T of two other exceptional simple A4-

modules.

Proposition 7.3. Let S, and S, be the simple A-modules corresponding to the vertices
a and vy, and S, and S, be the corresponding torsion A-modules. Then we have:

1 0 0 1
T(Sa)= kT _>kZT_ >k adT(S)=kZT__ kI >k
0 1 1 0
Proof. First note that
EXt_A(SB7Sa) = HO (S.Z't_A(Sﬁ,Sa)) = { 0 otherwise.
In a similar way, for any n € Z we have:
k if i=0,

0 otherwise.

Extly (P(n), Sa) = H° (€t (P(n),Sa) ) = {
This implies that T(S,) and T(S,) are indecomposable stalk complexes. Their zero
cohomology are A-modules M, and M,, whose multi-dimension is the vector (1,1,1).
However, there are precisely two indecomposable A—modules with this multi-dimension.
Since Hom 4(75,Sa) = 0 = Hom 4(79,S,) and T is an equivalence of categories, we have:
Homa(Noo, My) = 0 = Homy (No, M,,). This implies that M, and M, are given by the
quiver representations as stated above. O

Finally, we shall compute the image of the Jacobian PicO(E) in the derived category
DP(A — mod).

Proposition 7.4. The functor ToF identifies the Jacobian Pic®(E) = k* with the following
family of complexes in the derived category D?(A — mod)

b
s} .= W pendnl
ASk Aek*
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where the underlined term of Uy has degree zero. Moreover, for any A € k* the complex
Uy is spherical in the sense of Seidel and Thomas [39] and we have: H°(Uy) = Ss,
HY(U3) =5

Proof. Since T : Db(Coh(A)) — DY(A — mod) is an equivalence of categories, we have an
isomorphism of functors T o 74 = 74 o T. Next, we know that T(P) = P;. This implies
that

R :=71A(P) = < (15 ) and T(R) = 7a(Py) = S1[—1],

where 57 is the simple A—module corresponding to the vertex 1 (note that S is injective).
Consider the torsion A-module T supported at the singular point s € E and defined as

(g )-=[(3) = (3)]

Since Hom A(P(n),SB) = 0 for all n € Z, the canonical morphism
HomA(7,S3) — Hom4(R,Sp)

is an isomorphism. Another canonical morphism Hom4(7,S3) — Homg(O/Z,0/T) is
an isomorphism as well, hence Hom 4(R, Sg) = k2. Since (O/T)s = kyxkgsand (O/T)s = ks
are rings, the vector space Hom E(@/I, ks) has two distinguished basis elements wgy and
Weo, Which correspond to the non-trivial idempotents of the ring ((5 /T)s. Let wy and wee

be the corresponding elements of Hom 4(R,Sg). For any (A, u) € k% \ {0,0} consider the
short exact sequence

0— X —R-S5T—0,

where w = pwg — Mvs. The A-module X only depends on the ratio x = (X : p) € PL.

We claim that X is a locally projective A-module precisely when = ¢ {0, 00}. Moreover,
in this case we have: X5 =2 F. Indeed, X is locally projective at all smooth points of E.
Let W = pwg — Moo : T — Sg. Then X is isomorphic to the middle term of the following
short exact sequence:

O—><§>—><I+(imo>—>ker(u})—>0,

where we view (\, 1) € k X k as an element of the normalization k[u] x k[v]. Other way
around, it is not difficult to show that for any line bundle £, € Pic®(E) = k* the locally
projective A—module X := F ®p L, fits into a short exact sequence

0— & —R— S —0.

Summing up, for all non-zero morphisms w = pwy — Aws € Hom4(R,Sp), where z =
(A ) ¢ {0,00}, the mapping cone cone(w)[—1] is 74—periodic and isomorphic to a stalk
complex X[0], where X is a locally projective A-module. Applying the functor T, we
obtain a distinguished triangle

T(X) — Si[=1] 2% Sa1] — T(X)[1].
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Next, we have: Homppy) (S1[-1], S5[1]) = Ext}(S1,S3) = k2. Note that S; has the pro-
jective resolution
b0
(69)

0—>P§92—>P2@2MP1—>51—>0.

Hence, any element w € Ext}(S1,S3) is given by a morphism of A-modules (A1, u1) :
PP? — P3, where (\, 1) € k*. Moreover, one can check that the complex cone(w) is
Ta—periodic if and only if (A : ) ¢ {0,00}. In that case, cone(w) is isomorphic to the
complex U}, where v = —

>I=

O

8. SOME GENERALIZATIONS AND CONCLUDING REMARKS

8.1. Tilting on other degenerations of elliptic curves. Theorem [5.10lcan be general-
ized to the case of curves with more complicated singularities. For example, let E §~IP>2 be
a tachnode plane cubic curve given by the equation y(yz — 2%) = 0. Again, let 7: £ — FE
be the normalization, O = m, (O ) and Z = Anng(O/O) be the conductor ideal.

In this case, consider again the coherent sheaf F = Z @& O and the sheaf of O—orders
A = Endg(F). Let A = Py @ Py @ F be the decomposition of A into a direct sum of
indecomposable locally projective modules. Define the torsion A-module S via the short
exact sequence

0 —Pi®P—F —S—0.

Then the complex H® = S[—1] & (P1(—1) ® P1) @ (P2(—1) ® P3) is rigid and the endo-
morphism algebra I'g = End ps(4)(H®) is isomorphic to the path algebra

©
v (Ve
P2 a2 al N
[ ] oO<—0 —— 0 [}
— ~——
u2 v1

subject to the relations ¢? = 0,v1a; = 0,v9as = 0,uja1¢ = 0 and ugasp = 0. Note that
in this case gl.dim(I'g) = oco. However, similar to the proof of Theorem .10l one can
show the complex H*® is tilting in the sense of Theorem 5.7l Thus, we have a fully faithful
functor Perf(E) — D%(mod — I'g).

8.2. Tilting on chains of projective lines. Let X be a chain of projective lines. In
[10] it was shown that D(Qcoh(X)) has a tilting vector bundle. In particular, we have
a triangle equivalence D*(Coh(X)) =, D (Ax — mod), where * € {—,b} and Ay is the
opposite algebra of the corresponding tilted algebra. Composing this functor with the
embedding obtained in Corollary B.11] get an interesting fully faithful functor

D™ (Ax —mod) — D~ (Ax — mod)

which is worth to study in further details. Note that both algebras Ax and Ax are gentle,
hence derived-tame. We hope that these geometric realizations of gentle algebras will
contribute to a better understanding of the representation theory of gentle algebras.
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Example 8.1. Let X = V(zgz1) C P? be a chain of two projective lines. Then Ay is the

path algebra of the following quiver
[ ]
N
/C\
\_/
d

subject to the relations cd = 0 = de. The algebra Ax is the path algebra of another quiver

u2 ul
v2 v1
subject to the relations w;a; =0, ¢ =1,2.

8.3. Non-commutative curves with nodal singularities. Similar to constructions of
Section [2land Section [5], one can study a new class of derived-tame non-commutative curves
which generalizes weighted projective lines of Geigle and Lenzing [17]. Their characteristic
property is that the completion of their stalks are generically matrix algebras over k[t],
whereas the singular stalks are either hereditary orders or nodal algebras. The last class
of k[[t]-orders was introduced in [I1].

Example 8.2. Let X = P!, Z = {0,00} and Z = Zz be the ideal sheaf of Z. Consider
the following sheaf of Opi—orders:

O 7 I
A= O O I
O 1 0O

Then for x # 0,00 the algebra .Zl\x ~ Matg(k[[t]]), whereas for z € {O,oo} it is the
completion of the path algebra of the so-called Gelfand quiver:

a4+ bt
e T~ 3 — T
Gzi\_ﬂg\_/% a_a+:b_b+.
a— b_

Let S; be the simple G-module corresponding to the vertex i = 1,2 and S be the
corresponding A-module for x € {0,00}. Let e; € HY(A) be the primitive idempotent
corresponding to the left upper corner unit element and

@
77=A-61: O
@

be the corresponding locally projective A—module. Similar to the proof of Proposition
and Theorem E.10] one can show that the complex H® = (S & S ® S° ® S5°)[-1] @
P(—1) & P is tilting in D?(Coh(A)). Its endomorphism algebra I' = Endpea)(H®) is
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isomorphic to the path algebra of the quiver

subject to the relations ua; = 0, vb; = 0, i = 1,2. The algebra I' is derived equivalent to

the path algebra of the quiver
°
2R .
.
\ %

subject to the relations bya; = beas and bgaz = byays. This algebra is a degeneration of the
canonical tubular algebra Ty = T7(2,2,2,2; A), A € k\ {0, 1}, introduced by Ringel in [36].

The algebra T'(2,2,2,2; A) has the following geometric interpretation. Consider the
elliptic curve E C P? given by the equation zy? = z(x — 2)(z — \z), where A € k \ {0, 1}.
Then the group Zy acts on E by the rule (z :y: 2) — (z: —y : z). By a result of Geigle
and Lenzing [I7, Proposition 4.1 and Example 5.8], see also [33, Corollary 1.4], there is a
derived equivalence

D(Coh?2(E)) =5 D¥(mod — T)).
Hence, the derived category D”(Coh(A)) can be viewed as a degeneration of D (Cth2 (E)).

8.4. Configuration schemes of Lunts. Our construction of non-commutative curves
attached to a nodal rational projective curve, is closely related with the category of coher-
ent sheaves on a configuration scheme, introduced by Lunts in [27]. Let X be a union of
projective lines intersecting transversally. Lunts introduces a category Coh(X), constructs
a fully faithful exact functor Perf(X) — D’(Coh(X)) and shows that D’(Coh(X)) has
a tilting sheaf, whose endomorphism algebra is isomorphic to the algebra I'x introduced
in Definition Moreover, his approach can be generalized to higher dimensions, in
particular to the case of the singular quintic threefold V (zozix3z3zs) C P* important in
the string theory.

The construction of Lunts seems not to generalize straightforwardly to the case of
arbitrary nodal rational projective curves. Moreover, one can check that for a union
of projective lines X intersecting transversally, the category Coh(X') is not equivalent
to Coh(Ax). In other words, Coh(X) is the heart of an interesting t-structure in the
triangulated category D’(Coh(Ax)). An exact relation between the categories Coh(X)
and Coh(Ax) will be studied in a separate paper.
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